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npoAqsr5t�uAv$uAwsv�xyo+z {�|�}�v
1 ~s� w"� }�r�npo��(osx�oAqsr5t�uAv$uAw"r#| 2

1 � r5�Av$t�}�v$�8r5u�}�{Nw"r�n�v�}�r5�N��}��9�5v��Av$t�v8vlz � �5uA���9v(r���r#��us{�� {����9v
2 � r5�Av$t�}�v$�8r5u�}�{Nw"r_x.t�{"w"�A�5�${(r��C�9|�}�r5�Nv�|��us� ��r5t�|��9wsv�w"r_w"{NnZ� us�s{

IWONJ�Y�[WIlg�Y
���s�9|<�Av$�+r5t_w"r#|���t�� ��r#|Ev;|�r#���sr5u�}��9v$�y���Av�w"t�v�}��9���st�{���t�v��8�8� us�����A��x��Ev$� ��{�t�� }��s����{�t
|�{�� �C� us��us{�us� � usr#v$t�� usr#���Av$� � }� ¡��{�uA|�}�t�v$� usr#w¡{��"}�� �8� ¢#v�}�� {�u£�st�{��s� r5�N|5o����srZ��x¤|��s�"¥
�st�{��s� r5�N|�v$t�r�|�{�� �$r#wQ�C ZvN�st�� �Nv$� ¥�w"�Av$��� u�}�r5t�� {�t�¥1��{�� u�}��8r�}��s{"wQ}��Av�}<�A|�r#|�vl��v$t��9v$u�}
{$��}��sr(nQr5�st�{$}�t�v ¦§|��st�r#w"�9�¨}�{�t�¥���{�t�t�r#�¨}�{�t�v$� ��{�t�� }��s�Qo�x.t�r5� � �8� uAv$t� ;u��s�8r5t��9�5v$��}�r#|�}�� us�
� uAw"�9�5v�}�r#|�}��Av�}2}��sr_�8r�}��s{"w;�9|�r�©+r#�¨}�� ��r�o

ªZ«�¬®­�¯A°�±*²�³ �A��x ~ � u�}�r5t�� {�t�¥1��{�� u�}��8r�}��s{"w7o

´�µ X�VZY�[lTNS;fZg�Y�X#TNV
qs{�tlr#v�|� ®{$�E�st�r#|�r5u�}�v�}�� {�u ~�¶ r���{�uA|��9w"r5tN}��srZ��{�t����s�9v�}�� {�u·{$�E}��sr�us{�us� � usr#v$tl�st�{��s� r5� ¶ � }��� usr#���Av$� � }� W��{�uA|�}�t�v$� u�}�|�v$uAwQ|�� �8�s� rE�+{��suAws|2v�|���{�� � { ¶ |5³

�8� us� �8� ¢5r
x∈Rn

F (x)|��s�s¸�r5�¨}�}�{
b ≤ h(x) ≤ b + r, l ≤ x ≤ u ~

��¹
�

¶ �sr5t�r hk : R
n→ R

��{�t
k = 1, ...,m

v$uAw
F : R

n→ R
v$t�r8us{�us� � usr#v$t�v$uAwd} ¶ �9��rW��{�u�}�� uC�s{��A|��  w"� ©+r5t�r5u�}��9v$�s� r(���suA�¨}�� {�uA|5o

r
�9|E}��sr8��r#�¨}�{�tE{$��t�v$us��r#|<{�ud}��srl��{�uA|�}�t�v$� u�}�|

h(x) ~ u
v$uAw

l
v$t�r(}��sr

��r#�¨}�{�t�|<{$���s�s��r5t�v$uAwd� { ¶ r5tE��{��suAws|E{�ud}��srN��v$t��9v$�s� r#|�t�r#|��+r#�¨}�� �$r5�  dv$uAw b
�9|_v�|�|��s�8r#wZ}�{Q�+rNv

º us� }�r�t�r#v$�C�$r#�¨}�{�t#o � � r5�8r5u�}�|�{$�s}��sr���r#�¨}�{�t�| r ~ l v$uAw u
v$t�r t�r#v$�Cu��s����r5t�|y|��s�"¸�r#�¨}�}�{<}��sr ��{�� � { ¶ � us�� � �8� }�v�}�� {�uA|5³

0 ≤ rk ≤ ∞ ~ −∞ ≤ li, ui ≤ ∞
��{�t

k = 1, ...,m ~ i = 1, ..., n.
z {�uA|�}�t�v$� u�}�|2{$��}��sr

��{�t��
b ≤ h(x) ≤ b+r

v$t�r2w"r5us{$}�r#w(�� �t�v$us��r2��{�uA|�}�t�v$� u�}�|5o*���sr2r#���Av$� � }� (��{�uA|�}�t�v$� u�}�|�v$t�r�}�t�r#v�}�r#w
v�|�t�v$us��rE��{�uA|�}�t�v$� u�}�| ¶ � }�� r = 0

o
»�r�}

∇F (x)
w"r5us{$}�r(}��srN��t�v�w"� r5u�}_{$�

F (x)
v$uAw

∇h(x)
w"r5us{$}�r8}��srl¼�v���{��s�9v$ud�Nv�}�t�� ½d{$� }��sr

��{�uA|�}�t�v$� u�}_��r#�¨}�{�t
h(x)T = [h(x) − b, b + r − h(x), x − l, u − x]. ¾ |�{�� �"}�� {�u�{$�_��¹
� ¶ � � �.��rw"r5us{$}�r#wQ�� 

