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I. INTRODUCTION

It is known that the process of gravitational collapse in General Relativity (GR) can lead to spacetime singularities,
which can correspond not only to black holes but also to naked singularities, depending on the initial data. In turn,
the latter can challenge the cosmic censorship conjecture which, in this context, has been tested for various matter
contents such as scalar fields [1], perfect fluids [2] and imperfect fluids [3].

It would then be interesting to explore alternative theories of gravity and test whether the results obtained within
GR are robust with respect to small deviations from the theory. In particular, it is important to verify if corrections
to GR may prevent the formation of singularities. Work along these lines has been done in alternative theories of
gravity such as F (R) gravity [4], Brans-Dicke theory [5], Lovelock [6] and Gauss-Bonnet gravity [7], where it was
found that the geometrical attributes absent in GR could affect the final fate of collapse.

In this paper, we consider the formalism provided by the Einstein-Cartan theory (ECT), where it is possible to
introduce (intrinsic) spin degrees of freedom in a geometric theory of gravity. Such model is specially interesting
because it encapsulates such quantum corrections in a semi-classical limit [10, 11], providing a way to infer if quantum
effects may avoid the formation of singularities.

Indeed, in the framework of loop quantum gravity, it was found that for a universe permeated by a scalar field,
quantum corrections modify the classical Friedmann equation and a cosmological singularity can be avoided [22, 23].
Moreover, some interesting but somewhat forgotten results from the 1970s [12–14] suggest that the introduction of
spin in spatially homogeneous anisotropic models may prevent the formation of singularities, depending on the degree
of isotropy of the collapsing space-time. However, in ref. [10], by applying the strong energy conditions to an effective
energy-momentum tensor, it was shown that modified versions of the Hawking-Penrose singularity theorems hold,
even considering the effects of spin.

More recently, the collapse process of a spatially homogeneous and isotropic spin fluid has been studied in [35],
where it was shown that there exists a competition between fluid and spin source parameters, so that the collapse
end state is determined via the dynamics of these source terms and both singular and nonsingular solutions could be
obtained. Moreover, the effects of spin have been shown to come into play in the cosmological context, where the
torsion of space-time generated by spinning particles induces gravitational repulsion in fermionic matter in the early
universe, where extremely high densities are present avoiding then the formation of space-time singularities [15].

Nonetheless, spatially homogeneous and isotropic models may be seen as simplistic, so it would be interesting to
explore this debate further by considering inhomogeneous and anisotropic space-times. Towards this goal, in this
paper, we take a natural first step by considering effective inhomogeneous dust equations of state. This is surely a
critical case which, yet, should be explored by comparison with the GR case, known to develop naked singularities.

We show that, with respect to the previous results, the situation can be more subtle: the effects of spin contribute,
in a way, as a repulsive potential, therefore, collapsing solutions might not even exist for inhomegeneous space-
times. Furthermore, even if some form of the energy conditions is verified, singularities may not be the end result of
gravitational collapse if spin effects are considered.

The article is organized as follows: in Sec. II we include the effects of spin in the ECT and show that, in the
considered setup, the resultant model is equivalent to an effective perfect fluid in the theory of GR; in Sec. III
we consider the case of an effective dust fluid in a Szekeres space-time and study how the (intrinsic) spin degrees
of freedom affect the evolution of the space-time and the formation of singularities; in Sec. IV we consider some
particular solutions of the Szekeres model where previous results can be extended or shown to be verified explicitly;
in Sec. V we summarize the results and conclude.

In this article all quantities are expressed in the geometrized unit system where G = c = 1, greek indices range from
0 to 3 and we use the metric signature (−+ ++).

II. INCLUSION OF SPIN EFFECTS IN GENERAL RELATIVITY

A. The Einstein-Cartan theory in brief

To include the spin effects in GR we shall follow the semi-classical approach provided by ECT and relate the spin
of the matter fields with the space-time torsion tensor field. Now, let us briefly review the ECT and see how spin
effects can be included in GR (for more details see e.g. [10, 11]).

We start by recalling that, in this context, the covariant derivative of a vector field U is given by

∇αUβ = ∂αU
β + CβασU

σ , (1)

constrained to be metric compatible, ∇αgβγ = 0, but otherwise with a generic connection Cγαβ . The anti-symmetric
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part of the connection defines a tensor field, called the torsion tensor field,

Sαβ
γ ≡ Cγ[αβ] = 1

2

(
Cγαβ − C

γ
βα

)
. (2)

From this definition, it is possible to write the connection Cγαβ as a combination of the torsion tensor plus the usual
metric Christoffel symbols Γγαβ , such that Cγαβ = Γγαβ + Sαβ

γ + Sγ αβ − Sβ γ α, or

Cγαβ = Γγαβ +Kαβ
γ , (3)

where the tensor field,

Kαβ
γ ≡ Sαβγ + Sγαβ − Sβγα , (4)

is called contorsion tensor.
Now, from the definition of the Riemann tensor

Rαβγ
ρ = ∂βC

ρ
αγ − ∂αC

ρ
βγ + CρβσC

σ
αγ − CρασCσβγ , (5)

and Eq. (3), we can write the Riemann tensor in ECT in terms of the metric Riemann tensor, R̃αβγρ, defined just in
terms of the Christoffel symbols, and the contorsion tensor as

Rαβγ
ρ = R̃αβγ

ρ + 2∇̃[βKα]γ
ρ + 2K[β|σ

ρK|α]γ
σ , (6)

where the square brackets denote anti-symmetrization in the indicated indexes and ∇̃α represents the covariant
derivative of a tensor quantity using only the metric connection Γγαβ . Contracting Eq. (6) gives the following expression
for the Ricci tensor

Rαγ = R̃αγ + 2∇̃[βKα]γ
β + 2K[β|σ

βK|α]γ
σ , (7)

whereby the action for ECT which is linear with respect to curvature scalar can be written in the form

A = 1
16π

∫ √
−g gαγ

{
R̃αγ +Kβσ

βKαγ
σ −Kασ

βKβγ
σ
}
d4x+

∫ √
−gLMatter d

4x , (8)

where LMatter represents the matter Lagrangian density and we have omitted the total derivative terms. Following the
Palatini approach, where the action is varied independently with respect to the space-time metric and the connection,
we find two sets of field equations. Making the variation of the action in Eq. (8) with respect to the contorsion tensor
we find

