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Centro de Matemática da Universidade do Minho,

Escola de Ciências, Campus de Gualtar,

4710-057 Braga, Portugal

fmoura@math.uminho.pt

Abstract: We analyze the low frequency absorption cross section of minimally coupled massless scalar
fields by different kinds of charged static black holes in string theory, namely the D1-D5 system in d = 5
and a four dimensional dyonic four-charged black hole. In each case we show that this cross section always
has the form of some parameter of the solution divided by the black hole Hawking temperature. We also
verify in each case that, despite its explicit temperature dependence, such quotient is finite in the extremal
limit, giving a well defined cross section. We show that this precise explicit temperature dependence also
arises in the same cross section for black holes with string α′ corrections: it is actually induced by them.

http://arxiv.org/abs/1406.2012v3
mailto:fmoura@math.uminho.pt


Contents

1. Introduction and summary 1

2. Scattering of minimally coupled scalars by spherically symmetric α′–corrected nonex-

tremal black holes in d dimensions 3

2.1 Scattering close to the event horizon 5
2.2 Scattering at asymptotic infinity 6
2.3 Scattering in the intermediate region 6
2.4 Calculation of the absorption cross section 7

3. The absorption cross section for charged black holes in string theory 8

3.1 Three-charged five-dimensional black holes 9
3.1.1 Black holes with two large charges 10
3.1.2 Black holes with one large charge 12

3.2 Four dimensional black holes with two large charges 13
3.3 General discussion 15
3.4 Inclusion of α′ corrections 16

4. Conclusions 16

1. Introduction and summary

A classical result in black hole scattering is that in the low frequency limit, the absorption cross section
of minimally coupled scalar fields by arbitrary spherically symmetric black holes is equal to the horizon
area:

σcl = AH . (1.1)

This has been shown first to some classes of four and five–dimensional extremal black holes [1, 2, 3], and
soon after to general d−dimensional spherically symmetric black holes [4], whose metric can always be cast
in the form

ds2 = −f(r)dt2 + dr2

g(r)
+ r2dΩ2

d−2. (1.2)

Also in [4] this result has been generalized to higher spin fields, but always in Einstein gravity.
In the presence of higher derivative terms like string theoretical α′ corrections one must be careful,

since the metric and hence the horizon area are subject to field redefinition ambiguities. In previous works
[5, 6] we have studied the scattering of minimally coupled scalar fields by d−dimensional nonextremal
spherically symmetric black holes in the presence of leading string theoretical α′ corrections.

Let RH be the radius of the black hole horizon: one can always choose a system of coordinates such that
this quantity does not get any α′ corrections, i.e. RH ≡ RH |α′=0 . The dimensionless quantity λ represents
the adequate power of α′/R2

H corresponding to the leading α′ corrections. For a generic quantity X,
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these corrections δX appear as a factor multiplying the same quantity computed without α′ corrections:
X = X|α′=0 (1 + λ δX).

Let σ be the low frequency absorption cross section and TH be the black hole temperature.1 In [5] we
have concluded that one always has, to first order in λ,

TH = TH |α′=0 (1 + λ δTH) , σ = σ|α′=0 (1− λ δTH) . (1.3)

This means the leading α′ correction to the low frequency absorption cross section is the additive inverse of
the corresponding one of the temperature: δσ = −δTH . This α′ correction δTH is a number which depends
on the concrete black hole solution one is considering, but also on the coordinate system. Indeed, (1.3) was
derived in the system of coordinates such that the horizon radius has no α′ corrections. In such system
of coordinates, δTH in (1.3) represents the only (explicit and implicit) α′ correction to the cross section.
But the cross section should be covariant, and thus it should be expressed in terms of covariant quantities,
which is certainly not the case of δTH . From (1.3) we see that, in order for the (−λ δTH) correction to σ
to appear naturally and covariantly, to first order in the perturbative parameter λ, it must therefore come
implicitly from a 1/TH factor in the respective formula. This way, we are led to a covariant expression for
the absorption cross section for Tangherlini–like (i.e. non–charged) black holes [5]:

σ =
d− 3

4πTH
Ω

1
d−2

d−2A
d−3
d−2

H . (1.4)

Although it does not have an explicit dependence on α′, equation (1.4) encompasses the α′ corrections
to the classical result (1.1): they come implicitly, through the α′ corrections to AH and TH . Indeed, one
can easily check that (1.1) is equivalent to (1.4), if this last formula is considered classically (without its
implicit α′ corrections).

But in the presence of higher derivative terms the metric, and hence the horizon area, are subject
to field redefinition ambiguities (namely field redefinitions used to cancel higher order dilaton terms that
appear after the dilaton dependent conformal transformation passing from string to Einstein frame). As
we have shown in [5], for a Tangherlini–like α′-corrected black hole solution it is impossible to express the
absorption cross section exclusively in terms of the mass or temperature in a way that is independent of
the metric frame and of those field redefinitions: the corresponding expressions in terms of the mass or
temperature in the string scheme are different than those in the Einstein scheme.2 In the same article, we
also show that the only quantity which, classically, is proportional to the black hole horizon area and for
which the α′-corrected expressions in terms of mass and temperature are the same in both schemes is the
Wald entropy. If the classical relation σ = 4GS, obtained directly from (1.1), between the low frequency
absorption cross section and the Wald entropy were to be preserved by α′ corrections, the same would
be true for the cross section: its α′-corrected expressions in terms of mass and temperature would be the
same in both schemes. But in [5] we have shown that is not the case: α′ corrections to the entropy are
manifestly different than those from the cross section. Although they are related classically, these are two
intrinsically different quantities.

