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r

r2 r1



d1

c1

c2

c3

c4

c5 c6
c7

t3

t1

t2

r1 = {t1, t2}

r2 = {t3}

t1 c1 t2 c2 c3 c4

t3 c5 c6 c7 r1

c1 d1 t2

r1 r2
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W

v

V

Q

d Ld

i ∈ N N = 1, . . . , n

bi

Cd
f d ∈ D d

Cr r ∈ Rd Rd d

Cr Cv



G

G =

(N ∪ D,A) A = (D × N) ∪ (N × N) ∪ (N × D)

H Hd d

i j (i, j) ∈ A tij

Co

λd d ∈ D

h vh h ∈ H h

(i, k) ∈ A xikh

h (i, k) yikh

c1, . . . , c6 d1

d2 d3

v1 v2 v3

λ1 λ2 d1 c4 c1 c3

v1 v2 c6 c2 c5



d1λ1 = 1

d2

λ2 = 1

d3 λ3 = 0

c1

bc1 = 10

c2

bc2 = 5

c3

bc3 = 8

c4

bc4 = 2

c5

bc5 = 6

c6

bc6 = 2

xd1,c4,v1 = 1

yd1,c4,v1 = 20

xc3,d1,v1 = 1

yc3,d1,v1 = 0

xc4,c1,v1 = 1

yc4,c1,v1 = 18

xc1,c3,v1 = 1

yc1,c3,v1 = 8

xd1,c6,v2 = 1

yd1,c6,v2 = 2

xc6,d1,v2 = 1

yc6,d1,v2 = 0

xd2,c5,v3 = 1

yd2,c5,v3 = 11

xc5,c2,v3 = 1

yc5,c2,v3 = 5

xc2,d2,v3 = 1

yc2,22,v3 = 0



v3 d2

yikh xikh = 1

c1 c3

v1 yc1,c3,v1 xc1,c3,v1

Cd
f = d, ∀d ∈ D

Co =

Cv = v, ∀v ∈ H

bi = i, ∀i ∈ N

Ld = d, ∀d ∈ D

Q =

W =

tik = i k, ∀(i, k) ∈ A

yikh = h (i, k), ∀d ∈ D and ∀(i, k) ∈ A,

xikh =

⎧⎪⎨
⎪⎩
1 h (i, k), ∀h ∈ H and ∀(i, k) ∈ A,

0

λd =

⎧⎪⎨
⎪⎩
1 d , ∀d ∈ D,

0



vh =

⎧⎪⎨
⎪⎩
1 h , ∀h ∈ H,

0

∑
d∈D

Cd
fλd + Cv

∑
h∈H

vh + Co
∑
h∈H

∑
(i,k)∈A

tikxikh

∑
h∈H

∑
k∈(N∪D)

xikh = 1, ∀i ∈ N,

∑
k∈(N∪D)

xikh −
∑

k∈(N∪D)

xkih = 0, ∀i ∈ N ∪D, ∀h ∈ H,

∑
h∈Hd

∑
k∈N

ydkh ≤ Ldλd, ∀d ∈ D,

yikh ≤ Qxikh, ∀(i, k) ∈ A, ∀h ∈ H,∑
k∈N

yikh −
∑
k∈N

ykih + bi
∑

k∈(N∪D)

xikh = 0, ∀i ∈ N, ∀h ∈ H,

∑
(i,k)∈A

tikxikh ≤ Wvh, ∀h ∈ H,

xdkh = 0, ∀d ∈ D, ∀k ∈ (N ∪D), ∀h ∈ Ht, ∀t ∈ D\{d},
xikh ∈ {0, 1}, ∀(i, k) ∈ A, ∀h ∈ H,

yikh ≥ 0, ∀(i, k) ∈ A, ∀h ∈ H,

λd ∈ {0, 1}, ∀d ∈ D,



vh ∈ {0, 1}, ∀h ∈ H.
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D ×N



c1

c2

c3

c4

c5

d′1d1

d1

c3c5

c2

d1c3

c2

d1c4

c1



Ni = i, ∀i ∈ N

Ld = L d, ∀d ∈ D

Cd
f = d, ∀d ∈ D

bi = i, ∀i ∈ N

Cr = r d, ∀r ∈ Rd, d ∈ D

air =

⎧⎪⎨
⎪⎩
1 i r d,

0

∀i ∈ N, r ∈ Rd, d ∈ D



λd =

⎧⎪⎨
⎪⎩
1 d

0

∀d ∈ D,

θr =

⎧⎪⎨
⎪⎩
1 r d

0

∀r ∈ Rd, ∀d ∈ D,

λd θr λd 1

d 0

d θr 1 ∀r ∈ Rd Rd

d

air i

r

∑
d∈D

Cd
fλd +

∑
d∈D

∑
r∈Rd

Crθr

∑
d∈D

∑
r∈RD

airθr = 1 ∀i ∈ N,

∑
r∈Rd

∑
i∈N

airbiθr − Ldλd ≤ 0 ∀d ∈ D,

∑
r∈Rd

airθr ≤ λd ∀d ∈ D, ∀i ∈ N,

λd ≤ 1 ∀d ∈ D,



∑
d∈D

λd ≤ U,

λd ∈ {0, 1} ∀d ∈ D,

θr ∈ {0, 1} ∀r ∈ Rd.