x∗ ~ v$uAw ¶ r�v�|�|��s�8rE}��Av�}�}��sr5t�r�v$t�r_v º us� }�r�uC�s���+r5t�{$�.|�{�� �"}�� {�uA|5o.¿�r�v$�9|�{Nv�|�|��s�8r}��Av�}8}��srZ|�r#��{�uAw£{�t�w"r5t8ÀE�s�su"¥����A��Á�r5t8��{�uAw"� }�� {�uA|(�s{��9wÂ� ¶ � }��·|�}�t��9�¨}l��{��8�"�9r��8r5u�}�v$t�� }� s��v�} x∗
o

���C�A| ~ }��sr_��{�uA|�}�t�v$� u�}�|�v$t�r<��r5t�� º r#wWv$uAwN}��sr5t�rEr�½"�9|�}�|�v8»�v$��t�v$u"��r����"� }�� �s� � r5t2�$r#�¨}�{�t λ∗ ≥ 0
|��A���

}��Av�}
∇F (x∗) = ∇h(x∗)T λ∗, h(x∗)T λ∗ = 0.

��Ã��
nZr�}��s{sw"|E��{�t_|�{�� �C�9u"�p��¹
�<v$t�r(� }�r�t�v�}�� �$r8� ud}��"rl|�r5uA|�r(}��Av�}_}��sr8usr ¶ v$�s�st�{#½"� �Nv�}�� {�ud�9|E��� ��r5u��� 
xk+1 = xk + αk4k

~2¶ �sr5t�r xk

�9|N}��srd���st�t�r5u�};v$�s�st�{#½"� �Nv�}�� {�u ~ 4k

�9|N}��srd|�r#v$t����Äw"� t�r#�¨}�� {�u
v$uAw

αk

�9|Nv�us{�ususr5��v�}�� �$rZ|�}�r5�Å� r5us�$}��Æ�
0 < αk ≤ 1

�¨oÇ���srZ��r5u�}�t�v$����r#v�}��st�rQ{$�Ev¡|�r#���sr5u�}��9v$�
���Av�w"t�v�}��9�(�st�{���t�v$�8�8� us�¡���A��x��E�8r�}��s{sw��9|E}��Av�}�}��srl|�r#v$t����¡w"� t�r#�¨}�� {�u

4
�9|E}��srW|�{�� �"}�� {�u�{$��v



���Av�w"t�v�}��9���st�{���t�v$�8�8� us��|��s�s�st�{��s� r5� ¶ �s{�|�r<{��"¸�r#�¨}�� ��r����suA�¨}�� {�uQv$�s�st�{
½"� �Nv�}�r#|y}��sr_»�v$��t�v$us���9v�u���suA�¨}�� {�u·v$uAw ¶ �s{�|�rQ��{�uA|�}�t�v$� u�}�|(v$t�rW� � usr#v$tNv$�s�st�{
½"� �Nv�}�� {�uA|_}�{d}��"rZ��{�uA|�}�t�v$� u�}�|�� uÆ��¹
�¨o®���sr
�A|��Av$��w"r º us� }�� {�uQ{$�*}��sr(��x·|��s�s�st�{��s� r5�P�9|�}��srE��{�� � { ¶ � us�A³

�8� us� �8� ¢5r
4∈Rn

1

2
4T Hk4 + ∇F T

k 4
|��s�"¸�r#�¨}2}�{

b ≤ ∇hk4 + hk ≤ b + r, l ≤ 4 + xk ≤ u

�����

¶ �sr5t�r ∇h(x)
w"r5us{$}�r#|�}��sr(¼�v���{��s�9v$uZ�Nv�}�t�� ½Q{$�y}��sr8��{�uA|�}�t�v$� u�}<�$r#�¨}�{�t

h(x) ~ v$uAw ∇Fk
~ hk

v$uAw
∇hk

w"r5us{$}�r<}��srEt�r5� r5��v$u�}2���Av$u�}�� }�� r#|�r5��v$� �Av�}�r#wWv�}
xk.

���srE�Nv�}�t�� ½
Hk

�9|�v8|� C�8�8r�}�t��9����{�|�� }�� ��r
w"r º us� }�r¡v$�s�st�{
½"� �Nv�}�� {�u·}�{£}��sr���r#|�|��9v$uÄ{$��}��sr�»�v$��t�v$us���9v�u·���suA�¨}�� {�u�o ���s�9|W�st�{��s� r5� �Av�|;v
|�{�� �"}�� {�u

