ON THE SUPERCRITICAL KDV EQUATION WITH
TIME-OSCILLATING NONLINEARITY

M. PANTHEE AND M. SCIALOM

ABSTRACT. For the initial value problem (IVP) associated to the generalized Korteweg-de

Vries (gKdV) equation with supercritical nonlinearity,
ut+82u+8x(uk+l) =0, k> 5,

numerical evidence [3] shows that, there are initial data ¢ € H'(R) such that the correspond-
ing solution may blow-up in finite time. Also, with the evidence from numerical simulation
[1, 18], it has been claimed that a periodic time dependent coefficient in the nonlinearity
would disturb the blow-up solution, either accelerating or delaying it.

In this work, we investigate the IVP associated to the gKdV equation
ur + O2u 4 g(wt)d, (W) = 0,

where g is a periodic function and k£ > 5 is an integer. We prove that, for given initial data
¢ € H'(R), as |w| — oo, the solution u, converges to the solution U of the initial value
problem associated to

Ui 4+ 02U + m(g)d.(U*) =0,
with the same initial data, where m(g) is the average of the periodic function g. Moreover,
if the solution U is global and satisfies ||UHL3L%0 < o0, then we prove that the solution wu.,

is also global provided |w]| is sufficiently large.

1. INTRODUCTION

Motivated from an earlier work in [5] for the critical KdV equation, we consider the initial
value problem (IVP)

ug + O3u + g(wt)d, (uF 1) = 0,
U(l‘,to) = ¢($),

(1.1)
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where z, t,tp,w € R and v = wu(x,t) is a real valued function, k& > 5 is an integer and
g € C(R,R) is a periodic function with period L > 0. To make the analysis simple, we

translate the initial time ¢y to 0 and consider the following IVP

u + 03u + g(w(t + t0)) 0y (uF 1) = 0,
u(x,0) = ¢(x).

(1.2)

Before analyzing the IVP (1.1) with time oscillating nonlinearity, we discuss some aspects

of the supercritical Korteweg-de Vries (KdV) equation,

ug + O3u + 0, (uFt) =0, k>5, (13)
u(z,0) = ¢(x), z,teR.

For k = 4 the IVP (1.3) is called critical in the literature for three different reasons, see
[4], [14] and references therein. As described in [14], the first reason is that, for k = 1,2, 3 the
solution exists globally for all data in H'(R), while for k = 4 the global existence holds only
for small data (i.e., data with small H!(R)-norm). Second reason is that the index k = 4 is
critical for the orbital stability of the solitary wave solutions, see [4]. More precisely, using
the arguments from Grillakis et al. [9], Bona et al. [4] prove that the solitary wave solutions
of the gKdV equation (1.3) are H'-stable if and only if k < 4 and instable if & > 4. However,
this argument does not apply for the case k = 4, see also [19]. Finally, the third reason is that
the case k = 4 is the only power for which a solitary wave solution cannot have arbitrarily
small L?-norm, see [14]. In the light of this observation, the equation (1.3) is known as the
supercritical KdV equation in the literature.

Well-posedness issues for the IVP (1.3) have been extensively studied in the literature,
see for example [10] and [14], [15] and references therein. A detailed account of the recent
well-posedness results can be found in Kenig et al. [14], where they proved that, there exists
0 > 0 such that the IVP (1.3) is globally well-posed for any data ¢ € H*(R), s > s, := % —%
satisfying [[D3¥¢|;2 < &k. They were also able to relax the smallness condition on the
given data to obtain local well-posedness result, but paying price that the existence time now
depends on the shape of the data ¢ as well, and not just on its size. These are the best
well-posedness results in the sense that s = s is the critical exponent given by the scaling
argument. However, for data in H*(R), s > s, they were able to remove the size and shape
restriction and got local-well posedness for arbitrary data with life span T of the solution
depending on [|¢[| s(ry- Quite recently, Farah et al. [8] considered the IVP (1.3) to address
the global well-posedness for the data with low Sobolev regularity. In this context, they
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proved the following local well-posedness result in the function space slightly different from

the one used in [14].

Theorem 1.1. [8] Let k > 4 and s > s :== 3 — % Then for any ¢ € H*(R) there exist
T = Tl grsry) > 0 (with T(s,p) — oo as p — 0) and a unique strong solution u to the
IVP (1.3) satisfying:

we C(0, T); HY(R)), (1.4)
Oetll oz + | D3Dull e 12 < o, (1.5)
lull s z1o + 1D7ull s 10 < o0, (1.6)
HD?’CDSthkauHLgkL;k < 00, (17)
where
1 3 6 s — Sk

U =15 ; B 0 5F Y = Tk(s) 3 (1.8)

1 2 1 1 3 4
=4 - _ = (1.9)

pr bk 10 qk 10 5k

Moreover, for any T" € (0,T), there exists a neighborhood V of ¢ in H*(R) such that the
map ¢ — @ from V into the class defined by (1.4) to (1.7) with T in place of T is Lipschitz.

In what follows, we will modify the statement of this result to suit in our context for given
data in H'(R) (see Theorem 1.2 below).

We recall that, the L2(R) norm and energy are conserved by the flow of (1.3). More
precisely,

/ lu(z, t)|>dx = / |p(z) |2dz, (1.10)
R R
and
B(u(0) 1= 5 [ (e 0)? = eua (o, 0)}de = B) (111)
are time independent quantities.