U =

⌈∑
i∈N bi

Ld0

⌉

U

θr



λ1 λ2 . . . λd θ1 θ2 . . . θr

π

c1 0 0 . . . 0 1 0 . . . 0 = 1
c2 0 0 . . . 0 0 1 . . . 0 = 1

. . . . . . . . . . . . . . . . . .
ci 0 0 . . . 0 1 0 . . . 1 = 1

μ

λ1 −Lλ1 0 . . . 0 Dθ1 0 . . . 0 ≤ 0
λ2 0 −Lλ2 . . . 0 0 Dθ2 . . . 0 ≤ 0

. . . . . . . . . . . . . . . . . .
λd 0 0 . . . −Lλdj 0 0 . . . Dθr ≤ 0

σ

c1 −1 0 . . . 0 1 0 . . . 0 ≤ 0
c2 −1 0 . . . 0 0 0 . . . 0 ≤ 0

. . . . . . . . . . . . . . . . . . . . . . . .
λ1

ci −1 0 . . . 0 1 0 . . . 0 ≤ 0
c1 0 −1 . . . 0 0 0 . . . 0 ≤ 0
c2 0 −1 . . . 0 0 1 . . . 0 ≤ 0

. . . . . . . . . . . . . . . . . . . . . . . .
λ2

ci 0 −1 . . . 0 0 0 . . . 0 ≤ 0

c1 . . . . . . . . . . . . . . . . . . . . . . . .

c2 . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . .

ci . . . . . . . . . . . . . . . . . . . . . . . .
c1 0 0 . . . −1 1 0 . . . 0 ≤ 0
c2 0 0 . . . −1 0 0 . . . 0 ≤ 0

. . . . . . . . . . . . . . . . . . . . . . . .
λd

ci 0 0 . . . −1 0 0 . . . 1 ≤ 0

c1 1 0 . . . 0 0 0 . . . 0 ≤ 1
c2 0 1 . . . 0 0 0 . . . 0 ≤ 1

. . . . . . . . . . . . . . . . . .
ci 0 0 . . . 1 0 0 . . . 0 ≤ 1

1 1 . . . 1 0 0 . . . 0 ≤ U

Objective Cλ1
f Cλ2

f . . . Cλd
f Cθ1 Cθ2 . . . Cθr



Dθr Cθr

θr

λd d Ld

Cd
f

πi μd

d i

σdi



c1

c2

c3

c4

c5

d′1d1

d1

c3c5

c2

d1c3

c2

d1c4

c1

d1

= Cr −
∑
i∈N

airπi −
∑
i∈N

airbiμd −
∑
i∈N

airσdi

πi i μd

d σdi

d i



� E

� vi ∈ V

� vj ∈ V vj

vi

� λi vi

� Λi vi

vi λi vj

E

E



ESPPRCrec

vi, λi, vj, E
E = ∅

vj = null
λi ← choose next(λi) ∈ Λi

vj ← restart succ(vi) ∈ succ(vi)
ESPPRCrec(vi, λi, vj, E)

λi = null
E ← E\{vi}
vi ← choose next(vi) ∈ E
λi ← choose trip(vi)
vj ← choose next succ(vi) ∈ succ(vi)
ESPPRCrec(vi, λi, vj, E)

possible to extend(λi, vj)
Fij ← Fij ∪ {Extended(λi, vj)}
Λz ← EFF (Fij ∪ Λz)
Λz

E ← E ∪ {vj}
vj ← choose next succ(vi) ∈ succ(vi)
ESPPRCrec(vi, λi, vj, E)

vj

vj E



E

λi ∈ E
λj ∈ Λ
possible to extend(λi, λj)
F ← F ∪ {Extended(λi, λj)}
Λ← EFF (F ∪ Λ)
Λ
E ← E ∪ {vz}