4k

v$uAw;v8»�v$��t�v$us��r����s� }�� �s� � r5t
πk

}��Av�}�|�v�}��9|��� N}��sr���{�uA|�}�t�v$� u�}�|2v$uAw

Hk4k + ∇Fk = ∇h
T

k πk, πT
k

(
∇hk4k + hk

)
= 0, πk ≥ 0

o
�C{�� �C� us�;��xÄ�st�{��s� r5�N| ¶ � }���r#���Av$� � }� ;��{�uA|�}�t�v$� u�}�|��9|�|�}�t�v$� ����}���{�t ¶ v�t�w7o���{ ¶ r5��r5t ~ �st�{��s� r5�N|�}��Av�}�Av
��r�� usr#���Av$� � }� Z��{�uA|�}�t�v$� u�}�|�v$t�r(|�� ��us� º �5v$u�}��  Q�8{�t�r(w"� �l���s� }<}�{;|�{�� ��r�}��Av$u��st�{��s� r5�N|�� u ¶ �"� ���v$� �y��{�uA|�}�t�v$� u�}�|<v$t�r�r#���Av�}�� {�uA|<|�� uA��r8� }E�9|<us{$}EÁ"u"{ ¶ ud� u¡v�w"��v$uA��r ¶ �s�9���d� usr#���Av$� � }� ���{�uA|�}�t�v$� u�}�|v$t�r(v��¨}�� �$r8v�}�}��sr8|�{�� �"}�� {�u�o ¾ �¨}�� ��r¨¥�|�r�}E�8r�}��s{"ws|<�8{
��r(|�r#���sr5u�}��9v$� �  ;��t�{��]{�usr(���s{��9��r�{$� v��¨}�� ��r
��{�uA|�}�t�v$� u�}�|�}�{�v$us{$}��sr5t_���s{��9��r(}��Av�}��st�{"w"�A��r#|_v�}_� r#v�|�}�v�|E��{C{swdvQ|�{�� �"}�� {�u�oWz � r#v$t��  Z}��srN�8{�|�}
��{��8�8{�upv$�s�st�{�v����d� {�t�|�{�� �C� us�p�����E��{�uA|��9w"r5t�|Ev��¨}�� ��r�¥�|�r�}_�8r�}��s{"ws|l�§|�r5r ~ ��{�t_r�½sv$�8�s� r ~�� {"��r#wsv$�v$uAw¡¿�t�� ����};��Ã	�
�s¹
���¨o���u¡}��s�9|��Av$��r5t ~*¶ rWw"r#|���t�� ��rlvZusr ¶ �A��x �8r�}��s{sw�}��Av�}��9|��Av�|�r#w�{�u¡}��sr
� u�}�r5t�� {�t�¥1��{�� u�}��Av$t�v�w"� ��� ��{�t�|�{�� �C� us�(}��sr(��x·|��s�s�st�{��s� r5�N|5o

���sr<�Av$��r5t��9|�{�t���v$us� ¢5r#wNv�| ��{�� � { ¶ |5o.�Cr#�¨}�� {�uQÃ�w"r#|���t�� ��r#| }��sr<� u�}�r5t�� {�t�¥1��{�� u�}��8r�}��s{"wl�A|�r#wN}�{|�{�� ��r_}��srN��xÂ|��s�s�st�{��"�9r��N|5oE�Cr#�¨}�� {�u
�lt�r5��{�t�}�|�{�uQ}��sr(�A|�r#wZ�8r5t�� }����suA�¨}�� {�uZ}�{Wr5uA|��st�r(�¨{�uC��r5t�¥
��r5uA��r_v$uAwZ�Cr5�¨}��9{�u��N��{�u�}�v$� uA|�}��sr_u��s�8r5t��9�5v$�7t�r#|��s� }�|2v$uAwQ|�{��8r_��{�uA��� �Aw"� us�8t�r5�Nv$t�Á"|5o

�7µ Y��ZR X�VZY�R<[WX#TN[N\�M�TNX�VZY M IW[WIWS;X#^;i a�TN[KJ*TNe��;X�Vd^ULNM
���s�9|l|�r#��}�� {�u·w"r#|���t�� ��r#|Nv$u·� u"��r#v�|�� �s� rZ�"t��9�Nv$� ¥�wC�Av$�2� u�}�r5t�� {�t�¥1��{�� u�}N�8r�}��s{"w®��{�tl|�{�� �C� us��}��sr

���Av�w"t�v�}��9�E|��s�s�st�{��s� r5� �����¨oy¿�rEt�r���r5t�}�{��.v$uAw"r5t���r5�.��¹��
�	�C�y��{�t�w"r�}�v$� �9|5o ¾ wsw"� us�N|��9v���Ál��v$t��9v$�s� r#|
w, p, g

v$uAw
t ~ ��������r#��{��8r#|

�8� us� �8� ¢5r
1

2
4T Hk4 + ∇F T

k 4|��s�s¸�r#�¨}2}�{
∇hk4− w = b − hk, ∇hk4 + p = b + r − hk, 4− g = l − xk,
4 + t = u − xk

~ w, p, g, t ≥ 0.

���C�

���sr�u"{�ususr5��v�}�� �C� }� Å��{�uA|�}�t�v$� u�}�|Nv$t�rQ}��sr5u·r5� � �8� uAv�}�r#w·�C ®� uA��{�t���{�t�v�}�� us�d}��sr5�h� uÄ� {���v$t�� }��s�8�9�
�Av$t�t�� r5t�}�r5t��N|�� u;}��sr_{��s¸�r#��}�� �$rE���suA�¨}�� {�u;}�t�v$uA|���{�t��8� us�Q���C��� u�}�{

