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Objetos compactos, colapso gravitacional e singularidades em

teorias relativistas da gravitacao

Resumo

A natureza e a evolucao de objetos astrofisicos massivos providenciam uma janela natural para estudar a
interacao gravitacional; em particular, entender o estado final do colapso gravitacional e a formacao de singu-
laridades ¢ um dos problemas fundamentais da fisica moderna. Nesta tese, iremos estudar varios modelos
para objetos compactos e fluidos de matéria em colapso gravitacional no contexto de teorias afins da gravi-
dade, em particular, iremos analisar como a inclusao de torsdo no espaco-tempo afeta a estrutura e a dindmica
de objetos compactos massivos e a formacéo de singularidades.

Na primeira parte, iremos desenvolver as ferramentas matematicas que seréo utilizadas ao longo da tese.
Comecamos por generalizar a decomposicao covariante 1+3 para teorias afins da gravitacdo em espacos-
tempo dotados de uma conexao afim, compativel com a métrica. Estes resultados mostram claramente
como o tensor de torsao afeta a geometria dos espacos-tempo, em particular conclui-se que este influencia
diretamente as quantidades cinematicas de uma congruéncia, resolvendo muitos dos equivocos presentes
na literatura. Investigamos as condicoes para o mergulho de uma variedade num espaco-tempo de maior
dimenséo, generalizando as equacdes de Gauss-Codazzi-Ricci para conexdes afins compativeis com a métrica.
De seguida, estudamos a juncado suave de dois espacos-tempo numa fronteira comum na presenca de torsao,
corrigindo e estendendo os resultados na literatura.

A segunda parte desta tese € dedicada a singularidades do espaco-tempo. Expandimos o ambito do
teorema de Raychaudhuri-Komar na teoria da Relatividade Geral a uma larga gama de teorias da gravitacao
e mostramos como a presenca de torsao e aceleracao influencia a formacao de singularidades. De seguida,
consideramos o colapso de um fluido num espaco-tempo de Szekeres no contexto da teoria de Einstein-
Cartan-Sciama-Kibble, encontrando um conjunto de condicdes aos dados iniciais para evitar a formacéo de
singularidades.

Na ultima parte consideramos solucdes exatas para objetos compactos. Ao generalizar as equacoes de
Tolman-Oppenheimer-Volkoff no contexto da teoria de Einstein-Cartan-Sciama-Kibble, derivamos e estudamos
as propriedades de solucoes exatas para objetos compactos permeados por um fluido perfeito composto por
fermides, suavemente combinados a um vacuo exterior. Também, provamos sob condicdes gerais que, no
contexto de uma torsado do tipo de Weyssenhoff, ndo existem objetos compactos estaticos, esfericamente
simétricos suportados apenas pelo momento angular intrinseco da matéria. Por fim, consideramos a juncao
dos espacos-tempo Minkowski — Reissner-Nordstrdom com a presenca de uma camada fina de matéria. En-
contramos todas as solucdes e investigamos as propriedades dos espacos-tempo resultantes.

Palavras-chave: Decomposicao covariante do espaco-tempo, formalismo de juncédo de espacos-tempo, ob-
jectos compactos, teoremas de singularidades, torsao.



Compact objects, gravitational collapse and singularities in rela-

tivistic theories of gravitation

Abstract

The nature and evolution of massive astrophysical bodies provide a natural window to study the gravitational
interaction; in particular, understanding the end state of gravitational collapse and the formation of singularities
is one of the fundamental problems in modern physics. In this thesis, we will study several models for
compact objects and matter fluids undergoing gravitational collapse in the context of affine theories of gravity,
in particular, we will analyze how the inclusion of space-time torsion affects the structure and the dynamics of
compact objects and the formation of singularities.

In the first part, we develop a set of mathematical tools that will be used throughout the thesis. We start by
generalizing the 1+3 covariant decomposition for generic affine theories of gravitation in space-times endowed
with a metric compatible affine connection. These results, clearly show how the torsion tensor affects the
geometry of the space-time, in particular it is found that it directly impacts the kinematical quantities of a
congruence, solving many of the ambiguities lingering in the literature. We investigate the conditions for the
embedding of a manifold in a higher dimensional space-time, generalizing the Gauss-Codazzi-Ricci equations
for metric compatible affine connections. Then, we study the smooth matching of two space-times at a
common boundary in the presence of torsion, correcting and extending the results in the literature.

The second part of this thesis is devoted to space-time singularities. We extend the scope of the
Raychaudhuri-Komar theorem of General Relativity to a wide class of theories of gravitation and show how
the presence of torsion and acceleration influences the formation of singularities. We then consider the case
of a collapsing fluid permeating a Szekeres space-time in the context of the Einstein-Cartan-Sciama-Kibble
theory, finding a set of conditions on the initial data for the avoidance of singularities.

In the last part we consider exact solutions for compact objects. Generalizing the Tolman-Oppenheimer-
Volkoff equations in the context of the Einstein-Cartan-Sciama-Kibble theory, we derive and study the properties
of exact solutions for compact objects permeated by a perfect fluid composed of fermions, smoothly matched
to an exterior vacuum. Moreover, we prove under generic conditions that, in the context of a Weyssenhoff-like
torsion, no static, spherically symmetric compact objects supported only by the intrinsic spin of matter can
exist. Lastly, we consider the junction of a Minkwoski — Reissner-Nordstrom space-times by means of a thin
matter shell. We find all the possible solutions and investigate the properties of the resulting space-times.

Keywords: Compact objects, covariant space-time decomposition, singularity theorems, space-time junction

formalism, torsion.
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Chapter 1
General introduction

The geometrization of the gravitational interaction is one the most remarkable achievements of humankind.
The paradigm shift introduced by Einstein’s theory of General Relativity (GR), where the gravitational field is
associated with the metric tensor of a manifold, not only reconciled the theory of special relativity with gravity
or solved the enigma of the precession of the perihelion of Mercury, but it also predicted a plethora of new
phenomena. Notably, the behavior of matter under extreme gravitational fields, where the theory predicts a
drastically distinct behavior when compared to the classical Newtonian gravitation, for instance, fully relativistic
stars are expected to have, under rather generic conditions, a maximum allowed mass [1], beyond which they
will undergo gravitational collapse, possibly forming an event horizon, a surface dividing the space-time in two
causally separated regions; even predicting the formation of singularities, not only of the theory, but actual
points removed from the space-time manifold.

The existence and formation of space-time singularities has been an area of active discussion since
the early days of GR. Not only the first non-trivial solutions: the Schwarzschild [2] and Friedman-Lemaitre-
Robertson-Walker (FLRW) models [3-9], were known to harbor space-time singularities; after the seminal work
of Oppenheimer and Snyder [10], it was realized that these singularities — in the latter, of the stress-energy
tensor — could indeed form from physical phenomena.

Although the existence of singularities in some solutions of GR was known, these were believed to be a
consequence of the symmetries imposed on the space-time manifold, and more realistic scenarios would not
suffer from such defects. It was not until the works of Raychaudhuri and Komar [11, 12], and Penrose and
Hawking [13-16] that it was understood that the formation of singularities due to gravitational collapse is a
generic and unavoidable feature of the theory, challenging its validity on such scenarios.

Not only theoretically but also from an experimental point of view, it has become increasingly clear that
the theory of General Relativity, even in the non-quantum regimes, may not correspond to the full theory for
the gravitational interaction. In spite of its complexity, GR is a comparatively simple theory given the plethora
of possible alternatives. It is in fact serendipitous that GR passed so many experimental tests: not only the
theory predicts and describes, so far, all observations of the solar system; the, nowadays regular, detection



of gravitational waves have attested to the validity of the theory in the vicinity of supermassive astrophysical
objects [17]. On the other hand, the data from rotational curves of galaxies [18] and Supernovae emission
spectra [19, 20], show that the predictions of GR are incompatible with the experimental observations without
the inclusion of extra fields.

The torsion tensor field and the Einstein-Cartan theory

One of the fundamental assumptions of the theory of General Relativity is the fact that the geometry of the
space-time manifold is uniquely described by the metric tensor field. In particular, this imposes that the
affine connection is of the Levi-Civita type: metric compatible and symmetric. From a theoretical, other than
Occam'’s razor, and experimental point of view [21] there is no reason for such condition. Then, one possible
extension of the theory concerns removing the constraint that the connection must be symmetric, leading to
an extra geometrical field on the manifold — the torsion tensor. This is the idea of the so called Einstein-Cartan
theory [21, 22] where the geometry of the space-time is described by both the metric and the torsion tensor
fields'.

One particular realization of the Einstein-Cartan theory is the Einstein-Cartan-Sciama-Kibble (ECSK) the-
ory [23, 24] where the field equations are still derived from the Einstein-Hilbert action?. The ECSK theory
represents one of the simplest generalizations of GR. In this regard, it has been shown [21, 23, 24] that the
extra degrees of freedom due to torsion can be related with the matter intrinsic spin, allowing for the inclusion
of quantum corrections in a macroscopic limit, in a geometric theory of gravitation. The framework of the
ECSK theory has lead to many important results, showing how the extra geometrical structure influences the
behavior of the matter fluids that permeate the space-time and, consequently, the geometry of the manifold.
Notably, early works in a cosmological setting [25-29] showed that the inclusion of torsion could act as a
repulsive force, counteracting the gravitational collapse and possibly prevent the formation of singularities.

Compact objects

A natural window to probe the gravitational interaction and test a theory of gravitation is studying the structure
and dynamics of compact astrophysical objects. The various experimental tests on the gravitational interaction
confidently assert that vacuum solutions of GR, namely the Schwarzschild and Kerr models [30-32], accurately
describe the current experimental data on the corresponding regimes. This, then, places strong bounds on the
possible alternative theories of gravitation and the corresponding solutions in vacuum. Alternatively, deviations
introduced by distinct theories of gravitation are expected to manifest in the presence of matter. This, on the
other hand, places the difficulty of separating the effects due to the extra degrees of freedom in a given theory

Lin general, it is possible to also remove the imposition that the connection is compatible with the metric. There are however, good physical reasons to impose
this, for instance, the norm of a tangent vector field to a geodesic would not be constant along the curve.

2|n the literature, the nomenclature Einstein-Cartan and ECSK theories are usually used interchangeably. This leads to difficulties when we want to refer to the
particular theory following from the Einstein-Hilbert action. Based of the initial works of Sciama and Kibble [22-24], in this work we will adopt the convention that
the ECSK theory refers to the case when the field equations follow from the Einstein-Hilbert action.



of gravitation or due to the equation of state of the matter fields that permeate the space-time. It is then
important to study solutions that markedly differ from GR so that, either there is no equivalent setup in GR or
it would lead to unphysical equations of state. In this thesis, we will then study solutions for compact objects
in different theories of gravitation, considering either static setups which, can be used to model massive
astrophysical bodies such as stars or Neutron stars, or the gravitational collapse of matter fluids. In particular,
we will discuss how the presence of a torsion tensor field affects the solutions and the behavior of this kind of
objects.

Given the nature of the torsion tensor field, in the Einstein-Cartan theory it is not possible to relegate its
effects as extra matter fields on the space-time [33]: since the geometry of the manifold is described by the
metric and the torsion tensors, the way this extra geometrical degrees of freedom will couple with matter,
will lead — as we will see — to manifestly distinct behavior when compared to theories of gravitation based
on manifolds with a Levi-Civita connection. In this respect, the research on the effects of torsion in compact
objects is scarce. Early attempts to find solutions with non-vanishing torsion tensor relied on a mapping
between this field and an effective fluid in the theory of General Relativity, disregarding the effects of torsion
on the whole geometry of the space-time and considering its effects only on the metric tensor, leading to
nonsensical results with solutions with singularities [34, 35] or to the conclusion that stable configurations
only exist for extremely small densities and radius [36)].

Outline of the thesis

To help the reader navigate through this thesis, we briefly provide its outline and structure. In Part | we derive
and present the mathematical results that will be used throughout the thesis. Given the plethora of different
conventions in the literature, here we will also set the notation and define the various quantities. In that regard,
the treatment is intended to be self-contained, assuming only that the reader has a basic understanding of
Lorentzian geometry. Moreover, the results in this part are rather general so that, they can be applied to
various setups, even in areas outside the theme of this work.

In Chapter 2 we will introduce the 1+3 covariant space-time decomposition for generic affine theories of
gravitation, namely we will properly define the kinematical quantities that characterize a congruence of curves,
the electric and magnetic parts of the Weyl tensor and the covariant components of the stress-energy tensor;
then, we find the complete set of evolution and constraint equations for these quantities. Next, in Chapter 3
we will study the geometry of sub-manifolds of a higher dimensional Lorentzian manifold. We will first find the
conditions for the embedding of hypersurfaces in a space-time, in particular, we will study in what conditions a
space-time admits the existence of hypersurface orthogonal congruences. Then, we study the relation between
the geometry of an higher dimensional manifold with that of an embedded sub-manifold: we will introduce the
first and second fundamental forms and derive the generalized Gauss-Codazzi-Ricci equations for Lorentzian
manifolds endowed with a metric compatible, affine connection. To close this part, we consider the junction of
two space-times at a common boundary in the presence of a torsion tensor field, deriving the necessary and



sufficient conditions for a smooth junction such that, the resulting space-time has a well defined geometry at
the matching surface.

In Part Il we will focus on studying space-time singularities, in particular, how the inclusion of space-
time torsion affects their formation. In Chapter 4 we will study caustics of congruences of causal curves
and generalize the classical focus theorems for time-like and null curves, not necessarily geodesics, in the
presence of torsion. These results will then be used to construct singularities theorems. In the time-like
case, we will extend the scope of the Raychaudhuri-Komar theorem to affine theories of gravitation for perfect
fluids and scalar fields. In Chapter 5 we consider the particular case of a perfect fluid permeating a Szekeres
space-time, in the context of the ECSK theory. Relating the degrees of freedom of the torsion tensor with the
intrinsic angular momentum of matter, we show how the intrisinc spin influences the possible solutions and
the formation of singularities. Then, we consider various particular solutions of the Szekeres model, namely,
Lemaitre-Tolman-Bondi, Friedman-Lemaitre-Robertson-Walker, Senovilla-Vera and locally rotationaly symmetric
Bianchi type | space-times, extending the previous results or explicitly verifying them — either analytically or
numerically.

The third and last part of this thesis is devoted to solutions for compact objects. In Chapter 6 we start by
deriving the 1+1+2 covariant formalism for stationary, locally rotationally symmetric space-times permeated by
a Weyssenhoff spin fluid, in the context of the ECSK theory. These results are then used to find the generalized
Tolman-Oppenheimer-Volkoff structure equations. The newly derived equations allow us to find and study the
properties of exact solutions for compact objects. In particular, we analyze how the intrinsic spin of matter
changes the Buchdahl limit for the maximum compactness of stars and, under rather generic conditions,
we prove that in the context of a Weyssenhoff like torsion, no static, spherically symmetric compact objects
supported only by the intrinsic spin can exist. We also provide a set of algorithms to generate new solutions
from previously known ones. In Chapter 7 we consider the junction of a Minkwoski — Reissner-Nordstrom
space-times by means of a thin matter shell. Given the complexity of the Reissner-Nordstrdom space-time, we
derive two patches of Kruskal-Szekeres coordinates, covering all possible sub-regions; this allows us to find
and clearly relate the properties of the fluid composing the shell with the region it inhabits. We then test the
results against the classical energy conditions.

In this thesis, all quantities are expressed in the geometrized unit system where G = ¢ = 1, Greek indices
run from 0 to NV — 1 and Latin indices run from 1 to V — 1, where /N denotes the dimension of the manifold.
Moreover, we will assume the metric signature (— + + + ...) and use the Einstein summation convention.
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Chapter 2

Covariant 1+3 space-time decomposition

2.1 Introduction

Covariant space-time decomposition approaches were devised as powerful tools to analyze the geometry and
dynamics of tensor fields on a space-time, aiming to take directly into account the symmetries and preferred
directions in a manifold. This kind of formalism of partial decomposition of the space-time manifold has
been extensively employed to explore the properties of solutions of selected theories of gravitation, namely:
cosmological models, either in the context of GR [37-46] or other f (R) modified theories of gravitation [47,
48]; or space-times of astrophysical interest [49-52]. Moreover, these methods play a pivotal role in the study
of formation of space-time singularities [16, 53].

One particular realization of such approaches is the so called 1+3 formalism! [38-40]. In this formalism,
it is assumed the existence of a congruence of smooth curves, so that any tensor quantity on the space-time
is, at each point, separated in its components along the direction of the tangent vector field to the congruence
and components along orthogonal surfaces — to the curves of the congruence. In fact, this property of the
formalism makes it especially useful from a physical point of view since, usually we are interested in studying
the evolution of certain quantities in time. Then, assuming the existence of a time-like congruence, the 1+3
formalism naturally decomposes the structure equations that describe the geometry of the space-time and
tensor fields in the manifold along a time and spatial directions. Moreover, this natural splitting of the manifold
can greatly simplify the problem of finding solutions when the space-time admits the existence of preferred
directions, such as Killing vector fields. Another advantage of the formalism comes from the fact that it is, by
construction, independent of a coordinate system. In a geometric theory of gravity, the geometry of the space-
time is related with the matter fields that permeates it. Since the evolution and constraint equations found

170 not be confused with the “3+1 formalism” (see e.g. Ref. [54]). This change in semantics is due to the fact that in the 1+3 formalism the foliation of the
space-time in N — 1 surfaces, does not have to constraint such surfaces to be integral manifolds. The 3+1 formalism refers to the case when the space-time
foliation assumes a family of integral manifolds, orthogonal to a given congruence of curves, placing the focus on the geometry of this hypersurfaces. In the case of
the 1+3 formalism the manifold is assumed of be threaded by a family of curves, a congruence, so that the geometry of the space-time is encoded in the kinematical
quantities that characterize the congruence and the Weyl tensor components.



from the 1+3 formalism are completely covariant, they provide a clearer interpretation of the relations between
the kinematics of the congruence and the properties of the matter fields that permeate the space-time.

Although the 1+3 formalism was initially devised to study solutions of the theory of General Relativity and
recently it has been employed in the context of other f (R) theories of gravity, the paradigm of covariant
space-time decomposition is applicable to an even wider class of geometric theories of gravitation. In this
chapter we will focus on the extension of the 1+3 formalism for space-times with a metric compatible affine
connection. This will allow us to introduce the general structure equations, the geometric quantities and set
the conventions that will be used throughout this thesis.

2.2 Geometry of Lorentzian manifolds with torsion

Due to the wide variety of different conventions used in literature, let us start by gently introducing the basic
definitions and setting the conventions that will be used throughout this thesis.

Let (M, g) be an N-dimensional Lorentzian manifold endowed with a metric compatible affine connec-
tion, C”*B, such that, the covariant derivative of a vector field u is given by,

Vo) = dou” + CJzu”. (2.1)

The anti-symmetric part of the connection, Cgﬂ, defines a tensor field called torsion

Sa57 = Cﬂ/

1
08 = 5 (Cls—CF.) - (2.2)

a

Using this definition, it is possible to split the connection into an appropriate combination of the torsion tensor

plus the usual metric connection?, r’;ﬁ,
0362F15+Sa57+57a5—557a, (2.3)

with .
Las = 59" (9ao + 9os — Gas) - (2.4)

The sum of the three torsion pieces on the RHS of Eq. (2.3) is frequently dubbed in the literature as the
contorsion tensor,
Ka/BWESaﬁW*FS’yaﬁ—nga. (25)

From the anti-symmetry of the torsion tensor in the first two indices, it is straightforward to verify the following
identities for the contorsion tensor,
Kaﬁ'y = _Ka'yﬁ ) (2.6)

2Also referred as the Levi-Civita connection or Christoffel symbols.



Kiag” = Sag” - (2.7)

Having in mind the general affine connection (2.3), the Lie derivative between two vectors can be expressed
in terms of the torsion-full covariant derivative as

(L) = [u,v]” = uVav? — 0Vt — 2S5 Tuv” . (2.8)
This last equation and the definition of the Riemann tensor associated with C;’ﬁ,

Rag,” = 0502, — 8,0, + C5,C2. — 4,05, , (2.9)

o~ ary

lead to a modified version of the relation between the Riemann curvature tensor and the commutator of two
covariant derivatives in the case of non-vanishing torsion:

Rug, s = VaVgthy — VVath, +25,5° Vs, (2.10)

where ) is an arbitrary 1-form. In the case of a Lorentzian manifold with non-null torsion, the Riemann
curvature tensor does not possess the same symmetries as in the torsion-free case, namely it verifies

Ra675 = _RBOW(S)

(2.11)
Raﬁ'yé = _Raﬁ677
and the modified Bianchi identities
Riagy)’ = =2V Sp1" + 4S0a8"S11,” (2.12)
Via )" = 251ap)” Rlnjosy - (2.13)

From Eq. (2.12) we find that the usual symmetry of exchanging the first and second pair of indices of the
Riemann tensor is modified in the presence of torsion, so that

2R'y6aﬁ = 2Ra6'y§ + 3Aa'y[36 + 31460457 + 3A'yéa,8 + 3AB5'ya ) (214)

where Aygys = =2V [0 S 3115 + 45108” S ps-

The previous results are completely general, in particular, they are valid for space-times of any dimension.
Let us now consider the case of a space-time of dimension 4. In this case, a useful quantity to define is the
Levi-Civita volume form?3. Introducing the Levi-Civita symbol, TNagys, as the totally skew tensor density whose

3Also referred as covariant Levi-Civita tensor or Levi-Civita 4-form.



components in any local coordinate system verify 11234 = +1, the Levi-Civita volume form is defined as

Eapys = V/ |det g Nasys (2.15)

where |det g| represents the absolute value of the determinant of the metric tensor. The Levi-Civita volume

form verifies some very useful relations:

Vpeagys =0, (2.16)

80{,375 — Sign (g) naﬁ’y& (217)
\/det|g|

Eapyse’ ™ = —=249"10 979"+ 95", (2.18)

Eapys€™ ™ = =695 9"+ 95" (2.19)

Eamys™ = —4g"(, 95", (2.20)

Eapryse™™’ = —24, (2.21)

where the first equality follows from the assumption that the connection is metric compatible, the second from
the properties of the determinant of a matrix (see e.g. Ref. [55]) and in Egs. (2.18) - (2.21) only the lower
indices are to be anti-symmetrized.

In the case of a manifold of dimension 4, the components of the Riemann curvature tensor, 12,3+s, can
be written as the following sum [56]
1

BRga['ych],B ) (222)

Ragys = Capys + Rapy 9018 — By Gsja —

where C\ 45 represents the Weyl tensor, R,3 = R,,s" the Ricci tensor and R the Ricci scalar. In the
presence of torsion, the Weyl tensor is still defined as the trace-free part of the curvature tensor, but it does
not retain all the other usual symmetries, instead:

Ca,@'y5 = _Cﬁa’y(Sa
Caﬁ'yé = _Oa,B&y ) (2.23)

Clapy)s = Riapyis + Riapgs -

Also, in the presence of torsion, the relation between the derivative of the Weyl tensor and the Riemann tensor
is modified (see Appendix A for the derivation),

1 1%
vacvéﬁa = Zgu AﬁQuuz\aﬂgapws_F

3 1
+ igﬁ[c?@w];wwj + \vAC 2Rl i égﬁhvé]R,

(2.24)



where Qupysp = 2S(ap|” Bjyjosp, generalizing the formula given in Ref. [57] (see also Ref. [45]).

2.3 The separation vector between infinitesimally close curves

of a congruence

Having introduced the definitions and properties of the basic geometric quantities, we will now consider the
notion of separation (sometimes deviation) vector between infinitesimally close curves of a congruence and
relate its evolution with the kinematical quantities that characterize the congruence.

Consider a congruence of curves, not necessarily geodesics, such that each curve of the congruence is
parameterized by an affine parameter A. Consider a second congruence, this time of geodesics, parameterized
by an affine parameter ¢, such that each geodesic intersects a curve of the first congruence at one and only
one point of the space-time. Given two curves of the first congruence, ¢; and ¢5, and a geodesic of the second
congruence, -, let the two points p and q be the intersection points of « with, respectively, c¢; and co, with
c1 (Ao) = 7y (to) = p. Assuming that the point ¢ is in a small enough neighbourhood of the point p such
that g = v (to + 6t) = p+ % " ot. If £ is the tangent vector to the geodesic ~y in p, then

dvy

= — | =qg-= 2.2
l 6tat q—0D, (2.25)

to

gives a meaningful notion of the separation between the curves c¢; and c,.
Let us now consider a coordinate neighbourhood that contains the points p and ¢, such that p = {z*},
q= {2} = {x~ + £}, with

ox®

£ = 6t—— 2.26

T (2.26)

and let u® be the components of the tangent vector field to the curve ¢; (from here on we will drop the index

1) at p,

ox®

= — 2.27

u B (2.27)

In order to find the general expression for the evolution of the separation vector, £, we will start by computing
the Lie derivative of £ over the tangent vector « and vice versa. From the definition of the Lie derivative of two
vector fields, Egs. (2.26) and (2.27) we find

Lou=L,L=0. (2.28)

Using Egs. (2.8) and (2.28) it is possible to derive an equation for the change of the separation vector along
the fiducial curve ¢,
u?V 3> = B4’ (2.29)
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where
Bg® = Vgu® +25,5%u" . (2.30)

Then, for infinitesimally close curves, the evolution of the separation vector along the fiducial curve is entirely
described by the tensor field B. Let us emphasize that in the derivation of Egs. (2.29) and (2.30) we have
not specified the type of the tangent vector, u, to the fiducial curve, hence, these equations are equally valid
for the case of u being time-like, space-like or null, with the fiducial curve being either a geodesic or not.