E ← E\{vw}
E = ∅

λi λj

λi λj

cw λi λj

E λi

E

E = ∅

Ri = {(T 1
i , T

2
i , . . . , T

N
i ), (D1

i , D
2
i , . . . , D

N
i ), Ci, RCi}



� T c
i 1 0

� Dc
i 0

� Ci

� RCi

Ri Rj i 	= j T n
i ≤ T n

j n = 1, . . . , N

Dn
i ≤ Dn

j n = 1, . . . , N RCi ≤ RCj

Πd = (Δ,Ψd) d ∈ D

W d

Δ 0 W

(u, v)r ∈ Ψd r u v

Ψd

Ψd = {(u, v)r : 0 ≤ u < v ≤ W, r ∈ Rd} ∪ {(u, v)o : 0 ≤ u < v ≤ W, v = u+ 1},



0 10 20 30 40 50 60 70 80 90 = 100

λ1 = 1

Π1

x0,35,r1

x50,85,r1

c5
10

c10
15

c1
5

c6
9

0 10 20 30 40 50 60 70 80 90 = 100

λ3 = 1

Π3

x5,45,r2

x10,75,r3

x78,100,r3

c4
2

c7
12

c9
9c2

6
c8

2
c3

8

Rd d r

lr tr Cr r

Nr Nr ⊆ N lr ≤ Q tr ≤ W

λd d ∈ D

xd
uvr r

d r u v

c1, . . . , c10 λ1 λ2 λ3

Π1 Π3 d1 d3

λ1 = 1 λ3 = 1 d2

λ2 = 0

xuvr x0,35,r1

c5 c10 c1 u = 0



v = 35 r1

r1 c6 u = 50

v = 85 x50,85,r1 x0,35,r1 x50,85,r1

x0,35,r1 x50,85,r1 x10,75,r3 x78,100,r3

W

r2 r3

Πd = d, ∀d ∈ D

Ψd = d, ∀d ∈ D

Δ = ,

(u, v)r = r u

v, ∀r ∈ Rd

Rd = d, ∀d ∈ D

Cr = r, ∀r ∈ Ψd

Cv = v, ∀v ∈ H

Cd
f = d, ∀d ∈ D

Kmax
d = d, ∀d ∈ D

W =

lr = r, ∀r ∈ Rd



tr = r, ∀r ∈ Rd

bi = i, ∀i ∈ N

Ld = d, ∀d ∈ D

Q = v, ∀v ∈ H

Nr = r, ∀r ∈ Rd

λd =

⎧⎪⎨
⎪⎩
1 d ,

0

∀d ∈ D,

xd
uvr =

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

1 r (u, v) d, ∀r ∈ Rd,

0 ≤ u ≤ W ∈ Ψ ∀d ∈ D,

0

∑
d∈D

∑
(u,v)r∈Ψd

Crx
d
uvr + Cv

∑
d∈D

∑
(0,v)r∈Ψd

xd
0vr +

∑
d∈D

Cd
fλd

∑
d∈D

∑
(u,v)r∈Ψd|i∈Nr

xd
uvr = 1, ∀i ∈ N,

∑
(0,v)r∈Ψd

xd
0vr ≤ Kmax

d λd, ∀d ∈ D,



−
∑

(u,v)r∈Ψd

xd
uvr +

∑
(v,y)t∈Ψd

xd
vyt =

⎧⎨
⎩ 0, v = 1, ...,W − 1,

−∑
(0,v)r∈Ψd

xd
0vr, v = W,

∀d ∈ D,

∑
(u,v)r∈Ψd

lrx
d
uvr ≤ Ldλd, ∀d ∈ D,

xd
uvr ≥ 0, , ∀(u, v)r ∈ Ψd, ∀d ∈ D,

λd ∈ {0, 1}, ∀d ∈ D.

Kmax
d

Kmax
d =

{
j :

j∑
i=1

bi ≤ Ld

}
,

d ∈ D

Kmax
d xd

0vr

0 d v

0

Dmin

∑
d∈D

λd ≥ Dmin.



Ld Dmin

Hmin

∑
d∈D

∑
(u,v)r∈Ψd

xd
uvr ≥ Hmin.

Hmin

∑
(0,v)r∈Ψd

xd
0vr ≥ λd, ∀d ∈ D.



