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Abstract

This paper is concerned with the structure of implicit operations on R N LJq,
the pseudovariety of all R-trivial, locally idempotent and locally commutative semi-
groups. We give a unique factorization statement, in terms of component projections
and idempotent elements, for the implicit operations on RN LJ;. As an applica-
tion we give a combinatorial description of the languages that are both R-trivial
and locally testable. A similar study is conducted for the pseudovariety DA N LJ4
of locally idempotent and locally commutative semigroups in which each regular
D-class is a rectangular band.

1 Introduction

Since the publication of Reiterman’s paper [14],— where he showed that pseudovarieties
are defined by pseudoidentities, i.e., by formal equalities of implicit operations,— the
theory of implicit operations has received a great deal of attention, particularly in the
work of authors like Almeida, Azevedo, Selmi, Weil and Zeitoun [1, 3, 5, 8, 15, 19].
In fact, the description of the structure and properties of the semigroups of implicit
operations (also known as free profinite semigroups) on a pseudovariety proved to be a
useful tool in the study of that pseudovariety and on the variety of recognizable languages
associated with it (via Eilenberg’s Theorem on varieties [10]).

In a remarkable work, Almeida [2] gives a description of the structure of the free
profinite J-trivial semigroups and solves the word problem for them. He shows that
each implicit operation on the pseudovariety J of J-trivial semigroups admits a canonical
factorization in terms of component projections and regular elements. Azevedo [7, 8]
showed that this result can be partially extended to any subpseudovariety V of DS,
the pseudovariety of all finite semigroups in which all regular elements lie in groups.
In fact, he showed that each implicit operation on V can be factorized as a product
of component projections and regular elements. However, relatively few forms of such
factorizations are known to be canonical.

Let LJ; be the pseudovariety of all locally idempotent and locally commutative
semigroups, that is, the pseudovariety of all finite semigroups S such that eSe is a
semilattice for each idempotent e of S. Brzozowski and Simon [9] and McNaughton [11]
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proved that the variety of recognizable languages associated with LJq is the important
class of locally testable languages. Recall that a language L is locally testable if one
can decide the membership of a given word v in L by considering the factors of a fixed
length k of u and its prefix and suffix of length £ — 1.

This paper is a contribution to the study of implicit operations on subpseudovari-
eties of DS and LJ;. We give unique factorization statements for the implicit operations
on RNLJ;, LNLJ;, JNLJ; (for which we give a new proof of Selmi’s results [15])
and DA NLJ;, where R (resp. L) is the pseudovariety of all finite R-trivial (resp.
L-trivial) semigroups, and DA is the pseudovariety of finite semigroups in which all
regular elements are idempotents. As a consequence of this work we are able to give
combinatorial descriptions of the classes of languages recognized by each of these pseu-
dovarieties. More precisely, for each finite alphabet A, we describe a set of generators for
the Boolean algebra of the recognizable languages of AT that are both R-trivial (resp.
L-trivial, J-trivial, DA-recognizable) and locally testable. These generators are all of
the form ugAjui A3 - - - Aju, where n > 0, the u; are words over A, the A; are pairwise
disjoint subsets of A, and where the extreme letters of the u; satisfy some conditions
depending on the pseudovariety involved. Note that several varieties of languages have
been described as Boolean combinations of languages of the form wgAjui A5 --- A uy,
imposing various conditions on the words u; and on the subsets A; of A (e.g. piecewise
testable languages (Simon [16]), R-trivial languages (Eilenberg [10]), level 2 languages
in the Straubing hierarchy (Pin and Straubing [13]), etc).

As a consequence of our results we compute the join (RN LJ1) vV (LN LJ;) which
we prove is equal to DA NLJ;. We then deduce that (R vV L)NLJ; = DANLI;.
This is an interesting and somewhat unexpected equality since RV L is “far from being
equal” to DA.

This paper is organized as follows. In section 2 we recall the main definitions and
properties concerning pseudovarieties, implicit operations and languages. In section 3
we describe the structure of the semigroups of implicit operations on RN LJ1, J N LJy
and DA N LJy, and show that (RN LJ;)V(LNLJ1) = DA NLJ;. Section 4 is devoted
to the characterization of the varieties of languages associated with the pseudovarieties
considered in section 3. Finally, in section 5 we show that the (R N LJ)-recognizable
languages can be described by certain congruences.

2 Preliminaries

We begin by presenting basic definitions and notation concerning words. Next we recall
the notion of pseudovariety of semigroups and define the pseudovarieties mentioned in
this paper. We then review some definitions and facts concerning implicit operations
and pseudoidentities. Next we present the main definitions about recognizable languages
and their relations with pseudovarieties. We conclude by summarizing some properties
of the implicit operations on subpseudovarieties of DS. For omitted proofs and missing
definitions, the reader is referred to the books of Almeida [3], Eilenberg [10] and Pin [12],
and to the surveys [5, 17].

Words Let A be a finite non empty set, or alphabet. The elements of A are called
letters and those of A*, the free monoid on A, words. The identity of A* is called the
empty word and is denoted by 1. If u = a1 ---a, (a; € A) is a word of AT, the free
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semigroup on A, the number n is called the length of u and is denoted by |u|. The
length of the empty word is 0.

We denote by AN (resp. NA) the set of all words over A that are “infinite to the right”
(resp. “infinite to the left”), that is, the set of sequences of letters of A indexed by N
(resp. —N). The set of all letters appearing in a word (finite or infinite) u is denoted by
c(u) and is called the content of u.

A word u € A* is a prefiz (vesp. suffir, factor) of a word x (finite or infinite) if there
exist words y and z such that x = uy (resp. = = yu, © = yuz). For each integer k we
denote by pg(z) (resp. si(x), Fi(z)) the prefix (resp. suffix, set of factors) of x of length
k, if it exists.

Pseudovarieties A pseudovariety of semigroups is a class of finite semigroups closed
under taking subsemigroups, homomorphic images and finite direct products. The pseu-
dovariety of all finite semigroups is denoted by S, and I denotes the trivial pseudovariety,
consisting only of the 1-element semigroup. The pseudovarieties R, L, J and J; are re-
spectively the classes of all R-trivial, L-trivial, J-trivial (where R, £ and J are the
Green relations) and idempotent and commutative semigroups (or semilattices). We
denote by DS (resp. DA) the pseudovariety of all semigroups S in which each regular
D-class is a subsemigroup of S (resp. which is idempotent).