�8� us� �8� ¢5r 1

2
4T Hk4 + ∇F T

k 4− µ

m∑

j=1

ln(wj) − µ

m∑

j=1

ln(pj) − µ

n∑

i=1

ln(gi) − µ

n∑

i=1

ln(ti)

|��s�s¸�r#�¨}E}�{;}��srN|�v$�8r8r#���Av$� � }� d��{�uA|�}�t�v$� u�}�| ~7¶ � }�� µ
v;��{�|�� }�� ��r(�Av$t�t�� r5t<�Av$t�v$�8r�}�r5t#o����"}�� �Nv$� � }� 

��{�uAw"� }�� {�uA|���{�t�}��s�9|�|��s�s�st�{��s� r5�P�st�{"w"�A��r<}��sr�|�}�v$uAwsv$t�wW�st�� �Nv$� ¥�w"�Av$�7|� "|�}�r5�

Hk4 + ∇Fk −∇hT
k y − z + s = 0, WV e1 = µe1, ∇hk4 + hk − b − w = 0,

y + q − v = 0, PQe1 = µe, r − w − p = 0,
GZe2 = µe2, 4 + xk − l − g = 0,
TSe2 = µe2, u −4− xk − t = 0,

�����

¶ �sr5t�r V = diag(v1, ..., vm) ~ Q = diag(q1, ..., qm) ~ Z = diag(z1, ..., zn) ~ S = diag(s1, ..., sn) ~
W = diag(w1, ..., wm) ~ P = diag(p1, ..., pm) ~ G = diag(g1, ..., gn) ~ T = diag(t1, ..., tn), e1 =



(1, 1, ..., 1)T
v$uAw

e2 = (1, 1, ..., 1)T
v$t�r

m
v$uAw

n
�$r#�¨}�{�t�|_t�r#|��+r#�¨}�� �$r5�  ¡v$uAw

y = v − q
od���sr

º t�|�}�} ¶ {lr#���Av�}�� {�uA|�w"r º usr�}��sr���{�uAw"� }�� {�uA|�{$� w"�Av$����r#v�|�� �s� � � }�  ~ }��sr�usr�½C}���{��st�r#���Av�}�� {�uA|�v$t�r_}��sr��{��8�s� r5�8r5u�}�v$t�� }� 8��{�uAw"� }�� {�uA|�v$uAwN}��sr<�9v�|�} ��{��st�r#���Av�}�� {�uA| w"r º usr�}��sr<�st�� �Nv$�A��r#v�|�� �s� � � }� �oy���s�9| � |
v�us{�us� � usr#v$t�|� "|�}�r5�Æ{$�

5n+5m
r#���Av�}�� {�uA|�� u

5n+5m
�susÁCus{ ¶ uA|5o �1}��Av�|*v��sus�9���sr�|�{�� �"}�� {�u�� u�}��sr|�}�t��9�¨}_� u�}�r5t�� {�tE{$�2v$u¡v$�"�st�{��st��9v�}�r({�t�}��Av$u�}E� u¡�st�� �Nv$� ¥�w"�Av$�y|��Av���r �

(4 ~ g, w, t, p, y, z, v, s, q) : g,
w, t, p, z, v, s, q ≥ 0 � o���srE��r5u�}�t�v$���Av�}��W�9|�v$uWv$t���{$�*|�}�t��9�¨}��  (��r#v�|�� �s� r<��{�� u�}�|5o �1}��9| �Av$t�v$�8r�}�r5t�� ¢5r#wN�� 8}��srE|��5v$�9v$t

µ ~v$uAw�r#v������+{�� u�}E{�uZ}��sr8��r5u�}�t�v$�*�Av�}��d|�{�� ��r#|2}��sr(�st�� �Nv$� ¥�w"�Av$��|� "|�}�r5�b�����¨o ¾ | µ
}�r5uAws|�}�{W¢5r5t�{ ~}��sr���r5u�}�t�v$�7�Av�}��Q��{�uC��r5t���r#|.}�{lv$u;{��"}�� �Nv$��|�{�� �"}�� {�uW}�{N��{$}��Q�st�� �Nv$��v$uAw;w"�Av$���st�{��s� r5�N|5o

qs{�t.v<��v$� �sr�{$�
µ ~ � r�}�� 4 ~ g ~ w ~ ... ~ q ��w"r5us{$}�r�}��sr����st�t�r5u�}y�+{�� u�}.� u(}��sr2{�t�}��Av$u�}#o ���st.v$� �j�9|*}�{

º uAw��
44 ~ 4g ~ 4w ~ ... ~ 4q

�y|��A���8}��Av�}.}��sr�usr ¶ ��{�� u�}<� 4+44 ~ g +4g ~ w+4w ~ ... ~ q +4q
�

� � r#|.v$�s�st�{
½"� �Nv�}�r5�  _{�u�}��sr��st�� �Nv$� ¥�w"�Av$�"��r5u�}�t�v$�"�Av�}��Nv�}y}��sr2��{�� u�}
(4µ

