ON THE CRITICAL KDV EQUATION WITH TIME-OSCILLATING
NONLINEARITY

X. CARVAJAL, M. PANTHEE, AND M. SCIALOM

ABSTRACT. We investigate the initial value problem (IVP) associated to the equation
ur + OFu+ g(wt) 0 (u”) = 0,

where ¢ is a periodic function. We prove that, for given initial data ¢ € H'(R), as
|w| — oo, the solution wu, converges to the solution U of the initial value problem
associated to

U + 92U +m(9)9,(U°) =0,
with the same initial data, where m(g) is the average of the periodic function g. Moreover,
if the solution U is global and satisfies ||U||s 10 < oo, then we prove that the solution

u,, is also global provided |w] is sufficiently large.

1. INTRODUCTION
Let us consider the initial value problem (IVP)
u + Bu + g(wt)d,(u®) = 0,
u(z, to) = o(x),

where z, t,tg,w € R and u = u(z,t), is a real valued function and g € C(R,R) is a

(1.1)

periodic function with period L > 0. To simplify the analysis, we translate the initial
time ty to 0 and consider the following IVP

ug + Pu+ g(w(t + t9))0, (u®) = 0,

u(z,0) = ¢(x).
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Before analyzing the IVP (1.1) with time oscillating nonlinearity, we discuss some

aspects of the critical Korteweg-de Vries (KdV) equation,

uy + Bu + 0, (u’) = 0,
u(z,0) = ¢(x), z,teR.

(1.3)

In the literature, the equation (1.3) is known as the critical KdV equation because,
if one considers the nonlinearity 0,(u?), p € Z, then for p < 5 there exists the global
solution for all data in H'(R), while for p > 5 the global solutions exists only for small
data (i.e., data with small H'(R)-norm). Also, the solitary wave solutions are orbitally
stable for p < 5 and unstable for p > 5, see [3].

Well-posedness issues for the IVP (1.3) have been extensively studied in the literature,
see for example [11] and [15], [16] and references therein. A detailed account of the recent
well-posedness results can be found in Kenig, Ponce and Vega [15], where they proved that,
there exists 6 > 0 such that the IVP (1.3) is globally well-posed for any data ¢ € H*(R),
s > 0 satisfying [|¢[/z2 < §. They were also able to relax the smallness condition on the
given data to obtain local well-posedness result, but paying the price that the existence
time now depends on the shape of the data ¢ and not just in its size. These are the best
well-posedness results in the sense that s = 0 is the critical exponent given by the scaling
argument. However, for data in H*(R), s > 0, they were able to remove the size and

shape restriction and got local-well posedness for arbitrary data with life span T of the

solution depending on |||| s (r)-

We recall that, the L2(R) norm and energy are conserved by the flow of (1.3). More

precisely,
/R u(z, )| dz = /R 6(x)|2dx, (1.4)

and
E(u(-, 1)) = %/R(ux(a:,t)fdx - %uﬁ(;g, tydz = E(¢), (1.5)

are conserved quantities.
These conserved quantities yield an a priori estimate if the ||¢|,2-norm is small enough
which allows to iterate the local solution to get the global one for data in H'(R). Note that,
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for u € H'(R), Weinstein [26] proved the following Gagliardo-Nirenberg type inequality

[l 2

1 4
sty < () el 16

where Q(z) = {3c¢sech?(2y/c x)}1, ¢ > 0, is the solitary wave solution of (1.3). So, in

view of (1.6), the size restriction on the initial data needed to obtain global solutions for

(1.3) in H(R) is ||@]l 2y < |Q|lz2r)- For recent global results for low regularity data,
we refer the works of [7] and [§].

Although there are many works that deal with the well-posedness issues for the IVP
(1.3) with low regularity initial data, in many practical situation, the behavior of the
H'(R) solution holds much importance, for eg. [22] in the blow-up context. Kenig, Ponce
and Vega in [16] gave a detailed account for the concentration of blow-up solutions. Martel
and Merle in [20] proved that there exists ¢ € H'(R), satisfying ||@||r2®) > |Q| r2(r), such
that the corresponding solution to the IVP (1.3) blows-up in finite time. For further results
on the existence and dynamics of the blow-up solutions and the stability of the blow-up
profile, we refer the readers to the works of Martel and Merle in [20, 21, 22].

Our motivation for considering the critical KdV equation with time periodic nonlin-
earity arises from the paper of Abdullaev et al [1] and Konotop and Pacciani [19] where
the authors investigate the effect of a time oscillating term in factor of the nonlinearity
in Bose-Einstein condensates. In [1] the authors investigate solutions which are global for
large frequencies, while the authors in [19] study solutions which blow-up in finite time.
Their results are numerical. Roughly speaking, the physicists claim that the periodic time
dependent term in factor of the nonlinearity would disturb the blow-up solution, either
accelerating it or delaying it. Recently, Cazenave and Scialom [5] considered the nonlinear
Schrodinger (NLS) equation and got an analytical insight to understand the problem by
showing that the solution really depends on the frequency of the oscillating term. They
proved that the solution u to the IVP associated to the NLS equation

iy + Au + O(wt)|[u|*u =0, =€ RY, (1.7)

where 0 < a < ﬁ is an H'-subcritical exponent and 6 is a periodic function, with

initial data ¢ € H'(R") converges as |w| — 0o to the solution U of the limiting equation

iU+ AU+ 1(0)|U|1°U =0, xR, (1.8)
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with the same initial data, where I(0) is the average of 6. Moreover, they also showed
that, if the limiting solution U is global and has a certain decay property as t — oo, then
w is also global if |w| is sufficiently large.

In this work, we are interested in obtaining similar results for the critical KdV equation.
The existence of blow-up solution in finite time to the IVP (1.3) for some H'(R)-data
due to Martel and Merle [20], and the discussion made above strengthen our problem of
studying (1.1) with time oscillating nonlinearity.