For any pseudovariety of semigroups V, the class LV of all finite semigroups S such
that eSe € V for each idempotent e of S, is a pseudovariety of semigroups. Particularly
important in this paper is the pseudovariety LJ; whose elements are called locally
idempotent and locally commutative semigroups. The pseudovariety LI of locally trivial
semigroups is one of its subpseudovarieties. We will also encounter K (resp. D) which
is the subpseudovariety of LI consisting of all finite semigroups S such that eS = e
(resp. Se = e) for each idempotent e of S. The pseudovariety of nilpotent semigroups
isN=KnD.

Finally V V W denotes the least pseudovariety containing both the pseudovarieties
V and W.

Implicit operations and pseudoidentities  We first review some definitions and
facts concerning free profinite semigroups. For details and proofs, the reader is referred
to Almeida’s book [3] and to the survey [5].

Let V be a pseudovariety. A profinite (resp. pro-V) semigroup is a projective limit of
finite semigroups (resp. in V). A topological semigroup is profinite (resp. pro-V) if and
only if it is compact and 0-dimensional (resp. and all its finite continuous homomorphic
images are in V). If A is an alphabet, we say that a profinite semigroup S is A-generated
if there exists a mapping p : A — S such that the subsemigroup generated by p(A) is
dense in S. We denote by F 'A(V) the projective limit of the A-generated elements of V.
The elements of F4(V) are usually called (|A]-ary) implicit operations (on V).

If V admits a finite free object F4(V) over the alphabet A, then Fiy(V) = F4(V).
This is the case, for instance, of J1: F4(J1) is the semigroup P(A) of non empty subsets
of A under union.

The following important properties of Fy (V), will be used freely in this paper.

Proposition 2.1 Let A be an alphabet and let V be a non trivial pseudovariety.

(1) There exists a natural injective mapping v : A — Fa(V) such that o(A) generates
a dense subsemigroup of Fa(V).
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(2) Fa(V) is the free pro-V semigroup over A: if ju is a mapping from A into a pro-V
semigroup S, then p admits a unique continuous extension [i : F4(V) — S such
that fLot = p. |

Usually we will ignore the mapping ¢ : A — F '4(V), and consider A as a sub-
set of F '4(V). Observe that, if W is a subpseudovariety of V, then every pro-W
semigroup is also pro-V. So, in particular, we have the following important appli-
cation of Proposition 2.1: the identity of A induces a continuous onto homomorhism
7 Fo(V) — F4(W), called the canonical projection of F4(V) onto Fo(W). The image
7(z) of an element z € F4(V) is called the restriction of = to W. In particular, when V
is a pseudovariety containing Jq, the canonical projection c : Fy (V) — F 4(J1) =P(A)
is called the content homomorphism on V. As one can easily show, ¢ extends to the
elements of F4(V) the notion of content for words of A*.

For each z € F4(V), the sequence (z™), converges in F4(V). Its limit, denoted by

“_ is the only idempotent in the topological closure of the subsemigroup generated by

T
T.

Let V be a pseudovariety and let A be an alphabet. A pseudoidentity on V on the
alphabet A (or, in |A| variables) is a pair (u,v) of elements of F4(V), and is usually
denoted u = v. It is said to be non trivial if the elements v and v are distinct. We
say that u = v is an identity if v and v are words, i.e., finite products of elements of
A, or elements of t(A"). We say that a pro-V semigroup S satisfies a pseudoidentity
u=wv on V, and we write S = u = v, if, for any continuous morphism p : FA(V) — S,
we have pu(u) = p(v). We say that a class W of pro-V semigroups satisfies a set ¥ of
pseudoidentities on V, and we write W |= X, if each element of W satisfies each element
of 3. The class of all finite semigroups which satisfy ¥ is said to be defined by X and is
denoted [X]v ([X] if V = S). For instance, we have the following equalities:

o Ji = [vy = yx, 2% = z];

e R=[(zy)“z = (zy)“]; L= [y(zy)” = (zy)“];

e K=[z¥y=2]; D=[yz¥=2a"];

LI = [z¥yx® = z¥];

L)y = [z¥ya“yz? = a¥ya?, a¥yxv za® = x¥ za¥ya”];

DA = [(zy)“(yx)“(zy)” = (xy)*, 2¥z = 2“[;
o DS = [((zy)”(yz)* (xy)*)” = (zy)“].
The following remark will be useful.

P?ropositiqn 2.2 Let W C V be pseudovarieties and let {1 be an alphabet. Let 7 :
F4(V) = Fa(W) be the canonical projection and let x,y € Fa(V). Then, W Exz =y
if and only if m(x) = 7(y). [

The following fundamental theorem is due to Reiterman [14].

Theorem 2.3 Let 'V be a pseudovariety and let W be a class of semigroups in V. Then
W is a pseudovariety if and only if there exists a set ¥ of pseudoidentities on 'V such
that W = [[E]]V, [ |
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Languages recognized by a pseudovariety V.  Let A be an alphabet and let V
be a pseudovariety. A subset L of AT is called a language. It is said to be recognizable
(resp. V-recognizable) if there exists a finite semigroup S (resp. in V) and a morphism
p: At — S such that L = p~(u(L)). In that case, we say that S recognizes L. The
syntactic congruence of a language L is the congruence ~j, over AT given by

U~ v if and only if zuy € L < xvy € L for all z,y € A*.

The syntactic semigroup of L, denoted by S(L), is the quotient of AT by ~y. We
know that L is recognizable (resp. V-recognizable) if and only if S(L) is finite (resp.
S(L) € V). Furthermore, a semigroup S recognizes a language L if and only if S(L)
divides S (that is, if S(L) is a homomorphic image of a subsemigroup of S). For more
details on recognizable languages, the reader is referred to [10, 12].

A class of (recognizable) languages is a correspondence C associating with each al-
phabet A a set ATC of (recognizable) languages of A™. A wvariety of languages is a class
V of recognizable languages such that

(1) for every alphabet A, ATV is closed under finite union, finite intersection and
complement;

(2) for every morphism ¢ : AT — BT, L € BTV implies ¢~ 1(L) € ATV;

(B)if Le ATV anda € A, thena 'L ={u€ AT :au € L} and La™! = {u € A" :
ua € L} are in ATV.

Let V be a pseudovariety and let V be the class of recognizable languages which
associates with each alphabet A the set ATV of V-recognizable languages of A*. One
can show that V is a variety of languages. Moreover, Eilenberg [10] proved the following
fundamental result.

Theorem 2.4 The correspondence V +— V defines a bijective correspondence between
pseudovarieties of semigroups and varieties of languages. ]

We summarize in the next theorem the well-known characterizations of the varieties
of languages associated with LI, LJ;, R, L and DA (see Pin [12]).

Theorem 2.5 For each alphabet A, the following hold.

