EQUILIBRIUM FLUCTUATIONS FOR THE
TOTALLY ASYMMETRIC ZERO RANGE PROCESS

PATRICIA GONCALVES

ABSTRACT. We consider the one-dimensional Totally Asymmetric Zero-Range process evolving
on Z and starting from the Geometric product measure v,. On the hyperbolic time scale the
temporal evolution of the density fluctuation field is deterministic, in the sense that the limit
field at time t is a translation of the initial one. We consider the system in a reference frame
moving at this velocity and we show that the limit density fluctuation field does not evolve in
time until N4/3, which implies the current across a characteristic to vanish on this longer time
scale.

1. INTRODUCTION

In this paper, we study the Totally Asymmetric Zero-Range process (TAZRP) in Z. In this
process, if particles are present at a site x, then after a mean one exponential time, one of them
jumps to x + 1 at rate 1, independently of the particles at other sites. This is a Markov process
n. with space state NZ, where the configurations are denoted by 7, so that for a site x, n(x)
represents the number of particles at that site. For each density p of particles, there exists an
invariant measure denoted by v,, which is translation invariant and is such that £, [n(0)] = p,
that is the Geometric product measure introduced below in (2.1).

Since the work of Rezakhanlou in [9], it is known that for the TAZRP the macroscopic particle
density profile in the Euler scaling of time N, evolves according to the hyperbolic conservation
law 9yp(t, u) + Vo(p(t, u)) = 0, where ¢(p) = 2. Since ¢ is differentiable, last equation can also
be written as 9;p(t, u) + ¢’ (p(t, u))Vp(t,u) = 0 and characteristics of partial differential equations
of this type are straight lines with slope ¢’(p). This result is a Law of Large Numbers for the
empirical measure related to this process starting from a general set of initial measures associated
to a profile pg, see [9] for details. If one wants to go further and show a Central Limit Theorem
(C.L.T.) for the empirical measure starting from the equilibrium state v,, one has to consider the
density fluctuation field as defined below, see (2.2).

It is not difficult to show that under the hydrodynamic time scale, the limit density fluctuation
field at time ¢ is just a translation of the initial density field, which is a Gaussian white noise.
The translation or velocity of the system is given by ¢'(p) = ﬁ which is the characteristic
speed. This same phenomenon happens for the Asymmetric Simple Exclusion process (ASEP) on
the hyperbolic time scale, starting from the Bernoulli product measure p,, which is an invariant
state and the velocity of the system there is given by 1 — 2a, see [3] and [4] for details. If we
consider the particle system moving in a reference frame with this constant velocity, then the
limit density fluctuation field does not evolve in time and one is forced to consider the process
evolving on a longer time scale. Following the same approach as in [4] we can accomplish the
result for the TAZRP, up to the time scale N4/3, i.e. in this case the limit field at time ¢ still
coincides with the initial field. Using this approach, the main difficulty in proving the C.L.T. for
the empirical measure is showing that the Bolzmann-Gibbs Principle holds for this process, which
we can handle by generalizing the multi-scale argument done for the ASEP in [4]. This Principle
says, roughly speaking, that non-conserved quantities fluctuate in a faster scale than conserved
ones, so when averaging in time a local field, what survives in the limit is its projection over the
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conserved quantities. To prove last result for the TAZRP there are some extra computations due
to the large space state, which we can overcome by using the equivalence of ensembles and a Taylor
expansion of the instantaneous flux, in order to avoid the correlation terms. In fact, this result
should be valid until the time scale N3/2 and this is a first step on that direction.

Since up to the time scale N*/3, the macroscopic behavior of the system does only depend on
the initial state, this implies that the flux or current of particles across a characteristic vanishes on
this longer time scale. If one wants to observe non-trivial fluctuations of this current the process
should be speeded up on a longer time scale. In fact, it was recently proved by [2] that the
variance of the current across a characteristic is of order t2/3 and this translates by saying that
in fact our result should hold until the time scale N3/2. Indeed, this result should hold for more
general systems than TAZRP or ASEP (see [4]), but for the case of one-dimensional systems with
one conserved quantity and hydrodynamic equation of hyperbolic type, whose flux is a concave
function. This is a step towards showing the universality behavior of the scaling exponent for
these systems.

This paper is a natural extension of [4] and the multi-scale argument seems to be robust enough
to be able to generalize it to other models and to achieve the conjectured sharp time scale N3/2,
this is subject to future work.