The conserved quantities (1.10) and (1.11) yield an a priori estimate for ||0,u(t)|| r2(r) if
the initial data ¢ is sufficiently small in H!(R). For a detailed work-out of this fact we refer
readers to [8]. This a priori estimate allows one to iterate the local solution to get the global
one for small data in H'(R). Recently, a numerical study carried out by Bona et al. [3]
(see also [2, 4]) reveled the existence of H!-data for which the corresponding solution to the
supercritical KdV equation may blow-up in finite time. This is the point that motivated us
to carry on this work in the light of the recent work of Abdullaev et al. in [1] and Konotop
and Pacciani in [18]. In the case of the critical KdV equation (k = 4), there is an extensive

series of works carried out by Martel and Merle [19, 20, 21] about the finite time blow-up
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solutions and their stability /instability analysis. For the most resent work in this series, see
[22]. As far as we know, for the supercritical case such analytical study does not exist.

The authors in [1] and [18] investigate the effect of a time oscillating coefficient in the
nonlinearity of the Bose-Einstein condensates. An investigation of solutions which are global
for large frequencies is carried out in [1], while in [18], a study of solutions which blow-up
in finite time is done. Their results are numerical. Roughly speaking, they claim that the
periodic time dependent coefficient in the nonlinearity would disturb the blow-up solution,
either by accelerating or delaying it. Recently, Cazenave and Scialom [6] considered the
nonlinear Schrédinger (NLS) equation and got an analytical insight to understand the problem
by showing that the solution really depends on the frequency of the oscillating term. They
proved that the solution u to the IVP associated to the NLS equation

iug + Au+ 0(wt)|u|*u =0, zeRY, (1.12)

where 0 < a < ﬁ is an H'! sub-critical exponent and 6 is a periodic function, with initial

data ¢ € H'(RY) converges as |w| — oo to the solution U of the limiting equation
iUy 4+ AU+ 1(0)|U]*U =0, zeRY, (1.13)

with the same initial data, where I(f) is the average of §. Moreover, they also showed that,
if the limiting solution U is global and has a certain decay property as t — oo, then w is also
global if |w| is sufficiently large. A similar result has been proved for the critical KdV equation
in our earlier work [5]. In this work, we are interested in addressing the supercritical KdV
equation in the same spirit. The numerical evidences for the existence of blow-up solution
to (1.3) in H'(R) due to Bona et al. [3] (see also [2, 4]) and the discussion made above
strengthen our motivation of studying (1.1) with time oscillating nonlinearity.

As discussed above, our interest here is to investigate the behavior of the solution for given
data in H'(R) to the IVP (1.1) as |w| — oco. The natural limiting candidate to think of is
the solution to the following IVP

U + 03U +m(g)0,(U1) =0, k>5,
U(z,0) = é(z), =z teR,

(1.14)

where m(g) = %fOL g(t)dt is the mean value of g and is a real number. To this end, we
need an appropriate well-posedness result for the supercritical KAV equation in H!(R). We
recall the local well-posedness result from [8] for arbitrary data in H*(R), s > sg, stated
in Theorem 1.1 (See also [14]). The function space used in Theorem 1.1 has an additional

norm || D]* D&% kauH Lk L that involves time derivatives of the solution. The presence of
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this norm creates an extra difficulty to handle the time-oscillating nonlinearity. Therefore, to
deal with our case, we need to avoid the presence of the norm that involves time derivatives.
Also, it is very important to have an explicit expression that provides the local existence time
of the solution. In the literature, we did not find an explicitly written proof of the H'(R)
well-posedness for the IVP (1.3) that fulfills our requirement. Therefore, we will provide a
new proof for the well-posedness of the IVP (1.3) in H'(R). Our proof allows us to extend
the well-posedness result to the IVP (1.2) and as a consequence to have an estimate of the
local existence time.

Other than the recent works [5] and [6], there are very less works in the literature that
address the well-posedness issues for the equations of the KdV and NLS family with time
dependent nonlinearity (see [7], [23] and [24]). The authors in [7] deal with the NLS equation
in R? with nonlinearity of the form cos?(Qt)|u/P~!u in the critical and supercritical cases.
The author in [23] considered the transitional KdV equation with nonlinearity of the form
f(t)udyu, where f is a continuous function such that f' € Llloc(R), and proved the global
well-posedness in H*(R), s > 1. The transitional KdV arises in the study of long solitary
waves propagating on the thermocline separating two layers of fluids of almost equal densities
in which the effect of the change in the depth of the bottom layer, which the wave feels as it
approaches the shore, results in the coefficient of the nonlinear term, for details see [17]. In
[24], transitional Benjamin-Ono equation with time dependent coefficient in the nonlinearity
has been considered and the main result is the global existence of the solution for data in
H*R), s > %

Before stating the main results of this work, we define notations that will be used through-
out this work.

Notation: We use f to denote the Fourier transform of f and is defined as,

1 —ix
W/]Re $f(x) de.

The L?-based Sobolev space of order s will be denoted by H*® with norm

fle) =

. 1/2
e = ([ +er1f©R )"

The Riesz potential of order —s is denoted by D3 = (—82)*/2. For f : R x [0,T] — R we

define the mixed Lf L -norm by

Ifllzzre = (/R (/OTlf(x,t)|q dt>p/q da:)l/p,
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with usual modifications when p = co. We replace T' by ¢ if [0, 7] is the whole real line R.
We use the notation f € H*T if f € H*™ for € > 0.

