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Abstract: In this work, we present a numerical study on the development length (the length from the
channel inlet required for the velocity to reach 99% of its fully-developed value) of a pressure-driven
viscoelastic fluid flow (between parallel plates) modelled by the generalised Phan–Thien and Tanner
(gPTT) constitutive equation. The governing equations are solved using the finite-difference method,
and, a thorough analysis on the effect of the model parameters α and β is presented. The numerical
results showed that in the creeping flow limit (Re = 0), the development length for the velocity
exhibits a non-monotonic behaviour. The development length increases with Wi. For low values of
Wi, the highest value of the development length is obtained for α = β = 0.5; for high values of Wi,
the highest value of the development length is obtained for α = β = 1.5. This work also considers
the influence of the elasticity number.

Keywords: viscoelastic fluids; generalised PTT model; finite-differences; development length

1. Introduction

A variety of functional applications are based on the premise that the flow is fully
developed. It is assumed that after a certain time the fluid has travelled a certain length
(development length—L) along the channel, after which the flow no longer changes in the
direction of flow. This is used, for example, in extrusion dies, lab-on-a-ship, etc. [1–3].

The development length of Newtonian flows in channels and pipes (see Figure 1) is
well understood [4].
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Figure 1. Schematic of the channel and pipe geometries used for the study of the development length.
(a) Channel flow. (b) Pipe flow.

Durst et al. [4] developed two correlations between L (the distance the fluid travels to
become fully developed) and the Reynolds number, Re = ρUH

η , where U is the imposed
mean inlet velocity, ρ is the fluid density, H is the width of the channel (for pipes, one
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should replace H by D-diameter), and η is the Newtonian viscosity. These correlations are
given by,

L
H

= [(0.631)1.6 + (0.0442Re)1.6]1/1.6, (1)

L
D

= [(0.619)1.6 + (0.0567Re)1.6]1/1.6, (2)

and predict well the development length for channel and pipe flows, respectively. For
other works on the development length of Newtonian fluids please consult the following
references [5–10].

For generalised Newtonian fluids (with varying viscosity), several works have been
proposed in the literature [11–19]. We would like to highlight the works of Fernandes
et al. [19] and Poole and Ridley [18], in which they presented two correlations for the
development length in channel and pipe flows of power-law fluids (the viscosity is a
function of the second invariant of the deformation tensor, γ̇ (for simple flows, γ̇ is simply
the shear rate). The viscosity is then given by η = kγ̇n−1). The correlations are given by,

L
H

= [( f (n)− exp (15.706− 4.002))1.6 + (0.0444Regen)
−0.209n2+0.645n+1.225]1/1.6, (3)

L
D

= [(0.246n2 − 0.675n + 1.03)1.6 + (0.0567ReMR)
1.6]1/1.6, (4)

for channel and pipe flows, respectively. Here, Regen = 6ρU2−n Hn

k
( n

4n+2
)n, ReMR =

8ρU2−nDn

k
( n

6n+2
)n, and f (n) = −0.355

1+2 exp (0.553−4.273n) . Note the increasing complexity in the
correlations when going from a Newtonian to a power-law fluid.

In the case of viscoelastic fluids, the number of papers on this topic is smaller. This
is due to the complexity of viscoelastic flows, such as the presence of singularities at
the entrance of the channel, overshoots in the velocity profile, and the high Weissenberg
number problem.

We would like to highlight the work of Na and Yoo [20] in which they perform numer-
ical simulations to determine the development length of an Oldroyd-B fluid and conclude
that the development length (for a fixed Re) increases slightly with the Weissenberg number,
Wi = λU

H (where λ is the relaxation time of the fluid in seconds), but is more strongly
affected by Re. Liang [1] proposed a theoretical work for the development length of vis-
coelastic fluids entering an extrusion die. They presented an expression for estimating the
length of the entrance region, which has applications in the extrusion industry. In the work
by Philippou et al. [10] the authors present a study on the flow development of a Bingham
plastic fluid in tubes and channels considering the Papanastasiou regularisation and the
finite element method. They considered the Navier’s slip law at the wall and concluded
that as slip increases, the development length initially increases exhibiting a global maxi-
mum before vanishing rapidly above the critical point corresponding to sliding flow. More
recently, Yapici et al. [21] presented a study on the development length of steady flows of
Oldroyd-B and Phan–Thien–Tanner (PTT) fluids through a two-dimensional rectangular
channel and concluded that the development length determined for the Oldroyd-B fluid
varies exponentially with Wi and linearly for the linear PTT model; they also concluded
that higher entry lengths are predicted with increasing Wi (at fixed Re).

To remove the unstable numerical effect of the singularity at the entrance corner, a
continuous inlet velocity profile is used in both works of Na et al. [20] and Yapici et al. [21].
This regularised profile can affect the true development length, so in the work of Guil-
herme [22] the log-conformation formulation [23–25] is used, which reduces the rate of
increase of the stresses and thus avoids the need to introduce artificial inlet velocity profiles.

It should be noted that the development of a correlation for the prediction of the
development length of such complex fluids is still difficult due to the high number of
parameters involved and the fact that it is model dependent.
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Here we follow the work of Guilherme [22], where a detailed analysis of the develop-
ment length of the linear PTT model is performed. We extend his work to the exponential
and generalised PTT models [22,26,27].