Our interest here is to investigate the behavior in H'(R) of the solution of the IVP
(1.1) as |w| — oo. The natural limiting candidate to think of is the solution to the the
following IVP

Uy + 03U +m(g)0,(U?) = 0,

(1.9)
U(z,0) = ¢(x), x,t €R,

where m(g) = %fOL g(t)dt is the mean value of g and is a real number. To do so, we
need an appropriate well-posedness result for the critical KdV equation in H*(R). Kenig,
Ponce and Vega in [15] have proved a local well-posedness result for arbitrary data in
H*(R), s > 0, with life span of solution depending only on the H*(R)-norm of the initial

rarie and HDts/Bacr:UHLgOLQT

data. To this end, they used two additional norms HDf/ Su)
which involve time derivatives of the solution. The presence of these norms create extra
difficulty to handle the time-oscillating nonlinearity. In our case, it is very important
to have an explicit expression that gives the local existence time of the solution. In the
literature, we did not find an explicitly written proof of the H'(R) well-posedness that
fulfills our requirement. Therefore, we will provide a new proof for the well-posedness
of the IVP (1.3) in H*(R). Our proof allows us to extend the result to (1.2) and as a
consequence to have an estimate of the local existence time.

Actually, we weaken the regularity requirement on the initial data to obtain local well-
posedness in H*(R) without the norms that involve time derivatives. At this end, for
s € (3/8,1), we use new maximal function type estimates and Leibniz rule for fractional
derivatives and prove that the IVP (1.3) (consequently IVPs (1.2) and (1.9)) is locally
well-posed in H*(R).
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The only works other than [5] we did find in the literature that address the well-
posedness issue for the equations of the KdV-family and NLS with explicitly time de-
pendent nonlinearity were by Nunes [23, 24] and Damergi and Goubet [6]. The authors
in [6] deal with the NLS equation in R? with nonlinearity cos?(Q¢)|u[P~'u in the critical
and supercritical case. The author in [23] considered the transitional KdV with non-
linearity f(t)ud,u, f a continuous function such that f’ € LiOC(R) and proved global
well-posedness in H*(R), s > 1. The transitional KdV arises in the study of long solitary
waves propagating on the thermocline separating two layers of fluids of almost equal den-
sities in which the effect of the change in the depth of the bottom layer, which the wave
feels as it approaches the shore, results in the coefficient of the nonlinear term, for details
see [18]. In [24], transitional Benjamin-Ono equation with time dependent coefficient in
the nonlinearity has been considered and the main result is the global existence of the
solution for data in H*(R), s > 2.

Before stating the main results of this work, we define notations that will be used
throughout this work.

Notation: We use f to denote the Fourier transform of f and is defined as,

f ——1 e (2) da
16 = oy [ @y

The L2-based Sobolev space of order s will be denoted by H*® with norm
2\s| f 2 1/2
we = ([ Q+EVIf©PRE) "
R

The Riesz potential of order —s is denoted by D = (—92)*/2. For f : R x [0,T] — R we

define the mixed L2 L%-norm by

g = ([ ([ 1rteopear)™ )™,

with usual modifications when p = co. We replace T" by t if [0, 7] is the whole real line
R. We use the notation f € H*" if f € H*" for ¢ > 0.

We define four more spaces Z7, Xrp, Y and Y, with norms

/]

/]

7 =Wl + 100 o + 1030 f N o3

. (1.10)
W0 fll aors porm + (1DZF Nl p2ors oo + 1f Nl g se
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1 e = llzgers + 100 fllngerz. + 107 f | e 2

(1.11)
[ llzgzse + 10 fllczrse + 1102 f 1l 2o o2 + 1 Fll s
[ fllvz = [1D; fllaze. + [[fll 2222 (1.12)
and
[ £l == 102 fll 22 + [ fll 2225 (1.13)

respectively. We replace Xr by X; or X(1), if the time integral is taken in the interval
(0,00) or (T, 00) respectively, and similarly for Z3., Y2 and Yr. We would like to notice
that the space Y7 is obtained from Y} by setting s = 1, however it is not the case for Z%
and X7, and they are independent.

We use the letter C' to denote various constants whose exact values are immaterial and
which may vary from one line to the next.

First, we state the local well-posedness result for more general IVP

Ug + Ugzy + R(1)O,u° =0, z,t€R,
u(z,0) = ¢(x),

where h € L™ is a given function of ¢.

(1.14)

Theorem 1.1. Suppose p € H*(R), s € (3/8,1). Then there exist T = T'(||¢|
0 and a unique solution u to the IVP (1.14) satisfying

mo®), [|PllLe) >

u € C([0, T]; H*(R)), (1.15)
10ctllpe . + [ D3sttl 1 < o, (1.16)
HﬁmuHL;m/:’,LQTO/? + HD;uHLZTO/?’LiO < 00, (1.17)
Jullspge < oo (1.18)

Moreover, for any T" € (0,T), there exists a neighborhood V of ¢ in H*(R) such that

the map ¢ — @ from V into the class defined by (1.15) to (1.18) with T in place of T is
Lipschitz.
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Using Duhamel’s principle, we prove Theorem 1.1 by considering the integral equation
associated to the IVP (1.14),

u(t) = S(t)p — /Ot St —th(t)o,(u)(') dt', (1.19)

where S(t) is the unitary group generated by the operator 92 that describes the solution to
the linear problem. Our interest is to solve (1.19) using the contraction mapping principle
in appropriate metric spaces.

As particular cases, we have the similar well-posedness results for the IVPs (1.2), (1.3)
and (1.9) in H*(R), s € (3/8,1), as in Theorem 1.1.

As discussed above, we are interested in proving the convergence of the solution, as
|w| — oo, of the IVP (1.2) to that of the IVP (1.9) for given data in H'(R). For technical
reason (see proof of Lemma 3.2 below), we use the following local well-posedness results

in H'(R) whose proofs follow by using the space Xr.

Theorem 1.2. Suppose ¢ € H'(R). Then there exist T = T(||¢|| 1wy, |h|l L) > 0 and a
unique solution u to the IVP (1.14) satisfying

we C(0, T); H'(R)), (1.20)
Haﬂﬁu”LgOLQT + HaguHLgOLQT < 00, (1.21)

lull 2210 + 10wull g rao + 1|8zl g0 /2 < 00, (1.22)
||u||L%L%o < 00. (1.23)

Moreover, for any T' € (0,T), there exists a neighborhood V of ¢ in H'(R) such that
the map ¢ — @ from V into the class defined by (1.20) to (1.23) with T" in place of T' is
Lipschitz.

