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Abstract Toeplitz matrices have been found important applications in bioinformatics and compu-
tational biology [5-9, 11-12]. In this paper we concern the reconstruction of an hermitian Toeplitz
matrices with prescribed eigenpairs. Based on the fact that every centrohermitian matrix can be re-
duced to a real matrix by a simple similarity transformation, we first consider the eigenstructure of
hermitian Toeplitz matrices and then discuss a related reconstruction problem. We show that the di-
mension of the subspace of hermitian Toeplitz matrices with two given eigenvectors is at least two and
independent of the size of the matrix, and the solution of the reconstruction problem of an hermitian
Toeplitz matrix with two given eigenpairs is unique.

Key words Centrohermitian matrix, hermitian Toeplitz matrix, reconstruction, inverse eigenprob-
lems

1 Introduction

Hermitian Toeplitz matrices play an important role in the trigonometric moment problem,
the Szego theory, the stochastic filtering, the signal processing, the biological information pro-
cessing and other engineering problems, see for example, [1, 3, 5, 6,7, 9, 11, 12], and references
therein. Many properties of hermitian Toeplitz matrices have been studied for decades, see for
example, [13-15].

Recall that a matrix A € €"*" is said to be centrohermitian [10], if JAJ = A, where A
denotes the element-wise conjugate of the matrix and J is the exchange matrix with ones on
the cross diagonal (lower left to upper right) and zeros elsewhere. Hermitian Toeplitz matrices
are an important subclass of centrohermitian matrices and have the following form

ho hy - hpy
H=| ™ o (1)
. o
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A vector x € C" is said to be hermitian if Jx = x. Let A € €™*" be a hermitian centro-
hermitian matrix and x € €™ be an eigenvector of A associated with the eigenvalue A, then
Ax = Ax implies AJX = AJX, which means that x + JX is also an eigenvector of A associated
with the eigenvalue A, and x + JX is hermitian. So we claim that an hermitian centrohermi-
tian matrix A has an orthonormal basis consisting of n hermitian eigenvectors. Naturally, an
hermitian Toeplitz matrix also has an orthonormal basis consisting of n hermitian eigenvectors.

In this paper we consider the following reconstruction problem:

Problem A Given a set of hermitian unitary vectors {x(j)}é?:1 eC" (k <n), and a set of
scalars {\; };?:1 € R, find an n x n hermitian Toeplitz matriz H such that

HxU) = )\jx(j)7 for j=1,...,k,
where R and € denote the fields of real and complex numbers respectively.

Remark In fact, the Problem A is a so called inverse eigenvalue problem which concerns the
reconstruction of a structured matrix from prescribed spectral data. Such an inverse problem
arises in many applications where parameters of a certain physical system are to be determined
from the knowledge or expectation of its dynamical behaviour. Spectral information is entailed
because the dynamical behaviour is often governed by the underlying natural frequencies and
normal modes. Structural stipulation is designated because the physical system is often subject
to some feasibility constraints. The spectral data involved may consist of complete or only
partial information on eigenvalues or eigenvectors. The structure embodied by the matrices
can take many forms. The objective of an inverse eigenvalue problem is to construct a matrix
that maintains both the specific structure as well as the given spectral property. There exist
many researches in literature dealing with the structured inverse eigenvalue problems, see for
example [1, 3], and references therein.

Also, the Problem A is actually one of the partially described inverse eigenvalue problems
(PDIEPs) [1]. On this topic of PDIEPs, the earlier study can be found for real symmetric
Toeplitz matrices [1, 2] and Jacobi matrices in [1, 16], and some of the recent works can be
found for anti-symmetric matrices in [17], anti-persymmetric matrices in [18], centrosymmetric
matrices in [19], symmetric anti-bidiagonal matrices in [20], K-symmetric matrices in [21], and
K-centrohermitian matrices in [10]. This is by far not a complete list, see [3] for a recent review,
a number of applications and an extensive list of references.

Since H is required to be an hermitian Toeplitz matrix, thus the description of the given
eigenpairs cannot be totally arbitrary. The study of the distribution of eigenvalues of hermitian
Toeplitz matrix attracted many mathematicians [22, 23] etc, but it is not clear for us that if
the interlacing condition for the symmetric Toeplitz matrices is still hold for hermitian Toeplitz
matrices. Apparently, it is another interesting and difficult problem to identify an orthogonal
matrix (and each column is hermitian) so that its columns are eigenvectors of some hermitian
Toeplitz matrices.

