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1 Introduction

Reinforced concrete (RC) plane surface structures subjected to in-plane forces have
many applications in the civil construction field, from foundation to roof structural elements.
Shear walls, load-bearing walls and deep beams are some examples of these structures, see

Figure 1.1.
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Figure 1.1 — Structural elements subjected to in-plane forces: a) deep beam; b) load-bearing

wall; ¢) shear wall; d) general case of plane stress state

Structures of the type show in Figure 1.1 carry load primarily through the action of in-
plane stresses. To determine the behavior of such structures, the response of a two-

dimensional rectangular reinforced concrete element subject to plane stresses is considered. In
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structural mechanics this element is usually denoted as plate in plane stress or membrane,
which is used in finite element method (FEM) to model plane surface structures subjected to
in-plane loadings. Thus, the distribution of stresses in these structures, before crack initiation,
can be found by using a linear elastic finite-element analysis.

The use of linear elastic analysis techniques, such as FEM, has basically solved the
first part of the design process of reinforced structural elements in plane stress, which is
structural analysis. Now with relation to design itself, the solution is a complex task because
of the number of unknowns is larger than the number of available equations from statics. Due
to this fact, several theoretical models for the design and analysis of RC membrane elements
have been proposed by many researchers, as for example the yield criteria for disks with
orthogonal reinforcement, Nielsen (1971), the modified compression field theory (MCFT)
from Vecchio and Collins (1986) and the cracked membrane model (CMM) developed by
Kaufmann and Marti (1998). The last model combines the basic concepts of MCFT with the
tension cord model developed by Marti ez al (1998).

From CMM, simple design equations for cracked, orthogonally RC membranes have
been recently proposed by Kaufmann (2002). These equations express the ultimate load of
membrane elements in terms of the reinforcement ratios, yield strength of steel and the
cylinder compressive strength of concrete, but accounting for the compression softening of
the concrete as a result of introducing the compatibility of deformation. In the present work,
the design equations were implemented in a computer program and incorporated in the
DIANA 8.1 finite-element package through its post-processing interface, extending the use of
the finite-element package, from an analysis tool to a design tool for RC membrane elements.

The presentation of the yield conditions for membrane elements, as well as the
correspondent design equations according to the yield criteria proposed by Nielsen (1971), is
given in Chapter 2. In the following chapter the failure surfaces of CMM in relation to limit
analysis is introduced, yielding the design expressions for cracked, orthogonally RC
membrane elements. In Chapter 4 the numerical procedure that was developed to implement
the design equations is presented. Chapter 5 shows two application examples, with
comparisons between the novel formulation and the traditional design equations according to
the yield criteria of Nielsen (1971). Finally, Chapter 6 presents the conclusions of the present

work.
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2 Yield Conditions for Membrane Elements

It is straightforward to correlate the state of stress of framed structures with its
maximum stress (strength) because they are both uniaxial. However, when dealing with a
general or plane stress state, how can one correlate such stress state to a single component,
whose material strength(s) is measured in uniaxial tests, in order to estimate yield or failure
tendency? At present there is no fundamental rationale for such a correlation, and a failure
theory is needed to develop failure criteria (or yield conditions) for structural elements whose
stress state is not uniaxial. This is the case of membrane elements.

Yield conditions for membrane elements were firstly introduced by Nielsen (1964),
for the case of isotropic reinforcement. This same author extended this concept to orthogonal
reinforcement, Nielsen (1971), considering in both cases the response of concrete in
compression as perfectly plastic. Only a brief description will be given here and the reader is
referred to Nielsen (1971) or Kaufmann (1998) for a comprehensive review.

Consider an orthogonally reinforced membrane element subjected to in-plane shear

7., and normal o, o, stresses, see Figure 2.1a. Firstly the yield surface for this element is

built considering the stress contributions of reinforcement and plain concrete separately. Then
the yield surface is obtained as the envelope of all linear combinations of admissible states of
stress in the reinforcement and in the concrete, b. The surface obtained in such a way consists
of seven different yield regimes; however, for design purposes, just the regimes identified in

Figure 2.1c are usually relevant. These design regimes are described by the following yield

criteria
q)l =sz_(/0xfyt_o.x)‘(p:fyz'_o—z) =0 (a)
®, =72 (.- p.fre +0.) (0. Sy —5.) =0 (b) o
(D3 =T.3:_(fc_pryx+Jx)'(pryx_ax) =0 (C)
O, =12 - f2/4 =0 (d)

where p_, p, are the reinforcement ratios in x and z directions, respectively, and .

their correspondent yield strengths; £, is the effective concrete compressive strength, in order

to take into account the perfectly plastic behavior assumed.
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Figure 2.1- Limit analysis: a) applied stresses to orthogonally reinforced membrane b) yield

surface for perfectly plastic behavior; c) yield regimes for reinforcement design

Each point on the yield surface corresponds to a potential failure stress combination.