This work is organised as follows. First, we present the differential equations to
be solved and their numerical solution. In Section 3, we present the geometry and the
meshes. In Section 4, we perform a validation of the numerical method and the meshes,
using Newtonian benchmark results. In Section 5, we present and discuss the results for
viscoelastic fluids. The paper ends with the main conclusions in Section 6.

2. Governing Equations

The equations governing the flow of an incompressible fluid, under isothermal condi-
tions, are the continuity,

∇ · u = 0 (5)

and the momentum equations,

ρ
Du
Dt

= −∇p +∇ · σ + F, (6)

where u is the velocity vector, p is the pressure, σ is the stress tensor (to be defined later),
ρ is the mass density, and F represents the external forces. Note that all variables are
dimensionless, with: x = x∗/H, u = u∗/U, t = t ∗ U/H, p = p ∗ /(ρU2), σ = σ∗/(ρU2)
(the ∗ represents the dimensional variable).

In order to achieve a closed system of equations, a constitutive equation for the extra-
stress tensor, σ, is required. Recently, Ferrás et al. [27] proposed a new differential model
based on the Phan–Thien–Tanner constitutive equation [26] (see also [28]). This new model
considers a more general function for the rate of destruction of junctions, the Mittag–Leffler
function, where one or two fitting parameters are included, in order to achieve additional
fitting flexibility.

The Mittag–Leffler function is defined as,

Eα,β(z) =
∞

∑
j=0

zj

Γ(αj + β)
, (7)

with α, β being real and positive. Γ(·) is the gamma function, given by:

Γ(t) =
∫ ∞

0
xt−1e−xdx. (8)

when α = β = 1, the Mittag–Leffler function reduces to the exponential function, and when
β = 1 the original one-parameter Mittag–Leffler function, Eα is obtained.

The constitutive equation is given by:

K(σkk)σ + Wi
�
σ =

2(1− ζ)

Re
D, (9)

where σkk is the trace of the stress tensor, Wi = λU/H is the Weissenberg number, Re =

UH/ν is the Reynolds number (ν = µ0/ρ is the kinematic viscosity), D = 1
2

(
∇u + (∇u)t

)
is the rate of deformation tensor, σ is the elastic stress, and ζ = µS

µ0
is the viscosity coefficient,

where µ0 = µS + µP is the total shear viscosity (µS is the solvent/Newtonian viscosity, µP

is the polymer viscosity) and
�
σ represents the Gordon–Schowalter derivative.

The stress function, K(σkk), is given by a new formulation that imparts more flexibility
and accuracy to the model predictions, as discussed in [27,29,30]. It is given by:

K(σkk) = Γ(β)Eα,β

(
εRe Wi σkk
(1− ζ)

)
, (10)
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where ε represents the extensibility parameter, Γ is the Gamma function, and the normali-
sation Γ(β) is used to ensure that K(0) = 1, for all choices of β.

3. Numerical Method

The numerical method used in this work is based on finite differences. It can deal
with tree-like mesh grids (see Figure 2b) and allows fast Cartesian discretizations, flexi-
bility and accuracy, and local mesh refinement. In order to fit the discretization stencil
near the interfaces between grid elements of different sizes, a robust method based on a
moving least squares meshless interpolation technique is used to compute the weights of
the finite difference approximation in a given hierarchical grid, allowing complex mesh
configurations and preserving the overall accuracy of the resulting method.

Figure 2a shows a schematic representation of the mesh refinement. Note that some of
the points (variables) of the computational cells (red dots) must be approximated because
they are not located in the center of the cell (e.g., the center of computational cell 1 is not
the same as the location of the red dot used to compute the derivative of the property being
evaluated). To solve this problem, we use a special adaptive least square interpolation
(MLS). The method is known as HiG-Flow, and a detailed mathematical explanation can
be found in [31,32].

(a)

Root

(b)

Figure 2. (a) Mesh refinement and the need to use an adaptive least squares method; (b) dependency tree.

For the numerical solution of the Navier–Stokes equations together with the constitu-
tive equation given by the gPTT model, the momentum Equation (6) is rewritten:

∂u
∂t

+ u · ∇u = −∇p +
1

Re
∇2u +∇ · S + F, (11)

σ =
2(1− ζ)

Re
D + S. (12)

From Equation (9), the rheological constitutive equation can be written as:

∂σ

∂t
+ (u · ∇)σ −

[
(∇u)t · σ + σ · ∇u

]
=

1
Wi

M(σ), (13)

where M(σ) is given by Equation (14),

M(σ) =
2(1− ζ)

Re
D−

[
Γ(β)Eα,β

(
εRe Wi σkk
(1− ζ)

)]
σ − ξ Wi(σ ·D + D · σ), (14)

and the parameter ξ (0 ≤ ξ ≤ 1) accounts for the slip between the molecular network
and the continuous medium. For ξ = 0 there is no slip and the motion becomes affine.
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The parameter ξ leads to a non-zero second normal-stress difference in shear, resulting in
secondary flows in ducts having non-circular cross-sections. Since in this work we only
consider 2D flows, and, due to the high number of parameters involved in the numerical
simulations and the gPTT model itself, we have only considered the case when ξ = 0.