Remark 1.3. As a particular case, we have the similar well-posedness result for the IVP
(1.3) (h(t) = 1), for given data in H'(R). Since the average m(g) is a constant, the proof
of Theorem 1.2 can also be adapted line by line to obtain the similar well-posedness result
for the IVP (1.9). The only difference in this case is that, to complete the contraction
argument we need to choose T' > 0 in such a way that C’|m(g)]Tl/2||ng||}"{1(R) < 1. So the

existence time T' depends on |m(g)| and ||¢||g=r). We also have the following bound

1Ullxs < Cllélma, ¥ te0,7) (1.24)
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Theorem 1.4. Suppose ¢ € H'(R). Then there exist T = T(||¢||gw), |9]lLec) > 0 and a
unique solution uyy, € C([0, T]; H'(R)) to the IVP (1.2) satisfying (1.21)—(1.23).

Moreover, for any T' € (0,T), there exists a neighborhood V of ¢ in H*(R) such that
the map ¢ — Uy 1, from 'V into the class defined by (1.20) to (1.23) with T" in place of T
s Lipschitz.

Now, we state the main results of this work.

Theorem 1.5. Fiz ¢ € H'(R). For given w,ty € R, let u,y, be the mazimal solution
of the IVP (1.2) and U be the solution of the limiting IVP (1.9) defined on the mazimal
time of existence [0, Smax). Then, for given any 0 < T' < Spax, the solution u,, exists on
[0,T] for all ty € R and |w| large. Moreover, ||uy s, — Ullx, — 0, as |w| — oo, uniformly
in to € R. In particular, the convergence holds in C([0,T]; H'(R)) for all T € (0, Spaz)-

Theorem 1.6. Let ¢ € H'(R) and u,, 4, be the mazimal solution of the IVP (1.1). Suppose
U be the mazimal solution of the IVP (1.9) defined on [0, Spaz). If Smaz = 00 and

Ul 25 2o < o0, (1.25)
then it follows that w4, is global for all ty € R if |w| is sufficiently large. Moreover,
|ltws, — Ullx, — 0, when |w| — oo, (1.26)
uniformly in to. In particular, convergence holds in L>=((0,00); H'(R)).

Taking in account the result in [20], the Theorem 1.6 is very interesting in the sense that
when m(g) = 0 the solution U to the IVP (1.9) will be global for all initial H'-data and

the solution u,,, to the nonlinear problem (1.2) will be global too, for |w| large enough.

Remark 1.7. It is natural to ask if similar results to the ones in Theorem 1.5 and
Theorem 1.6 hold for the H*(R) solution obtained in Theorem 1.1. The convergence result
of Lemma 3.2 plays a central role in our analysis. For the norms involved in Theorem 1.1,
we could not get such convergence result. This is one of the reason that forced us to have
a different well-posedness results in H'(R), viz., Theorems 1.2 and 1.4. Note that, the
indices involved in the norms used in Theorems 1.2 and 1.4 are the admissible triples (see
Definition 2.6 below), however those in Theorem 1.1 are not. As far as we know, there are

no blow-up solutions in H*(R), for s < 1 so we did not proceed to have convergence for
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this range of Sobolev reqularity. In this sense, the local well-posedness result of Theorem

1.1 is of independent interest.

Before leaving this section, we discuss the example constructed in [5] in the context
of the NLS equation with time oscillating nonlinearity. The authors in [5] showed that
for small frequency |w|, the solution u,:, blows-up in finite time or is global depending
on ty, while for the large frequency |w|, the solution u,;, is global for all ¢, € R. The
same example can be utilized with small modification in the context of the critical KAV

equation. We present it here for the convenience of the readers.

L-1

Example 1.8. Let L > 1, 0 < € < == and consider a periodic function g defined by

L |s|<e
m(g) =0, and g(s)= (1.27)
0, 1<s<1+g,

with period L.
Fiz ¢ € H'(R) with ||@| 2 > ||Q|lz2 be such that the solution v of the IVP
Vg + Vgaw + 00,0 = 0,
v(z,0) = ¢(x),

blows-up in finite time, say T*. There exists such a solution v(x,t) of (1.28) with t €
[0,7%), see [20].

From Theorem 1.5, for this particular ¢ and the periodic function g, we have that the

(1.28)

solution uy 4, to the IVP (1.2) converges, as |w| — oo, to the solution U of the linear KdV
equation with same initial data ¢. So, in view of Theorem 1.6, u,y, is global as |w| — oo
for all ty € R.

Now we move to analyze the behavior of the solution for |w| small. Note that g(ws) = 1
when |ws| < €. Therefore, if we consider |w| < %,
the IVP (1.28) satisfies (1.2) for to =0 on [0,T*). By uniqueness, u, o = v. Hence the

solution u, o of the IVP (1.2) blows-up in finite time, provided |w| < .

then we see that the solution v to

Let e = €(A) be as in Corollary 3.4 with A = ||g||Le. From the linear estimate (2.7) we
have that S(-)¢ € L2L[°, so there exists T > 0 such that

1SOIS@Elzzio = 1S bllz < (1.20)
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For w >0, if we consider to = L, we have that g(w(s +t9)) =0 for all 1 < w(s +ty) <
I+e, i.e., for all0 < s < £. Therefore, if we let w > 0 satisfyingw < % (i.e., T < <), and
choose to = £, then g(w(s +1to)) =0 for all 0 < s < T. So, with this choice, uy, solves
the linear KdV equation if 0 <t < T. Therefore, for w < &, uyy, exists on [0,T] and
is given by S(t)¢, in particular u,,(T) = S(T)¢. From (1.29), [|S(-)tw,to(T) |1z 00 < €.

Hence, from Corollary 3.4 we conclude that u,, s global.