We remark that all the results presented here, also hold for a more general Zero-Range process,
namely one could take a Zero-Range dynamics in which the jump rate from x to = + 1 is given by
g(n(x)), with g nondecreasing and satisfying conditions of definition 3.1 of Chapter 2 of [7]. We
could also consider partial asymmetric jumps, in the sense that a particle jumps from x to x + 1
at rate pg(n(x)) and from z to x — 1 at rate qg(n(z)), where p+ ¢ =1, p # 1/2 and with g as
general as above. The results are valid for these more general processes, but in order to keep the
presentation simple we state and prove them for the TAZRP.

An outline of the article follows. In the second section, we introduce the notation and state
the main results. In the third section, we consider the process evolving on the hyperbolic time
scale and we show the C.L.T. for the current over a fixed bond. In the fourth section, we use the
same approach as in [4] to prove the C.L.T. for the empirical measure on a longer time scale and
the vanishing of the current across a characteristic. The proof of the Bolzmann-Gibbs Principle
is postponed to the fifth section.

2. STATEMENT OF RESULTS

The one-dimensional Totally Asymmetric Zero-Range process is the Markov process 1. with
generator £ given on local functions f : N> — R by

Lfm) = Yn@ziy (") = f(n),

©€Z
where
n(z), if z#£z,2+1
"t (2) = n(x) — 1, ifz=x
nx+1)+1, ifz=2+1

In order to keep notation the more general as we can, we denote by g(n(z)) the function 14, ,)>1},
which denotes the jump rate of a particle leaving the site x.

The description of this process is the following. At each site, one can have any integer number
of particles and after an exponential time of rate one, one of the particles at that site, jumps to
the right neighboring site, at rate 1. Initially, place the particles according to a Geometric product
measure in N? of parameter fp, denoted by v,, which is an invariant measure for the process
and has marginal given by:

ko1
(2.1 vl n@) =k = ()

Since the work of Rezakhanlou in [9], it is known that taking the TAZRP in the Euler time

scaling and starting from general probability measures associated to a profile py (for details we
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refer the reader to [9]), one gets in the hydrodynamic limit to the hyperbolic conservation law:
atp(ta u) + V(;S(p(t, u)) =0

where the flux ¢(-) is given by ¢(p) = E,,[9(n(0))] = ﬁ.
Fix a configuration 1 and let 7V (1, du) denote the empirical measure given by

N(n, du) = NZ?? oz (d
TEL

where 4, denotes the Dirac measure at u and let 7" (n, du) = 7™ (0, du).

In order to state the C.L.T. for the empirical measure we need to define a suitable set of test
functions. For an integer k > 0, denote by Hj the Hilbert space induced by the Schwartz space
8(R) and the scalar product < f,g >,=< f, K¥g >, where < -,- > denotes the inner product of
L?(R), Ko = 22 — A and A denotes the usual laplacian. Denote by H_; the dual of H}, relatively
to the inner product of L?(R) .

Fix p and an integer k. Denote the density fluctuation field by Y%, i.e. the linear functional
acting on functions H € §(R) as

’jiv(H) :\/N(<H,7riv(n,du) >-E,, <H,7r£N(77,du) >)

(2.2) = = H () i) = o)
TEL

where < H, N (n,du) > denotes the integral of a test function H with respect to the measure
7V (n,du). Denote by D(R*,H_j) (resp. C(RT,H_j)) the space of H_-valued functions, right
continuous with left limits (resp. continuous), endowed with the uniform weak topology, by Qn
the probability measure on D(R*,H _;) induced by YV and Vp, by P, the probability measure
on D(R*,N?) induced by v, and 7. speeded up by N and denote by K,  the expectation with
respect to P,,. Here we denote by n™ the process 7. speeded up by N, namely ¥ = n;y.

Following the same arguments as done for the Symmetric Zero-Range process in Chapter 11 of
[7], it is not difficult to prove that the limit density field at time ¢ is a simple translation of the
initial one, this is stated as a Theorem below.

Theorem 2.1. Fix an integer k > 2. Denote by Q the probability measure on C(RY H_j)
corresponding to a stationary Gaussian process with mean 0 and covariance given by

EolY:(H)Y.(G)] = x(p) / T, H(u)G(u)du

R

for every 0 < s < t and H, G in Hy. Here x(p) = Var(n(0),v,) = E,, [(n(0) — p)?] and
T H(u) = H(u+ ¢'(p)t). Then, (An)n>1 converges weakly to Q.