3.1. Calculation of u(n+1) and p(n+1)

To calculate the velocity u(n+1) and pressure p(n+1) fields, we use the incremental
projection method by Chorin [33], that uncouples the mass conservation and momentum
equations, given by Equations (5) and (6), respectively. This method allows one to obtain
an intermediate velocity field ũn+1 from Equation (11). In the HiG-Flow methodology, this
Equation (11) can be approximated using an explicit Euler method, Runge–Kutta RK-2
or RK-4, or, the semi-implicit Euler methods, Cranck–Nicolson, and BDF2. One can also
choose a spatial discretization orders of 2 or 4. One can use the the convective central
schemes or Upwind (order 1), or, schemes of order 2 like the Cubista [34] and Quick [35].

In this work an Implicit Euler scheme together with a second order spatial approxima-
tion and an Upwind Cubista scheme for the convective terms, is used:

ũ(n+1) − un

δt
+ un · ∇un = −∇pn +

1
Re
∇2ũ(n+1) +∇ · Sn + Fn (15)

here, δt is the time step, n represents the known values of velocity, stress, and pressure at
instant n, and n + 1 represents the new velocity field values (unknown) to be obtained from
the solution of the equation. At the inlet, (see Figure 3) we consider a constant velocity
profile, u(y) = 1 (the stress components are set to 0) and at the outlet, we assume fully
developed boundary conditions (Neumann boundary conditions) for the velocity and
stress (the pressure is imposed). Finally, at the walls (y = 0 and y = 1), we have the
empirical no-slip boundary condition (u = 0).

Figure 3. Dimensionless representation of the channel domain.

Using the projection method, it is well known that the velocity field ũn+1 obtained
from Equation (15) may not satisfy the mass conservation equation. Therefore, in order to
solve this problem, the equation for the potential ψ(n+1) = δt(pn − p(n+1)) is solved,

∇2ψ(n+1) = ∇ · ũ(n+1), (16)

and the Helmholtz–Hodge decomposition (see [31,32,36] for more details) is used to correct
the previous non-conservative velocity field ũ(n+1),

u(n+1) = ũ(n+1) −∇ψ(n+1). (17)

The new velocity field u(n+1) satisfies the mass conservation equation. Finally, the pressure

is updated p(n+1) = pn + ψ(n+1)

δt .
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3.2. Calculation of the Extra-Stress Tensor σ(n+1)

The velocity and pressure fields were obtained in the previous subsection. We now
aim to obtain the extra-stress tensor σ(n+1) field. Equation (13) is solved using the Explicit
Euler method, and, to calculate M(σ) (see Equation (14)), the Mittag–Leffler function and
the term Γ(β)Eα,β are obtained numerically from Equation (18) and the approximations
presented in the work by R. Gorenflo, J. Loutchko, and Y. Luchko [37],

Γ(β)Eα,β ≈ Γ(β)
N

∑
k=1

zk−1

Γ(α(k− 1) + β)
+ O(zN). (18)

The numerical implementation of the Mittag–Leffler function follows the work by
Davide Verotta and Eduardo Mendes [38] (developed in Fortran), which is adapted in this
work to C++. The original fortran code is based on a Matlab function developed by Igor
Podlubny and Martin Kacena [39] which, in turn, was based on the reference [37].

4. Geometry and Meshes
4.1. Geometry

Due to the low Re values considered in this work, and based on the few literature
results on the development length of viscoelastic fluids, we considered a geometry where
the length of the channel is fixed at 10 times its width (Figure 3).

4.2. Meshes

We performed simulations considering more than 8 levels of mesh refinement. After
some numerical experiments, the following meshes were considered:

• M1—uniform mesh with 160 × 16 computational cells and a minimum ∆x/H and
∆y/H mesh spacing of 0.0625;

• M2—uniform mesh with 320 × 32 computational cells and a minimum ∆x/H and
∆y/H mesh spacing of 0.03125;

• M3—uniform mesh with 640 × 64 computational cells and a minimum ∆x/H and
∆y/H mesh spacing of 0.015625.

The tree meshes are shown in Figure 4.

Figure 4. Three consequently refined uniform meshes used in this work.

Numerical simulations were also performed considering a mesh with additional
refinement in the centerline of the channel, as shown in Figure 5. A total number of
16,000 cells was used.
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Figure 5. Mesh with refinement in the centerline region.

5. Validation of the Numerical Method

The validation of the numerical method is performed in two steps. First, the numerically-
determined fully-developed velocities and stresses are compared with the analytical so-
lution [27]. Then, the development length obtained for the gPTT model with Wi = 0.001
(almost Newtonian fluid) is compared with the benchmark results of Durst et al. [4].

5.1. Comparison with the Analytical Solution

Figure 6 shows a comparison between the analytical solution (solid line) and the
numerical solution (symbols) for mesh M3 with Re = 10−3, Wi = 0.1, 0.2, · · · , 1.0 and
ε = 0.25 (ξ was set to 0). In Figure 6a we have α = 0.5 and β = 0.5 and in Figure 6b α = 1.5
and β = 1.5.

8 of 19

(a) α = 0.5 and β = 0.5 (b) α = 1.5 and β = 1.5
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Figure 6. Comparison between the analytical solution (solid line) and the numerical solution
(symbols) for mesh M3 with Re = 10−3

α = 0.5 and β = 0.5. (b) α = 1.5 and β = 1.5.