2 Preliminaries

We begin with a brief overview on the reducibility of centrohermitian matrices. All the
formulae become slightly more complicated when n is odd. For simplicity, we restrict our
attention to the case of even n = 2m throughout this paper.



A centrohermitian matrix of order n can be partitioned as follows:

B JCJ
A_[C JBJ}’ n =2m. (2)

We define

}7 n = 2m. (3)

V21 I
Q:2[J —iJ

We then have the following well known theorems (see [10]).

Theorem 1 Let Q be defined as in (3). Then A € C"*" is centrohermitian if and only if
QT AQ € R™™™, that is Q" AQ (denoted by Ra) is real and has the following form

o | Re(B+JC) —Im(B+JC) B
Rai=Q"AQ = [ Im(B—JC) Re(B-—JC) } , n=2m.

Corollary 1 Let @ be defined as in (3). Then a vector x € C" is hermitian if and only if
Qfx e R".

We note that an n x n hermitian Toeplitz matrix H can be completely characterized by the
real and imaginary parts of its first row (or column).
Let
h = (ho, Re(h1), Im(hy), ..., Re(hy_1), Im(h,_1))7,

which is a (2n — 1)-dimensional vector; and let

o i B A SR
Ojn—j 05

which is an n X n matrix, where 0, , denotes the p x ¢ zero matrix. Then H in (1) can be
parameterized as follows:

2n—2
H=¢oI+ > ¢;H;, (denoted by H(h)), (4)
j=1
where
b0 = ho, ¢2p—1 = Re(hy), ¢2p = Im(hy)
and

Hop1 =5, + SpTa Hy)p = Z.(Sp - 55)7
forp=1,...,n—1.
Eq. (4) gives an one-to-one correspondence between complex hermitian Toeplitz n x n

matrices and real (2n — 1)-vectors.
Applying Theorem 1 to (4) gives

2n—2

Rym) = ¢ol + Z ¢jRu, (5)

j=1



where all Ry, for j = 1,...,2n — 2, are real symmetric, and their matrix structures for the
case n = 2m are given as follows:
(i) For 1 <j<m—1,

TQ'fl ey
Ry, . = J ~ Ryg,. = | = J 6
e { Tpj-1 } o { T3 } ’ ©)
where
0 0
TQJ_l - T(ej"rl) + |: 0 Jj :l )
0 O
TQJ*1 - T(e]Jrl) + |: 0 _Jj :| )
and

(ii) For m < j <n-—1,

Jom—j O
0 0
RHQj_l - _J2m—j 0 ’
0 0
(7)
Jom—j 0
0 0
RHQJ' - JQm_j 0
0 0

Here T'(ej41) denotes the Toeplitz matrix generated by the m-dimensional unit vector e;1;
I, and J; denote the identity matrix and exchange matrix of order s, respectively.
Based on the above analysis, Problem A can be restated as follows:

Problem B Given a set of orthonormal vectors {y(j)};?:1 € R" (n > k) and a set of scalars
{M\Yr_, € R, find a symmetric matriz Rymy € R™ ™ in the form (5) such that

Ruymy?) =Xy, for j=1,... k.

In this paper, we mainly concentrate our study on the eigenpairs for the cases k = 1 and
k=2

3 Hermitian Toeplitz matrices with a given eigenvector

Suppose that x is an eigenvector of two matrices A and B, with associated eigenvalues \ and
1, respectively, then x is also an eigenvector of matrix A 4+ B with associated eigenvalue A + p.
Hence, given any vector, the space of matrices with that vector as an eigenvector is a linear
subspace. Since there is an one-to-one correspondence between complex hermitian Toeplitz
n x n matrices H and real (2n — 1)-vectors h, then the collection of these (2n — 1)-vectors form

a linear subspace of R,



Assume that x € C" is an arbitrary hermitian vector. Let
S(x) ={h e R®" V| H(h)x = \x, for some X € R}

be this linear subspace. It is evident that S(x) is nonempty. In fact, the standard basis (2n—1)-
vector e; = (1,0,...,0)T € S(x) for all x. This means that the dimension of S(x) is at least 1.
Furthermore, let

So(x) = {h e R®"~Y | H(h)x = 0}

denote the linear subspace consisting of all hermitian Toeplitz matrices for which x is an eigen-
vector associated with eigenvalue 0.
Clearly, H(h)x = Ax if and only if h — Ae; € So(x). So

S(X) =< e > @SQ(X).
The following result gives the precise dimension of Sp(x) for general hermitian vector x.