We define two more spaces X7 and Y with norms

1Fllxz =1 e + 100 fll go 2, + 1021l oo 12,

(1.15)
1 llzsrro + 10 fll s 1o + ||3xf||LgoLsT/2 + 1 fllzazse,
and
1 lve = 100 Iz + 112z, (1.16)

respectively. We replace X1 by X; or X (7, if the time integral is taken in the interval
(0,00) or (T, 00) respectively, and similarly for Y.

We use the letter C' to denote various constants whose exact values are immaterial and
which may vary from one line to the next.

First, let us state the H'-local well-posedness result for the IVP (1.3) in a function space

that does not use norms involving time derivatives of the solution.

Theorem 1.2. Suppose ¢ € H'(R). Then there exist T = T(||¢] g1 r)) > 0 and a unique
solution u to the IVP (1.3) satisfying

ue C([0, T); H' (R)), (1.17)
10zt oo 13, + 103 oo 12 < 00, (1.18)
lull g o + 10zl g 1o + 10xull g0 /2 < 00, (1.19)
[ullLazse < oo (1.20)

Moreover, for any T' € (0,T), there exists a neighborhood V of ¢ in H'(R) such that the
map ¢ — @ from V into the class defined by (1.17) to (1.20) with T" in place of T is Lipschitz.

Using Duhamel’s principle, we prove Theorem 1.2 by considering the integral equation
associated to the IVP (1.3),

u(t) = S(t)¢ — /Ot S(t — t" o (uF ) () dt’, (1.21)

where S(t) is the unitary group generated by the operator 93 that describes the solution to
the linear problem. Our interest is to solve (1.21) using the contraction mapping principle in

an appropriate metric space.
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Remark 1.3. Since the average m(g) of g is a constant, the proof of Theorem 1.2 can be
adapted line by line to obtain a similar well-posedness result for the IVP (1.14). The only
difference in this case is that, to complete the contraction argument we need to choose T > 0
in such a way that C’\m(g)\Tl/zHngzl(R) < %. So the existence time T depends on |m(g)| and
[l 71 (ry- We also have the following bound

Ullxy < Cliolmmy, ¥ tel0,T] (1.22)
Regarding the well-posedness results for the IVP (1.2), we have the following theorem.

Theorem 1.4. Suppose ¢ € H'(R). Then there exist T = T([|9ll 1wy, l9llLee) > 0 and a
unique solution uyy, € C([0, T]; HY(R)) to the IVP (1.2) satisfying (1.18)—(1.20).

Moreover, for any T' € (0,T), there exists a neighborhood V of ¢ in H'(R) such that the
map ¢ — Gy, from V into the class defined by (1.17) to (1.20) with T' in place of T is
Lipschitz.

Now, we state the main results of this work.

Theorem 1.5. Fiz ¢ € HY(R). For given w,ty € R, let uy s, be the mazimal solution of the
IVP (1.2) and U be the solution of the limiting IVP (1.14) defined on the mazimal time of
existence [0, Smax). Then, for given any 0 < T < Smax, the solution u 4, exists on [0,T] for
all to € R and |w| large. Moreover, ||uy s, — Ul|x, — 0, as |w| — oo, uniformly in ty € R. In
particular, the convergence holds in C([0,T); H'(R)) for all T € (0, Spaz)-

Theorem 1.6. Let ¢ € H'(R) and uy¢, be the maximal solution of the IVP (1.1). Suppose
U be the mazimal solution of the IVP (1.14) defined on [0, Smaz)- If Smaz = 00 and

Ulgzp0 < oo, (1.23)
then it follows that uy 4, is global for all ty € R if |w| is sufficiently large. Moreover,

lluws, —Ullx, =0, when |w|— oo, (1.24)
uniformly in to. In particular, convergence holds in L>((0,00); H*(R)).

In view of the numerical prediction in [3] of the existence of blow-up solution for the
supercritical KAV equation in H'(R), the Theorem 1.6 is very interesting in the sense that
when m(g) < 0 and k is even the solution U to the IVP (1.14) will be global for all H!-data
(see [8]) and the solution u, ¢, to the nonlinear problem (1.2) will be global too, for |w| large

enough.
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Before leaving this section, we discuss the example constructed in [6] in the context of the
NLS equation with time oscillating nonlinearity. The authors in [6] showed that for small
frequency |w|, the solution w, ¢, blows-up in finite time or is global depending on ¢y, while for
the large frequency |w|, the solution w4, is global for all ¢y € R. The same example can be
utilized with small modification in the context of the supercritical KAV equation. We present

it here for the convenience of the readers.
Example 1.7. Let L > 1,0 < e < % and consider a periodic function g defined by

L sl <e
m(g) =0, and g(s)= (1.25)
0, 1<s<1+e,

with period L.
Fiz ¢ € HY(R) and assume that the solution v of the IVP

U + Vgzw + 0100 = 0, k>5,

v(z,0) = o(x),

(1.26)

blows-up in finite time, say T™. In the light of the numerical evidences presented in [2, 3] (see
also [4]) we can suppose that such a solution v(z,t) of (1.26) with t € [0,T*), ezists.

From Theorem 1.5, for this particular ¢ and the periodic function g, we have that the
solution u,, 4, to the IVP (1.2) converges, as |w| — oo, to the solution U of the linear KdV
equation with same initial data ¢. So, in view of Theorem 1.6, u,+, is global as |w| — oo for
all tg € R.

Now we move to analyze the behavior of the solution for |w| small. Note that g(ws) = 1
when |ws| < e. Therefore, if we consider |w| < 7%, then we see that the solution v to the IVP
(1.26) satisfies (1.2) for to =0 on [0,T*). By uniqueness, u, o = v. Hence the solution u, o
of the IVP (1.2) blows-up in finite time, provided |w| < 7.