xd1
0,35,r1

xd1
1,36,r1

xd1
35,70,r1

xd1
65,100,r1

xd1
0,40,r2

xd1
1,41,r2

xd1
60,100,r2

xd2
0,35,r3

xd2
1,36,r3

xd2
35,70,r3

xd2
65,100,r3

xd2
0,40,r4

xd2
1,41,r4

λ
1

λ
2

λ
3

λ
d

c
1

1
1

1
1

0
0

0
0

0
0

0
0

0
0

0
0

0
=

1
c
2

0
0

0
0

1
1

1
0

0
0

0
0

0
0

0
0

0
=

1
c
3

0
0

0
0

1
1

1
0

0
0

0
0

0
0

0
0

0
=

1

=
c
n

1
1

1
1

0
0

0
0

0
0

0
0

0
0

0
0

0
=

1

d
1

1
0

0
0

1
0

0
0

0
0

0
0

0
−
K

m
a
x

0
0

0
≤

0
d
2

0
0

0
0

0
0

0
1

0
0

0
1

0
0

−
K

m
a
x

0
0

≤
0

d
3

0
0

0
0

0
0

0
0

0
0

0
0

0
0

0
−
K

m
a
x

0
≤

0

≤
d
d

0
0

0
0

0
0

0
0

0
0

0
0

0
0

0
0

−
K

m
a
x

≤
0

d
1

=
d
2

=
d
3

==
d
d

=

d
1

lr
1

lr
1

lr
1

lr
1

lr
2

lr
2

lr
2

0
0

0
0

0
0

−
L

1
0

0
0

≤
0

d
2

0
0

0
0

0
0

0
lr

3
lr

3
lr

3
lr

3
lr

4
lr

4
0

−
L
2

0
0

≤
0

d
3

0
0

0
0

0
0

0
0

0
0

0
0

0
0

0
−
L

3
0

≤
0

≤
d
d

0
0

0
0

0
0

0
0

0
0

0
0

0
0

0
0

−
L
d

≤
0

0
0

0
0

0
0

0
0

0
0

0
0

0
1

1
1

1
≥

D
m
in

1
1

1
1

1
1

1
1

1
1

1
1

1
0

0
0

0
≥

H
m
in

d
1

1
0

0
0

1
0

0
0

0
0

0
0

0
−
1

0
0

0
≥

0
d
2

0
0

0
0

0
0

0
1

0
0

0
1

0
0

−
1

0
0

≥
0

d
3

0
0

0
0

0
0

0
0

0
0

0
0

0
0

0
−
1

0
≥

0

≥
d
d

0
0

0
0

0
0

0
0

0
0

0
0

0
0

0
0

−
1

≥
0
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depot
partial arcs← empty arc

partial arcs! = ∅
current← first element(partial arcs)
partial arcs← partial arcs\{current}
possible to reach depot(current)
new closed arc← close arc(current)
final arcs← final arcs ∪ {new closed arc}

c ∈ N
client not present(current, c)

check distance client(current, c)
check demand client(current, c)
new partial arc← extend arc(current, c)
partial arcs← partial arcs ∪ {new partial arc}

�

�

�





C20,1

C20,1

C20,1

C20,1

C20,2

C20,2

C20,2

C20,2

C20,3

C20,3

C20,3

C20,3

C20,4

C20,4

C20,4

C20,4

C20,5

C20,5

C20,5

C20,5

C20,6

C20,6

C20,6

C20,6

C20,7

C20,7

C20,7

C20,7

C20,8

C20,8

C20,8



C20,8

C25,1

C25,1

C25,1

C25,1

C25,2

C25,2

C25,2

C25,2

C25,3

C25,3

C25,3

C25,3

C25,4

C25,4

C25,4

C25,4

C25,5

C25,5

C25,5

C25,5

C25,6

C25,6

C25,6

C25,6

C25,7

C25,7

C25,7

C25,7

C25,8

C25,8

C25,8

C25,8



W

Q

zRL tRL

lb

ub tUB

gap



−
tg

Inst. n W Q zRL tRL lb ub tUB gap zRL tg tRL lb ub tUB gap

C20,1

C20,1

C20,1

C20,1

C20,2

C20,2

C20,2

C20,2

C20,3

C20,3

C20,3

C20,3

C20,4

C20,4

C20,4

C20,4

C20,5

C20,5

C20,6

C20,6

C20,7

C20,7

C20,8

C20,8

C25,1

C25,1

C25,2

C25,2

C25,3

C25,3

C25,4

C25,4

C25,5

C25,5

C25,6

C25,6

C25,7

C25,7

C25,8

C25,8



Inst. n W Q zRL tRL lb ub tUB gap zRL tg tRL lb ub tUB gap

C20,1

C20,1

C20,1

C20,1

C20,2

C20,2

C20,2

C20,2

C20,3

C20,3

C20,3

C20,3

C20,4

C20,4

C20,4

C20,4

C20,5

C20,5

C20,6

C20,6

C20,7

C20,7

C20,8

C20,8

C25,1

C25,1

C25,2

C25,2

C25,3

C25,3

C25,4

C25,4

C25,5

C25,5

C25,6

C25,6

C25,7

C25,7

C25,8

C25,8



Inst. n W Q zRL MIP gap ttotal it. zRL MIP gap ttotal it. zRL MIP gap ttotal it.