It can be seen that an excellent agreement is obtained between the analytical and numerical177

solutions for all the considered values of Wi, which underlines the robustness of the numerical178

method and the meshes.179

For lower values of α and β, we obtain a higher destruction rate of the junctions in the gPTT180

model. Note that the typical viscoelastic velocity profile is more flattened for lower values of α and β.181

In this case, the different values of Wi have a stronger impact on the model behaviour. This result is182

similar to those found in the literature comparing linear and exponential functions of the trace of the183

stress tensor.184

5.2. Comparison with the Development Length of a Newtonian Fluid185

In the limiting case of Wi → 0 we obtain a Newtonian fluid. Therefore, we considered Wi = 0.001186

and performed simulations for the development length of a gPTT fluid, using the geometry shown187

in Figure 4. We considered a Reynolds number in the range [0, 100], where the nonlinear variation of188

the development length with Re is more pronounced. The other parameters of the model were set as189

follows: α = 0.1, β = 0.1, ε = 0.25, ξ = 0.190

Figure 7 (a) shows a comparison between the development length obtained with the gPTT191

model, a Newtonian fluid, and that obtained by Durst et al. [4] correlation for the variation of the192

development length with Re (see equation 1). The three results practically overlap, proving once193

again the robustness of the numerical method.194

As Re increases, the results for the gPTT model in the coarse mesh are slightly higher than those195

obtained for the Newtonian fluid and the correlation. However, in the nonlinear domain the results196

are quite accurate.197

Figure 7 (b) shows the velocity profiles obtained in the fully developed region of the channel198

(mesh M3) considering the gPTT and Newtonian models for Re = 0.001 and Re = 100.199

-0.1 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.1

0.2

0.4

0.6

0.8

1.2

1.4

1.6

-0.1 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.1

0.2

0.4

0.6

0.8

1.2

1.4

1.6

Version October 25. 2021 submitted to Appl. Sci.

Figure 6. Comparison between the analytical solution (solid line) and the numerical solution (symbols) for mesh M3 with
Re = 10−3, Wi = 0.1, 0.2, · · · , 1.0, and ε = 0.25 (ξ was set to 0). (a) α = 0.5 and β = 0.5. (b) α = 1.5 and β = 1.5.

It can be seen that an excellent agreement is obtained between the analytical and
numerical solutions for all the considered values of Wi, which underlines the robustness of
the numerical method and the meshes.

For lower values of α and β, we obtain a higher destruction rate of the junctions in the
gPTT model. Note that the typical viscoelastic velocity profile is more flattened for lower
values of α and β. In this case, the different values of Wi have a stronger impact on the
model’s behaviour. This result is similar to those found in the literature comparing linear
and exponential functions of the trace of the stress tensor.
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5.2. Comparison with the Development Length of a Newtonian Fluid

In the limiting case of Wi→ 0 we obtain a Newtonian fluid. Therefore, we considered
Wi = 0.001 and performed simulations for the development length of a gPTT fluid, using
the geometry shown in Figure 4. We considered a Reynolds number in the range [0, 100],
where the nonlinear variation of the development length with Re is more pronounced. The
other parameters of the model were set as follows: α = 0.1, β = 0.1, ε = 0.25, ξ = 0.

Figure 7a shows a comparison between the development length obtained with the
gPTT model, a Newtonian fluid, and that obtained by the Durst et al. [4] correlation for the
variation of the development length with Re (see Equation (1)). The three results practically
overlap, proving once again the robustness of the numerical method.

As Re increases, the results for the gPTT model in the coarse mesh are slightly higher
than those obtained for the Newtonian fluid and the correlation. However, in the nonlinear
domain the results are quite accurate.

Figure 7b shows the velocity profiles obtained in the fully developed region of the
channel (mesh M3) considering the gPTT and Newtonian models for Re = 0.001 and
Re = 100.
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Figure 7. (a) Comparison between the development length obtained with the gPTT model (with Wi =
0.001), a Newtonian fluid and the correlation proposed by Durst et al. [4], for three different meshes
M1, M2 and M3. (b) Velocity profiles in the fully developed region for mesh M3, considering the gPTT
and Newtonian models, for Re = 0.001 and Re = 100.

Again, there is excellent agreement between the two solutions for the two different values of Re.200

This shows that the value of Wi = 0.001 is a good approximation for the Newtonian fluid.201

Based on these results, the numerical code is now able to predict the development length of the202

fluid modelled by the gPTT model considering a wider range of Wi numbers.203

6. Development Length of a gPTT fluid204

6.1. Simulations205

We performed a large number of simulations by considering Wi =206

0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9, 1, creeping flow (Re = 0.001), and the following combination207

of α and β parameters:208

• (α, β) = (0.5; 0.5) - Meshes M1, M2, M3, Mr - Wi = 0.1, 0.2, 0.3, 0.4209

• (α, β) = (0.5; 1.5) - Meshes M1, M2, M3, Mr - Wi = 0.1, 0.2, 0.3, 0.4210

• (α, β) = (1.5; 0.5) - Meshes M1, M2, M3, Mr - Wi = 0.1, 0.2, 0.3, 0.4211

• (α, β) = (1.5; 1.5) - Meshes M1, M2, M3, Mr - Wi = 0.1, 0.2, 0.3, 0.4212

• (α, β) = (1.0; 1.0) - Meshes M2, Mr - Wi = 0.1, 0.2, 0.3, 0.4213

• (α, β) = (0.5; 0.5) - Meshes M2, Mr - Wi = 0.5, 0.6, 0.7, 0.8, 0.9, 1214

• (α, β) = (0.5; 1.5) - Meshes M2, Mr - Wi = 0.5, 0.6, 0.7, 0.8, 0.9, 1215

• (α, β) = (1.5; 0.5) - Meshes M2, Mr - Wi = 0.5, 0.6, 0.7, 0.8, 0.9, 1216

• (α, β) = (1.5; 1.5) - Meshes M2, Mr - Wi = 0.5, 0.6, 0.7, 0.8, 0.9, 1217

• (α, β) = (1.0; 1.0) - Meshes M2, Mr - Wi = 0.5, 0.6, 0.7, 0.8, 0.9, 1218

This gives a total number of 132 simulations. The simulations with the finest mesh took about219