~ gµ
~ wµ

~ ... ~ qµ) .
¿�r�|�r5r

}��Av�}2}��sr_usr ¶ ��{�� u�}��
4 + 44 ~ g + 4g ~ w + 4w ~ ... ~ q + 4q

�
,
� �*� } ¶ r5t�r<}�{8� � rEr�½sv��¨}��  l{�uW}��sr��r5u�}�t�v$�7�Av�}��Qv�}

µ ~s¶ {��s�9w;��r�w"r º usr#w;�� 

−Hk44 + ∇hT
k 4y + 4z −4s = Hk4 + ∇Fk −∇hT

k y − z + s ≡ σ,

−4y −4q + 4v = y + q − v ≡ β,

V −1W4v + 4w = µV −1e1 − w − V −1∆V 4w ≡ γw,

P−1Q4p + 4q = µP−1e1 − q − P−1∆P4q ≡ γq,

G−1Z4g + 4z = µG−1e2 − z − G−1∆G4z ≡ γz,
�����

T−1S4t + 4s = µT−1e2 − s − T−1∆T4s ≡ γs,

∇hk44−4w = w + b −∇hk4− hk ≡ ρ,

4w + 4p = r − w − p ≡ α,

44−4g = l −4− xk + g ≡ υ,

44 + 4t = u −4− xk − t ≡ τ,

¶ �sr5t�r ¶ r �Av
��r.� u�}�t�{"w"�A��r#w_us{$}�v�}�� {�uA| σ ~ β, ρ, α, υ, τ, γw, γq, γz, γs

v�|*|��s{�t�}�¥1�Av$uAws|+��{�t�}��sr�t�� ����}�¥
�Av$uAw¡|��9w"rNr�½"�st�r#|�|�� {�uA|5o8���s�9|_�9|�v$� �8{�|�}�v;�9� usr5v$t�|� "|�}�r5� ��{�tE}��srWwC�9t�r5�¨}��9{�u���r5�¨}�{�t�|N�

44, 4g,
4w, ..., 4q

�¨oy���sr�{�us�  (us{�us� � usr#v$t�� }�� r#|.v$�s��r#v$t.{�u(}��sr�t�� ����}�¥1�Av$uAw8|�� wCr#|.{$�+}��sr���{��8�s� r5�8r5u�}�v$t�� }� 
r#���Av�}�� {�uA|_�����	�
� ~ � u γw, γq, γz, γs

��o
���sr(v$� ��{�t�� }��s��� �8�s� r5�8r5u�}�|Ev���
�������������
�������
�
���������
d�§nZr5�st�{$}�t�vZ��¹��
��Ã����2v$�s�st�{�v����;}�{ º uAw"� us�

v(��{C{"wWv$�s�st�{#½"� �Nv�}�rE|�{�� �"}�� {�ul}�{8r#���Av�}�� {�uA|E�����¨oyq*� t�|�} ~"¶ r_�5v$�9���s�9v�}�r�}��srE�st�r#w"�9�¨}�{�t2|�}�r5�¡� 44 � ,
4g � , 4w � , ..., 4q � � ¶ �s�9���W��{�uA|��9|�}�|.{$��w"t�{��s�s� us�_�+{$}��N}��sr µ

}�r5t��N| v$uAw8}��sr���w"r5� }�v���}�r5t��N|y}��Av�}
v$�s�+r5v$t2{�uW}��sr_t�� ����}�¥1�Av$uAwW|��9w"r_� up�����¨o

��{W�8r#v�|��st�r�}��sr(r�©+r#�¨}�� ��r5usr#|�|�{$�.}��s�9|Ew"� t�r#�¨}�� {�u ~+¶ r º uAw α � }�{W�+r�}��sr8� {�us��r5|�}E|�}�r5�d� r5us�$}��}��Av�}E�5v$uQ�+r_}�v$Á�r5uZv$� {�us�8}��s�9|<w"� t�r#�¨}�� {�uQ�+r���{�t�r_�C� {��9v�}�� us�8}��sr�us{�ususr5��v�}�� �$r��¨{�uAw"� }��9{�us|��
g, w, t,

p, z, v, s, q
�
≥ 0, ¶ � }��Zv$u;�s�s��r5t���{��suAw;{$��¹�o ¾ uQr�½"�s� �9��� }2��{�t����s�9v���{�t�}��s�9|2��v$� �sr ~ ��{�uA|��9w"r5t�� us�{�us�  N}��sr_usr5��v�}�� ��r ��w"r5� }�v����$v$t��9v$�s� r#| ~ �9|2v�|���{�� � { ¶ |5³

α � = min

{
1, 0.95min

(
−

wj

4w �j , . . . ,−
ti

4t �i ,−
vj

4v �j , . . . ,−
sj

4s �j
)}

�"!$�

¶ � }�� i ∈ {1, ..., n}
v$uAw

j ∈ {1, ...,m}.
���sr5uÇv$u·r#|�}�� �Nv�}�r�{$��v$uÄv$�s�st�{��st��9v�}�r;}�v$t���r�}l��v$� �sr

��{�t
µ
�9|l�Nv�wCr��A|�� us�

µ = δ
(
zT g + sT t + vT w + pT q

)/
(2m + 2n) ¶ � }�� z = z + α � 4z � ,

g = g + α � 4g � ~ . . . , q = q + α � 4q � v$uAw δ = ((α � − 1)/ (α � − 10))
2
.���sr5u ~ }��srd��{�t�t�r#�¨}�{�tN|�}�r5� (44,4g,4w, ...,4q)

�9|l{��"}�v$� usr#wÅ�C Åt�r5� uA|�}�v$� � � us�¡}��sr
µ
v$uAw

��w"r5� }�v��Q}�r5t��N|l{�u·}��srdt�� ����}�¥1�Av$uAw·|��9w"rd� uj�����¨o¤���s�9|W|�}�r5�Ç�9|l�A|�r#w·}�{£�8{��$rZ}�{Åvpusr ¶ �+{�� u�}