Let € = €(A) be as in Corollary 3.5 with A = ||g|[zee. From the linear estimate (2.6) we
have that S(-)¢ € L2L1°, so there exists T > 0 such that

ISOISM s ro = 15C)llrare  <e (1.27)

(T, 00)

Forw > 0, if we consider to = X, we have that g(w(s+to)) =0 for all 1 < w(s+1tg) < 1+e,
i.e., for all0 < s < £. Therefore, if we let w > 0 satisfying w < 4 (i.e., T < £), and choose
to = %, then g(w(s +1tp)) =0 for all 0 < s < T. So, with this choice, u,+, solves the linear
KdV equation if 0 < t < T. Therefore, for w < 4, uyy, evists on [0,T] and is given by
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S(t)¢, in particular vy, (T) = S(T)¢. From (1.27), [[S()tw,to(T)|[gsr10 < €. Hence, from

Corollary 3.5 we conclude that uy,, is global.

This paper is organized as follows. In Section 2 we record some preliminary estimates
associated to the linear problem and other relevant results. In Section 3 we give a proof of
the local well-posedness result for the supercritical KdV equation in H'(R) and some other
results that will be used in the proof of the main Theorems. Finally, the proof of the main

results will be given in Section 4.

2. PRELIMINARY ESTIMATES

In this section we record some linear estimates associated to the IVP (1.1). These estimates
are not new and can be found in the literature. For the sake of clearness we sketch the ideas

involved and provide references where a detailed proof can be found.

Lemma 2.1. If ug € L*(R), then
1025 (t)uoll pge 2 < Clluoll 12- (2.1)

If f € LLL2, then

t
! ! !
Jo: [ su-erse.trae] ., < Cliluzey (22)
and .
2 / / /
o2 [ se—enseenae] <l (2.3)

Proof. For the proof of the homogeneous smoothing effect (2.1) and the double smoothing
effect (2.3), see Theorem 3.5 in [14] (see also Section 4 in [13]). The inequality (2.2) is the
dual version of (2.1). O

Now we give the maximal function estimate.

Lemma 2.2. If ug € H'/4(R), then
1S () uol|parse < C||DY *uo|| 12 - (2.4)

Also, we have

1S@)uollzeerge < Clluoll 1+ (2.5)

(R)’
Proof. For the proof of the estimate (2.4) we refer to Theorem 3.7 in [14] (see also [12] and
[16]). The estimate (2.5) follows from Sobolev embedding. O

In what follows, we state some more estimates that will be used in our analysis.
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Lemma 2.3. If ug € L*(R), then

1S()uoll s Lio < Clluollzz- (2.6)
Also we have

1025 (E)uoll 50372 < C|| Dy *uol| 3. (2.7)

Proof. The proof of the estimates (2.6) and (2.7) can be found in Corollary 3.8 and Proposition
3.17 in [14] respectively. O

Lemma 2.4. Let ug € L2, then for any (0, ) € [0,1] x [0, 3], we have

IDS/2S (t)uoll g 12 < Clluollzz, (2.8)

where (q,p) = (e(a(:_l)u ﬁ)
Proof. See Lemma 2.4 in [11]. O

We state next the Leibniz’s rule for fractional derivatives whose proof is given in [14],
Theorem A.8.

Lemma 2.5. Let o € (0,1), aj,a9 € [0,0a], a1 + ag = a. Let p,p1,p2,q,q1,92 € (1,00) be

such that%—i—i—i, :q%—i—q%. Then

1
T p1 ' p2’ g
ID2(£9) - £D% — 9D% Fligng. < CIDS Flyps s 1 D22l o e (29)

Moreover, for ay = 0 the value ¢u = oo is allowed.

Definition 2.6. Let 1 < p, ¢ < o0, —i < a < 1. We say that a triple (p,q,«) is an

admissible triple if

4+ — == and a=—-——. (2.10)

Proposition 2.7. For any admissible triples (pj,q;, o;), j = 1,2, the following estimate holds

HDQO;1 /Ot St —t)f(-,t)dt

—Q
L’;ngl S CHDI 2fHLp;'2L;1’27 (211)
where p’Q,qé are the conjugate exponents of pa, qs.

Proof. For the proof we refer to Proposition 2.3 in [15]. O

The following results will be used to complete the contraction mapping argument.
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Lemma 2.8. Let X1 and Yr be the spaces defined earlier and S be the unitary group asso-

ciated to the operator 3, then we have

15 (t)uollx, < Colluoll mr(r), (2.12)

H/ S(t f(t) dt’

Proof. The estimate (2.12) follows from the linear estimates in Lemmas 2.1, 2.2 and 2.3. For

< OT) f|ys. (2.13)

the proof of the estimate (2.13), we refer to our earlier work in [5]. O

Lemma 2.9. The following estimate holds,
102 (")l < CllullEh (2.14)

Proof. The idea of the proof is similar to the one we used in [5] for the critical KdV equation.