(1) The Boolean algebra of all LI-recognizable languages of AT is generated by the
languages of the form wA* and A*w where w € A™.

(2) The Boolean algebra of all L1 -recognizable (or, equivalently, locally testable) lan-
guages of AT is generated by the languages of the form wA*, A*w and A*wA*
where w € A™.

(3) The Boolean algebra of all R-(resp. L-)recognizable languages of A* is generated
by the languages of the form

* *
Apar AL - - - an Ay,

where A; CA(i=0,...,n) and a; € A\ Ai—1 (resp. a; € A\ A;) (i =1,...,n).
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(4) The Boolean algebra of all DA-recognizable languages of A" is generated by the
languages of the form
Abar AL - ap, AY (1)

with a1,...,a, € A, Aog,...,An € A and the product (1) is unambiguous in the
sense that each of its elements w has a unique factorization w = ugaiuy - - - Gplin
with u; € Af (i =0,...,n). [

We say that a family X of subsets of F4(V) separates the points of F(V) if, for
each pair of distinct elements x and y in FA(V), there exists an element X of X’ such
that either x € X and y € X, or z € X and y € X. The next result, due to Almeida
[3, 5], will be very useful.

Proposition 2.6 Let A be an alphabet, let V be a pseudovariety satisfying mo mon
trivial identity and let V be the corresponding variety of languages. Let L be a subset of
ATV and let L be the set of the topological closures in FA(V) of the elements of L.
The Boolean algebra ATV is generated by L if and only if the points of FA(V) are
separated by L. |

Subpseudovarieties of DS Almeida and Azevedo [4] gave a number of factorization
and regularity results for the implicit operations on subpseudovarieties of DS, which will
prove fundamental in this paper. Some of these results are summarized in the following
proposition.

li’roposition 2.7 Let 'V be a subpseudovariety of DS containing J1 and let x,y €
Fa(V).
(1) = can be written as a product of the form
T = UgT1UL -+ Tplp
where the u; are words and the x; are regular implicit operations on V.
(2) If x and y are regular, then x J y if and only if c(z) = c(y).

(3) If w e Fo(V), ¢(w) C e(y), x = wy (resp. © = yw) and y is regular, then = is
reqular and x Ly (resp. xR y). [

We now consider the pseudovarieties N, K, D and LI. It is well known that N
satisfies no non trivial identity. This means that the natural morphism ¢ : AT — F4(N)
is injective for each alphabet A. In particular, we may identify the free semigroup A™
with a subsemigroup of F4(IN). Since N is contained in K, D and LI the same is true
for each of these pseudovarieties.

Furthermore, we have (see [3]) that:

e [4(N) = AT U{0} and the product in F4(N) is extended from the product in A+
by letting 0w = w0 = 0 if w € AT U {0};

o [4(K) = AT UAN and the product in F4(K) is extended from the product in A+
by letting ww' = w if w € AV;

o F4(D) = AT UM and the product in F4(D) is extended from the product in A+
by letting w'w = w if w € NA;
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o [4(LI) = AT U (AN x NA) and the product in F,(LI) is given, for all u,u’ € At
and (v, w), (v/,w') € AN x NA, by:

u- (v, w) ; (uv, w)
v,w)-u = (v,wu)
(v,w) - (W, W) = (v,w).

Note that if 2 = (u, v) is an element of Fiy(LI)\ AT, then u (resp. v) is the restriction
of z to K (resp. D). In particular, LI satisfies a pseudoidentity = y if and only if K
and D satisfy x = y. This is another way of stating the well known equality LI = KV D.

3 Implicit Operations on RN LJ;, DANLJ; and JNLJ,

This section is concerned with the structure of semigroups of implicit operations on
RNLJy, DANLJ; and J NLJy. We prove that every element of each of these semi-
groups can be written in a canonical form as a product of words and idempotents.
We apply these results to the computation of the pseudovariety (R N LJ1) VvV (LN LJq)
which we prove is equal to DA N LJ;.

Implicit operations on RN LJ;  We begin by proving a crucial result about the
implicit operations on LJ; (see [3]). Since LJ; satisfies no non trivial identity (say
because N C LJq) the free semigroup AT can be seen as a subsemigroup of FA(LJ 1)
Let F4(LJ1)! denote the monoid F4(LJ1) U {1} and let 2 € F4(LJ1). We denote by
Fact(z) the set of all words u € AT such that u is a factor of z, i.e., such that z = yuz
for some y, z € Fu(LJ1)".

Proposition 3.1 Let A be an alphabet and let x,y € FA(LJl). Then, x =y if and only
if Fact(xz) = Fact(y) and LI E x = y.

Proof. Since LI is contained in LJ; the necessary condition is immediate. Suppose
now that Fact(x) = Fact(y) and that LI = x = y. As we recalled in Theorem 2.5,
the Boolean algebra of all LJi-recognizable languages of A" is generated by the set
L = {wA* A*w, A*wA* : w € AT}, The set of the topological closures in Fy(LJ1) of
the elements of L is

L = {wFA(LI1)Y, Fo(LI1) w, Fo(LI1) 'wFs(LI1)! - w € ATY.

Indeed we have wA* C wE4(LJ1)! C wA* since AT is dense in Fiy(LJ1). Now,
since wF(LJ1)" is closed, we deduce that wFy(LJ1)! = wA*. The computation of the
closure of A*w or A*wA* is similar.

Now, we claim that £ does not separate x and y. Let us suppose first that = €
Fy(LJy)"wE4(LJ1)!. This means that w is a factor of = and, by hypothesis, w is also
a factor of y. Then, y € F(LJ1)'wF4(LJ1)". Suppose now that 2 € wE,(LJy)'. This
means that w is a prefix of the restriction of x to K. Since LI satisfies x = y, we have
that K satisfies + = y. Hence w is also a prefix of the restriction of y to K, meaning
that y € wFA(LJ 1)!. Finally, if we suppose = € FA(LJ 1)'w we can show analogously
that y € FA(LJl)lw, proving the claim. So, by Proposition 2.6, we have that x =y. ®
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Now we characterize the idempotents of F4(R N LJy).

Proposition 3.2 Let A be an alphabet and let x and y be idempotents in FA(R NLJy).
Then, x =y if and only if c(x) = c(y) and K = x = y.

Proof.  Suppose first that z = y. Since J; and K are contained in RN LJ;, we
conclude immediately that ¢(z) = ¢(y) and that K satisfies z = y.

Suppose now that ¢(z) = ¢(y) and that K satisfies x = y. Since RN LJ; is a sub-
pseudovariety of DS containing J1, we have x J y by Proposition 2.7. But Fy (RNLJq)
is R-trivial, and so x Ly. This implies that zy = z and yz = y.