15 hours each.220

The first set of 72 simulations allowed conclusions to be drawn about the convergence of221

the numerical method and the error in calculating the development length using the Richardson222

extrapolation technique. Based on the results of these simulations, a second set of simulations was223

performed for higher values of Wi using meshes M2 (see Figure 4) and Mr (see Figure 5). These224

meshes were chosen based on a trade-off between accuracy and computational time.225

0.001 0.01 0.1 -0.1 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.1

0.2

0.4

0.6

0.8

1.2

1.4

1.6

Version October 25. 2021 submitted to Appl. Sci.

Figure 7. (a) Comparison between the development length obtained with the gPTT model (with Wi = 0.001), a Newtonian
fluid, and the correlation proposed by Durst et al. [4], for three different meshes M1, M2, and M3. (b) Velocity profiles in the
fully developed region for mesh M3, considering the gPTT and Newtonian models, for Re = 0.001 and Re = 100.

Again, there is excellent agreement between the two solutions for the two different
values of Re. This shows that the value of Wi = 0.001 is a good approximation for the
Newtonian fluid.

Based on these results, the numerical code is now able to predict the development
length of the fluid modelled by the gPTT model considering a wider range of Wi numbers.

6. Development Length of a gPTT Fluid
6.1. Simulations

We performed a large number of simulations by considering Wi = 0.1, 0.2, 0.3, 0.4, 0.5,
0.6, 0.7, 0.8, 0.9, 1, creeping flow (Re = 0.001), and the following combination of α and β
parameters:

• (α, β) = (0.5; 0.5)-Meshes M1, M2, M3, Mr-Wi = 0.1, 0.2, 0.3, 0.4
• (α, β) = (0.5; 1.5)-Meshes M1, M2, M3, Mr-Wi = 0.1, 0.2, 0.3, 0.4
• (α, β) = (1.5; 0.5)-Meshes M1, M2, M3, Mr-Wi = 0.1, 0.2, 0.3, 0.4
• (α, β) = (1.5; 1.5)-Meshes M1, M2, M3, Mr-Wi = 0.1, 0.2, 0.3, 0.4
• (α, β) = (1.0; 1.0)-Meshes M2, Mr-Wi = 0.1, 0.2, 0.3, 0.4
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• (α, β) = (0.5; 0.5)-Meshes M2, Mr-Wi = 0.5, 0.6, 0.7, 0.8, 0.9, 1
• (α, β) = (0.5; 1.5)-Meshes M2, Mr-Wi = 0.5, 0.6, 0.7, 0.8, 0.9, 1
• (α, β) = (1.5; 0.5)-Meshes M2, Mr-Wi = 0.5, 0.6, 0.7, 0.8, 0.9, 1
• (α, β) = (1.5; 1.5)-Meshes M2, Mr-Wi = 0.5, 0.6, 0.7, 0.8, 0.9, 1
• (α, β) = (1.0; 1.0)-Meshes M2, Mr-Wi = 0.5, 0.6, 0.7, 0.8, 0.9, 1

This gives a total number of 132 simulations. The simulations with the finest mesh
took about 15 h each.

The first set of 72 simulations allowed conclusions to be drawn about the convergence
of the numerical method and the error in calculating the development length using the
Richardson extrapolation technique. Based on the results of these simulations, a second set
of simulations was performed for higher values of Wi using meshes M2 (see Figure 4) and
Mr (see Figure 5). These meshes were chosen based on a trade-off between accuracy and
computational time.

6.2. Creeping Flow
6.2.1. Case of L99%

The development length, determined as the length from the channel inlet required
for the velocity to reach 99% of its fully developed value, and denoted here as L99%, is
shown in Table 1. The results are shown only for Wi up to 0.4, since convergence problems
for finer meshes are observed for higher values of Wi. The main problem arises from the
singularity at the entrance corner of the channel, which generates an error that propagates
along the channel (for more details, see [24,25]).

Table 1. Benchmark development length values for the velocity (L99%).