Using Hélder’s inequality and the fact that H'(R) — L*®(R), we get
102 (" D)l 212, < Cllu* 2o re lu*Ouull 2 1z < Cllull s gy Il Za e 10ntll e 2. (2:15)

Similarly
102 () 2 12 <C I (0aw)? (|2 2, + lu"OFull 312 ]
<Ol llrge e u(@ew)? |l 2 pz. + 162 Lz rgp O3 ull 2 2 ]

< Cllullgod gy ulla pp 100l g a0 10l 52+l 7o 1070l e 2 ]

(2.16)

L20LY
In view of definitions of Xp-norm and Yp-norm, the estimates (2.15) and (2.16) yield the
required result (2.14). O
The following result from [6] will also be useful in our analysis.
Lemma 2.10. Let T >0, 1 <p<qg<o0 and A,B>0. If f € L90,T) satisfies
Ifllzs,, <A+ Blfll, . (2.17)
for allt € (0,T), then there exists a constant K = K(B,p,q,T) such that

I17llzs,, < KA. (2.18)
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3. PROOF OF THE WELL-POSEDNESS RESULTS

We start this section by proving the well-posedness results for the IVP (1.3) announced in
Theorem 1.2.

Proof of Theorem 1.2. For a > 0, consider a ball in X7 defined by
By = {ue C([0,T]: Xr(R)) : [|ullx, < a}.

Our aim is to show that, there exist a > 0 and T > 0, such that the application ® defined
by

®(u) := S(t)p — /Ot S(t — )0, (WP (¢)dt (3.1)

maps Bl into B! and is a contraction.
Using the estimates (2.13) and (2.14), we obtain
I@llxy < Colléllm + CTY2[10 (") vy

1/2)(, 11k+1 (3.2)
< Coll¢l g + CTY lull X

Hence, for u € BL,

@[5 < Coll@ll g + CTH2ak 1, (3.3)

Now, choose a = 2Cq| || ;1 and T such that CTY2a* < 1/2. With these choices we get,
from (3.3),
a

a

P <

Therefore, ® maps B. into BI.
With the similar argument, one can prove that ® is a contraction. The rest of the proof

follows standard argument. ([l

Remark 3.1. From the choice of a and T in the proof of Theorem 1.2 it is clear that the

local existence time is given by

T < Clléll ey (3.4)
Moreover, we have the following bound,
[ullxz < Cliela @) (3.5)

In what follows, we sketch a proof for the local well-posedness result for the IVP (1.2).
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Proof of Theorem 1.4. As in the proof of Theorem 1.2, this theorem will also be proved by
considering the integral equation associated to the IVP (1.2),

u(t) = S(t)¢ — /Ot S(t = t)g(w(t’ + t0))dx(u* 1) (t") at’, (3.6)

and using the contraction mapping principle.

First of all, notice that the periodic function g is bounded, say [|g|[zse < A, for some positive
constant A. Since the norms involved in the space Y permit us to take out ||g||fec-norm as
a coefficient, the proof of this theorem follows exactly the same argument as in the proof of
Theorem 1.2. Moreover, as the initial data ¢ is the same, the choice of the radius a of the
ball is exactly the same. However, to complete the contraction mapping argument, we must
select T' > 0 such that C||g|| e T2* < %, which implies that the existence T is given by

C

T = T(lgll e, 16l s y) = . (3.7)
t BT gl 1012

Furthermore, in this case too, from the proof, one can get

lullxs < Cllola - (3.8)
O

In sequel, we present some results that play a central role in the proof of the main theorems

of this work. We begin with the following lemma whose proof can be found in [5].

Lemma 3.2. Let X7 and Y be spaces as defined in (1.15) and (1.16). Let f € Yp, then we

have the following convergence

t t
| sttt +)s = 0150y = mig) [ 5= )5¢ar. (3.9
whenever |w| — oo, in the Xp-norm.

With the similar argument as in the case of the critical KdV equation (see [5]), we have

the following convergence result.

Lemma 3.3. Let the initial data ¢ € H'(R). Let uyy, be the mazimal solution of the
IVP (1.1). Suppose U be the mazimal solution of the IVP (1.14) defined in [0, Syaz). Let
0 <T < Spmaz and let uy 4, exists in [0,T] for |w| large and that
lim sup sup ||t || L5 7 (r) < 00, (3.10)
lw|—o00 to€R
and

lim sup sup || to || papee < 00. (3.11)
|w|—o00 to€ o
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Then, for all t € [0,T],

sup ||uw s, —Ullx; =0, as |w| — oo. (3.12)
toeR

In particular, uyt, — U as |w| — oo, in H'(R).

Proof. Since u,+, and U have the same initial data ¢, from Duhamel’s formula, we have

t
oy — U = /O 9wt + 10))S(t — )0y (ulHY)dt / St — )0, (UMt
t
- / G (! + 1)) S(t — ), (ul ] — UF1)at!
0 (3.13)
t
+ [ ol + t0) — m(@)IS(e - £)0.(UF )
0
=1 + Is.
We note that
]ukH —’Uk“\ < C’(|u]k+ |U\k)|u—’u| (3.14)

and
00 (=) < O [(Jul + 0] 0 (1 — )] + (1Beta] + [0 (L + oY) Ju— ] (3.15)
Let |lg[|lzse < A. Use of (2.2), (3.14), Holder’s inequality and the assumptions (3.10) and
(3.11), yield
||11”L°T°L§ < C||9||L%°||U£ﬁ01 - Uk+1||L}cL?F
< CA”U(’Z,to(uwytO - U)HL;L% + | U* (g — U)HL;LZ’T
< CAlul 4 2 leto = Ullzznz, + 0¥ |z e s = Ullzarz
< CA|lb Pl e e o 2z + 102l n 10Uz nse | Itoto — Ullzz 2
< CA [l gy Mt 10 + WU 21 gy N0 e | st = Ul s