The second term in the RHS of Eq. (2.30) represents an explicit contribution of the torsion tensor to the
evolution of a congruence of curves. In fact, we can verify some geometrical implications of Egs. (2.29) and
(2.30). The derivative along c of the quantity £,u® reads

D (£ u®)

T £30° + 25, 0u u " (2.31)

where we have introduced the acceleration vector a, appearing for non geodesics fiducial curves, with com-
ponents in a local coordinate system
a® = u'V,u. (2.32)

The expression (2.31) represents the failure of the separation vector £ and the tangent vector « to stay orthog-
onal to each other, that is, if at a given point, £ and u are orthogonal to each other, a general non-null torsion,
S, or a non-null acceleration, a, will spoil the preservation of such orthogonality along the curve. Note that
a torsion field, with no further imposed symmetry, will lead to effects parallel to the direction of u (second
term on the right hand side of (2.31)), contributing to a relative acceleration between two initially infinitesimally
close particles.

The analysis of Eq. (2.31) leads to the conclusion that the tensor B, describing the behavior of the
separation vector will have, for the case of a generic torsion tensor, non-null components tangential and
orthogonal to the tangent vector field associated with the fiducial curve c. Without loss of generality, it is then
possible to write B, in terms of two components: one completely orthogonal to « and another containing
the remaining terms. Given a projector 1, onto the surface orthogonal to the curve c at a given point, we

can write
Bag = Biap + Bjag, (2.33)
with
BJ_aﬁ = ha’yhgaByg s (234)
BHozB = Baﬁ — BJ_QB . (235)

In analogy to the case of null torsion, we want to define the kinematical quantities identifying expansion, shear,
and vorticity, 8, 0,5 and w,g, respectively, of neighboring curves of the congruence. These quantities will

11



only depend on the orthogonal part, B, of the tensor B so that, defining the kinematical quantities as

9 == BJ_’\/’Y 3
B fas g (2.36)
OaB = Llap) — 7Y .
h7,
Wap = BJ_[aB] )
without loss of generality B | o3 can be decomposed as
ha
BJ_ag = —BG + 0ap + Wag - (2.37)

n

Before we continue let us emphasize that the definitions of the kinematical quantities given by (2.36) are
always valid whenever the tensor B is related with the variation of the separation vector between curves of a
congruence by an equation such as (2.29) (cf., e.g., Ref. [58]).

2.4 Projector operator and projected covariant Levi-Civita ten-

sor

The set of kinematical quantities that characterize a congruence in a Lorentzian manifold represent one of
the building blocks of all covariant space-time decomposition approaches. The results in the previous section
are quite general and valid for curves of any kind, however, the procedure that defines the projector operator
strictly depends on the specific family of considered curves. Once the projector is assigned, Eq. (2.37) will
give an actual expression in terms of the tangent vector, its derivatives and the torsion tensor which, in turn
can be related with the Riemann and Weyl tensors. Here we will focus on developing the 1+3 formalism for
time-like congruences in a 4-dimensional Lorentzian manifold with torsion®.

Consider a Lorentzian manifold of dimension 4, (M, g, S), admitting, in some open neighborhood, the
existence of a congruence of time-like curves with tangent vector field «. Without loss of generality, we can
foliate the manifold in 3-surfaces, V, orthogonal, at each point, to the curves of the congruence, such that all
tensor quantities are defined by their behavior along the direction of w and in 1. This procedure is usually called
“1+3 space-time decomposition”. Such decomposition of the space-time manifold relies on the existence of
a projector to the hypersurface V. Assuming each curve of the congruence to be affinely parameterized, so
that u,u® = —1, the projector onto V, at each point can be defined as

hap = Gap + Ut , (2.38)

4Many of the results that we will introduce are valid or easily extended for manifolds of dimension N > 2. In fact, this will be used in Chapter 4, to study
singularities theorems. Nonetheless, quantities and identities that rely on the covariant Levi-Civita tensor, Eq. (2.15), notably the 1+3 decomposition of the Weyl
tensor, are dimension dependent, hence, as we will see, the general set of structure equations will depend on the dimension of the manifold.
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verifying
hagua = 0,

hocﬁ - hﬂaa
ha hyg = hag,
=3,

(2.39)

Another useful operator is the projected covariant Levi-Civita tensor
Eafy = Eapyotl” (2.40)
derived from the Levi-Civita volume form, defined in Eq. (2.15), with the following properties

Eapy = Elapy] >
Eapyt’ =0,
Eapye? = 6h' (o W gh 7 (2.41)
EapyeT =21 hg"

5uya5“”ﬁ =2h,".

Moreover, using Eq. (2.38) and the properties of the Levi-Civita volume form, we find the useful identities

R hPh, Ry a0 = 0, 0.42)
Capyo = hauguﬁw + UaEpyo -

2.5 Torsion, Weyl and stress-energy tensors decomposition

Defined the projector operator £, we will now write the decomposition of the torsion tensor, Eq. (2.2), and
the Weyl tensor, (2.22), in terms of their components along the direction of the tangent vector field « and on
V. For the torsion tensor we find

Sapy = €ap" Sy + Wapttjg) + Saptiy + e Xaytty , (2.43)

with ]
Sap = §gawth“”g ,

Waﬁ = QU“hzthm/m
Sas = —hh5u" S e
Xo = 2u"hu’ Spe -

(2.44)
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For the Weyl tensor,

Coprs = —CapusranE™" — 2uaBpp ) + 2up Eapy ts) — 2€ap, H" (s — 26,05 H o gy, (2.45)

where
E.p = Coppot’u” (2.46)
1
H,p = 556,#”0#”55105, (2.47)
_ 1
H,p = 5gaﬂ"cﬁ(;wué, (2.48)

are the “electric” part and “magnetic” parts of the Weyl tensor, respectively. Equation (2.45) generalizes the
results in Ref. [41] to the case of non-null torsion®. Note, however, that, differently from the torsionless case,
there are two different tensor quantities associated to the magnetic part of the Weyl tensor: H,g and Haﬁ.

From the results in Eq. (2.23), we see that in the presence of torsion the tensors E,z, H,z and Hag
have the following properties:

Haﬂ = ha#hﬁpru7 Haﬁ = H(ocﬁ) )

H.3 = ho""hg"H,, , Haop = Hap) (2.49)
Eaﬁ - ha'uhﬁyEuua Eaa =0.

Therefore, E, 3, may not be a symmetric tensor and H 3 and [_{aﬁ do not have to be trace-free. On the other
hand, due to the properties of the Levi-Civita volume form and the fact that the Weyl tensor is, by definition,
trace-free, even in the presence of torsion, the magnetic parts, H,z and Hag, are symmetric under the
exchange of indices.

Continuing, if we are to apply the 1+3 formalism to study the dynamical evolution of matter fields per-
meating the space-time manifold, we will need to find the covariantly defined quantities associated with the
fluid. These will be provided by the 1+3 decomposition of the stress-energy tensor 7. Without imposing any

symmetries on 7 and using Eq. (2.38) we have

Top = P uats + phag + qralis + UaGas + Tag + Eapg My, (2.50)

5Bear in mind that in Ref. [41] there is an incorrect sign, as noted and corrected in Ref. [45].
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with
n= uMuV']:W ) Qia = _haliu’/’];w )

1
P= g Ty e =~ h Ty, (2.51)
1 v
Tap = 7?0(5) ) Mo = iga'u 7:;1/7

where we have used the angular brackets to represent the projected symmetric part without trace of a 2-tensor

on V, that is, for a tensor 9,4,

ha N
Vi) = | ahp)” — %h’ Yy - (2.52)

2.6 Structure equations

The kinematical quantities of a congruence of curves (2.36), the acceleration vector field (2.32) and the tensors
found from the decomposition of the torsion, Weyl and stress-energy tensors, Eqgs. (2.44), (2.46) - (2.48) and
(2.51), completely describe the geometry of the manifold M and the properties of the matter fields that
permeate it. We have then to find a complete set of differential equations that describe the evolution of these
quantities along u and on V.

In order to keep the equations as compact as possible, we will introduce the following notation: given a
tensor field ¢, g 77 we define

Dytha.s " = 0 ho  hghyY OV ), 5 (2.53)

as the fully orthogonally projected covariant derivative on V; on the other hand, a “dot” represents the covariant
derivative along the integral curve of u, that is

Vo p " = UV e g 1 (2.54)

and we will use the expression in (2.37) for the orthogonal part of the evolution tensor B, B, in terms of the
kinematical quantities, with 1,” = 3.

Now, from Egs. (2.30), (2.37) and (2.38) we find that the covariant derivative of the tangent vector field u
is given by

1
VQUQ = BJ_QB - Wag — U = ghage -+ Oap -+ Was — Wag — Upag - (255)
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Then, from the Ricci identity, Eq. (2.10), we find the propagation equations for the kinematical quantities®,

. . 1
0— W, =— Ra[guo‘uﬁ — (592 + aagao‘ﬁ + wa[gwﬁa> + Vaa“+
] (2.56)
+ Whe |:§ha59 + Oap + waﬁ] + X,a%,
ap B, i 1 ap B 2 «
Py T, (waa - W[a61> == By + 50" 1 Rlap) — 500 — 207, "wWapp) + Dypay 25
1 5 '
+ X + 30Wi) + (s + @ipis) Wy
ar B - T 1
hy® oy (Uaﬁ - W<a6>> == Egu) + 58w + Dyan+
2 1) 4
+auayy — 50'“1,9 — Oyl Osly)y — Wiu| Wslp)T (2.58)
1
1 é
+ Xeuaw) + 04" Wel) + wiu" Wapw) + 3Wou 0,
and the constraint equations,
e Dy (g — Wiy ) + P,y = HP + P, Sy + W) —
_ /1 (2.59)
—25m <§hw0 +ouu Wy — Wvu) ,
WD, (057 4wl — W) 4 e980 V)ig, = HO) 4 2GSy
— @Bk v (Saﬁ 4 Waﬁ) (2.60)
_ 1
— 25mls <§h5|”>9 + o5 + w5IV>) ’
2
§Da9 — D, (0" + wo!' — Wot) —
—D WM — 20" W, = —h* o Rgu’ — 26,0, S™W, P+
(2.61)

+ 20" (Sua + Winal) +
o (1
+ 263 pa S <§h,f’9 + 0, + w,/’) :

Equations (2.59) and (2.60) clearly exemplify how the presence of torsion modifies the geometry of the
manifold and, consequently, the change in the evolution of a congruence of time-like curves. When comparing
to the case of null torsion [38, 40], we see that, in the presence of a general torsion tensor field, the magnetic

6Equations (2.56), (2.57) and (2.58) follow from computing the projection h,LO‘uB h,,’YROé,gﬁﬂgu‘s and evaluate, respectively, its trace, anti-symmetric part and
symmetric part without trace. Equations (2.59), (2.60) and (2.61) follow from computing the projection a‘lmhp”/Ra,g,ﬂ;u‘S and evaluate, respectively, its trace,
symmetric part without trace and anti-symmetric part.
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part of the Weyl tensor, H, is characterized by both these equations, in particular, contrary to the case of
nulltorsion, it also depends on the divergence of the vorticity tensor. Hence, from Eq. (2.59), we conclude
that the presence of torsion contributes to a non-null divergence of the vorticity tensor, that is, the presence of
torsion acts as a source of rotation of the congruence.

Provided the field equations of a gravity theory to relate the projection of the Ricci tensor with the stress-
energy tensor, Eq. (2.56) represents the generalization of the Raychaudhuri equation for manifolds with non-
null torsion [59], describing the evolution of the expansion of a congruence of curves. This result differs from
previous versions of the torsion-full Raychaudhuri equation available in literature. More concretely, Refs. [33,
60-63] did not take properly into account the relation between the tensor B, (2.30), and the evolution of the
separation vector between infinitesimally close curves of the congruence, assuming that the expression for
B,g is a priori the same as in the case of null torsion. On the other hand, few quite specific models [25-28,
64] where the component W of the torsion tensor is set to zero, accidentally result in the correct expression.

The propagation and constraint equations for the components of the Weyl tensor are found from the second
Bianchi identity (2.12) or, equivalently, from Eq. (2.24). For the electric part we find’

B (048 + wup) — haphpy B — Eag0+
s’ (D, H" o + a, H" ) + " 050" H,5+
oM epM By (03 + wag — Was) = — 255" Hoy + ua R Sste g e — éWaBR—
— "5 X, H,, + %W’“’Rmswaeuw%—
- %RW (Wt — X 0*) BY 5+
+ ihaﬂRw (W, R — W — 2k, S70uY) —
- %haﬂ (=28, H" —W"E,,) +

1 .
+ halthﬁl/ (UJV[(SRH]V - EQIWR) ’

(2.62)

7Equation (2.62) is found from the projection h‘whygu(;VACWW’\; Eq. (2.63) is follows from h(;auwuBVAC“/‘m’\.
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and the constraint,

_ 1
D,E + 5m§H“°‘ (W‘SV — Wsy — 55‘57) "

1 - 1 ~ 1
+ (05,, + Wy — §W5,,> e"PhosH,’ = — R, S*Pe7 50 + 53675“%% - G R Xt
2 . . 1
+ gRewaS“B +258"%¢,5, Bt + §Sowuﬁ‘]%ﬂu

1 | 1
+ éh(;aRfS“ (ewsﬁ” — Wy + —XM) —

2
1 ]

= 1B us (Wary = Xot,) = 205, B -
1

1
o §E04VXV + §Doc (Rl/ﬁuyuﬁ) + RVﬂWa (VU/B)—
1
_ gRyﬁQU(V h'B)a _ Rygu(l’l (Ua\ﬁ) + wa|5)) _
1 1
- §ha5u’yvﬂ/ (Ryghl’guﬁ) + §Ryguyu’3aa+

1 1
_hya vh _Da )
+ 9 R ag + 12 R
(2.63)

for the magnetic parts®,
[4%E1/(a| + 2DMEV(’”'} clBwr _ opulay B 'W_,_
L2HMC (1) 4,9 % (4H" 4 201°7) 9—
—2h P HM (0, — W) — 40, hP H YW Om 4
+2H," (WW) — hPW — 0 %haﬂe) +
+4H, @ P 4 oWt HYP =2, [2819% 4 X T+
+ 25 (Rwu“u” + %R) -

_ oppla gﬁ)vRW + W, (P AR | —

_ gMa hﬁ)“X,,RM + Dj (575(04 hﬁ)MRW) 7
(2.64)

describing the propagation of the H component of the Weyl tensor along the congruence, and the constraint

8Equation (2.64) is found from kP ge s V4 C7®B2; Eq. (2.65) follows from computing the projection €4~ sug VA C 798,
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equation

2
—QDMHMa + §6a55E’669 + 26a5“E’8605M+
1
e ()" EPY (ws — Wi,) =€aysV° (RPug) + cans BT sWP — ggmgmée—
— &Ta,y(sRVﬁ ((765 + wég) + 25'“angu5—
— QSaﬂRﬁgu(s — 2€HVYS;WE')/CM+
+ 8“”SWR75hBa — 6“”O¢S,Wu7uﬁR75—
1 _
— 35" aSwh - 45" ¢ 5, H",
(2.65)

for the divergence of H on V.
Using the first Bianchi identity, Eq. (2.11), we find the following relation between the tensors H and H,

_ 1
0,7 — 0,7 + e v’ Ry, = — §gaWD5 (Wop + Syp) + o X B~
1
— o X" (WP + 5P1) — §5a“”a6 (W + Sup) +
+ 20 Th*PuN LS, + 25,70 — 200 PSP (S, + W)

+ eqa’ (W 4 89) — b, w8, — hoPS, 0+
+ 0Dy (W(Bu) + Sﬁu) + gaWXBwW _ QSMBBJ_;M_

T (2.66)

— %sawxﬁ (W + Su) + 200" 5" By, — 25,MW,.° |

showing how the presence of torsion is responsible for the degeneracy removal of the magnetic parts of the
Weyl tensor®. It is interesting to notice that the difference between the magnetic parts of the Weyl tensor
depends on the derivatives of the components of the torsion tensor — on V and along u, making it clear that
both the value and the rate of change of the torsion field affect the difference between the tensors H and H.
Moreover, since in Eq. (2.66) we have an algebraic relation for the difference of the components of the tensors
H and H, Egs. (2.64) - (2.66) characterize both H and H, that is, we do not need to find propagation and
constraint equations for H since, those will not be independent of Egs. (2.64) - (2.66).

9Notice that in Eq. (2.66) the term with the Ricci tensor on the LHS could be removed by taking the symmetric part, however, this will add more terms and dense
the notation on the RHS so, we opted to write the result as is.
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Moving on, the remaining equations that characterize the torsion tensor components are'”

R Ut Ry, = — (SWSW + %XV) B! + %D"‘WH“ — % UV, SV 4
1
2
b o5, (BI W) + 800,

1 1 1
+ §W,ﬂa“ — —DgW* — §cha7 + X9+ (2.67)

2

and
£ Ry, =2D S5 — % W, (w7 — W) — £, Wy (B — WA7)

— €%, (X%’ + 5770) — 5°‘Upu/3V58’” + 25K (X, +a,)+ (2.68)

6%, D7 XP — 4e%,, (8,751 — §,PS7 4 §,157°) .
Equations (2.56) - (2.68) characterize the geometry of the manifold, containing exactly the same infor-
mation as the Ricci and Bianchi identities. To find the set of equations describing the dynamical evolution of

the matter fields in the manifold, we will consider the conservation law for the stress-energy tensor!!, given in
general by

VT =0, (2.69)

where < is some tensor to be determined by the field equations. From Egs. (2.50) and (2.69), the projections
along u and on Y are

fut (0 = Wo) (4 p) + 77 (0ag — Wag) — e7Tm, (wap — Wap) +
+q7 a0 + Vagy = —us ¥, (2.70)

(1t +p) @ + ho” (Dgp + d15 + Vgt + eg" Dymy, — egmyay) +

1
+ ((ha + §Q2a) 0 — qlanB + qg (Uﬁa + Wga — Wga) = hag\lfﬁ . (2.71)

2.7 Conclusions and further discussion

Equations (2.56) - (2.71) in conjunction with the field equations of a theory of gravitation — relating the Ricci
and the torsion tensors with the matter variables — and an equation of state for the matter model, form the

0Equations (2.67) and (2.68) are derived from the first Bianchi identity and, respectively, computing the projections A% Rapq P and ho*hPY Rapq B,

1 Although at this point the imposition that the evolution equations for the matter variables are determined by (2.69) is given as ad hoc; provided the field equations
of a gravity theory relating the Ricci and the stress-energy tensors, the conservation equations will follow from the second Bianchi identity. Hence, they are a pivotal
component to guarantee the consistency of the whole system of equations.
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most general set of structure equations for the 1+3 formalism for manifolds endowed with a metric compatible,
affine connection. These generalize the results in Refs. [38, 40] for the theory of General Relativity, and in
Refs. [47, 48] for f (R) modified theories of gravity in Lorentzian manifolds with null torsion.

The full system of structure equations completely characterize the geometry and the matter fields that
permeate the manifold. The fact that the covariantly defined quantities of the 1+3 formalism represent geo-
metrical and physical quantities, lead to a clearer picture on how the properties of the fluids that permeate the
manifold and its geometry are related and influence one another. As exemplified in the body of the chapter,
this makes it possible to draw new insights, even without solving the system of equations.

A conclusion that can be taken directly from the structure equations is how greatly the inclusion of torsion
changes the possible solutions. When comparing the full set of equations to the null-torsion case, it is obvious
that the presence of torsion markedly affects the geometry of the manifold and the properties of the matter
fluids. This can be seen explicitly in the form of the structure equations but also implicitly: it was found that
the presence of torsion lifts a degeneracy in the magnetic parts of the Weyl tensor and removes some of
the constraints on this tensor; moreover, as shown in the derivation of the evolution of the separation vector
between infinitesimally close curves of a congruence, the W component of the torsion tensor directly appears
in the definition of the kinematical quantities, creeping in all the structure equations, in particular, in the
conservation equations of the stress-energy tensor, Egs. (2.70) and (2.71). Anticipating the results of the
subsequent chapters, all these new properties will significantly influence the possible solutions.
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Chapter 3

Geometry of hypersurfaces

3.1 Introduction

Generically, covariant manifold decomposition methods relying on the threading of the manifold by one or more
congruences of curves do not restrict that the orthogonal surfaces — to the congruences — have to be integral
manifolds, hypersurfaces. This property makes these methods suitable to study very generic setups, showing
clearly how the properties of the congruence and fluids permeating the space-time are intertwined, facilitating
new insights and, in the cases where the manifold contains some preferred directions!, greatly simplifying the
equations.

There are, however, many cases where this is indeed verified: the manifold allows the existence of hyper-
surface orthogonal congruences. In this cases, the various operators: projectors and derivatives, are defined
and smoothly spanned locally in some open neighborhood of each point — instead of being defined only at
a tangent hyperplane. Then, the higher dimensional manifold induces a geometrical structure on the hyper-
surfaces, so that, the intrinsic properties of the sub-manifold and the way this is embedded in the higher
dimensional space are related with the geometry of the latter. These supplementary results are often used
alongside the structure equations found from the covariant manifold decomposition formalisms, providing
constraints for the setup, without breaking the consistency of the whole system (cf., e.g., Refs. [40, 43, 45]).

Although in this thesis the motivation to study the geometry of sub-manifolds embedded in higher dimen-
sional Lorentzian manifolds comes in line with the previous chapter, these results are overarching to many
other areas of study both in mathematics and physics. For this reason, we chose to study the geometry of
sub-manifolds in a separate chapter, hoping to emphasize the generality of these results, which can be used
in a wide set of applications, not just those considered in this thesis.

In this chapter we will treat two distinct yet related topics. The first topic concerns the generalization of the
Gauss-Codazzi-Ricci equations to manifolds with a metric compatible, affine connection. This set of equations

1By preferred directions we mean directions along which the description of the setup is simplified and some of the covariantly defined quantities are trivially zero.
As we will see in Chapter 6, in general, these do not have to correspond to Killing vector fields.
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provide a relation between the intrinsic geometry of sub-manifolds and the geometry of the ambient higher
dimensional manifold. For the purposes of this thesis, these results will be used in Chapter 6 to relate the
covariantly defined quantities of the 1+3 formalism with the components of the metric tensor of the space-
time. It is, nonetheless, worth highlighting that these equations have extensive applications other than those
mentioned here. Notably, the Gauss-Codazzi equations are one of the fundamental building blocks of the so
called 3+1 formalism and numerical relativity, providing a set of constraint equations for the initial data, pivotal
for the well-posedness of the initial-value problem [54, 58, 65-67].

Another topic we will consider in this chapter is the matching of Lorentzian manifolds at a common non-null
boundary, so that the resulting space-time has a well defined geometry at the matching surface. In the study
of gravitation it is often the case that the space-time is modeled by two distinct solutions which are then glued
together at a common boundary. For instance, in the study of compact objects, the interior and exterior are
permeated by distinct fluids — or vacuum — so that, each sub-space is modeled by different solutions of the
field equations of the theory. It is then necessary to provide boundary conditions so that the whole space-time
is a solution of the field equations and the geometric structure of the manifold is well defined at the boundary.
In the absence of torsion, these conditions are provided by the Israel-Darmois matching formalism [68-70].
This, however, was developed for space-times with a Levi-Civita connection hence, due to the geometric nature
of the torsion tensor field, the Israel-Darmois formalism needs to be extended for space-times endowed with
a general metric compatible, affine connection. In the literature, a few works [71, 72] have considered this
problem in different contexts, assuming specific classes of theories of gravitation. However, as we will see
bellow, those results did not take fully into account the effects of the torsion field on the whole geometry of
the manifold. Therefore, anticipating what follows, to ensure a smooth junction between space-times with a
general metric compatible, affine connection, further constrains have to be imposed. Moreover, the treatment

here is completely general, in particular, it does not rely on a specific theory of gravitation.

3.2 Hypersurface orthogonal congruences

We start by establishing under what conditions can hypersurface orthogonal congruences of curves be locally
defined in a Lorentzian manifold with torsion.

Let (M, g, .S) be a Lorentzian manifold of dimension N > 2 with metric ¢ and torsion .S. Given a point
p € M, consider a subset/\/;;k - T;/\/l of dimension N — m > 0 and W, C T, M, with dimension
m > 1, whose elements w € W,, are such that n’ (w) = 0, for all n> € N

Given an open neighborhood O of p € M, let W C T'M be the union of all W, V¢ € O, and N*
represent the union of /\/'(;k We require N'* to be smooth, that is, N'* is spanned by N — m, C* 1-forms.
Then, it is well know (Frobenius’ theorem) that W admits integral sub-manifolds if and only if, for all w, z € W
and for all n® € N'*,

n’ (Ly,z) =0, (3.1)
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where £,z represents the Lie derivative of the vector field z along the integral curve of the vector field w.