Wi α β M1 M2 M3 Mr Lext % Error

0.5 0.5 0.701 0.669 0.660 0.661 0.657 0.48
0.5 1.5 0.675 0.655 0.649 0.642 0.647 0.29

0.1 1.5 0.5 0.689 0.659 0.652 0.650 0.651 0.24
1.5 1.5 0.653 0.650 0.648 0.632 0.644 0.68
1.0 1.0 — 0.658 — 0.641

0.5 0.5 0.844 0.737 0.711 0.736 0.703 1.202
0.5 1.5 0.806 0.731 0.713 0.721 0.707 0.844

0.2 1.5 0.5 0.788 0.701 0.682 0.692 0.677 0.781
1.5 1.5 0.803 0.736 0.712 0.747 0.699 1.851
1.0 1.0 — 0.719 — 0.709

0.5 0.5 0.984 0.853 0.805 0.865 0.777 3.578
0.5 1.5 0.980 0.878 0.852 0.822 0.843 1.073

0.3 1.5 0.5 0.883 0.775 0.750 0.784 0.742 1.015
1.5 1.5 1.033 0.933 0.928 1.012 0.928 0.022
1.0 1.0 — 0.836 — 0.852

0.5 0.5 1.104 1.024 0.949 1.102 - -
0.5 1.5 1.175 1.109 1.082 1.165 1.065 1.600

0.4 1.5 0.5 0.984 0.877 0.862 0.931 0.860 0.276
1.5 1.5 1.307 1.286 1.273 1.365 1.246 2.155
1.0 1.0 — 1.001 — 1.079

Note that the error is higher at the lowest and highest values of α and β, being more
pronounced when α and β are low. The maximum error was 3.6% and was obtained, as
expected, for Wi = 0.4 and α = β = 0.5. It should be noted that the errors are quite low
and therefore these solutions can be used as benchmarks.

Figure 8 shows the development lengths for mesh M2 presented in Table 1. A nonlinear
variation of the development length with α, β, and Wi is observed.
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The development length increases with Wi, with viscoelastic effects delaying the
diffusion and convection of information from the walls to the center of the channel. This
diffusion and convection is also strongly influenced by the parameters of the Mittag–Leffler
function. For low values of Wi, the highest value of the development length is obtained for
α = β = 0.5; for high values of Wi, the highest value of the development length is obtained
for α = β = 1.5. A molecular continuum explanation of this phenomenon is not an easy
task. At high α and β values, the rate of destruction of the junctions is lower than at low α
and β values. This means that when Wi values are low and the rate of junction destruction
is high, information travels slowly from the wall to the center of the channel (compared to
when the rate of junction destruction is low). The opposite was expected. Note that in this
case the development lengths are very similar for all tested values of α and β, and therefore
the influence of these parameters on the development length is small. These results can be
justified by the low value of Wi.

As Wi increases, the highest value of development length is reached with a low rate of
destruction of junctions. This result can be justified by the fact that as the rate of destruction
of the junctions decreases, the information is transmitted more slowly due to the small
number of new contacts between the strands representing the molecules.

6.2.2. Case of L98%

In addition to the error arising at the entrance corner due to a singularity, we also
have the problem of the development length, which takes into account 99% of the fully
developed maximum velocity and may not work so well in an intermediate mesh as M2,
for higher Wi. This leads to an increased difficulty for the numerical method to capture
L99% for the mesh M2.

Therefore, to capture the essence of the development length for higher Wi values, we
considered another development length, L98% (length from channel entry required for the
velocity to reach 98% of its fully-developed value), which is less restrictive.

The results obtained for L98% are shown in Figure 9 for mesh M2 and Table 2 for the
three meshes (along with the extrapolated development length value).
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Table 2. Benchmark development length values for the velocity (L98%).

Wi α β M1 M2 M3 Mr Lext % Error

0.5 0.5 0.578 0.573 0.571 0.560 0.570 0.234
0.5 1.5 0.564 0.565 0.565 0.552 0.565 0.002

0.1 1.5 0.5 0.571 0.566 0.565 0.554 0.565 0.044
1.5 1.5 0.547 0.564 0.566 0.545 0.566 0.047
1.0 1.0 — 0.566 — 0.551

0.5 0.5 0.656 0.622 0.612 0.603 0.608 0.685
0.5 1.5 0.652 0.625 0.619 0.604 0.617 0.278

0.2 1.5 0.5 0.629 0.601 0.592 0.578 0.588 0.725
1.5 1.5 0.658 0.632 0.621 0.622 0.613 1.316
1.0 1.0 — 0.616 — 0.594

0.5 0.5 0.725 0.696 0.681 0.659 0.665 2.417
0.5 1.5 0.765 0.736 0.732 0.697 0.731 0.088

0.3 1.5 0.5 0.694 0.656 0.643 0.628 0.636 1.062
1.5 1.5 0.840 0.789 0.789 0.812 0.789 0.000
1.0 1.0 — 0.705 — 0.680

0.5 0.5 0.782 0.790 0.776 0.730 - -
0.5 1.5 0.875 0.885 0.897 0.836 - -

0.4 1.5 0.5 0.770 0.729 0.720 0.713 0.717 0.353
1.5 1.5 1.052 1.010 1.068 1.080 - -
1.0 1.0 — 0.820 — 0.809