According to the associated flow rule

. 0D . _ ;0D .. 0D
& =4 ; ¥
’ oo, do ot

(2.2)

the plastic strain rates £, £,, and y_ are proportional to the components of the outward

normal to the yield surface in the stress point under consideration; the symbol A denotes an
arbitrary non-negative factor. For stress points satisfying more than one of the criteria,
equation (2.1), the flow rule, equation (2.2), has to be applied separately for each regime and
the associated strain rates must be superimposed. Knowing the strain rates, associated Mohr’s
circles can be drawn and the inclination & of the minimum principal compressive direction

0, to the x-axis can be determined from

£ -

X

cot26 = (2.3)

Ve

which yields the following expressions for the design regimes studied:

(pryx —O_x)

Q, :cot29=z“)
pzfz_o-z

(a)
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(£, - p.f,. +0.)
Pty =0,

(f;; _px.fyx +O—x)

0, cot’d = W (© (2.4)

@, :cot’f=1 (d)

@, :cot’ = (b)

Regime 1 corresponds to under-reinforced membrane elements where failure is
governed by yielding of both reinforcements. In Regimes 2 and 3 concrete crushes and one of
the reinforcements yields. For Regime 4 concrete also crushes but both reinforcements remain
elastic. In other words, it means that, if f, > o, is not satisfied, being o, the minimum
principal concrete compressive stress, three situations are possible to happen:

i) concrete crushes and the x-reinforcement remain elastic whereas z-reinforcement,
which is weaker, yields (Regime 2) ;

ii) concrete crushes and the z-reinforcement remain elastic whereas x-reinforcement,
which is weaker, yields (Regime 3) ;

iii) concrete crushes and both reinforcements remain elastic (Regime 4).

2.1 Reinforcement Design Equations

This section addresses the reinforcement design equations for Regime 1, as given in
Nielsen (1971). It is stressed that the design cases explored by the author are restricted only to
Regime 1, whose behavior, as stated before, is based on yielding of both orthogonal
reinforcements without crushing of concrete.

From equations (2.1a) and (2.4a) it is possible to obtain

Pef =0, +1, COtO (a)
(2.5)
p.f. =0, +1, tanf (b)

As indicated in Figure 2.1c, equation (2.5) provides a parametric representation of lines of

equal shear stress 7. As equation (2.5) is only valid in Regime 1, the condition of no-
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crushing of concrete must be satisfied, f, > o,;. The value of o, can be obtained from

equilibrium conditions, see Figure 2.2, and it is equal to

-0, =71, -|cotd+—— (2.6)
cotd

Substituting the root of equation (2.4a) into equation (2.6),

~O0u =Pt p.f—0, 0. @2.7)
Tﬁf ‘_l_o-c:i sin’* @ T . [z
-
4_] {_Fx - _.] S g"“’” LJ S0 Pl
Fe /{fﬁ 0,,sinBcosf
| f }
@) (b) ©

Figure 2.2 — External and internal stresses on membrane element: a) applied stresses;

b) concrete stresses; c) steel stresses

The total reinforcement area can be obtained from equations (2.5a) and (2.5b), being

equal to

Pfptp.fe=0 0o, +7 (tan¢9+ cot 0) (2.8)

As the last term of equation (2.8) must be positive, 7, and & must have the same sign.
Therefore, the minimum value of total reinforcement corresponds to 8 =+ /4. For theses

7| and

Xz

values of 6, having p,f, 20 and p, f >0, equations (2.52) yields o, >-

equation (2.5b), o, 2 -[r_r_,|. Otherwise the value of & has to be changed. Therefore four

different cases have to be considered.
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e Casel- 4, #0and 4, =0

o, 22—, o, 2‘|Tx.-|
prm'=o-x+rx: p:f_}a‘:o—:"-lrx:l
/4
6=iz _063=pryr+p:/:v:_o-x_o-z

e Case2- A, =0and 4_ =0

O <re| = pfi =0

From Equation (2.5a): tan8 = — I

Xz

2

From Equation (2.5b): p, f,. =0, _Ix
o

p: 1,

z z _O.c3=p:f-z_o-x_o-:
ag

e Case3- A4 #0and 4, =0
o, <. = p,f,=0

From Equation (2.6b): tan 8 = Te
o

2

From Equation (2.5b): p, f,, =0, - Cx

2

Ty
p.\‘f:wczo = O-ZZO__ _O-:.‘:!:p.\'f_m‘_o-x_o-z
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e Case4- 4, =0 and 4, =0 (biaxial compression)

(
o, <] o, <-r.| Pefw =0
2 or 2 = J p:f': =0
O-,_ < Xz O", < Xz
o To,
) : o-.r + O': O-.\‘ _ o-: : 2
\o'cl,J = 2 t 2 + Tx:

These formulae correspond to the optimum direction of the concrete compression, i.e.,

the value of & leading to the minimum amount of reinforcement.

The reinforcement design, per unit of length, is then obtained from,

4, =Py, 4 =PIy, 2.9)

f:vdx * f:)'d:

where # is the thickness of membrane element.

The value of f,, which limits stress in concrete, can be given according to the

recommendations of MC90, namely:

e Uncracked zones: Case 4

_ _ S
fon = 0.85[1 250} fo (2.10)

Je =K fu (2.11)

Where f, and f, are, respectively, the characteristic and the design cylinder

compressive strength, expressed in MPa. The parameter K takes into account the

confinement effect of concrete due to biaxial compression state and reads

_1+3.65a with g = 22

K AR
(1+oz)2 o

cl
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e Cracked zones: Cases 1 - 3

At cracked zones, the compressive strength of concrete may be reduced by the effect of

transverse tension from reinforcement and by the need to transmit force across the cracks,
/. =0.60 1—& U (2.12)
¢ 250

The numerical implementation and discussions of practical use of these design

equations can be found in Lourengo and Figueiras (1993, 1995).
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3 Cracked Membrane Model

The cracked membrane model (CMM) of Kaufmann and Marti (1998) is a new model
for the cracked, orthogonally reinforced concrete panels subjected to a plane stress state,
which further extends the formulation of Chapter 2 taking into account the deformation
compatibility. It combines the basic concepts of the compression field approaches, which is
described in Section 3.1, with a recently developed tension chord model of Marti et al (1998).

This chapter summarizes the basic concepts of the main numerical issues of the CMM.