< CAluw,ty = Ullpz p2-

(3.16)
Again, using (2.2) and (3.15), one can obtain
1021 || Lso 2 < CAH%(“ZZ??; - UkH)HLlL?T
< CA[(Juwto]* + U170 (ttg — Ul 11 12,
(3.17)

+ 1 (10xttwto | + 10U ) ([t to [~ + U ) (wintg = U)ll a2

=: CA[J; + Jo).
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With the same argument as in (3.16)

1 < OO0ty — D)l gz 13- (3.18)

k

Now we move to estimate the first term, ||u,

;;(%uw,to (U ity —U) HL;L% in Jy, the estimates
for the other terms are similar. We have,

k— k—
a2ty (oo — Ul 12 < Ol g2 pe 200ty (s — U122

k—3
< CHuw,toH%gL%OHuw,to HL%OL%’||amuw,to”L°T°L§”(uw,to - U)HLQTLgO

b
< CHuW,tOH%‘éL%O”uw7t0HL%EHI(]R)H(uW,tO - U)HLQTHl(R)

< COll(uw,to = Ul 2.1 (-

(3.19)
Inserting (3.18) and (3.19) in (3.17), we get
10:D1 [l pger2 < CAl[(uwty — U)ll 2. my- (3.20)
Combining (3.16) and (3.20), we obtain
M1l e vy < CAll(uwto — Ul 2 1 m)- (3.21)
From Lemma 3.2, we have
12/l Le rrir) < Co = 0, as |w| — oo (3.22)
Therefore, we have
[twto = Ullpge i wy < CAll(wo,ty — U)ll L2 1) + Co- (3.23)
Applying Lemma 2.10 in (3.23), we get
[tw,to = Ullzee iy < KCw — 0, as |w| — oo. (3.24)
From (3.23) and (3.24), it is easy to conclude that
| (vt — U)HL%Hl(]R) =0, as|w|— occ. (3.25)
Now, we move to estimate the other norms involved in the definition of X7. Let,
0= 110 (tarte = Ullgon, + 1107 (o = Ul e, + koo = Ullggo + 1 Do (tento = Ul 30

and

£, =0z (uw, — U)

HL%OL?/Q + ”Uw7t0 - UHL‘;L%O
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Use of (2.2), (2.3), the estimate (2.11) from Proposition 2.7 with admissible triples (p1, ¢1, 1) =
(5,10,0), and (p2, g2, a2) = (00,2, 1) in (3.13), yields

€, < CAOu(uly — UM lIpare + CAlGl — UM e + IRl xy (3.26)

w,to w,to
Therefore, with the same argument as in (3.16)-(3.20), we can obtain
L1 < CAlluwty = Ullpz g + Co (3.27)
Hence, using Lemma 3.2 and (3.25) we get from (3.27) that

|w|—o0
%

I 0. (3.28)

Finally, to estimate £, we use Proposition 2.7 with admissible triples (p1, g1, @1) = (20,5/2,3/4)
and (p2,q2,a2) = (20/3,5,1/4), to get

’ 0, /Ot S(t — ) f(-.¢)dt

and with admissible triples (p1,q1,a1) = (4,00,—1/4), and (p2, g2, 2) = (20/3,5,1/4), to

have

<C 3.29
11 20175 (3.29)

L20r3?* —

H /Ot St —t)f(,t)dt

Using (3.29), (3.30), and the definition of X7, we get from (3.13) that

< CHfHLiO/17L5T/4. (3.30)

LALS®
£, < CA|0x(ugly — UkJrl)llL;O/wL;/4 + (M2l xr (3.31)
Using (3.15), we can obtain
102 (utsy — Uk“)lngEO/stT/4 < C (et + 1U1F) 0 (ot — Ul 2017 54
T R N e 7 YO ) P

=: C[jl + jg]
(3.32)
Holder’s inequality, the fact that 20/13 > 10/7, Sobolev immersion and the assumption (3.10),
imply that
T k k
To < 10 usts ~ Dllg g U gl o sors + 10 2o o)
< C1Putoass = Dlspl Uil + WPzt

k k
< 0wty — U)o TNt s + 1010}

< CT7/10H8x<uw,to - U)HLLZL%O
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. . . . . k1
As in (3.17), we give details in estimating the first term, [ug ;) Ot 1o (Ut — U) HLEP/”L‘;/“
in J, the estimates for the other terms are similar. Here too, Hélder’s inequality, the fact

that 20/3 > 5, Sobolev immersion and the assumption (3.10), yield

k-1 k-1
s 9 Ot to (Ut — Ul 2017 o < Cllugs ol 2075 15 105w to | 2 22 1uerte = Ull g g

k—
< CHuw,t;HL%LgO/ii||aruw,to||L2TL§ [tw,to — U”LngTO

(3.34)
< CTWlOH“w,toH]z%OHlH“wio - UHLngTO
< CT g py — Ull Lz Lio-
In view of (3.32), (3.33) and (3.34), we get from (3.31) that
€, < CATM)|0s (wwty — Ul g0 + lltwty — Ullz a0} + Clo. (3.35)
Therefore, Lemma 3.2 and (3.28), imply
g, 5>, (3.36)
Now, the proof of the Lemma follows by combining (3.24), (3.28) and (3.36). O

In what follows, as we did in our earlier work [5], consider the supercritical KdV equation

with more general time dependent coefficient on the nonlinearity
Up + Ugge + R0 (W) =0, 2,teR, k>5
u(z,0) = ¢(z),

where h € L™ is given.