This paper is organized as follows. In Section 2 we record some preliminary estimates
associated to the linear problem and other relevant results. In Section 3 we give a proof of
the local well-posedness result for the critical KAV equation in H*(R), s € (3/8,1), H(R)
and some other results that will be used in the proof of the main Theorems. Finally, the

proof of the main results will be given in Section 4.

2. PRELIMINARY ESTIMATES

In this section we give some linear estimates associated to the IVP (1.1). These esti-
mates are not new and can be found in the literature. Consequently, we just sketch the

idea of the proof and mention the references where they can be found.

Lemma 2.1. If ug € L*(R), then
10:S(t)uol| ooz < Clluol| 2. (2.1)

If f € LLL?, then

t
Jo: [ s trscenie], . <o (22)
0 LLy
and .
|2 [ s trscenae]] <l (2.3
0 z b

Proof. For the proof of the homogeneous smoothing effect (2.1) and the double smoothing
effect (2.3), see Theorem 3.5 in [15] (see also Section 4 in [14]). The inequality (2.2) is
the dual version of (2.1). O

Now we give the maximal function estimate.
Lemma 2.2. If ug € H/4(R), then

1St uollzazge < CIIDY *uol 12w (2.4)
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Also, we have

1S ()uollLeerse < Clluol| (2.5)

HE(R)
and for, 0 <0 <1

5ol 5 < Clluoll, 250, (26)

¢ LT ®)’

Proof. For the proof of the estimate (2.4) we refer to Theorem 3.7 in [15] (see also [13]
and [17]). The estimate (2.5) follows from Sobolev embedding. The interpolation between
(2.4) and (2.5) yields (2.6). O

In what follows, we state some more estimates that will be used in our analysis.

Lemma 2.3. If uy € L*(R), then

1S (#)uoll Lz o < Clluollzz- (2.7)
Also we have
1025 (#)uoll 2052 < C|| DY ol 2, (2.8)
and
1025 (t)uol| 1072 20/ < C|1 D Puol| 2 (2.9)

Proof. The proof of the estimates (2.7) and (2.8) can be found in Corollary 3.8 and
Proposition 3.17 in [15] respectively. To prove (2.9) we consider the analytic family of
operators

T.oug = D;*/*DY2S(t)ug,  with 2€ C, 0 < Rz < 1.
Now the estimate (2.9) follows by choosing z = 3/40 in the Stein’s theorem of analytic
interpolation (see [25]) between the smoothing estimate (2.1) and the maximal function
estimate (2.4). O

Lemma 2.4. Let ug € L2, then for any (6,a) € [0,1] x [0, 5], we have

HDga/zS(t)UOHLqTLg < Clluol| 2, (2.10)

where <Q7p> = (g(aily %)
Proof. See Lemma 2.4 in [12]. O

We state next the Leibniz’s rule for fractional derivatives whose proof is also given in
[15], Theorem A.8.
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Lemma 2.5. Let a € (0,1), aj,as € [0,0], a1 + ag = a. Let p,p1,p2,q,q1,92 € (1,00)
be such that + = L + L 1 =L 4 L Tphep
p p1 P2’ q q1 q2

|D2(f9) — FD2g — gD fllizrg, < CIDS fllym o | D24l e, (211)

Moreover, for a; = 0 the value g1 = 0o is allowed.

Definition 2.6. Let 1 < p, ¢ < o0, —

<a<l1.
admissible triple iof

AN,

We say that a triple (p,q,a) is an

1
> (2.12)

Proposition 2.7. For any admissible triples (p;, q;, o), j = 1,2, the following estimate
holds

HDggl /Ot S(t — ) f(-,t')dt’

pn < C”D; Zf”LgéLqé’ (2.13)

t
where pl, gy are the conjugate exponents of pa, qa.

Proof. For the proof we refer to Proposition 2.3 in [16].

The following results will be used to complete the contraction mapping argument.

Lemma 2.8. Let Zj and Y} be the spaces defined earlier and S be the unitary group
associated to the operator 02, then for s > 3/8, we have

1S ()uollzs. < Colluoll s (wy, (2.14)
t
H/ S(t—t)f@)de| < T2 flly;. (2.15)
0 T

Proof. The estimate (2.14) follows from the linear estimates in Lemmas 2.1, 2.2, 2.3 and
Lemma 2.4 with @ = 0 and 6 = 9/10.
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Now, we prove the estimate (2.15). Since S(t) is unitary group in L2, using Holder’s

SHD;/tsa_t a1 [ s
| [ semawad ] [ s

SAHﬂ%W%WW@W+A!WPﬂWW@#

< CTY?[I1D; fllze + £l 2oz ]-

x?

inequality, we have

[

L%

(2.16)

Using the estimate (2.1) and the fact that S(¢) is unitary group in L2 and Holder’s

inequality, one can obtain

t T
[ se=oswar] < [ 10SOSEOMO s

T
' ' / 2.17
< IS0 1) Izt (247
0
< CTV fll1315.
Similarly,

HD;&” /Ot St —t)f(t)dt

, < CTVID: flsass. 218)

xz =T

As in (2.16) and (2.17) the use of the estimate (2.9), yields for s > 3/8 that

0, / tS(t — ) f(#)dt

40/3 20/7 — C/ |D3/SS (t/)HL%dt/

Hs (]R t/

SOA|m%ﬂmmWSC/HﬂH

< CTI/Q[HDifHLgL?T + 1 fllz22]-
(2.19)
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Now, we use the estimate (2.10) from Lemma 2.4 with « = 0 and § = 9/10 and Hélder’s

inequality, to obtain

|: /0 S — ) ()t

T
<C [ ISC-O)D5AE) 2
0

< CTY D3 f |23

20/3
L2320

(2.20)

Finally, using the maximal function estimate (2.6) and the argument as in (2.19) we
obtain, for s > 3/8

Hékﬁ—ﬂﬂﬂ# éCAﬁW@wﬂmm%ww

< CT2[ID; fllarz + £l 2z ]-

Combining all these estimates we conclude the proof of the lemma. U

L8LS?