Sαβµ + 2gµ[αSβ] = −8π∆αβµ , (9)

where Sα ≡ Sµαα and the quantity

∆αβµ = 1√
−g

δ (
√
−gLMatter)
δKµβα

, (10)

is usually called the intrinsic hypermomentum, as it encapsulates all the information of the microscopic structure of
the matter that composes the fluid, i.e. intrinsic spin, dilaton charge and intrinsic shear. Notice that, in Eq. (9), the
torsion tensor field is not a dynamical field, in the sense that the left hand side contains no derivatives of the torsion
tensor and indeed appears as a purely algebraic equation. As such, in vacuum, where the matter Lagrangian density
LMatter is null, from Eq. (9), we see that the torsion tensor is effectively null so, all solutions of GR in vacuum are
also solutions of ECT [11].

On the other hand, making the variation of the action in Eq. (8) with respect to the metric tensor we find the
modified Einstein field equations

G̃µν − 4SσKµν
σ − 2gβδKµσδKβν

σ + 2gµνSσSσ+

+ 1
2gµνKρσδK

δρσ − 4SµSν − gσρKβρνKσµ
β = 8π Tµν ,

(11)

where G̃µν ≡ R̃µν − 1
2gµνR̃ represents the Einstein tensor defined just using the metric connection, and

Tµν = gµνLMatter − 2δLMatter

δgµν
, (12)

is the (symmetric) energy-momentum tensor of the matter fluid.
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B. The Weyssenhoff fluid

To relate the torsion tensor field with the intrinsic spin of matter particles, we shall consider a perfect fluid with
non-null (intrinsic) spin degrees of freedom that permeates a region of space-time. A description of such fluid is given
by the Weyssenhoff model [16].

Although the Weyssenhoff fluid was first proposed as a phenomenological theory, a variational theory of an ideal
spinning fluid has been developed [17, 18] providing a Lagrangian for the Weyssenhoff semi-classical spin fluid which
can, in turn, be used to compute the corresponding hypermomentum and energy-momentum tensors through Eqs. (10)
and (12). It is then found that the Weyssenhoff fluid is characterized by the following relation between the intrinsic
hypermomentum tensor and spin [17, 18]

∆µνα = 1
2τ

µνuα , (13)

where uα is the fluid’s 4-velocity and τµν is an anti-symmetric tensor representing the spin density tensor which, in
turn, verifies the following constraint

ταβuβ = 0 , (14)

known as the Frenkel condition [19, 20]. Substituting Eqs. (13) and (14) in Eq. (9), we find that the torsion tensor is
related to the intrinsic spin of matter as

Sαβµ = −4π ταβuµ , (15)

making it clear that, in this model, spin constitutes the effective source of the torsion field. Eqs. (14) and (15) allow
us then to rewrite Eq. (11) as

G̃µν + 16π2ταβτ
αβuµuν + 8π2gµνταβτ

αβ

− 32π2τµστν
σ = 8π Tµν .

(16)

Now, the spin tensor τµν and the energy-momentum tensor Tµν that appear in Eqs. (13) - (16) refer to the spin and
energy-momentum of microscopic particles. However, we are interested in studying the macroscopic behavior of an
ideal spinning fluid. Therefore, to find the field equations that describe a macroscopic gravitational field due to a
Weyssenhoff fluid, we have to compute a space-time average of the tensors τµν and Tµν over an element of volume of
the fluid, respectively 〈τµν〉 and 〈Tµν〉.
Assuming that the spinning fluid is composed of microscopic particles with randomly oriented spin, we get the

averaged quantities [21]

〈τµν〉 = 0 , (17)
〈ταβταβ〉 = 2s2 , (18)

〈τµατνα〉 = 2
3 (gµν + uµuν) s2 , (19)

where s2 represents the average of the square of the spin density of the fluid. Moreover, from the Lagrangian density
given in [18] for a zero-vorticity fluid, we find

〈Tµν〉 = −8π
3 uµuνs

2 − 8π
3 gµνs

2 + (ρ+ p)uµuν + p gµν , (20)

where ρ and p represent the mass-energy density and pressure of the fluid, respectively. Substituting Eqs. (17) - (20)
in the average version of Eq. (16) we find

G̃µν = 8π
[(
ρ+ p− 4πs2)uµuν +

(
p− 2πs2) gµν] . (21)

Notice that the field equations in Eq. (21), for a zero-vorticity Weyssenhoff fluid in the Einstein-Cartan theory, are
actually equivalent to those in GR for a perfect fluid with additional contributions from the spin to the energy-density
and pressure. Therefore, a spinning perfect fluid can be, classically, described by the theory of GR assuming that the
fluid is described by the effective energy-momentum tensor

Tµν = (ρeff + peff)uµuν + peff gµν , (22)
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with

ρeff = ρ− 2πs2 and peff = p− 2πs2, (23)

where we have omitted the angular brackets. Nevertheless, one should bear in mind that all quantities are to be
considered as averages.

Moreover, from now onwards, we will also omit the tilde to indicate tensor quantities computed only using the
symmetric part of the connection since, as was shown, we can effectively treat the problem at hand using the theory
of GR, where the torsion tensor is null.

