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Abstract

An nxXn matrix is called an N-matrix if all principal
minors are negative. In this paper, we are interested
in N-matrix completions problems, that is, when a
partial N-matrix has an N-matrix completion. In
general, a combinatorially or non-combinatorially
symmetric partial N-matrix does not have an N-
matrix completion. Here, we prove that a combi-
natorially symmetric partial N-matrix has an N-
matrix completion if the graph of its specified en-
tries is a 1-chordal graph. We also prove that
there exists an N-matrix completion for a partial
N-matrix whose associated graph is an undirected
cycle.

Key-Words: Partial matrix, completion, combina-
torially symmetric, N-matrix, 1-chordal graph, cy-
cles.

1 Introduction

A partial matriz is a matrix in which some entries
are specified and others are not. In this work we
consider partial matrices where the diagonal entries
are known. A completion of a partial matrix is the
matrix resulting from a particular choice of values
for the unspecified entries. A completion problem
asks if we can obtain a completion of a partial ma-
trix with some prescribed properties. A partial ma-
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trix A = (a;5) it said to be combinatorially symmet-
ric when a;; is specified if and only if a;; is.

A natural way to described an n x n partial ma-
trix A = (a;5) is via a graph G4 = (V, E), where the
set of vertices V' is {1,2,...,n}, and the edge or arc
{i,j}, (i # j) is in set E if and only if position (i, j)
is specified; as all main diagonal entries are spec-
ified, we omit loops. In general, a directed graph
is associated with a non-combinatorially symmetric
partial matrix and, when the partial matrix is com-
binatorially symmetric, an undirected graph can be
used.

A path is a sequence of edges (arcs) {iy,ia},
{i2,13}, ..., {ig—1,ix} in which the vertices are dis-
tinct. A cycle is a path with the first vertex equal
to the last vertex. An undirected graph is chordal
if it has no induced cycles of length 4 or more [2].

An n xn real matrix A = (a;;) is called N-matriz
if all its principal minors are negative. The principal
submatrix of A lying in rows and columns «a, a C
N ={1,2,...,n}, is denoted by Ala].

N-matrices arise in the theory of global univa-
lence of functions [3], in multivariate analysis [6],
and in linear complementary problems [5, 7]. In [§],
the class of N-matrices were studied in connection
with Lemke’s algorithm for solving linear and con-
vex quadratic programming problems.

In the following proposition we give some impor-
tant properties for N-matrices.

Proposition 1.1 Let A = (ai;) be an N-matriz of
size n X n. Then



1. If P is a permutation matriz then PAPT is an
N -matrix.

2. If D is a positive diagonal matrix then DA and
AD are N-matrices.

3. If D is a digonal matriz then DAD™' is an
N-matriz.

4. aij # 0 and sign(a;j) = sign(aj;), Vi,j €
{1,2,...,n}.

5. Vo C {1,2,...,n}, principal submatriz Ala] is
an N-matriz.

From before properties, we can suppose, without
lost of generality, that if A is an N-matrix of size
n X n, Ais an element of set:

Sn = {A=(ai): a;; #0and
sign(aij) = (=1)"9* Vi, j}

On the other hand, the last property of the before
proposition allows us to give the following defini-
tion.

Definition 1.1 A partial matriz is said to be a par-
tial N-matriz if every completely specified principal
submatriz is an N-matriz.

The goal of this paper is the following N-matrix
completion problem:

Problem 1 Let A be a partial N-matriz.
(1.a) Is there an N-matriz completion A. of A?

(1.b) What conditions allow us to assure the exis-
tence of an N-matrixz completion A. of A?

In section 2 we analyze the above problem (1.a)
for combinatorially and non-combinatorially sym-
metric partial N-matrices. In section 3 and 4 we
study some types of undirected graphs whose the
associated partial matrices have N-completions.

2 N-matrix completion problem

Let A = (a;j) be a partial N-matrix of size n x n.
From property 4 of Proposition 1.1 the conditions

(i) Specified entries of A are nonzero,

(i) sign(a;j) = sign(aj;), when a;; and aj; are

specified,
are necessary conditions in order to obtain an N-
matrix completion of A.
For matrices of size 2 x 2 conditions (i) and (ii)
are also sufficient.

Proposition 2.1 Let A be a partial N-matrix of
size 2 x 2. There exists an N-matriz completion A,
of A, if and only if A satisfies conditions (i) and
(ii).