Last result holds for the TAZRP evolving in any Z? with the appropriate changes. The idea
of the proof is to show that (Qy)y is a tight sequence, which implies that it has convergent
subsequences and then one characterizes the limiting measure. For the later, one analyzes asymp-
totically the martingale characterization of the density fluctuation field and shows that the limiting
measure Q is supported on fields Y., such that for a fixed time ¢t and a test function H

(2.3) Yi(H) = Yo(T:H).

It is not difficult to show that Y, is a Gaussian field with covariance given by Eq(Yo(G)Yo(H)) =
x(p) < G,H >. Concluding, in the hydrodynamic time scale, the fluctuations of the limit field
are linearly transported from the initial ones.

Now we introduce the current of particles through a fixed bond. For a site x, let JY, ., (t) be
the total number of jumps from the site = to  + 1 during the time interval [0, ¢N]. Formally one

can write
Tt = > (ntN(y) - no(y))-

y>x+1
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Since the current of particles can be approximated by the difference between the density fluctuation
field at time t and at time zero, evaluated on the Heaviside function, an easy consequence of last
result is the derivation of the C.L.T. for the current over a fixed bond, see [5] for details.

Theorem 2.2. Fizxx € Z,t >0 and let
1
z) = W{J£m+l(t) —E, [ngJrl(t)]}'
Then, under P,
z{
X(p)¢'(p) N—+oo
weakly, where B; denotes the standard Brownian motion.

B,

As seen above, in the hyperbolic scaling, the limit density fluctuation field at time ¢ is a
translation of the initial one and the translation is given by the characteristic speed, see (2.3).
Removing from the system this velocity, the limit field does not evolve in time and one is forced
to go beyond the hydrodynamic time scale. In order to see how far we can go to observe the same
trivial behavior of the limit density field, we consider the process evolving on the time scale N1+7,
with 4 > 0. For this process we are able to show that up to the time scale N*/3 this is indeed the
case. For that let n)¥ = n,y11~ be the TAZRP evolving on the time scale N'*7 | fix p and redefine
the density fluctuation field on H € §(R) by:

~ 1 x— ¢ (p)tNTY
(2.4) () = wvI%H(N)mt(ac) ).

As above, let Q) be the probability measure on D(R',H_j) induced by YN and vy, let
IP’{/\{’J =Py be the probability measure on D(RT, N”*) induced by v, and 7. speeded up by N1+7
and denote by IEZP the expectation with respect to ]P’Zp.

Theorem 2.3. Fiz an integer k > 1 and~y < 1/3. Let Q be the probability measure on C(R*, H_)
corresponding to a stationary Gaussian process with mean 0 and covariance given by

EolY:(H)Y,(G)] = x(0) / H(u)G(u)du

for every s,t >0 and H, G in Hy. Then, (Q)n>01 converges weakly to Q.

The main difficulty to overcome when showing last result is the Bolzmann-Gibbs Principle,
which we can prove for v < 1/3 by applying a multi-scale argument as done for the ASEP in [4].

Theorem 2.4. (Bolzmann-Gibbs Principle)
Fiz v < 1/3. For everyt >0 and H € $(R),

Jm = (o= %ZZH(;)VQ(%V @)as)’] =0,
where
(2.5) Vo(n(z)) = g(n(@)) — ¢(p) — &' (p)(n(x) — p)
and ¢(p) = E,,[9(n(0))].

The special features of the process that one uses to derive this result, when applying Proposition
A1.6.1 of [7], are: the spectral gap bound for the corresponding symmetric dynamics on boxes
of fixed size and the equivalence of ensembles (see Corollary A2.1.7 of [7]). As mentioned in the
introduction this result should be valid for v < 1/2, which corresponds to N 3/2 Since we apply
the Proposition mentioned above, which bounds the expectation appearing in the statement of
the Bolzmann-Gibbs Principle by the square of the H{_;-norm of the function that is inside the
time integral and since this norm does not capture the asymmetry of the process, the correct time
scale is not achieve for asymmetric systems as the ASEP (see [4]) or the TAZRP. Nevertheless, the
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multi-scale argument seems robust and sharp enough to obtain the results for symmetric systems,
see Corollary 7.4 of [4] and Theorem 1 of [1].

Since in this longer time scale the process is moving in a reference frame we define now the
current of particles across a characteristic. Let Jé\ti"y(t) be the current through the moving bond
[vF,vF 4+ 1] (where vF = 2 + [¢'(p)tN'*7]) defined as the number of particles that jump from v¥
to v¥ + 1, from time 0 to tN1+7:

N,
I =3 (0 + ) = moy + ).
y>1
Since up to this longer time scale the limit density field does not evolve in time and since this
current can be approximated by the difference between the density field at time ¢ and at time 0
evaluated on the Heaviside function, it holds that:

Proposition 2.5. Fizt >0, a site x € Z and v < 1/3. Then,

i B (o e fe]})] o

3. THE HYPERBOLIC SCALING

Recall that as argued above the density fluctuation field Y converges to the field Y; that
depends only on the initial density field Yo, which is a Gaussian white noise, see (2.3).