(2.21)

Note that, it is these are the estimates (2.19) and (2.21) that give restriction on s in

the local well-posedness result in Theorem 1.1.

Lemma 2.9. The following estimates hold,

10 () llvz < Cllull%;. (2.22)
102(u” = 0°) Iy < F(l|ullzs, 0]l 2s)[lu — vl s, (2.23)
where F : R? — R is a locally bounded function.
Proof. Using Holder’s inequality, we get
10 (w”)lr2p2. < Cllullzzpge 10zt peerz < Cllullgs e |0ull ooz (2.24)

Similarly, using Leibniz rule for fractional derivatives (2.11) twice, Holder’s inequality
and the fact that 20 > 20/3, one obtains

1D70:(u”) |l 22125 < 1D (u"Opu) — w' D30su — Oyl (u') || 1212,
+ lu*Dy0sull a s + 105wl (u) | 21z

< ClI0aull yaors 2o 1D ()| yaorar zos +[[6l| 2250 | D200t oo 3]

IN

C
C|:||8Iu||Li0/3L§P/7||U3HL§C/3L§>9 ||Diu||L%OL§0/3 + ||u”i§L§9 ||D;a$u||Lg°L2T]
C

< C[10wull rors pzorm 1l g e D3l 208 oo+ |ll g e | D200l ez |-
(2.25)
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In view of definitions of Zj-norm and Yj-norm, the estimates (2.24) and (2.25) yield
the required result (2.22).
To prove (2.23), observe that

10 (u® = ") < Cl(Jul" + [0H)|0n(u = v)] + (10:ul + [0z0])(|[uf* + [v*)][u — v]].

Now, with the same argument as in (2.24) and (2.25) we get the desired estimate (2.23).
U

With the similar argument as in Lemmas 2.8 and 2.9, we can obtain the corresponding

estimates for the spaces X and Y. We state these results in the following lemma.

Lemma 2.10. Let X and Yr be the spaces defined earlier and S be the unitary group

associated to the operator 02, then we have

[S(@)uollxr < Colluollm (), (2.26)
t
| [ se-erwrae| <crfiy,. (2.27)
0 T
10 (W)l < Cllull, (2.28)
106 = %)y < Flull e ol o) e = ol (2.20)

where F : R? — R is a locally bounded function.
Finally, before leaving this section, we record the following result from [5].

Lemma 2.11. Let T > 0,1 <p<qg<oo and A,B > 0. If f € L9(0,T) satisfies

1Flls,, < A+ Blfll,, (2:30)
for allt € (0,T), then there exists a constant K = K(B,p,q,T) such that
I flle < KA. (2.31)

o,7) —
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3. PROOF OF THE WELL-POSEDNESS RESULTS
We start this section by proving the well-posedness results for the IVPs (1.14).
Proof of Theorem 1.1. For a > 0 and s € (3/8,1), consider a ball in Z3. defined by

Bl ={ueC(0,T]: Z3) : ||ul

zs, < a}.

Our aim is to show that, there exist a > 0 and T > 0, such that the application ®
defined by

D(u) = S(t)p — /t S(t — ()0, (u°)(t)dt, (3.1)
maps BT into B! and is a contraction. 0
Using the estimates (2.14), (2.15) and (2.22), we obtain
1@l 25 < Colloll ey + CT?||hl| e 1100 ()]
< Collpllr= + CT2|[hl| oo ]

Yr

(3.2)

5
Zs.-
Hence, for u € BT,

1P|z < Collo]

o) + CTY? ||| pea®. (3.3)

Now, choose a = 2C||¢||m=x) and T such that CT"?||h|| xa* < 1/2. With these
choices we get, from (3.3) that,

a a
ze <5+ 5.

2]
22

Therefore, ® maps B! into BL.
With the similar argument, using (2.23) one can prove that ® is a contraction. The
rest of the proof follows a standard argument.

From the choice of a and T it is clear that the local existence time is given by
T < CllollE mlInlzx

and the solution satisfies the following bound,

ull zs, < Cll@] s m)-

g

Now we move to provide an alternative proofs for the local well-posedness results in

H'(R) that we will use to prove the main results of this work.
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Proof of Theorem 1.2. We use the estimates (2.26), (2.27) and (2.28) from Lemma 2.10

to prove that the application ® defined in (3.1) is a contraction in a ball
B ={uec C([0,T]): Xp(R)) : ||Jullx, < al}.

for some a > 0. As in the proof of Theorem 1.1, we can do it by choosing a = 2Cy||¢|| g1 (w)
and T > 0 such that CT"?||h|~a® < 1/2. The rest of the proof follows a standard

argument. O

Proof of Theorem 1.4. As in the proof of Theorem 1.2, this theorem will also be proved
by considering the integral equation associated to the IVP (1.2),

u(t) = St)p — /0 t S(t — ) g(w(t + 1)), (u®)(t') dt’, (3.4)

and using the contraction mapping principle.

First of all, notice that the periodic function g is bounded, say ||g||zc < A, for some
positive constant A. Since the norms involved in the space Y; permit us to take out
|g]|Le<-norm as a coeflicient, the proof of this theorem follows exactly the same argument
as in the proof of Theorem 1.2. Moreover, as the initial data ¢ is the same, the choice
of the radius a of the ball is exactly the same. However, to complete the contraction
mapping argument, we must select 7 > 0 such that C||g||1T"/?a* < 1, which implies

that the existence T' is given by

C
T = T(llgllze. 8]l 1)) = . (3.5)
7 N9l <1615 gy

Furthermore, from the proof, one can obtain

ull xr < Cllé]| ar(w)- (3.6)

The following lemmas will be used in the proof of the main results.

Lemma 3.1. Let X1 and Yr be spaces as defined in (1.11) and (1.13). Let f € Yr, then

we have the following convergence

/O t gt +t0)S(t — ) f(t)dt — m(g) /O t S(t—t)f(¢)dt, (3.7)

whenever |w| — oo, in the Xr-norm.
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Proof. Using the linear estimates and the fact that ¢ is bounded, we have

H/ W(t' +to))S(t — ) f(t)

< CT"2A| fllvy- (3.8)

So, by density argument, it is enough to prove (3 7) considering f € C}(R;8(R)).
Define function (t) := g(t) — m(g) and W(t) := [) ¢(¢')dt’, then

d
dt’

Integrating by parts, we obtain

— W (w(t' +tg)) = wi(w(t' +tg)).