This is not surprising: the minimally coupled scalar field obviously does not have a stringy origin; there
is no β function from the nonlinear σ−model associated to it. Therefore, any physical property related

1We designate the Hawking temperature by TH in order to more clearly distinguish it from other temperatures we will
later consider.

2By considering further field redefinitions of order λ to eliminate higher derivative dilaton terms that appear after changing
the metric frame (e.g. from string to Einstein frame), one defines a scheme. We refer to the scheme adopted in the Einstein
metric frame as Einstein scheme, and to that adopted in the string frame as the string scheme.
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to it, like the cross section, does not need to be invariant under metric frame transformations. On the
other hand, the black hole metric by itself is a solution of string theory, and any of the black hole intrinsic
properties, such as the entropy, should be invariant under such frame transformations. Nonetheless, (1.4)
written in that form (and not in terms of the black hole mass or charges) is valid for any metric frame.

Equation (1.4) is therefore the only way to express the α′-corrected absorption cross section which is
covariant and includes naturally the α′ corrections. This 1/TH explicit dependence of (1.4) is remarkable.
As we mentioned, this formula has been derived for Tangherlini–like black holes, which do not have a finite
extremal (TH → 0) limit. But, if a formula like (1.4) is to be valid for more general black holes, allowing a
valid finite extremal limit, as suggested in general in (1.3), then the horizon area should have an implicit
dependence on the temperature such that the absorption cross section remains finite in the limit TH → 0.

If the dependence on α′ of (1.4) was explicit, we could split the cross section into its classical and
α′–corrected parts, both having different functional forms. That dependence being implicit means that
the functional form of the full α′–corrected expression is the same as the classical one. But, as we have
seen, at the classical level the cross section is simply given by (1.1), with just one parameter and without
any explicit temperature dependence. Even if at the classical level the two expressions are equivalent, it is
certainly not natural to have two different functional forms for the cross section. This means one should
take (1.4) already at the classical level. It would therefore be convenient to have a good physical motivation
to do so, and not to take (1.4) just because it is required by α′ corrections. That’s what we will look for
in this article, considering other types of classical black holes in string theory.

The two main questions we address in this article are therefore: Can a formula like (1.4) for the cross
section, with a 1/TH explicit dependence, be obtained for more general (namely, charged) black holes? If
so, is such formula well defined in the extremal limit?

The article is organized as follows. In section 2, we obtain the (simple) extension of formula (1.4)
to charged black holes. In section 3, we compute the low frequency limit of absorption cross section
for different classes of black holes in string theory. We first consider the D1-D5 system of type IIB
supergravity compactified on S1⊗T 4.We analyze the absorption cross section of this three-charged solution
in two different regimes: with two and with one large charge. Then, we proceed analogously with a four-
dimensional dyonic four-charged solution in the limit of two large charges. In all these cases we compare
the obtained result for the low frequency cross section with the proposed formula of section 2, and we
carefully analyze its extremal limit. We end by discussing our results.

2. Scattering of minimally coupled scalars by spherically symmetric α
′–corrected nonex-

tremal black holes in d dimensions

In this section we re-derive the result for the low frequency absorption cross section for minimally
coupled massless scalar fields by general nonextremal spherically symmetric d−dimensional black holes
with leading α′ corrections. The result in [5] was obtained for a metric of the form (1.2), with

f(r) = c(r)f0(r) (1 + λfc(r)) , g(r) = c(r)f0(r) (1 + λgc(r)) . (2.1)

The functions fc(r), gc(r) represent the α
′ corrections, while the classical part was given by c(r)f0(r), with

f0(r) = 1−
(

RH

r

)d−3

. (2.2)

This choice implied that in Einstein gravity with α′ = 0 one had f(r) = g(r) in (1.2); the difference
between f and g would come only from the α′ corrections. This assumption is valid for α′-corrected
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Tangherlini black holes, for which one has f(r) = g(r) ≡ f0(r), i.e. c(r) ≡ 1; it is also valid for α′-corrected

Reissner-Nordström black holes, for which one has c(r) = 1−
(

RQ

r

)d−3
, with RQ < RH .

Here we wish to re-derive the result, this time assuming the most general spherically symmetric
d−dimensional metric, for which f(r), g(r) can be two different, independent functions already for α′ = 0.
The procedure is a generalization of the one taken in [5]; therefore we just mention the main steps, omitting
the details which can be checked in that reference. The metric we take is again of the form (1.2), but this
time with

f(r) = F(r)f0(r) (1 + λfc(r)) , g(r) = G(r)f0(r) (1 + λgc(r)) . (2.3)

Together with f0(r), F(r) and G(r) represent the classical part and are also functions of the black hole
charges, while the α′ corrections are once more given by fc(r), gc(r). This corresponds to the most general
possible spherically symmetric metric in d dimensions. For later reference, the black hole temperature
corresponding to this metric is given, to first order in λ, by

TH = lim
r→RH

√
g

2π

d
√
f

d r
=

C(RH)

4π

d− 3

RH

(

1 + λ
fc(RH) + gc(RH)

2

)

, (2.4)

C(RH) :=
√

F(RH)G(RH). (2.5)

We assume to be dealing with nonextremal black holes, but it is useful to know what is the extremal limit.
Clearly, extremal black holes must verify C(RH) ≡ 0.

Since we are in a static, spherically symmetric background, the scalar field H can be expanded in
terms of the spherical harmonics over the (d− 2) unit sphere Yℓ,ϕ1,..,ϕd−3

(θ), ℓ being the angular quantum
number associated with the polar angle θ.