Now we give a sketch of the proof of Theorem 2.2, namely we establish the C.L.T. for the current
over a fixed bond [z,z 4 1]. For simplicity and since the invariant measure is homogeneous, we
prove the result for the bond [—1, 0], but for any other bond the same argument applies. The idea
of the proof is to show the convergence of the finite dimensional distributions of ZY /1/x(p)#’(p)
to those of Brownian motion, together with tightness.

We start by the former, namely, first we prove that for every k£ > 1 and every 0 < #; < .. < tg,
(Z], .., Z{Y) converges in law to a Gaussian vector (Zy,, .., Z;,), with mean zero and covariance
given by Fq[Z:Z] = x(p)d'(p)s, provided s < t. We notice here that the covariance of Z; and Z
does only depends on the smaller time s, by the fact that the current can be written in terms of
the density fluctuation field together with the fact that the fluctuations of this field are linearly
transported in time. In order to establish this first claim, notice that

TN =3 (1 @) — () ),

x>0
then, formally it holds that

{7500 = B (50} = 9 (1) — 93 (1),

where Hy is the Heaviside function defined as Ho(u) = 1j9,c)(u). Approximating Ho by (G, )n>1,
such that G, (u) = (1 — %)% 1) (u), then we can show that

Proposition 3.1. For everyt > 0,

i E, [(\/iﬁ{ﬂw(t) B, 1Y o0} - 07(G) - 9 (@) ] =0

uniformly in N.

Proof. Fix a site x, use the martingale representation of the current Jggg 41(t) as:

M%Mﬂ;ﬁmw—N/ﬂﬂ@W&
0

This is a martingale with respect to the natural filtration F; = o(nY,s < t), whose quadratic
variation is given by

t
<M&Hm=N/meW&
0
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Since JY | ,(t) = JY, 11 (t) = 0 (x) — no(x) for all # € Z and ¢ > 0, it holds that
1 T
N _yN _ L ZN[ N _ N
Y (Gn) = Y5 (Gr) = —= %Gn( S L EASMURARRO)S

Introducing the expectation of the current inside the brackets on the right hand side of last
expression and making a summation by parts, by using the explicit knowledge of GG,, one can write
the expectation in the statement of the Proposition as

121, N 2
B (% > e PARMO RS MPAROI Y

Using again the martingale representation of the current J¥ 1,2(t), last expression becomes equal
to

E,, [(% jgnl NinMiV_l,z(t) + \/iﬁ /Ot % g(g(ns(l’ —1)) - ¢(p))d5>2},

Now the goal consists in showing that this expectation vanishes as n — 4oco uniformly over N.
For that, notice that the martingale term converges to 0 in L? (P,,) as n — +o0, since one can
estimate their quadratic variation by Nt and using the fact that they are orthogonal, to obtain
that

B, [(5 NZ ML 0)] <1

On the other hand, one can use Schwarz inequality to get to

_ PVar(g,v,)

B (= [ ég(ns(x 1))~ olpas) | < YR

Since (z+1)? < 222 + 22 and taking the limit as n — oo in the previous expectations, our proof
is concluded. U

The convergence of finite dimensional distributions is an easy consequence of last result together
with Theorem 2.1, for details we refer the reader to [5].

Now, it remains to prove that the distributions of Z} /1/x(p)¢’(p) are tight. For that, we can
use the same argument as in Theorem 2.3 of [4], that relies on the use of Theorem 2.1 of [10] with
the definition of weakly positive associated increments given in [11]. One can follow the same
arguments as those of Theorem 2 of [6] to show that the flux of particles through the bond [—1, 0]
from time 0 to time ¢, denoted by J_1(t) has weakly positive associated increments with the
definition in [11], see [4] for details. In order to conclude the proof it remains to note that

lim %El,p [(J,Lo(t)ﬂ — o2

t——+oo

which follows by Theorem 3 of [6].