C20,1

C20,1

C20,1

C20,1

C20,2

C20,2

C20,2

C20,2

C20,3

C20,3

C20,3

C20,3

C20,4

C20,4

C20,4

C20,4

C20,5

C20,5

C20,5

C20,5

C20,6

C20,6

C20,6

C20,6

C20,7

C20,7

C20,7

C20,7

C20,8

C20,8

C20,8

C20,8

zRL

MIP

gap

ttotal

it



Inst. n W Q zRL MIP gap ttotal it. zRL MIP gap ttotal it. zRL MIP gap ttotal it.

C25,1

C25,1

C25,1

C25,1

C25,2

C25,2

C25,2

C25,2

C25,3

C25,3

C25,3

C25,3

C25,4

C25,4

C25,4

C25,4

C25,5

C25,5

C25,5

C25,5

C25,6

C25,6

C25,6

C25,6

C25,7

C25,7

C25,7

C25,7

C25,8

C25,8

C25,8

C25,8

−



∗

↓

Inst. n W Q MIP gap MIP gap MIP gap MIP gap MIP gap

C20,1
∗ ∗ ∗ ∗

C20,1

C20,1

C20,1
↓ ↓ ↓

C20,2
∗ ∗ ∗ ∗

C20,2
∗ ∗ ∗ ∗

C20,2
∗ ∗ ∗ ∗

C20,2
↑ ↑

C20,3
↑ ∗ ∗ ∗

C20,3

C20,3

C20,3
↑ ↑ ↓

C20,4
↓ ↓ ↓

C20,4
↑

C20,4
∗ ∗ ∗ ∗

C20,4
↑ ↑ ↑

C20,5
∗ ∗ ∗ ∗

C20,5
∗ ∗ ∗ ∗

C20,6
∗ ∗ ∗ ∗

C20,6
↑ ↑ ↑

C20,7
∗ ∗ ∗ ∗

C20,7

C20,8
∗ ∗ ∗ ∗

C20,8
∗ ∗ ∗ ∗

C25,1

C25,1
↑ ↑ ↑

C25,2
∗ ∗ ∗ ∗

C25,2
↑ ↑ ↑

C25,3
↑ ↑ ↑ ∗

C25,3
↑ ↑ ↑

C25,4
↑ ↑

C25,4
↑ ↑ ↑

C25,5
∗ ∗ ∗ ∗

C25,5
↑ ↑ ↑

C25,6

C25,6
↑ ↑ ↑

C25,7
∗ ∗ ∗ ∗

C25,7
∗ ∗ ∗ ∗

C25,8
↑ ∗ ∗ ∗

C25,8
↑ ↑ ↑



↓

↑









1







�

�

�

�

Λ = λd , ∀d ∈ D,

Ω = xd
uvr , ∀r ∈ Rd,

0 ≤ u ≤ W ∈ Ψ ∀d ∈ D,

α = λd ,

β = xd
uvr .



λd =

⎧⎪⎨
⎪⎩
1, d ,

0,

∀d ∈ D,

xd
uvr =

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

1, r (u, v) d, ∀r ∈ Rd,

0 ≤ u ≤ W ∈ Ψ ∀d ∈ D,

0,

Λ← λd

λd ∈ Λ
λd > α
λd ← �λd�
Ω← xd

0vr

xd
0vr ∈ Ω

xd
0vr > β
xd
0vr ←

⌈
xd
0vr

⌉
xd
uv′r′ > β

(u, v′)r
′ ∈ Ψd, u ≥ v u

W

λd



xd
0vr xd

uvr

u > 0

λd

α

λd

d xd
0vr

β xd
uvr

(u, v′)r
′ ∈ Ψd u ≥ v

u xd
uv′r′ > β

W



Sdvrc

S =

nd = d, ∀d ∈ D

m(S) = d

v(d) = d, ∀d ∈ m(S)

r(d, v) = v d,

∀v ∈ v(d) d ∈ m(S)

c(d, v, r) = r v d,

∀r ∈ r(d, v), v ∈ v(d) d ∈ m(S)



Sdvrc = c (c = 1, ..c(d, v, r))

r (r = 1, ..., r(d, v)) v (v = 1, ..., v(d)) d

(d = 1, ...,m(S)), ∀c ∈ c(d, v, r), r ∈ r(d, v), v ∈ v(d) d ∈ m(S)

Cd
f = d, ∀d ∈ m(S)

Cv = v, ∀v ∈ v(d)

Ld = d, ∀d ∈ m(S)

bs = S

Q =

tπi,πj
= πi πj.