Even in the presence of α′ corrections, H(t, r) obeys a second order field equation of the type [4]

∂2tH− F 2(r) ∂2rH + P (r) ∂rH+Q(r) H = 0, (2.6)

F (r), P (r), Q(r) being functionals of the metric (1.2) and its derivatives, namely of the functions f(r), g(r).
These functionals have α′ = 0 parts Fcl, Pcl, Qcl, which by themselves have implicit λ corrections coming
from the λ corrections of the metric. Besides those, P,Q also have explicit λ–correction terms Pcorr, Qcorr,
which depend also on the λ corrections to the Einstein equation:

F = Fcl, P = Pcl + λPcorr, Q = Qcl + λQcorr, (2.7)

Fcl =
√

fg, Pcl = −f
[

(d− 2)
g

r
+

1

2

(

f ′ + g′
)

]

,

Qcl =
ℓ (ℓ+ d− 3)

r2
f +

(g − f)f ′

r
. (2.8)

The low frequency limit of the cross section only has contributions from the mode with ℓ = 0 H0(t, r) =:
H(t, r) [4]; this is what we will take from now on.

The usual tortoise coordinate r∗ is defined in this case by dr∗ =
dr

F (r) . We also define

Φ(t, r) = k(r)H(t, r), k(r) =
1√
F

exp

(

−
∫

P

2F 2
dr

)

. (2.9)

Rewriting the above equation (2.6) in terms of r∗ and Φ(t, r), we obtain a wave equation with a potential
V [f(r), g(r)]:
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∂2Φ

∂r2∗
− ∂2Φ

∂t2
=

(

Q+
F ′2

4
− FF ′′

2
− P ′

2
+

P 2

4F 2
+
PF ′

F

)

Φ ≡ V [f(r), g(r)] Φ. (2.10)

We assume the solutions to (2.10) to be of the form Φ(t, r∗) = eiωtΦ(r∗), in such a way that

∂2Φ(t, r∗)

∂r2∗
− ∂2Φ(t, r∗)

∂t2
=

(

d2

dr2∗
+ ω2

)

Φ(r∗)

(the same being valid for H(t, r)).

We are looking for a general formula for the absorption cross section, applicable to a general solution
like (1.2). The low frequency requirement is necessary in order to use the technique of matching solutions:
when the wavelength of the scattered field is very large, compared to the radius of the black hole, one
can actually match solutions near the event horizon to solutions at asymptotic infinity. The idea of this
technique is to separately solve the scalar field equation (2.6), or equivalently (2.10), in different regions of
the parameter r, where in each region we take a different approximation in order to simplify the equation.

2.1 Scattering close to the event horizon

We start by solving (2.10) near the black hole event horizon.

We take the natural assumption for the potential V [f(r), g(r)] in (2.10): at the horizon it vanishes,
and as long as r−RH

RH
≪ (RHω)

2 one will have V [f(r), g(r)] ≪ ω2 and in this near–horizon region it may
be neglected in (2.10). (For a complete discussion see [5].) Also k(r) in (2.9) is well defined at r = RH ,
and can be treated simply as a constant, k(RH), in a neighborhood of the horizon.

This way, we may then simply write (2.10) as

(

d2

dr2∗
+ ω2

)

H(r) = 0. (2.11)

The solutions to (2.11) are plane waves. As we are interested in studying the absorption cross section,
we shall consider the general solution for a purely incoming plane wave:

H(r∗) = Aneare
iωr∗ . (2.12)

Since f0(RH) ≡ 0, in this region the functions f(r), g(r) from (2.1) and F (r) in (2.7), to first order in
λ, have the form

f(r) ≃ F(RH)f ′0(RH) (1 + λfc(RH)) (r −RH) +O (r −RH)2 ,

g(r) ≃ G(RH )f ′0(RH) (1 + λgc(RH)) (r −RH) +O (r −RH)2 , (2.13)

F (r) ≃ C(RH)f ′0(RH)

(

1 + λ
fc(RH) + gc(RH)

2

)

(r −RH) +O (r −RH)2 .

This way, the tortoise coordinate, given by r∗(r) =
∫

d r
F (r) , comes as

r∗(r) =
RH

(d− 3)C(RH )

(

1− λ
fc(RH) + gc(RH)

2

)

log

(

r −RH

RH

)

+O (r −RH) , (2.14)
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or, in terms of the temperature (2.4), always to first order in λ,

r∗(r) =
1

4πTH
log

(

r −RH

RH

)

+O (r −RH) . (2.15)

Here we notice that (2.15) does not contain explicit λ corrections: they exist, but they are implicit through
the temperature dependence, by (2.4). This expression is is of course coordinate dependent; yet, this explicit
dependence of the tortoise coordinate on the temperature (due to the α′ corrections) will be crucial for the
matching process, as we will see. Replacing (2.15) in (2.12), one finally obtains in this region

H(r) ≃ Anear

(

1 +
i

4π

ω

TH
log

(

r −RH

RH

))

+O (r −RH) . (2.16)

2.2 Scattering at asymptotic infinity

We consider asymptotically flat black holes which, at infinity, behave like flat Minkowski spacetime.
This is equivalent to saying that, in the metric (1.2), functions f(r), g(r) tend to the constant value 1 in
the limit of very large r, and the potential V [f(r), g(r)] can again be neglected. From (2.3), this requires

F(r),G(r) −→
r→∞

1, (2.17)

fc(r), gc(r) −→
r→∞

0. (2.18)

This way, in this limit (2.10) reduces to a simple free field equation whose solutions are either incoming
or outgoing plane waves in the tortoise coordinate. In the original radial coordinate, the same equation is
solved in terms of Bessel functions [1, 4]: H(r) = (rω)(3−d)/2 [Aasymp J(d−3)/2 (rω) +BasympN(d−3)/2 (rω)

]

.
At low frequencies, with rω ≪ 1, such solution becomes

H(r) ≃ Aasymp

1

2
d−3
2 Γ

(

d−1
2

)

+Basymp

2
d−3
2 Γ

(

d−3
2

)

π (rω)d−3
+O (rω) . (2.19)

2.3 Scattering in the intermediate region

We now consider the intermediate region: far from the horizon, but not asymptotic infinity. In this
region the magnitude of the potential may be large.