Unluckily, the above proposition is false for par-
tial matrices of size n x n, n > 3, both when the
partial matrix is combinatorially symmetric and it
is not, as the following examples show:

(a) The non-combinatorially symmetric partial N-

matrix
-1 2 13
A= 2 -1 2
3 2 -1

satisfies conditions (i) and (ii), but does not
have an N-matrix completion since

det A[{1,3}] <0 & 1-3213<0 & z>1/3,
and

det A<0 & Tri3+19<0 & =< —19/7.

The combinatorially symmetric partial N-

matrix
—1 1 T3 -3
. 2 -1 1 g
A= 31 2 -1 1
—4 T 42 2 -1

satisfies conditions (i) and (ii), but does not
have an N-matrix completion since

det A[{2,3,4}] <0 < 3+ xo4x40 + 4204 + 142 < 0

=  T24,%42 <0,



but
det A[{l, 2, 4}] = 13+ xo4x49 — 404 — 6242 > 0,

for Toq, Tao < 0.

If we add another condition to before conditions
(i) and (ii) we can define the following set:

PS, = {A=(a;), n xn partial matrix :

for a;; specified

aij # 0 and sign(a;;) = (—1)" i, 51
Proposition 2.2 Let A be a partial N-matrix of
size 3 x 3 such that A € PS3. Then, there exists an
N-matrix completion A, of A.

Corollary 2.1 Let A be a combinatorially symmet-
ric partial N-matriz of size 3x 3. Then, there exists
an N-matrixz completion A. of A.

Proposition 2.2 is not true for matrices of size
n X n, n > 4, as the following example shows.

Example 1

Consider the partial matrix

-1 1 11 T14

2 -1 1 —-200

A= -0.1 10 -1 1
1 —-10 1.01 -1

It is not difficult to verify that A is a partial N-
matrix and A € PSy. However, A has no N-matrix
completion because

det A[{1,2,4}] = 1801 —19214 < 0 < w14 > 94.79,
and
det A[{1,3,4}] = —9.89+0.899214 < 0 < x14 < 11.

From this example, we can establish de following
result:

Proposition 2.3 For everyn > 4, there is an nxn
partial N-matriz, belong to PS,, that has no N-
matriz completion.

Proof: We denote by I the partial matrix, of size
(n—4) x (n—4), with all entries unspecified except
the entries of the main diagonal that are equal to
-1. The partial matrix

A X

B = -

[ Y I
where X, Y are completely unspecified matrices and
A is the matrix of the before example, is a partial
N-matrix in PS,, that does not have N-matrix com-
pletion. O

3 Chordal graphs

In order to get started, we recall some very rich
clique structure of chordal graphs. See [2] for fur-
ther information. A clique in an undirected graph
G is simply a complete (all possible edges) induced
subgraph. We also use clique to refer to a complete
graph and use K, to indicate a clique on p vertices.
A useful view of chordal graphs is that they have
a tree-like structure in which their maximal cliques
play the role of vertices.

If Gy is the clique K, and ('3 is any chordal graph
containing the clique K, p < g, then the clique sum
(see [2]) of G1 and G2 along K, is also chordal. The
cliques that are used (to build chordal graphs) are
the maximal cliques (see [2]) of the resulting chordal
graph and the cliques along which the summing
takes place are the so-called minimal verter separa-
tors of the resulting chordal graph. If the maximum
number of vertices in a minimal vertex separator is
p, then the chordal graph is called p-chordal. In this
section we are interested in 1-chordal graphs.

Proposition 3.1 Let A = (a;j) be a partial N-
matriz of size n X n, the graph of whose specified
entries is 1-chordal with two mazimal cliques, one
of them with two vertex. Then there exists an N -
matriz completion of A.

Proof: We may assume, without loss of generality,



that A has the following form:

—1 1 T1in

a1 —1 (—1)”+1a2n
A= | xn aso (—1)""2ag,, ,

Tni (—1)”+1an2 -1

that can be partitioned as follows:

-1 1 X
A=1| a9y -1 6@3
Y az Ass

It is easy to see that we obtain an N-matrix com-
pletion of A by replacing the unspecified entries in
the following way:

j€e{3,4,...,n}
i€{3,4,...,n}

L1y = —a2j,
Til = — 42,

|

Proposition 3.2 Let A be a partial N-matriz of
size m X n, the graph of whose specified entries is 1-
chordal with two maximal cliques. Then there exists
an N-matrixz completion of A.