Lemma 3.1. Condition (3.1) is equivalent to

N—m
Viang + Sag"ny = Y (n), (i) g (3.2)
=1

where n’, n'; € N* and x; are smooth arbitrary 1-forms.

Proof. Using the definitions of Lie derivative for vector fields and covariant derivative for a general affine, metric
compatible connection we have that (2.8)

(Ly2)" = [w, 2] = wVg2" — 2PV — 25,5 w*2" . (3.3)
Then, from Eq. (3.1), we find for all w, z € W and for all n’ e N*
w2? (V[gna] — Sagynw) =0. (3.4)

Since the identity must be valid for all w and z, we get the equality (3.2). L]

Lemma 3.1 states that, locally, W admits integral sub-manifolds if and only if all n” € N* verify Eq. (3.2).
Two particular cases of interest are when A/* is of dimension 1 or 2. In those cases, we have the useful result:

Lemma 3.2. Consider a I-form n® € N* and the associated vector field n, with components in a local
coordinate system n® = g*°ng. If either

(i) N* is of dimension 1 and n’ (n) # 0, or
(i) N* is of dimension 2 and n’ (n) = 0,

then, a congruence of curves, defined in some open set © C M, with tangent vector field n is hypersurface
orthogonal if and only if

3npy, Vna) + e (98" 1y + Say’ng + S45714) = 0. (3.5)

The proof of Lemma 3.2 follows directly from Eq. (3.2) in the caseswhen N —m = 1land N —m = 2,
for a particular choice of the 1-forms ;. Eq. (3.5) has the advantage of being independent of the arbitrary
1forms in Eq. (3.2).
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3.3 First and second fundamental forms

Having established the conditions for a manifold to admit the existence of hypersurface orthogonal congru-
ences, an important particular case is when integral sub-manifolds have dimension N — 1. Then, given a
(N — 1)—sub-manifold V of M, we are interested in studying the relation between the geometry of M and
V.

Consider a point p € M, with coordinates {z®} and ¢ € V with coordinates {y”}, in some local
coordinate systems. We will use Greek indices to refer to the components of tensor fields defined in M and
Latin indices? for components of tensor fields in V. Provided an embedding®, f : M — V), the Jacobian
matrix associated with f with entries 5

a xOé
e; = G_ya’ (3.6)
allows us to pull-back and push-forward tensorial quantities between M and V, so that the geometrical
structure of M induces, through f, a geometrical structure on V. Notice that the set {e, } behave as vectors

on T'’M. Then, the metric g induces on V the metric h with
hap = egefgag ) (3.7)

The induced metric h is usually referred as first fundamental form of V.
Consider now a congruence of non-null curves in M with tangent vector field n, orthogonal at each point
to ). We can define the projector, in M, onto the orthogonal space to the congruence as

hog = Gap — €nang, (3.8)
with € = n,n®. The projector h, s can then be related with the induced metric of 1V by
hap = €€l hag . (3.9)

With the projector operator, we can readily find the fully orthogonal components of tensorial quantities on
M, that is, given a tensor wa"'ﬁ, the tensor

(wL)a...ﬁ = h“a...hl,ﬁ’(ﬁu'"”, (3.10)

is completely orthogonal to the congruence. Then, using the Jacobian matrix, we can find the induced tensor
on V associated with (¢, )*",
Pt = el (Y ) (3.11)

2We gently remind that Greek indices run from {0, N' — 1}, where N denotes the dimension of M and Latin indices run from {1, N — 1}.

3Given two smooth manifolds M and A/, a smooth map f : M — N is said to be an immersion if df : TAM — TN is injective. If f is an immersion
and homeomorphic onto its image then f is said to be an embedding.
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It is important to remark that, due to the properties of the partial derivatives: e2n® = 0; then, as expected,
the induced quantities on V are associated with tensorial quantities orthogonal to the congruence, that is, the
embedding map and its inverse associate tensors on V to tensors on M, orthogonal to the congruence.

In addition to the induced metric, the map f also induces a connection on V. Given a tensor field ¢, 3
on M, completely orthogonal to n, we define the intrinsic covariant derivative of the tensor field v, , =
eg...efwa“ﬂ on) as

Dathy...c = €2ep..e)V oz~ - (3.12)

Using this definition and Eq. (3.8) it is straightforward to show that the compatibility with the metric g of V
induces D to be compatible with the metric A:

Dohye = €€} €1V yhgy = e2ey eV, (ngny) = 0. (3.13)
Now, from Eq. (3.11) we can write
Doy = 0athp — Coy¥e, (3.14)
where the induced connection is given by
Ce, = e° (vaef) 5. (3.15)

On the other hand, imposing that D, is a tensor* on V we find that

o =L+ Ka® (3.16)
Requiring the compatibility with metric yields
c 1 ct
ab — éh (aahib + 6bhai - aihab) 5 (317)
Kabc = Sabc + Scab - Sbca ; (318)
with
Sap’ 1= €8y eSSap” = Clyy (3.19)

defining the induced torsion tensor on V as the totally projected torsion tensor of M.
We introduce the second fundamental form, with components K, of the hypersurface V as

Koy = e2e)Vang . (3.20)

4Imposing that Dq 1)y is a tensor of V), it must transform accordingly under a change of coordinates. Requiring that the object ng transforms in such a way
that the sum 9q by — I'¢, 1bc is a tensor, we can write without loss of generality that the connection is given by Eq. (3.16), where K ;¢ is some tensor field.
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In Eqg. (3.20) the covariant derivative of the normal vector field is evaluated using the connection on M, so
the second fundamental form characterizes the hypersurface V as a sub-manifold embedded in the higher
dimensional manifold, M. From this, K, is also usually referred to as the extrinsic curvature.
Computing the covariant derivative of a vector field ¢ € T'M, such that v*n, = 0, along a curve
orthogonal to n we find
eIV sh™ = e Dt)® — e K ye1n” (3.21)

showing that the second fundamental form measures the purely normal component of the covariant derivative
of a vector field, taken along a direction orthogonal to n. Using Eq. (3.21) in the case when ¢ = e, leads to
the useful result

eIV ey = O%e™ — eKgpn™ (3.22)

famously known as the Gauss-Weingarten equation.

Now, although the previous results have the same form of the expressions found for manifolds with sym-
metric affine connections (cf., e.g., Ref. [65, 66]), the presence of torsion fundamentally change the various
quantities and their behavior. In the presence of torsion, we find

Ky = —€2€y Sag™n., , (3.23)

that is, the extrinsic curvature is no longer required to be a symmetric tensor. It is also worth mentioning
that, in connection with what was done in Chapter 2, assuming the curves of the congruence to be affinely
parameterized, from Egs. (2.30), (2.33) and (3.8) we find that the trace

K, =Von* =0-25,,"n", (3.24)

that is, in the presence of a general torsion, the trace of the extrinsic curvature no longer measures the
expansion of a congruence of curves (cf., e.g., Ref. [58]).

3.4 Gauss-Codazzi-Ricci embedding equations

Given the previous results, we are now in position to study the relation between the Riemann curvature tensor
of M and that of the sub-manifold V, defined by

Rapeba = Dy (Dyihe) — Dy (Datbe) + 28 Dt (3.25)
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where 1» € T*V. From Egs. (2.10), (3.8) and (3.22), we find

eey el e Raprs = Rabed — € (KaeKpa — KyeKaa) | (3.26)
el edn’ Rogys = DaKpe — DyKae + 250 K. . (3.27)

These relations generalize, respectively, the Gauss and Codazzi® equations for manifolds with a non-null torsion
tensor field, relating the Riemann tensor of the manifold M with the Riemann tensor and the extrinsic curvature
of V. We see that the Gauss equation (3.26) for Lorentzian manifolds with torsion retains the same expression
as in the torsionless case, so that the difference between the fully projected Riemann tensor on M and the
intrinsic Riemann tensor on V, is completely described by the second fundamental form. On the other hand,
the presence of a general torsion field explicitly modifies the Codazzi equation (3.27), contributing to the
tangent components of the Riemann tensor of M. These results explicitly show that the intrinsic geometry of
the sub-manifold V and how it is embedded in M are described not only by the first and second fundamental
forms but also by the induced torsion tensor on V.

Assuming that in some open set, the manifold M is foliated by a family of hypersurfaces {)'}, orthogonal
at each point to a congruence of affinely parameterized curves with tangent vector field n, the remaining
components of the Riemann tensor on M are given by

6371662“5}%(1575 - Daac - Kadec - Kac — €040, + Kad(pdc + chSOda+
+ 20" S0, K ge + 2 0" Sy (3.28)

and, since the first Bianchi identity is modified by the presence of torsion, the extra equation

1
262‘656771 (R'yéaﬂ aﬂwd Da (n“SN ) Db (n S ac)) +D (n S ba]) 8[aKbc]—

+ ( wlbal + Sabu) (efQOic - En'uac) - 2‘S'buy‘s'l/(ac)n'u_
1.

- 2Sabc + Sc[ab + Su(bc ( éLSOia —enf'a, — QnVSyaH) -

— Su(ac) (e 'y — en“ab) + Slajes (e ©'p) — €N a|b])
— Si(bc)K — €S n” K ey — €Sppun’n” K ga+
+ Si(ac)Kb - ES(b“M/n n Ka|c) + 2Siu(b Sc)a n*—

- QSCMVSu[ab]nM - Siuanusbci + Si[ab]Kci ’
(3.29)

5Also referred as Codazzi-Mainardi equation.
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etS ... torepresent partially projected components of the torsion tensor.

Equation (3.28) generalizes the Ricci embedding equation for Lorentzian manifolds with torsion. On the
other hand, in the absence of torsion the LHS of Eq. (3.29) is identically null, recovering the Codazzi equation.
We remark, that although the generalized Gauss equation is already present in the literature (cf. Ref. [73]),
surprisingly, the Codazzi and Ricci equations — and (3.29) — to our knowledge, are not.

Contrary to the Gauss and Codazzi equations, in Egs. (3.28) and (3.29) the considered components of
the Riemann tensor on M are not functions of just the second fundamental form and the induced torsion on
the hypersurfaces. This in fact was expected since, the full geometry of the higher dimensional manifold AM
can not be solely described by the intrinsic and extrinsic geometry of the sub-manifolds {V'}.

A direct application of Egs. (3.26) - (3.29) follows from trying to find the relation between the Ricci scalar
of the hypersurface, (N’l)R, and that of the embedding manifold, R.

From the definition R, = R,.," and Eq. (3.8) we find
Reoy = h¥el € Rops + €Raprsn’n’ . (3.30)
Taking the trace we then have
R = h*h"e%e) e)ed Ragys + 2eh™een’e)n’ Rugys . (3.31)
The Gauss and Ricci equations, (3.26) and (3.28), yield

R=W-bp_ 2a.a° 4 4n"'n” Sea”+

: 1 b b L. d (3.32)
+2¢ |D.a® — h* K, — éKabK 2K (™ — 5[( —2n"S,0a K|,
where K = K. From the definition of the second fundamental form, Eq. (3.20), we can also write
R= R = (K 4 Ky K™) +2¢ (Vaa® = K = 2075,/ Vang ) | (3.33)

which, assuming that n is the tangent vector field of a congruence, has the advantage of being easily related
with the kinematical quantities defined in Chapter 2.

3.5 Junction conditions

With the introduction of the first and second fundamental forms we can find the conditions so that two
Lorentzian manifolds can be glued together at a common boundary and the resulting manifold has a well

defined geometrical structure.
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Let M with metric (!)g and M~ with metric ()¢ be two Lorentzian manifolds matched together at a
common boundary, forming a new manifold M. The manifold M is then partitioned by an hypersurface S in
two regions: M™ and M. Here we will restrict our attention to the cases when S is either time-like or space-
like. Now, although points on the manifolds M~ and M™ are in general described by distinct coordinate
systems, we will assume the existence of a common continuous coordinate system, {x“}, describing an open
region that contains the hypersurface S.

Consider that S is crossed by a congruence of curves parameterized by an affine parameter A, with

tangent vector field
d

a )
pointing from M~ to M™. Without loss of generality we will consider A\ = 0 at S, negative at M~ and

n=n%0, = (3.34)

positive at M ™. The vector field n is by definition orthogonal to S at every point then, introducing a coordinate
system {y*} on S, the tangent vectors to the hypersurface, e, = 9/0y*, verify

e“ng =0, (3.35)

a

where n,, are the components in the coordinate system {z®} of the 1-form associated with the vector field
b

n: n’ = nydr® = ed\ with e = n,n®. From the continuity of A, {x®} and {y®} we have the following
identities
n® 0,
| a]i (3.36)
[ea]ﬂ: 0 )

where we introduced the notation [¢/] . to represent the difference of a field as seen from each sub-manifold
atS, e, [, = ¢ (MY)|g — ¥ (M7)|s. In what follows it is also useful to label a field ¢ defined on
the subspace M™ or M~ as Py = 1 (M) or ep = 4 (M), respectively.

Now, we will define that the components of the metric tensor of M and the entries of the connection in

the coordinate system {x“} are given by

Jog = O N) Pgas +0 (=) Tgas, (3.37)
Cly =0\ @or,+e (-1, (3.38)

where Vg.5, 7, D g,sand 7O, are the components of the metrics and entries of the connections

«Q

in M™* and M~ and © () is the Heaviside step function. Moreover, the Christoffel symbols and the torsion
tensors are given formally by

[, =000 1, + 0 (N 1, (.39
Sag” = O (N) (+)Saﬁv +0(=)) (—)SQBW . (3.40)
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Generically, Eqg. (3.39) does not follow from Eq. (3.37), however it is easy to prove (cf., e.g., Refs. [58, 70])
that the Riemann tensor of the total space-time is well defined if and only if

[hap] . =0, (3.41)

that is, the jump of the first fundamental form of S, as described by each sub-manifold, is null; this constrain
and Eq. 3.37 then imply Eq. (3.39). Equation (3.41) represents the first junction condition for two Lorentzian
manifolds to be matched together at a common boundary.

Substituting Eq. (3.38) in Eq. (2.9) we find the following expression for the Riemann tensor®

Ragy’ = 0(N) P Ragy” + 0 (=A) T Rapy” + 6 (A) (Bapy” + Dagy”) (3.42)

where 0 () represents the Dirac distribution and

Baﬂ’}’p =€ (nﬁ [Fg'y] + Na [ng} jz) ) (343)

Do, =€ (nﬁ [chph[ — Na [Kﬁvp]i) ) (3.44)

are the singular parts of the Riemann tensor, with /{37 being the contorsion tensor, Eq. (2.5).

Now, we will require that a smooth junction between two Lorentzian manifolds must guarantee that the
discontinuities of all curvature tensors across the matching hypersurface have to be at most finite otherwise,
the manifold M will be singular at S. The remaining junction conditions will then follow from requiring that
the singular parts of the Riemann tensor, Egs. (3.43) and (3.44), are identically null.

Proposition 3.1. The tensor D in Eq. (3.44) is identically null if and only if the jump of the contorsion tensor
at S verifies
[Kaﬁp]i = €Ny [TZHKMB p]i . (345)

Proof. The proof follows by direct inspection. Substituting Eq. (3.45) in Eq. (3.44) it follows that D is identically
null. On the other hand, assuming D,z.” = 0, taking the contraction with n? yields Eq. (3.45). OJ

Proposition 3.2. Given Egs. (3.41) and (3.45), the tensor B in Eq. (3.43) is identically null if and only if
[Ka)y. =0. (3.46)

Proof. Let us start by computing the jump of the partial derivatives of the metric components in the coordinate
system {z*}, at S. Using Egs. (3.36)

[awgaﬁ]i = ez’y [hjiefaugaﬁ}i + XapMy (3.47)

Here we mix the distribution associated to a tensor and the tensor itself which is, strictly speaking, an abuse of language. Our conclusions, however, are not
influenced by this issue. See e.g. Ref. [70] and references therein for more details.
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where x is a symmetric two tensor completely orthogonal to n. Assuming the first junction condition,
Eqg. (3.41), we find

[01908)s = €Lh; €0, [gasly + XasNy = XapTy (3.48)

where the last equality is valid on the coordinate system {x}. Writing X = €n” [0,gas].. , Where, without
loss of generality, n was assumed to have unit length, we have

1
[Fzﬁ] + 5 (Xﬁyﬁna + Xocnlnﬁ - Xoeﬁnv) . (3.49)

Substituting Eq. (3.49) in Eq. (3.43) yields

€

Bag,” =
By 2

[Xa"TpNy + Xy nan’ — Xaynsn” — X5 Nany] - (3.50)

Using Eq. (3.36), by direct inspection it is straightforward to verify that B is zero if and only if x5 = 0.
All is left is to relate the tensor x with the second fundamental form. From the definition (3.20) and
Egs. (3.36), (3.45) and (3.49) we have

(K], = eg‘ef [Vangly = _6365 [Flﬁnv]i — €a€y [Kag'n, ]y
a B [y € 0B (3.51)
= —€,6 [Faﬁnv]i - §€a€b Xap -

We finish the proof with a small remark. Looking at Eq. (3.51) there seems to be an inconsistency since, the
second fundamental form is not required to be symmetric in the presence of torsion and Xz is by definition
symmetric. Nonetheless, imposing the constraint (3.45) guarantees that the anti-symmetric part of K is set
to zero. This can be seen clearly if we introduce the metric part of the second fundamental form as, say f(ab,
which is manifestly symmetric. Given that [K,,], = [f(ab] . — cael [Kap), n, Eq. (3.54) then sefs the
second term on the RHS to zero, proving the consistency of Eq. (3.51). ]

Gathering the previous results,
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Theorem 3.1. Let M~ and M™ be two Lorentzian manifolds with boundary, endowed with a metric com-
patible, affine connection. M~ and M™ can be smoothly matched at a common, non-null hypersurface S

when the following three conditions are verified:

(i) the induced metric at S is such that
[hab]x = 0; (3.52)

(i) the jump of the extrinsic curvature of S is null, that is

(K, =0; (3.53)

(iii) the jump of the contorsion tensor at S verifies
[Kop’], = €eng [n" K7, , (3.54)

where the vector field n represents the unit normal to S and € = n,n*.

Notice that the third condition, Eq. (3.54), cannot be completely written in terms of quantities defined on
S since, the contorsion tensor in general does not have to be orthogonal to the normal n. In fact, Eq. (3.54)
can be written more concisely as [ha“K“gp]i = 0, where the projector onto & is defined in Eq. (3.8),
highlighting that only the jump of a partial projection of the contorsion tensor must be null. This then implies
that the common coordinate system {x“} must exist. Nonetheless, this is not a loss of generality since, the
whole construction is based on this assumption, in the same way that the remaining constraints, Egs. (3.52)
and (3.53), assume the existence of the coordinate system {y“} on S, common to M~ and M*.

The result in Theorem 3.1, generalizes the Israel-Darmois junction conditions [68, 69] for the smooth
junction of Lorentzian manifolds in the presence of torsion. This results, as we will see in Chapter 6, will
greatly influence the allowed solutions for compact objects matched with a vacuum exterior.

3.6 Conclusions and further discussion

From the Frobenius’ theorem we found necessary and sufficient conditions for a Lorentzian manifold endowed
with a metric compatible, affine connection to admit the existence of a congruence of curves orthogonal to
hypersurfaces. Then, we studied how the geometric structure of the higher dimensional manifold induces a
structure on a sub-manifold, namely, the first and second fundamental forms and the induced torsion tensor
field, completely characterizing the sub-manifold’s intrinsic structure and how it is embedded in the ambient
higher dimensional space. From these, it was found that the presence of the torsion field markedly influences
the geometry of the sub-manifold: the second fundamental form is no longer required to be represented by a
symmetric tensor. Moreover, it was found that the presence of torsion breaks the equality between the trace of
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the extrinsic curvature and the expansion of the congruence to which the sub-manifold is orthogonal to. This
result highlights that both the second fundamental form and the torsion tensor field are needed to characterize
how the sub-manifold is embedded in the ambient manifold.

Studying the relation between the intrinsic geometry of the sub-manifold and the way it is embedded in
the higher dimensional manifold, we found the fundamental relations describing how the intrinsic Riemann
tensor, extrinsic curvature and induced torsion of a sub-manifold are related with the Riemann curvature of the
embedding space, forming the generalized Gauss-Codazzi-Ricci embedding equations for Lorentzian manifolds
with non-null torsion. It was also found that the presence of the torsion field leads to an extra equation for the
remaining components of the Riemann tensor.

Here we would like to bring attention to the fact that some authors (cf. Ref. [73]) claim that the require-
ment that the higher dimensional manifold must admit the existence of hypersurface orthogonal congruences
is superfluous, so that, for manifolds where this is not verified it is still possible to study the induced geomet-
rical structure on the orthogonal spaces and define the Gauss-Codazzi equations, pointwise. We will actively
refute such possibility: to induce a geometrical structure on a sub-space, this space must be, in particular, a
differential manifold otherwise, we can not define the notion of induced covariant derivatives in a neighborhood
of a point, in particular there is no guarantee that a linear connection exists.

We studied how two Lorentzian manifolds endowed with a metric compatible, affine connection can be
smoothly matched at a common boundary, finding a set of conditions for the smooth junction of two manifolds,
generalizing the Israel-Darmois junction conditions [68-70] in the presence of torsion. On this note, the
requirement that a smooth junction of two manifolds must imply that the discontinuities of the curvature tensor
across the matching hypersurface have to be at most finite needs to be further explained. In the literature [71,
72] the matching of two manifolds with non-null torsion had already been studied, either in the context of the
ECSK theory or other f (R) theories of gravitation. These earlier results investigated the matching conditions
by requiring that the field equations of the considered theories remained valid at the matching surface, so
that the resulting manifold, was a solution of the theory, leading to a set of constrains. These conditions,
though, contrary to the case of null torsion [70], are not enough to guarantee that the singular parts of the
Riemann tensor, Egs. (3.43) and (3.44), vanish. One might, nonetheless, argue that since the field equations
are well defined, the remaining singular parts of the Riemann tensor would not influence the solution; this,
however, is not the case. As is clearly shown in the 1+3 structure equations derived in Chapter 2, the presence
of the torsion field unavoidably changes the geometry of the manifold, in particular, the components of the
Weyl tensor. These, on the other hand, are non-linearly related with all the other variables that characterize
the geometry and the matter fields that permeate the manifold. If we do not restrict the singular part of the
Riemann tensor to be null for a smooth junction, some components of the Weyl tensor will diverge at the
matching surface, affecting the whole set of equations and the smoothness of the solution at the matching.
As we will see in Chapter 6, although the Weyl tensor does not appear directly in the field equations, it will

appear in the continuity equations for the stress-energy tensor, hence its influence on the matter fields.
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Chapter 4

Singularity Theorems

4.1 Introduction

The existence and genericity of space-time singularities has been an issue of great debate since the early years
of the theory of General Relativity, when these were thought to be a problem of some idealized and highly
symmetric solutions of the Einstein field equations, and more realistic models were supposed to overcome
such problems [74]. This debate propelled Raychaudhuri [11] and, independently, Komar [12], to study the
nature of singularities and their relation to the space-time symmetries. In his seminal work [11], studying the
kinematics of a fluid in the context of GR, Raychaudhuri derived an equation for the evolution of the expansion
of time-like geodesic congruences. Applying this equation to a model with a particular physical source, he
provided the first evidence that the occurrence of singularities was not a direct consequence of the imposed
symmetries (see e.g. Ref. [53] for a review).

It was not until a decade later that the results derived by Penrose [13], and later extended by Hawking [14-
16], established that under more general physical conditions, the formation of space-time singularities was
inevitable. Relying on the Raychaudhuri equation, and imposing some rather general constraints on the space-
time geometry, it was possible to establish sufficient conditions for a congruence of geodesics to focus on a
point, usually referred as a focal point of the congruence (also called caustic!). Using the property that
geodesics are extremal curves of the space-time interval, Penrose then related the formation of a focal point to
the occurrence of a space-time singularity, in the sense that the geodesics of the congruence were inextensible
beyond that point.

After the initial works of Hawking and Penrose, many extensions and reformulations to their singularity
theorems have been made (see e.g. Refs. [53, 74] for a review in the context of space-times without torsion).
In particular, there has been a growing interest in studying whether the inclusion of the torsion tensor field
could prevent the formation of singularities [25-28]. This led to the formulation of singularity theorems for

1We will make no distinction between focal or conjugate points, see e.g. Ref. [53] for the precise definitions.
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space-times with torsion [21, 75]. Indeed, using the incompleteness of time-like metric geodesics to probe the
regularity of space-times in the ECSK theory of gravitation, Hehl et al. [29] found that the original Hawking-
Penrose singularity theorems were equally valid in that theory, with the correction that the matter constraints
had to be imposed on a modified stress-energy tensor. More recently, another approach was proposed by
Cembranos et al. [76] where the occurrence of singularities was related with the existence of horizons, al-
lowing the formulation of singularity theorems of Hawking-Penrose type for non-geodesic curves for particular
Teleparallel and ECSK theories of gravitation.