3.1 General Considerations

Some fundamental aspects of the behavior of CMM are given by using compression
field approaches, which satisfy equilibrium and compatibility conditions. Consider an
orthogonally RC membrane element, with a set of parallel, uniformly spaced cracks, see
Figure 3.1. Equilibrium of the stresses at cracks requires, see Figure 3.1b,
sin(26)

_ : 2 2
o, =p,0,+0,8n"8+0,cos" -1

o

c.=p,0,+0,cos’ 8+0,sin* 6+, sin(26) (3.1

cin

T, = (o-c,, -0, )sin fcosf-r1,, cos(2¢9)

where n and ¢ are the coordinates aligned with the crack direction; o, and o, are the

concrete stress normal and parallel to the direction of cracking, respectively, and 7. is the

cnl

shear stress; o, and o, are the stresses in x and z reinforcements, respectively.

Considering steel and bond stresses being given by equivalent stresses resulting from a
uniform distribution in transverse direction between the individual reinforcing bars, and
assuming homogeneous material properties one can conclude that the displacements at the
cracks as well as the strains in concrete between the cracks are independent of the coordinate

t, see Figure 3.1c. Thus,

_ Ou, ov Ou

g, =—= g =— e 3.2
" s i (G2
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where u, and v, are the concrete displacements in » and ¢ directions. As the displacement u,

is only a function of n and 9y, /0t =0 leads to 0g,/0n =0, implying that £, must be

constant.
T S /1 0. cOs —
x t»/‘r:x - \Tcm cosd —
/N7 ” - <—] =
t HJF;}HJI‘H S | 7 \ )
<« — x| —>0, / n ::
= r"rﬂ J_HJ T r \ o, Sing
Ao xz Tem SING PxOyx
Nl O
-
i Txz ) |
\4 ’ O: }
z o, Txz T
T

8
(2) t ‘oé - 9\ Ten COS O
/ \ OnCoSf

T SING \n
LLLLLT T oo

(b)

Figure 3.1 — Cracked membrane: a) notation; b) stresses at crack; c) displacements

The basic assumptions of the CMM are (i) crack faces are assumed to be stress free
and able to rotate and (ii) the concrete principal stresses and principal strains are coincident.

These assumptions lead to o, =0 and r,,, = 0, meaning that equation (3.1) reduces to

Design of RC Elements Subjected to In-plane Loading — 13/45
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o, = PrO g + 0-6‘3 COSZ g (a)
o, =p,0, +0,sin’ @ (b) (3.3)
T,, =—0,sinfcosf (c)

where o, =0, and 0, =0, =0, given the fact that the » and ¢ axes are coincident with the

major and minor principal stress and strain axes of concrete, respectively.

3.1.1 Compatibility Conditions

Due to the fact that the cracked concrete is considered as a material with coinciding
principal stresses and strains axes, which is the essence of the compression field approach,
one can determine the state of strain and stress along any direction through the Mohr’s circle.

From the strain circle, see Figure 3.2a, the following strain relationships can be formulated:

&3

6‘ a—
tanfd = *+—2 (3.4)
Vel2
£. _83 -
cotf=——-= (3.5)
Yar/2
£, +E, =g +¢& (3.6)

where £,, £, and y,. are the average total strains in the cracked membrane element, being x
and z the orthogonal directions of the reinforcement, and being &, and g, the principal

average strains.

Eliminating y . in equations (3.4) and (3.5), one gets

E,—¢& £, -¢
tan® g =23 or cot’g =23 3.7
g: - 83 E.\' - 83
Associating equations (3.7) and (3.6),
£ =g, +(c, —&)cot’ @ (3.8)
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Similarly for stresses, the following relationships can be found with the aid of Mohr’s

circle, see Figure 3.2b:

O-cx i O-cl - z-cx: cot 0 (a)
o, =0,—T, tand (b) (3.9)
c,=0,—-T,|cotd+ 1 J (c)

c3 cl cxz COtg

being o, o, and 7. the stress components of concrete, and being &, and o, its

principal stresses.

Disregarding the tensile strength of concrete, o, =0, and considering the applied
shear stress being resisted only by concrete, i.e. 7, =7, the compressive principal stress of

the concrete, equation (3.3c¢), becomes:

) (3.10)

o, =-7,|cotd+
- cotd

which is identical to equation (2.6).

NS

(£..7./2)

Ny
. -

4 i :
‘
'
e,
\‘/"’

.

(O-r:,\' L4 TL'.\“.' /2) (8,\' &) }/xz /2)
(2) (b)

Figure 3.2 — Morh’s circle for: a) strains; b) concrete stresses
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3.1.2 Constitutive Laws

Steel and bond shear stresses are treated according to Figure 3.3b, where the basic
concepts of the tension chord model are extended to cracked membrane elements, see Figure

3.3c. As aresult, both reinforcements are treated as tension chords.

L
b x
—
Tor
m—
=[Ln T
QX 1
= -y~ &s dodo=t) 8
sX
e )
1
U SSONS W S
Tox
- 542
AT
Ag.., S / Quarter points
N Sw/2
2ely
(©) (@

Figure 3.3 — Cracked membrane model: a) notation; b) steel constitutive relationships; c) steel

stresses in x-direction (Ao, = tension stiffening stress); d) concrete principal

stresses.

For concrete, a parabolic stress-strain relationship is assumed for the principal

compressive stress o,; at cracks, whereby compression softening is taken into account, see

Kaufmann (1998), i.e.,

Design of RC Elements Subjected to In-plane Loading — 16/45
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£

0-1:3 =-fc(E: +283€c0)/531) (311)
and
n)y”
==Y/ __ < f inMP 3.12
/e 0.4+30¢, /o inMPa -12)

where ¢, is the concrete strain at the peak compressive stress f, and f is the cylinder

concrete compressive strength.