� u·�st�� �Nv$� ¥�w"�Av$�2|��Av���r�oÅ¿�r��5v$�9���s�9v�}�rW}��"rZ�Nv�½"� ���s�U|�}�r5�
α
}��Av�}W�5v$uÅ��rQ}�v$Á$r5u·v$� {�us�d}��sr#|�r

w"� t�r#�¨}�� {�uA|E�+r�� {�t�rN�C� {��9v�}�� us�W}��srlus{�ususr���v�}�� �C� }� d��{�uAw"� }�� {�uA|E�C d�A|�� us�Zv;��{�t����s�9vZ|�� �8� �9v$t<}�{p�"!$�¨o
���sr_usr ¶ �+{�� u�}��9|2��� �$r5u;�C 

4 = 4 + α44, w = w + α4w, . . . , v = v + α4v.J ¯��������	��

�*«����*±*«����	��
#«(²5¬�²�
#«����.z � r#v$t��  E}��sr��Nv$� u(��{��8�s�"}�v�}�� {�uAv$�C�s�st�w"r5u��9|*}�{E|�{�� ��r�|� "|�}�r5�
������} ¶ �9��rN� upr#v����¡� }�r5t�v�}�� {�u�o��1}��9|_� �8��{�t�}�v$u�}E}�{Zus{$}�r8}��Av�}�}��s�9|_�9|�vQ�9v$t���r ~ |��Av$t�|�r ~ � uAw"r º u"� }�r ~us{�uA|� C�8�8r�}�t��9��� � usr#v$t;|� "|�}�r5� ~ }��Av�}Q�5v$uÇ��r�|� C�8�8r�}�t�� ¢5r#w7om���sr�|� C�8�8r�}�t� ·{$�_}��srdt�r#|��s� }�� us�
|� "|�}�r5� |��s����r#|�}�|.v�|� "|�}�r5�Nv�}��9���st�{"��r#|�|y{$�7r5� � �8� uAv�}�� {�u ¶ �s�9���N�st�� us��|y�A|.}�{_}��sr�|�{$¥��5v$� � r#w(t�r#w"�A��r#wÀ_À_� |� "|�}�r5�Q³

[
− (Hk + D) ∇hT

k

∇hk E

] [
44
4y

]
=

[
σ − ZG−1υ̂ − ST−1τ̂

ρ − E
(
β̂ − QP−1α̂

)
]

,

¶ �sr5t�r E =
(
V W−1 + QP−1

)−1 ~ D = ZG−1 + ST−1 ~ β̂ = β − V W−1γw
~ α̂ = α − PQ−1γq

~
υ̂ = υ + GZ−1γz

v$uAw
τ̂ = τ − TS−1γs

o
��uA��r(}��srNt�r#w"�A��r#w�|� "|�}�r5� �Av�|E�+r5r5u¡|�{�� ��r#w���{�t

44
v$uAw

4y ~ }��srN{$}��sr5t ��w"r5� }�v����$v$t��9v$�s� r#|}��Av�} ¶ r5t�rEr5� � �8� uAv�}�r#w;v$t�rEt�r#���s��r5t�v�}�r#wW�� 

4w = −E
(
β̂ − QP−1α̂ + 4y

)
, 4t = TS−1 (γs −4s) ,

4q = QP−1 (4w − α̂) , 4g = GZ−1 (γz −4z) ,
4z = ZG−1 (υ̂ −44) , 4p = PQ−1 (γq −4q) ,
4s = ST−1 (44− τ̂) , 4v = V W−1 (γw −4w) .

X �����§«��p«���

��

�§¯��m±*«�

�����§²�� ¾ }Nr#v����®� }�r5t�v�}�� {�u k ~ }�{p|�}�v$t�}(}��srQ� u�}�r5t�� {�t�¥1��{�� u�}8v$� ��{�t�� }��s� ¶ rusr5r#w;}�{N�st�{
�C�9w"r_� us� }��9v$���$v$� �sr#|���{�t�v$� �7}��sr���v$t��9v$�s� r#|5o q*� t�|�} ~ 4 v$uAw
y
v$t�rE��{��suAwQv�|�|�{�� �"}�� {�uA|�}�{

}��srE��{�� � { ¶ � us�N|� "|�}�r5�Q³
[

− (Hk + I) ∇hT
k

∇hk I

] [
40

y0

]
=

[
∇Fk

b − hk

]
.

�§qs{�t
k = 0 ~$¶ r��A|�r#w H0 = ∇2F (x0)

¶ � }��8���Av$t�v$u�}�r5r#w���{�|�� }�� ��r�w"r º us� }�r5usr#|�|*}��st�{��s���(v<�8{"w"� º r#wz �s{�� r#|�ÁC Ww"r#��{��8��{�|�� }�� {�u�o �����sr_{$}��sr5t2��v$t��9v$�s� r#|�v$t�r_|�r¨}�v�|���{�� � { ¶ |5³

g0 = max
(
abs(40 + xk − l), θ

)
, w0 = max

(
abs (∇hk40 + hk − b) , θ

)
,

z0 = max(abs(40), θ), p0 = max
(
abs(r − w0), θ

)
,

t0 = max
(
abs(u −40 − xk), θ

)
, q0 = max

(
abs(y0), θ

)
,

s0 = max(abs(40), θ), v0 = max
(
abs(y0 + q0), θ

)
,

¶ �sr5t�r max()
v$uAw

abs()
w"r5us{$}�rN��{��8��{�usr5u�} ¶ �9|�r8�Nv�½"� ���s�cv$uAw�v$�A|�{�� �"}�r8�$v$� �sr ~ t�r#|���r#�¨}�� ��r5�  �o���sr(�Av$t�v$�8r�}�r5t