In this chapter we will consider the more general setting of affine theories of gravitation with non-null
torsion field. Using the results of the previous chapters, we will study what are the necessary conditions for
focal points of a congruence of curves, not necessarily geodesics, to occur; in particular, what are the effects
of the presence of torsion in the focusing of the congruence. Although a necessary step towards the proof of
singularity theorems, those focusing results are not sufficient to prove singularity formation on a Lorentzian
manifold, in general. In order to do so, we shall analyze the energy conservation equation for a general affine
theory of gravitation. This is especially relevant in the cases of non-metric geodesic curves since, in such
cases, one can not rely on the length extremality property of the curves. So, we will consider separately the
cases of metric geodesics and accelerated curves. For the latter, we will first consider two cases of physically
motivated stress-energy tensors: perfect fluids with particular equations of state and scalar fields. In each
case, we derive a generalized Raychaudhuri-Komar singularity theorem, applicable to a wide class of affine
theories of gravitation, without imposing any further symmetries on the manifold. Finally, we will consider
the particular case of the ECSK theory, allowing us to extend our results to perfect fluids with a cosmological
constant and without restrictions on the equation of state.

4.2 Curve focusing in Lorentzian manifolds with torsion

In this section, we will study necessary conditions for the formation of a focal point of an hypersurface or-
thogonal congruence, developing in the process new focus theorems for Lorentzian manifolds endowed with
a metric compatible, affine connection. In order to do so, we will make use of the results in Section 3.2,
where the necessary and sufficient conditions for a congruence of curves to admit the existence of orthogonal
hypersurfaces were found. Those results are rather general, being valid for any type of curve, namely space-
like, time-like or null, even for curves non-affinely parameterized, however, to use those results to study the
formation of focal points, we have to specify the type of curve that is being considered. Then, we will treat
separately the cases of time-like and null congruences.
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4.2.1 Focusing of time-like congruences

Consider a congruence of time-like curves with tangent vector field « with acceleration a with components
a’ = u*Vaul. (4.1)
Without loss of generality, we will assume u to be affinely parameterized, i.e.,

u®u, = —1,
(4.2)

ua” =0.

Given the definitions of the expansion, shear and vorticity tensors of a congruence, Eq. (2.36), for the case of
a time-like tangent vector field u, we have

0=V, u’" +2S,," "u’, (4.3)
Oag = hﬂ(a hﬁ) v (Vuu,, + QSU“VUU) , (4.4)
Was = hu[ahﬁ] v (VHUV + 2SUW,UU) s (45)

where h,g is the projector operator onto the orthogonal space, at each point, to u, Eq. (2.38). Then, we can
show:

Lemma 4.1. Given an affinely parametrized congruence of time-like curves in a Lorentzian manifold with
torsion (M, g, S), a necessary and sufficient condition for the congruence to be hypersurface orthogonal is
that the vorticity tensor is given by

Wag = Wiag + Sag (4.6)

where W3 and S, are defined in (2.44).

Proof. First, by using Egs. (2.43) and (2.44), we find that Eq. (4.6) is equivalent to
Wap — 2u"h” (o hg)? Spe + W ohY gu’Sye = 0. (4.7)

To show that Eq. (4.7) is a necessary and sufficient condition for the congruence to admit orthogonal hypersur-
faces, it suffices to prove that this equation is equivalent to Eq. (3.2) for dimensions N > 2and N —m = 1.
In fact, contracting Eq. (3.2) with hauhﬁ,, and using Eqg. (4.5), we recover Eq. (4.7). On the other hand,
substituting Eq. (2.38) in Eq. (4.5) and using Eq. (4.7) we find Eq. (3.2). L]

Gathering the previous results, we are in position to prove a generalized focus theorem for time-like curves
in manifolds with torsion:
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Theorem 4.1. Let (M, g, S) be a Lorentzian manifold with dimension N > 2 endowed with a torsion tensor
field S such that Wiy = 0. Given a congruence of hypersurface orthogonal time-like curves in (M,q,S),
let c represent an affinely parametrized fiducial curve of the congruence, with tangent vector field u. A focal
point of the congruence will form for a finite value of the affine parameter if the following three conditions are
satisfied:

(i) Ata point along c, the expansion of the congruence is negative;
(i) Raguu? > (Wiag) + Sag) S,
(i) Vaa® + Xoa™ <0,
where Rz Is the Ricci tensor.

Proof. Using Eq. (4.6), for an hypersurface orthogonal, time-like congruence, the Raychaudhuri equa-
tion (2.56) can be written as?

do . 1
e =0= —Raﬁuauﬁ - (N——GQ + 0a50a6> + (W[ag] + Sag) Seb 4
(4.8)
ha .
+ WP (N 519 + Uaﬂ) + Vaa® + Wo® + Xpa®,
where 7 is an affine parameter. Assuming W ,3) = 0, Eq. (4.8) then reduces to
. 1
0= —Raﬁuauﬁ — <m92 + Jagao‘5> + (W[ag] + Sag) S 4+ V0% + Xa®. (4.9)
Since o, is orthogonal to u, we have aaﬁaaﬁ > 0, therefore, under the conditions of the theorem,
do 62
e 4.10
dr — N-1’ (4.10)
which upon integration implies
1 T 1
+ = (4.11)

>
6 (7') - N — 1 60 ’
where 6, is an initial value for 8. Hence, assuming the existence of a point along ¢ where 6, < 0, for a value
T < (N —1)/[6

, then 8 — —o0, i.e., a focal point of the congruence will form. L]

Two important particular cases for space-times with torsion that are widely used in the physics literature
and verify the conditions in Theorem 4.1 are models where: the torsion tensor is of the form S,z = S gu”

2For reasons explained in Section 2.4, in the derivation of Eq. (4.8) we assumed the space-time to be of dimension 4, nonetheless, that result is easily extendable
to manifolds with dimension N > 2. For further details see Refs. [59, 77].
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(see e.g. Refs. [25-29, 78-80]); the torsion tensor is completely anti-symmetric S,5, = S[ag0], Such that,
X =0and W,3 = W5 = —25,4 (see e.g. Refs. [33, 81, 82]).

To close this section, we make a few comments about the constraints on the torsion tensor in the above
theorem. In the presence of a general torsion field, the Raychaudhuri equation has a very different functional
form when compared to the case of a manifold without torsion. This added complexity makes it very difficult
to infer the sign of the term with W (%) in Eq. (4.8) without knowing, ab initio, the quantities # and Oap-
Therefore, in the case when 17/ (@) = ( it does not seem possible to make a general statement regarding the
formation of a focal point taking into account only the Raychaudhuri equation.

4.2.2 Focusing of null congruences

We now consider the case of a congruence of null curves. In this subsection, we will consider that the manifold
is of dimension N > 3, moreover, to avoid confusion with the previous case, we will represent the tangent
vector field to the curves of the congruence by k. Assuming the curves of the congruence to be to be affinely

parameterized, we have

k“k, =0,
Vk® = 0 (4.12)
kow® = 0.

We will follow a similar procedure to the previous section, however, instead of using the 1 + 3 formalism,
we shall use a 2 + 2 type decomposition adapted to /N-dimensional manifolds. To do so, we will have to
find the proper projector to the subspace orthogonal to the tangent vector k. Since k is null, it is orthogonal
to itself, therefore, the object in Eqg. (2.38) does not meet the requirements for such projector. Let us then
consider an auxiliary vector field &, with the following properties

“ a — 07
s (4.13)
&%, = —1.
Then, we can define the following tensor
hag = gap + kals + Eaks , (4.14)
such that R
hapk® =0,
];Ja “=0,
fant z (4.15)
haph®" = hﬁ ,
hagh®® = N —2,
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where ila/j represents the projector onto the NV — 2 subspace orthogonal to both k& and &.
Substituting Eq. (4.14) in Eq. (2.36) we find the following expressions for the kinematical quantities of the
congruence associated with &, defined on the NV — 2 subspace, orthogonal to both k and £ at each point:

0 = Vok® — 250, k7 — 2678, kK" + Ew, (4.16)
Tap = Wb gy (V ks + 2S5, k) (4.17)
Wap = Do hg” (V,ky + 2S,,,k7) . (4.18)

Using the results in Section 3.2, we can now obtain necessary and sufficient conditions for the congruence
associated with £ to be hypersurface orthogonal:

Lemma 4.2. Given an affinely parametrized congruence of null curves in a Lorentzian manifold (M, g, S),
of dimension N > 3, a necessary and sufficient condition for the congruence to be hypersurface orthogonal
is that the vorticity tensor is characterized by

Wap = 20" 10 h )" Sopk” — R oY Sk . (4.19)

Proof. As before, we give a proof sketch without including all the algebraic manipulations. In the considered
case, Eq. (3.2) reads

Viakg) + Sas’ky = ko (X1>ﬁ] +¢a (Xz)g] ’ (4.20)

where y1 and - are arbitrary 1-forms. Contracting Eq. (4.20) with ﬁuaﬁ,ﬁ and using the properties (4.15)
and Eq. (4.18), it is straightforward to find Eq. (4.19). On the other hand, starting from Eq. (4.19), using
Egs. (4.14) and (4.18) we recover (4.20). This then shows that Eq. (4.19) is equivalent to Eq. (4.20). O]

Let us now write the Raychaudhuri equation for the congruence associated with &, valid on the N — 2
subspace, orthogonal to both £ and £. Assuming, without loss of generality, that the congruence of curves
associated with £ are affinely parameterized by a parameter A, we have [59, 83-85]

do

1

h e
+ 25,0 k" (Nﬂ_ 50+ 05"+ W“) +2K7V, (S,h°) + Vaw”+ (4.21)

+ KV, (£%wq) + E9€Pwaws + 26°wV okg + 255, kP EPw
+ 27V, (S o KPETEY) 4 28005k kP EV K7 .
For a completely general torsion tensor field and & vector field, there seems to be no relevant way to constraint

Eq. (4.21) in order to infer the behavior of the expansion of the congruence associated with £. On the other
hand, one could argue, on physical grounds, that Eq. (4.21) is only useful if £ describes the paths of physical
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particles, hence, £ must be tangent to metric geodesics (cf. Refs. [21, 86]), i.e., kavg’)kﬁ = 0, where
V&g) represents the Levi-Civita connection. From the definition of w®, Eq. (4.12), such choice requires w® =
25%,,k7k7. In the literature (see e.g. Refs. [82, 84]), there has also been interest in the case where
k*V kP = 0, which implies w® = 0. Unfortunately, in both cases, for our purposes, Eq. (4.21) still contains
terms that can only be evaluated if we have full knowledge of the evolution of the metric and torsion tensors®.
Therefore, for a completely general torsion tensor field, there seems to be no mathematically interesting way
to construct a useful focus theorem based only on the Raychaudhuri equation. Notice that, although the
auxiliary vector & is not completely determined by Eq. (4.13), we do not have enough freedom to remove all
the problematic terms (whose signs we are not able to constraint ab initio). Moreover, requiring hypersurface
orthogonality of the congruence associated with & (which we haven't done yet in this subsection) does not
solve this problem.

Based on the discussion in previous paragraph, in the remaining of this section, we will consider the case
when the torsion tensor field is completely anti-symmetric and the “acceleration” w is zero:

Suge = Siapo) and w =0, (4.22)

These assumptions allow us to describe both the cases k*V ,k” = 0 and kavg’)kﬁ = ( at once. We have

then the following result:

Theorem 4.2. Let (M, g, S) be a Lorentzian manifold of dimension N > 3 endowed with a totally anti-
symmetric torsion tensor field S. Given a congruence of hypersurface orthogonal null curves in (M, g, .S),
let ¢ represent the fiducial curve of the congruence, with tangent vector field k such that Vi .k = 0. A focal
point of the congruence will form, for a finite value of the parameter of c, if the following two conditions are
satisfied:

(i) Ata point along c, the expansion of the congruence becomes negative;
(i) Rapk®k? 4 2S545,5%"kFk, > 0.

Proof. Assuming, without loss of generality, that the fiducial curve is affinely parameterized by a parameter
A, given the premises of the theorem, the generalized Raychaudhuri equation (4.21) can be written as

do 1
- apf _ 9 abvppr |~ p2 af ) 4.2
Y Ropgk®k SapuS T k! E, (N — 29 + Oapo ) (4.23)

Repeating the reasoning of the proof of Theorem 4.1 we find

1 Ao
> 1 4.24
AN - N—2 "8 4.24)

3Consider, for instance, the last terms in Eq. (4.21) such as EVV 4k and EYV,£°.
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where 6 is the initial value of 6. Hence, assuming the existence of a point along ¢ where 6, < 0, for a value
A < (N —2) /|6], then § — —ox0, i.e., a focal point of the congruence will form for a finite value of \. [

4.3 Singularity theorems in affine theories of gravity

The previous results concerned the formation of focal points of congruences of curves on Lorentzian manifolds.
Nonetheless, the existence of such points does not necessarily imply the formation of singularities. In order to
prove the existence of a singularity on the manifold, the formation of a focal point needs to be related to some
kind of incompleteness of the manifold structure. To approach this problem there has been, at least, two lines
of works (cf., e.g., Ref. [53]), in the sense that the occurrence of a focal point has been related either to the
incompleteness of causal curves or, given a physical theory of gravitation, to the lack of regularity of some
physical scalar invariant such as the energy density. In the former approach, metric geodesics are natural
curves to consider from the geometric point of view, as they are curves of extremal length according to the
metric tensor g. On the other hand, if one considers non-geodesic curves, it can be more feasible to follow
the latter approach.

4.3.1 Geodesic curves

In Section 4.2, for the case of null congruences we considered that the torsion tensor field was totally anti-
symmetric and the tangent vector field verified V& = 0. In such case, the integral curves of the null vector &
are metric geodesics, therefore, the results of the singularity theorems of Hawking and Penrose can be applied,
assuming instead the conditions of Theorem 4.2. In fact, the argument also holds for time-like geodesics®.

We summarize these observations as:

Lemma 4.3. Given a congruence of time-like (resp. null) metric geodesics in (M, g, S), if the conditions of

Theorem 4.1 (resp. Theorem 4.2) are verified, then the geodesics of the congruence are incomplete.

The results of Lemma 4.3 imply, in particular, that the presence of torsion modifies the so-called strong
energy condition of General Relativity, by including the explicit contribution of torsion in conditions 2 of The-
orems 4.1 and 4.2. This observation was already behind the work of Trautman [25] (see also Ref. [26-29])
where it was found, in a particular model of the ECSK theory, that the presence of torsion could prevent the

formation of singularities due to the violation of the modified strong energy condition.

4This was first noticed in Ref. [29], in the context of the ECSK theory.
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4.3.2 Non-geodesic curves

An affine theory of gravity is characterized by field equations that relate the geometry of the manifold with the
matter fields that permeate it. In general, at least one set of these field equations can be written in the form

£ (g, S, T, other fields) = 0, (4.25)

where f is some functional, g represents the metric tensor, S the torsion tensor and 7 is a rank-2 tensor
constructed from the matter fields which we call the stress-energy tensor and whose divergence verifies

VT =0, (4.26)

for some vector field W. Let us address the other fields partin Eq. (4.25). Here, we are thinking of theories like,
for instance, scalartensor theories with a null torsion tensor field, where an extra scalar field non-minimally
coupled to the geometry is considered and appears directly in the field equations. In those theories, it is still
possible to write a metric stress-energy tensor for the matter fields so that, in the so-called Jordan frame,
Eq. (4.26) is verified for an identically null ¥ (cf., e.g., Ref. [87]).

Considering an affine theory of gravitation, we use the following definition:®

Definition 4.1. A space-time (M, g,.S) is said to be physically singular if there exists at least one frame
(i.e., an observer) for which the stress-energy tensor 7 is not well defined in (M, g, S), for any coordinate
system.

We remark that, classically, a stress-energy tensor consists of a rank-2 tensor with real entries. So, if
independently of the coordinate system, some components of 7 either diverge or take complex values, this
would correspond to a non-admissible physical object, in the sense that an observer is no longer able to make
predictions using that physical theory.

Now, large classes of physical particles follow accelerated time-like curves and the effects of the accel-
eration might not be negligible in the extreme gravitational field regime. From a physical point of view, a
congruence of curves represents the paths of matter particles, as such, a focal point of a congruence rep-
resents the focusing of a matter field. It is then natural to connect the formation of a focal point with the
stress-energy tensor that characterizes the matter fluid that permeates the space-time. A prototype of this
idea was first used by Raychaudhuri [11] and, independently, by Komar [12], and later formalized by Sen-
ovilla [53] for the case of congruences of time-like geodesics in torsionless space-times, in the context of the
theory of General Relativity. Here, we extend the results of Ref. [53] to time-like congruences in space-times
endowed with a metric compatible, affine connection, in the context of affine theories of gravitation.

Using the results in Eq. (2.50), for a congruence of time-like curves with tangent vector u, we can decom-

51n his review [53], Senovilla calls matter singularity to a singularity in the energy density term of the stress-energy tensor.
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pose T as
7:15 = puUsup +p hocﬁ + q1aUg + Uaq2p + Tap + 5aﬁvm'y ) (427)

where the components are given in Eq. (2.51). Before proceeding, notice that the components in Eq. (4.27) are
defined covariantly such that, if it is found that some component is not defined at some point of the manifold,
this indeed means that an observer co-moving with the fiducial curve of the congruence is unable to define a
stress-energy tensor (in contrast with just an ill choice of coordinates).

Now, given Definition 4.1, we obtain the following result:

Theorem 4.3. Consider a space-time (M, g, S) in the context of any affine theory of gravitation satisfying
the conditions of Theorem 4.1, the conservation of energy UQVB%’B = 0 and containing either

1. Afluid with Top = puaus+p hag andp = ku?, where k € RS, v € R\ {0} and, at some instant,
T = 7o, 0(70) < 0 and p(ro) > 0,

2. Ascalar field with Tog = (Vath) (Vb)) — 2905 (V1) (VF) — gagV (1), admitting level sur-
faces, such that its gradient V .1 is time-like,

then, the space-time will become physically singular at, or before, the formation of a focal point.

Corollary 4.1. In case 1, if the fluid has v > 1, then the space-time becomes physically singular before the
formation of a focal point.

Corollary 4.2. Theorem 4.3 applies, in particular, to any minimally coupled affine theory of gravity without
torsion, to scalar-tensor theories written in the Jordan frame in manifolds without torsion and to the ECSK
theory for a torsion given by Sap, = Saptiy + U X gty

Proof. From Eq. (2.70) and setting W, 5 = 0, u"‘VﬁTaﬁ = 0 can be written as

40 (4 p) + 7005 — e mowas + ¢aa + Vags =0, (4.28)

where 0, 0,5 and w, s are given by Egs. (4.3) - (4.5) and [ := u*V .
Case 1:

Considering the particular case of a fluid characterized by a stress-energy tensor whose non-zero compo-
nents in the decomposition (4.27) are i and p, then Eq. (4.28) reduces to

i+60(u+p) =0. (4.29)
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Assuming p = ku?, with k € R and v € R\ {0}, we may integrate Eq. (4.29) along the fiducial curve of
the congruence, ¢, to find
k| = ol e Iy G(t)dt, fory =1,

1- —(1—y) [T 6(t)dt (4.30)
T A R = (o T E) e I T fory #£ 1,

where 7 is an affine parameterization of ¢, u = p (¢ (7)) and o = u (¢ (1)),
Assuming that the conditions of the focus Theorem 4.1 are verified, depending on the values of -y, we get
different types of behavior. If v < 1, taking the limit of Eq. (4.30), we find

lim |p| = 400, fory <1, (4.31)

’7'—>7'f

i.e., the space-time becomes physically singular at the formation of the focal point. On the other hand, if

~ > 1 and assuming 1o > 0, from Eq. (4.30) we find that 1.}~ is a strictly decreasing function and

lim —
T—Tq ,U’y

- =0, (4.32)
for some 7, < 7. So, before the formation of a focal point we have that . will diverge, hence, the space-time
becomes physically singular. This proves part 1 of the theorem.
Case 2:

Consider now a real scalar field v characterized by a stress-energy tensor of the form

Tos = (V) (Vi) = 5003 (V) (V") = gasV () (4.3

where V(1)) represents a potential functional. Using the definitions in (2.51) and defining w = u*V ), we
find

o1
p=1" 45 (Vi) (V) +V (¥) (4.34)
1 N -2 N
e e R YRy (Vi) (V) = 5V (¥) (4.35)
Go = (la = (2o = —a (V) ¥, (4.36)
ha ”
Tag = | W ahs)” = 377" | (V) (Vo) (4.37)
me =0, (4.38)

Let us now impose that the scalar field admits level surfaces such that its gradient, V1), is time-like. Since
the choice of u is arbitrary, we can impose without loss of generality that u® is given by V%, so that,
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hﬂavﬁw = 0. This, then, implies that the quantities g, and 7, are identically null. Moreover,

1. 1
p=s0+ V@) =5+V(©), (4.39)
1. 1
p:§w2—V(¢):§—V(w), (4.40)
where the last equalities follow from setting u“ := V¢ and u“u, = —1.

From Eq. (4.29), and integrating along the fiducial curve of the congruence, ¢, we find

/ Odt
70

where 7 is an affine parameterization of ¢. Assuming that the premises of the focus Theorem 4.1 are verified,

p(7) = p(70) + ; (4.41)

the function 6 will diverge to negative infinite when 7 goes to some finite value 7;. Then

lim p = +o0, (4.42)
T—)ij
that is, the space-time becomes physically singular at 7 = 7. L]

4.3.3 Singularities in the Einstein-Cartan-Sciama-Kibble theory

Theorem 4.3, relating a focal point to the formation of a singularity is rather general in the sense that it is
applicable to a wide class of theories of gravity. However, we had to specify the particular equation of state,
either for a perfect fluid or a scalar field, in order to draw those results. One reason for this is that we have just
used a general conservation law for 7 and did not use the field equations of a particular theory of gravitation.
Indeed, the field equations could enable us to directly relate the geometric conditions in the focus Theorem 4.1
with constraints on the matter fields.

In this section, we will show that provided a geometric theory of gravitation, it is possible to extend the
results of Theorem 4.3 for perfect fluids without the need to impose an equation of state. In particular, we will
consider the ECSK theory [22-24] defined in a Lorentzian manifold of dimension N = 4, characterized by

the following field equations

1
Rag — §ga5R + Gop A= 87T7‘a5 , (4.43)

SePr 4 oge SRl 1 — 8T NPT (4.44)

where 7,z represents the canonical stress-energy tensor, A*PH the intrinsic hypermomentum and A the
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cosmological constant. Moreover, the matter fields are constrained by the conservation laws [88]

1

8

1
ViTo? = 280 T — ESW“A + — (SR = S" Rooy) (4.45)

found from the field equations and the second Bianchi identity, Eq. (2.13). Using Eq. (4.44) we can introduce

the intrinsic hypermomentum tensor in the above conservation laws and recover the result in Ref. [21] (see

also Ref. [86, 89] for similar results derived in the context of Poincaré gauge gravity theories [90-93]).
Computing the component uaVﬂ;ﬂ, we find

i+ (0= W) (4 p) + ¢t + Vads + 7 (0as = Wag)) + m™ (wpa — Wisa))
1

8

(4.46)

1
- —Ua {QSQ#VTV'LL - ESQ‘U/'LLA + (SayuR - SHVURO(O’/J,I/)} .

Now, from Eq. (4.46), it is easy to verify that for a generic torsion tensor field we will have on the RHS terms that
depend on the Weyl tensor, making it very difficult to infer, in general, the behavior of the relevant quantities
without actually solving the field equations®. Nevertheless, we are able to prove the following result:

Theorem 4.4. Consider a space-time (M, g, S) in the context of the Einstein-Cartan-Sciama-Kibble theory
of gravitation, satisfying the conditions of Theorem 4.1. The space-time will become physically singular at, or
before, the formation of a focal point, if the following three conditions are verified:

(i) the torsion tensor field can be written as Sog” = Sapt” + U Xgu?;

(i) the matter fluid is characterized by a canonical stress-energy tensor of the form Tog = pugug~+p hag,
and at some instant, T = 1y, 6(19) < 0 A pu(19) > 0;

(iii) the cosmological constant, A, verifies A + SagSaﬂ > 0.

Proof. We start by noting that, using condition (i), where the components S, and X, were defined in
Eq. (2.44), Eq. (4.46) reads

ﬂ + 0 (M + p) + Q?aa + QSXa + VQQS + Waﬁo-aﬂ + 5aﬂ’ym7w,8a =0 ) (447)

and using condition (i), this equation reduces simply to Eq. (4.29). Now, consider h as the induced metric on
each 3-hypersurface, orthogonal to u, with components A, in a local coordinate system. It is easy to show
that the definition (4.3) for the expansion scalar is equivalent to

1
0 =h®L,hy = ————0,+/det (h). 4.48
b= Jaet(n) v (h) (4.48)

6This is also the case, even if we consider a torsion tensor field where W(a[;) =0, as in Theorem 4.1.
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Defining L := < det (h)) ’ along the integral curve of u, we can rewrite Eq. (4.29) as

d
— (L) + L (n+3p) = 0. (4.49)
dL
The second condition in Theorem 4.1, Ra/guauﬂ > (W{am + Sa/,)) S8 in the considered ECSK setup,
implies

A (3p+ p) — A > SopS™?. (4.50)

Integrating Eq. (4.49) along the integral curve of u yields

(nL?)],, L Lo

=7 4 — [ dl 4.51
H 12 2/, (1 +3p)dl, ( )

where 7 represents the value of the affine parameter of the integral curve of u, defined sothat L (79) = Lo >
0. Taking the limit when L — 0, i.e., at the formation of a focal point, and assumingA+Sa55a5 > 0 then,
from Eq. (4.50), we find that the second term in the previous equation is positive therefore, it — +o00. [

4.4 Conclusions and further discussion

The results in this chapter show how the presence of torsion affects the formation of focal points of a congru-
ence of curves on a Lorentzian manifold. In particular, we found how the torsion field explicitly appears in the
conditions of the focus theorems which, in turn, can be used to study singularity formation. It is important
to highlight that in the derivation of the focus theorems we used the definitions of the kinematical quantities
as defined in Eqgs. (2.30) and (2.36). As we showed, these quantities correctly describe the geometrical —
hence, physical — kinematical behavior of a congruence of curves [59, 83-85]. Therefore, if it is found that
the expansion scalar 8 diverges to minus infinity at some point of the manifold, this indeed represents the
formation of a caustic of the congruence. Some authors [63, 94] choose to use different definitions for the
kinematical quantities, assuming the same expression for the deviation tensor B, Eq. (2.29), as for torsionless
space-times. These quantities, though, do not have a geometrical meaning, therefore, for a general torsion
tensor field, they can not be used by themselves to assert the dynamical behavior of the congruence.