[ vt + st = 56000 = Sule +0)10) - Ser)SOI0

-5 [ Wl - S Ol + reNar.

w
(3.9)
Using the triangular inequality, linear estimates and Lemma 2.8 we get
C
< =1z [ fllxr + £ Ol + T2 £+ Iy ]

(3.10)

Finally, letting |w| — oo, we obtain the desired result. O

H/OtW“(t/Ho))S(t—t’)f(t/)

Lemma 3.2. Let the initial data ¢ € H'(R). Let u,y, be the mazimal solution of the
IVP (1.1). Suppose U be the mazimal solution of the IVP (1.9) defined in [0, Spaz). Let
0 <T < Spaz and let uyy, exists in [0,T] for |w| large and that

im sup 6up [t 508 < 00, (3.11)
|w]—o0 to€R

and

lim sup sup |[w, 4, || 225 < 00 (3.12)
|w]—oo to€R

Then, for all t € [0,T],

sup ||t s, — Ullxy, — 0, as |w| — oo. (3.13)
toeR

In particular, u, ., — U as |w| — oo, in H(R).
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Proof. Since u,, and U have the same initial data ¢, from Duhamel’s formula, we have
b [ lotet + ) = migste — oy
0

= Il + ]2.

Uwio — U

g w(t' +10))S(t — )0, (ul,, )dt' — m(g) /OtS(t—t’)am(U5)dt’

| gt +10))S(t = )0 (uly, = UP)a (3.14)

We note that
u” =] < Clul* + o|*)|u — o (3.15)
and
100 (u” = )| < C[(Jul* + ][0 (u = v)| + (|00u] + [dv]) ([uf’ + [vP)[[u —v]].  (3.16)
Let [[gllee < A. Use of (2.2), (3.15), Holder’s inequality and the assumptions (3.11)
and (3.12), yield
11|z < Cligllegellud .o — Ullrare
< CAllug 4 (g = Ulprrz + 10 (ot — U)ll 1222
< CAHuilu,to”L%L%o”uw,to - UHL%BT + HU4HL§L§9HUUJJO - U”L?ELQT
< CA| I g ez 02 ol 2age + 102z 102225 |t = Uiz
< CA| et I3 sy 1t Vs + 10 s 1013 5 | Ittt = Ul 2

< CAllugy = Ullrz r2-

(3.17)
Again, using (2.2) and (3.16), one can obtain
10: Il 2 r2 < CANO (w4 = U111z
< CA|[[(Juwto|* + U1 D (st = U)ll 1 22,
(3.18)

H1(10zttwto| + 10U ) ([tato|” + 1U1*) (W ty — U)HL;LQT]
= CA[Jl + JQ]
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With the same argument as in (3.17)

J1 < O”aﬂc(uw,to - U)||L2TL§~ (3.19)

3

Now we move to estimate the first term, ||u,

O, to (Uw,to—U) || 1 2. in Jo, the estimates
for the other terms are similar. We have,

E},toamuwio (uW,to - U)HL;L% < C”ui,tOHL%L"To Huwioaﬂfuw,to (uw,to - U)HL%L%

I
< CHuw,to”%%L?ﬁ [, O ot (Voo g — U)“LQTLg
< Ol toll7s pge 1t toll 59 Lo 1Ottty L3 22 | (vrtg — Ul 13,10

< CHuw,tOH%‘éL%’Huw,tOH%%‘?Hl(R)H(uw,to - U)HLQTHl(R)

< C|[(ug o — U)HLQTHl(R)-

(3.20)
Inserting (3.19) and (3.20) in (3.18), we get
10211 5e 12 < C AUty — U)ll 2.1 () (3.21)
Combining (3.17) and (3.21), we obtain
Il zge ey < CAll(uwto = Uz my- (3.22)
From Lemma 3.1, we have
[ L2l Lo mimy) < Co — 0, as |w| — o0 (3.23)
Therefore, we have
[twto = Ullge iy < CA|l(Uwre — Ul 21wy + Co (3.24)
Applying Lemma 2.11 in (3.24), we get
[twto = Ullzsemwy < KCy — 0, as |w| — oo. (3.25)
From (3.24) and (3.25), it is easy to conclude that
(v to = U)ll 22y — 0, as w| — oo. (3.26)

Now, we move to estimate the other norms involved in the definition of X7 . Let,

Ly = ||0p (o — U>||Lg°L2T + 1103 (vt — U)HLgOL% + vt — UHLgL;O + | Da(tteo s — U)HLgL,}FO
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and
£, = 10u(tu sy — U)||L%OL5T/2 + Jtwty — Ullarse-
Use of (2.2), (2.3), the estimate (2.13) from Proposition 2.7 with admissible triples
(p1,q1,00) = (5,10,0), and (p2, g2, 2) = (00,2, 1) in (3.14), yields

£, < CAL(, — U)liazs + CAly, — Plliass + I Bllx,. (3:27)

w,to

Therefore, with the same argument as in (3.17)-(3.21), we can obtain
21 S CAHUW¢O — UHL%Hl + Cw. (328)

Hence, using Lemma 3.2 and (3.26) we get from (3.28) that

|w[—o00

£, 0. (3.29)

Finally, to estimate £, we use Proposition 2.7 with admissible triples (p1,q1, 1) =
(20,5/2,3/4) and (pa, g2, o) = (20/3,5,1/4), to get

and with admissible triples (p1, q1, 1) = (4,00, —1/4), and (p2, ¢2, a2) = (20/3,5,1/4), to

have

< .
CHfHLio/NLE%M, (3 30)

5/2 —
2oLy

az/o S(t — ) f (- ¢')dt

H /0 S(t — t’)f(’ t’)dt, S Ol|f|lLio/17L;/4. (331)