Thus, considering the average strains ¢,, £,, and &, as the primary unknowns, all

quantities in equation (3.3) can be expressed as functions of these three unknowns. In fact, the

stresses o, and o, in reinforcements are derived from the constitutive equations of the
tension chord model, and the stress in concrete o,;, from equations (3.11) and (3.12).
Therefore, for a given set of applied stresses, 0., o, and t_, the strains ¢, ¢,, and £, can

be determined by means of an iterative numerical procedure.

3.2 Design Equations

By introducing the assumptions of limit analysis, Kaufmann (2002) obtained

expressions to determine ultimate load of reinforced concrete panels in terms of the
reinforcement ratios and the cylinder compressive strength of concrete (ﬂ) Therefore these
expressions are suitable for design purposes. They were derived on the basis of the CMM
with link to limit analysis.

Failure surfaces according to the general numerical method of the cracked membrane
model can be generated by evaluating the peak shear stress for a certain range of
reinforcement ratios, p, and p,, see Figure 3.4a. The failure surface obtained in this way is
quite similar to the yield surface for perfectly plastic behavior (Figure 3.45). In the latter case,

which correspond to limit analysis, the surface was built using the yield criteria given in
equation (2.1) and setting f, = l.7(fc')2/3 (in MPa). In either case, the four regimes identified

in Figure 3.4 have the same characteristics of those described in Chapter 2. Therefore, the

results obtained from limit analysis and the cracked membrane model are quite similar.

Design of RC Elements Subjected to In-plane Loading - 17/45
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{b)

Figure 3.4- Failure surfaces: a) cracked membrane model; b) limit analysis, accounting for

compression softening of the concrete [from Kaufmann (1998)]

Failure loads obtained from the cracked membrane model exceed those obtained from
limit analysis in many situations, primarily because of strain-hardening of the reinforcement.
However, failure loads can still be obtained from limit analysis by adopting a suitable value
for the concrete compressive strength f,, as for example the expression for /. used in the
cracked membrane model, equation (3.12). According to this expression, /. depends on the
principal tensile strain &, which cannot be determined from limit analysis. However, £, can

be expressed in terms of p, f,, ~o, and p, f,. — o, if certain assumptions are made. Below

the determination of &,, given by equation (3.8), and the correspondent expression of f, for

each Regime are described. Afterwards, the designs equations are finally provided.
a) Regime 1

Assuming a linear elastic-perfectly plastic stress-strain relationship for the
reinforcement, &, can thus be determined along the boundary of Regimes 1 and 2 (see Figure
3.5), where the z-reinforcement yields (the weaker), the concrete crushes, and the x-
reinforcement is at the onset of yielding.

The value of cot® @ in equation (3.8) for Regime 1 is given by equation (2.4a), which
is cot’@= (prfW - crx)/(p:f,_, = o-_,). The value of &, =¢,=0.002 is assumed since

Design of RC Elements Subjected to In-plane Loading ~ 18/45
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2

concrete crushes and £, ~0.87,, / E, =0.002 (the value of 0.8 is adopted to take into account

tension stiffening effects). Introducing theses values into equation (3.6), one gets

Pefw =0,

£, =0.002 +0.004 -
p:fy: - o-:

at the boundary of Regimes 1 and 2. Substituting this equation into the expression of f,,

equation (3.12), one gets

N\2/3
fl= ) — (3.14)
0.46 +0.12. 2L " %x
p:fy.' _O-Z

for the boundary of Regimes 1 and 2. The principal concrete compressive stress in Regime 1

is equal to —o; =p,f. +p.f,. — 0, —0,. Observing that o, must not exceed f,, one

obtains

s
. — O
12 > 0.46 40,122 =%

3.15
pr;x+p:f;z _O-X_O-z p:f}': -0, (J )

for the boundary of Regimes 1 and 2, being the reinforcement in the x-direction stronger than

the reinforcement in the z-direction, (p,r S e —o‘x)> (p_, .= o‘:). In the case of
(p= . —0':)> (Px b —ax), which corresponds to the boundary of Regimes 1 and 3, the
condition of the principal concrete compressive stress o, in Regime 1 not exceeding f, is
given by

N2/
S — 0.
(’f‘) .>_O.46+0.12ij—f“————‘— (3.16)

pryx+p:f:yz_o-.\'—o-: p.\'fy.\’_o-x

Design of RC Elements Subjected to In-plane Loading - 19/45

Azurém, P — 4800-058 Guimaraes Tel. +351 253 510200 » Fax +351 253 510217



211 <% Universidade do Minho ,r%
4 Departamento de Engenharia Civil T

p.f. -0

%

(r

25 L5 0.8

p:fyz -0,

( f.)2/3 Boundary of Regimes 1 and 2

Figure 3.5— Representation of Boundary of Regimes

b) Regimes 2,3 and 4

In Regimes 2, 3 and 4, the failure load depends on f, and thus on the principal tensile
strain ¢,. For values of p f,, —0o, and p_ f,. — o, higher than along the boundary to Regime

1, the steel stresses in the x-reinforcement (Regime 2) or in both reinforcements (Regime 4)

are below the yield stress f, . The strains (&) in the non-yielding reinforcements decrease for
higher reinforcement ratios and hence, f, increases. This effect is neglected here, assuming
that the strains in the non-yielding reinforcements are equal to &=0.8f,/E, =0.002

throughout Regimes 2, 3 and 4.
b.1) Regimes 2 and 3

In Regime 2, as stated before, the strains in the non-yielding x-reinforcement is

assumed to be equal to ¢, ~0.8f, /E , and & =-¢, because the concrete crushes. The
value of cot’ 6 for Regime 2 is given by cot’8=(f, - p, fr+0, )/(p f.-0 ), equation