Let 7 : FA(LJ;) — F4(RNLJy) be the canonical projection, let 2/, 3" € Fy(LJy)
be such that 7(z') = z and 7(y') = y and let z = (2'y/)¥2’ and w = (y'2’)¥. Then,
Fact(z) = Fact(w) and D satisfies 2 = w. Moreover, K satisfies 2’ = 3y’ because it
satisfies x = y. So, K satisfies z = w. It follows that LI satisfies 2 = w. Hence, by
Proposition 3.1, z = w, and therefore 7(z) = m(w). On the other hand we have

m(z) = (n(@)7(y)) n(z")
(zy)*z
x¥xr  since rxy =z

since x is idempotent.

Analogously we have m(w) = y which shows that x = y. [

We represent by [w, B] () # B C A,w € BY) the only idempotent in F4 (R N LJ;)
of content B and restriction w to K.

The following result presents some important properties of the idempotent implicit
operations on RN LJ;.

Proposition 3.3 Let [w, B] and [w’, B'| be idempotents in FA(RNLJy) such that BN
B'#0, let x € F4(RNLJ1)! and let a € B. Then

(1) [w,Bla = [w, B];
(2) alw, B] = [aw, B];
(3) [w, Blz[w', B'] = [w, BUc¢(x) U B].

Proof.  Let us first prove that [w, Bla, alw, B] and [w, B]z[w', B'] are regular. By
Proposition 2.7, this is immediate for [w, Bla and a[w, B]. Let now y = [w, Blz[w', B']
and let b € BN B’. Again by Proposition 2.7, we have b*[w, B] £ [w, B] and [w’, B'|b* =
[w', B'] (since Fy(R N LJy) is R-trivial). This implies that b“yb* Ly. Since F4(R N LJ7)
is locally idempotent, the product d*yb* is idempotent. Consequently y is regular.

As RN LJ; is a contained in DA, every regular element in 4(RNLJy) is idempo-
tent. So, it follows that [w, Bla, alw, B] and [w, B]z[w’, B'] are idempotents. Now, to
conclude the proof, it suffices to apply Proposition 3.2. [ ]

Let = € Fy(RNLJ;). We say that a factorization of  of the form
x = uo[r1, Ar]ur - Un—1[Tn, Aplun

is normal if
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u; € A* for all 0 < i < n, ug # 1 if z = ug;

@#AigAandxieAE\'foralllgign;

A;NA; =0 for i # j;

for each 1 < i < n such that u; (resp. u;—1) is not the empty word, the first (resp.
last) letter of u; (resp. u;—1) does not lie in A;.

As a consequence of Proposition 3.3 we have the following result.

Proposition 3.4 Every element x of FA(R NLJ1) admits a normal factorization.

Proof. Letx € FA(R NLJ1) and let © = wo[z1, A1]us - - - up—1[Tn, Aplu, be a facto-
rization of x as a product of words u; and idempotents [z;, A;]. The existence of such a
factorization is ensured by Proposition 2.7 since in F W(RNLJy) every regular element
is idempotent.

On the factorization of  we can apply the following three rules.

r.1) Suppose that the first letter of u;, say a, lies in A;, for some 1 < ¢ < n. Then
w; = au; and [z, A;la = [z;, A;] by Proposition 3.3. In this case, we modify the
factorization of x by replacing wu; by ;.

r.2) Suppose that the last letter of w;_1, say a, lies in A;, for some 1 < i < n. Then
uj—1 = uj_1a and alx;, A;] = [ax;, A;], by Proposition 3.3. In this case, we replace
uj—1 by w1 and [z;, A;] by [ax;, A;].

r.3) If A;NA; # 0 for some 1 <i < j<n,then y = [x;, A;]u; - - uj_1[xj, A;] is equal
toy =[z;, AiUAir1U...UA; Uc(uiuiqr - - uj—1)], again by Proposition 3.3. We
again modify the factorization of z by replacing y by 7/

As these rules effectively reduce the length of the factorization of x, we may apply
them only a finite number of times, and so we obtain a factorization of x with the
announced properties. [

In order to prove uniqueness of the normal factorization of the implicit operations
on RN LJ;, we need some test semigroups to separate distinct factorizations. We will
use the transition semigroups of suitable automata.

For n > 0, let ug,...,u, € A* and ) # Ay,..., A, C A be such that u; # 1
(0<i<mn),up--up#1, AiNA; =0 for i # j and the first letter (if it exists) of each
u; (0 < 7 < n) does not lie in A;. Let A = A(ug, A1, u1,...,An,uy) be the following
automaton

Ay Ag A,

Uo ui Unp
okl . Hee

N

The condition on the first letter of the words u; guarantees that A is a deterministic
automaton, meaning that each letter (and, consequently, each word) defines a partial
transformation of the set () of states.
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Lemma 3.5 Let u : AT — Sy be the transition homomorphism of the automaton A.
The transition semigroup S 4 lies in RN LJq.

Moreover, if w € AT,k > |ug- - up| +n and p(w®) is not the empty tranformation,
then there is some unique i € {1,...,n} such that w € A}, and such that p(w") has
range {q;} and contains q; in its domain.

Proof. Let us first assume that p(w*) is not the empty tranformation. By the
assumption on k it is clear that ¢; - w = ¢; for some i € {1,...,n}. Now, we have clearly
w € A;r and the claim that ¢ is unique follows from the assumption that 4; N A; = 0
for i # j. So, the domain of pu(w*) contains ¢;. The assumption that the first letter of
u; does not belong to A; implies that the range of u(w®) is {g;}.

Let z,y,2 € AT. To prove that S4 belongs to RN LJy, it suffices to prove that
p((zy)fa) = p((zy)*), patyaryz®) = platya®) and p(abyatza®) = p(ahzavyz").

As we proved above, u((2y)*) is not the empty transformation if and only if 2y € Af
for some unique i € {1,...,n}. In that case, the range of u((xy)*) is {¢;} and, as one
can easily verify u((zy)*z) has the same domain and range as u((xy)*). Since the range
is a singleton set we deduce that u((zy)*) = u((zy)¥z).

Similarly, one can show that u(2z*yz¥Fya*) and p(x*y2*) are the same transformation,
by simple analysis of their domain (which is not empty if and only if x,y € A;r for some
unique ¢ € {1,...,n}) and range. The third equality can be proved by an entirely
analogous process. [

Now we are able to prove that each implicit operation z on R N LJ; admits only
one normal factorization (which we will call, from now on, the canonical factorization

of ).