S

β α

f(S) = Costd + Costv + Costr,



Costd =

m(S)∑
d=1

⎛
⎝Cd

f + αmax

⎧⎨
⎩0,

v(d)∑
v=1

r(d,v)∑
r=1

c(d,v,r)∑
c=1

bsdvrc − Ld

⎫⎬
⎭
⎞
⎠

Costv = Cv

m(S)∑
d=1

v(d)

Costr =

m(S)∑
d=1

v(d)∑
v=1

r(d,v)∑
r=1

⎛
⎝c(d,v,r)∑

c=0

tπc,πc+1 + β max

⎧⎨
⎩0,

c(d,v,r)∑
c=1

bsdvrc −Q

⎫⎬
⎭
⎞
⎠

S⎧⎨
⎩0,

v(d)∑
v=1

r(d,v)∑
r=1

c(d,v,r)∑
c=1

bsdvrc − Ld

⎫⎬
⎭ = 0, ∀d ∈ 1, . . . ,m(S),

⎧⎨
⎩0,

c(d,v,r)∑
c=1

bsdvrc −Q

⎫⎬
⎭ = 0, ∀d ∈ {1, . . . ,m(S)}, v ∈ {1, . . . , v(d)},

r ∈ {1, . . . , r(d, v)}.

α β

α β

S



α β

S, α, β, εα, εβ, (α, β > 0; εα, εβ ∈]0, 1[)∑v(d)
v=1

∑r(d,v)
r=1

∑c(d,v,r)
c=1 bsdvrc ≤ Ld, ∀d ∈ {1, . . . ,m(S)}

α = α(1− εα)

α = α(1 + εα)∑c(d,v,r)
c=1 bsdvrc ≤ Q, ∀d ∈ {1, . . . ,m(S)}, ∀v ∈ {1, . . . , v(d)}, ∀i ∈

{1, . . . , r(d, v)}
β = β(1− εβ)

β = β(1 + εβ)

α, β

N
N ∈ {N1, . . . ,N6}

N1 N2

N3 N4

N5 N6

N1 N5

N6 N5

N6

N1 N2

N1



a

d1

c3

c1

c6

c4

b

d1
c2

c5

a′

d1

c3

c1

c4

b′

d1
c2

c5 c6

N1

N1

d1

c6 a c3 c1 c6 c4

a′ c6 b c5 c2

a b′ c6

c5 c2

N2

c6 c2 a b

a c3 c1 c6 c4 a′

c3 c1 c2 c4 b b′

c2 c6 c2



a

d1

c3

c1

c6

c4

b

d2
c2

c5

a′

d1

c3

c1

c2

c4

b′

d2
c6

c5

N2

N2

N3 N4

N3

N3

a r1 r2 c1 c2

c3 c4 v1 a′

r1 c1 b c5 c6

c7 c1 r′1 b′

r′1 r1

r1

N4 N3



a v1 = {r1, r2}

d1

c1

c2
c3

c4

r1
r2

b v2 = {r3}

d1

c5
c6

c7

r3

a′ v1 = {r2}

d1

c2
c3

c4

r2

b′ v2 = {r1, r3}

d1

c1
c5

c6

c7

r3
r′1

N3

N3

N4

a v1 c1 r1 c2 c3

c4 r2 b v2 r3

c5 c6 c7 a′ r1 r′3

r3

r3 d1 d2 r′3

r2 r′2

N5 N6

N5

N5 r1 r2

r3 d1 d3 a b

v1 v2 N5 d3



a v1 = {r1, r2}

d1

c1
c2

c3

c4

r1
r2

b v2 = {r3}

d2

c5
c6

c7

r3

a′ v1 = {r1, r3}

d1

c1
c6

c7

c5

r1 r′3

b′ v2 = {r2}

d2

c3
c2

c4

r′2

N4

N4

r′3 c5 b′ d1

r1 r2 c1 c2 c3 c4

v1

N6

c5 c1 c2 c3 c4

a v1 = {r1, r2}
b v2 = {r3}

d1

c1
c2

c3

c4c5

r1

r3

r2

d3

a′ v1 = {r1, r2}

d1

c1
c2

c3

c4

r1
r2

b′ v2 = {r3}

d3c5 r′3

N5

N5



a v1 = {r1, r2}
b v2 = {r3}

d1

c1
c2

c3

c4c5

r1

r3

r2

d3

d1

a′ v1 = {r1, r2}
b′ v2 = {r3}

d3

c1
c3

c4

c2c5

r′1

r′3

r′2

N6

N6

v1 v2

v1 v2 d1

d3



N1 N2 N3 N4

Ni∈{1,5,6} N5 N6

N1

k

PNi∈{1,5,6}

N = {Ni∈{1,...,6}}, PNi∈{1,5,6} , kmax, ρ, η

S
S∗ ← S

k ← 1
k ≤ kmax

S ′ ← (S,Ni∈{1,5,6}, PNi∈{1,5,6} , k)

