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Irrigation planning with thin meshes
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Summary

In this work, we study a mathematical model for a smart irrigation system, formulated as an optimal control problem
and discretized and transcribed into a nonlinear programming problem using a fine mesh. In order to solve the resulting
optimization problem, one needs to use Optimization solvers. Hence we implemented the proposed mathematical model
in AMPL and solved it using the IPOPT solver on the NEOS server (https://neos-server.org/neos/index.html). We also
tested the model with several scenarios. The numerical results shows that the mathematical model produces qualitatively
good responses. Moreover the execution times are made in few seconds.
Keywords: mathematical models, smart irrigation, optimal control, NEOS, IPOPT

1 Introduction

Climate change is happening.1 Global warming, extreme
weather events, floodings and drought periods are expected
even more frequently in the near future. There is strong
evidence that Mankind is, to say the least "one of the
main actors" promoting this profound change of weather
on Earth. The continuous growth of the world population
is exerting a lot of pressure on the planet, which is no
longer able to provide the necessary demands. Water is
probably one of the most important resources that will
be evermore disputed by many countries. In the past,
most wars happened because of gold, oil, diamonds or
other similar luxury goods. Water may become a luxury

good very soon. For instance, agriculture is responsible
for using most of the planet’s existing freshwater. Many
regions of the world are already suffering from longer and
profound droughts. To produce food, agriculture must be
efficient2 without exhausting the soils or planet’s reserves
of freshwater. The countries which face droughts like
Portugal need to develop irrigation systems able to keep
the crops safe saving as much water as possible. But most
irrigation systems are of the type control ON-OFF. This
means they will be activated independently of crop’s needs.
Sometimes they irrigate too much (wasting water), other
too little water (causing unnecessary stress on the crop).
To overcome this drawback, we developed a mathematical
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model based on Optimal Control Theory which will be able
to track the water needs of the crop and provide only the
necessary water to fulfill those needs. As mentioned in
Lopes and others,3 Optimal Control Theory emerged as
a field of research in the 1950s in response to problems
concerning the aerospace exploitation4 of the solar system.
Nowadays, optimal control is a recognized tool, known by
its efficacy, applied in different areas, such as robotics,5

biological systems,6 agriculture problems,7 among many
others. The goal of Optimal Control Theory is to find a
control law for a given system such that a certain optimality
criterion is achieved. In optimal control problems (OCP), it
is possible to define decision variables subject to restrictions
in the form of differential equations, where these decisions
variables are not necessarily smooth (non differentiable
functions). In an OCP, it is possible to use different tools to
solve the problem, to characterize it, to study the sensitivity
of its variables, to study the stability of the problem and to
apply predictive control to replan it.7–9

The mathematical model presented here was firstly
implemented and solved using a direct method available
in MATLABr (MATLAB is a registered trademark of
the MathWorks, Inc.) and produces an optimal irrigation
plan for a number of days (no more than 10), based on
the weather forecast, moisture sensors in site and a set
of parameters describing the type of soil, crop, irrigation
and location. The optimal solution found showed that the
proposed mathematical model is qualitatively correct.12, 13

We will present a rebuilt model that copes with hourly data
and also includes restrictions on when to irrigate the crop
during the day. This new model was implemented in AMPL
and solved in the NEOS platform using IPOPT solver.
Several scenarios are presented. Results are qualitatively
good.

This document is divided in 4 sections: Section 1 is
the Introduction, Section 2 is devoted to present the base
mathematical model used and to explain its main features.
Section 3 is devoted to the study of a set of examples and its
results. Finally, Section 4 presents Conclusions and Future
Work.

2 Mathematical model

Based on the mathematical model presented in Lopes and
others,10 we rebuilt it in such a way that rainfall forecast
was obtained hourly and with access to the soil moisture at
any time, via a moisture sensor applied on site. The fact that
part of the data is now obtained on an hourly basis increases
the number of variables of the optimization problem, by
a factor of 24 (N = 24 is the number of hours of the
irrigation plan as described in the proposed mathematical
model - see equation 1). And the problem becomes a large
scale optimization one, with 456 decision variables and 673
constraints. Solving it using an optimization solver from
MATLABr is prohibitive due to memory requirements and
CPU time.

The cost function to be minimized is the amount of

water used in the irrigation system, defined by the sum
of control variable u, subject to the dynamic equation in
which the variation of the moisture of the soil (the trajectory
variable x) has to satisfy the water balance equation, and
subject to the inequality constraints, namely, the amount
of water that come from the tap can not be negative and
the moisture of the soil must satisfy the hydric needs xmin
of the crop. The last constraint allows us to prescribe the
time of the day when irrigation is released. In this case,
we do not allow irrigation between a certain period of time,
[Time1,Time2]. This is important in the summer, such that
the irrigation plan takes place when temperatures are not too
high. Thus, the proposed new model is defined as follows:

minxi,ui h
N

∑
i=1

ui

s.t.: xi+1 = xi +h f (ti,xi,ui,xi+1), i = 1, .., N

xi ≥ xmin

0 ≤ ui ≤Usup, i = 1, .., N

x1 = x0,

(1)
where Usup represents the maximum irrigation possible. An
extra constraint was added to the model, in order to allow
the farmer to irrigate the crops at a desirable time of the day.