θ
�9|��A|�r#wZ}�{W���Av$t�v$u�}�r5r_}��Av�}_v$� ��}��sr(��v$t��9v$�s� r#|���{�uA|�}�t�v$� usr#w;}�{;��r(us{�ususr5��v�}�� �$r

v$t�r(v�}E� r#v�|�}_v�|��9v$t���r(v�|
θ
o ¾ |�{�� �"}�� {�ud{$�.}��sr8���Av�w"t�v�}��9��|��s�s�st�{��s� r5� �9|<w"r#���9v$t�r#w��st�� �Nv$����w"�Av$�

��r#v�|�� �s� r�� �y}��sr�t�r5�9v�}�� ��r_�8r#v�|��st�r#|�{$�y�st�� �Nv$��v$uAwZw"�Av$�*� u"��r#v�|�� �s� � � }� Zv$t�r�� r#|�|2}��Av$u
10−4.

�C{ ~ }��sr��xÄ|��s�s�st�{��s� r5�P�Av�|2v8|�{�� �"}�� {�u¡�
4k

~ πk

� ¶ � }�� 4k = 4
v$uAw

πT
k = (v, q, z, s)

o

��µ Y��ZR ijR<[WX�Y a2f;Vdg�Y�X#TNVUX�V J*LNM
��{Nr5uA|��st�rE}��Av�}�}��sr(�s�<x·�8r�}��s{swQ��{�uC��r5t���r#| ��t�{���v$uC ;|�}�v$t�}�� us�N��{�� u�} ¶ r��A|�r�v8� � usr�|�r#v$t����|�}�t�v�}�r5�� �o*���sr����s{�|�r5u8�8r5t�� }.���suA��}�� {�uN�9|�}��sr<v$�"���8r5u�}�r#w8»�v$��t�v$us���9v$uQ���<� � �Ar�}�v$��o���¹��� ����� ~�¶ �"� ����Av�|�}��srE��{�t��

L
(
x, λ, ss;β

)
= F (x) − λT h(x) +

β

2

(
h(x) − ss

)T (
h(x) − ss

)
,

�� ��



¶ �sr5t�r β ≥ 0
�9|�}��sr;��r5uAv$� }� ¡�Av$t�v$�8r�}�r5t ~ h(x)

�9|�}��srQ��{�uA|�}�t�v$� u�}(�$r#�¨}�{�t ~ λ
�9|�}��"rZ»�v$��t�v�us��r

���s� }�� �s� � r5t2�$r#�¨}�{�t�v�|�|�{s���9v�}�r#w(}�{Q��¹
��v$uAw
ss
�9|�v��$r#�¨}�{�t�{$��|��9v���Á8�$v$t��9v$�s� r#|y}��Av�}�v$t�r��A|�r#wl{�us�  N� u

}��sr_� � usr�|�r#v$t����W�st�{"��r#w"�st�r�oy���srE��r#�¨}�{�t
ss
v�}�}��sr_�+r5��� usus� us�8{$�*� }�r5t�v�}�� {�u

k
�9|�}�v$Á�r5uQv�|

ssi =

{
max(0, hi)

� �
β = 0�Nv�½���� ~ hi − λi

/
β
� {$}��sr5t ¶ �9|�r�o

¾ |8� u·�E� � �2r�}Nv$��oÂ��¹��� ��� ¶ r;}�t�r#v�}(}��srQr5� r5�8r5u�}�|8{$� λ
v�|8v�wsw"� }�� {�uAv$����v$t��9v$�s� r#|(|�{d}��Av�}

π�9|_�A|�r#wd}�{�w"r º usrWv ��|�r#v$t�����w"� t�r#�¨}�� {�u � ~ ξ ~ ��{�tE}��srN���s� }�� �s� � r5t�r#|�}�� �Nv�}�r λ ~ v$uAwd}��srN� � usrl|�r#v$t�����9|���r5t���{�t��8r#w ¶ � }��£t�r#|���r#�¨}_}�{���{$}�� x
v$uAw

λ. ¾ }(� }�r5t�v�}�� {�u k ~ vZ�$r#�¨}�{�t_}�t�� �s� r dT
k = (4k, ξk,

ζk)
�9|(��{��8�s�"}�r#wp}�{¡|�r5t���r;v�|(w"� t�r#�¨}�� {�u£{$�<|�r#v$t����¡��{�t(}��sr;�$v$t��9v$�s� r#|W�

xk, λk, ssk

�¨o£���sr;usr ¶�$v$� �sr#|�v$t�r�w"r º usr#w��� 
xk+1 = xk + αk4k

~ λk+1 = λk + αkξk
~ ssk+1 = ssk + αkζk

~ v$uAwQ}��sr��r#�¨}�{�t�|
4k, ξk

v$uAw
ζk

v$t�r(��{��suAwd��t�{�� }��srQ��x |��s�s�st�{��s� r5� �����Ev�|�w"r#|���t�� ��r#wd�+r5� { ¶ o;�����A|
ξk

�9|Ew"r º usr#wdv�|
ξk = πk − λk,

|�{l}��Av�}E� �
αk = 1 ~ λk+1 = πk.