We are working perturbatively in λ. We then define the expansions H(r) = H0(r) + λH1(r), k(r) =
k0(r) + λk1(r) and similarly F = F0 + λF1, P = P0 + λP1, Q = Q0 + λQ1. F0, P0, Q0 represent the λ = 0
parts of Fcl, Pcl, Qcl given in (2.8), while F1, P1, Q1 represent the order λ parts of F,P,Q: those from the
order λ parts of Fcl, Pcl, Qcl and those directly from Pcorr, Qcorr given in (2.7).

Having this expansion in mind, we expand every term of (2.6), assuming the condition ω2 ≪ V [f(r), g(r)].
To zero order in λ we obtain

H ′′
0 − P0

F 2
0

H ′
0 −

Q0

F 2
0

H0 = 0. (2.20)

This is a second order linear ordinary differential equation, whose most general solution is

H0(r) = A0
inter +B0

inter

∫

d r

rd−2F0(r)
. (2.21)
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The terms of first order in λ are given by

H ′′
1 − P0

F 2
0

H ′
1 −

Q0

F 2
0

H1 = R(r), R(r) = −
(

F1

F0

)2

H ′′
0 +

P1

F 2
0

H ′
0 +

Q1

F 2
0

H0 (2.22)

This is a second order linear nonhomogeneous differential equation for H1. The homogeneous part is
exactly the same as the differential equation (2.20) for H0, with general solution (2.21), obviously replacing
H0(r), A

0
inter, B

0
inter by H1(r), A

1
inter, B

1
inter. To obtain the most general solution to (2.22) one just needs to

add to a particular solution Hpart

1 (r), obtained by the method of variation of constants, the most general
solution (2.21) to the homogeneous equation (2.20), including the contributions H0,H1 as H = H0 + λH1.
Defining

h2(x) =

∫

dx

xd−2F0(x)
, (2.23)

v1(r) = −
∫

R(r)rd−2F0(r)h2(r) d r, v2(r) =

∫

R(r)rd−2F0(r) d r, (2.24)

the solution for H(r) is given by

H(r) = Ainter +Binter

∫

d r

rd−2F0(r)
+ λHpart

1 (r)

= (Ainter + λv1(r)) + (Binter + λv2(r))

∫

d r

rd−2F0(r)
. (2.25)

Asymptotically the “varying constants” v1(r), v2(r) in (2.24) vanish since, from (2.18), all λ corrections
vanish at infinity, including R(r). Close to the black hole horizon, from (2.24) we can see that the con-
tributions of v1(r), v2(r) are subleading (for a detailed analysis see [5]). This means that close to these
regions, we can neglect Hpart

1 (r) and simply consider the solution to the homogeneous equation H0(r). This
will be a key feature for the matching process.

2.4 Calculation of the absorption cross section

We are now ready to start the matching process, using f0 given by (2.2).
If we evaluate (2.25) near the horizon, we obtain

H(r) ≃ Ainter +
Binter

(d− 3)Rd−3
H C (RH)

log

(

r −RH

RH

)

+O
(

r −RH

RH

)

. (2.26)

Matching the coefficients above to the ones in (2.16) immediately yields

Anear = Ainter,

Binter =
i

4π

ω

TH
(d− 3)C(RH)Rd−3

H Anear. (2.27)

From condition (2.17) in section 2.2 we have, at asymptotic infinity, to leading order, h2(r) =
∫

d r
rd−2F0(r)

≃ − 1
d−3

1
rd−3 + · · · , and, therefore, evaluating (2.25) again asymptotically,

H(r) ≃ Ainter −
Binter

d− 3

1

rd−3
+ · · · . (2.28)
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In this region one may match the coefficients above to the ones in (2.19), yielding

Aasymp = 2
d−3
2 Γ

(

d− 1

2

)

Ainter = 2
d−3
2 Γ

(

d− 1

2

)

Anear, (2.29)

Basymp = − πωd−3

2
d−3
2 (d− 3)Γ

(

d−3
2

)

Binter = − iωd−2Rd−3
H

2
d+3
2 Γ

(

d−1
2

)

(d− 3)
C(RH)

TH
Anear.

The incoming flux per unit area is computed near the black hole event horizon where, from (2.12),

Jin =
1

2i

(

H†(r∗)
dH

dr∗
−H(r∗)

dH†

dr∗

)

= ω |Anear|2 . (2.30)

The outgoing flux per unit area is computed at asymptotic infinity, where r∗ and r coincide and, from
(2.19),

Jout =
1

2i

(

H†(r)
dH

dr
−H(r)

dH†

dr

)

=
2

π
r2−dω3−d |AasympBasymp| . (2.31)

The absorption cross section is given by

σ =

∫

rd−2JoutdΩd−2

Jin

=
2

π
ω2−d |AasympBasymp|

|Anear|2
Ωd−2.

Replacing the results from (2.29), and after some simplifications, the final result is

σ = (d− 3)
C(RH)

4πTH
Ω

1
d−2

d−2A
d−3
d−2

H , (2.32)

where AH = Rd−2
H Ωd−2 is the horizon area with respect to the metric induced by (1.2).

