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ANNEX 

A.1 The return-mapping algorithm 

The formulation is developed in the assumption a hardening/softening parameter, k, can be 
used to simulate the evolution of the cohesion and frictional angle of the material with the plastic 
variation, i.e., c(k) and (k). Therefore, a non-hardening/softening material is a particular case 
of the present approach, i.e, when cohesion and friction angle are assumed having constant 
values regardless the damage installed into the material. 

The return-mapping algorithm (n+1) is considered a new “load step” under the framework of 
FEM-based material nonlinear analysis using the implicit backward Euler algorithm): 

  1 1 1
p

n n nD          (A.1) 

being 1n  , the stress increment vector, 1n   the total strain increment vector and 1
p
n   

plastic strain increment vector (all of them of four components). In (A.1) D  represents the 
constitutive matrix for a plane strain problem, 

 

 
        

  
 

     

     
 

  

 

1
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1 1 2 1 1 2 1 1 2

1
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1 1 2 1 1 2 1 1 2

1
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1 1 2 1 1 2 1 1 2

0 0 0
2 1

E E E

EE E

D
EE E

E

  
     

 
     

 
     



 
       
  

      
  

 
      
 
 
  

 (A.2) 

where E and  are the modulus of elasticity and Poisson coefficient of the soil.  

  ,
1 1 1

trial p trial
n n nD          (A.3) 

being 1
trial
n   the trial stress increment assuming the total strain increment as elastic, and 

 
,
1

p trial p
n n    (A.4) 

The hardening/softening parameter (herein it will be designated by internal variable), k, is 
also assumed to preserve the value of the former load step at the onset of the new “load 
step”, 

 1
trial
n nk k   (A.5) 

Following these assumptions the initial value of the yielding function is computed for the trial 
values of the “load step” n+1: 

  11 1 1,trialtrial trial trial
nn n nf f k     (A.6) 

Then, the two ranges of possible solutions determine the behaviour of the material: 

 
 
 

1 1 1

1 1 1

if 0 then elastic behaviour

if 0 then elastic plastic behaviour

trial trial trial
n n n
trial trial trial

n n n

f k k

f k k
  

  

  
  

 (A.7) 
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The new values of the total plastic strains and the internal variable are computed as follows: 

 

1
1 1 1 1 1

1

1
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p p p p n
n n n n n

n

n
n n n n n

n

f

f
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 (A.8) 

Once the values of 1
p
n   are calculated, the final state of stress 1n   are computed as 

follow: 

 1
1 1 1 1 1

1

trial p trial n
n n n n n

n

f
D D    




    



     


 (A.9) 

The use of the backward Euler integration scheme in a numerical framework implies the need to 

determined the 1
p
n   and 1nk   by an iterative procedure, where the objective is to minimize 

the residues , 1
l
f nr  , , 1

l
nr    and , 1

l
k nr  : 

  1, 1 1 1,ll l l
nf n n nr f k     (A.10a) 

 , 1
1, 1 1

1

l
p l pl l n
n nn n l

n

f
r    




 



    


 (A.10b) 

 1
, 1 1 1

1

l
l l l n
k n n n n l

n

f
r k k

k
 

  



    


 (A.10c) 

In each of the three equation presented in Eq.(A.10), the l variable represents the iteration step 

within the iterative process destined to find the solutions of the 1n  , the 1
p
n   and the 1nk   

variables. For the first step of the iterative procedure, (l=1), the residues 1
, 1

l
nr 

  and 1

, 1
l

k nr 
  are 

null, and the residue 1
, 1

l
f nr 

  is obtained from: 

  1 1
1, 1 1 ,triall l

nk n n nr f k 
   (A.11) 

The use of the Newton-Raphson scheme for the solution of the three equations system requires 
the linearization of the equations. By differentiating (A.10) yields, 

 1 1
1, 1 1

11

0
l l

ll ln n
nf n nl l

nn

f f
r d dk
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 (A.12a) 
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 (A.12b) 

 
 