Using (3.30), (3.31), and the definition of X7, we get from (3.14) that

LiLY
£, < CA|0:(u ) — U 207 5 + || L2l xz (3.32)
z T

Using (3.16), we can obtain

10221y = U 207570 < C [l + U1)0u gy — )| 2001730
1 08ettal + 10Tt + Uty = U174

=. C[jl + jg]
(3.33)
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Holder’s inequality, the fact that 20/13 > 10/7, Sobolev immersion and the assumption
(3.11), imply that

Ji < ClO sy = U gt sl ovss e+ [T ovss o}
< C10% (hty — ULzt Uyl s ovss + 10 oo}
< O10s (o ty ~ Dlzgge T Ut + 10N e}

< CT0p (g — Ul 3 110

(3.34)

Anin (3.18), we give details in estimating the first term, ||, ; Opte b (Ut —U)|| 20117 574
5 T T

in J,, the estimates for the other terms are similar. Here too, Holder’s inequality, the fact

that 20/3 > 5, Sobolev immersion and the assumption (3.11), yield
Hui,toaﬂfuwio (uwﬂfo - U) ”L?CO/UL?/“ < O”ui,tg ||Lio/3L% Hal‘uw,to ||L%L% HUWJO - U“LQL%O

< Ol ol g p2073 1 0attsso || g2 11t — Ullzs 2o

(3.35)
< C Tttt |20 11 [t — Ull g 110
< CT" gty = Ul gz
In view of (3.33), (3.34) and (3.35), we get from (3.32) that
L, < CAT 00 (g — U)llza 10 + ltwty — Ullpapio} + Cl. (3.36)
Therefore, Lemma 3.2 and (3.29), imply
e, ==, (3.37)
Now, the proof of the Lemma follows by combining (3.25), (3.29) and (3.37). O

In what follows, we consider the critical KdV equation (1.14) with more general time

dependent coefficient on the nonlinearity.

Proposition 3.3. Given any A > 0, there exist ¢ = €(A) and B > 0 such that if
|h||z~ < A and if ¢ € H'(R) satisfies

1Sl L0 <€, (3.38)
then the corresponding solution u of (1.14) is global and satisfies

HU”LngO <2 Hs<t)¢”LgL%0a (3.39)
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ullx, < Bllollm @) (3.40)
Conversely, if the solution u of (1.14) is global and satisfies
[ull L5 10 <€, (3.41)
then
||S(t)¢||Lng0 < 2||“||L§L,}0' (3.42)

Proof. Since [|h|[ze < A, as in Theorem 1.4 we can prove local well-posedness for the IVP
(1.14) in H'(R) with time of existence T' = T'(||¢|| g (), || 2] o). Let u € C([0, Thnaz); H (R))
be the maximal solution of the IVP (1.14). For 0 < ¢ < T,,4., we have that

u(t) = S(t)p + w(t), (3.43)
where .
w(t) = —/ St —tYh(t)0, (u®) (') dt'.
Using (2.13) from Proposition 2?7 for admissible triples (5,10,0) and (o00,2,1), we

obtain

lwllzzrye < CAllullpsrs = CAllullzs - (3.44)
From (3.43) and (3.44) it follows that
[l zgzo = 1Sl L3110l < CAllull7s o (3.45)
Thus, for all T € (0, T},4.) one has
lull s a0 < €+ CAJlulls 1o (3.46)
Choose € = ¢(A) such that
CA(2e)* < 1/2, (3.47)

and suppose that the estimate (3.38) holds. As the norm is continuous on 7" and vanishes
at T = 0, using continuity argument, the estimate (3.46) and the choice of € in (3.47),
imply that
[ullzsrre < 2e. (3.48)
Moreover, from (3.45)
[ullzzrre < |ISE)PllLgrw +cAlu

5
5710
LILTmaz

4 (3.49)
<S@Mrgrw + CA(26) |ullpgrmw
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Therefore, with the choice of € satisfying (3.47), the estimate (3.49) yields
ullpgry < 2[S@)¢llLzry - (3.50)

In what follows, we will show that T}, = co. The inequalities (2.2), (2.3), (2.13) with
admissible triples (5,10,0) and (00,2, 1), and Holder’s inequality imply

lwll e 10001 e 2 10201 e g+ lwll g 110+ 1100 fll 5 20 < CAllul7s oo llullx,- (3.51)
Now using (3.30), (3.31) and Holder’s inequality, we have

102w

L%OL‘;’F/2 + HwHL;ng? SCA”agCUSHLio/l?Lf)TM
SCA||U4||L2/4L3/2||axu||L%0L5T/2
<CAJuly g0 9rtl o572 (3.52)
Combining (3.51) and (3.52), we obtain
lwllx, < CAllullzs o llullx, - (3.53)
This estimate with (3.47) and (3.48) gives
1
lwllxy < CARe ullxy < Fllullx,- (3.54)

Using (3.43) we obtain

1
lullxr < 15@®¢lxr + wllxr < Cliollme + 5 lullxr, (3.55)

for all T' € (0, Try4z). Therefore, we have

el xzy < 2C] ] 11 m)- (3.56)

Hence, from the definition of ||ul|x,, , we have that

lullrge  m@) < Cllu(0)][m ). (3.57)

Now, combining the local existence from Theorem 1.4 and the estimate (3.57), the
blow-up alternative implies that 7},,, = 0o. Finally, the estimates (3.50) and (3.56) yield
(3.39) and (3.40) respectively with B = 2C.