4. THE LONGER TIME SCALE

4.1. Equilibrium fluctuations on the longer time scale. In this section we want to prove
Theorem 2.3. For that, fix a positive integer k, let UN H(u) = H(u — ¢/'(p)tN”) and recall the
definition of (Q})n>1. We want to show that this sequence is tight and to characterize the limiting
measure. Notice that following the same computations as done for the ASEP in section 8 of [4],
it is easy to show that the sequence (Q})n>1 is tight. We leave this computation to the reader.
From this result, we impose the condition k£ > 1, in order to have the field Y; well defined on the
Sobolev space Hy.
Now we characterize the limit field, by fixing H € $(R) such that

M (H) =Y, (H) =Yy 7 (H)
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‘/ot(f/v%;zwwﬂ(ﬁ) (0 (o —fZa UNH ()6 (o) 0 () ~ p) ) ds

is a martingale with respect to the natural filtration U(ns ,8 < t) and whose quadratic variation
is given by

/ Z VNUNH(N))Qg(néV(x))dS.

If v < 1, M}""(H) vanishes in LQ(Pzp), as N — +4oo. This means that under the diffusive
time scale there is only a contribution to the limit density field given by the integral part of the
martingale.

Now, we want to show that the integral part of the martingale M;""” (H) vanishes in LQ(IP’ZP),

as N — +oo. For this, we can use the fact that ) _, VNUSNH(%) = 0 to introduce it times
#(p) in the integral part of the martingale M;}Y""(H) and write it as:

[ > VU () o0 =)~ 600 - %%auuiw(;)a(p)(nﬁ“ () ~ p))ds.

By summing and subtracting

/ wZVNUNH(N)w P (@) - p)ds,

to the expression above, one can write the mtegral part of the martingale as:
/t N 3 VNUNH(£>V N Z ( UNH(E)fVNUNH(EDW( YN () —p)ds
0 \/N IEZ S N S S N S N p T]S p Y

where V,(n(z)) is defined in (2.5).

Using Schwarz inequality, the fact that v, is a product invariant measure and a Taylor expansion
on UNH, last integral vanishes as N — +oc, as long as vy < 1.

Using the Botzmann-Gibbs Principle, whose proof is sketched in the next section, the first
integral in the expression above vanishes in L2(}P’Zp) as N — +oo if v < 1/3. This in turn implies
that if Q is one limiting point of (Qn)n, then it is supported on a field Y. that satisfies Y;(H) =
Yo(H) for H € $§(R) and Yo is a Gaussian field with covariance given by Eq(Yo(G)Yo(H)) =
x(p) < G, H >. This concludes the proof of Theorem 2.3.

Remark 4.1. We remark here that as mentioned above, the Bolzmann-Gibbs Principle should
hold for v < 1/2, which implies that until the time scale N3/2 the temporal evolution of the density
field is trivial. Once the Bolzmann-Gibbs Principle is proved to hold for this longer time scale,
then following the same arquments as above, one obtains the result of Theorem 2.3 for the longer
time scale N3/2.

4.2. Current across a characteristic. Here we want to prove Proposition 2.5. As in the hy-
perbolic scaling, it is a consequence of next result together with Theorem 2.3. For details we refer
the reader to [5].

Proposition 4.1. For every t >0 and v < 1/3:
I .~ N N 2
v o v _ et _yNoy _
ti B, ({7070~ BL IR 0] - 0077(Ga) = 957G ) | =0,

n—-+4oo

uniformly over N.

The proof of this result follows the same lines as the proof of Proposition 9.4 in [4] and for that
reason we have omitted it. This result implies that in order to observe non-trivial fluctuations
of this current the process has to be taken on a longer time scale than N*/3. In fact, we remark
here that once the Bolzmann-Gibbs Principle as stated above is proven for v < 1/2, then applying
the same argument one can show that the current across a characteristic also vanishes up to the
longer time scale N3/2.
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5. THE BOLZMANN-GIBBS PRINCIPLE

In this section we prove Theorem 2.4. Since we are going to generalize the ideas in Theorem
2.6 of [4] we just remark the novelty and the fundamental differences between the proofs.

Fix an integer K and a test function H € §(R) and divide Z in non overlapping intervals of
length K, denoted by {I;,j > 1}.

Then, the expectation appearing in the statement of the Theorem can be written as

mKA%;;ﬁ@Mww@?