2 2
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1, 1 1 1 1 12
1 111

0
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nk n n n n n ll ll

n nnn
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 (A.12c) 

or in a matrix format: 
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1 1 , 1

1 , 1

l l
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l l l
n n n

l l
n k n
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J dk r

d r






 

  

 

   
       
     

 (A.13) 

being 1
l
nJ   the Jacobian: 
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 (A.14) 

where 

  11 1 1,ll l l
nn nF f k    (A.15a) 

 1 1
12 1

1

l
ll l n
n n l

n

f
F D  


 

 



   


 (A.15b) 

 1
3 1 1

1

l
l l l n

n n l
n

f
F k

k
 

 



   


 (A.15c) 

Since 

 1 1
p p p
n n n       (A.16) 

and 

  1 1 1
p

n n nD          (A.17) 

and since the updates on the integration point level are carried out for known 1n  , the 

replacement of the term “
,
1

p l p
n n   ” of Eq. (A.10b) by “ 1

1
l
nD 
 ” in Eq. (A.15b) is the result 

of the linearization of (A.17). In Eq. (A.10c) the term “ 1
l
n nk k  ” was replaced by “ 1

l
nk  ”, 

which justifies the present of this term in Eq. (A.15c). 

The terms of the 1
l
nJ   have the following configuration: 
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1 1
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 (A.18a) 
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 (A.18b) 
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 (A.18d) 
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 (A.18h) 

 3 1
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1 1

l
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n n

F f
d
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 (A.18i) 

The final converged values of the unknowns for the step “n+1” are obtained trough the 
successive summation of the increments determined at each iteration from the linear system of 
Eqs. (A.13): 

 1 1
1

l
l i
n n n

i

d   


   (A.19a) 

 1 1
1

l
l i
n n n

i

k k dk 


   (A.19b) 

 1 1
1

l
l i
n n

i

d  


   (A.19c) 

 

A.2 The consistent tangent elasto-plastic constitutive matrix 

For the integration of the FEM equilibrium equations within the Newton-Raphson incremental-
iterative algorithm framework, the use of the consistent tangent constitutive matrix is desirable 
since it contributes to a faster convergence of this algorithm. The obtaining of the consistent 
tangent constitutive matrix is described in the following steps. 

Yield function: 

  11 1 1,nn n nf f k     (A.20) 

Constitutive equation: 

  1 1 1
p

n n nD          (A.21) 

Associated flow rule: 
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1

p n
n n

n

f 



 




  


 (A.22) 

Evolution law: 

 1
1 1

1

n
n n

n

f
k

k
 

 



  


 (A.23) 

The derivation of the consistent tangent matrix for the general return-mapping algorithm 

requires the determination of the total differentials 1ndf  , 1nd  , 1
p
nd   1ndk  . For the yield 

function (normality rule): 

 1 1
11 1

11

n n
nn n

nn

f f
df d dk
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 (A.24) 

for the constitutive equation: 

  1 1 1
p

n n nd D d d       (A.25) 

for the flow rule: 

 
2 2
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11 1 1 12

1 1 1 1

p n n n
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 (A.26) 

and for the evolution law: 

 
2 2
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11 1 1 12

1 1 11

n n n
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 (A.27) 

Substituting (A.26) in (A.25) and after some algebraic operations: 
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 (A.28) 

being: 
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 (A.29) 

Substituting (A.28) into (A.24) and assuming 1 0ndf    while plastic deformation is taking 

place: 
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 (A.30) 

Substituting (A.28) into (A.27): 
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 (A.31) 

In order to be possible the substitution of Eq. (A.30) and Eq. (A.31) into Eq. (A.28), the first and 

the second must be described explicitly with respect to 1nd   and 1 1n ndk   . In this fashion Eq. 