C. The energy-momentum tensor for effective uncharged spinning dust

We shall now restrict our attention to the case where the fluid’s pressure varies in such a way that it cancels the
contribution coming from spin effects, so that the whole fluid effectively behaves as dust, i.e.

peff = p− 2πs2 = 0 . (24)

so that

Tµνeff = ρeffu
µuν , (25)

where ρeff represents the effective mass-energy density of the matter.
Now, let us consider that the matter is composed of N species of uncharged fermionic particles with mass mi and

spin si = ±}/2 and assume that the interactions between the microscopic constituents of the fluid are negligible.
Clearly, the distribution of spin and mass are related to each other. The particle number density for each species is
given by [10]

ni = ρi
mi

=
(

4s2
i

}2

) 1
2

, (26)

where ρi and s2
i represent, respectively, the averaged energy density and the average of the squared spin density of a

single species, such that

ρieff = ρi − 2πs2
i , and ρeff =

N∑
i=1

ρieff . (27)

Using Eq. (26) in Eqs. (23) and (27) , we find that for each species

ρieff = ρi

(
1− ρi

ρ̄i

)
, pieff = pi −

ρ2
i

ρ̄i
, (28)

where the total pressure of the perfect fluid is formally given by

peff =
N∑
i=1

pieff , (29)

and

ρ̄i = 2m2
i

π}2 (30)

represents a critical mass-density which sets a scale at which the spin effects have to be taken into account [10].
In the perfect fluid approximation, the various constituents of the matter are non-interacting. Therefore, the total

pressure of the fluid will be null if the various terms in Eq. (29) are null. Substituting Eq. (28) in Eq. (24), we find
that the constituents of the fluid are characterized by an equation of state of the form

pi = 1
ρ̄i
ρ2
i , (31)

that is, a polytrope of order 2.
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III. SPIN EFFECTS IN THE GRAVITATIONAL EVOLUTION

To study the influence of spin in singularity formation, we analyze the evolution of an uncharged effective dust fluid
with non-null spin degrees of freedom composed only of fermionic particles.

When considering the case of the gravitational collapse of a compact object in astrophysics, we consider a model of
Oppenheimer-Snyder type having a collapsing interior given by the Szekeres metric [24, 25], which is inhomogeneous,
matched to a vacuum exterior. Examples of such models were shown to exist in [26–28]. Whereas, when considering
a cosmological model, we shall assume that the coordinates in the Szekeres metric are globally defined and that the
universe can either initially be expanding or contracting. In this case, part of the problem will be to figure out if,
during evolution, there can be a bounce in the collapsing phase or a turning point, followed by recollapse, in the
expanding phase.

The Szekeres space-time represents the solutions of the Einstein field equations (EFE) for a space-time permeated
by irrotational dust whose line element can be written in the form

ds2 = −dτ2 + eα(τ,r,p,q)dr2 + eβ(τ,r,p,q) (dp2 + dq2) , (32)

where α and β are C2-functions of the coordinates τ, r, p, q. This metric has no Killing vectors, in general [29].
Historically, the Szekeres models are split in two classes: one that generalizes the Lemaître-Tolman-Bondi (LTB)
metrics and another that generalizes the Kantowski-Sachs (KS) metrics. We shall treat them separately.

A. Szekeres space-times: LTB-like

The LTB-like Szekeres models are characterized by a line element of the form [24, 25]

ds2 = −dτ2 +

(
R′ − RE′

E

)2

ε+ f (r) dr2 + R2

E2

(
dp2 + dq2) , (33)

where the prime indicates a derivative with respect to r , ε = {−1, 0, 1}, E = E (r, p, q) and f (r) are arbitrary C2

functions such that f (r) + ε > 0, while the function R = R (τ, r) satisfies the Friedmann like equation

Ṙ2 (τ, r) = f (r) + 2M (r)
R (τ, r) , (34)

with the overdot denoting a derivative with respect to the time coordinate τ and M = M (r) is another arbitrary
function.

Given the line element in Eq. (33) and Eq. (25) we find, from the EFE, the following relation between the mass-
energy density of the effective dust source and the functions that describe the geometry of the space-time

8π ρeff = 2 EM ′ − 3ME′

R2 (ER′ −RE′) . (35)

This expression can be re-written as

ρeff (τ, r, p, q) = r2 F (r, p, q)
R2 (τ, r)W (τ, r, p, q) , (36)

where

r2F (r, p, q) = 1
4π [E (r, p, q)M ′ (r)− 3M (r)E′ (r, p, q)] , (37)

and

W (τ, r, p, q) = E (r, p, q)R′ (τ, r)−R (τ, r)E′ (r, p, q) , (38)

so, f (r), M (r) and E (r, p, q) will be free initial functions that characterize the space-time. In turn, E (r, p, q) is
written in terms of another 3 free functions (see [24, 25]), but we will not have to use this fact in the what follows.
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1. Regularity conditions and the influence of spin in singularity formation

Since we are interested in studying the influence of spin in the formation of curvature singularities, in addition to
the previous assumptions we shall consider some further requirements on the initial regularity of the space-time:

Assumption 1. At the initial time τ = τ0:

1. R (τ0, r) is an increasing function of the coordinate r.

2. The space-time is non-singular.

3. For every triplet (r, p, q), we assume W (τ0, r, p, q) and ρeff (τ0, r, p, q) to be non-null.

Under these assumptions, we can set by convention

R (τ0, r) = r. (39)

When it exists, it is also useful to introduce τc (r) > τ0, defined as the value of the time coordinate at which the
function R of the shell with coordinate r goes to zero.
Under our assumptions, from Eqs. (36), and in the coordinate system defined by Eq. (39), it is straightforward to

see that the function F (r, p, q) must be finite and non-null. This leads us to conclude that a necessary condition for
the divergence of ρeff (τ, r, p, q) for a given (r, p, q) is that either R (τ, r) or W (τ, r, p, q) go to zero at some instant of
time τS > τ0. The former is associated with a shell-focusing singularity, whereas the latter represents the formation
of a shell-crossing singularity [30].

Moreover, since the functions R (τ, r) andW (τ, r, p, q) are continuous in the time coordinate τ before the singularity
formation, for each triad (r, p, q), the effective mass-energy density function ρeff (τ, r, p, q) is also a continuous function
in the coordinate τ . We are then able to prove

Lemma 1. Under our assumptions if, in a continuous gravitational collapse, there exists a curve τ = τs(r) > τ0
such that for each (r, p, q) within the matter, either limτ→τs(r)− R (τ, r) = 0 or limτ→τs(r)−W (τ, r, p, q) = 0 then,
limτ→τs(r)− ρeff (τ, r, p, q) = −∞.