(2.4b), and thus the value of £, will be
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/.
e e —g). 1 3.17
£ €+(€ E)[ zfy:— ] j ( )

Replacing equation (3.17) into the expression of £, one gets

306:=43) r2 4 (044308,) 1, (£ =0 (3.18)

P: ¥z -0,

From the solution of the quadratic equation, equation (3.18), is possible to obtain

_ pzfy:_o-: o 2 '3O(£x_€3)' 3 | &)
f. _—2'30(&_83){\/(0.4“053) +4 of o (7" - (0.4+308,) (3.19)

Assuming the typical values for the strains, &, =0.002 and &, = 0.002, one obtains

/3

2 12 17

ﬁzé@ifq).jih__ﬁL___ o
6 2500 25 p.f, -0, 50

for Regime 2, being the reinforcement in the x-direction stronger than that in the z-direction,
(p.\‘fyx - O’_,)> (pzf: - a:). In the case of (p:fyz - o‘z)> (pryx —ax), which corresponds to

Regime 3, the expression of f, is given by

2500 25 p.f, -0, 50

x

23
ﬁ=%@¢fq)J”9ﬁi U v G21)

b.2) Regime 4

In Regime 4, the assumption of ¢, = 0,8f),_r/EJ. =0.002 results in cot’@ =1, see

equation (2.4d), and a constant value of g,
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£, =0.002+0.004x1=20.006 (3.22)

Replacing the result of equation (3.22) into the expression of f,, equation (3.12), one gets for

Regime 4

450 -)2/3

fo = 29 Ve (3.23)

Along the boundary between Regimes 2 and 4, see Figure 3.5, the weaker

reinforcement in the z-direction is at onset of yielding, o, = /> and according to

equilibrium conditions, equation (3.3b), and from equation (3.23), one obtains the condition:
From equilibrium conditions,

p.0. =0, +t tanf = 1_=(p.o, -0, ) cotd (3.24)
From the yield criterion for membrane elements in Regime 4, equation (2.1d)

O, :cl =4 o 1, =f2 (3.25)

Associating equations (3.24) with (3.25) and replacing the value of f., which is given by

equation (3.23), one gets

(L)
PR e (3.26)

along the boundary of Regimes 2 and 4.
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¢) Design equations

Substituting the expressions for f,, equations (20), (21), and (23), respectively, into

the corresponding yield surface equations for membrane elements, equation (2.1), it is

possible to obtain the following design expressions for the CMM

Y,:22 =(p. £, —0,)(p.f ~0.) @)

YZ:T»f::(pzfy:—o-z)z' 2+§- (fc)/3 29 (b)

R¥Y (3.27)
YJ:Z-.\%:z(p.\'fyx_o-x)z' 2+—2—5—(ﬂ) _Q (C)

nik <[ 2(0%] @

These expressions correctly represent the boundary of the ductile Regime 1 and yield
conservative values of the ultimate strength for all failure regimes, allowing for safe and
straightforward dimensioning.

Comparing the yield criteria developed by Nielsen (1971), equation (2.1), and the
failure criteria given by equation (3.27), it is possible to draw the following conclusions:
(i) for Regime 1 both equations are identical, and therefore the reinforcement design
equations presented in Section 2.1 remain valid for equation (3.27a), but the condition of no-
crushing of concrete is given by equation (3.16); (ii) for the other regimes, whose ultimate

loads depend on f,, the differences are based just on the way of evaluating f.. For the

failure criteria of the CMM, the response of concrete in compression is given by equation
(3.12), which accounts for the compression softening of the concrete, resulting in a more
realistic prediction of its behaviour.

If concrete crushes, therefore Regime 1 is no longer valid, but reinforcement design
can still be carried out in regimes 2 or 3 if the concrete compressive stress does not surpass

the effective concrete compressive strength in Regime 4, equation (3.23). However, the
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designs equations for regimes 2 and 3 are nonlinear and the solution must be achieved by

means of iterative numerical procedure. Rewriting equations (3.27b) and (3.27¢), one gets

23R* - 50(f P R} + 2972 R? +67% =0 ()
(3.28)
23RY —50(£. )3 R + 2972 R? + 627 =0 (%)

where R, = p.f,. —o,, Regime 2, and R, = p, f, — o, for Regime 3. As the values of R,
and R, must be greater or equal to zero, the solution of equation (3.28) will thus be the first

positive root found, whose value will correspond to the minimum reinforcement.

The reinforcement design cases covered by equation (3.28), which correspond to
regimes 2 and 3, are interesting for reinforced membrane elements with moderate to high
compressive stresses.

Below some numerical applications of the CMM design equations, equation (3.27),
are shown. The first example (Regime 1), means that the formulation of Nielsen (1971) can
be used and the second example (Regime 2) shows that the CMM formulation gives a 27 %

increase of reinforcement with respect to Nielsen (1971) formulation.

a) Example 1

o, =1.60 MPa h=0.40m
o, =-2.80MPa f., =16.70 MPa
7, =-1.10MPa fox = frue =435MPa
c,.=0
e Regime | - Case 3 o 2
o =160~ o 03 mpa

e Verification of concrete crushing:

Equation (2.7): o, =2.03+0-1.60+2.80=3.23 MPa

(16.70)"°

0.46.+0.12.12:03-160)
[0—(-2.80)]

=13.65MPa

Equation (2.14): £ =
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o, < f! = OK!

e Calculation of reinforcement area:

=M= 1.87x10”° m*/m =18.70 cm?/m
Equation (2.9): 05
A.\‘Z = 0
b) Example 2

o, =-4.80 MPa LD
o, =0.20MPa fo =16.70 MPa
7., =—0.70 MPa Sy = fyue =435 MPa

o—.\i\‘ = 0

e Regime 1 - Case 2 N 2
o =020- 070" _ 630 Mmpa

e Verification of concrete crushing in Regime 1:
Equation (2.7): o, =0+0.30 —(—4.80) - 0.20 = 4.90 MPa
(16.70)"

[0 (-4.80)]
(0.30-0.20)

Equation (2.14): f! =

=1.05MPa
0.46+0.12.

o, > f) = Not OK!