S
′′ ← (S ′,Ni∈{1,...,4})
f(S ′′) < f(S∗) S ′′

S∗ ← S ′′

f(S ′′) < (1 + ηρ(S, S ′′))f(S)
S ← S ′′

k ← 1

k ← k + 1

α β

S∗



ρ

ρ

S S ′′ π π S ′′ 1

i S S ′′ 0

ρ(S, S ′′) =
∑nd

t=1 |πi − πi|
nd

W Q



best ub

ubh

tubh

α β 0, 9

α 0, 75 0, 5 β 0, 5 0, 25



Inst. n W Q best ub ubh tubh ubh tubh
C20,1

C20,1

C20,1

C20,1

C20,2

C20,2

C20,2

C20,2

C20,3

C20,3

C20,3

C20,3

C20,4

C20,4

C20,4

C20,4

C20,5

C20,5

C20,6

C20,6

C20,7

C20,7

C20,8

C20,8

C25,1

C25,1

C25,2

C25,2

C25,3

C25,3

C25,4

C25,4

C25,5

C25,5

C25,6

C25,6

C25,7

C25,7

C25,8

C25,8



(n×nd)

kmax 10

PN1 = 0.7 PN5 = 0.05 PN6 = 0.25

α = 0.1 εα = 0.001 β = 0.1

εβ = 0.001 η = 0.1 ∗

lb ub

gap

gap =
ub− lb

lb

lb

zb zav



zb tb

tav gapb gapav

zb zav

gap =
z − lb

lb

Inst. n W Q lb ub gap zb tb gapb zav tav gapav

C25,1

C25,1

C25,1

C25,1

C25,2

C25,2

C25,2

C25,2

C25,3

C25,3

C25,3

C25,3

C25,4

C25,4

C25,4

C25,4

C25,5

C25,5

C25,5

C25,5

C25,6

C25,6

C25,6

C25,6

C25,7

C25,7

C25,7

C25,7

C25,8

C25,8

C25,8



Inst. n W Q lb ub gap zb tb gapb zav tav gapav

C25,8

C40,1

C40,1

C40,1

C40,1

C40,2

C40,2

C40,2

C40,2

C40,3

C40,3

C40,3

C40,3

C40,4

C40,4

C40,4

C40,4

C40,5

C40,5

C40,5

C40,5

C40,6

C40,6

C40,6
∗

C40,6
∗

C40,7

C40,7

C40,7
∗

C40,7
∗

C40,8

C40,8

C40,8
∗

C40,8
∗



Inst. n W Q lb zb tb gapb zav tav gapav

C50,1

C50,1

C50,1

C50,1

C50,2

C50,2

C50,2

C50,2

C50,3

C50,3

C50,3

C50,3

C50,4

C50,4

C50,4

C50,4

C75,1

C75,1

C75,1

C75,1

C75,2

C75,2

C75,2

C75,2

C75,3

C75,3

C75,3

C75,3

C75,4

C75,4

C75,4

C75,4

C100,1

C100,1

C100,1

C100,1

C100,2

C100,2

C100,2

C100,2

C100,3

C100,3

C100,3



Inst. n W Q lb zb tb gapb zav tav gapav

C100,3

C100,4

C100,4

C100,4

C100,4

tavf

tavf = tav × PassMark

PassMark

820, 9



6731, 8

Inst. n W Q ubh tubh ubh tubh zav tav tavf
C25,1

C25,1

C25,2

C25,2

C25,3

C25,3

C25,4

C25,4

C25,5

C25,5

C25,6

C25,6

C25,7

C25,7

C25,8

C25,8











r r2

r1

t1

r1

st1 st2 st1 c1

v1

t1 t2 st2

v1 c2 c3 c4

t1 r1 st1 c1



Facility

c1

c2

c3

c4

c5 c6
c7

st3

st1

st2

r1 = {st1, st2}

r2 = {st3}

t2

t2, t3

st2 r2

st3 c5 c6 c7 v2
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Πt Δ

t t

Ψt

Πt = (Δ,Ψt), ∀t ∈ T Δ 0

W

(u, v)r ∈ Ψt

r u v

Ψt

Ψt = {(u, v)r : 0 ≤ u < v ≤ W, r ∈ Rt} ∪ {(u, v)o : 0 ≤ u < v ≤ W, v = u+ 1},

Rt t r

Dt
r tr Cr Nr Nr ⊆ N

Dt
r ≤ Q tr ≤ W

xt
uvr zt

xt
uvr r

u v t

xuvr zt t

pt

t IPt ICit
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c5 c3 c1 c4 x0,45,r1

0 45 r1 c5 c1

c4 t = 1 t = 2 c3
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r1 x50,85,r1 c6 c2 c7