���sr���r#�¨}�{�t
ζk

�9|�}��sr5u�w"r º usr#w
�C 

∇hk4k + hk = ζk + ssk
~ ��t�{�� ¶ �s�9��� ¶ r(�5v$ud|�r5r_}��Av�} ζk + ssk

�9|<|�� �8�s�  Q}��sr�t�r#|��9w"�Av$��{$�
}��srW� usr#���Av$� � }� ¡��{�uA|�}�t�v$� u�}�|E��t�{��c�st�{��s� r5� �����¨od»�r5�8�Nv �Ao �Z� uÅ�<� � ��r�}8v$��o£��¹��� ���<r#|�}�v$�s� �9|��sr#|
}��sr;r�½"�9|�}�r5uA��rl{$�<vZus{�ususr5��v�}�� ��rl��r5uAv$� }� ¡�Av$t�v$�8r�}�r5t�|��A���p}��Av�}(}��sr;w"� t�r#�¨}�� {�u

dk

�9|(vdw"r#|���r5u�}
w"� t�r#�¨}�� {�u;��{�t�}��sr_�8r5t�� }2���suA�¨}�� {�u£�� ��¨o��C{ ~ v�}2� }�r5t�v�}�� {�u k ~ }��sr_��r5uAv$� }� W�Av$t�v$�8r�}�r5t βk

�9|�w"r º usr#w
v�|���{�� � { ¶ |

βk =

{
βk−1

� �
∇L

(
xk, λk, ssk;βk−1

)T
dk ≤ − 1

2
4T

k Hk4k

max(β̂,
Ã
βk−1)

{$}��sr5t ¶ �9|�r

¶ �sr5t�r β0 = 0
v$uAw

β̂k = 2 ‖ξk‖2
/(
∥∥hk − ssk

∥∥) �§|�r5r�»�r5�8�Nv �Ao �8� ud�<� � ��r�}<v$��oE��¹��� �����¨o ���sr5u ~v$u ¾ t��8� ¸�{;}� C�+r8t��s� rN�9|_�A|�r#w�}�{Z���Av$t�v$u�}�r5r8vQ|����l��� r5u�}�w"r#��t�r#v�|�r8{$� }��srN�8r5t�� }_���suA�¨}�� {�u£v$� {�us�}��sr_� }�r5t�v�}�� ��rE�st�{"��r#|�|5o

��µ [WR_J�f;e+Y(J·IWVZSKg8TNVdg�e f;S;X�Vd^K[WR<i IW[ ª J
��{_}�r#|�}.}��s�9|��A��xp��t�v$�8r ¶ {�t�Á��Av�|�r#w8{�u8}��sr��st�� �Nv$� ¥�w"�Av$�s� u�}�r5t�� {�t�¥1��{�� u�} |�}�t�v�}�r5��  ¶ r<|�r��9r5�¨}�r#w

��Ã���{�uA|�}�t�v$� usr#w��st�{��s� r5�N|���t�{�� ��{s��Á�v$uAw8�"���s� }�}�Á�{ ¶ |�ÁC�s��{�� � r#�¨}�� {�u;���<�s�¨o����sr�}�r#|�}�| ¶ r5t�r�w"{�usr�� uw"{��s�s� r_�st�r#���9|�� {�uQv$t�� }��s�8r�}��9� ¶ � }��Zv8x*r5u�}�� �s� �lv$uAwQqs{�t�}�t�v$u��
�so.qs{�t�v8|��A�5��r#|�|����s�7}�r5t��8� uAv�}�� {�u
{$�*}��sr�v$� ��{�t�� }��s� ~ }��sr�� }�r5t�v�}�� �$r�|�r#���sr5uA��rE{$� x

¥1��v$� �sr#|����A|�}<��{�u���r5t���rEv$uAwW}��sr º uAv$����{�� u�}����A|�}
|�v�}��9|��� N}��sr º t�|�}�¥1{�t�w"r5t2ÀE�s�su"¥����A��Á�r5t���{�uAw"� }�� {�uA|_�§|�r5rN��Ã���� ¶ � }��Zv 10−4

}�{�� r5t�v$uA��r�o
���st8u��s�8r5t��9�5v$��t�r#|��s� }�|8v$t�r;t�r5��{�t�}�r#wp� uÅ�Av$t�}�|��dv$uAw �d{$�<�*v$�s� r�¹�o � v����Å{$��}��sr#|�r;�Av$t�}�|��{�u�}�v$� uA|Q}��srpuC�s����r5t�{$�;��x |��s�s�st�{��s� r5�N|�|�{�� �$r#w �

NQP

� ~ }��srp}�{$}�v$��uC�s���+r5t�{$�8� }�r5t�v�}�� {�uA|�
TNit

��v$uAw¡}��sr;u��s����r5t({$�2���suA�¨}�� {�u®r5��v$� �Av�}�� {�uA|W�
Nfe

�¨od¿�r;r�½"r5t����9|�r#w�}��sr;v$� ��{�t�� }��s�c�A|�� us�
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