0.5 0.5 — 0.893 — 0.812
0.5 1.5 — 1.062 — 1.010

0.5 1.5 0.5 — 0.813 — 0.819
1.5 1.5 — 1.265 — 1.367
1.0 1.0 — 0.958 — 0.975

0.5 0.5 — 0.998 — 0.907
0.5 1.5 — 1.258 — 1.216

0.6 1.5 0.5 — 0.909 — 0.946
1.5 1.5 — 1.536 — 1.663
1.0 1.0 — 1.106 — 1.163

0.5 0.5 — 1.106 — 1.006
0.5 1.5 — 1.473 — 1.443

0.7 1.5 0.5 — 1.009 — 1.083
1.5 1.5 — 1.817 — 1.960
1.0 1.0 — 1.258 — 1.360

0.5 0.5 — 1.207 — 1.110
0.5 1.5 — 1.702 — 1.672

0.8 1.5 0.5 — 1.112 — 1.225
1.5 1.5 — 2.103 — 2.254
1.0 1.0 — 1.412 — 1.573

0.5 0.5 — 1.298 — 1.206
0.5 1.5 — 1.947 — 1.870

0.9 1.5 0.5 — 1.214 — 1.365
1.5 1.5 — 2.392 — 2.544
1.0 1.0 — 1.562 — 1.752

0.5 0.5 — 1.368 — 1.279
0.5 1.5 — 2.236 — 2.029

1.0 1.5 0.5 — 1.313 — 1.499
1.5 1.5 — 2.679 — 2.827
1.0 1.0 — 1.709 — 1.933
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Figure 9. Development length as a function of Wi considering 98% Umax (L98%) and mesh M2.

The results obtained follow the same trend observed in the case L99%, with some
minor differences. The development length is initially higher for the case α = β = 0.5 than
for the case α = β = 1, until Wi = 0.2, where the growth rate of L98% becomes larger with
Wi for α = β = 1. For L99%, the two development lengths are quite similar.

For Wi = 1, we obtain a development length of 2.679 for α = β = 1.5 and a develop-
ment length of 1.313 for α = 1.5, β = 0.5 (and 1.368 for α = β = 0.5). Again, these results
are consistent with the idea that the higher the rate of destruction of junctions, the smaller
the development length (information travels faster across the channel).

Figure 10–12 show the different velocity profiles obtained at 10 different sections of
the channel. The first numerical velocity profile is taken at x/H = 0.1 (x/L = 0.01) and the
last profile is taken at the middle of the channel (x/H = 5 or x/L = 0.5).
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Figure 10 shows the reference velocity profiles obtained for the classical case of an exponential249

PTT model (α = β = 1). The velocity profile evolves from a plug profile in the center of the channel250

(for profiles near the inlet) to the typical parabolic profile (in the fully developed region). Note the251

overshoots near the walls that occur when the fluid is still developing. This is due to the different252

characteristic times of the fluid and the diffusion of information moving from the walls (y/H = 0 and253

y/H = 1) to the center of the channel (y/H = 0.5).254

Figure 11 shows the velocity profiles obtained for α = 0.5, β = 0.5 and α = 0.5, β = 1.5. It can255

be seen that the overshoots are stronger near the inlet (compared to the exponential PTT model) and256

that a lower maximum velocity is obtained when the fluid is fully developed. The influence of the257

parameter β is residual.258

Figure 10. Velocity profiles obtained at 10 different sections of the channel for Wi = 1.0, α = 1, β = 1.
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Figure 11. Velocity profiles obtained at 10 different sections of the channel for Wi = 1.0. (a) α = 0.5, β = 0.5; (b) α = 0.5,
β = 1.5.

Figure 10 shows the reference velocity profiles obtained for the classical case of an
exponential PTT model (α = β = 1). The velocity profile evolves from a plug profile in the
center of the channel (for profiles near the inlet) to the typical parabolic profile (in the fully
developed region). Note the overshoots near the walls that occur when the fluid is still
developing. This is due to the different characteristic times of the fluid and the diffusion of
information moving from the walls (y/H = 0 and y/H = 1) to the center of the channel
(y/H = 0.5).

Figure 11 shows the velocity profiles obtained for α = 0.5, β = 0.5 and α = 0.5, β = 1.5.
It can be seen that the overshoots are stronger near the inlet (compared to the exponen-
tial PTT model) and that a lower maximum velocity is obtained when the fluid is fully
developed. The influence of the parameter β is residual.
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Figure 12. Velocity profiles obtained at 10 different sections of the channel for Wi = 1.0. (a) α = 1.5,
β = 0.5; (b) α = 1.5, β = 1.5.

Figure 12 shows the velocity profiles obtained for α = 1.5, β = 0.5 and α = 1.5, β = 1.5. In Figure259

12a it can be seen that the overshoots near the inlet resemble the case of the exponential PTT model,260

and that the maximum velocity increases again. The main difference is that the plug profile is now261

less pronounced. When β increases (Figure 12b), one can observe a dramatic change in the evolution262

of the velocity profiles. The velocity overshoots are almost suppressed and the maximum velocity263

increases. This means that the rate of destruction of junctions improves the diffusion of information.264
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Figure 12. Velocity profiles obtained at 10 different sections of the channel for Wi = 1.0. (a) α = 1.5, β = 0.5; (b) α = 1.5,
β = 1.5.

Figure 12 shows the velocity profiles obtained for α = 1.5, β = 0.5 and α = 1.5,
β = 1.5. In Figure 12a it can be seen that the overshoots near the inlet resemble the case
of the exponential PTT model, and that the maximum velocity increases again. The main
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difference is that the plug profile is now less pronounced. When β increases (Figure 12b),
one can observe a dramatic change in the evolution of the velocity profiles. The velocity
overshoots are almost suppressed and the maximum velocity increases. This means that
the rate of destruction of junctions improves the diffusion of information.

6.3. The Influence of the Elasticity Number

In this subsection we study the influence of the elasticity number, El = Wi
Re , on the

development length of the gPTT model. We consider three different values for El (0.1, 1, 10),
α = 0.5, and two different values for β, 0.5 and 1.5. The mesh used for the simulation is M2.