Using the newly derived focus theorems, we extended the Raychaudhuri-Komar singularity theorem for a
wide class of affine theories of gravitation in space-times endowed with a metric compatible, affine connection.
Moreover, we discussed both the cases of metric geodesics and accelerated curves. This is an important
point from the physical point of view. Take, for instance, the somewhat simpler case of the theory of General
Relativity. In that case, single-pole massive particles will follow geodesics of the space-time [95, 96]. However,
this is only verified if no gravitational radiation due to the particle’s motion is taken into consideration [96, 97].
Moreover, not only gravitational radiation will spoil the geodesic motion of single-pole particles but also charged
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particles in curved space-times will be accelerated, as described by the deWitt-Brehme-Hobbs equation [98,
99]. Regarding the motion of massive particles in a space-time with non-vanishing torsion, the situation is
even more complex. As shown in Refs. [86, 89], for an affine theory of gravitation minimally coupled to the
matter fields, only single-pole massive particles with null intrinsic hypermomentum will follow geodesics of the
space-time. However, this result was found by assuming that no radiation is emitted. It is then expected that,
analogously to the case of space-times with null torsion, self-force effects will give rise to non-zero acceleration.
The results in this chapter address these cases by showing how the presence of acceleration and torsion affects
the formation of focal points of a congruence and space-time singularities.
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Chapter 5

Influence of intrinsic spin in the formation of
singularities for inhomogeneous effective
dust space-times

5.1 Introduction

In Chapter 4 we studied how the presence of the torsion tensor field and acceleration affects the formation
of singularities by extending the Raychaudhuri-Komar singularity theorem to a wide class of affine theories of
gravitation. Albeit the generality of Theorems 4.3 and 4.4, providing sufficient conditions for the formation of
singularities, if the premises of the theorems are not verified we can not predict, in general, the evolution of a
physical system undergoing gravitational collapse without actually solving the field equations of a given theory.
Trying to find necessary conditions for the formation of singularities due to gravitational collapse is, however, a
very different problem: not only different geometric theories of gravitation are characterized by distinct relations
between the matter sources and the geometry of the space-time, leading, ultimately, to distinct descriptions
of gravitational collapse [100-111]; but also, the matter models that describe the matter source may play a
pivotal role in the evolution of the system [112-116].

In this chapter we will focus on the study of the gravitational collapse of a perfect fluid composed of
fermionic particles with non-null intrinsic spin in the ECSK theory [23, 24]. As explained in Chapter 1, the
formalism provided by the Einstein-Cartan theory makes it possible to introduce intrinsic spin degrees of
freedom in a geometric theory of gravitation by relating the torsion tensor field with the intrinsic spin of matter.
This model is specially interesting because it encapsulates quantum corrections in a semi-classical limit [21,
117-119], providing a way to infer if quantum effects may avoid the formation of singularities. Indeed, in the
framework of loop quantum gravity, it was found that for a universe permeated by a scalar field, quantum
corrections modify the classical Friedmann equation and a cosmological singularity can be avoided [120,
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121]. Moreover, some interesting but somewhat forgotten results from the 1970s [25-28] suggest that the
introduction of spin in spatially homogeneous anisotropic models may prevent the formation of singularities,
depending on the degree of isotropy of the collapsing space-time. More recently, the collapse process of a
spatially homogeneous and isotropic spin fluid has been studied in [78], where it was shown that there exists
a competition between fluid and spin source parameters, so that the collapse end state is determined via the
dynamics of these source terms and both singular and non-singular solutions could be obtained. Moreover, the
effects of spin have been shown to come into play in the cosmological context, where the torsion of the space-
time generated by the intrinsic spin of fermionic particles induces gravitational repulsion in the early universe,
where extremely high densities are present, possibly avoiding the formation of space-time singularities [122].

Nonetheless, spatially homogeneous and isotropic models represent extremely idealized scenarios. It
would then be interesting to explore this debate further by considering inhomogeneous and anisotropic space-
times and study how the symmetries of the space-time affect the evolution of gravitational collapse. Indeed,
with the inclusion of intrinsic spin degrees of freedom, the situation can be more subtle: the effects of spin
contribute, in a way, as a repulsive potential, therefore, collapsing solutions might not even exist for inhomo-
geneous space-times. Furthermore, even if some form of the energy conditions — arising from Theorem 4.4 —
is verified, singularities may not be the end result of gravitational collapse. In this and the following chapters
we will consider that the space-time manifold is of dimension 4.

5.2 Inclusion of spin effects in General Relativity

5.2.1 The Einstein-Cartan-Sciama-Kibble theory in brief

To include the spin effects in the theory of General Relativity we shall follow the semi-classical approach
provided by ECSK theory and relate the spin of the matter fields with the space-time torsion tensor field. So,
let us briefly review the theory and see how spin effects can be included in GR.

We start by recalling some of the expressions of Chapter 2. In the case of a manifold endowed with a

metric compatible, affine connection, the covariant derivative of a vector field w is given by
Vo = 0u° +CP (5.1)

where the connection Cgﬁ can be written as a combination of the torsion tensor S, 37, Eq. (2.2), plus the
usual metric Christoffel symbols Flﬁ, Eq. (2.4), that is

where the tensor field,
Kaﬂ 7= Sag’y + S’Yaﬂ - Sg’ya s (53)
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is called contorsion tensor, Eq. (2.5). From the definition (2.9),

Rap” = 05C, — 8aC5, + C5,C2, — CL,C5. (5.4)

o~ ay

and Eq. (5.2), we can write the Riemann tensor in terms of the metric Riemann tensor, with components

R+ and defined just in terms of the Christoffel symbols, and the contorsion tensor as
Ragy” = Rapy” +2V (s Koy + 2K(51o" Kjal,” (5.5)

where the square brackets denote anti-symmetrization in the indicated indexes and %a represents the co-
variant derivative of a tensor quantity using only the metric connection Fzéﬁ. Contracting Eq. (5.5) gives the
following expression for the Ricci tensor

Ry = Rony + 2V 3 K oy + 2K(515" Koy - (5.6)

Now, the field equations of the ECSK theory follow from the Einstein-Hilbert action®

1
A= 16_7T/w/—ggowRowdﬁll’—i-/\/_g»CMatterd4x:

(5.7)
1 ~
= ﬁ / V=g gcw {Ra’Y + KBUBKOWJ - KaaﬁKﬁ’YU} d4$ + / V=g Latter d4$,

where Lyaier represents the matter Lagrangian density and in the second equality we have omitted the total
derivative terms. Following the Palatini’s approach [123-126], where the action is varied independently with
respect to the space-time metric and the connection, we find two sets of field equations. Making the variation
of the action in Eqg. (5.7) with respect to the contorsion tensor we find

SO0k 4 2gHe SF = —gm APk (5.8)

where S, = 5,,“ and the quantity

1 6 (\/ _Q»CMatter)
afp
A \/__g (5Kﬂ5a , (5.9)

is usually called the intrinsic hypermomentum, as it encapsulates all the information of the microscopic struc-
ture of the matter that composes the fluid [127-129]. Notice that, in Eq. (5.8), the torsion tensor field is not
a dynamical field, in the sense that the LHS contains no derivatives of the torsion tensor and indeed appears
as a purely algebraic equation. As such, in vacuum, where the matter Lagrangian density Lyater is null, from

1In this chapter we assume a null cosmological constant.
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Eq. (5.8), we see that the torsion tensor is identically null so, all solutions of the ECSK theory in vacuum are
also solutions of the theory of General Relativity.
Varying the action in Eq. (5.7) with respect to the metric tensor yields the modified Einstein field equa-

tions [29] N
G — 45, K, — 29" K 105 K3,” + 20,8557+

1 (5.10)
+ ig,ul/KpmSK&pa - 45#81/ - gUngp,,Kwﬁ =8m ij,
where CNJW = }N%W — %gwfi represents the metric Einstein tensor, defined just using the metric connection,
and 5
Ty = GuvLivatier — 2 5;:?” : (5.11)

is the metric stress-energy tensor of the matter fluid®.

5.2.2 The Weyssenhoff fluid

To relate the torsion tensor field with the intrinsic spin of matter particles, we shall consider a perfect fluid
with non-null intrinsic spin degrees of freedom that permeates a region of the space-time. A description of
such fluid is given by the Weyssenhoff model [130]. Although the Weyssenhoff fluid was first proposed as a
phenomenological theory, a variational theory of an ideal spinning fluid has been developed in Refs. [131, 132]
providing a Lagrangian for the Weyssenhoff semi-classical spin fluid which can, in turn, be used to compute
the corresponding hypermomentum and stress-energy tensors through Egs. (5.9) and (5.11). It is then found
that the Weyssenhoff fluid is characterized by the following relation between the intrinsic hypermomentum
tensor and spin [131, 132]

AR = —iA‘“’uo‘, (5.12)

8

where u® is the fluid’s 4-velocity and A*” is the anti-symmetric spin density tensor which, in turn, verifies the
following constraint
Aaﬁuﬁ =0, (5.13)

known as the Frenkel condition [133, 134]. Substituting Eqgs. (5.12) and (5.13) in Eq. (5.8), we find that the

torsion tensor is related to the intrinsic spin of matter as

Sl — APyt (5.14)

2| this chapter we will use a different notation for the stress-energy tensor (cf. Eq. (4.43)). The reason is to avoid confusing the metric stress-energy tensor in
Eq. (5.11), with the canonical stress-energy tensor, Eq. (4.43). Nevertheless, the results in Section 4.3 are equally applicable, in particular Theorem 4.4.
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making it clear that, in this model, spin constitutes the effective source of the torsion field. Equations (5.13)
and (5.14) allow us then to rewrite Eq. (5.10) as

~ 1
G+ Ays APu,uy, + =g Ay A
7 B " 29u B (5.15)

— 20,07 = 81T, .

Now, the spin tensor A*” and the stress-energy tensor T}, that appear in Egs. (5.12) - (5.15) refer to
the spin, energy and momentum of microscopic particles. However, we are interested in studying the macro-
scopic behavior of an ideal spinning fluid. Therefore, to find the field equations that describe a macroscopic
gravitational field due to a Weyssenhoff fluid, we will compute a space-time average of the tensors A*” and
T,,, over an element of volume of the fluid, respectively (A*”) and (7},,).

Assuming that the spinning fluid is composed of microscopic particles with randomly oriented spin, we
get the averaged quantities [135]

(AM) =0, (5.16)

(AP A,p) = 327752, (5.17)
32

(ALAL) = 379 (G + uu,) 8%, (5.18)

where s? represents the average of the square of the spin density of the fluid. Moreover, from the Lagrangian
density given in Ref. [132] for a locally irrotational fluid, we find

3w 5 8

(T,) = — 3 pts” = ?gw,s2 + (1 +p) wutty + P Gy (5.19)

where o and p represent the energy density and pressure of the fluid, respectively. Substituting Egs. (5.16) -
(5.19) in the average version of Eq. (5.15) yields

G =81 [(n+p—475°) wou, + (p — 275°) g - (5.20)

Notice that the field equations in Eq. (5.20), for a zero-vorticity Weyssenhoff fluid in the ECSK theory, are
equivalent to those in GR for a perfect fluid with additional contributions from the spin to the energy density
and pressure. Therefore, at the level of the metric, a perfect fluid composed of particles with non-null intrinsic
spin in the ECSK theory can be, classically, described by the field equations of the theory of GR assuming that
the fluid is modeled by the effective stress-energy tensor

T = (fett + Pefr) Uyt + Peft G » (5.21)
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with
et = 4 — 27> and Def = P — 27S°, (5.22)

where we have omitted the angular brackets. Nevertheless, one should bear in mind that all matter related
quantities are to be considered as averages. Moreover, for the remaining of this chapter we will also omit the
tilde to indicate tensor quantities computed only using the symmetric part of the connection since, as was
shown, we can effectively treat the problem at hand using the field equations of the theory of General Relativity

for an effective stress-energy tensor.

5.2.3 The stress-energy tensor for effective uncharged spinning dust

We shall now restrict our attention to the case where the fluid’s pressure varies in such a way that it cancels
the contribution coming from spin effects, so that the whole fluid effectively behaves as dust, i.e.,

Peit = p — 278% =0, (5.23)

so that,
Ti = peguu”, (5.24)

where fue represents the effective energy density of the matter fluid.

Now, let us consider that the matter is composed of N species of uncharged fermionic particles with
mass m; and spin s; = +h/2 and assume that the interactions between the microscopic constituents of the
fluid are negligible. Clearly, the distribution of spin and mass are related to each other. The particle number

density for each species is given by [29]

1
. 2\ 2
n; = £ = <4Sz) , (5.25)

m; h?

where p; and sf represent, respectively, the averaged energy density and the average of the squared spin
density of a single species, such that

N
[iett = i — 2TS7 and Heft = Z [ieff - (5.26)
i1

Using Eq. (5.25) in Egs. (5.22) and (5.26) , we find that for each species

| 2
[ieft = i (1 — %) ; Dieff = Di — Z—Z ; (5.27)

% )
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where the total pressure of the perfect fluid is formally given by

N
et = ) Piet (5.28)
=1
and o2
ms:
fi; = — 5.29
a wh? (5.29)

represents a critical mass-density which sets a scale at which the spin effects have to be taken into account [29].
In the perfect fluid approximation, the various constituents of the matter are non-interacting. Therefore,
the total pressure of the fluid will be null if the various terms in Eq. (5.28) are null. Substituting Eq. (5.27) in

Eqg. (5.23), we find that the constituents of the fluid are characterized by an equation of state of the form

1
pi = — 3, (5.30)

Hi

that is, a polytrope of order 2.

5.3 Spin effects in the gravitational evolution

To study the influence of spin in singularity formation, we will analyze the evolution of an uncharged effective
dust fluid with non-null spin degrees of freedom composed only of fermionic particles.

When considering the case of the gravitational collapse of a compact object in astrophysics, we consider a
model of Oppenheimer-Snyder type [10] having a collapsing interior given by the Szekeres metric [136, 137],
which is inhomogeneous, matched to a vacuum exterior. Examples of such models were shown to exist in [101,
138-142]. Whereas, when considering a cosmological model, we shall assume that the coordinates in the
Szekeres metric are globally defined and that the universe can be either initially expanding or contracting. In
this case, part of the problem will be to figure out if, during evolution, there can be a bounce in the collapsing
phase or a turning point, followed by re-collapse, in the expanding phase.

The Szekeres space-time represents the solutions of the Einstein field equations (EFE) for a space-time
permeated by irrotational dust whose line element can be written in the form

ds? = —dr? + e P g2 4 Arrpa) (dp2 + dqz) , (5.31)

where « and 3 are C'*functions of the coordinates {7, r, p, ¢}. This metric has no Killing vectors, in gen-
eral [143]. Historically, the Szekeres models are split in two classes: one that generalizes the Lemaitre-Tolman-
Bondi (LTB) metric [6, 144, 145] and another that generalizes the Kantowski-Sachs (KS) metric [146]. We
shall treat them separately.
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5.3.1 Szekeres space-times: LTB-like

The LTB-like Szekeres models are characterized by a line element of the form [136, 137]

R’_R_E’)Z R2?
ds® = —dr? (—Ed2 — (dp* + dg¢* 5.32
s T+€+f(r> T+E2(p—|—q), (5.32)

where the prime indicates the derivative with respectto r, ¢ = {—1,0,1}, E = E (r,p,q) and f (r) are
arbitrary C%-functions such that f (r) + e > 0, while the function R = R (7, r) satisfies the Friedmann like

equation

2M (r)
R(r,r)’

with the overdot denoting the derivative with respect to the time coordinate 7 and M = M (r) is another

R2(r,r)=f(r) + (5.33)

arbitrary function.
Given the line element in Eq. (5.32) and Eq. (5.24) we find, from the EFE, the following relation between
the energy density of the effective dust source and the functions that describe the geometry of the space-time

EM' —3MFE'
8T et = 2 . 5.34
TH T TR (ER — RE) (534
This expression can be re-written as
r? F (r,p,q)
€ N = — 9 535
1) = R W (v 39
where .
r?F (r,p,q) = 1 (B (rp ) MY (r) = 3M (r) E' (rp,q)] (5.36)
and
W(r,r,p,q) = E(r,p,q) R (7,7) — R(7,7) E' (r,p,q) , (5.37)

so, f (r), M (r) and E (r,p, q) will be the free initial functions that characterize the space-time.

5.3.1.1 Regularity conditions and the influence of spin in singularity formation

Since we are interested in studying the influence of spin in the formation of curvature singularities, in addition
to the previous assumptions we shall consider some further requirements on the initial regularity of the space-

time:
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Assumption 5.1. At the initial time T = 19:
() R (7o, r) is an increasing function of the coordinate r.
(i) the space-time is non-singular.
(ili) for every triplet (r, p, q), we assume W (1o, 7, p, q) and pies (70,7, p, q) to be non-null.

Under these assumptions, we can set by convention
R (7o,7) =1 (5.38)

When it exists, it is also useful to introduce 7. () > 7, defined as the value of the time coordinate at which
the function R of the shell with coordinate r goes to zero.

Under our assumptions, from Egs. (5.35), and in the coordinate system defined by Eq. (5.38), it is straight-
forward to see that the function F' (r, p, ¢) must be finite and non-null. This leads us to conclude that a neces-
sary condition for the divergence of p (7, 7, p, q) for a given (r, p, q) is that either R (7,7) or W (7,7, p, q)
go to zero at some instant of time 7 > 7. The former is associated with a shell-focusing singularity, whereas
the latter represents the formation of a shell-crossing singularity [147].

Moreover, since the functions R (7, 7) and W (7, r, p, q) are continuous in the time coordinate 7 before
the formation of a singularity, for each triad (r, p, q), the effective energy density function pies (7,7, p, q) is
also a continuous function in the coordinate 7. We are then able to prove

Lemma 5.1. Under our assumptions, if in a continuous gravitational collapse there exists a curve T =
7s(r) > 7o such that for each (r,p,q) within the matter cloud either lim,_,. - R(T,7) = 0 or
IimT—)TS(T)_ W (7-7 D, Q) = 0 then, |im'r—>7'5(7”)_ Hett (7-7 D, q) = —00.

Proof. We split the proof in two parts:

1. First, we prove that for each triad (r,p,q), if either lim._, - R(r,r) — 0 or
lim-_. - W (7,7,p,q) — 0 for some instant 7, > 79, then we have that lim._,. .y~ piess (7,7, 0, q) —
+oo. As was discussed previously, a necessary condition for divergent pie is that either W (7,7, p, q) or
R (1, 7) go to zero at some instant 7 = 7. In Appendix B it is shown that if R is a real function, these condi-
tions are also sufficient for the divergence of pis, in particular, even in the case where lim_, - ,)- W — oo,
the limit lim,_,, - R*R’ — 0 is always verified, hence from (5.37) lim,_,, (- R*W — 0 and from
(5.35) lim- 7 ()~ ptett (T, 7, P, q) — F00, as F(r,p, q) is finite. Therefore, since F (r, p, q) takes finite
values, from Eq. (5.35), fixing (, p, q), ifeither lim_, .y~ R (7,7) — Oorlim _. - W (7,7,p,q) = 0
for some instant 7, > 7o, then we have lim._, .y~ ptef (7,7, p, q) — F00.

2. We now show that we can only have i (T, 7, p, ) — —oc. For a dust spacetime composed only of
fermions, the effective mass-energy density is given by the sum in Eq. (5.26) and it takes infinite values if, at
least, one term of the sum, pu;e5, is infinite. Although we shall restrain ourselves from imposing any of the usual

59



energy conditions, we shall consider that if any of the parameters that characterize the fluid take complex values
at any point of the space-time, the solution is unphysical. Therefore, for 1; € R\ {0}, from Eq. (5.27), we find
that each j;er may only tend to —oo, hence, for each (7, p, q), lim- . ()~ plest (7,7, P, q) — —00. O

Now, from Lemma 5.1, we get the following result:

Theorem 5.1. Given a Szekeres space-time with line element (5.32) permeated by an uncharged perfect
fluid composed only of fermionic particles, characterized by an equation of state such that, the fluid effectively
behaves as dust, if Assumption 5.1 is verified and sign (F’ (r, p, q)) = sign(W (70,7, p, q)) then, a curvature
singularity will not form.

Proof. The proof follows from Lemma 5.1 and the continuity of the functions R, W and pics¢.

Consider that sign (F' (r,p,q)) = sign (W (10,7,p,q)). Let us start by showing that the function
W (7, p,q) will not be zero for any T € |7g, 7. (1)]. We argue by contradiction.

Assume that there exists, for each 7, an instant 7 (1) € |79, 7. (r)] such thatlim,_, - W (7,7, p, q) =

0. Then, from Lemma 5.1, lim test (T,7,p,q) — —o0. From our assumptions, W (7,7, p, q) and

T—T,
R (,7) are continuous functions iiw the 7 coordinate for all 7 € |7, 71| therefore, for that domain, the
effective mass-energy density, e, is a continuous function in the coordinate 7, concluding that there exists
a1y € |1, 71[ such that piert (72,7, p, ¢) < 0. On the other hand, continuity of T¥ (7, r, p, q) implies that
the sign of W (72, r, p, ¢) must be equal to the sign of W (7q, r, p, ¢). Therefore, since R (72,7) € R and
sign (F' (r,p,q)) = sign (W (72,7, p, q)), we conclude, from Eq. (5.35), pieft (72,7, p, ¢) > 0, contradicting
what was shown before. Hence, W (7, r, p, q) will not be zero for any 7 € |1y, 7. (7)].

The case when the function R (7, r) goes to zero before the function W (7, r, p, ¢) also can not occur

since, from Eq. (5.35), Lemma 5.1 would be violated. O
Remark 5.1. The condition sign (F' (r, p,q)) = sign (W (10,7, p, q)) of Theorem 5.1 is equivalent to con-
sider that the effective stress-energy tensor (5.24) verifies the weak energy condition at the initial time 7.

Remark 5.2. To clarify the statement of the Theorem 5.1, let us consider the simpler case of an effective dust
fluid composed of only one type of fermions. In this case, from Egs. (5.27) and (5.35) we can solved for 1,

such that
i 4r?F
== |14+4/]1 - —— 5.39
p(r.pg) =3 ( \/ NRQW) 7 (5.39)

hence, given sign (F' (r, p, q)) = sign (W (70,7, p, q)), from the results of Appendix B, if, for each r, either
W (1,7,p,q) or R(T,r) go to zero for some instant 7 € |7y, 7. ()], the energy density of the fluid will take
complex values hence, it is considered unphysical.
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5.3.2 Szekeres space-times: KS-like

The KS-like Szekeres models are characterized by the general line element [136]

ds* = —dr* + | X (1,7) — R (1) Ei(rp.a) 2 dr® + RO () (dp® + dg?)
’ Ey (p,q) Eo (p,q)* ’
where the function R (7) verifies oA
R(r)* = G ky

with M being an arbitrary constant to be given as initial data and the constant k; is determined by

(apE0)2 + (aqu)Q - Eg (aon + 8§E0) — ]{71 .

Moreover, the function X (7, ) is a solution of following equation:

XR+RX+RX:I€22(T),

with
28qE08qE1 + 28pE00pE1 - (8§E0 + a;Eo) E1 - E() (0§E1 + 8§E1> = /CQ(T) s

where we have omitted some functional dependencies to avoid saturating the notation.
From the EFE, the effective energy density of the spinning cloud verifies

G (r,p,q)
R2(t)H (1,7,p,q)’

Heff =

where
H(Tv D, q) =X (Ta T) EO (p7 Q) - R(T) El (T,p, q) .

(5.40)

(5.41)

(5.42)

(5.43)

(5.44)

(5.45)

(5.46)

Such space-times are completely determined by the initial functions Ey (p, ¢)and E} (r, p, ¢) and the constant

M.

5.3.2.1 Regularity conditions and the influence of spin in singularity formation

As in the previous section, we shall consider some further constraints on the initial regularity of the space-time:

Assumption 5.2. At the initial time, T = 19
(i) the space-time is non-singular.