» Verification of the possibility of reinforcement design in Regime 2
Equation (3.23): f! = %(16.70)2/3 =11.26 MPa

o, < f!'=O0K!

From equation (3.28b),

23- R =50 (16.70)% R? +29x (- 0.70)* R? + 6 x (~0.70)* = 0
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23R} -326.67TR +14.21R> +1.44 =0

The solution of the equation gives, as a valid value: R, = 0.18 MPa
R =0,-0,=0,=R,+0,

o, =0.184+0.30 =0.38 MPa

e Calculation of reinforcement area:

A.YX = 0
Equation (2.9): 4 < 0.38x0.40
= 435

=0.35x10” m*/m =3.50 cm?/m

The reinforcement area for this case according to Nielsen (1971) formulation is
(0.30 X 0.40/435) =2.76 cm® /m. Thus, the increase of reinforcement when using the
CMM formulation is about 27%.
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4 Numerical Implementation

This Chapter presents the computer program and the numerical routines developed to
implement the reinforcement designs equations for orthogonally reinforced, cracked
membrane elements, described in the previous Chapter.

Figure 4.1 illustrates the input data window of the computer program, which executes

the numerical routines, according to the flowchart described in Section 4.1,

F reinforcement Design for RC Membranes =10 x|
Compte | "

Material and Geometry Properties- e =
Membrane thickness {m) r_—_——
Design cylinder concrete compressive strength (MPa) ’
Design yield strength of reinforcement elong x-axis (MPa) i
Design yield strength of reinforcement along z-axis (MPa) l

i

"DIANA Element Infarmation
Element Type ! In-plane Integration Scheme
|TEMEM - Triangle, dnodes v | |Quadietesl- 151 ~|

FONE Rl e W

;“DIANA Model and Stresses Result Files——————
Unit of the DIANA Stresses resuitfile [MPa -]

‘

& Stressesfile i !

Figure 4.1 — Input data window of the computer program

It can be seen that the input data for the reinforcement design computations is rather
simple. In the “Material and Geometry Properties” box, the user inputs the thickness and
material properties of the structure. The two other boxes deal with the data provided by
DIANA® 8.1 finite-element analysis program. In “DIANA Element Information” box, the

user selects the finite-element type and integration scheme which were used for the elastic
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analysis of the structure in DIANA. Finally, in “DIANA model and Stresses Result Files” the
user loads the files of the model and stresses result by clicking on buttons “model file” and
“stresses file”. The files of the model and stresses result are text files containing respectively
the data of the structure modeled in finite elements for DIANA and the result of stresses
obtained from the linear elastic analysis performed in DIANA for the structure.

With the input data completed, the user can process the data by clicking on
“Compute” button. Then the following window will be displayed, Figure 4.2, where one can
find the reinforcement area results which have been calculated. Besides, the program
generates an output file with the results for post-processing in DIANA, which can be loaded

through the graphical user interface of DIANA.

Elm Node Asx(cm2/m) Asz (cm2/m) Tc3 (MPa) Regime &
1 1 0.00000E+00 0.,00000E+D0 0.80700E+01 1
1 10 0.00000E+00 0.00000E400 0.62160E+01 1
1 Z 0.00000E+00 0.00000E+00 0.43630E+401 1
1 13 0.47939E401 0.00000E+00 0.45538E+01 1
1 5 0.14406E+02 0.00000E+00 0.52677E+01 1
1 15 0.91171E+01 0.00000E+00 0.42068E+01 1
1 4 0.52331E+4+01 0.00000E+00 0.32904E+01 3
1 12 0.00C00E+00 0. 0D000E+00 0.53985E401 1
2 2 D.000DAE+QD 0.00DODE+D0 D.47841E+01 1
2 11 0.00000E+00 0.00000E+00 0.39442E+401 1
2 3 0.00000E+DO 0.000DOE+0D 0.31053E+01 1 :.J

Figure 4.2 — Window of the reinforcement area results (7¢3 = o,)

4.1 Numerical Routines

The flowchart below presents the numerical routines which have been used to

implement the reinforcement design equations.

a) CMMmembrane routine

Read geometry and material properties

}]5 f;da f&dx, f;'dz

Read the in-plane stresses.