Lemma 1 Let x € C" be hermitian. Then

dimension(Sy(x)) =n — 1.

Proof From the hypothesis, we know that H(h) is centrohermitian and x is hermitian. By
Theorem 1 and Corollary 1, we have that

H(h)x =0

is equivalent to
RH(h)Z S 0,

where Ry € IR™™ is defined as in (5) and z = Qx € R".
Note that Ry n)z is a linear function of both entries of z and h. So we can write

RH(h)Z = A(Z)h, (8)

where A(z) is an n X (2n — 1) matrix whose entries depend linearly on the n-vector
z = (21, 22,..., )7 . Thus the dimension of Sy(x) is the nullity of A(z).
Note that A(z)h = 0 is a homogeneous linear system of n equations in 2n — 1 unknowns, so
the nullity of A(z) is at least n — 1.
We now show that the nullity of A(z) is exactly n — 1. Note that
A(Z) = [ z RH1Z RH-Z RHQn—QZ ],

J

where Ry, j = 1,---,2n — 2, are defined as in (6) and (7), respectively. Note also that the
Ry, j=1,---,2n—2, are direct sum (j is odd) or anti-direct sum (j is even) of two matrices
with the same structure, so the first m rows and the last m rows of A(z) have also the same
structure. Now we exchange the order of rows, we put together the rows whose right side has
the same number of zeros, then we will get a block echelon matrix like,



[z ‘ : : : : 22 Zm2 21 Zmiy1 ]
Zm+1 : : : : : —Zm+42 22 —Zm+1 21
. . 29 Zm+2 z1 Zm+1 0 0
—Zm+2 z2 —Zm+1 Z1 0 0
0 0
Zm41 + Zm42 21 Zm41 0 0
L Zn : —21 + 29 —Zm+1 21 0 0 ]

By a simply observation of this matrix, we have that in case 2% + zfnﬂ # 0, the rank of this
matrix is n. When both 2; and z,,41 are zero, we get another block echelon form on the left,
the block is

Z2 Zm~+2
—Zm+2 z2
In case zo and z,,12 are not both zero, then the rank of that matrix is n, when they are both
zero, we go on to another block on the left, go on with this process, since z is a nonzero vector,
so at least one of the block is nonsingular, which guarantees the rank of this matrix is n. So
the nullity of A(z) is n — 1, which means dimension(Sy(x)) =n — 1. We complete the proof. I
For the reader’s convenience, we illustrate our strategy with a 6 x 6 example. Assume that

Z:(Zl,...,Zﬁ)TGIRG

and
h = (¢Oa ¢17 ey (blO)T S Rll
are nonzero real vectors. We now check the equality

RH(h)Z = A(Z)h.

A 6x6 hermitian Toeplitz matrix is like,

©o w1 t+ipe  @3tips w5 t+ive @rtips Y9+ ip1o
p1 — P2 ©o p1tip2 @3 t+ips w5 tips Q7+ ips
g o— |$sTiva pr—ive g0 prtipe pastivs s +ive
P5 — 1P P3 —UP4 P1 — P2 ©®0 P1 T2 P3 Tty
Y7 —ips Y5 —iPe  P3 —ips  P1 — P2 ©o P1 + PP
P9 — P10 P7 —iPs Y5 —iPs  P3 — P4 P1 — P2 ©o

10
= wole +>_ ;=1 piHj.

It can be reduced into a real matrix per Q¥ HQ (we denote this real matrix by Rymy)s
where @ is defined in (3).