Proof: We may assume, without loss of generality,
that A has the following form:

A ap X
_ T T
A= | a3y -1 as
Y azx Ass
Consider the completion,
T
Air a1z —arzag
_ T T
—azay; azx  Asz

We are going to see that A. is an N-matrix. Let a
and [ be the subsets of N = {1,2,...,n} such that

A a -1 a
AC[OZ] = [ a%:l;l _1i ‘| ) and AC[/B] = [ as2 A23:§), ] )

and assume |a| = k (thus k is the index of the
overlapping entry). Let v+ C N. Then there are two
cases to consider:

(a) k € , then
det Ac[y] = (—1)det Ac[yNa]-det A[yN Gl <0
(b) k & ~. We consider
vy={1,,2,...,k—1,k+1,...,n}.

For another v we proceed in analogous way. By
applying Jacobi’s identity,

det Ac[y] = det A [{k}] - det A..

By case (a), detA. < 0, and we prove that
det AZ1[{k}] is positive. O

We can extend this result in the following way:

Theorem 3.1 Let G be an undirected connected
1-chordal graph. Then any partial N-matriz, the
graph of whose specified entries is G, has an N-
matrix completion.

Proof:The proof is by induction on the number p,
of maximal cliques in G. The case of p-maximal
cliques is reduced to that of (p—1)-cliques by choos-
ing a clique (the pth-clique) to be one that has
only one vertex in common with any other maximal
clique ( the existence of such cliques follows from
the way chordal graphs are built, see [2]). Then
completing the subgraph induced by the remaining
(p — 1)-cliques reduces the problem to the case of
two maximal cliques. The case of a 1-chordal graph
with two maximal cliques is handled in the before
proposition. O

4 Paths and cycles

In this section we are going to prove the existence of
an IN-completion for a partial N-matrix, combina-
torially symmetric whose associated graph is a path
or a cycle.

Proposition 4.1 Let A = (a;;) be an n X n com-
binatorially symmetric partial N-matriz, such that
its associated graph is a path. Then, there exists an
N-matrix completion.



Proof: We can suppose, without loss of generality,
that matrix A has the following form:

[ -1 1 13 Tin—1 Tin
asy -1 1 Top—1 T2n
x31 asz -1 T3n—1 Z3n

A= ;
Tpn-11 Tp-12 Tp_13 -1 1
L Tnl Tn2 Tn3 Onn—1 —1 ]

with a;11; > 0,2 =1,2,...,n— 1.

It is easy to see that we obtain an N-matrix com-
pletion by replacing the unspecified entries in the
following way:

zij = (—1)7HIFL i€{1,2,...,n},
j>i+1

Tjro; = —Gj1150542i+1, J € {1,2,...,n—2}

Tij = —Ci—1j04-1, je{L,2,...,n—2},

1>74+2
O

Lemma 4.1 Let A be a combinatorially symmet-
ric, partial N-matriz of size 4 X 4, such that A €
PSy and its associated graph is a cycle. Then, there
exists an N-matriz completion.

Proof: We may assume that A has the following
form:

—1 1 13 a4
a -1 1 =z
A 21 2 |
x31 aze —1 1
a4 T4 ag3 —1

where ao1, ass, a43, a14, a41 are positive.
We consider the following partial N-matrix in

PSy

-1 1 Ir13 Q4
- a -1 1 z
A- 21 24 7
—azy  azy —1 1
agy1 —ag1 ag3 —1

and we prove that there exist values for zi3 and
T94 such that A, is an N-matrix. Therefore, there
exists an N-matrix completion A. of A. a

We can extend this result for matrices of size n x
n, n > 4.

Theorem 4.1 Let A be a combinatorially symmet-
ric, partial N-matriz of size n X n, such that A €
PS,, and its associated graph is a cycle. Then, there
exists an N-matriz completion.

Proof: We may assume that A has the following
form:

-1 1 ZTin—1 (—1)"ain
a1 -1 Top—1 Top
A= : : : )
Tp—11  Tp—12 -1 1
(_1)nan1 Tn2 Apn—1 -1
where a1,,a,1 > 0 and a1 >0, 1 =2,3,...,n.

The proof is by induction on n. For n = 4 see
Lemma 4.1. Now, let A be an n x n matrix. Con-
sider the following partial N-matrix in P.S),:

-1 1 (=) tay, | 71,
as -1 Ton—1 Ton
A= : : :
(—D)" lany @p_12 -1 1
Tl Tno Ann—1 -1

A[{1,2,...,n — 1}] is a partial N-matrix in PS,_;
such that its associated graph is an (n—1)-cycle. By
induction hypothesis there exists an N-matrix com-
pletion A[{1,2,...,n — 1}].. Let A be the partial
N-matrix obtained by replacing in A the comple-
tion A[{1,2,...,n —1}]..

By applying Proposition 3.1 to matrix A we ob-
tain an N-matrix completion A, of A. O
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