We see that in the formula for the cross section, for charged black holes, the 1/TH factor present in
(1.4) gets replaced by a C(RH)/TH factor. In the extremal limit, both the numerator and the denominator

of this factor go to 0, but from (2.4) we learn that C(RH )
TH

= 4πRH

(d−3)
(

1+λ
fc(RH )+gc(RH )

2

) , a finite result. This

way, because of the C(RH) factor in the numerator, the low frequency absorption cross section remains
finite in the extremal limit.

For nonextremal black holes, one can always re-scale the time as dt̃ = C(RH) dt (and equivalently,
after euclideanization, the time periodicity, given by 1/TH), as explained in [5]. This means that time and
temperature can always be chosen in order to set C(RH) ≡ 1, and therefore (2.32) reduces to (1.4). Apart
from this detail, the result for the cross section for arbitrary nonextremal charged black holes is analogous
to the one for noncharged black holes, given by (1.4), and the discussion on the temperature dependence
following it is also valid.

3. The absorption cross section for charged black holes in string theory

In this section we take examples of charged black holes in the context of string theory: first, we
consider three-charged five dimensional black holes in different regimes; next, we consider analogous four
dimensional black holes with four charges. In each case, we compute the corresponding low frequency
absorption cross section, naturally obtaining a 1/TH explicit dependence. We analyze each expression in
the extremal limit. Finally we compare and discuss our results.
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3.1 Three-charged five-dimensional black holes

First we review a class of charged black hole solutions of type IIB supergravity, the D1-D5 system.
Setting to zero all the fermions as usual, but also the NS-NS two-form, the R-R four-form with self-dual
field strength and the R-R scalar, we are left with the following low energy effective action (in the string
scheme):

1

16πG10

∫ √−g
[

e−2φ
(

R+ 4(∇φ)2
)

− 1

12
|H3|2

]

d10x. (3.1)

Here 16πG10 = (2π)7ℓ8sg
2
s , gs being the string coupling constant and ℓs the string scale. We take the

effective action (3.1) compactified on a circle S1 of length 2πR and a torus T 4 of four-volume (2π)4V.
The solutions for the metric and dilaton are given by [7]

ds210 =
1

√

h1(r)h5(r)

(

−f(r)dt′2 + dx′5
2
)

+

√

h1(r)

h5(r)
dxidx

i

+
√

h1(r)h5(r)

(

dr2

f(r)
+ r2dΩ2

3

)

, (3.2)

e2φ =
h5(r)

h1(r)
, (3.3)

where we define the thermal and harmonic functions

f(r) = 1− r20
r2
, h1,5(r) = 1 +

r21,5
r2

(3.4)

and the boosted coordinates
(

t′

x5′

)

=

(

cosh ς sinh ς
sinh ς cosh ς

)(

t
x5

)

. (3.5)

x5 is periodically identified with period 2πR, and xi, i = 6, ..., 9, are each identified with period 2πV 1/4.
The R-R 2-form field strength is given by

H(3) = 2r25ǫ3 + 2e−2φr21 ⋆6 ǫ3. (3.6)

Here ǫ3 = 1
8dθ ∧ sin θdφ ∧ dψ is the volume element on the unit three-sphere, and ⋆6 is the Hodge dual in

the six dimensions x0, .., x5.
One can define rn in terms of r0 and the parameter ς in (3.5) by

rn ≡ r0 sinh ς. (3.7)

One can introduce similar parameters α, γ in order to similarly relate r1, r5 to r0:

r1 ≡ r0 sinhα, (3.8)

r5 ≡ r0 sinh γ. (3.9)

Besides the compactification moduli R and V , this solution has four independent parameters r0, r1, r5, rn,
or equivalently r0, α, γ, ς, in terms of which one may write the black hole mass and three U(1) charges.
Two of such charges are the quantized fluxes of the H(3)-form and its dual:

Q1 ≡
1

(2π)2 gs

∫

S3

e2φ ⋆6 H(3), Q5 ≡
1

(2π)2 gs

∫

S3

H(3), (3.10)
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The third charge in the model is the quantized momentum around S1 (in this case along the compact x5

direction): n = RP. All charges are normalized to be integers and taken to be positive. In terms of the
parameters of the solution, the charges are given by

Q1 =
V

2gs
r20 sinh 2α, (3.11)

Q5 =
1

2gs
r20 sinh 2γ, (3.12)

n =
R2V

2g2s
r20 sinh 2ς. (3.13)

The D-brane description of this black hole [8] involves a bound state of Q1 fundamental strings wrap-
ping S1 and Q5 NS5-branes wrapping T

4⊗S1. Excitations of this bound state are approximately described
by transverse oscillations, within the NS5-brane, of a single effective string wrapped Q1Q5 times around
the S1. These oscillations carry the momentum n and are described by a gas of left and right movers on
the string.

After reduction to five dimensions, the corresponding metric is given by

ds25 = −h−2/3(r)f(r)dt2 + h1/3(r)

(

dr2

f(r)
+ r2dΩ2

3

)

, (3.14)

h(r) = h1(r)h5(r)hn(r), hn(r) = 1 +
r2n
r2
, (3.15)

with f(r) and h1,5(r) defined as in (3.4). The metric (3.14) is invariant under permutations of the pa-
rameters α, γ, ς. This is a consequence of U−duality, as it was used for the obtention of this solution
[7].

We will now assume that in this background massless, neutral, minimally coupled scalar fields are
absorbed. We will examine the corresponding low energy absorption cross section in two different regimes,
concerning the magnitudes of the charges.