(3.37)

The results for the IVP (3.37) and their proofs that we are going to present here are quite
similar to the ones we have for the critical KdV equation in [5]. For the sake of clarity, we

reproduce them here.

Proposition 3.4. Given any A > 0, there exist € = €(A) and B > 0 such that if ||h||L~ < A
and if $ € H'(R) satisfies
1S@6lz 10 < e (3.38)

then the corresponding solution u of (3.37) is global and satisfies
Jullzs 1o < 2[[S(8)@] L5 L10, (3.39)
lullx, < Bl w)- (3.40)
Conwversely, if the solution u of (3.37) is global and satisfies

lull s Lo <€, (3.41)
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then

”S(t)¢||LgL}0 < 2HU”Lth10- (3.42)

Proof. Since ||h|[ze> < A, as in Theorem 1.4 we can prove the local well-posedness for the IVP
(3.37) in H*(R) with time of existence T = T(||¢| g1 (r), ||l ). Let u € C([0, Trnae); H' (R))
be the maximal solution of the IVP (3.37). For 0 < ¢ < T)4., we have that

u(t) = S(t)p + w(t), (3.43)
where
w(t) = — /Ot St — V()0 (uF ) () at'.
Using (2.11) from Proposition 2.7 for admissible triples (5,10,0) and (00,2, 1), we obtain

k k—
lwll g a0 < CAllu* Ly 2 < CAIlM Lo pge 14l 2y 22,

od 5 5 (3.44)
< CA”UHLOTOHI ”uHLgL,}O < CAHUHLQL%FO‘
From (3.43) and (3.44) it follows that
[ lull g 210 = 1Sl 1z 210 < CAllul75 0. (3.45)
Thus, for all T' € (0, T)nqe) one has
lull g oo < e+ CAJJull 75 0. (3.46)
Choose € = €(A) such that
CA2e)" < 1/2, (3.47)

and suppose that the estimate (3.38) holds. As the norm is continuous on 7' and vanishes
at T = 0, using continuity argument, the estimate (3.46) and the choice of € in (3.47), imply
that
Moreover, from (3.45)

oz <IS@ligum  +CAlullyp -
<[S®¢lrzrw + CA(26)4”UHL§L1T2MZ'

Therefore, with the choice of € satisfying (3.47), the estimate (3.49) yields

lull gz <280l iz - (3.50)
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In what follows, we will show that Ty, = 0o. The inequalities (2.2), (2.3), (2.11) with
admissible triples (5,10,0) and (00,2,1), and Holder’s inequality imply

lwll e + 100wl oo 2 + 107wl oo r2. + w0l g 130 + 100 f | g 30 < CAllull s paollullx,- (3.51)
Now using (3.29), (3.30) and Hélder’s inequality, we have

102wl

k
pa0p32 +lIwllzg e <CA|0x(u +1)||L50/17L;/4

SCAHuk”L‘Z/‘lL;/2 Haﬂ?uHLgoL‘;/z

SCAlluk_4||Lg°L39||u4||Lg/4L;/2||3xUHL%oL;/2
SCAHUHIZ?HlHuHingToH@muHLioLsT/z
SCAHUH%ngTo||3xU||L30L5T/2' (3.52)
Combining (3.51) and (3.52), we obtain
lwllx, < CAllullgs o llullx- (3.53)
This estimate with (3.47) and (3.48) gives
1
lwllxr < CAQe) ullxr < 5 llullxe- (3.54)
Using (3.43) we obtain
1
lullxy < 15®)llxr + lwllxy < Clidlm @ + 5 lulxr, (3.55)
for all T' € (0, Taz ). Therefore, we have
lullxz,,,, < 2C10lmw)- (3.56)
Hence, from the definition of ||ul|x,, ~ , we have that
lullzze  mrgey < Clu(O) . (3.57)

Now, combining the local existence from Theorem 1.4 and the estimate (3.57), the blow-up
alternative implies that Tjqe = co. Finally, the estimates (3.50) and (3.56) yield (3.39) and
(3.40) respectively with B = 2C.

Conversely, let 11,4, = 0o and (3.41) holds. With the similar argument as in (3.45), we
can get

[ lull g 230 = 1S®)¢ll 3 130] < CAllullZs 0. (3.58)

Thus, from (3.58) in view of (3.41) and (3.47), one has

||5(t)¢‘|Lng0 < ||UHL3L,}0 + CA€4||U”L§;L,§0 < 2||uHLth10' (3.59)
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n

Corollary 3.5. Let h € L*°(R) satisfy ||h||r~ < A and € and B be as in Proposition 3.4.
Given ¢ € H'(R), let u be the solution of the IVP (3.37) defined on the mazimal interval
[0, Trnaz)- If there exists T € (0, Tynqaz) Such that

1S@)u(T) L0 <,
then the solution u s global. Moreover
HUHLgL(l%m) <2, and |ulxq.., < Bllu()]|me)-

Proof. The proof follows by using a standard extension argument. For details we refer to the

proof of Corollary 2.4 in [6]. O

4. PROOF OF THE MAIN RESULTS

The argument in the proof of the main results, Theorem 1.5 and Theorem 1.6, is quite
similar to the one used in the case of the critical KdV equation [5]. As mentioned earlier,
Lemma 3.3 and the local existence Theorem 1.4 are used in the proof of Theorem 1.5. While,
Proposition 3.4 and Theorem 1.5 are crucial in the proof of Theorem 1.6. Here we adapt the

techniques used in [5] and [6] to complete the proofs.
Proof of Theorem 1.5. Let A = ||g||zee, T € (0, Smax) fixed and set