(A.30) can be rewritten as: 
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 (A.32) 

and for Eq. (A.31) 
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 (A.33) 

The values of 1nd   and 1 1n ndk    can be obtained by solving the system formed by Eq. (A.32) 

and Eq. (A.33): 
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 (A.34) 

being: 
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If it is assumed that: 
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then: 
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The B1 and the B2 terms can be also rewritten in the following format: 

 1 1
1

2 2
n

B b
d

B b
 

   
   

   
 (A.38) 

being: 
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 (A.39b) 

Therefore, from the first row of the Eq. (A.34): 

  1 11 1 12 2 1n nd a b a b d     (A.40a) 

and from the second row of the Eq. (A.34): 

  1 1 21 1 22 2 1n n ndk a b a b d       (A.40b) 

Replacing Eq. (A.40) in Eq. (A.28) yields: 
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 (A.41) 

or, in a condensed format: 
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n nij i j
i i

d H a c c d  
 

 
  
 

  (A.42) 

being: 
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 (A.43b) 

So finally the consistent tangent constitutive matrix has the following format: 

 
2 2

1 1
ep ij i j

i i

D H a c c
 

   (A.44) 

If no hardening/softening is considered for the cohesion and frictional angle of the material, 
i.e., both c and  are considered constant, the second row and second column of the 

Jacobian at Eq. (A.14) are eliminated and the unknowns are 1nd   and 1nd  . In terms of the 

constituent tangent constitutive matrix it becomes reduced to the following format: 
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 (A.45) 

since 

 11
1 1

1 1

1

n n

n n

a
f f

H
 

 

 


 
 

 (A.46) 

and a12=a21=a22=0. 
 
 

A.3 The derivatives of the stress invariants for the plane strain problems 

For a plane strain problem, the stress vector has the following four components (the 
structure is considered inscribed in the yz plane, so x  is the component orthogonal to the 

plane of the structure): 

 
T

x y z yz         (A.47) 

The first, the second deviatoric and the third deviatoric stress invariants used in the yield 
functions treated in the present work are the following: 

 1 x y zI       (A.48) 

  2 2 2 2
2

1
3

3 x y z x y x z y z yzJ                  (A.49) 
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 (A.50) 

The first order derivatives of the first, the second deviatoric and the third deviatoric stress 
invariants have the following format: 
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 (A.51) 
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 (A.53) 

The second order derivatives of the first, the second deviatoric and the third deviatoric 
stress invariants have the following format: 
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 (A.54) 
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 (A.56) 

 

A.4 The first and the second order derivatives of the yield function of the Mohr-Coulomb 
criterion 

The formulation is developed in the assumption a hardening/softening parameter, k, can be 
used to simulate the evolution of the cohesion and frictional angle of the material with the plastic 
variation, i.e., c(k) and (k). 

          1 2
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 (A.57) 

In this section the derivatives necessary for the implementation of the model are presented. 
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Derivating Eq. (19) yields: 
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For the singularity point of =30 ( cos30 3 2 ; sin 30 1 2 ; 0i    ;  2 0j i      ) 
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For the singularity point of =-30 (  cos 30 3 2  ;  sin 30 1 2   ; 0i    ; 

 2 0j i      ) 
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A.5 The first and the second order derivatives of the yield function of the Drucker-Prager 
criterion 

The formulation is developed in the assumption a hardening/softening parameter, k, can be 
used to simulate the evolution of the cohesion and frictional angle of the material with the plastic 
variation, i.e., c(k) and (k). 
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1 2,f k k I J k      (A.80) 

being  k  and  k  defined in Eqs. (31) and (32), respectively. In this section the 

derivatives necessary for the implementation of the model are presented. 
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If it was assumed: 

    sing k k  (A.82) 

    3 sinh k a k   (A.83) 

      coss k c k k  (A.84) 

where a=1 for inner corners and a=-1 for outer corners. Since: 
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and therefore, 
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where 
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A.6 The first and the second order derivatives of the softening/hardening evolution laws 

First derivative of the cohesion evolution law: 
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Second derivative of the cohesion evolution law: 

 
   

 
   

 
2 1 1 1

2

1
1

p p

c c c c c c

d c k p k k p k
p c k

dk k k k k k k

   
    

  
 (A.108) 

First derivative of the frictional angle evolution law: 
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Second derivative of the frictional angle evolution law: 
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