3.1.1 Black holes with two large charges

We now assume the following geometrical condition on the solution we are working with:

r0, rn ≪ r1, r5. (3.16)

This condition corresponds to having large values of the parameters α, γ in (3.8) and (3.9). In this limit,
the relations (3.11) and (3.12) between the charges Q1, Q5 are replaced by

r21 = gs
Q1

V
, r25 = gsQ5. (3.17)

Equation (3.13) for the quantized momentum around S1 remains valid. The physical meaning of condition
(3.16), in the black hole description, is that Q1 and Q5 are large compared to n.

In the string/brane description, condition (3.16) defines the dilute gas limit. In this regime, interactions
between the left and right moving oscillations we referred to can be neglected; these oscillations are governed
by effective left and right moving temperatures given by

TL =
1

2π

r0e
ς

r1r5
, TR =

1

2π

r0e
−ς

r1r5
. (3.18)
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They are related to the overall Hawking temperature by

T−1
H =

1

2
(T−1

L + T−1
R ), (3.19)

from where we write

TH =
1

2π

r0
r1r5 cosh ς

. (3.20)

The relation (3.20) can be inverted, in order to express the parameter ς in (3.5) as a function of
r0, r1, r5 and TH , obtaining

eς =
r0 +

√

r20 − 4π2r21r
2
5T

2
H

2πr1r5TH
. (3.21)

Replacing (3.21) in (3.13), one obtains an equation expressing n as a function of r0, r1, r5, TH , R and V.
This equation may be explicitly solved for r0: defining

x = πr1r5TH , y = R2V, z = g2sn,

F (x, y, z) ≡ 3

√

9x8y4z2 +
√
3
√

27x16y8z4 + 16x12y6z6,

G(x, y, z) ≡ x4 +
2 22/3x4z2

3
√
3F (x, y, z)

−
3
√
2F (x, y, z)

32/3y2
, (3.22)

we have

r20 = x2 +
√

G(x, y, z) +

√

2x6
√

G(x, y, z)
+ 3x4 −G(x, y, z). (3.23)

This way we can express r0 in terms of n, r1, r5, TH , R and V, and independently of ς. This expression
can be expanded in power series of the temperature:

r20 = 2
gsπr1r5
R

√

n

V
TH + π2r21r

2
5T

2
H +

3π3r31r
3
5R

4gs

√

V

n
T 3
H +

π4r41r
4
5R

2V

2g2sn
T 4
H +O

(

T 5
H

)

. (3.24)

The expansion (3.24) shows that r20 is a smooth function with a well defined extremal (TH → 0) limit, and
that limit is 0.

Replacing the solution (3.23) for r20 in (3.21), we see that we can also express eς in terms of r1, r5, TH , R
and V. In order to take the extremal limit, we should rather replace the expansion (3.24) in (3.21), to
conclude that limTH→0 e

ς = +∞. Both limits of r0 and of ς are consistent with the expression for TH
obtained in (3.20). But, in order to have a finite value for n in the extremal limit, from (3.13) one needs
a finite value of rn given by (3.7). The complete geometrical definition of the extremal limit is therefore
r0 → 0, ς → +∞, but in such a way that rn remains finite. In terms of the temperatures, from (3.18) the
extremal limit is defined as TR, TH → 0 with TL remaining finite.

Because of the dilute gas assumption (3.16), the full (frequency-dependent) absorption cross section
for this solution could be computed, the result being [9]

σabs(ω) = π3r21r
2
5ω

e
ω

TH − 1
(

e
ω

2TL − 1
)(

e
ω

2TR − 1
) . (3.25)
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We are interested in the low frequency limit of the absorption cross section, which can be obtained from
the ω → 0 limit of (3.25). Using the relation (3.19), we can write such limit in the form

σ = 2π3r21r
2
5(TL + TR). (3.26)

This same limit can be written, using the relations (3.18) and (3.20), in the equivalent form

σ =
πr20
TH

. (3.27)

We see that the low frequency limit of the absorption cross section is of the general form for charged
solutions, obtained in (2.32): the quotient of a term that goes to 0 in the extremal limit (πr20, as we have
just seen), and the black hole temperature. Considering that low frequency cross section written in the
form (3.26), it is easy from our previous discussion to conclude that also for this solution it has a smooth
extremal limit. That conclusion could also have been achieved by replacing the expansion (3.24) in (3.27).

3.1.2 Black holes with one large charge

We now assume a different range of parameters for the solution we are working with, defined by

r0, r1, rn ≪ r5. (3.28)

This condition corresponds to having a large value of the parameter γ in (3.9) (but not of α in (3.8) nor
of ς in (3.7)). Physically, condition (3.28) means that Q5 is large compared to the other charges Q1 and
n. The temperatures of the left and right moving oscillations and the black hole Hawking temperature,
verifying condition (3.19), are given respectively by

TL =
1

2πr5 cosh(α− ς)
, TR =

1

2πr5 cosh(α+ ς)
, (3.29)

TH =
1

2πr5 coshα cosh ς
. (3.30)

In this range it is also possible to compute the full (frequency-dependent) absorption cross section, the
result being [10]

σabs(ω) = π3r25r
2
0(1 + sinh2 α+ sinh2 ς)ω

e
ω

TH − 1
(

e
ω

2TL − 1
)(

e
ω

2TR − 1
) . (3.31)

This formula has a structure which is similar to the one of (3.25). Indeed, using (3.29) one can see that

its low frequency limit is the same as the one of (3.25), given by (3.27): σ =
πr20
TH
.