Usup = 0, Time1 ≤ mod(i,24)≤ Time2 (2)

Note that mod(i,24) gives the remainder of the integer
division of i by 24. The function f present in the dynamic
of the OCP is given by

f (t,xl ,u,xr)=KI ∗u+KR∗r f (t)−KC∗evt p0(t)−ls(t,xl ,xr),
(3)

with the term of losses defined by11

ls(t,xl ,xr) =

{
k(t)xl xr ≤ xFC
xr − xFC + k(t)xl xr > xFC.

(4)

The variable h represents the time step, N is the number
of time steps of the irrigation planning (24× number of
days of the plan), KI is the coefficient associated to the
type of irrigation, KR is a parameter associated to the
rainfall (r f ), KC is the coefficient associated to the type
of crop, evt p0 is the reference evapotranspiration and x0
is the moisture of the soil at initial time. Notice that
k(t) depends on the type of soil and xFC is the humidity
of soil at available water capacity. More details about
the model can be found in Lopes and others.10 The
fact that we now may have hourly data will allow us to
have a more accurate solution. Weather data and soil
moisture were taken from a database14 in ISEP (Instituto
Superior de Engenharia do Porto), evapotranspiration was
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calculated using Penman–Monteith model15 and crop and
soil coefficients were obtained in the Raposo’s book.16

3 Results and Validation

In this section we focus on validating the proposed model. It
was implemented firstly in MATLABr considering a daily
basis. It produced good results. However, if the problem is
medium/large scale, CPU times and memory requirements
will become an issue. Because of it (future evolutions of
the model will be more and more complex), the model
was implemented in AMPL language and solved in NEOS
Platform using the IPOPT solver. CPU time was much
improved. Next we present some scenarios and analyze the
respective results. In all scenarios, we consider a grass field
in Oporto, Portugal.

3.1 Case 1 - Irrigation plan for a set of rainy days in April

Here, we consider a simulation using real weather data from
a set of days in April. Rainfall was heavy. No restrictions
on the time for irrigation were considered in scenario 1.

Assuming we had only daily data, we represent the
results obtained for the irrigation plan, moisture in the soil
and the hydric needs of the crop in Figure1.

Figure 1: Results for scenario 1 - set of rainy days in April
in the region of Oporto, Portugal. Coarse grid in time with
time step = 1day.

As expected, no irrigation is needed, since the moisture
in the soil was well above the hydric needs of the crop.
Water consumption for this scenario was zero, since the
control was not activated.

Next, we assumed hourly non-real data. It was
generated assuming uniform rainfall during the whole days
of the irrigation plan. This meant that the number of
variables increased by a factor of 24. When solving this
problem using a solver from MATLABr the programme
took about 40 minutes to obtain the optimal solution. In
the NEOS platform with the IPOPT solver, just took a FEW
SECONDS. Results can be seen in Figure2.

As expected, results are very similar. No irrigation

Figure 2: Results for scenario 1 - set of rainy days in April
in the region of Oporto, Portugal. Finer grid in time with
time step = 1 hour.

is needed. The trajectory is different since we are using
smaller time step. Herein the trajectory is potentially more
accurate and if we had real data, this would reflect better the
weather variations along the day. Nowadays, it is not rare
to have a weather station in site and moisture sensors which
are able to capture hourly data and transmit it to a server
where they can be collected. In scenario 1, we assumed
uniform rainfall along all day. Water consumption for this
scenario was zero as the control was not activated.

In scenario 2, all the rain of each day took place in a
couple of hours, generating a massive rainfall in that short
period of time. The temperature was modeled in each
day by a parabola with the maximum value at 12h and
minimums at time 0h and 23:59 and an average value equal
to the average temperature of that day. In scenario 2, the
results obtained can be seen in Figure 3.

As expected, results are no longer the same. The
concentration of the rainfall in a couple of hours may
produce a situation where the soil moisture sudden
increases. Water consumption for scenario 2 was zero, since
the control was not activated.

3.2 Case 2 - Irrigation plan for a set of dry days in August

Here, we consider a simulation using real weather data from
a set of days in August. Rainfall was scarce. No restrictions
on the time for irrigation were considered in scenario 3.
Assuming we had only daily data, the results obtained for
the irrigation plan, moisture in the soil and the hydric needs
of the crop can be seen in Figure 4.

As expected, irrigation is always needed, since the
moisture in the soil was always near the hydric needs of the
crop. If irrigation does not take place at any time step, the
crop enters in stress. Water consumption for this example
was 30.5768 mm.