Design of RC Elements Subjected to In-plane Loading — 28/45

Azurém, P — 4800-058 Guimaraes Tel. +351 253 510200 » Fax +351 253 510217



Universidade do Minho
Departamento de Engenharia Civil

l Case 1 Regime [: check
o >-r and o.>-r > o-,\'x = o-.r + T.\‘: Wthh of the four
Y o, =0, +|sz| de_slgn cases is
suitable.
N
Case 2 -
2 X
o, <-r.| and o, 272 /o, > ,
Y Ua‘: = O': - T;: /o-.\'
N
3 Case 3 ;
O'.‘,ZT;’:/O'Z and O':<—Tx: 1| o..rxzo-x_r.\‘:/o-:
Y -0
Case4 | N
1 ¥
O =0nt0,-0,-0, Determine the concrete compressive stress o,
R, =0, -0, and the effective reinforcement parameters R,
R =0, -0, and R..
l e R Determine the weaker R,,;, and stronger
R >R p| min T Rpax reinforcement. If R >R, the z-
- N Y max = R, reinforcement is the weaker (R, = R,).
4 Otherwise, x-reinforcement (R, = R,).
min Rx
max R:

A

7 Determine the effective concrete compressive
fl = (fus ) strength for Regime 1, f,', and initialize the
" 04640, 12(R"""" / Rmﬂ") condition of crushing of 1
g of the concrete (icrush).
icrush =0 icrush =0 (no-crushing)
icrush =1 (crushing)

}
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If o, isless or equal to £, , goto l
2. Otherwise, check the possibility
to compute the reinforcement for o,<f)
Regime 2 or 3. Y
I N
Determine the effective concrete 50
. . 4 2/3
compressive strength for Regime I3 =2*9 cd)
4, f1.

> o, <f If o, is less than f£*, test the

| N condition of dimensioning

3 reinforcement in x or =z
o,=00ro, =0 :@ icrush=1 | direction. Otherwise, set icrush

Y é equal to 1 and go to 3.
N

. Call the Bisection method to solve
Bisection( ., f.;, R,) the equation (3.28), where R; is its
valid root found.

o %0 » 0.=R +0, If the steel tension stress in x'-dlr.ectlon is
) Y different from zero, determine its value
N (Regime 3).
A
o.=R +o0,

=c hlf Determine the reinforcement areas in x and
X ax Jdx o . .
z directions, respectively.

b) Bisection Routine

This routine finds the solution of equation (3.22) through the method of bisection.
Setting equation (3.28) as F(x)=23x* - 50(ﬂd)23 x’ +2972x% +67°, where xe R,

Xz

the steps below were implemented to find the root R;.
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a,=0 Initialize the lower bound a; and determine the
_ 6t value of Fatay, F,.
‘l' Iterative process to find the upper bound value
-><1 I=1, 1000> by as well as the value of F at b, given by Fj.

l Determine F, by attributing values
F, =231 =50(f,, V5 I’ + 29721 +67* | through counter /. The valid result of F,
will be the first negative value found.

B e T Ry,

F, <0 If the value of F is less than zero, set the
upper bound &, equal to counter 7 and go to
by =1 2. Otherwise, set aj equal to counter /.
a, =1

<{ CONTINUE )

Initialize the test root equal to ay.

Interactive process to compute the root of
equation 3.22

v
(98]
—

1l

—_—
o
o]
[«

@_ |

3

Determine the new test root m;
m, = O.S(a0 + bo) by dividing the interval [ay, by] in

_ a %3 22 4 half and compute the value of F
Fy = 23m) = S0(f,, Vo m] + 297 m + 61, at m,, which is given by F,,.

If F, is zero then the root is equal to m;,

m and go to 4.
Test in which interval is the root. If the
F,-F, >0 product of F, - F, is greater than zero,
set the new lower and upper bounds
3 equal to m; and by, respectively.
ar=ay ay=m;
by =m; br=by

A
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l

F, =23a} _50(/6‘1 )% al +29t2al +67’, Determine F, at a; and compute
the error for the approximation.

Error = |m] —m0|/m,

5 = R = If Error is less than 0.0001, set
Error <10 » L =m the root of equation (3.28) equal
to m; and go to 4.
v v
< CONTINUE END
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5 Application Examples

This Section will presents two application examples of deep beams using the computer
program developed for the reinforcement design of cracked, orthogonally concrete elements
subjected to in-plane forces. The results obtained this way will then be compared to those
calculated according to the traditional formulation, Nielsen (1971).

The elastic analyses, as mentioned before, were all performed in DIANA® 8.1 finite
element program. The results of reinforcement areas computed by the computer program are
stored in output files in text format and also in DIANA output format for post-processing in

its graphical interface.

5.1 Deep Beam With One Opening

The concrete deep beam shown in Figure 5.1 was analyzed by Schlaich (1987). It is a
simply supported structure with an opening on the left side, carrying a point load of 3000 kN

on top.

3000 kN
475

—e—

270

470 /+

40
150 /]
50—4l——
L] -
50| 150 | 500 |50
T hi 750 1

Figure 5.1 — Geometry of the deep beam with one opening (dimensions in centimeters)
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EX i
. a

For the linear-elastic FEM analysis, the structure was modeled using eight-node
quadrilateral plane stress elements with two by two in-plane Gauss integration. The material
properties (concrete) used were 30.5 MPa and 0.2, for Young’s modulus and Poisson ratio,

respectively. Figure 5.2 shows the stress results for the elastic analysis of the deep beam.

= N WHEV OO
.
@O ~OoN EFWN =

[~ I

;g.mﬂ“ X
(a)

(b)

Figure 5.2 —Principal stress results (in MPa): a) o,; b) o,
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As one can observe in Figure 5.2, due to the opening, the distribution of stress
undergoes considerable changes in comparison to the usual distribution of stress in deep
beams, thus preventing the formation of a unique compression field stress, which could
connect the applied load to the left support.

For the reinforcement design in both formulations, a design compressive strength of

concrete f,, =16.67MPa and a design yield strength of reinforcement in both directions
fx = f. =435MPa, were considered.

Finally, Figure 5.3 and Figure 5.4 show the graphical representation of reinforcement
distribution in x and z directions calculated according to the traditional and CMM
formulations.