Theorem 3.6 Let z,y € FA(R NLJ1) and let x = uplz1, A1]uy - - [Xn, Ap]u, and y =
voly1, B1]vi - -+ [Ym, Bm]vm be factorizations in normal form. Then x =y if and only if
n=m, u; =v;, ;=1y; and A; = B; for all 1.

Proof.  Let us fix r > |v;] (1 < i < m), let A be the following automaton

Ay A

2 Ay
@ uopr (1) 8 u1pr(22) @

and let p1: AT — S be its transition homomorphism. By Lemma 3.5, S € RN LJ;. So,
let fi: F 4(RNLJ1) — S be the unique continuous homomorphic extension of p and let
k> maz{|lug...up| + (r+ 1)n,|vo...vn|+ (r+ 1)m}.

For each 1 < i < n, let 2 € AY be such that z; = p.(x;)z} so that [x;, A;] =
pr(z;)[2%, Ai]. Since [z, A;] is idempotent, its image in S, ji([z;, A;]) is idempotent.
By density of A" in FA(ROLJl), there is a word w; such that c(w;) = A; and
([, As]) = p(wF). Now, it is immediate that u(wf) is a partial function whose
domain includes ¢; and whose range is {¢;}, by Lemma 3.5. Then, we have clearly
qo - uopr(f’«“l)wlfulpr(@) T wﬁun = gn+1 and j(z) = u(ugpr(xl)w’fulp,«(xg) T wﬁun).

Consider now words ¥ € BEq (1 < i <m) such that y; = p,(y;)y; so that [y;, B;] =
pr(yi) [y, Bi]. Consider also words w/ such that ¢(w}) = B; and ji([y};, Bi]) = u(w}®).
Again by Lemma 3.5, ,u(w’ik) is a partial function with range either the empty set, or
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the set {g;} if there is some j € {1,...,n} (unique since 4; N A; = 0 for | # j) such
that B; C A;. Note that, in this case we have B; N A; = () for [ # j.

Asa =y, ji(z) = fily) and so qo - vop, (y1)wh *vipr (y2) - - - Wi v = gny1. Therefore,
qo - Uopr(yl)w'lk = ¢; for some unique j € {1,...,n}. This implies that uop,(x1) is
a prefix of vop,(y1)w'”. Hence, since r > |vo|, p,(x1) and p,(y1)w'” must have some
common factor, which means that A;N By # (). It follows that 7 = 1. Therefore B; C A
and, by symmetry, we have A; = B;. Now, since the last letter (if it exists) of uy does
not belong to Ay, we have that ug is a prefix of vg. Again by symmetry, it follows that
up = vo and consequently p,(z1) = pr(y1). Hence, since this holds for any r arbitrarily
large we conclude that x1 = y;.

Iterating the above argument, we deduce that n =m, u; = v;, x; = y; and A; = B;
for all ¢, which concludes the proof. [ |

By the last proof we may deduce that the transition semigroups of the automata A
suffice to separate two distinct implicit operations on R N LJ;. So, as a consequence of
Reiterman’s Theorem we have the following.

Corollary 3.7 The pseudovariety R N LJy is generated by the transition semigroups of
the automata A = A(ug, A1, u1, ..., An, uy) whereug, ..., u, € A* and ) # Aq,..., A, C
A are such that u; #1 (0 <i<n), ug---up #1, AiNA; =0 fori # j and the first
letter (if it exists) of each u; (0 < i <n) does not lie in A,. [

Naturally all that we have done for R N LJ; can be done for L N LJ;. In particular
each idempotent = of Fi4(L N LJy) is determined by its content and by its restriction to
D. We denote = = [B,w] where B = c¢(z) and w € NB is the restriction of = to D.

Theorem 3.8 Fach element x of FA(L NLJ1) can be written as a product
x = ug[Ar, z1]ur - - up—1[An, Tn)un
where
o u; € A" for all0 <i<n,uyg#1if x=mup;
o D #A; CAandax; €NA; forall1 <i<mn;
e AiNA; =0 fori#j;

e for each 1 <i <mn such that u; (resp. u;,—1) is not the empty word, the first (resp.
last) letter of u; (resp. w;—1) does not lie in A;.

Moreover this factorization is canonical, i.e., if © = ug[A1, z1]u1 - - - up—1[An, Tpn|u, and
y = vo[B1,y1]v1 -+ - Um—1[Bm, Ym]vm are factorizations of this type, then x = y if and
only if n =m, u; =v;, x; =vy; and A; = B; for all i. [ ]

Implicit operations on DANLJ; We now turn to the implicit operations on
DA NnLJ;. By application of the results of the preceding section we describe canonical
factorizations for them. We start by characterizing the idempotents.

Proposition 3.9 Let A be an alphabet and let x and y be idempotents in FA(DA NLJy).
Then, x =y if and only if c(z) = ¢(y) and LI =z = y.
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Proof.  Suppose that x = y. Since J1 and LI are contained in DA N LJy, we conclude
immediately that ¢(z) = ¢(y) and that LI satisfies z = y.

Suppose now that ¢(x) = c¢(y) and that LI satisfies x = y. Since DANLJ; is a
subpseudovariety of DS containing J;1, © J y by Proposition 2.7. Then, xy and yx are
idempotent since, in DA, regular D-classes are idempotent subsemigroups.

Let 7 : Fy(LJ1) — F4(DA NLJ;) be the canonical projection, let /.y’ € F4(LJ1)
be such that 7(z’) = x and 7(y') = y and let 2z = (2'y/)¥2’ and w = (y'2')*y’. Then,
Fact(z) = Fact(w) and, since LI satisfies 2’ = ¢/ (because it satisfies x = y), LI satisfies
z = w. Hence, by Proposition 3.1, z = w, and therefore w(z) = w(w). On the other
hand we have

m(z) = (w(@)m(y))*m(a)
= (2y)¥z
= gxyx  since zy is idempotent
x  since zyz Hx and Fy(DA NLJy) is H-trivial.

Analogously we have 7(w) = y which shows that x = y. [

If  is an idempotent of F4(DA N LJ1) we denote it by = [w, B, z] where B = ¢(x)
and (w,z) € BY x ™B is the restriction of z to LI. The following properties of the
idempotents of F4(DA NLJy), are proved as in Proposition 3.3.

Proposition 3.10 Let [w, B, 2] and [w', B', 2'] be idempotent elements of FA(DA NLJ,)
such that BN B' # 0, let x € FA(DANLJ;)! and let a € B. Then

(1) [w,B,z]a = [w, B, zal;

(2) alw, B, z| = [aw, B, z];

(3) [w, B, z]z[w', B, 7| = [w,BUc(z)U B, 7. L]
Now we can prove the main result of this section.