Proof. We split the proof in two parts:
1. First, we prove that for each triad (r, p, q), if either limτ→τs(r)− R (τ, r)→ 0 or limτ→τs(r)−W (τ, r, p, q)→ 0 for

some instant τs > τ0, then we have that limτ→τs(r)− ρeff (τ, r, p, q) → ±∞. As was discussed previously, a necessary
condition for divergent ρeff is that either W (τ, r, p, q) or R (τ, r) go to zero at some instant τ = τs. In appendix A
it is shown that if R is a real function, these conditions are also sufficient for the divergence of ρeff, in particular,
even in the case where limτ→τs(r)−W → ∞, the limit limτ→τs(r)− R

2R′ → 0 is always verified, hence from (38)
limτ→τs(r)− R

2W → 0 and from (36) limτ→τs(r)− ρeff (τ, r, p, q)→ ±∞, as F (r, p, q) is finite. Therefore, since F (r, p, q)
takes finite values, from Eq. (36), fixing (r, p, q), if either limτ→τs(r)− R (τ, r)→ 0 or limτ→τs(r)−W (τ, r, p, q)→ 0 for
some instant τs > τ0, then we have limτ→τs(r)− ρeff (τ, r, p, q)→ ±∞.
2. We now show that we can only have ρeff (τ, r, p, q)→ −∞. For a dust spacetime composed only of fermions, the

effective mass-energy density is given by the sum in Eq. (27) and it takes infinite values if, at least, one term of the
sum, ρieff, is infinite. Although we shall restrain ourselves from imposing any of the usual energy conditions, we shall
consider that if any of the parameters that characterize the fluid take complex values at any point of the space-time,
the solution is unphysical. Therefore, for ρi ∈ R \ {0}, from Eq. (28), we find that each ρieff may only tend to −∞,
hence, for each (r, p, q), limτ→τs(r)− ρeff (τ, r, p, q)→ −∞.

Now, from Lemma 1, we get the following result:

Theorem 1. Given a Szekeres space-time with line element (33) permeated by an uncharged perfect fluid composed
only of fermionic particles, characterized by an equation of state such that, the fluid effectively behaves as dust, if
Assumption 1 is verified and sign (F (r, p, q)) = sign (W (τ0, r, p, q)) then, a curvature singularity will not form.

Proof. The proof follows from Lemma 1 and the continuity of R, W and ρeff .
Consider that sign (F (r, p, q)) = sign (W (τ0, r, p, q)).
Let us start by showing that the function W (τ, r, p, q) will not be zero for any τ ∈ ]τ0, τc (r)]. We argue by

contradiction.
Assume that there exists, for each r, an instant τ1 (r) ∈ ]τ0, τc (r)] such that limτ→τ−1

W (τ1, r, p, q) = 0. Then, from
Lemma 1, limτ→τ−1

ρeff (τ, r, p, q) → −∞. From our assumptions, W (τ, r, p, q) and R (τ, r) are continuous functions
in the τ coordinate for all τ ∈ ]τ0, τ1[ therefore, the effective mass-energy density, ρeff, is a continuous function in
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the coordinate τ for all τ2 < τ1, concluding that ρeff (τ2, r, p, q) < 0. On the other hand, continuity of W (τ, r, p, q)
implies that the sign of W (τ2, r, p, q) must be equal to the sign of W (τ0, r, p, q). Therefore, since R (τ2, r) > 0 and
sign (F (r, p, q)) = sign (W (τ2, r, p, q)), we conclude, from Eq. (36), ρeff (τ2, r, p, q) > 0, contradicting what was shown
before. Hence, W (τ, r, p, q) will not be zero for any τ ∈ ]τ0, τc (r)].
The case when the function R (τ, r) goes to zero before the function W (τ, r, p, q) also can not occur since, from

Eq. (36), Lemma 1 would be violated.

Remark 1. The condition sign (F (r, p, q)) = sign (W (τ0, r, p, q)) of Theorem 1 is equivalent to consider that the
effective energy-momentum tensor (25) verifies the weak energy condition at the initial time τ0.

Remark 2. To clarify the statement of the Theorem 1, let us consider the simpler case of an effective dust fluid
composed of only one type of fermions. In this case, from Eqs. (28) and (36) we can solve for ρ, such that

ρ (r, p, q) = ρ̄

2

(
1±

√
1− 4r2F

ρ̄R2W

)
, (40)

hence, given sign (F (r, p, q)) = sign (W (τ0, r, p, q)), from the results of Appendix A, if, for each r, either W (τ, r, p, q)
or R (τ, r) go to zero for some instant τ ∈ ]τ0, τc (r)], the energy density profile for the fluid will take complex values,
hence considered unphysical.

B. Szekeres space-times: KS-like

The KS-like Szekeres models are characterized by the general line element [24]

ds2 = −dτ2 +
[
X (τ, r)−R (τ) E1 (r, p, q)

E0 (p, q)

]2
dr2 + R (τ)2

E0 (p, q)2
(
dp2 + dq2) , (41)

where the function R (τ) verifies

Ṙ (τ)2 = 2M
R (τ) + k1 , (42)

with M being an arbitrary constant to be given as initial data and the constant k1 is determined by

(∂pE0)2 + (∂qE0)2 − E0
(
∂2
pE0 + ∂2

qE0
)

= k1 . (43)

Moreover, the function X (τ, r) is a solution of following equation:

X R̈+ Ṙ Ẋ +RẌ = k2 (r)
2 , (44)

with

2∂qE0∂qE1 + 2∂pE0∂pE1 −
(
∂2
qE0 + ∂2

pE0
)
E1 − E0

(
∂2
pE1 + ∂2

qE1
)

= k2(r) , (45)

where we have omitted some functional dependencies to avoid saturating the notation.
From the EFE, the effective mass-energy density of the spinning cloud verifies

ρeff = G (r, p, q)
R2 (τ)H (τ, r, p, q) , (46)

where

H (τ, r, p, q) = X (τ, r) E0 (p, q)−R (τ) E1 (r, p, q) . (47)

Such space-times are completely determined by the initial functions E0 (p, q)and E1 (r, p, q) and the constant M .
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1. Regularity conditions and the influence of spin in singularity formation

As in the previous section, we shall consider some further constraints on the initial regularity of the space-time:

Assumption 2.