At this stage, the first argument is to replace the empirical mean of H in each interval I; by the
value of H in y; /N, where y; is a certain point of that interval. For this, we use Schwarz inequality
and the price to pay for this replacement is given by a restriction on the size K of the interval.
The second argument is to replace the empirical mean of V; in each interval I;, by its projection
over the conserved quantities of the corresponding interval I;. This also brings us a restriction on
the size K of the interval I;. Combining both, we can take the biggest interval in which these two
substitutions can take place. We condition the function V; on the locally conserved quantities,
since as mentioned in the introduction, they evolve in a much slower scale than non-conserved
ones and the projection of the non-conserved quantities over the conserved ones is what survives
in the limit. We start by computing explicitly, the restrictions on K in order to perform these two
first replacements. Then, the proof follows by applying these two arguments to intervals of bigger
size until a point in which the remaining is negligible.

With this in mind, for each j > 1 we start by fixing a point y; of the interval I;. Summing and
subtracting H(yﬁf) inside the summation over z, and since (z + y)? < 222 + 22, we can bound

the expectation above by

2w ([ e 2 X (1(5) - n(§)) vt )|

j>1lzel;

+2E] | / ZH (%) ZV 0l (2))ds) }

Now, we treat each expectation separately. For the former, the idea is to replace the empirical

mean of H in the interval I;, by the value of H(%) Notice that this expectation can also be

t
N7 1 T Y; 2
9E) [(/ - K(— H(—) - H(—j> 1% (nf(x))ds) }
A w2 e 20 (w) -1 (5)v
> z€l,
which is easily handled, since by Schwarz inequality and the invariance of v, it can be bounded

2
by Ct2N27||H’|\§(%> and vanishes as long as KNY~! — 0, when N — +o0.
In order to treat the remaining expectation we bound it from above by

s (] 525 (o)

written as

+2V /\ﬁz y]) VP[ZV ¥ ( ))‘Mj}ds)z}
where

Vi) = 3 Van@)) = By, [ 3 Vyn()) |04;]

z€l; xel;
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and M; = 0( erfj 7](:1:)) We treat now the first expectation of the expression above. Notice as

above, that it can also be written as

L TR S (e vt - 5 [ e ] o) |

So, at this stage, we have to replace the empirical mean of V; in I}, by its projection over the
conserved quantities of the interval I;. Since we are restricted to sets of size K, the conserved
quantities are the set of configurations with a fixed number of particles. The Lemma below, tell
us, how big the size K of the set can be, in order to perform this replacement.

Lemma 5.1. For every H € $§(R) and every t > 0, if K?N?""! — 0 as N — +oo, then
t N i 2
lim E” (/ A H(—]>V (Y ds) } —0.
N—ooo 0 \/N; N 1;]79(77 )

Proof. By Proposition A1.6.1 of [7] and by the variational formula for the H_;-norm, the expec-
tation above is bounded by

Cty  sup / vlj JMh(v,(dn) — NV < h,—LY h >, }
i>1 hEL2 l/p) !

where £ is the Symmetric Zero-Range dynamics restricted to the set I;, namely:

L5 i = Y SelENIfer) - fn)

r,y€l;
lz—yl|=1

where
n(z), if 2 #z,y
V() = (@)~ 1, ifz=a

n(y)+1, ifz=y

For each j and A; a positive constant, it holds that

1 _ A,
/Vl,j,g(n)h(n)vp(dn) < 24, <Vijg (_Li) 1Vl,j,g Zp +7] <h, _Lih Zps
J

-1
and taking A; = N3/2 (|H ( yﬁ)|) , the whole expectation becomes bounded from above by

N7 y _
Ctz mH?( J) < Vi (L5) Wiy > -
j>

By the spectral gap inequality for the Symmetric Zero-Range process (see [8]) last expression can
be bounded from above by

N7 .
cty mH?(yﬁj) (K +1)2Var(Vi 4, v,).
i>1

The proof of the Lemma ends if we show that Var(Vi ;4,v,) < KC, since it implies that the
expectation in the statement of the Lemma to be bounded by C’tNWV(K +1)2||H||3 and vanishes
as long as K2N7~! — 0, when N — +oo. O

Remark 5.1. Here we show that Var(Vy jq,v,) < KC.
Since Var(Vy j,g,v,) < By, [(V1,5,4)%] and by the definition of V1 j 4 it holds that

VartVs ) < B [ 3 Vitate) = B, [ 32 Vutas]) ]

zel;



10 PATRICIA GONCALVES

By the definition of Vy(n(x)), the right hand side of last expression can be written as

B, [(X (s0)) -~ 610) - 9 () ) = 3 050) ~ Kolo) = 3 6 0)nf ) ]

r€l; r€l; xzel;

where ¢;(p) = E,,[g(n(0))|M;] and nf = 3 >_wer, N(x). On the other hand, by summing and sub-

tracting d)(an) =E, « [9(n)], where v, is the Bernoulli measure with density an, last expression
; fi

can be bounded by

18, [( 3 (s~ 60)) ] + 18, [( X ¢ ) - )]

z€l; xel;

w48, [( 3 (6:00) - 6f)) ] + 48, [( 32 (6) - 0(0) — #0)0 — 0))'].