Mo =2 sup |U(t)|| g (w)- (4.1)
te[0,T]
In particular, for ¢ = 0, (4.1) gives ||@| g1 ®) < Mo/2. From Theorem 1.4, we have that for

all w,ty € R, uy 4, exists on [0,6]. Using (3.7) we have that the existence time §, is given by

C
0= ——¢. 4.2
Moreover, from (3.8)
lim sup sup ||ve g || L3 1) < CllO] 1 (w) (4.3)
|w|—o0 to€ER
and
lim sup sup || gl e mw) < Cllol 1 w)- (4.4)
|w|—o00 to€R
|w|—o00 . .
From Lemma 3.3, we have that sup cg |[uwt, — Ullx, — 0, in particular
|w|—o00
sup [[uew,to(86) = U(0) || 1 () 0. (4.5)

toeR
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Combining (4.1) and (4.5), for |w| sufficiently large, we deduce that
SUD (|t to ()| 711 R) < Mo- (4.6)
toER

We suppose 6 < T, otherwise we are done. Using Theorem 1.4 we can extend the solution
Uy i, (as in the proof of Corollary 3.5) on the interval [0,26], with [|Gw.tollLe (0,61 (®) <
Ol ()] 171 (s Whewe Tty (£) = et (£ +6) L.y [ttt |20 52101 2) < Cllttnto (6) 1112y <

CQ||¢HH1(R). Therefore, (4.3) gives

lim sup sup vt | 252 0,26 1 (R) < C(1 + O[] 1(w)- (4.7)

|w|—o00 to€

Similarly, from (4.4),

limsup sup (vt |21 Lo @) < C(1+ O)||@] 1 (w)- (4.8)

|w|—oo to€

So, we can again apply the Lemma 3.3. Iterating this argument at a finite number of times

with the same time of existence in each iteration, we see that

lim sup sup ([t Lo mr(r) < Cll Al m1(w)

|w|—o0 to€
and
lim sup sup ||t bl 2150 < OS] 1w)-
|w|—o0 to€ER
The result is therefore a consequence of Lemma 3.3. ]

Proof of Theorem 1.6. Let € € (0,€(A)), where €(A) is as in Proposition 3.4. If T' is sufficiently
large, from (1.23), we have that

€
Wl <5 (4.9
Applying Proposition 3.4 to the global solution U(t) = U(t + T'), the inequality (3.42) gives
~ ~ €

||S(t)U(T)HLng0 = HS(t)U(O)HLngO < QHUHLngO = 2HUHL§L%%OO) < 9 (4.10)

From this inequality and Corollary 3.5 we get
U ey < BIU(T) | 111wy (4.11)

From Theorem 1.5 it follows that

sup sup |[uwt,(t) = U)|grwy — 0, as  |w| — oo. (4.12)
to€R 0<t<T
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Thus, if |w| is sufficiently large, the triangular inequality along with (4.12) gives
1St 230 < 1S )ttt (T) = SEUT) 130 + ISOUT) 15 120
< [ttt (1) = U(D) 22 + 5
<e

Therefore, Corollary 3.5 implies that u, ¢, is global. Moreover,

tsu%Huw,toHLngg o 526 and uwnllxerw < Blltwto (1)l @),
0€ ’

for |w| sufficiently large.

(4.13)

(4.14)

Let Mo = supg<;<r [|U ()| 71(r), s in (4.1). Now, we move to prove (1.24). The inequalities

(4.12) and (4.14) show that there exists L > 0 such that

sup sup sup ||ug 1o (t) | g1 ry < (14 Mo) + Blltw,to(T) || g1 (ry = M1 < oo.
lw|>L to€R >0

In what follows, we prove that u s, — U in the || - || x,-norm, when |w| — oo.

Using Duhamel’s formulas for u, , and U we have

Ueoto (T +1) = U(T + 1) = S(t) (e, (T) — U(T))
— /t St —t)g(w(T+t + to))8$(uﬁj;§)(T +t')dt’
0

t
Fmlo) [ S— D00+ i
0
=1L+ I+ 1.
Using properties of the unitary group S(¢) we have by (4.12) that

|w|—00
%

allx, = 1S (#) (oo (T) = U(T)) |, < Clltro,to(T) = Ul 11 m) 0.

With the same argument as in (3.53), we have
[L2]|x, < CAHUW,toHigL%%OO)Huw,t()HX(T,oo)a
From (4.18), with the use of (4.14) and (4.15), we have
| I2]|x, < CA(2¢)*BM,.
As in I, using (4.9) and (4.11), we get
3] x, < CA||U||4Lngg’ 1N % 2,00)

o)

< CAG)LLBMO.

(4.15)

(4.16)

(4.17)

(4.18)

(4.19)

(4.20)
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Now given S > 0, we choose ¢ > 0 sufficiently small (T sufficiently large) such that
CA(2¢)*[BMy + BM;| < /3 and |w| sufficiently large, so that (4.16), (4.17), (4.19) and
(4.20) imply

[tto () = U X700y = Nt,te (T +8) = U(T + 1) x,

< [ Nllx, + 12l x. + (3]l x, (4.21)
< B.
On the other hand, from Theorem 1.5, we have
|w|—o00
[tto,10 (8) = U)X 0.y = Ittt (8) = U (8)] x1 0. (4.22)
Therefore, from (4.21) and (4.22), we can conclude the proof of the theorem. O
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