1. At the initial time, τ = τ0, the space-time is non-singular.

2. For every triplet (r, p, q), we assume H (τ0, r, p, q) and ρeff (τ0, r, p, q) to be non-null.

Now, given the above initial regularity constraints and looking at Eqs. (46) and (47), as well as to the solutions in
Appendix A, it can be seen that, following the same reasoning applied in the proofs of subsection IIIA 1, we have the
following result:

Proposition 1. Given a Szekeres space-time with line element (41) filled with an uncharged perfect fluid composed
only of fermionic particles, characterized by an equation of state such that, the fluid effectively behaves as dust, if
assumptions 2 are verified and sign (G (r, p, q)) = sign (H (τ0, r, p, q)), then a curvature singularity will not form.

IV. SPECIAL CASES

In this section, we shall discuss the effects of spin in the formation of singularities for some particular cases of the
Szekeres space-times, where the analysis of the previous section can be extended.

A. Lemaître-Tolman-Bondi space-time

The Lemaître-Tolman-Bondi (LTB) space-time is a solution of the EFE for a spherically symmetric neutral dust
source characterized, in co-moving coordinates, by the line element

ds2 = −dτ2 + R′ (τ, r)2

1 + f (r) dr
2 +R (τ, r)2

dΩ2 , (48)

where dΩ2 ≡ dθ2 + sin2 θ dϕ2 represents the line element of the unit 2-sphere. The function R (τ, r) verifies Eq. (34)
and represents the circumference radius at an instant τ and radial coordinate r and f (r) > −1 is an arbitrary C2-
function of the radial coordinate. The LTB metric can be found from the Szekeres solution, Eq. (33), by setting
E2 (r, p, q) =

(
1 + p2 + q2) /4 and ε = 1.

From the EFE, we find that Eq. (36) is re-written for the LTB space-time as

ρeff (τ, r) = r2 F (r)
R2R′

, (49)

where F (r) is another arbitary function of r and it is related to the function M (r), Eq. (34), by M ′ (r) = 4πr2 F (r),
or

M (r) = 4π
∫ r

0
F (r) r2 dr. (50)

It is worth remarking that, in this case, the functionM (r) represents the mass contained within a shell with coordinate
r (see e.g. [8]).
In the case of a LTB space-time, the function W (τ, r) ≡ R′ (τ, r) and in the coordinate system defined by Eq. (39)

we have W (τ0, r) = +1. Therefore, for the LTB space-time imposing F (r) > 0 is equivalent to impose M ′ (r) > 0.
The result in Theorem 1, albeit important, does not provide an answer in the cases where F (r) < 0. One might

think that such cases are unphysical since the effective energy conditions would be violated. There are, however,
known physical phenomena that seem to violate the energy conditions (see e.g. [31]). Moreover, cases of collapsing
space-times with negative mass have been studied several times in the past (see e.g. [32, 33] and references therein).

Let us then consider that M ′ (r) takes negative values for all r. In this case we have, from Eq. (50), that the mass
function M (r) is negative for all r. Assuming that f (r) ≥ −2M/r, otherwise Eq. (34) has no real solutions, it is
clear, from Eq. (34), that one of two scenarios will occur: either Ṙ (τ0, r) > 0, in which case the effective dust matter
will continue to expand indefinitely; or Ṙ (τ0, r) < 0 where at some instant of time, say τb, Ṙ (τb, r) will go to zero.
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From Eq. (34), it is easy to show that R̈(τ, r) is always positive, therefore, at τb, the function R will have a minimum.
Hence, the system will bounce back and start to expand indefinitely.

We summarize these conclusions in the next proposition, which softens the conditions of Theorem 1 for the case of
LTB:

Proposition 2. Given a LTB space-time composed of a spherically symmetric, uncharged, collapsing perfect fluid,
composed only of fermionic particles, characterized by an equation of state such that, the fluid effectively behaves as
dust, if Assumptions 1 are verified and sign (M ′ (r)) is the same for all r within the space-time, the circumferential
radius function R (τ, r) will not go to zero.

Aside the simpler case where M ′ (r) < 0 for all r, there may be configurations where there are regions of the
space-time with positive effective energy density and other regions with negative effective energy density, however, it
is easy to show that such configurations are solutions of the Einstein field equations only if surface layers, separating
the different regions, are present. Such cases shall not be considered here.

To conclude this subsection, we note that if M ′ (r) takes negative values, shell-crossing singularities may occur.

1. The evolution of the collapse

In the previous subsection it was shown that, under our assumptions, and if the sign of the function M ′ (r) is the
same for all r, an uncharged effective dust cloud composed only of fermionic particles, in a LTB space-time will not
form a shell-focusing singularity. Then, for Ṙ(τ0, r) < 0, and assuming that no shell-crossing singularities occur for
sign (M ′(r)) < 0, there are only three possibilities for the behavior of the uncharged effective dust cloud:

i) there are no global in time solutions of the EFE for a collapsing uncharged effective dust matter;

ii) the gravitational collapse will lead to a bounce of the matter cloud;

iii) the gravitational collapse of the matter cloud will settle in a stable configuration.

As we shall see below, the third scenario will never occur, and the first and second cases may occur depending on the
initial data:

(I) Consider the initial data M (r) > 0 and f (r) ≥ 0 or M (r) = 0 and f (r) > 0. In both cases, from Eq. (34),
the function Ṙ can not go to zero, that is, for a given r, R (τ, r) is either a strictly decreasing or a strictly increasing
function of τ . However, if R is a decreasing function in the τ coordinate, it will eventually go to zero, violating
the result of Proposition 2. Hence, in these cases, the only possible physical solution is when the matter expands
indefinitely.

(II) Another possibility is the case where M (r) < 0 and f (r) > 0, with 2M (r) /R (τ0, r) + f (r) > 0 for a given r
within the matter cloud. In this case, from Eq. (34), there are two possible behaviors depending on the initial value of
Ṙ (τ): either Ṙ (τ0, r) > 0, in which case the effective dust cloud will continue to expand indefinitely; or Ṙ (τ0, r) < 0,
where at some instant of time, τb, Ṙ (τb, r) will go to zero. From Eq. (34), it is easy to show that R̈(τ, r) is always
positive. Therefore, at τb, the function R will attain a minimum, different from zero, concluding that the system will
bounce and start to expand from then on. Note that this solution is characterized by M (r) < 0, therefore the weak
energy condition is not verified and there is no inconsistency with the result in ref. [10].