(i) for every triplet (r, p, q), we assume H (1o, 7,p,q) and jier (70,7, p, q) to be non-null.
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Now, given the above initial regularity constraints and looking at Eqgs. (5.45) and (5.46), as well as to the
solutions in Appendix B, it can be seen that, following the same reasoning applied in the proofs of subsec-
tion 5.3.1.1, we have the following result:

Theorem 5.2. Given a Szekeres space-time with line element (5.40) filled with an uncharged perfect fluid
composed only of fermionic particles, characterized by an equation of state such that, the fluid effectively be-
haves as dust, if Assumption 5.2 are verified and sign (G (r, p, q)) = sign (H (70,7, p, q)), then a curvature
singularity will not form.

5.4 Special Cases

In this section, we shall discuss the effects of spin in the formation of singularities for some particular cases

of the Szekeres space-times, where the analysis of the previous section can be extended.

5.4.1 Lemaitre-Toliman-Bondi space-time

The Lemaitre-Tolman-Bondi space-time [6, 144, 145] is a solution of the EFE for a spherically symmetric
neutral dust source characterized, in co-moving coordinates, by the line element

/ 2
R(mr) o R(r,r)?dQ2, (5.47)

ds?> = —dr?+ — 21~
S T+1+f(r)

where dQ)? = df?+sin® 0 dyp? represents the line element of the unit 2-sphere. The function R (7, ) verifies
Eq. (5.33) and represents the circumference radius at an instant 7 and radial coordinate r and f (r) > —1
is an arbitrary C>-function of the radial coordinate. The LTB metric can be found from the Szekeres solution,
Eq. (5.32), by setting E% (r,p,q) = (1 + p* +¢*) /4and e = 1.

From the EFE, we find that Eq. (5.35) is re-written for the LTB space-time as

r? F(r
Hetf (7_7 7") = Rz—Rg/) ) (548)

where F' (1) is another arbitary function of r and it is related to the function M (r), Eq. (5.33), by M’ (r) =
4r® F (1), or
M (r) = 4n / F(r) rdr. (5.49)
0
It is worth remarking that, in this case, the function M (7) represents the mass contained within a shell with
coordinate r (cf., e.g., Ref. [148]).

In the case of an LTB space-time, the function W (7, ) = R’ (7, 7) and in the coordinate system defined
by Eq. (5.38) we have W (7q, ) = +1. Therefore, for the LTB space-time imposing £ () > 0 is equivalent
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to impose M’ (r) > 0.

The result in Theorem 5.1, albeit important, does not provide an answer in the cases where F' (7") < 0.
One might think that such cases are unphysical since the effective null energy condition® would be violated.
There are, however, known physical phenomena that seem to violate the energy conditions (see e.g. Ref. [149]).
Moreover, cases of collapsing space-times with negative mass have been studied several times in the past (see
e.g. Ref. [150, 151] and references therein).

Let us then consider that M’ () takes negative values for all r. In this case we have, from Eq. (5.49),
that the mass function M () is negative for all . Assuming that f (r) > —2M /r, otherwise Eq. (5.33)
has no real solutions, it is clear, from Eq. (5.33), that one of two scenarios will occur: either R (10,7) > 0,
in which case the effective dust matter will continue to expand indefinitely; or R (70, 7) < 0 where at some
instant of time, say 7, R (7p,7) will go to zero. From Eq. (5.33), it is easy to show that R(T, r) is always
positive, therefore, at 73, the function R will have a minimum. Hence, the system will bounce back and start
to expand indefinitely.

We summarize these conclusions in the next proposition, which softens the conditions of Theorem 5.1 for
the case of LTB:

Proposition 5.1. Given an LTB space-time permeated by an uncharged, collapsing perfect fluid, composed
only of fermionic particles, characterized by an equation of state such that, the fluid effectively behaves as dust,
if Assumptions 5.1 are verified and sign (M’ (1)) is the same for allr within the space-time, the circumferential
radius function R (T, r) will not go to zero.

Aside the simpler case where M’ (1) < 0 for all -, there may be configurations where there are regions of
the space-time with positive effective energy density and other regions with negative effective energy density,
however, it is easy to show that such configurations are solutions of the Einstein field equations only if surface
layers, separating the different regions, are present. Such cases shall not be considered here.

To conclude this subsection, we note that if M’ (1) takes negative values, shell-crossing singularities may

occur.

5.4.1.1 The evolution of the collapse

In the previous subsection it was shown that, under our assumptions, and if the sign of the function M’ (r) is
the same for all r, an uncharged effective dust cloud composed only of fermionic particles, in an LTB space-
time will not form a shell-focusing singularity. Then, for R(To, r) < 0, and assuming that no shell-crossing
singularities occur for sign (M’(r)) < 0, there are only three possibilities for the behavior of the uncharged
effective dust cloud:

(I) there are no global in time solutions of the EFE for a collapsing uncharged effective dust matter;

3See Section 7.5 for further details.
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(1) the gravitational collapse will lead to a bounce of the matter cloud;
(M) the gravitational collapse of the matter cloud will settle in a stable configuration.

As we shall see below, the third scenario will never occur, and the first and second cases may occur depending
on the initial data:

(1) Consider the initial data M () > 0 and f (r) > 0or M (r) = 0and f (r) > 0. In both cases,
from Eq. (5.33), the function R can not go to zero, that is, for a given r, R (7, 1) is either a strictly decreasing
or a strictly increasing function of 7. However, if R is a decreasing function in the 7 coordinate, it will eventually
go to zero, violating the result of Proposition 5.1. Hence, in these cases, the only possible physical solution is
when the matter expands indefinitely.

(I1) Another possibility is the case where M (r) < Oand f (r) > 0, with 2M (r) /R (1o, 7)+f (r) > 0
for a given r within the matter cloud. In this case, from Eq. (5.33), there are two possible behaviors depending
on the initial value of R (7): either R (75, 7) > 0, in which case the effective dust cloud will continue to expand
indefinitely; or R (70,7) < 0, where at some instant of time, 7, R (7p, ) will go to zero. From Eq. (5.33),
it is easy to show that R(T, 1) is always positive. Therefore, at 73, the function R will attain a minimum,
different from zero, concluding that the system will bounce and start to expand from then on. Note that this
solution is characterized by M (r) < 0, therefore the weak (hence, the strong) energy condition is not verified
and there is no inconsistency with the result in Theorem 4.4,

(I11) Yet another possibility is the case where M () > 0 and f (r) < 0, with 2M (r) /R (1o, 7) +
f (r) > 0: ifinitially R (75, 7) < 0, then a singularity will eventually form; on the other hand, if R (7y,7") > 0,
R will go to zero at some 7 €|7o, +00[, however, from Eg. (5.33) we see that R(T, 1) is always negative in this
case, hence, the system will cease to expand further and start to collapse, eventually forming a singularity. In
both scenarios the result in Theorem 5.1 is violated, hence, such initial data does not correspond to a physical
solution. This is because M (r) > 0 implies that at some region F' (r) > 0, therefore, if a singularity occurs
the energy density of the constituents of the fluid would have to take complex values.

As examples, in Figures 1 and 2, we show the behavior of R as a function of 7 for various fixed values
of the coordinate r, depending on the initial sign of R(TO, r), found by numerically solving Eq. (5.33) in
particular cases when M (r) < Oand f (r) > 0and M (r) > 0and f (r) < 0, respectively.

5.4.2 Friedmann-Lemaitre-Robertson-Walker space-time

Another example of notable interest is the Friedmann-Lemaitre-Robertson-Walker model [3-9], where the

space-time, sourced by spatially homogeneous and isotropic dust, is characterized by the line element

dr?
1+ kr?

ds? = —dr® + a (1)’ < + TQdQQ) : (5.50)
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Figure 1: Behavior of the function R (7, r) for various fixed values of the coordinate r, depending on the initial
value of R, in the case of M (r) < 0 and f (r) > 0. Panel (a) At the initial time R (7,7) < 0. Panel (b)
At the initial time R (19, 7) > 0.
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Figure 2: Behavior of the function R (7, r) for various values of the coordinate 7 depending of the initial value
of R in the case of M (r) > 0 and f (r) < 0. Panel (a) At the initial time R (7o,7) < 0. Panel (b) At the
initial time R (79, 7) > 0.
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where a (7) is the scale factor and k& = {—1,0, 1}. This solution is a particular case of the Szekeres line
element, Eq. (5.32), by setting E% (r,p,q) = (1+p*+¢*) /4, e =1, f(r) = kr*and R(r,r) =
a (1) r. We then have for an effective dust cloud

et (T) = () (5.51)

with F{y being a non-zero constant, and a (7) satisfying the well-known Friedmann equation [3]

. 2M (r)
2
= .52
where A A
M(T) = M0T3, Wlth MO = ?WFO = %CL (7'0)3 Letf (T()) . (553)

Moreover, this space-time is itself a particular case of the LTB space-time studied in the previous subsection.
Therefore, all the previous results are valid for this particular case.

From Proposition 5.1 we know that independently of the sign of M, or equivalently Fj, a singularity does
not occur. As discussed in subsection 5.4.1.1, the actual evolution of the space-time depends of the values of
the constants k and M,. More concretely,

(i) for My > 0 A k > 0, the space-time will expand indefinitely;

(i) for My < 0 A k > 0, depending on whether @ (75) > 0 or a(79) < 0, the space-time will either
expand indefinitely or start by a collapsing phase which is followed by a nonsingular bounce and then
entering an expanding phase, respectively;

in all other cases, from Eq. (5.52), we find that the functions a (7) or 1 (7) will take complex values, hence,
the solutions to the Friedmann equations are considered unphysical (see also Section 6.2 of Ref. [152]).

By comparison with our setup, we recall that in Ref. [25], the effects of spin in singularity formation was
studied by considering a dust cloud composed of fermionic particles in a FLRW space-time whose spins were
assumed to be aligned in a given preferred spatial direction. In that case, the field equations can be explicitly
solved and a closed form expression for the scale factor a (7) was found, showing explicitly that there is a
minimum positive value for a (7) thus, concluding that a singularity does not form. Moreover, cosmological as
well as astrophysical consequences of introducing spin and torsion in gravitation has been studied in Refs. [78,
109, 153]. In Ref. [153], a closed homogeneous and isotropic universe filled with fermionic matter has been
considered and it was shown that the effects of spin-torsion coupling produces a gravitational repulsion in the
early universe, preventing the formation of cosmological singularity. In Refs [78, 109], the effects of spin on
the dynamics of collapse for a closed [78] and flat [109] FLRW backgrounds has been studied. It was shown

that, under certain conditions, the formation of space-time singularities can be avoided through a non-singular
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bounce, which can either be hidden behind a horizon or visible to external observers, depending on the initial
radius or mass of the collapsing body.

All the previous mentioned cases differ from our setup since we assume that spins are randomly oriented
and the fluid effectively behaves as dust. However, as was shown above, our conclusions are similar.

5.4.3 Senovilla-Vera space-time

As a special inhomogeneous case of KS-like Szekeres space-times, we study the Senovilla-Vera space-
time [154] characterized by a line element of the form

2 2\ 2
ds® = —d7? + dr® + r’dy® + (5 + - jy_ : ) dz?, (5.54)

where v € R\ {0}, 5 € R>g, 7 > 0, 2 € |—00, +oo[ and ¢ € [0, 27[. A space-time exterior to (5.54)
was found in Ref. [142]. Assuming that the space-time is permeated by effective dust, we find that the effective

energy density is given by A

_— 5.55
By 412+ 712 (5:59)

8T s (T,7) = —

In the cases where v > OA 3 > 0ory < 0 A~vB +r? > 0, itis clear that there are no collapsing
solutions. Let us then consider the cases where v < 0 Ay3+1r% < 0. Setting R =1, By = 1, X = 7% /v
and By = — (r? + 3v) /v in Eq. (5.40), we recover the line element (5.54). The functions G and H, in
Egs. (5.45) and (5.46), are in this case

72 472 1

H(r,r) =8+ ol Gz—%. (5.56)

Now, for v < 0 we see that the function H (7, ) is a strictly decreasing function of the coordinate 7. It is
then clear that, for v3 + 72 < 0, such model is not a solution of the EFE for effective dust, since this would
imply the formation of a curvature singularity when 7 = \/W violating Proposition 5.2.

We can see this more clearly by considering that the fluid is composed of only one type of fermionic
particles. In that case, from Egs. (5.27) and (5.55) we have that the energy density of the perfect fluid is given
by

_k
/JL(T7T)_ 2

, (5.57)

2
1+4/1+
\/ i (YB+ 72 +717)

where [i; is given by Eq. (5.29) and the discriminant is assumed to be non-negative. From this relation, we

see that in the case of v < 0 A y3 + % < 0, when 7 > \/B|7| —r2— ﬂ%r the mass-energy density of
the fluid will take complex values, that is, such solution is unphysical.
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5.4.4 LRS Bianchi type | space-time

As a final particular case, we will study a locally rotationally symmetric (LRS) Bianchi type | space-time with
line element
ds® = —dr* + A (1)’ do® + B (1)? (dy* + dz?) (5.58)

which is a spatially homogeneous particular case of the KS-like Szekeres metric. Interestingly, this space-time
was used to study the influence of spin in singularity formation by assuming that the space-time is filled with
a dust fluid (not effective dust) with non-null spin, such that, the spins of the dust particles are aligned along
a preferred direction [26, 27].

In line with our previous examples, we assume an effective dust fluid and, in that case, from the EFE we
find

Alr) = 4t (b—1) (5.59)
(b—1)3

B(r)=(b—1)", (5.60)

with b and ¢ being integration constants, and
8T flest (T) - (5.61)

T et (T) = , .
Hef 3T (7)?
where

D) =AW)BWt)?=(c+b—t)(b—1t) . (5.62)

We note that the case ¢ = 0 corresponds to the flat FLRW metric.
Now, Egs. (5.58), (5.59) and (5.60) can be found from Eq. (5.40) by setting £y = Ey = 1, R(7) =

B(r)and X (1) = A(7) + B(7), hence
C

H(r)=A(r)=——+(b-1)%, (5.63)
(b—7)

(V1N

ol

and the function G = 1/6m. To apply the results found in the previous section, at the initial time, for simplicity
7 =0, H (0) must be positive (to match the sign of ) and finite, that is

c>—-b ,forb>0
(5.64)

c< —b ,forb<0.

Therefore, if the constraints in Eq. (5.64) are verified, Proposition 5.2 tells us that a shell-focusing or shell-
crossing singularity will not be formed. As in the previous subsection, this can be readily verified: In the case

b < 0 this conclusion is trivial, since A (7) and B (7) will never be zero; On the other hand, for b > 0,
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assuming that the fluid is composed of only one type of fermionic particles, the energy density is given by

5 ,
1+£,/1——— 5.65
\/ 3ri T (7')3‘ 7 (5.69)

so that, as 7 — b or 7 — b+ ¢ (whichever occurs first), the energy density will take complex values, and the

pir)=5

resulting solution is unphysical. Let us also remark that if Eq. (5.64) is not verified but I (0) # 0 then,

lim, ., ' (1) = —o0 Jforb>0 AN c<—b
, (5.66)
im, serp I (7) = —00  ,forb<0 A c>—b

and all solutions of the EFE are real and a singularity will form.

5.5 Concluding remarks

We have considered models of gravitational collapse of inhomogeneous and anisotropic (effective) dust fluid
on a space-time described by a Szekeres metric. We have found that, under certain conditions on the initial
data, the formation of a singularity may be avoided due to the presence of spin. Comparing our results with
those in the literature for spatially homogeneous space-times, it was shown that not only the geometry of the
space-time, but also the equation of state of the fluid, play a pivotal role in the evolution of the space-time and
singularity formation. Moreover, it was shown that even if the effective stress-energy tensor of the spinning
fluid verifies the strong energy condition, a singularity can be avoided. Notice that this is inline with the results
of Chapter 4 since, the cases considered in this chapter where the strong energy condition is verified, the
presence of intrinsic spin prevents the formation of trapped surfaces — regions where the expansion scalar is
negative.

Some particular cases of the Szekeres model were considered in order to either extend the previous results
or show explicitly the evolution of the effective dust space-time. The results found for the various cases are
summarized in Table 1.

The model of an effective dust fluid represents a critical case, providing but a first step towards a deeper
study of this important question: In what conditions may spin effects prevent the formation of singularities?
We expect that deviations from the critical case will give rise to a broader variety of dynamics and outcomes
of gravitational collapse, including the formation of black holes or naked singularities [151, 155, 156].
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Particular solution Parameters Possible behavior Other
M(r)>0A f(r)>0

The matter cloud will expand indefinitely.

M(r)=0A f(r)>0

LTB {M(r), f(r)} If R (7g,7) > 0, the matter cloud will expand | If M'(r) <0,a
indefinitely. shell-crossing singularity may
form.

M@E)<OAf(r)>0] .
() <OAFE) >0k ) < 0, the matter cloud wil

collapse, bounce with R (7, ) # 0 and
expand indefinitely.

Yy>0AB>0
Senovilla-Vera {8, 7} The matter cloud will expand indefinitely.
Y<OAYB+1r2>0

b<OAc+b<O The matter cloud will expand indefinitely.

LRS Bianchi type | {b, ¢} b>0ANc+b<0

A singularity will form in finite time.
b<OAc+b>0

Table 1: Evolution of an effective dust matter on various space-times, particular solutions of the Szekeres
metric. The space-times are assumed to verify the premises of Theorem 5.1 or Theorem 5.2. All unmentioned
possible initial data either lead to unphysical solutions or correspond to the trivial static case.
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Part I

Compact objects
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Chapter 6

Static compact objects in Einstein-Cartan
theory

6.1 Introduction

Compact objects, in particular neutron stars, represent one of richest environments to probe fundamental
physics due their extreme gravitational fields, densities and the state of the matter that composes them,
especially, at the core. The recent detection of gravitational waves due to the coalescing of two orbiting neutron
stars [157] opened a new window to study their tidal deformations, allowing the study of the properties of the
matter fields that compose this kind of objects. Nonetheless, the usage of neutron stars as a physics laboratory
is only possible if we have a deep knowledge of their properties. In particular, it is important to understand
how the intrinsic spin® of the fermionic matter particles affects the behavior of such bodies.

In an astrophysical context, the effects of intrinsic spin were first considered when Chandrasekhar [158]
established the maximum mass an ideal white dwarf could hold due to the electron degeneracy pressure,
before it underwent continuous gravitational collapse (see also Ref. [159] for the rotating case). In the subse-
quent years, similar limits relying on the Pauli exclusion principle were proposed for other types of compact
objects, namely neutron stars, showing that the intrinsic spin of matter particles markedly influences astro-
physical objects (cf., e.g., Ref. [160]). Nevertheless, the way in which the presence of intrinsic spin affects the
properties of astrophysical bodies, remains largely unknown.

In an affine theory of gravity, the gravitational field is represented by the geometry of the space-time which
is, in turn, determined by the energy and momentum of the matter fields. Mathematically, all classical matter
properties are described by a stress-energy tensor that acts as a source in the field equations. Since spin can
be considered as an intrinsic angular momentum of the matter particles, one would expect that this property
could also be encoded in an stress-energy tensor. However, in GR it appears immediately clear that there is

lwe should remark that here, and in the following, the word “spin” will be used exclusively to represent the quantum spin of the particles that source the
gravitational field equations. In no case the word spin will be associated to any form of rotation of the compact objects we will analyze.
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no obvious way to introduce the intrinsic spin in a way that is consistent with the conservation laws for the
total angular momentum. A way around this problem is to endow the space-time with additional geometrical
structure, providing extra degrees of freedom to model intrinsic spin and its relation with the gravitational field.
This is the fundamental idea behind the so-called Einstein-Cartan-Sciama-Kible theory of gravitation. In this
theory the connection is not imposed be symmetric so that, the anti-symmetric part of the connection defines
an extra tensor field: torsion. In this way, it is possible to impose a local Poincaré gauge symmetry on the
tangent space of each point of the manifold such that the matter intrinsic spin can be related with the torsion
tensor field. Indeed, theories of gravity with a non-symmetric connection (generically called Einstein-Cartan
theories) were proposed even before the discovery of intrinsic spin. Sciama and Kibble [23, 24] introduced
the idea of connecting the torsion tensor with the matter intrinsic angular momentum, paving the way to a
geometrized treatment of spin.

Early works on the ECSK theory focused on the effects of intrinsic spin in the evolution of gravitational
collapse and the possibility of avoidance of singularities [25-29, 92]. Only by the end of the 1970’s, solutions
for spherically symmetric space-times were found [34-36]. The solutions in Refs. [34-36] were obtained by
directly solving the field equations for the ECSK theory. Such approach, though, leads to great difficulties
in searching for exact solutions. In this thesis we will adopt a different method and consider the formalism
provided by the 1+1+2 space-time decomposition [39, 42-44]. As stated in Chapter 2, covariant space-time
decomposition approaches were initially devised to explore the properties of cosmological models and their
perturbations (see e.g. Ref. [37-48]) and only recently they have been employed to deal with space-times
of astrophysical interest [49-52]. In Ref. [51, 52], this approach was used to construct - in the context of
GR - a covariant version of the Tolman-Oppenheimer-Volkoff (TOV) equations. The new equations allowed to
pinpoint the mathematical nature of the problem of determining interior solutions for compact objects and, for
instance, the treatment of stars with anisotropic pressure.

In this chapter, we will derive exact solutions of the ECSK theory to model static compact objects permeated
by a perfect fluid with non-null spin degrees of freedom. These results will allow us to study how the presence
of intrinsic spin of matter and its coupling with the geometry of the space-time affects the possible solutions.
Moreover, by generalizing the TOV equations, we will be able to provide a set of algorithms to generate new
exact solutions, linking seemingly unrelated solutions.

6.2 The 1+1+2 formalism

As was studied in Chapter 2, given a Lorentzian manifold of dimension 4 and a congruence of time-like curves
with tangent vector « we can foliate the manifold in 3-hypersurfaces, V), orthogonal at each point to the curves
of the congruence, such that all quantities are defined by their behavior along the direction of u and in V,
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through the introduction of the projector operator
hag = gap + Uatg 6.1)

where g, represents the components of the space-time metric in a coordinate system and u,u® = —1,
with properties defined in Eq. (2.39). This procedure defines the 1+3 space-time decomposition. The 1+1+2
formalism [39, 42-44] builds from the 1+3 decomposition by defining a congruence of spatial curves with
tangent vector field e such that any quantity in the sub-space V is defined by its behavior along e and in the

2-surfaces VW. We shall refer to VV as the “sheet”. We can then introduce a projector onto W by

Nag = hag — €a€g, (62)
where e,e® = 1, and such that
N.s = Ng,, NN = N7
B B B (6.3)
Naﬁua: age”:O, NSZQ.

Given the Levi-Civita volume form £,3.,, Eq. (2.15), we can define the projected volume forms onto V
and W, respectively as?

€apy = Eapyoll

(6.4)
EaB = 50(6767 ;
with the following properties
€apy = Elapy] s €ap = Elaf]
Eagt’ =0, Eagt” = go45¢* =0,
By B B (6.5)

Eagfygwj’y = ha“hﬁy — hﬂ“ho/j, 6047657 = Naﬁ,

v’ =208 EaBy = €afBy — €BEay T €4Eap -

Then, using the results in Appendix C, the covariant derivatives of the tangent vectors « and e can be written
as

1 1
5QU5 = NgNgVUuV = Nag (59 — 52) + Ea/j + SQBQ,

3
+ 22(0465) — &Ta)\QAeg + eaz’:‘g)\Q)\ ,

i 1
Dyug = hathcrU'y = 5auﬂ + (_9 + E) Catp (6.6)

Vau5 = Daug — Ugy (Aeﬂ + Alg) ,

2For readability, we repeat the definition and some of the properties of the 3-volume form €~ introduced back in Chapter 2, Eq. (2.40).
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and 1
5a65 :é a5¢ + Caﬁ + €a5§ ,

Daeg :5a65 =+ ea(_lg s

1 (6.7)
Vaes =Doeg — uqopg — Augug + (59 + E) eqllg+
+ (Ea - gaUQJ) ug,

where 0 is the expansion scalar, Eq. (2.36), associated with the congruence to which w is tangent to and W4
is one of the components of the 1+3 decomposition of the torsion tensor, Eq. (2.44), orthogonal to u.

From Egs. (6.6) and (6.7) we can write the kinematical quantities, Eq. (2.36), associated with the congru-
ences and their acceleration in terms of the 1+1+2 covariantly defined quantities. Namely,

1
Oap = Lag + 2X(a€p) + X (eaeg — §NQﬂ> + Wiagy

Wag = Eapy (€7 + Q) + Wiag , ©9

Ao = vuua = Aea + Aaa

represent, respectively, the shear, vorticity and acceleration tensors associated with the congruence to which

u is tangent to, and
GOg = ¢+ 25, N |
Cgap = Cap + QSW,eVN{;lN@) , (6.9)
§gap = €ap (§ + Syue’e™)
represent, respectively, the expansion, shear and vorticity scalar, associated with the congruence to which e
is tangent to.
We shall also need to find the various contributions along u, e and on W of the stress-energy tensor 7.
At this point we shall not assume 7,3 to have any symmetry. Hence,

7:16 = Husupg + p hocﬂ + d1aUp + Uaq23 + Tap + 5aﬂ7mv
= puqug + Qials + UaQaop + Q1 equs + Q2 uqes + Ilinep + eqllop+ (6.10)
+ Pr€a€p + pbL Na,B + Haﬂ + 5046M )
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with

Q1o = —hou"To po=u"u oy,

bo= W Tey,  p= T,

Qia = —Ngu"Toy,  pr=p+1l=¢e"€eT,,,

Qo= —w'NIToy,  pL=p— 3= N,

o = NJe"T5, Q1= —€e"uT5y, (6.11)
oo = €N T, , Q2= —ue" Ty,

1
Waﬁ:hz‘ahﬁ)w]:fw; Hzg af (26a€ﬁ—NaB) s
1
Map = highe Tor, M=o,
op = Tiapy »
where the angular and curly parentheses notation is defined in Egs. (2.52) and (C.5). Moreover, the following
relations are useful

G120 = Q120 + Q1260 ,
1 (6.12)
Taf = Haﬁ + 11 (6a€g - §Na5> + Hl(aeg) + Hg(aeﬁ) .