Conversely, let T, = 00 and (3.41) holds. With the similar argument as in (3.45), we
can get

[ Nullzzpio = 1S ()8l szl < CAllullFs 0. (3.58)
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Thus, from (3.58) in view of (3.41) and (3.47), one has
1SO6llziz0 < Iullzzgo + CA ull g0 < 2ull sz (3.50)

|

Corollary 3.4. Let h € L>®(R) satisfy ||h||r~ < A and € and B be as in Proposition 3.3.
Given ¢ € HY(R), let u be the solution of the IVP (1.14) defined on the mazximal interval
[0, Thnaz)- If there exists T € (0, Thnaz) such that

[S@®)u(T)|[psrp <,
then the solution u is global. Moreover
||u||L§.L%%oo) < Ze, and ||u||X(T700) < B“U(T)“Hl(R)

Proof. The proof follows by using a standard extension argument. For details we refer to
the proof of Corollary 2.4 in [5]. O

4. PROOF OF THE MAIN RESULTS

This section is devoted to provide the proofs of the main results of this work. The
Lemma 3.2 and the local existence Theorem 1.4 are the main tools used in the proof
of Theorem 1.5. While, Proposition 3.3 and Theorem 1.5 are fundamental in proving
Theorem 1.6. Once we have results from Lemma 3.2 and Proposition 3.3, the idea used

to complete the proofs of the main theorems is similar as in [5].
Proof of Theorem 1.5. Let A = ||g||p=, T € (0, Smax) fixed and set

t€[0,T]
In particular, for t = 0, (4.1) gives ||@|| g1 @) < Moy/2. From Theorem 1.4, we have that

for all w,ty € R, u,4, exists on [0,6]. Using (3.5) we have that the existence time 0, is

given by
C
5 _ 4.2
yOTE (4.2)
Moreover, from (3.6)
lim sup sup [[ug.io [z 12 < Cllé]lm ey (43)

|w|—o0 to€R
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and
lmsup sup L4220y < Clldlly (4)
|lw|—o0 to€R
From Lemma 3.2, we have that sup, cp [[tw, — U]l XT *0, in particular
lw|—o0
sup ||t 40 (6) = U(O)||mw  — 0. (4.5)

to€ER

Combining (4.1) and (4.5), for |w| sufficiently large, we deduce that
sup ||uw,t0( )”Hl < MO (46)
to€ER
We suppose § < T', otherwise we are done. Using Theorem 1.4 we can extend the solu-
tion w4, (as in the proof of Corollary 3.4) on the interval [0, 20], with ||t ¢ || o< (0.6 51 (®) <

Cll gt (0) | 1. (r) s Where Ty, 1 (1) = ta,to (E+0) Leey ||t || L5e 5,26 51 () < Ut (0) |1 ) <
C?||¢|| 1 (r)- Therefore, (4.3) gives

lim sup sup ||t b, | g 0,260 1) < C(1+ O)|| 0] 11 (w)- (4.7)

|w]—o0 to€ER

Similarly, from (4.4),

lim sup s [ 18250 () < CC1+ Ol - (48)

|lw|—o0 to€ER

So, we can again apply the Lemma 3.2. Iterating this argument at a finite number of

times with the same time of existence in each iteration, we see that

® < Cllollm )
|w|—o0 to€ER
and
lim sup sup || sl L125e < Cll@) 5 w)
|lw|—o0 to€R
The result is therefore a consequence of Lemma 3.2. O

Proof of Theorem 1.6. Let ¢ € (0,e(A)), where €(A) is as in Proposition 3.3. If T is
sufficiently large, from (1.25), we have that

Ul rsg <

(T,00)

(4.9)

L)
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Applying Proposition 3.3 to the global solution U (t) = U(t +1T), the inequality (3.42)

gives

ISOUT) 520 = 1SOTOllzizo < 20z = 200Nisiyy | < 5 (410)
From this inequality and Corollary 3.4 we get
10N X ey < BIU(T) 11 ) (4.11)
From Theorem 1.5 it follows that
sup sup |[tegy(t) = U®t)||m@w — 0, as |w| — oco. (4.12)

toeR 0<t<T

Thus, if |w]| is sufficiently large, the triangular inequality along with (4.12) gives
1S () tterto (T) | 3 zto < [[SE)tterto (T) = SOU(T) [ parpo + [ISEU(T)|| £ ppo

€
< Mtwto (T) = U(D)llz + 5 (4.13)
<e.
Therefore, Corollary 3.4 implies that u,, is global. Moreover,
sup Huw,to”Lng%oo) < 267 and HuW:tOHX(T,oo) < BHtho (T)HHI(R)v (4'14)

to€R

for |w| sufficiently large.
Let My = supg<;<r |U(t)|| a1 (r), as in (4.1). Now, we move to prove (1.26). The
inequalities (4.12) and (4.14) show that there exists L > 0 such that

sup sup sup ||t t, (1) || g1 ) < (1 + Mo) + Bt (T) || 2wy = My < 00. (4.15)
lw|>L to€R ¢>0

In what follows, we prove that u,,, — U in the | - || x,-norm, when |w| — oc.

Using Duhamel’s formulas for u,;, and U we have

Upto (T +1) —U(T +1t) = S(t)(ups,(T) — U(T))

- /t St —t)g(w(T +t' +t0)) 0y (u 4, ) (T + t')dt’
0 . (4.16)
+m(g)/ S(t —t)0,(UNT +t')dt’

=L+ L+
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Using properties of the unitary group S(t) we have by (4.12) that

|w|—o0

Hallx, = [1S() (oo (T) = UT)) | x, < Clltioo(T) = U(D) |y — 0. (417)
With the same argument as in (3.53), we have
I5llx, < CAllusiolits g Ity (4.18)
From (4.18), with the use of (4.14) and (4.15), we have
L2l x, < CA(2€¢)*BM,. (4.19)

As in I, using (4.9) and (4.11), we get

Hsllx, < CAIUI g9 MU Nxrny
4 (4.20)
< CA(3) BMo.
Now given 3 > 0, we choose ¢ > 0 sufficiently small (7" sufficiently large) such that
CA(2¢)*[BMy + BM;| < /3 and |w| sufficiently large, so that (4.16), (4.17), (4.19) and
(4.20) imply

[tt0,10(8) = U(O) |7,y = MNttiote (T + 1) = U(T + 1) x,

< Hallxe + Hallx + sl x, (4.21)
< .
On the other hand, from Theorem 1.5, we have
|w|—00
[0 (8) = U x 0.2y = Ntsto (1) = U Bl ~ =0 (4.22)
Therefore, from (4.21) and (4.22), we can conclude the proof of the theorem. 0
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