Yot+we p1+@7r Y3+ s ©10 —p2+ s —pst+ e
p1+er wotes w1+ @3 w2t s 6 —p2 + P4
Ry = w3+ Y5 P1T P33 PotT Y1 PatT P P2+ P4 2
P10 P2+ w8 patwe PYo—Y9 P1L—YT  P3—Ps5

—p2 + s Y6 Y2+ Y4 P1— Y7 Yo — Y5 Y1 — P3
—P4+ 9 —P2+ P ©2 $3—ps5 Y1 —P3 Yo — 1

= wols + Z;L e R,



which is symmetric.
RH(h)Z =

21(po + o) + 22(p1 + 1) + 23(03 + ¥5) + 2410 + 25(—P2 + 8) + 26(—pa + Ys)
21(p1 + @7) + 22(00 + 5) + 23(p1 + @3) + 24(p2 + ws) + 2506 + 26(—P2 + Pa)
21(p3 + @5) + 22(01 + 3) + 23(p0 + ¢1) + 24(Pa + w6) + 25(P2 + Pa) + 262
21910 + 22(p2 + @8) + 23(04 + vs) + 24(o — Y9) + 25(p1 — @7t) + 26(3 — ¥5)
z1(—p2 + @s) + 226 + 23(p2 + pa) + za(p1 — p7) + 25(0 — @5) + 26(P1 — P3)
z21(—pa + v6) + 22(—2 + @a) + 2302 + 24(p3 — ¥5) + 25(p1 — ¥3) + 26(P0 — 1)

we can also view Rp )2z as a function of h, rewrite it in function of h, we got that A(z) take
the following form

z1 Z9 —Z5 z3 —Z6 z3 Zg z9 —Z5 21 zZ4
Zo 21+ 23 Z4— 26 23 26 Zo 25  Z1  —24 0 0
A(z) = Z3 29+23 25+26 21+22 zZ4tz5| 21 24 0 0 0 0
24 z5 2 26 Z3 —Z6 23 TR&5 T2 TZ4 21
25 24+ 26 23— 21 —26 Z3 —25 2o —Z4 —21 0 0
26 25 — 26 23— 22 24— 25 Zo— 21| —Za 21 0 0 0 0

After exchange of the rows, we can get a matrix like

21 Z2 —Z5 z3 —Z6 z3 Z6 Z2 Z5 Z1 Z4
24 25 22 26 23 —26 23 TR k2 R4 21
29 zZ1+23 24— Zg 23 26 Zo Zy 21 24 0 0
25 Z4+2¢ —21+ 23 —Z6 23 —25 22 —2z4 21 0 0
23 29+ 23 25 + 26 21+ 29 z4 + 25 21 24 0 0 0 0
26 25 —R2¢ —Ro+23 24—25 —21+22| —24 21 0 0 0 0

The elements z1, z4 form a block echelon form and the rank of this matrix is 6 if z; and z4
are not both zeroes. If z; and z4 are both zeroes, then the elements z5, z5 form another block
echelon form, if zo and z5 are both zero, then the block echelon form go to elements z3, zg.
Because we assume that z is a nonzero vector, so at least one of z; cannot be zero, that is at
least one of the block is nonsingular, so rank(A(z)) = 6.

The following theorem gives the precise dimension of S(x) and shows that for any hermitian
vector x € €™, there is a large collection of Hermitian Toeplitz matrices with x as an eigenvector.

Theorem 2 Let x € C* be hermitian. Then

dimension(S(x)) = n.

4 Hermitian Toeplitz matrices with two given eigenvectors

In this section, we consider the case that two eigenvectors are given. Assume that x,y € C"
(xTy = 0) are arbitrary hermitian vectors. Let

S(x) ={h e R® V| H(h)x = \x, for some A € R}

S(y)={he R® Y |H(h)y = vy, forsome e IR}



Our objective is find the dimension of S(x)NS(y). Since the standard basis (2n — 1)-vector
e;=(1,0,...,07 € S(x)NS(y), so S(x)NS(y) is nonempty. That means that the dimension
of S(x) N S(y) is at least 1.

As we did in previous section, we first transform our equations into real equations, that is
we rewrite them as

RH(h)Z = )\Z,
(9)

RH(h)W = YW.

or
(RH(h) - )\I)Z =0
(10)
(Rem) —yI)w = 0.
where Rymy € R™™" is defined as in (5) and z = Qfx, w=Q"y ¢ R".
Let
t= (¢0 -7 QSO - Aa ¢17 L) ¢2n—2)T7
we then have that the system (10) is equivalent to
Mt =0 (11)
where M is the 2n x 2n matrix defined by
M = 0 VA Rle RH].Z RH2H_2Z
o w 0 RH1W RHJ.W RHanzw
Suppose that s = (s}, So, S1, S2, ..., San—2)” is a solution of (11). For arbitrary A and «,
define
0o = asg + A,
(12)
o == as;, i=1,...,2n — 2.
and
v = (s — 8p) + A (13)