Lastly, we will need to find the 1+1+2 decomposition of the Weyl tensor. Starting from the Eq. (2.45) and
using Eq. (2.49), the full 1+1+2 decomposition of the electric and magnetic components: E,g, Hap and

H,p, is given by

1 _
E.p=¢& (6a€5 —3 ag) +Enep +eaEs + Eap + €apE, (6.13)
1
Hocﬂ = §Na,3H + €a€@H + Haeﬁ + eaHﬁ + Hocﬂ ) (614)
_ 1 _ o _ _
H.p = 3 apH FeqesH +Haoes +eaHp + Hap, (6.15)
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with
E,= N,'e'E

i s
E = %5“”]:7“”, Ea = " NE,,
H=N"H,,, Eap = Erapy
M =e'e’H,, Mo = No'e"H,, (6.16)
H=N"H,, Ho = N, "e"H,,
H=ce'e"H,,, Hop = Hiapy

Hop = Hiap) -

6.3 Decomposition of the field equations

We are now in position to apply the 1+1+2 framework to study solutions of the ECSK theory, characterized by
the field equations (4.43) and (4.44):

1
Rup — §gagR + Agop = 87 T43, (6.17)

5981 4 oglagh n = _graasT (6.18)

where 7,5 represents the canonical stress-energy tensor, AP the intrinsic hypermomentum and we will

assume a null cosmological constant, A; and the conservation laws (4.45)
1
Vgﬁﬁ =280 T + 3 (SapR — S" Roopw) - (6.19)
m

We will consider that the source for the above field equations is an uncharged Weyssenhoff fluid [130].
The Weyssenhoff fluid provides a semi-classical description of a perfect fluid composed of fermions, such that
the fluid is characterized by its energy density, pressure and spin density. Its canonical stress-energy tensor
is given by

Top = puqug + phog — (Aet + A*) S,aug, (6.20)

where 1 and p represent the energy density and pressure of the fluid, respectively.
Following Refs. [131, 132], the hypermomentum tensor for the Weyssenhoff spin fluid can be written, in
our conventions, as (5.12)

1
A —, T (6.21)
8

where u represents the proper 4-velocity of an element of volume of the fluid and the anti-symmetric spin
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density tensor, A3, verifies Aaﬂuﬁ = (. From Eq. (6.18) we find (5.14),
SO = AP (6.22)

hence, comparing Eq. (6.22) with Eq. (2.43) we see that the Weyssenhoff fluid model implies that the tensors
S8 WeB and X, Eq. (2.44), are null and S*® = A%P. In this way, the decomposition of the torsion
tensor will coincide with the decomposition of S*°. Taking into account that S5 = Slap) We find

Sag = EaqpT + QS[aeg] , (6.23)
with
1
T=2e"S,,,
2 (6.24)

S5 = N3€e"S, .

6.3.1 The symmetries of the problem

We are interested in solutions of the ECSK theory that are static and locally rotationally symmetric (LRS).
Following Ref. [37], a space-time is said to be locally rotationally symmetric in a neighborhood B (¢) of a point
q, if there exists a non-discrete sub-group G of the Lorentz group in the tangent space of each ¢’ € B (q)
which leaves w, the curvature tensor and their derivatives (up to third order) invariant. Assuming G to be one-
dimensional, we can set at each point the vector field e to have the same direction as an axis of symmetry.
Then, LRS implies that all covariantly defined space-like vectors must have the same direction of e — otherwise
they would not be invariant under G. Thus, the vector quantities {ag, ag, X5, 25, Az} are null in such
space-times. Also the shear tensors of the congruences of curves associated with « and e projected onto the
sheet: ¥, and (.5, must be null since, there can not be any preferred direction at the sheet®.

From the definition of LRS space-times, the Riemann curvature tensor must also be invariant under G
therefore, the vector components of the Weyl tensor {&,, £,, Ha, Ha } must also be identically null. Since
the Riemann tensor also depends on the torsion tensor, the latter must also be invariant under the action of
G. Therefore, from Egs. (6.22) and (6.23), the tensor field s, Eq. (6.24), must vanish. In light of this results
and taking into account Eq. (6.22) we also conclude that for an LRS space-time the intrinsic hypermomentum
tensor is simply given by

Ao = €480, (6.25)

where § = 2 A3, with the constraint 7 = .
Now, an LRS space-time is said to be of class | (LRS 1) if the congruence of the curves associated with the

31t should be remarked here that, as shown in Egs. (6.8) and (6.9), the presence of a generic torsion tensor field affects the definition of the kinematical quantities
[59, 83-85]. As such, in the presence of a general torsion, LRS implies that the geometric shear vector fields on the sheet: 3 5 and (4 g, must be null and
not the quantities ¥, and (o 3. However, as mentioned in Appendix C, for a Weyssenhoff fluid those are equal hence, from here on we shall refer to 3,3 and
(o as the shear tensors onto the sheet of the congruences associated with u and e, being implicit that we assume the Weyssenhoff model.
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vector field e — defined to have the same direction as the axis of symmetry — is hypersurface orthogonal. If
the congruence of curves associated with the vector field u is also hypersurface orthogonal, the space-time
is said to be LRS of class Il (LRS I1).* From the results in Chapter 4, Eq. (4.6), for a torsion tensor given by
Eq. (6.22) we have that e will be hypersurface orthogonal if and only if

§=0, (6.26)
and that u will be hypersurface orthogonal if and only if

Q=r1,
(6.27)

Sa:()v

where we opted to highlight that s, will also be null from the imposition that the congruence of w is hypersurface
orthogonal.

Before proceeding we should point out the fact that s, = 0 has an interesting effect on the nature of
the Weyssenhoff fluid. Comparing Eq. (6.20) with Eq. (6.10) we conclude that for a Weyssenhoff fluid the
only non-null covariantly defined quantities in Eq. (6.11) are u, p and ¢, = — (Aet + AH) Sya- Now,
since in an LRS space-time both A, and s,, are null, it implies that ¢1, = — (Ae* + A*) S, = 0, that
is, the contributions of intrinsic spin in the Weyssenhoff fluid model for an LRS space-time, will not appear
in the canonical stress-energy tensor. From this result, one might (wrongly) conclude that torsion has no
role in the dynamics of the setup. In reality, torsion will still markedly influence the behavior of the matter
fields. Indeed, for instance, when comparing to space-times with null torsion, where LRS Il space-times are
necessarily irrotational (cf., e.g., Ref. [37]), the presence of a non-null torsion of the form of Eq. (6.22) will
induce a non-null vorticity of the congruence of curves associated with u, Eq. (6.27). Thus, although in the
considered setup spin does not appear in the canonical stress-energy tensor, it will still markedly change the
geometry of the space-time.

An additional assumption we will consider is that the space-time is static. Now, a space-time is said to be
stationary if it admits the existence of a time-like Killing vector field ). If the congruence of time-like curves
associated with v are also hypersurface orthogonal the space-time is said to be static. Given that the choice
of the vector field w is arbitrary, we can write, at each point, ©» = C'u, where C' = C (x%) is a generic
non-null smooth function of the coordinates. The Killing equation £, g,5 = O in presence of torsion can be
written as

Via¥g) +25:(ap?” =0, (6.28)

“4Following Ref. [37], a space-time is said to be LRS Il when it has locally rotational symmetry and the vector fields w and e are hypersurface orthogonal. Just
so happens, in space-times with nulltorsion, an hypersurface orthogonal, time-like congruence has null vorticity (cf. Eq. (4.6)). As such, in the literature, LRS II
space-times are characterized and usually referred as space-times with locally rotational symmetry and vorticity free u and e vector fields. As was shown in Chapter 4
this is not the case for space-times with non-null torsion where an hypersurface orthogonal congruence does not have null vorticity. In this thesis, we will follow the
naming convention of Ref. [37]. This has at least one advantage: when comparing results with the null torsion case, we simply have to compare with the same
named class; for instance, static spherically symmetric space-times, with or without torsion, always fall in the category of static LRS Il space-times.
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for any metric compatible affine connection. Assuming Eq. (6.22), contracting Eq. (6.28) with hfjhf and h*?
we have
{0, 2, 24, Xap} =0, (6.29)

and u®9,C' (z*) = 0. All is left now is to impose the condition that « is hypersurface orthogonal. However,
if u is hypersurface orthogonal, so is any 1» = C u. Hence, for the space-time to be static, Egs. (6.27) must
hold.
Lastly, computing the quantities: NN u” Ragyst’, £, Ragysu’ and e*7u’ Rog.se®, we also find
that in the considered setup
{E, Eap, Hap, Has} = 0. (6.30)

Therefore, gathering the previous results we find that stationary LRS | or LRS |l space-times permeated by an
uncharged Weyssenhoff fluid are characterized by the following set of quantities {;1, p, ¢, Q, A, 7, £, H, H,
H, H).

6.3.2 Structure equations

6.3.2.1 General 1+3 equations in the Einstein-Cartan-Sciama-Kibble theory for a torsion of
the form S,3” = S, pu”

To find the structure equations for a Weyssenhoff fluid in the considered setup we have to find the various
non-trivial projections of the Ricci and Bianchi identities onto u, e and WW. We cannot, however, stress enough
how much it simplifies the computation if we to start from the 1+3 structure equations derived in Chapter 2,
applied to the ECSK theory, instead of starting directly from the Ricci and Bianchi identities — Egs. (2.10),
(2.12) and (2.13). Let us then find the 1+3 structure equations in the case of a space-time with a torsion
tensor field of the form S,37 = S,pu”, in the context of the ECSK theory. From Egs. (2.56) - (2.71) and
(6.17) - (6.19) we find:

The evolution equations for the kinematical quantities associated with u,

) 1
0=—4n(u+3p) + A — (502 + UQBUO‘B + wa5w6a> + Vaa®, (6.31)
apn P 1 v _ 2 o 6.32
hhywap = — Eju) + oS = gewuv — 200, "Waly] + D ay, (6.32)
huah,,ﬁda/g = — E(/W) + 47 (7T,W) + D(Ma’/>+
(6.33)
2 0 d 1
T Uy = 300 = Ol Osly) = Wil W),
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and the constraint equations,

e Dy, +e"Payw,, = H) +""a,S,,, (6.34)

el p, (Uﬂlw + wﬁlw) + 5a6<uawwﬂa — gl _ 5a6<ual/>5a57 (6.35)
2

=D.0 — D, (0" + wo") — 20w, = 8Tq1a + 20" S)a ; (6.36)

3

The evolution equations for the electric and magnetic parts of the Weyl tensor,
E (048 + wup) — haphpy E" — Eag0+
teus” (DyHY o + a, H",) + etos5a’ Hyp+
e e By (02 + wis) :%Thagu + AT hoy b, T + ATE o7 T+
+ 47 (qra0s + 0aq2p) + 4T Daqop+
+ 47 <%ha59 + Oas + wa(;) X

x [R5 (n+p) + 75+ ,m7]
(6.37)

_ 1 _ B
H'u/t (ghocﬁe _ ga,@) + 2Hu(agﬂ)u . haBH”VO'W,—l—
+[2auE (O‘|+D E (a|] B _ pulecy Bv E -
1 _
+Hu(a| (Uulﬁ) + wulﬂ)) _ § (QHaB + Haﬁ) 9 = 4%575(0‘|D57r‘6)”’+

+ 4xDmP) — Axh®® Dsm? |

(6.38)
and the constraint equations,
B B 1
DﬁEa +¢€ Hﬁa Wiy — 55’57 -+
8
+ (05, + ws) € hogH," =4 Dop + %Dau +d4r [Wa — Mm”] ag+

+ 4 (QZ)\ + Q1>\) (an)\ + wa 9) +

+47h g1y + 47 (1 +p) Ao — 47TSMq'27
(6.39)
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45(a|57E6|5)w57 -+ 26a57E55057—

2
—2D. H", + ggamEﬁée = — 8meays [D°q] + w7 (u+p)] —

— 8MEans (71'75 + e”ﬁl,m”) (055 + w‘sg) — (6.40)
167 8 A
- _8 a T T4 lwa v -
5 0m 5 ¢ Sy, <,u +3p 47r) +

+ 81V S (T + Eqawm”) — 2677 Spu B

_ 1 1
HQB - Haﬂ + 477—505#,8 (QI;J, - q2u) = - §6QMVDBSVH - §€aﬂyaﬂsup,+

(6.41)
+ 5aw,a”5“5 + 5WVDVSB“ :
The equations that characterize the torsion tensor,
Am (g5 — qff) =5,%a”, (6.42)
16mme = = &%, (5770 + $7) ; (6.43)
and the conservation of energy and momentum,
L4 0 (4 p) + 2qaa + Dags + Waﬁo'ag + aaﬁ”’mﬁ,wﬁa =0, (6.44)

he” [V gp + Gig + Voms” + €577 (Domy — mgay)] +

+(u+p)aa+0<q1a+qg—°‘)+q§(05a+wﬁa):

1 _
3 (HapS’yagpm?) - Sa6q2ﬁ .

87
(6.45)

Let us briefly discuss some of the results that can be inferred directly from this set of structure equations. From
Eqg. (6.42) we see that although the heat flow components ¢; and ¢, might be different, in the considered
setup we have qlﬁ ag = q§ ag. This result is consistent with the stress-energy tensor for the Weyssenhoff fluid
model, Eq. (6.20), where g5 is null and, indeed, the contraction of qfag also vanishes identically. On the other
hand, relating the torsion component S, with the intrinsic spin of the matter field, Eq. (6.43) represents the
conservation law for the spin density [86, 89, 132].

Incidentally, this form of the structure equations allows us to easily compare them with the results in the
literature and test their validity. Setting the torsion terms in Egs. (6.31) - (6.45) to zero and imposing the
stress-energy tensor to be symmetric, such that m, = 0 and ¢1o = @2, We recover the expressions for
the structure equations for GR [38, 40]. On the other hand, we see that our results differ from the ones in
Ref. [161]. In this reference the authors failed to realize that in the presence of torsion, the Weyl tensor is
characterized by three tensors, namely, the “magnetic” part of the Weyl tensor is described by two distinct
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tensors; moreover, it is quite surprising that the authors did not verify that the “electric” and “magnetic” parts
of the Weyl tensor did not carry all the usual symmetries found in space-times with null torsion.

6.3.2.2 Propagation and constraint equations

We are now in position to find the structure equations for a stationary, locally rotationally symmetric space-
time filled by a Weyssenhoff fluid in the case where the congruence of space-like curves associated with e are

hypersurface orthogonal, that is, in the case when & = 0. The non-trivial, independent propagation equations
5

are
R 1 -
p+A(p+p) =——7H, (6.46)
4
A+ A(A+ ¢) +20% = 4 (u+3p) , (6.47)
| 16
¢+ §¢2 +& = —Tﬂﬂa (6.48)
s 3 _ 87 .
g+§£¢+QH+2(T—Q)H:?/L, (6.49)
-1 8
H = 56 (H—2H) + € (30 = 27) = —87Q (j+p) + 7 (11 +3p) (6.50)
20+ Qp=H, (6.51)
and the constraint equations
, 8T
E+ Ap + 2Q :?(,u+3p), (6.52)
QAQ—7)—Qp+H =0, (6.53)
Q(p—24)+H=0, (6.54)
H4+H+2H =0, (6.55)

where we have used the notation F' = e*V  F, for a scalar field F'.

Let us discuss the cases when the congruence associated with u is either hypersurface orthogonal or not,
separately. Consider the cases when 2 # 7. In such cases we find from Egs. (6.46) — (6.55) the following
relation between €2 and 7

(p—A)(T—Q)+7-Q=0, (6.56)
leading us to conclude that the difference between 7 and €2 can be uniquely described by the behavior of the
variables ¢ and A. Notice that, if at an initial instant €2 and 7 are different then, unless the term ¢ — A

diverges, there will be no point in which they are equal. Conversely, if {2 = 7 at a point these two quantities

SEquations (6.46) - (6.55) were derived as follows: equation (6.46) from the momentum conservation (6.45); equation (6.47) from the Raychaudhuri equa-
tion (6.31); equation (6.48) from the contraction e"‘NB“fRagwpep; equation (6.49) from (6.39); equation (6.50) from (6.40); equations (6.51) and (6.53) from
(6.34); equation (6.52) from (6.33); equations (6.54) and (6.55) follow from (6.41).
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will be equal at any point.

The relations €2 = 7 or Eq. (6.56), for stationary LRS Il or LRS | space-times, respectively, have the
advantage of not depending directly on the magnetic components of the Weyl tensor and they can replace one
of Egs. (6.46) — (6.55). As we shall see, it is useful to remove Eq. (6.50).

Finally, to close the system we will need an equation of state that relates the pressure of the fluid with
its energy density: p = p (u); and an equation that relates the energy density of the fluid with the intrinsic
hypermomentum: § = 6 (p(u), 11).

6.4 Generalized TOV equation for stationary LRS | and LRS Il
space-times

With the full set of structure equations we are finally in position to make the derivation of the generalized TOV
equations. Let us start by introducing the scalar function

8 1
K = gu—5+1¢2—392+297, (6.57)
with the following property

K = —¢K, (6.58)

found from the structure equations. Equation (6.57) generalizes the expressions in Refs. [43, 162].° Moreover,
following from the fact that the Gauss equation is unchanged by the presence of torsion, Eq. (3.26), we show
in Appendix (C.2) that, in the cases where the vector fields u and e are hypersurface orthogonal, the quantity
K represents the Gaussian curvature of the 2-sheet orthogonal to both « and e.

Now, following the treatment in Refs. [51, 52], without loss of generality, let us re-parameterize the integral
curves of e using, in general, a non-affine parameter p, such that for an arbitrary scalar field F'

(6.59)

In particular we have
— K. (6.60)

6Notice that in Ref. [162] there is a small typographic error.
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Introducing the following set of variables

X:%, 1831:%, M:&r%,
\y:% 1832:%, 77287%,
S A )
ng, DF%,

el ek

we can re-write Egs. (6.46) - (6.55) as

2Y , +2Y (X + Y + 1) = M + 3P — 4W?,
K,+K2X+1)=0,

P,+P(2X+Y)+YM=2TW (X +Y) + 2TW,,

2W, 4+ W(2X +1) =By,
with the constraints

M+3P—-3Y —3E - 6W? =0,

IM 42X +2P —2Y —4W? +1 =0,
4Y +4W (2T — W) —4P —4K +1 =0,
D, +W(2Y —1) = 2YT = 0,

By + W (1-2Y)=0,

By + By + 2Dy =0,

T=A,

(6.61)

(6.62)
(6.63)
(6.64)
(6.65)

(6.66)
(6.67)
(6.68)
(6.69)
(6.70)
(6.71)
(6.72)

and, depending on whether we are considering stationary LRS | or LRS Il space-times, we have the extra

equation

W,-T,=(1-Y+X)(T-W) ,ifLRS],
W=T Jif LRS II.

(6.73)

The system is closed provided and equation of state such that 7 = P (M) and a relation such that A =

A (P(M), M).
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Now, using Egs. (6.67) and (6.68) to eliminate X and Y in Egs. (6.64) and (6.73) we find

P,= P> +P F—BIC+W(8A—7W)] +

+2A[2K—1)W —4W? (A - W) + W ] +

(l—lc+73 W2)
4
K

1
K,=-2 (3W2—2AW+IC M‘Z)

P=P(M),
A=APM),M),

and
1
W,—A,=5(A-W) (1—2M —2P +4W?)  ,ifLRS|

W=A ,if LRSI

which represent the covariant TOV equations. The system is completed by the extra relations:

3

1
IC—1+P+W(W—2A) Y,
IC—ZL—M+W(3W—2A) X

?

M+ W (6A — 9W) —3(/c—i>

2W , + W (2IC —2M — AAW + 6W? — B, ,

1
2
3

(2/c+27> 4AW + 2W? 2) B, ,

B, + By + 2Dy =0,

W (6AW — 2W? — 4A% + 1) 4+ 2 (A — W)(ICJrP—Z) D; .

6.4.1 The static case

(6.74)

(6.75)

(6.76)

(6.77)

(6.78)

(6.79)

(6.80)
(6.81)

(6.82)

The full set of Egs. (6.74) — (6.82) completely describe the geometry of a stationary LRS | or LRS Il space-time

filled by an Weyssenhoff fluid. Let us now consider the particular cases when the space-time is static, that is

the case when W = T =A.
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Introducing the following quantities

M= M — N?,
P =P - A%, (6.83)

&=FE+ 2 a2 :

3
Egs. (6.74) are given by
1

33,,,:—@2+33[//{+1—3(1C—}1>]—///(IC—Z), (6.84)
K,=-2K (/c —~ i —~ ///) : (6.85)
V=K-1+2, (6.86)
xzx_ziﬁ, (6.87)
3£:///—3(K—i) : (6.88)

which match exactly the expressions found in the theory of General Relativity (cf. Ref. [51]) for an effective
energy density and pressure and the corrected electric part of the Weyl tensor: .#,<? and &. Note that the
extra constraints for the magnetic components of the Weyl tensor

1
2A , +2A (IC — M — ZL) =B, (6.89)
BZ+A{1—2<@—2(K—3)}—O, (6.90)
Bl + IBQ + 2D2 - 0 ; (691)
D, =A, (6.92)

imply that the geometry of the space-time is fundamentally different from the corresponding one in GR.
Nonetheless, the fact that Egs. (6.84) - (6.88) have the same form for the corrected quantities in Eq. (6.83)
lead us to the notable result:

Proposition 6.1. At the level of the metric, all static, locally rotationally symmetric of class Il solutions of
the theory of General Relativity for a perfect fluid with stress-energy tensor (T GR)CY 5 = HUall + phag,
are also solutions of Einstein-Cartan-Sciama-Kibble theory sourced by a Weyssenhoff fluid with stress-energy
tensor (T"“) , = (u + g) Uatis + <p + %) P

It is important to stress that, because of the nature of the corrections in Eq. (6.83), solutions which
are unacceptable in GR due, for example, to negative energy densities or pressure, might still correspond to
physically acceptable ones in the ECSK case.
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In the remaining of this chapter we will consider the case of static spherically symmetric space-times,
hence, we will study solutions of Egs. (6.83) - (6.92).

6.5 1+1+2 junction of static LRS Il space-times with torsion

To apply the generalized TOV equations of the previous section to find and study exact solutions suitable to
model astrophysical objects, we will need to impose boundary conditions. These will be provided by the junction
formalism studied in Chapter 3. Let us then express conditions (3.52) - (3.54) covariantly in the specific case
of two static LRS Il space-times endowed with a torsion tensor field of the form S,37 = e,pu”T, where 7 is
a generic function of the space-time coordinates.

In what follows we will be interested in the case when the interior and exterior space-times are to be
smoothly matched at a time-like hypersurface, S, orthogonal to the vector field e. Then, condition (3.52)
reads

[Nag — tqug), =0, (6.93)

where N,z verifies Eq. (6.3). Using Eq. (6.7), in the considered setup, Eq. (3.53) is simply

ngzvaﬁ - Auauﬁ} =0, (6.94)
+

which, contracting with the induced metric at S and using Eq. (6.93), gives
[0+ AlL =0. (6.95)

From Egs. (6.93) - (6.95) we find that at the matching surface the following constraints have to be met

(9] =0, (6.96)

[A]lL =0, (6.97)
implying, for ¢ # 0,

Y], =0. (6.98)

Given that e is continuous across &, we can integrate Eq. (6.60), finding X' = kge~”. Using Eq. (6.61) and
(6.96) we have
Kl.=0. (6.99)

Using the previous results in Eq. (6.86) we arrive at

[87p —0%], =0. (6.100)
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Finally, for the specific type of torsion that we consider in this chapter, condition (3.54) imposes
0], =0, (6.101)

then, from Eq. (6.100),
[p]lL =0. (6.102)

We have then found that for a smooth matching between two static LRS Il space-times endowed with a
torsion tensor field of the form S,z 7 = e,5u" 7, both the pressure of the fluid and the intrinsic spin density,
as seen from each space-time, must match at S.

6.6 Exact solutions for static LRS Il space-times

Given the set of structure equations (6.83) — (6.92) that describe the behavior of a static, LRS Il space-time
permeated with a Weyssenhoff fluid, let us now find and study some exact solutions.

As was stated before, the system of structure equations is not closed until an equation of state and an
expression for the spin density are provided. Let us then consider some particular relations for the pressure,
energy and spin densities of the fluid in order to gain some insight into the behavior of compact objects in a
fully relativistic theory with non-null intrinsic spin.

For the remaining of the chapter we will consider only the particular case of spherically symmetric space-
times. Moreover, in what follows we will refer to static, spherically symmetric compact objects as “stars”.
Although this is an abuse of language, it is also a trend in the literature since such systems are expected to

be a good model for slowly varying astrophysical bodies.