In Scenario 4, hourly data was assumed to be available.
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Figure 3: Results for scenario 2 - set of winter rainy days in
the region of Oporto, Portugal. Finer grid in time with time
step = 1 hour. The rainfall occurs in just a couple of hours
and the temperature is defined in each day by a parabola.

Figure 4: Results for scenario 3 - set of dry August days
in the region of Oporto, Portugal. Coarse grid in time with
time step = 1day.

It was generated assuming uniform rainfall during the
whole days. Results can be seen in Figure 5.

The control is composed by a series of step functions
since for every 24 hours, we consider uniform rainfall with
average equal to the rainfall average of that day. Notice that
this is not verified in Case 1, since no irrigation was needed.
Results are potentially more accurate and if we had real
data, this would better reflect the weather variations along a
day. Water consumption for scenario 4 was 30.5492mm.
The total amount of irrigation is similar, but a slightly
smaller. This is due to the fact that the time steps are
smaller.

In the next scenario, scenario 5, we suppose that the
rainfall in each day takes place in a couple of hours of that

Figure 5: Results for scenario 4 - set of dry August days in
the region of Oporto, Portugal. Finer grid in time with time
step = 1 hour.

day and that the temperature was modeled (in each day) by
a parabola with the maximum value at 12h and minimums
at 0h and 23:59, and an average value equal to the average
temperature of that day. The results for scenario 5 are
shown in Figure 6.

Figure 6: Results for scenario 5 - set of August days in the
region of Oporto, Portugal. Finer grid in time with time step
= 1 hour. The rainfall occurs in just a couple of hours and
the temperature is defined in each day by a parabola.

As expected, results are no longer the same. The
concentration of the rainfall in a couple of hours of each day
did not produce similar results as in Figure 3 from scenario
2 (peaks in the trajectory), because in scenario 5, rainfall
was very scarce. The effect of considering parabolic arcs to
model the daily temperature can be seen in Figure 6. The
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consumption increases a bit due to the fact that rainfall was
concentrated in a couple of hours for each day.

3.3 Case 3 - Imposing a constraint for the daily period of
irrigation

Here we will study the effect of imposing the constraint on
when the irrigation takes place on the crop field (scenario
6). We will consider the data from scenario 5 with a finer
grid and uniform distribution of rainfall along every hour of
each day. We will also consider irrigation cannot take place
between 11h and 19h, such that, due to high temperatures
in the summer the crop does not dye. Results can be seen in
the next Figure.

Figure 7: Results for scenario 6 - including the constraint
of not irrigating between 11h and 19h of each day.

Since irrigation has to stop everyday during the hottest
hours of the day, when it restarts it will produce a peak to
compensate. You can also observe that after every peak
there is a slight increase in the trajectory. The total amount
of irrigation was 30.6097mm.

4 Conclusion and Future Work

We designed a mathematical model based on Optimal
Control Theory which, given a set of data (weather data,
soil moisture, evapotranspiration, a set crop and soil
coefficients), is able to produce an irrigation plan for the
crop for a given number of days. We used data from
a grass field in ISEP (Instituto de Engenharia do Porto)
and collected in a local database. Other parameters were
consulted in bibliography.

We verified that the proposed mathematical model
obtains results that correspond to reality. Moreover, when
the number of variables increases, MATLABr is no longer
a good tool to solve the problem. Simply by changing from
a solver of MATLABr to the IPOPT solver, a software
package for large-scale nonlinear optimization available
on the NEOS server (https://neos-server.org/neos/solvers/),

execution times dropped from over 40 minutes to a few
seconds.

The inclusion of hourly data allows to consider
scenarios where, for instance, rainfall is uniform or the
opposite, the rainfall is concentrated in a couple of hours.
We presented simulations in the previous section and results
are qualitatively good. Also, more accurate data with
smaller time steps will potentially produce a smoother
solution, with less consumption.

The inclusion of a constraint on when irrigation can
take place during the day makes the model more realistic
and allows us to avoid unnecessary damage to the crop.
Presented results allow us to say that the model produces
qualitatively good responses.

Comparison with practice is still needed, so we can
adjust some parameters of the model and validate it in
practice. Other features still need to be tackled, such as: to
see the effects of different types of soils; different types of
crops; to consider a slope in the crop field that will produce
losses due to runoff; other constraints that might enrich the
model.

The final goal of the study is to produce a prototype
of smart irrigation which step by step will help farmers
to produce sustainable agriculture. The data needs to be
collected in site automatically using a mini-weather station
and uploaded to a server. A web page installed in that server
collects some parameters which the farmer needs to provide
accordingly to the type of soil, type of irrigation used, type
of crop, number of days considered in the plan, etc. Once
the data-file is completed, the user starts a simulation using
our model and finally, obtains the Irrigation plan. The
irrigation system needs to be properly designed but, if so,
with a file providing the needs of water of the crop field
at every time step, it can automatically start the irrigation
when needed, guaranteeing the crop is safe and the waste of
water is minimum.
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