J xel;
Now we treat each expectation separately.
For the first and the second one, since (n(x))y are independent under v, it is easy to show that

B, [(X (sa@) — 0(0)) ) ] < K Var(g,,)

zel;
and
/ 2 / 2
B, [(3 o (o) (@) - p) | < (¢ (0))* K Var(n(0), v,).
zel;
On the other hand, to treat the third expectation one can use the equivalence of ensembles (see

Corollary A2.1.7 of [7]) which guarantees that |¢;(p) — (b(an)| < % while for the last one, one
can use Taylor expansion to have

K ' K 2 K 4 -2
By, [(60) = 6(0) = ' (0)nf = 0)) | ~ Bo, [ (0 = p) | = 01K ).
Putting these arguments all together one gets to the bound KC.

We notice here that collecting together the two restrictions on K glven above, in order to
perform both replacements in sets of size K, one must have K ~ O(N =z ~¢), for € > 0.

To conclude the proof it remains to bound the second expectation on (5.1). This is the second
stage of the argument in which we are going to take bigger sets in order to perform two replacements
as above. For that, fix an integer L and take disjoint intervals of length M = LK, denoted by
{I?,1 > 1} and write that expectation as:

= ([ 7 v o 2 () B 3 e enfan )|

At the first step we want to replace the empirical mean of H in each one of the sets of size M
(taking K as scale factor) by the value of H in z;/N, where z; is a certain point of the interval

Il2. Then, for each [ > 1, fix a point z; in Il2, by summing and subtracting H(%) inside the

summation over j, last expectation can be bounded by

2, [( FH DT () -G 3 e e
+2]EV /WZH ZZ)ZEVP[ZV s ( ))‘M]}dsﬂ,

x€l;

Now, notice that the first expectation above can be written as

[ S S n() - ()5 o))
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Following the same arguments as above it is easy to show that, under the Schwarz inequality,
this expectation vanishes if LZKN?Y~2 — 0 as N — 4o00. This is the first restriction on the size
M of the intervals (I7);.

In order to treat the second expectation, inside the summation over [ sum and subtract

Ey, | Yaer2 Vol (N ( ‘MQ} where M7 = U(erﬂ n(:c)) and bound it from above by

28}, | / ZH (5 Varg )ds) ]
N 2 N 9 2
2 (| T ()8 3w (o)) [047]as) ],

where

Vai.y(n ZEUP[ZV ))(M]} VP[ZV ))‘Mﬁ}.

6I2 zel; xel l

Now we treat the first expectation of last expression. Notice that it can also be written as

W] R GI(E 2w [ ps] - [ e fas] o)

This is the second step at this stage of the argument. Here, we want to replace the empirical
mean in the intervals of size L of the projection of V;; on the conserved quantities of the intervals
of size K, by its projection on the conserved quantities of the intervals of size M. This will
bring us the second restriction on the size M of the intervals (I?); that allow us to perform both
replacements. As above we prove that:

Lemma 5.2. For every H € §(R) and every t > 0, if L’KNY~t — 0 as N — +o0, then
t
N7 Zl 2
lim E) [(/ — H(—)Vgl (n?)ds) } =0.
Nooo Yr 0 \/N ZZZI N AN K
Proof. Following the proof of Lemma 5.1, the expectation above becomes bounded by

cty sup / V2 La(Mhmv,(dn) — NYT7 < b, —L5 h>,,}
1>1 hELQ(”p)

Using an appropriate A; and the spectral gap inequality, last expression is bounded by
N7 z]
Cty T H? (N) (M + 1)2Var(Va, 4. 1,).