Then z,w are eigenvectors of Rp(n), or we say that S(x) N S(y) is the direct sum of
the subspace spanned by e; = (1,0, ...,0)7 and the subspace obtained by deleting the first
component from ker(M) ( see h = a8 + Aey, 5 = (80,851,852, ...,82,_2)7 ). On the other hand,
suppose that the two eigenvalues A,~ are given, then by (13), the « in (12) must be

A—nv
!
80780

provided s{, # sp. This gives us the following lemma

Lemma 2 Suppose that s = (s, So, S1, S2, ..., S2n—2) s a solution of (11) with s # so.
Then corresponding to the direction of s, there is only one solution to (9).

Now we determine the null space of M. We multiply on the left of M a nonsingular matrix
T defined by

T = [Tla T27 (X3 TZn]T7



where
T = (w1, —Way oy =W, 21, 22, ey 2n) = (—WT, Z

— T —
T, =e, 1=2,..2n

We can see that the first row of the matrix TM is

[sz, —wTz, —wTRle + ZTRle, - —wTRsz + ZTRij, ey —wTRHMJz + ZTRH2n72’UJ],
which is identically zero because of the orthogonality condition zTw = 0,wTz = 0 and the
symmetries of Ry,’s,i = 1,2,...,2n — 2. So the rank of M is at most 2n — 1. On the other side,
by the proof of lemma 1, we know that the last n row of TM can form an echelon block with
rank n, so the rank of M is at least n.

In conclusion, we give the following theorem

Theorem 3 Suppose that n is even, and x and 'y are two hermitian orthogonal vectors.
Then
2<dim(S(x)NS(y)) <n+1.

5 Conclusions

In this paper we have exploited the facts that every centrohermitian matrix can be reduced
to be a real matrix by a simple similarity transformation and that every m x n hermitian
Toeplitz matrix H can be completely characterized by the real and imaginary parts of its first
row (or column) (viz. there exists a one-to-one correspondence between complex hermitian
Toeplitz n x n matrices and real (2n — 1)-vectors) to show some theoretical results, which can
be thought of extensions of the works in [4] and [2], from real symmetric Toeplitz matrices to
complex hermitian Toeplitz matrices.

The main results are listed as follows.

e For an arbitrarily given hermitian vector x, the set
S(x) = {h e R® V|H(h)x = Ax, for some A € R}

is a nonempty linear subspace of IR®"™Y with dim(S(x)) > 1 (Note that the standard
basis (2n — 1)-vector e; = (1,0,...,0)T € S(x) for all x), which can be written as

S(x) =< e > ®S(x),

where
So(x) = {h e R®Y|H(h)x = 0}

denotes the linear subspace consisting of all hermitian Toeplitz matrices for which x is an
eigenvector corresponding to eigenvalue 0. Furthermore,

dim(Sp(x)) =n — 1.

e For two arbitrarily given hermitian vectors x and y satisfying x*y = 0, the dimension of
S(x)(S(y) is at least 2.



e For almost all hermitian vectors x and y satisfying x?y = 0 and for any real scalars A and
1, there exists a unique hermitian Toeplitz matrix H such that Hx = Ax and Hy = uy.

For Problem A (or equivalently Problem B) in the cases k = 1,2, we can therefore come
to the following conclusions.

I Being hermitian is sufficient for a single vector to be an eigenvector of a hermitian Toeplitz
matrix, and the collection of hermitian Toeplitz matrices with one given eigenvector is
quite large.

IT The set S(x) N S(y) contains all the hermitian Toeplitz matrices with two prescribed
eigenvectors and its dimension is at least 2 in despite of the size of the problem.

IIT For each direction of kerM, there is only one hermitian Toeplitz matrix with two pre-
scribed eigenpairs.

In general case, suppose that {x(l), x@ x(k)}, k > 3, is a set of hermitian orthonormal
k

vectors for some eigenvalues. Then ﬂ S (X(i)) contains all hermitian Toeplitz matrices for which

i=1
k
each x( is an eigenvector. Evidently, (2n — 1)-vector e; = (1,0,...,0)T € ﬂ S(x™) for all i.
i=1
k .
So ﬂ S (X(Z)) is at least of dimension 1. We have attempted to work with the upper bound of
i=1

k k
dim ﬂ S(x™), but it is not trivial, we expect to study the upper bound of dim ﬂ S(x@) in
i=1 i=1
the near future.