Theorem 3.11 FEach element x of FA(DAHLJl) can be written as a product r =
uolxr, A1, 2h|ug - up—1[xn, Ap, @) uy, where

o u; € A" for all0 <i<mn, ug#1 if x = ug;
e )£ A CA, x; €AY and 2 € NA; for all 1 <i < mn;
o AiNA; =0 fori#j;

e for each 1 <i <mn such that u; (resp. u;,—1) is not the empty word, the first (resp.
last) letter of u; (resp. w;—1) does not lie in A;.

Moreover this factorization is canonical, i.e., if x = up[z1, A1, 24] - - [T, Ap, T ]u, and
y = volyr, B1,Y1] - [Yms Bm, Ym|vm are factorizations of this type, then x = y if and
only if n =m, u; = v;, x; =y;, A; = B; and s = y; for all i.

Proof. @ We can prove as in Proposition 3.4 that a factorization of the required form
exists. For the proof of uniqueness let us assume that

T = uO[xla Ala zll]ul e un,1[$n, Ana x/n]un
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and
y = voly1, B1, ¥1]v1 *  Vim—1[Ym> Bms Ym]|vm

are factorizations of this form and that x = y. Let
p: F4(DANLIy) — F4(RNLJq)

and R R
A: Fy(DANLJy) — F4(LNLJY)

be the canonical projections. Since the image by p (resp. A) of an idempotent is an
idempotent, it is immediate that, if e = [w, B, z] is an idempotent in F4(DA NLJy),
then p(e) = [w, B] and A(e) = [B, z]. Therefore we have

p(z) = uplar, Ar]us - - - [Tn, Ap)uy,

and
p(y) = /Uﬂ[yl, B]_]Ul T [ym7 Bm]vm

and these factorizations are in canonical form. Thus, as p(z) = p(y), it follows from
Theorem 3.6 that n = m, u; = v;, x; = y; and A; = B; for all ¢. Furthermore,

)\(ﬂj) = UO[Ala xll]ul T [Anax/n]un

and
)‘(y) = UO[Blv yll]vl T [Bm7 ylm]vm

are canonical factorizations by Theorem 3.8. So, since A(z) = A(y), we conclude that
x’; = y; for all 4, which concludes the proof. n

Corollary 3.12 (RNLJ;) VvV (LNLJ;) = (RVL)NLJ; = DANLJ;.

Proof. Let z,y € FA(DA N LJy). It is clear, by the proof of the preceding propo-
sition, that « = y if and only if p(z) = p(y) and A(xz) = A(y). Thus, by Reiterman’s
Theorem, DANLJ; = (RNLJy) vV (LNLJ1). Moreover, we have

(RNLJy) Vv (LNLI,) (RVL)NLJ,

C
C DANLJ;

which implies that (R v L) NLJ; = DA N LJ;. =

Implicit operations on JNLJ; In this section we describe the semigroups of im-
plicit operations on J N LJ; using the same method applied for R " LJ;. We remark
that this result was obtained earlier by Selmi [15] using other techniques.

Proposition 3.13 Let A be an alphabet and let x and y be idempotents in FA(J NLJy).
Then, x =y if and only if c(x) = c(y).

Proof.  Naturally, we only need to prove the sufficient condition. So, suppose that
c(x) = c(y). By Proposition 2.7, x Jy. Hence, since F4(JNLJq) is J-trivial, we
conclude that x = y. [ |
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If 2 is an idempotent of Fu(J NLJy) we denote it by x = [B] where B = ¢(z).
Analogously to Proposition 3.3 we have the following properties of the idempotents of
Fa(JNLJy).

Proposition 3.14 Let [B] and [B'] be idempotents in FA(JNLJy) such that BNB' # 0,
let v € Fo(JNLJy)! and let a € B. Then

(1) [Bla = [B] = a[B];
(2) [B]z[B'] = [BU ¢(z) U B]. -

For n >0, let ug,...,u, € A* and 0 # Ay,..., A, C A be such that A, N A; =0 for
i # j and, for each 1 < i < n such that wu; (resp. u;—1) is not the empty word, the first
(resp. last) letter of u; (resp. w;—1) does not lie in A;. Let B be the following automaton

Selmi [15] proved the following lemma.

Lemma 3.15 Let u : AT — S be the transition homomorphism of the automaton B.
The transition semigroup S lies in J N LJy.

Moreover, if w € AT,k > |ug---un| +n and u(w®) is not the empty tranformation,
then there is some unique i € {1,...,n} such that w € Af, u(w*) has range {g2;} and
its domain is {q2i—1,q2i}- m

Now we are able to give a new proof of the following result.

Theorem 3.16 ((Selmi)) Each element x of Fo(J N LJ1) can be written as a product
x = ug[Aru - - - [Ap]uy, where

o u; €EA" forall0<i<n,uy#1ifx=mup,
e N #£A; CA forall<i<n;
o AiNA; =10 fori#j;

e for each 1 < i <n such that u; (resp. u;—1) is not the empty word, the first (resp.
last) letter of w; (resp. u;—1) does not lie in A;.

Moreover this factorization is canonical, that is, if x = ug[Ai]uy - [Ap]u, and y =
vo[B1]v1 - - - [Bm|vm are factorizations of this type, then x =y if and only if n = m, u; =
v; and A; = B; for all i. ]

Proof. That a factorization of the required form exists can be proved as in Propo-
sition 3.4. Let now z = wo[A1]us---[Ap]u, and y = vo[Bi]vy - - - [Bm|vm be factori-
zations of this type and suppose that £ = y. Consider the automaton B above. Let
i AT — S be its transition homomorphism. By Lemma 3.15, S € JNLJ;. Let
fi s Fy (JNLJ1) — S be the unique continuous homomorphic extension of .

Let k > max{|ug ... up|+n,|vg...vn|+m} and for each 1 <i < n, let w; be a word
such that c(w;) = A; and f([4;]) = p(w?). By Lemma 3.15, p(w¥) is an idempotent



José Carlos Costa May 1999 15

partial function whose range is {g2;} and whose domain is {g2;—1,¢2;}. Then, we have
qo - wowiuy -+ - whu, = gon g1 and (z) = plugwiuy - - - whuy).

Consider now words w} (1 < i < m) such that c(w}) = B; and ([Bj]) = pu(w}").
Again by Lemma 3.15, ,u(w'ik) is a partial function whose domain and range are, if not
empty, {q2j—1,¢2j} and{g;}, respectively, where j € {1,...,n} is the unique index such
that Bl - Aj.