In order to study the extremal limit, first we invert (3.11) (respectively (3.13)) in order to express eα

(respectively eς) in terms of Q1 (respectively n), r0, r5, V,R. Then we replace the obtained values for eα, eς

in the Hawking temperature in (3.30), obtaining

TH =

r20V

√

R
(

√

g2sQ
2
1 + r40V

2 + gsQ1

)(

√

g2sn
2 +R2r40V

2 + gsn
)

2πr5

(

√

g2sQ
2
1 + r40V

2 + gsQ1 + r20V
)(

√

g2sn
2 +R2r40V

2 + gsn+Rr20V
) .
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We could solve this expression for r0, as we did previously, but the solution, although possible, is
notoriously lengthy. For our purposes it is enough to expand this expression for TH around r0 = 0,
obtaining

TH =

√

R

nQ1

V

4πgsr5
r20

(

1− V

2gs

(

1

Q1
+
R

n

)

r20

)

+O
(

r50
)

. (3.32)

We see that the extremal limit corresponds geometrically to r0 → 0, as expected, but in such a way that
r20
TH

remains finite. As in the previously studied case, we conclude that the low frequency absorption cross
section, given by (3.27), is the quotient of a term that goes to 0 in the extremal limit and the black hole
temperature; and that quotient has a smooth extremal limit.

3.2 Four dimensional black holes with two large charges

Finally we consider a four dimensional dyonic four-charged black hole solution [11], which also has a
possible interpretation in terms of M-branes, corresponding to an eleven-dimensional configuration con-
sisting of two 2-branes intersecting at a point, and two 5-branes intersecting at a 3-brane, with each of
the 2-branes intersecting with each of the 5-branes at a string, and after compactification on T 7 [12]. The
metric given by

ds24 = −h−1/2(r)f(r)dt2 + h1/2(r)

(

dr2

f(r)
+ r2dΩ2

2

)

, (3.33)

with the thermal and harmonic functions defined in d = 4 as

f(r) = 1− r0
r
, (3.34)

h(r) = h1(r)h2(r)h3(r)hn(r),

hn(r) = 1 +
rn
r
, hi(r) = 1 +

ri
r
, i = 1, 2, 3. (3.35)

The structure is very similar to the five-dimensional solution (3.14), necessarily adapted (like the functions
f(r), hi(r), hn(r)) to d = 4 and to four charges.

We are considering the range of parameters

r0, r1, rn ≪ r2, r3, (3.36)

Physically, this range of parameters means the charges associated to r2, r3 are much larger than those
associated to r1, rn, as before. Also as before, it is useful to introduce hyperbolic angles α, ς relating the
small radii r1, rn, and the extremality parameter r0, but this time, in d = 4, in the form

r1 ≡ r0 sinh
2 α, rn ≡ r0 sinh

2 ς. (3.37)

In this range of parameters, the Bekenstein-Hawking entropy coincides with the entropy of a gas of effective
strings with central charge c = 6 and tension Teff = 1

8πr2r3
. The mass levels are given by

m2 = (2πnwTeff + np)
2 + 8πTeffNR = (2πnwTeff − np)

2 + 8πTeffNL,
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with (here κ24 = 8πG4 is Newton’s constant in four dimensions)

m =
πr0
κ24

(cosh(2α) + cosh(2ς)), (3.38)

nw = 4r2r3
πr0
κ24

sinh(2α), (3.39)

np =
πr0
κ24

sinh(2ς). (3.40)

In this gas of effective strings once more we have left and right oscillators in a thermal form. The cor-
responding left and right temperatures, and from (3.19) the Hawking temperature, are in this case given
respectively by

TL =
1

4π
√
r2r3 cosh(α− ς)

, TR =
1

4π
√
r2r3 cosh(α+ ς)

, (3.41)

TH =
1

4π
√
r2r3 coshα cosh ς

. (3.42)

Once again in this range of parameters it is possible to compute the full frequency-dependent scalar
absorption cross section, which is given by [10]

σabs(ω) = 2π
√
r2r3r0(cosh 2α+ cosh 2ς)ω

e
ω

TH − 1
(

e
ω

2TL − 1
)(

e
ω

2TR − 1
) . (3.43)

Its low frequency limit is given by

σ =
r0
TH

. (3.44)

In order to study the extremal limit, we proceed as in the previous section: first we invert (3.39)
(respectively (3.40)) in order to express eα (respectively eς) in terms of nw (respectively np), r0, r2, r3.
Then we replace the obtained values for eα, eς in the Hawking temperature in (3.42), obtaining

TH =

r0

√

(√

κ8n2p + 4π2r20 + κ4np

)(

√

κ8n2w + 64π2r20r
2
2r

2
3 + κ4nw

)

(√

κ8n2p + 4π2r20 + κ4np + 2πr0

)(

√

κ8n2w + 64π2r20r
2
2r

2
3 + κ4nw + 8πr0r2r3

) .

Expanding this expression for TH around r0 = 0, we obtain

TH =
r0

2κ4
√
npnw

(

1− (nw + 4r2r3np)

κ4npnw
πr0

)

+O
(

r30
)

. (3.45)

The previous discussion about the extremal limit can also be taken here, with similar conclusions. The
extremal limit corresponds geometrically to r0 → 0, as expected, but in such a way that r0

TH
remains finite.

The low frequency absorption cross section in (3.44) is given by the quotient of a term that goes to 0 in
the extremal limit and the black hole temperature; that quotient has a smooth extremal limit.
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3.3 General discussion

For all the black holes we have considered in this section, in a string theory context, the low frequency
absorption cross section has a form which is similar to (1.1), with an explicit dependence of the temperature
of the form 1/TH . (Because the remaining terms in the expressions for all the cross sections we have
considered depend implicitly on the temperature, we cannot say there is an inverse proportionality to TH .)