50 85 x0,35,r1 x50,85,r1

Π3

r2 r3

x10,75,r3

x78,100,r3 r3 C6 c7 x10,75,r3

c2 r3

x78,100,r3 r2 c5 c1 c4 t = 3

D =

N ={1, . . . , n} i, ∀i ∈ N

T ={1, . . . , τ} t , ∀t ∈ T

T0 ={0, . . . , τ} t , ∀t ∈ T

F = v, ∀v ∈ F

W =

Q =

Πt = t, ∀t ∈ T

Ψt = t, ∀t ∈ T

Δ = ,

(u, v)r = r u

v, ∀r ∈ Rt

Rt = t, ∀t ∈ T

Cr = r, ∀r ∈ Rt



Cv = v, ∀v ∈ F

hP =

Chi
= i , ∀i ∈ N

CHt
r
= r t , ∀r ∈ Rt ∀t ∈ T

ft = t, ∀t ∈ T

Nr = r, ∀r ∈ Rt

Dt
r = r, ∀r ∈ Rt

Dt
ir = r i, ∀r ∈ Rt, ∀t ∈ T ∀i ∈ N

tr = r, ∀r ∈ Rt

tir = i r, ∀r ∈ Rt

dti = i t, ∀i ∈ N ∀t ∈ T
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0
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⎧⎪⎨
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⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

1 r (u, v) t, ∀r ∈ Rt,

0 ≤ u ≤ W ∈ Ψt ∀t ∈ T,

0

pt = t, ∀t ∈ T

IPt = t, ∀t ∈ T

ICit = i t, ∀i ∈ N t ∈ T
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∑
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Crx
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xt
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period
partial arcs← empty arc

partial arcs! = ∅
current← first element(partial arcs)
partial arcs← partial arcs\{current}
possible to reach depot(current)
new closed arc← close arc(current)
final arcs← final arcs ∪ {new closed arc}

p ∈ T p ≥ period
c ∈ N

client not present(current, c)
client valid time window(current, c)

check distance client(current, c)
check demand client(current, c)
new partial arc← extend arc(current, c)
partial arcs← partial arcs∪ {new partial arc}
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arcstct′ =
arcs

(N × (T − t))
, ∀t ∈ T and ∀ct′ ∈ N×(T − t) and t′ ≥ t

arcstct′ t
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T t
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ct′ t t′ t′ t
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invP (t) = t, ∀t ∈ tP (S)

tD(S) = S

tP (S) = S

r(t) = t ∀t ∈ tD(S)

hP =

ft = t, ∀t ∈ tP (S)

Cv = v

CH(r, t) = r t , ∀r ∈ r(t) ∀t ∈ tD(S)

R(r, t) = r, ∀r ∈ r(t) ∀t ∈ tD(S)

W =

Q =

penW (r, t) =

⎧⎪⎨
⎪⎩
1 r W t, ∀r ∈ t ∈ tD(S),

0

penQ(r, t) =

⎧⎪⎨
⎪⎩
1 r Q t, ∀r ∈ t ∈ tD(S),

0

penTW (r, t) = ∀r ∈ t ∈ tD(S),

Cpen =

f(S) = CostDr + CostDv + CostPp + CostPinv + CostDpen ,
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∑
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R(r, t) + CH(r, t)
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ft

CostPinv = hP
∑

t∈tP (S)

invP (t)

CostDpen =
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t∈TP (S)
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CpenpenW (r, t) + CpenpenQ(r, t) + CpenpenTW (r, t)
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Initial Solution

PHASE I 
Model-Based Variable Neighborhood Descent

While available time

Best Incumbent Solution

Best Solution

PHASE II 
Shaking Phase
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N5 N6 N1
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PNi∈{3,5,6,0}



N = {Ni∈{0,...,8}}, PNi∈{1,3,5,6} , kmax, nNeighbors

S
S∗ ← S
S ′ ← S

k ← 1
k ≤ kmax

S
′′ ← (S ′,Ni∈{3,2,5,6,1,4,0}, nNeighbors)

S ′ ← (S,Ni∈{3,5,6,1}, PNi∈{1,3,5,6} , k)

f(S ′′) < f(S∗) S ′′

S∗ ← S ′′

S∗

k



Initial Solution

PHASE I 
Variable Neighborhood Descent with model decisions

While available time

List of
arcs

Best Solution

PHASE II 
Shaking Phase

update
Yes

No

PHASE III 
Model Phase
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A← get arcs(S)

k ← 1
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′′ ← (S ′,Ni∈{3,2,5,6,1,4,0}, nNeighbors)

S ′ ← (S,Ni∈{3,5,6,0}, PNi∈{1,3,5,6} , k)

new A← get arcs(S ′′) ∪ get arcs(S ′)
a← 0

new A 	= ∅
new A(a)
A← A ∪ new A(a)
new A← new A\{new A(a)}

f(S ′′) < f(S∗) S ′′

S∗ ← S ′′

S∗ ← model(A, tlimit)
S∗
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