(III) Yet another possibility is the case where M (r) > 0 and f (r) < 0, with 2M (r) /R (τ0, r) + f (r) > 0: if
initially Ṙ (τ0, r) < 0, then a singularity will eventually form; on the other hand, if Ṙ (τ0, r) > 0, Ṙ will go to zero
at some τ ∈]τ0,+∞[, however, from Eq. (34) we see that R̈(τ, r) is always negative in this case, hence, the system
will cease to expand further and start to collapse, eventually forming a singularity. In both scenarios the result in
Theorem 1 is violated, hence, such initial data does not correspond to a physical solution. This is because M (r) > 0
implies that at some region F (r) > 0, therefore, if a singularity occurs the energy density of the constituents of the
fluid would have to take complex values.

As examples, in Figs. 1 and 2, we show the behavior of R as a function of τ for various fixed values of the coordinate
r, depending on the initial sign of Ṙ (τ0, r), found by numerically solving Eq. (34) in particular cases when M (r) < 0
and f (r) > 0 and M (r) > 0 and f (r) < 0, respectively.
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Figure 1: Behavior of the function R (τ, r) for various fixed values of the coordinate r, depending on the initial value
of Ṙ, in the case of M (r) < 0 and f (r) > 0. Panel a) At the initial time Ṙ (τ0, r) < 0. Panel b) At the initial time

Ṙ (τ0, r) > 0.
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Figure 2: Behavior of the function R (τ, r) for various values of the coordinate r depending of the initial value of Ṙ
in the case of M (r) > 0 and f (r) < 0. Panel a) At the initial time Ṙ (τ0, r) < 0. Panel b) At the initial time

Ṙ (τ0, r) > 0.

B. Friedmann-Lemaître-Robertson-Walker space-time

Another example of notable interest is the Friedmann-Lemaître-Robertson-Walker (FLRW) model, where the space-
time is parametrized by a spherically symmetric spatially homogeneous and isotropic dust metric, such that

ds2 = −dτ2 + a (τ)2
(

dr2

1 + k r2 + r2dΩ2
)
, (51)

where a (τ) is the scale factor and k = {−1, 0, 1}. This solution is a particular case of the Szekeres line element,
Eq. (33), by setting E2 (r, p, q) =

(
1 + p2 + q2) /4, ε = 1, f (r) ≡ k r2 and R (τ, r) ≡ a (τ) r. We then have for an

effective dust cloud

ρeff (τ) = F0

a3 (τ) , (52)

with F0 being a non-zero constant, and a (τ) satisfying the well-known Friedmann equation

ȧ2 (τ) = 2M(r)
r3 a (τ) + k , (53)

where

M(r) = M0r
3, with M0 = 4π

3 F0 = 4π
3 a (τ0)3

ρeff (τ0) . (54)
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Moreover, this space-time is itself a particular case of the LTB space-time studied in the previous subsection. Therefore,
all the previous results are valid for this particular case.

From Proposition 2 we know that independently of the sign of M0, or equivalently F0, a singularity does not occur.
As discussed in subsection IVA1, the actual evolution of space-time depends of the values of the constants k and M0.
More concretely,

1. for M0 > 0 ∧ k ≥ 0, the space-time will expand indefinitely;

2. for M0 < 0∧k > 0, depending on whether ȧ (τ0) > 0 or ȧ (τ0) < 0, the space-time will either expand indefinitely
or start by a collapsing phase which is followed by a nonsingular bounce and then entering an expanding phase,
respectively;

in all other cases, from Eq. (53), we find that the functions a (τ) or ρ (τ) will take complex values, hence, the solutions
to the Friedmann equations are considered unphysical (see also Sec.6.2 of ref. [9]).

By comparison with our setup, we recall that in ref. [12], the effects of spin in singularity formation was studied
by considering a dust cloud composed of fermionic particles in a FLRW space-time whose spins were assumed to be
aligned in a given preferred spatial direction. In that case, the field equations can be explicitly solved and a closed
form expression for the scale factor a (τ) was found, showing explicitly that there is a minimum positive value for
a (τ) thus, concluding that a singularity does not form. Moreover, cosmological as well as astrophysical consequences
of introducing spin and torsion in gravitation has been studied in [34] and [35, 36], respectively. In the former, a
closed homogeneous and isotropic universe filled with fermionic matter has been considered and it was shown that
the effects of spin-torsion coupling produces a gravitational repulsion in the early universe, preventing the formation
of cosmological singularity. In the latter papers, the effects of spin on the dynamics of collapse for a closed [35]
and flat [36] FLRW backgrounds has been studied. It was shown that, under certain conditions, the formation of
space-time singularities can be avoided through a non-singular bounce, which can either be hidden behind a horizon
or visible to external observers, depending on the initial radius or mass of the collapsing body.

All the previous mentioned cases differ from our setup since we assume that spins are randomly oriented and the
fluid effectively behaves as dust. However, as was shown above, our conclusions are similar.

C. Senovilla-Vera space-time

As a special inhomogeneous case of KS-like Szekeres space-times, we study the Senovilla-Vera space-time [37]
characterized by a line element of the form

ds2 = −dτ2 + dr2 + r2dϕ2 +
(
β + τ2 + r2

γ

)2

dz2 , (55)

where γ ∈ R\ {0}, β ∈ R≥0, r > 0, z ∈ ]−∞,+∞[ and ϕ ∈ [0, 2π[. A space-time exterior to (55) was found in [26].
Assuming that the space-time is permeated by effective dust, we find that the effective mass-energy density is given
by

8πρeff (τ, r) = − 4
βγ + r2 + τ2 . (56)

In the cases where γ > 0 ∧ β ≥ 0 or γ < 0 ∧ γβ + r2 > 0, it is clear that there are no collapsing solutions. Let us
then consider the cases where γ < 0 ∧ γβ + r2 < 0. Setting R = 1, E0 = 1, X = τ2/γ and E1 = −

(
r2 + βγ

)
/γ in

Eq. (41), we recover the line element (55). The functions G and H, in Eqs. (46) and (47), are in this case

H (τ, r) = β + τ2 + r2

γ
, G = − 1

2πγ . (57)

Now, for γ < 0 we see that the function H (τ, r) is a strictly decreasing function of the coordinate τ . It is then clear
that, for γβ+ r2 < 0, such model is not a solution of the EFE for effective dust, since this would imply the formation
of a curvature singularity when τ =

√
γβ + r2, violating Proposition 1.