This explicit dependence had been previously suggested in [13], where it is assumed that fundamental
string states are in one to one correspondence with black hole states: the states of a free string evolve into
black holes as the string coupling gs is turned on and increased; conversely, every black hole evolved from
a state of a single free string. Based on these assumptions, the microscopic and macroscopic entropies
can be related and shown to be equal to the black hole horizon area, for which the following formula was
proposed:

AH = lim
ω→0

2π2P (ω)

ω2TH
, (3.46)

with P (ω) being the low energy power spectrum of the Hawking radiation emitted by the black hole of
mass M . Under the same assumptions, also in [13] an expression for this power spectrum was obtained:

P (ω) =
32G

M
TLTRω

2. (3.47)

Replacing (3.47) in (3.46), and recalling (1.1), one finds for the low frequency absorption cross section

σ =
64π2G

M

TLTR
TH

, (3.48)

a result which exhibits the expected explicit temperature dependence.
That dependence results from the fact that all cross sections we have seen were of the form

σabs(ω) = geff ω
ρ
(

ω
2TL

)

ρ
(

ω
2TR

)

ρ
(

ω
TH

) , (3.49)

where geff is a (charge-dependent but frequency-independent) effective coupling of left and right moving
oscillations of energies ω/2 to an outgoing scalar of energy ω, and the thermal factor ρ(ω/T ) is given by

ρ
(ω

T

)

≡ 1

e
ω
T − 1

. (3.50)

Indeed in [3, 9] it was shown that the total rate of emission of low energy scalar quanta by the D1-D5
configuration we considered is generically given by

Γ(ω) = geff ω ρ

(

ω

2TL

)

ρ

(

ω

2TR

)

ddk

(2π)d
.

Together with the detailed balance condition

Γ(ω) = σabs(ω)ρ

(

ω

TH

)

ddk

(2π)d

we easily obtain (3.49), which is the generic form of the absorption cross section for the kind of stringy
black holes we considered. The low frequency limit of (3.49) is given by σ = 4geff

TLTR

TH
, which indeed has

the aforementioned explicit dependence on the Hawking temperature.
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3.4 Inclusion of α′ corrections

All black hole solutions we have considered in this section have their origin in string theory; yet, they
do not include any α′ corrections. On the other hand, the analysis we have made in section 2 is valid for
α′–corrected black holes. It is interesting to compare the results. In both cases, and from different and
independent arguments, we are led to expect an explicit temperature dependence of the absorption cross
section of the form 1/TH .

The α′ corrections to the solutions we have considered in this section are not known. Still, from
the general result obtained in section 2, even not knowing such corrections we expect the same explicit
temperature dependence of the α′-corrected absorption cross section.

When deriving α′ corrections to black hole solutions, it is possible to choose the radial coordinate in
such a way that the black hole horizon radius parameter RH does not have any α′ corrections. Exactly the
same choice can be made, when determining the α′ corrections to each of the solutions considered in this
section, to the extremality parameter r0. Having guaranteed that choice has been made in each solution,
from the result (1.4) we conclude that the low frequency limits of the cross sections we have obtained in
subsections 3.1.1 and 3.1.2 (given in both cases by the same formula (3.27)) and in subsection 3.2 (given by
(3.44)) are also valid in the presence of α′ corrections, if they keep being written on those forms (in terms
of r0), exactly in the same as (1.4) is written in terms of AH . If in any of those formulas one replaces r0
by the black hole charges, explicit α′ corrections should appear.

4. Conclusions

In this article, we have shown that the low frequency absorption cross section for charged spherically
symmetric d–dimensional black holes has an explicit dependence on the black hole temperature of the
form 1/TH . Such explicit dependence appears as naturally induced (and required) by α′ corrections to the
metric.

The validity of this assertion is also supported by considering intrinsically stringy solutions already
in their classical, without α′ corrections limit: we have seen that, assuming fundamental string states to
be in one to one correspondence with black hole states, at the classical level one naturally obtains a low
frequency cross section with the same explicit dependence on the black hole temperature of the form 1/TH .
We verified this property for different regimes of the D1-D5 system in d = 5 and a four dimensional dyonic
four-charged black hole. From our result concerning α′-corrected black holes, we are led to the conclusion
that the expressions for the low frequency cross section obtained from these solutions should also be valid
in the presence of α′ corrections, even if we do not know such corrections to these solutions.

This way equation (1.4), which seemed just a formula to encode the leading order α′ corrections to the
low frequency absorption cross section, may actually be the most natural way to write this quantity in the
context of string theory, since it is valid classically and with leading α′ corrections. For this to be true, one
would have to show that equation (1.4) remains valid in the presence of the full series of α′ corrections,
and not just at leading order. Nonetheless, the matching we found up to leading order α′ corrections is
remarkable.

For the solutions we considered, we have also evaluated the low frequency absorption cross section near
the extremal limit. In each case we checked that, despite the 1/TH dependence on the temperature, the
cross section is well defined, giving results which in each case are equal to the horizon area, as it is expected
for a classical solution. Taking this quantity in the extremal limit results in a smooth behavior. But for
extremal black holes the string α′ corrections cannot be induced by the temperature; more generally, since
nothing in that case can depend on the temperature, a formula like (1.4) cannot be valid for extremal black
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holes and must be replaced. It remains an open issue to find a formula for the α′-corrected absorption
cross section for extremal black holes. We address such issue in a forthcoming work [14].
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