References

[1] M. Chu, Inverse eigenvalue problems, SIAM Rev., 1998, Vol. 40: 1-39.

[2] M. T. Chu and M. A. Erbrecht, Symmetric Toeplitz matrices with two prescribed eigenpairs, SIAM
J. Matriz Anal. Appl., 1994, Vol. 15: 623-635.

[3] M. Chu, and G. H. Golub, Structured inverse eigenvalue problems, Acta Numer., 2002, Vol. 11:
1-71.

[4] G. Cybenko, On the eigenstructure of Toeplitz matrices, IEEE Trans. Acoust. Speech Signal
Process. 1984, Vol. 32: 918-920.

[5] W. J. Ewens and G. R. Grant, Statistical Methods in Bioinformatics, Springer, NY, 2001.

[6] M. G. Grigorov, Global dynamics of biological systems from time-resolved omics experiments,
Bioinformatics 2006, 22(12):1424-1430.

[7] J. Hu and S. Ye, Modern signal processing theory in MEG research, Chinese J. Medical Physics,
2003, No. 4.

[8] Jun Li, Application and Comparison of Some Optimization Methods on MEG Inverse Problem,
Acta FElectronica Sinica, 2001, No. 1.

[9] Jun Li, MEG Inverse Solution Using Gauss-Newton Algorithm Modified by Moore- Penrose Inver-
sion, J. Biomedical Engineering, 2001, No. 2.

[10] Z. Liu and H. Falbender, An inverse eigenvalue problem and an associated approximation problem
for generalized K-centrohermitian matrices, J. Comput. Appl. Math., 2007, 206 (1): 578-585.
[11] W. Miller, Comparison of genomic DNA sequences: solved and unsolved problems, Bioinformatics,

2001, 17 : 391-397.



[12] T. D. Pham, Spectral distortion measures for biological sequence comparisons and database search-
ing, Pattern Recognition, 2007, 40: 516 - 529.

[13] M. Miranda and P. Tilli, Asymptotic spectra of Hermitian block Toeplitz matrices and precondi-
tioning results, SIAM J. Matriz Anal. Appl., 2000, 21 (3): 867-881 (electronic).

[14] P. Tilli, Locally Toeplitz sequences: spectral properties and applications, Linear Algebra Appl.,
1998, 278 (1-3): 91-120.

[15] P. Tilli, Asymptotic spectral distribution of Toeplitz-related matrices—Fast reliable algo-
rithms for matrices with structure, 153-187, SIAM, Philadelphia, PA, 1999.

[16] D. P. Laurie, Solving the inverse eigenvalue problem via the eigenvector matrix, J. Comput. Appl.
Math., Vol. 35 (1991), pp. 277-289.

[17] Q. Yin, Construction of real antisymmetric and bi-antisymmetric matrices with prescribed spec-
trum data, Linear Alg. Appl., 2004, Vol. 389, pp. 95-106.

[18] D. Xie and X. Hu and L. Zhang, The solvability conditions for inverse eigenproblem of symmetric
and anti-persymmetric matrices and its approximation, Numer. Linear Algebra Appl., 2003, Vol.
10, pp. 223-234.

[19] F. Zhou, and X. Hu, and L. Zhang, The solvability conditions for inverse eigenvalue problem of
centrosymmetric matrices, Linear Algebra Appl., 2003, Vol. 364, pp. 147-160.

[20] O. Holtz, The inverse eigenvalue problem for symmetric anti-bidiagonal matrices, Linear Alg. Appl.,
2005, Vol. 408, pp. 268-274.

[21] W. F. Trench, Inverse eigenproblems and associated approximation problems for matrices with
generalized symmetry or skew symmetry, Linear Alg. Appl., 2004, 380 pp. 199-211.

[22] Yves Genin, A survey of the eigenstructure properties of finite Hermitian Toeplitz matrices Integral
Equations and Operator Theory, 1987 10 pp. 621-639

[23] W. F. Trench, Some spectral properties of Hermitian Toeplitz matrices, SIAM J. Matriz Anal.
Appl., 1994 15 pp. 938-942