We can see this more clearly by considering that the fluid is composed of only one type of fermionic particles. In
that case, from Eqs. (28) and (56) we have that the mass-energy density of the perfect fluid is given by

ρ (τ, r) = ρ̄

2

[
1±

√
1 + 2

ρ̄π (γβ + τ2 + r2)

]
, (58)
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where ρ̄i is given by Eq. (30) and the discriminant is assumed to be non-negative. From this relation, we see that in
the case of γ < 0 ∧ γβ + r2 < 0, when τ >

√
β|γ| − r2 − 2

ρ̄π , the mass-energy density of the fluid will take complex
values, that is, such solution is unphysical.

D. LRS Bianchi type I space-time

As a final particular case, we will discuss the case of a locally rotationally symmetric (LRS) Bianchi type I space-time
with line element

ds2 = −dτ2 +A (τ)2
dx2 +B (τ)2 (

dy2 + dz2) , (59)

which is a spatially homogeneous particular case of the KS-like Szekeres metric. Interestingly, this space-time was
used to study the influence of spin in singularity formation by assuming that the space-time is filled with a dust fluid
(not effective dust) with non-null spin, such that, the spins of the dust particles are aligned along a preferred direction
[13, 14].

In line with our previous examples we assume an effective dust fluid and, in that case, from the EFE, we find

A (τ) = c

(b− τ)
1
3

+ (b− τ)
2
3 , (60)

B (τ) = (b− τ)
2
3 , (61)

with b and c being integration constants, and

8π ρeff (τ) = 4
3Γ (τ)3 , (62)

where

Γ (τ)3 = A (t)B (t)2 = (c+ b− t) (b− t) . (63)

We note that the case c = 0 corresponds to the flat FLRW metric in cylindrical symmetry.
Now, Eqs. (59), (60) and (61) can be found from Eq. (41) by setting E0 = E1 = 1, R (τ) = B (τ) and X (τ) =

A (τ) +B (τ), hence

H (τ) = A (τ) = c

(b− τ)
1
3

+ (b− τ)
2
3 , (64)

and the function G = 1/6π. To apply the results found in the previous section, at the initial time, for simplicity
τ = 0, H (0) must be positive (to match the sign of G) and finite, that is{

c > −b , for b > 0
c < −b , for b < 0

. (65)

Therefore, if the constraints in Eq. (65) are verified, Proposition 1 tells us that a shell-focusing or shell-crossing
singularity will not be formed. As in the previous subsection, this can be readily verified: In the case b < 0 this
conclusion is trivial, since A (τ) and B (τ) will never be zero; On the other hand, for b > 0, assuming that the fluid
is composed of only one type of fermionic particles, the mass-energy density is given by

ρ (τ) = ρ̄

2

[
1±

√
1− 2

3πρ̄Γ (τ)3

]
, (66)

so that, as τ → b or τ → b + c (whichever occurs first), the mass-energy density will take complex values, and the
resulting solution is unphysical. Let us also remark that if Eq. (65) is not verified but Γ (0) 6= 0 then,{

limτ→b Γ (τ)→ −∞ , for b > 0 ∧ c < −b
limτ→c+b Γ (τ)→ −∞ , for b < 0 ∧ c > −b

, (67)

and all solutions of the EFE are real and a singularity will form.
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1. The Raychaudhuri equation

To finish, let us use the LRS Bianchi type I space-time to discuss a possible source of confusion that might
arise when considering the effects of spin in singularity formation. Consider a congruence of geodesics in the LRS
Bianchi type I space-time whose fiducial curve’s tangent vector is v = δατ ∂α. The shear scalar, σ2 ≡ σαβσ

αβ , where
σαβ ≡ 1

2 (∇αvβ +∇βvα), is given by

σ2 = 2
3

(
Ȧ

A
− Ḃ

B

)2

= 2c2

3Γ6 , (68)

and the expansion scalar, θ ≡ ∇αvα,

θ = Ȧ

A
+ 2 Ḃ

B
= 3Γ̇

Γ . (69)

In this case, the vorticity ωαβ ≡ 1
2 (∇αvβ −∇βvα) is identically zero and the Raychaudhuri equation then reads

θ̇ + 1
3θ

2 + σ2 + 4πGρeff = θ̇ + 3
(

Γ̇
Γ

)2

+ 2c2

3Γ6 + 2
3Γ3 = 0 . (70)

Now, this result might seem to contradict Theorem 1 since, in a collapsing setting, it indicates that a singularity, in
the sense of a caustic, will always form. Let us, however, get back to Eq. (62). From Eqs. (68) and (69) we find

8π ρeff = θ2

3 −
σ2

2 . (71)

Substituting Eq. (71) in Eq. (70),

θ̇ + 1
2θ

2 + 3
4σ

2 = 0 . (72)

Let us discuss this result: we see that relation (72) lost all information regarding the presence of spin, that is, this
equation is valid whether we are studying an effective spinning dust in a Bianchi type I using the Einstein-Cartan
framework or a Bianchi type I space-time permeated by dust with no spin degrees of freedom in GR. It is then clear
that the Raychaudhuri equation alone may not be enough to infer the possible formation of singularities, in the sense
that, in this case, although mathematically Eq. (72) does imply the formation of a singularity (in the sense that
Γ → 0), it does not guarantee that the energy-density of the fluid, ρ (τ), is a real function throughout the evolution
of the space-time.