Now, the proof ends as long as Var (Vs 4,v,) < LC, which is proved below. (]

Remark 5.2. Here we show that Var(Va, g4,v,) < LC.
Since Var(Va, 4,v,) < El,p[(VgJ,g)z] and by the definition of Vo 4 we have that

Var(Vayg.v,) < By, K S E, [ AT ))‘MJ} - E, { 3 Vg(n(x))‘M;DT.
jeI? z€l; zE€I}

By the definition of Vy(n(z)) and the notation introduced above, one can write the right hand side
of last expression as

5, [( X (K650~ Kolp) — o (K — p)) — Men(p) — Molp) — M () — 5)) |.
JeI?
where ¢1(p) = Ey, [g(n(0))|M;] and nM = 55 > wer, M(x). Last expression can be written as

E,, [(M{% > (Ko5(0) = Ké(p) = & (K1 = p)) = dulp) = 6lp) — o (o) 0" - p)}ﬂ

jer?
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- E,, [(M{% Z (qu(p) — &' (p)(nf = p) — du(p) — &' (p) () — ,0)) })2]
=28, [(= T (400 - 40 — ) - a0 - 6o~ )]

jer?
By the independence of the random variables (n(x)), under v, and the Central Limit Theorem,
last expectation is of order

E,, [(cbj(p) —¢(p) — ¢ (p)(m)* — p)ﬂ ,

which we can bound from above by

28, (6,(0) — o)) ] + 28, [ (40f) — 6(0) — # (D)0} — )]

By the equivalence of ensembles the expectation on the left hand side of last expression is bounded
by CK~2. For the other, use Taylor expansion to have that

2 4
By, [(60n) = 6(p) = &' (0) 11 = ) | ~ Bu, [ (0 = ) | = O(K?)
which is enough to finish the proof of the remark.

At this stage the restrictions on the size M of the second interval come from the four previous
estimates. Since from the first stage of the argument we are able to take K ~ O(N 17TW_E), then by
the two previous estimates we can take L ~ O(N ITTW) Collecting these facts together it implies
that M ~ O(N ="+ 3 —¢),

Following the same arguments as before, take n sufficiently big for which in the n-th stage of
the proof we have intervals, denoted by {I”,m > 1>} of length K,, ~ N'=7. At this stage, it
remains to bound:

=[] o 2 0 (3 vt enfasz)a)'|

where for each m, z,, is one point of the interval I}, and M)} = J(erln n(x)) By Schwarz

inequality and since v, is an invariant product measure, last expectation can be bounded by
N2v 2 2 2
2 m n
05 2 (1(5)) Bal (2] X voteparz]) |
m>1 el

Now, if one shows that the expectation above is of order O(1), it implies the whole expression to
be bounded from above by ]}’(—27 and since v < 1/3, it vanishes as N — +o00. This is the only part
in the proof that we impose the restriction on speed of the time scale.

2
Remark 5.3. Here we show that E,, KE”P {erl" Vg(n(x))‘Mf,‘lD } =0(1).
By the definition of Vy(n(x)), the expectation above is equal to

By, [(Bo, | 3 (0K, (0) = 0l0) — &' ()l — P))D?

el

and bounded from above by

28, (B, [ 3 (¢x. (0)—0(n™))] )2] +28,, | (B, | D2 (605 =0(0) =0/ (0) (i —p))m,

zeln, xzeln,

where ¢k, (p) = Ey,[g(n(0))|M2] and ni» = K%lzajeln n(xz). Now, the result follows if one
applies the equivalence of ensembles to the expectation on the left hand side and Taylor expansion
to the expectation on the right hand side of last expression, as explained above.
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Remark 5.4. Here we give an application of the Bolzmann-Gibbs Principle for a linear functional
associated to the one-dimensional Symmetric Zero-Range process evolving on the diffusive scaling
NZ2. Consider the Markov process 1, evolving on the parabolic time scale and with generator L°
given on local functions f : N2 — R by

1 X
Lof) =Y 9m@)For™) = f(n),

z,y€Z

lz—y|=1
with ™Y as defined in the proof of Lemma 5.1. Let P, be the probability measure in D(R,,N%)
induced by v, and n. evolving on the time scale N2, namely nN = nyn2 and denote by E,, the
expectation with respect to P, . If one repeats the same steps as in the proof of Theorem 2.4, one
can show that:

Corollary 5.3. Fiz 8 < 1/2. Then, for everyt >0 and H € §(R)

Jim B, [(v7 jN;ZH(]@)ngf @)ds)’] =0,
where Vy(n(x)) was defined in (2.5).

So, in order to observe non-trivial fluctuations for this field one has to take 8 > 1/2. A
very interesting problem is to establish the limit of this linear functional when § = 1/2. For
the Symmetric Simple Exclusion process starting from the Bernoulli product measure pi,, evolving
on the diffusive scaling N2, for 8 = 1/2 and g(n(z)) = (n(x) — a)(n(x + 1) — ) which defines
the quadratic density field, it was proved in [1] that this functional converges in law to a non-
Gaussian singular functional of an infinite-dimensional Ornstein-Uhlenbeck process. The case for
the Zero-Range process is still open.
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