As one can see, according to Figure 5.3 and Figure 5.4 the graphical distributions of
reinforcement for the CMM and traditional formulations are very similar. This fact happens
because just 19% of the integration points had stress state that fell into regimes 2 and 3, which
strictly refer to the CMM formulation, resulting thus in little increase in the total amount of
reinforcement. Nevertheless, locally large variation can be found (more than 100% or
3 cm*/m), see Figure 5.5(a,b). In absolute terms, the largest variations occur at the right
support and the small vertical pier around the left opening. The additional reinforcement areas
provided by carrying out the design in regimes 2 and 3 are shown in Table 5.1. The total

difference is only about 0.6%.

Table 5.1 — Comparison: total reinforcement areas

Formulation A As: Aston
(cm*m) | (cm*m) (em*/m)
Traditional 4875.49 | 5205.31 10080.80
CMM 4920.75 | 5216.75 10137.50
Differences 45.26 11.44 56.70

With reference to the verification of the crushing of concrete, there are also
differences. From the traditional formulation six integration points crushed in the concrete
whereas in the CMM ten integration points were pointed out, see Figure 5.5(c,d). The reason
for that is due to the distinct treatment of crushing of the concrete for the formulations, as

described in Sections 2.1 and 3.2.
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Figure 5.3 — Reinforcement areas in x-direction for formulations: a) Traditional; b) CMM.
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Figure 5.4- Reinforcement areas in z-direction for formulations: a) Traditional;

b) CMM
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(c) (d
Figure 5.5 — Differences between the traditional and CMM formulations: a) additional
total reinforcement area yielded by the CMM, in a) percentage and
b) absolute value; Concrete crushing according to the formulations
c) traditional and d) CMM.
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5.2 Deep Beam With Two Openings

The second deep beam, shown in Figure 5.6, was analyzed by Oliveira et al (1998). It
is also a simply supported structure with two openings, carrying a load of 20 kN/cm on top,
located at mid-span and distributed in a length of 30 cm.

To perform the linear-elastic FEM analysis, the structure was modeled with the same
plane stress elements and integration scheme used in the first application example. The
material properties adopted for the concrete were those given by Oliveira (1998), i.e. 34 MPa
and 0.2, for the Young’s modulus and the Poisson’s ratio, respectively. Figure 5.7 shows the

principal stress results for the elastic analysis of the deep beam with two openings.

20 kN/em
40 120 40
80 } |
I I
80

360
80 }_60 |
40

200 |

80 ,_+ﬂ f‘“_—
JAN
I
T

Figure 5.6 — Geometry of deep beam with two openings (dimensions in centimeters)
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Figure 5.7 - Principal stress results (in MPa): a) o,;b) o,

From Figure 5.7a one can see the distribution of tensile stresses in the deep beam,
which is mostly responsible for the distribution of reinforcement in the structure. The
behavior of the structure is heavily controlled by the top opening and also by the
asymmetrical position of the bottom opening.

For the reinforcement design in both formulations, the values specified by Oliveira ez

al (1998) were again adopted, i.e. a design compressive strength of concrete f.w =34 MPa
and a design yield strength of reinforcement in both directions f’ w = [, =444 MPa .

Figure 5.8 and Figure 5.9 show the graphical representation of reinforcement

distribution in both directions, calculated according to the traditional and CMM formulations.
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Figure 5.8 - Reinforcement areas in x-direction for formulations: a) Traditional;
b) CMM
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Figure 5.9 - Reinforcement areas in z-direction for formulations: a) Traditional,
b) CMM
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As in the first application, the graphical distributions of reinforcement for the CMM
and traditional formulations are again very similar, see Figure 5.8 and Figure 5.9. In this
example just 15% of the integration points had stress state that fell into regimes 2 and 3
(CMM formulation), resulting in even less increase in the total amount of reinforcement. In
this case, the variation in reinforcement is rather low (only up to 1 cm?), see Figure 5.10(a,b).
The additional reinforcement areas provided by carrying out the design in Regimes 2 and 3

are shown in Table 5.2. The total difference is similar to the previous example, about 0.5%.

Table 5.2- Comparison: total reinforcement areas

Formulation A Ay Ao
(cm¥m) | (cm¥m) (cm*/m)
Traditional 3237.72 | 698.33 3936.05
CMM 325198 | 704.78 3956.76
Differences 14.26 6.45 20.71
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Figure 5.10 — Additional total reinforcement area yielded by the CMM, in

a) percentage and b) absolute value.
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For the verification of concrete crushing, the differences between the traditional and
CMM formulations are more significant than the distributions of reinforcement, having the
traditional formulation pointed out only 4 integration points for the concrete crushing, while

the CMM formulation pointed out 46, see Figure 5.11.

] No-crushing

D Crushing

Figure 5.11 - Concrete crushing according to the formulations: b) traditional; c) CMM.
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6 Conclusions

This report presents the implementation of design equations for orthogonally
reinforced, cracked membrane elements, which were derived by Kaufmann (2002) from his
theoretical analysis model for the cracked behavior of RC membrane elements. The results
obtained through the CMM formulation for the application example showed just a minor
increase in the total amount of reinforcement when compared to those obtained from the
traditional formulation, Nielsen (1971). Nevertheless, in a few integration points rather
significant changes could be found. Because the design equations from CMM yield a more
realistic response of concrete at ultimate state, the results of reinforcement areas increase
when concrete crushes, regimes 2 and 3. Besides, the condition of concrete failure by
crushing is more severe than the traditional formulation.

In conclusion, the application of design equations of the CMM formulation for
practical design purposes seems to be of some relevance as the traditional formulation can
give unsafe results. Besides, recent investigations show that the ultimate loads predicted by
these design equations have good correlation with experimental results, Kaufmann (2002) and
Carbone et al (2001). Therefore, it is recommended that the novel, more comprehensive and

still straightforward formulation is adopted for design purposes.
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