As x =y, we have fi(z) = ji(y) and so qo-vowh Fvy - - W Fu, = qon+1- Therefore, for
each 1 < i < m there is some unique j; € {1,...,n} such that qo.vow’lkvl ot = @24,
whence B; C Aj,. By symmetry, we also have Aj;, C By, for some [; € {1,...,m}. Since,
by hypothesis, the B;’s are pairwise disjoint, this implies /; = i. Consequently, we have
B; = Aj;; and we deduce that 1 < j; < jo < --- < ji < n which shows that m < n. By
symmetry it follows that n = m and, consequently, that j; = ¢ for all 7. In particular
we have A; = B;. Now, for each 0 < i < n, the condition on the extreme letters of the
words v; allows us to deduce that qo - vow' Py - - wiFu; = @2i+1 and that u; = v;, which
concludes the proof. [ ]

4 The corresponding varieties of languages

In this section we give combinatorial descriptions of the varieties of languages associated
with the pseudovarieties R N LJ1, JNLJ; and DA NLJ;. For each of these varieties
we describe a set of generators. This is done by simple translation, via Eilenberg’s
correspondence, of the results of the preceding section.

R-trivial and locally testable languages Let A be a finite alphabet. Denote
by L4(RNLJy) the class of all languages of the form woAju; --- A} u, where n > 0,
u € A*, 0 # A; C A and:

e u; Alfor0<i<mn, ug--up #1;
o A;NA; =0 fori+# j;
e the first letter (if it exists) of each u; (0 < i < n) does not lie in A;.

These are precisely the languages recognized by the automata A(ug, A1, ..., An, up)
where the initial and terminal states are, respectively, ¢o and ¢,41. So, as a consequence
of Eilenberg’s correspondence we have the following reformulation of Corollary 3.7, which
gives a description of the class of (R N LJj)-recognizable languages of AT (that is, the
class of languages that are both R-trivial and locally testable).

Theorem 4.1 For each finite alphabet A, the class of languages in AT which are recog-
nized by semigroups in R N LJy is the Boolean algebra generated by LA(RNLJy). =

For the class of languages that are both L-trivial and locally testable we have a dual
description. Let £4(L N LJ1) denote the class of all languages on a finite alphabet A of
the form ugAfuy - -+ Afu, where n >0, u; € A*, ) # A; C A and:

o u; A1lfor0<i<m,ug:-u, #1;
o A;NA; =0 fori+# j;

o the last letter (if it exists) of each u; (0 < i < n) does not lie in A;41.
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Then, just as above we have the following result.

Theorem 4.2 For each finite alphabet A, the class of languages in AT which are recog-
nized by semigroups in L N LJy is the Boolean algebra generated by L4(L NLJy). |

Analogously for the case of the (J N LJy)-recognizable languages we have the fol-
lowing description which is a consequence of the proof of Theorem 3.16.

Theorem 4.3 ((Selmi)) For each finite alphabet A, the class of languages in AT which
are recognized by semigroups in J N LJq is the Boolean algebra generated by the languages
of the form ugAfuy -+ Afu, where n >0, u; € A*, 0 # A; C A, A, NAj =0 fori#j
and for each 1 < i < n such that u; (resp. u;—1) is not the empty word, the first (resp.
last) letter of u; (resp. wi—1) does not lie in A;. m

DA-recognizable and locally testable languages The description of the lan-
guages that are both DA-recognizable and locally testable is an easy consequence of
previous results.

Theorem 4.4 For each finite alphabet A, the class of languages in AT which are recog-
nized by semigroups in DA NLJy is the Boolean algebra generated by L4(RNLJ1) U
ﬁA(L N LJl).

Proof. Let us denote by V, V1 and Vg the pseudovarieties DA N LJ;, RN LJ; and
L NLJy, respectively. For a set of languages £ we will denote by B(L) the Boolean
algebra generated by L.

We know by Corollary 3.12 that V. = V1 V Va. So, since ATV, = B(£L4(V1)) and
A+V2 = B([,A(Vz)), we have ATV = B([,A(Vl) U ,CA(Vz)). [ |

Example 4.5 The language L = {a,b}Tac{c,d}* on the alphabet A = {a,b,c,d} is
neither R- nor L-recognizable. But it is (DA N LJ1)-recognizable. Indeed

L = {a,b}"a{c,d}* Nn{a,b}*c{c,d}*
= ({a,b}*aa{c,d}* U{a, b} ba{c,d}*) N{a,b}*c{c, d}*,

is clearly in the Boolean algebra generated by Lo4(RNLJ1) U L4(LNLJy). |

We now give another simpler description of the languages recognized by semigroups
in DANLJ;. Let £4(DA N LJ1) be the class of all languages of the form ugAjuy - - - Al uy,
where n >0, u; € A*, ) # A; C A and:

e u; F1for0<i<n,ug- - u,#1;
° AZﬂA]:Q)fOTZ#j

We start by proving that every language of £4(DA NLJy) is (DA N LJ;)-recogni-
zable.

Lemma 4.6 If L is a language of LA((DA NLJy) , then S(L) € DANLJ;.
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Proof.  Suppose that L = ugAjuy -+ AXu, and let k > |ug---u,| + n. By the as-
sumption on k it is clear that, for each z € A%, if ra*s € L for some r,s € A*, then
T € Aj for some 1 < ¢ < n. Furthermore, this ¢ is unique since the A;’s are pairwise
disjoint.

Let z,y,z € AT. To prove that S(L) belongs to DA N LJy, it suffices to prove that
(xy)* (yz)F (xy)* ~ (xy)*, 2hyaFyz? ~ 2Fya® and oFya®zab ~ 2¥20Fya® where ~ is the
syntactic congruence of L.

Let r, s € A* and suppose that r(zy)*s € L. Then zy (and so also yz) lies in A for
some unique 1 < i < n and r(xy)*(yz)*(xy)*s € L. Analogously, r(xy)*(yx)*(zy)¥s € L
implies r(zy)¥s € L. Therefore (zy)*(yx)*(zy)* ~ (zy)*.

Suppose now that rzfyz*s € L. Then, = € AZ* for some unique 1 < ¢ < n. The
choice of k and the uniqueness of 4 allow us to conclude that y also lies in A;-F, and that
rakyxFyxFs € L. Analogously one can prove that ra*yaFyzFs € L implies ra*ya®s € L
which shows that zFyzF ~ aFyakyx®.

The proof that a¥ya*za* ~ zFzzFyzF is absolutely similar, so we omit it. |

As a consequence of the last lemma and of Theorem 4.4, and since all languages in
LA(RNLJ1)ULy(LNLJq) are in L4(DA NLJq), we deduce the announced result.