V. CONCLUDING REMARKS

We have considered models of gravitational collapse of inhomogeneous and anisotropic (effective) dust fluid on a
space-time described by a Szekeres metric. We have found that, under certain conditions on the initial data, the
formation of a singularity may be avoided due to the presence of spin. Comparing our results with those in the
literature for spatially homogeneous space-times, it was shown that not only the geometry of the space-time, but also
the equation of state of the fluid, play a pivotal role in the evolution of the space-time and singularity formation.
Moreover, it was shown that even if the effective energy-momentum tensor of the spinning fluid verifies the weak
energy condition, a singularity can be avoided.

Some particular cases of the Szekeres model were considered in order to either extend the previous results or show
explicitly the evolution of the effective dust space-time. The results found for the various cases are summarized in
Table I.

Finally, we noted that evaluating the Raychaudhuri equation alone may not be enough to infer to possible formation
of a curvature singularity in the Einstein-Cartan theory with spin torsion for physical scenarios, since although a
caustic may (mathematically) form, it is not guaranteed that the quantities that describe the fluid will take real
values throughout the space-time evolution. Indeed, a crucial assumption in our analysis is the fact that the energy
density remains real throughout the evolution which, in our cases, also guarantees that there is no shell crossing.

The model of an effective dust fluid represents a critical case, providing but a first step towards a deeper study of
this important question: In what conditions may spin effects prevent the formation of singularities? We expect that
deviations from the critical case will give rise to a broader variety of dynamics and outcomes of gravitational collapse,
including the formation of black holes or naked singularities. In the light of the results in this article, this appears to
remain an interesting open problem.
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Particular solution Parameters Possible behavior Other

LTB {M (r) , f (r)}

M (r) > 0 ∧ f (r) ≥ 0

The space-time will expand indefinitely.

If M ′ (r) < 0, a shell-crossing
singularity may form.

M (r) = 0 ∧ f (r) > 0

M (r) < 0 ∧ f (r) > 0

If Ṙ (τ0, r) ≥ 0, the space-time will expand
indefinitely.

If Ṙ (τ0, r) < 0, the space-time will collapse,
bounce with R (τ, r) 6= 0 and expand indefinitely.

Senovilla-Vera {β, γ}
γ > 0 ∧ β ≥ 0

The space-time will expand indefinitely.
γ < 0 ∧ γβ + r2 > 0

LRS Bianchi type I {b, c}

b < 0 ∧ c+ b < 0 The space-time will expand indefinitely.

b > 0 ∧ c+ b < 0

A singularity will form in finite time.
b < 0 ∧ c+ b > 0

Table I: Evolution of an effective dust matter on various space-times, particular solutions of the Szekeres metric.
The space-times assumed to verify the premises of Theorem 1 or Proposition 1. All unmentioned possible initial

data either lead to unphysical solutions or correspond to the trivial static case.
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Appendix A: limτ→τc(r) R
2R′ = 0

In the proof of Lemma 1 we have used the result that, when τc (r) exists, then limτ→τc(r)R
2R′ = 0. Since this

result plays a key role in that proof, here we summarize the solutions of the generalized Friedmann equation, Eq. (34)
(also Eq. (42)) and show how they can be used in the proof.

The solutions to (34) can be separated in various sub-families depending on the combination of the signs of the
functions M (r) and f (r). It can be easily seen that not all solutions are real (e.g. the case of M (r) , f (r) < 0). The
solutions of interest are then [24]



16

R (τ, r) = −2M (r)
f (r) cos2 (η), η + 1

2 sin (2η) =

√
−f (r)3

2M (r) (τ − τ0 (r)) , for f (r) < 0 and M (r) > 0 (A1)

R (τ, r) = −2M (r)
f (r) cosh2 (η), η + 1

2 sinh (2η) = f (r)
3
2

−2M (r) (τ − τ0 (r)) , for f (r) > 0 and M (r) < 0 (A2)

R (τ, r) = 2M (r)
f (r) sinh2 (η), 1

2 sinh (2η)− η = f (r)
3
2

2M (r) (τ − τc (r)) , for f (r) > 0 and M (r) > 0 (A3)

R (τ, r) =
√
f (r) (τ − τc (r)) , for f (r) > 0 and M (r) = 0 (A4)

R (τ, r) =
(

9M (r)
2

) 1
3

(τ − τc (r))
2
3 , for f (r) = 0 and M (r) > 0 (A5)

R (τ, r) = const. , for f (r) = 0 and M (r) = 0 (A6)

where some functional dependencies were omitted to simplify the notation.
Now, for the cases represented by Eqs. (A4) - (A5), the computation of limτ→τc(r)R

2R′ can be done directly and
verified to be zero.

Let us consider the case where f (r) < 0 and M (r) > 0, Eq. (A1). Taking the derivative with respect to r of the
parametric equation for η (τ, r) we find

∂η

∂r
= 1

1 + cos (2η)
∂

∂r


√
−f (r)3

2M (r) (τ − τ0 (r))

 . (A7)

On the other hand,

R′ = − ∂

∂r

(
2M (r)
f (r)

)
cos2 (η) + 4M (r)

f (r) cos (η) sin (η) ∂η
∂r

. (A8)

Then, using Eqs. (A1), (A7) and (A8), we find

lim
τ→τc(r)

R2R′ = lim
η→π

2

(
2M (r)
f (r)

)2
cos4 (η)

4M (r)
f (r)

∂

∂r


√
−f (r)3

2M (r) (τ − τ0 (r))

 cos (η) sin (η)
1 + cos (2η) −

∂

∂r

(
2M (r)
f (r)

)
cos2 (η)


= −8

(
M (r)
f (r)

)3
lim
η→π

2

cos3 (η) sin (η) ∂

∂r


√
−f (r)3

2M (r) (τ − τ0 (r))


= 0 ,

(A9)
if the limit exists.

For the cases of f (r) > 0 and M (r) < 0, and f (r) = M (r) = 0 we see, from Eqs. (A2) and (A6), that the function
R (τ, r) is never zero, hence τc (r) does not exist.
In the case of f (r) > 0 and M (r) > 0, Eq. (A3), the considered limit can be computed similarly to the case of

f (r) < 0 and M (r) > 0 and, as in (A9), the result is also zero.
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