The results are shown in Tables 3 and 4 and Figure 13 for L98% and L99%.
As expected, the results for low values of Re are consistent with those obtained earlier

in this work (see previous sections for more details). The results obtained for the different
definitions of the development length are qualitatively similar. However, higher values of
development length are obtained for L99%, as expected.

For high values of β (1.5), the influence of the elasticity number seems to be neglected
by the fluid, since we obtain the same development length for El = 1 and El = 10. For
El = 0.1 the results are quite different, which is due to the low values of Wi compared to
the El = 1 and El = 10 cases.

For β = 0.5, the rate of destruction of junctions increases and the development length
decreases by about half. Again, the El = 1 and El = 10 cases show similar development
lengths, which is due to the similar values of Wi and the almost creeping flow conditions.

The results show that for the tested ranges of El, Wi, and Re, no critical value is found
for El. This is due to the fact that Mach’s Elastic number is less than 1.

Table 3. Influence of the Elasticity number, El = Wi
Re , on the development length of the gPTT model. El = 0.1, El = 1.0, and

El = 10.0 for L98%, α = 1.5.

El = 0.1 El = 1.0 El = 10.0

Re Wi β = 1.5 β = 0.5 Re Wi β = 1.5 β = 0.5 Re Wi β = 1.5 β = 0.5

0.01 0.001 0.5509 0.5509 0.01 0.01 0.5483 0.5486 0.01 0.1 0.5647 0.5671
0.1 0.01 0.5489 0.5493 0.1 0.1 0.5646 0.5671 0.05 0.5 1.2646 0.6751
0.5 0.05 0.5511 0.5559 0.5 0.5 1.2606 0.8005 0.075 0.75 1.9597 1.0564
1.0 0.1 0.5626 0.5673 0.75 0.75 1.9621 1.0310 0.1 1.0 2.6779 1.3049
2.0 0.2 0.6132 0.5801 1.0 1.0 2.6929 1.2440 0.125 1.25 3.3340 1.5250
3.0 0.3 0.7377 0.6052 0.15 1.5 3.8610 1.7201

0.175 1.75 4.2769 1.9524

Table 4. Influence of the Elasticity number, El = Wi
Re , on the development length of the gPTT model. El = 0.1, El = 1.0, and

El = 10.0 for L99%, α = 1.5.

El = 0.1 El = 1.0 El = 10.0

Re Wi β = 1.5 β = 0.5 Re Wi β = 1.5 β = 0.5 Re Wi β = 1.5 β = 0.5

0.01 0.001 0.6309 0.6310 0.01 0.01 0.6278 0.6285 0.01 0.1 0.6560 0.6628
0.1 0.01 0.6286 0.6293 0.1 0.1 0.6557 0.6626 0.05 0.5 1.5350 0.7590
0.5 0.05 0.6341 0.6433 0.5 0.5 1.5288 0.9888 0.075 0.75 2.4140 1.4070
1.0 0.1 0.6524 0.6611 0.75 0.75 2.4121 1.3760 0.1 1.0 3.3136 1.8657
2.0 0.2 0.7105 0.6756 1.0 1.0 3.3295 1.8284 0.125 1.25 4.0917 2.2971
3.0 0.3 0.8870 0.6810 0.15 1.5 4.7350 2.6578

0.175 1.75 5.2590 2.9676
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7. Conclusions

In this work, we present a numerical study on the development length of a pressure-
driven viscoelastic fluid flow (between parallel plates) modelled by the generalised Phan–
Thien and Tanner (gPTT) constitutive equation. The governing equations are solved using
the finite-difference method, and, a thorough analysis on the effect of the model parameters
α and β is presented. We consider two different definition of the development length:
The length from the channel inlet required for the velocity to reach 99% (and 98%) of its
fully-developed value.

The numerical results showed that the in the creeping flow limit (i.e., Re = 0), the
development length for the velocity exhibits a non-monotonic behaviour. The development
length increases with Wi, with viscoelastic effects delaying the diffusion and convection of
information from the walls to the center of the channel. For low values of Wi, the highest
value of the development length is obtained for α = β = 0.5; for high values of Wi, the
highest value of the development length is obtained for α = β = 1.5. At high α and β values,
the rate of destruction of the junctions is lower than at low α and β values. This means that
when Wi values are low and the rate of junction destruction is high, information travels
slowly from the wall to the center of the channel (compared to when the rate of junction
destruction is low). The opposite was expected. Note that in this case, the development
lengths are very similar for all tested values of α and β, and therefore the influence of these
parameters on the development length is small. These results can be justified by the low
value of Wi.

As Wi increases, the highest value of development length is reached with a low rate of
destruction of junctions. This result can be justified by the fact that as the rate of destruction
of the junctions decreases, the information is transmitted more slowly due to the small
number of new contacts between the strands representing the molecules.

We also studied the influence of the elasticity number, El, on the development length
of the gPTT model. As expected, the results for low values of Re are consistent with those
obtained for creeping flow. For high values of β (1.5), the influence of the elasticity number
seems to be neglected by the fluid, since we obtain the same development length for El = 1
and El = 10. For El = 0.1, the results are quite different, which is due to the low values
of Wi compared to the El = 1 and El = 10 cases. For β = 0.5, the rate of destruction of
junctions increases and the development length decreases by about half. Again, the El = 1
and El = 10 cases show similar development lengths, which is due to the similar values of
Wi and the almost creeping flow conditions.
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