Theorem 4.7 For each finite alphabet A, the class of languages in AT which are recog-
nized by semigroups in DA N LJy is the Boolean algebra generated by L4(DANLJy).
|

We can now deduce, more easily, that the language L = {a,b}Tac{c,d}* of Exam-
ple 4.5 is (DA N LJq)-recognizable. In fact, L = {a,b}*aac{c,d}* U {a,b}*bac{c,d}* is
the union of two languages in £4(DA NLJy).

5 Another approach to (R N LJ;)-recognizable languages

In this section we show that, for each alphabet A, the R-trivial and locally testable
languages of AT can be described by certain congruences on A™.

First we recall the most used definition of a locally testable language. For every
integer k > 1, let =, be the finite-index congruence defined on A™ by setting u =;, v
if and only if w = v or w and v are words of length > k, pr_1(u) = pp_1(v), sp_1(u) =
sk_1(v) and Fg(u) = Fy(v). We say that a language of AT is k-testable if it is a union
of =p-classes. A language is locally testable if it is k-testable for some k.

Now, for every k > 1, let ~; be the finite-index equivalence on A" defined by
u ~ v if and only if u = v or w and v are words of length > k, pp_1(u) = pr_1(v)
and Fy(u) = Fi(v). We note that this equivalence is not a congruence in general. For
instance, consider A = {a,b}, u = aba and v = abab. One has u ~9 v, but ua %y va.
Indeed a? is a factor of length 2 of ua but it is not a factor of va. We denote by =, the
congruence on AT generated by ~. Observe that =, is a finite-index congruence since
it is coarser than ~j. The rest of this paper is devoted to showing that the languages
that are a union of =j-classes for some k are exactly the R-trivial and locally testable
languages. This work is analogous to Selmi’s work [15] on J-trivial and locally testable
languages.

We will use the notion of locally testable semigroup introduced by McNaughton [11]
and Zalcstein [18], which we now describe. For a semigroup S we denote by S* the set
of all finite sequences of elements of S.
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Definition 5.1 Let S be a finite semigroup and let k > 1. We say that S is k-testable
if for each pair of elements (x1,...,%n), (Y1,---,Ym) of ST, with n,m > k, having the
same prefix and suffiz of length k — 1 and the same set of factors of length k, one has
T1-Tn =YL Ym- A semigroup is locally testable if it is k-testable for some k. |

The set of all locally testable semigroups is denoted by LT and LTy is the set of all k-
testable semigroups. Zalcstein [18] proved that LTy is a pseudovariety and corresponds
to the class of k-testable languages. It follows from Brzozowski and Simon [9] and
McNaughton [11], that LT = (J;2, LT is the pseudovariety of locally idempotent
and locally commutative semigroups, that is LT = LJ;. Note that every k-testable
semigroup is also m-testable for all m > k, so we have LT; CLTo C--- C LT C ---.
As a result, we have RN LJ; = J;2;(RNLTy).

Let us now return to the congruence = and prove the following results.

Proposition 5.2 The semigroup A%/=y lies in R N LTy.

Proof. The congruence =i is coarser than the congruence =;. So, the semigroup
A"/ =i is a homomorphic image of the semigroup A"/ = which lies in LTy. Hence,
since LTy is a pseudovariety, AT/ =y, lies in LT. To prove that AT/ = is R-trivial we
show that it satisfies the pseudoidentity (zy)“z = (xy)“ which defines R.

Let u,v € A*. It follows from the definition of ~j that (uv)"u ~ (uv)™ for all
n > k. So, (uv)™u =5, (uv)" for all n > k, and hence AT/ =, satisfies (xy)“z = (zy)~. m

Proposition 5.3 The semigroup At/=y, is the free object of RN LTy on A.

Proof. Let m: AT — AT/ =; be the natural morphism. We need to prove that, for
any semigroup S in R N LTy and any morphism 1 : AT — S, there exists a morphism
¢ : At/ =p— S such that gomr = 7. It suffices to prove that the morphism ¢ : AT/=,— S
given by o(m(u)) = n(u) for any u € A" is well-defined, that is, to prove that u = v
implies n(u) = n(v). By transitivity and multiplicativity, this in turn reduces to showing
that if u ~j v, then n(u) = n(v).

If lu| < k or |v] < k, then u = v so that n(u) = n(v) trivially. Let us now suppose
that |ul,|v| > k. By definition of ~; we have py_1(u) = pp_1(v) and Fy(u) = Fi(v).
Let s be the suffix of length £ — 1 of u. Then s occurs in v, so that v = xsy for some
xz,y € A*. Put w = uy. We claim that w = v. Indeed px_1(w) = pr_1(u) = pr_1(v).
Next, sg_1(w) = sp_1(uy) = sg_1(sy) = sx_1(v), since |sy| > k — 1. Now, since
Fi(u) = Fi(v), each factor of length k of v is a factor of u and hence a factor of w.
Conversely, let z be a factor of length k£ of w. Then, z is either a factor of u, or a factor
of sy. In each case, it is also a factor of v, which proves the claim.

Letu=wu; - w, y=1y1-Ym (supposing y # 1) and v = vy - - - vy, where up, y;,v; €
A for all h,i and j. Since uy = v, the sequences of elements of S

((ur), ... n(w),n(y1), - 1(ym)) and (n(v1), ..., 1(vn))
have the same prefix and suffix of length k£ — 1 and the same set of factors of length k.
But S € LTy, so

n(wn(y) = n(u)---n(u)n(yi) - 1(ym)
n(v1) -+~ n(vn)
= n(v).
A dual argument would show that n(u) Rn(v). But S is R-trivial, so that n(u) =
n(v). [
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Proposition 5.4 A language L C A™ is recognized by a semigroup in R N LTy if and
only if it is a union of =g-classes.

Proof. Letn: AT — S(L) be the syntactic morphism of L and let 7 : AT — A%/=;
be the natural morphism. Suppose first that S(L) € R N LTy. Then, by Proposition 5.3,
there is a surjective morphism ¢ : AT/=,— S(L) such that o om = 7. So, L is a union
of =p-classes.

Conversely, suppose that L is a union of =g-classes. Then, L is recognized by the
natural morphism 7. So, S(L) divides A%/ =, whence, by Proposition 5.2, S(L) €
R NLTy. [ |

The announced result is now an immediate consequence of this last proposition and
of the equality R N LJy = ;2 (RN LTYy).

Theorem 5.5 A language L C A™ is recognized by a semigroup in R N LJy if and only
if it is a union of =i-classes for some k. [ |
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