6.6.1 Effective constant energy-density and the Buchdahl limit

We start by considering the case of a system where the effective energy density is assumed to be constant,
that is
8 — 6% = fig (6.103)

where i € R. Notice that, contrary to the case of null torsion, the above assumption does not have to imply
that the energy density, p, is constant.
Using Egs. (6.58) and (6.59) we have

K(p)=—, (6.104)

89



where 7 is an integration constant. Eq. (6.104) then yields
A (p) = fiorge’K (p) - (6.105)

Eqg. (6.105) allows us to solve Eq. (6.85), finding

3

]C p—y
(p) 12 — 4ﬂ0T8 el + 3’C0€_

_, (6.106)

where Cy is yet another integration constant. Setting IOy = 0 to avoid a conical singularity at p — —oo [66],
the structure equations yield

5 (p)? Fo <P0+3\/3—ﬂ07"(2)6p>
p(p) — = - (6.107)

8 241 (Po + /3 - ,Eborgep> ’

14
2

A(p) = Hol'oc (6.108)

V3 (Po +4/3 — /lorgep> ’
2 p
= e 24/3 — figrée’, 6.109
¢ (p) 73 \/3 — fiorg (6.109)

£ _2527 (6.110)

where we have chosen the direction of e so that ¢ is positive, and the value of the integration constant F is
to be determined by the boundary conditions.

Let us now assume that relations (6.103) - (6.110) describe the interior of a compact object matched at
a boundary S to an exterior space-time modeled by the Schwarzschild vacuum solution. From Egs. (6.101)
and (6.102) we find that the quantity in Eq. (6.107) must be zero at the boundary. Setting, without loss of
generality, the matching hypersurface to be at p = 0, we find

P() = —3\ /3 — ﬂoT’(Q) . (6111)

The matching conditions, Egs. (6.96) and (6.99), imply that interior and exterior observers agree on the value
of circumferential radius of S, say g, and the Schwarzschild parameter, M, is given by
fiory

M = . (6.112)
6

Moreover, from condition (6.101) we find that the spin density must go to zero at the matching surface, that
is,0 (p=0)=0.

Given the previous results, we are now in position to study some effects arising from the presence of
intrinsic spin in compact objects. In the remaining of this subsection, for clarity, we shall write the results in
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terms of the circumferential radius r. Using the fact that, in the considered setup, the quantity K, Eq. (6.57),
represents the Gaussian curvature of the 2-sheet, we have that the parameter p and r are related by

p=2In <1) , (6.113)
To

where we have set the value of the arbitrary scaling factor to be .
Now, defining the central pressure p. := p (p — —o0), from Egs. (6.107) and (6.111), we have

pe(1-1=20) a2 (1-2,1-20)
Pe= — n , (6.114)
1-3,/1- 2 4w<1—3,/1—%)

where g = p(p — —o0) and 6. = 6 (p — —o0). If we compared directly the above expression to a

similar system in GR, we would see that the second term on the RHS of Eq. (6.114) represents an explicit
contribution due to the presence of intrinsic spin. However, there is a subtlety: Eq. (6.112) indicates that
the presence of spin also modifies the matching radius ry and the value of the Schwarzschild parameter M,
making it difficult to draw conclusions only on (6.114).

A clearer idea of the differences between our case and GR can be obtained by computing the maximum
mass that can be held by a star with constant radius. Considering Eq. (6.103) and if neither the densities ..
and ¢, diverge, the central pressure in Eq. (6.114) will go to infinity when rq = %M or, using Eq. (6.112),

M4 <_‘52>_é (6.115)
max—9\/§ ,u 87]' . .

This results makes it clear that, when compared to a system with the same energy density 1 in GR, the

when

presence of intrinsic spin increases the maximum allowed mass.

In analogy with the calculation of the Buchdahl limit in GR we can generalize this discussion to non-
constant corrected energy density. Consider the quantity /i := 8w — §% and assume it to be non-negative
and dfi/dr < 0, for r € [0,79]. Following the same reasoning of Ref. [1] (see Appendix (C.3) for the
derivation) we can find an upper limit for the amount of mass a star with constant radius can hold:

m(ro) 4 (6.116)
To 9
with
1
m(ro) = 5/ fi (r) r2dr . (6.117)
0

At first sight, the expression in Eq. (6.116) matches the one found by Buchdahl [1] for GR. However, there
is a correction due to the presence of spin in the function m (), Eq. (6.117), leading us to conclude that

for the same value of the circumferential radius, g, a star can hold more matter in the presence of intrinsic
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spin than in the null-spin case. It is also worth mentioning that the quantity m (1) agrees with the value of
the Schwarzschild parameter of the exterior space-time, therefore, the gravitational mass of such objects is
determined not only by the energy density, 1, but also by the spin density, d, which was expected because of
the specific way in which intrinsic spin gravitates in the considered setup.

As a final comment, although a priori there is nothing that forces 62 to be smaller than 87y, it is expected
that in stars, even neutron stars, 9% < 1 (see Refs. [29, 163]), hence, i > 0, as was assumed in the
derivation of Eq. (6.116). On the other hand, the requirement that dji/dr < 0 might not be as physically
reasonable as in the case of GR since, as we will see bellow, the presence of intrinsic spin allows for a richer
possible behavior for the matter variables.

6.6.2 Spin held stars

In the previous subsection we have considered a classical model for a relativistic star which is similar to the
simplest model for this type of objects in GR. However, the presence of intrinsic spin allows for solutions which
are not contemplated in the Einstein’s theory. The prototype of such objects is a star which is supported only
by the gravitation of the spin of the Weyssenhoff fluid. In the remaining of the subsection, we will analyze this
case and prove the following result

Proposition 6.2. There are no static, spherically symmetric solutions of the Einstein-Cartan-Sciama-Kibble
theory sourced by a Weyssenhoff fluid with null isotropic pressure that have all the following properties

(i) 0 (r) is non-null forr € [0, 1] and & (r¢) = 0, for some ry > 0;
(i) 6% (r) is a monotonically decreasing function for all v € [0, 1¢);

(iii) the spin and energy density functions: 6 (r) and p (r), are at least of class C'* and the function A (1)
is differentiable for all r € [0, ro);

(iv) the function M (r) := 1 [ [8m pu(r) — 62 (r)] @*dx is such that 2M (r) < r, for all € ]0, 7).

To prove Proposition 6.2 we will consider first the behavior of the quantities of interest in a neighborhood
of the center, » = 0, and then on the boundary of the star. In doing so, in order to make the reasoning
more intuitive, we shall consider here that the integral curves of the vector field e are parameterized by the
circumferential radius 7.

Defining the quantities

(6.118)

92



we then find from the structure equations

SO B = —A(i+75) (6119)
SO Ay + A2+ Ad = = (i +3p) (6.120)
p=Ap - K + iqbz : (6.121)
with
1
K(r) = . (6.122)
b(r) = 24 /1 2M () (6.123)
T r
and 1
M (r) = 5/ fi (z) v2dx (6.124)
0

where, without loss of generality, we chose the direction of e so that ¢ () is non-negative. Moreover, from
Egs. (6.121) and (6.123), we find the useful relation

Ap = +p. (6.125)

We will consider now the case of a static, spherically symmetric compact object held entirely by intrinsic
spin, that is, the case when p (r) = 0 and p (r) = —d2 (1), smoothly matched to an exterior space-time
modeled by a vacuum solution of the ECSK field equations. Moreover, we will assume that for » > 0,
2M (r) < r, otherwise the scalar ¢ () would take complex values.

6.6.2.1 Behavior at the center
Assuming that the functions g (1), 82 (r) € C* we can write in a small enough neighborhood of r = 0:

p(r)=p(0)+p,(0)r,

(6.126)
82 (r) = 62 (0) + (62) , (0) 7,

where comma represents partial — or total — derivative with respect to the variable in front. From Egs. (6.126),
we find that in a small enough neighborhood of » = 0, the mass function (6.124) is described by

—_

2M (r) = Z :())0)7"3 + 7 (2, (0)) rt. (6.127)

In particular, we find that M/ (r) goes to zero at least as fast as 7°.
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Now, Eqgs. (6.119) and (6.125) yield

2 (1 _ %) Cz_f _ (M _ 52) (7i— &) . (6.128)

r r 73

In a region where 7 € [0, €[, with € < 1, the RHS of this equation takes values in R, therefore
(6%),(0)=0. (6.129)

Repeating the same reasoning in Eq. (6.125) we find that

A(0)=0. (6.130)

Let us now assume that there exists an r, > 0 where for » € 0,7,[, A (r) > 0. From Eq. (6.119)
we will find that in this region i + p < 0 which implies that 7 + 3p < 0. Then, from Eq. (6.120) we find
that A, () < 0, forall € ]0,7,[. This, however, violates the initial hypothesis since, .A (0) = 0 and we
assume that A (r) > 0, for r € ]0, 1], that is, A ,. (r) would have to be positive for some r € [0, 7,] .

Another possibility is that for a region » € [0,7,], A(r) = 0 and for r € |ry,re| with r. > 7,
A (r) > 0. If this were the case, since for r € |rq, 7], A (r) > 0, there would exist a value r;, € |r,, r.]
such that A . (1) > 0. Using this in Eq. (6.120), at = 7, we find

fp+3p>0=a+p>0, (6.131)

but from Eq. (6.119) and imposing that (52)7T < 0 we find that: i +ﬁ|r:rb < 0, contradicting (6.131).
Another possibility is that A (r) = 0, for all » € [0, o). From Egs. (6.119) and (6.120) this simply
represents a vacuum solution as such it does not represent a solution for a compact object.
Gathering this results we conclude that there exists an r, > 0 such that in the region [0, r4[, A(r) <0
and it must take negative values in some sub-region.

6.6.2.2 Behavior at the boundary

Let us now define the boundary of the compact object as the hypersurface at which the spin density goes to
zero, that is, 62 (ro) = 0. In such hypersurface we have three possible behaviors for the function .A:

(i) A(ro) <0;
(i) A(ro) > 0;
(iii) A(rg) =0.
Let us consider each case separately.
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(i) The case A (1) < 0
From Eq. (6.125) we have that at r = rq

Agl_ = M) (6.132)

r=rQ ,r,g

Therefore, from Eq. (6.124) there exists a region |r ¢, 7, where
i(r) <0, (6.133)

then fi+p < 0, in that region. From Eq. (6.119), to guarantee that the intrinsic spin density is a monotonically
decreasing function of 7, we find that A () > 0, for r € ]ry,74[. So, either A(r) =0 A A, (r) =0
for all r € |rs,r,y[, that is, the function A (r) takes the value zero and stays zero for all r € |ry, r,[; or
A (r) > 0for some r € |rs, 74[. The former case is not possible: from Eq. (6.120), fi (1) + 3p (1) = 0,
hence, fi (r) > 0, for all € |rs, 74|, which contradicts the inequality (6.133). As for the latter — the case
when A (r) > 0, for some r € |r¢, r,[ —in the previous sub-section it was shown that for some sub-region of
[0, 74], A (r) < 0, therefore the region |7, 4] cannot be a sub-region of [0, r4[. With this said, since A (r)
is a differentiable function, there exists a region with, say, » = . < ro, where A (1) >0 A A, (r.) > 0.
Then, from Eq. (6.120)

fi+3pl,_, >0= fi+pl,_, >0. (6.134)

However, substituting this results in Eq. (6.119) we find: (52)’7" (r) > 0, which contradicts the assumption
that the spin density is a monotonically decreasing function.

(ii) The case A (ry) >0

For the case when A () > 0, we can simply repeat the proof in the previous sub-subsection and conclude
in the same way that the assumptions are violated in a region. We just remark that the point with radial
coordinate » = 7., in the proof, can always be chosen such that . < rq since, for whatever the value of
A (rg) > 0, there is a point where 0 < A (r < ro) < A (ro).

(iii) The case A (15) =0
In this the case when A (ry) = 0 we have, from Eq. (6.125) that

M (ro) =0. (6.135)

From this we have three possibilities:
(@ fu(r)=0,forrel0,r,;

(b) fu(r) <0, forr €]0,r,;
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() (r)>0,forre0,r.l;

for some r, > 0.

Let us consider each case individually.

(@) In the case when fi (r) = 0, for € [0, 7,] we have from Eq. (6.125) that A (r) < 0. However,
using this result in (6.119) we see that it implies that the spin density is an increasing function of r, violating
the hypothesis.

(b) In the case when the corrected energy density is such that /i (r) < 0, for - € ]0, r,], from (6.124) we
have that the mass function is negative, in this region. From Eq. (6.125) we than conclude that A (r) < 0,
r € ]0,7,]. However, going back to Eq. (6.119) we find that the spin density is an increasing function of r,
violating the hypothesis.

(c) Finally, consider the case when [ () > 0, for r € ]0,r,]. From (6.124), this implies that the mass
function is positive in this region. Since Eq. (6.135) must be verified, there must be a region where /i (1) < 0.
We can then repeat the arguments of the case A (1) < 0, which lead to the conclusion that the hypothesis
would be violated in some region inside the star.

Gathering the previous results we have proven the result in Proposition 6.2.

We end this Section by remarking that if instead of imposing p = —32 we only imposed that p < §2, that
is, the thermodynamical pressure is always smaller than the correction due to the spin density, then all the
previous results are valid if p,, > 0. Notice, however, that in this scenario this condition, simply measures
the gradient of the quantity 87p — 62.

6.6.3 Reconstructing exact solutions

As in the case of the theory of General Relativity, when torsion is present it is possible to use the covariant
TOV equations to generate exact solutions via reconstruction algorithms [51, 52]. The idea is to assign a given
metric tensor and deduce the corresponding behavior of the energy density, pressure and spin density.

Analyzing Egs. (6.62) — (6.63) and using Egs. (6.66) and (6.68), shows that differently from the case of
anisotropic compact objects in General Relativity [52], the structure equations cannot be solved for the spin
density. This implies that the reconstruction algorithm can only be used if an additional relation is provided,
either relating the spin density to the other matter variables or an equation of state for matter.

In the following we will show some applications of this algorithms which return some interesting solutions

from a physical point of view.

6.6.3.1 Connecting the spin density to the energy density: “Buchdhal stars”

A natural additional relation is to have the intrinsic spin density to be proportional to the energy density of the
Weyssenhoff fluid. In this case, however, the junction conditions that we have derived in Section 6.5 pose the

problem to have both the energy density and the pressure to be zero at the boundary. A class of solutions
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which are devised to have exactly this property was given by Buchdhal [164]. We will now reconstruct this
solutions in the case of Egs. (6.84) - (6.88).
Consider a spherically symmetric space-time characterized by the line element

ds* = —A(w) dt* + B (w) dw® + C (w) (d6” + sin* 6 dp?) (6.136)
e (a = 1)sin (1) (1+ay)
a— 1)sin(Rw a(l+a—n
pw) = PR A ) =
w 1+a+n (6.137)
B (w) = (I1+a+mn) C(w)_w2(1+a+77)2 '
a(l4a—n) B 4a? ’
with a € R\ {0} and the parameter w is connected to p by the relation
o= ag )2 (6.138)
 4a? e '
Notice that the circumferential radius, r, vanishes when w = 0.
From Egs. (6.62), (6.63), (6.85) and (6.86), assuming W = A and A% = v M, we find
2K ,+4K* — K
= — 6.139
M A1-yK - (615
1 2K,+4K*-K
=Y K4 - - —=2° 6.140
P +7 TS T (6.140)
0=02Y +1)K,—4K* - K[4Y,+4(Y —1)Y —1] . (6.141)

The form of Y and /C that satisfies the constraint (6.141) can be found directly from their definition in a general
coordinate system (see Refs. [51, 52])

1CA,, (1+a)wn.,
Y = — 2 = 2 s
2AC,  2(—a-1)(+a+n+wnu) (6.142)
= BC a(l+a+mn) '
(C.)?’ (A+a—n)A+a+n+wn,)’
Using Egs. (6.139), (6.140) and (6.142), the energy density and the pressure are then given by
aR*n (3n — 2 — 2a)
H= )
8t(y—1)(1+a+n) (6.143)

_alPn[2y(2n—a—1) —n
87 (y—1)(1+a+mn)?
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Figure 3. Plots of the behavior of the metric components, (a) and matter variables (b) associated with the
solution in Egs. (6.136) and (6.137) for a = 1.6, v = 0.03/(87) and R = 0.24.
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Figure 4. Plots of the behavior of the metric components, (a) and matter variables (b) associated with the
solution in Egs. (6.136) and (6.137) for a = 1.9, v = 0.03/(87) and R = 0.24.

As said, this family of solutions have, by construction, the property that the pressure, energy and spin
densities all vanish at a particular hypersurface. In Figures 3 — 5 we present the behavior of these quantities
for a few combinations of the parameters, showing that the values of the parameters a and ~ have a direct
impact in the profile of the densities, whereas, the parameter R defines the value of w for which the matter
variables go to zero. Moreover, from the plots it is clear that the presence of intrinsic spin markedly changes
the type of behavior the matter may have. In particular, for certain values of the parameters a and v the
functions w, p or & might not be monotonically decreasing functions of the coordinate w.

6.6.3.2 Connecting the spin density to the pressure

Another option that reduces the number of conditions related to the junction, is to associate the spin density to
the pressure. This choice, which at first might appear unnatural, corresponds to the case in which the intrinsic
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Figure 5. Plots of the behavior of the metric components, (a) and matter variables (b) associated with the
solution in Egs. (6.136) and (6.137) fora = 1.9, v = 0.5/(87) and R = 0.24.

spin depends on the equation of state. We can imagine that particles with intrinsic spin will create different
structures not unlikely to the ones that characterize the crystalline phases of water ice (see, e.g., Ref. [165]).
Our ansatz refers to this kind of effects.

The reconstruction equations in this case, setting A? = YP, read

AK?+2K, =K y[K,+K(H4KL -2V —1)]

M = : 6.144
4(1—-~)K 2(l—-y)K ! !
1 —4K +4Y
P=—rr, (6.145)
4(1-7)
0=R2Y +1)K,—4K* - K[4Y,+4(Y -1)Y —1] . (6.146)
Let us now consider a metric in which the (0, 0) coefficient, A, is given by
A=A (a+breer)” (6.147)
where a, b and r are arbitrary constants. From the definition of Y one obtains
1A brief
Yy=-22_-__"0" 6.148
2 A a+brier’ (6.148)
and from Eq. (6.146) it follows that
SbrZer)
o= (a+3brge?) _, (6.149)
Koer + 4 (a + 3brier)s

where ICy is an integration constant. In terms of the circumferential radius r, this result corresponds to the
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line element

ds* = —A(r)dt® + B (r)dr* 4+ r* (d6* 4 sin® 0 dp?), (6.150)
with )
A(r) = A (a + er) ,
2 -1 (6.151)
B(r)=|1+—"—1| .
(a + 3br?)s

The energy density and the pressure are given by

b?r? |5c (1 —4v)r* — 127 (a + 3br2)%] — 4ab [7 (a+ 3b7"2)% +2c(2y—1) 7’2]

n= 5 +
87(y — 1) (a+ br?) (a + 3br2)s
N a’c(3 —4y)
87(y — 1) (a+ br2) (a + 3br2)s (6.152)

4b (a + 3()7"2)% + ac + 5ber?
b= 2 -
87(1 — ) (a+ br2) (a + 3br?)3

We give in Figure 6 the behavior of this solution for specific values of the parameters, showing the existence
of an hypersurface where both p and §2 vanish, so that we can smoothly match such solution with a vacuum

exterior space-time.
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(a) Coefficients of the metric in Egs. (6.150) and (6.151). (b) The thermodynamic quantities in Egs. (6.152).

Figure 6: Plots of the behavior of the metric components, (a) and matter variables (b) associated with the
solution in Egs. (6.150) - (6.152) inthecasea = 5,b=1,¢= —1,7 = 0.3/(87) and Ay = 0.7 .

Another example, based on the same assumptions, can be given considering

A=A, (a v Wf , (6.153)
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which corresponds to

be?
Y =— , 6.154
2v/c = ber (a + /e — beP) ( !
Eqg. (6.146) then gives
K- cp (a\/c — ber — 2be? + c) (6.155)
(¢ — ber) [4¢ (av/c — be? — 2ber + ¢) —bder]’ '
with a
b= Va2 + 8¢+ a + 4v/c — bep | Vertse 6.156)
Va2 +8c—a — 4vc — beP ' '

Using the area radius r, we find the following solution for the metric (6.150)

A=Alat+y (),
4e [ay (r) + 2y (r)? — | (6.157)

B= ,
y (r)* [4ay (r) +8y (r)* + d o (r) (y (r)* — ¢) — 4c]
where
br?
Yy (7") - Cc— o
o
_a (6.158)
() = Va2 + 8¢+ a+ 4y (r) | Vit
va?+8c—a—4y(r) ’
with the following expressions for the energy density and pressure of the fluid
_bdy[6y° + Tay' + 2y° (a® — 3¢) + ¢ (2y + a) — dacy®] 1)
a 16me(y — Lri(a + y)le — yla + 2y)P
b[2y(2a +3y) —3(a+y)]  bd[6y* + 3ay® — Sey® + 2¢°] ¢
8merg(y — 1(a+y) 32me(y — Drgle — yla+2y)* (6.159)

_ bdy (ay — 2c+ 3y*) ¢ b(a + 3y)
p R2mc(y — Dra(a+y) (ay — c+2y?)  8merd(y—1)(a+y)

In Figure 7 we show the behavior of this solution for specific values of the parameters. Notice that also this

solution admits the existence of a common hypersurface where both p and ¢ vanish.
Before finishing this section we remark that, as shown by Figures 3 — 7, in all considered cases it is
possible to find values of the parameters for which all the thermodynamical quantities and spin density are

positive, hence, all the classical energy conditions are valid.
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(a) The coefficients of the metric in Eq. (6.150) and (6.157). (b) The thermodynamic quantities in Egs. (6.159).

Figure 7: Plots of the behavior of the metric components, (a) and matter variables (b) associated with the
solution in Egs. (6.150), (6.157) and (6.152) inthe case Ag =1, a = -3, b=1,¢=3,d =0.03,rg =1
and v = 0.9/(8x).

6.7 Generating theorems

As discussed in Ref. [51], the form of the structure equations (6.84) - (6.92) is especially useful to find
algorithms for generating new solutions from previous known ones.
Consider a solution for the structure equations (6.84) - (6.92) characterized by the functions

{Po, Mo, Ao, Ko, Eo, Xo, Yo, (B1)g, (B2)y, (D1)y, (D2)y} - (6.160)
Given the quantities
M= Mo+ M,
P="Py+ P,
(6.161)
AQ — A02 —|—A12,
IC == ICO + ICl 5

where {P;, M1, Ay, K1} are sufficiently smooth arbitrary functions, let us search conditions on the de-
forming functions so that, the set {P, M, A, K, €, X, Y, By, By, Dy, D5} is a solution of the structure
equations.

Substituting Eq. (6.161) in Eq. (6.85) we find

1
D,K1 + 2K % + 2K (A% — My) — K4 (2/\40 — 4Ky — 20¢% 4+ 27 — 2 M, + 5) =0.

(6.162)

This equation has the form of a Riccati differential equation to which, in general, there are no known closed
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form solutions. We can, nonetheless, consider particular cases so that the previous equation reduces to a

Bernoulli differential equation, where general closed form solutions exist.

6.7.1 Casel

Let us first consider that
My = A2

In this case, Eq. (6.162) can be readily integrated for &y, such that

Exp [fppo Adx}
K, + 2fp’; Exp [fyyo Adx} dy ’

IC1:0\/IC1(p):

where K, is an integration constant and

A:2M0—2A02—4IC0+%.
Using Eq. (6.163) in Eq. (6.84) we find
s 7 2 1
0,P1 + P1 | 3K + 3K, — Mo+ 2Py — Ay 1 + P +Z]::O,

with
F =4M, (A12 + ICl) —8(Po+P4) A2+ 12Po ) + 402 A2 —

—40,A1% + AN+ TAL — 12A2C) — 16402, — 124K, .

For Eq. (6.166) to reduce to a Bernoulli like differential equation we will require F (p) = 0, that is

8,002 — Ayt — Iy (Mo + 3Py — 40,°%) —

7
—A? (Z + My — 3Ky — 3K, — 2Py — 2P, + A02> =0,

which, by setting IC; = 0 or M + 3Py — 4> = 0, can be formally solved, such that

Exp [ fppo o dm}
A= [L B0 | [2@dr] dy

Af(p) =0V AP (p) =
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where A, is an integration constant and
7
d = My — 3Ky — 3K, — 2Py — 2P, + Ay* + 1 (6.170)
Consequently, from Eq. (6.166), we find

Exp | 2 T da |

Pi(p) =0V P (p) = : (6.171)
P.+ [2 Bxp | [ T dz) dy
with -
I'= Mg — 2Py + Ay? — 3Ky — 3K, + 1 (6.172)

and P, is an integration constant.

Before we conclude this subsection, we should stress that Egs. (6.164), (6.169) and (6.171) present two
possible solutions for the considered functions and all combinations of those solutions verify the structure
equations with M; = A%, leading, a priori, to distinct solutions.

6.7.2 Case2
Another possibility to solve Eq. (6.162) is the case when

(Ko + K1) (2A7 —2M,) = G (p) K1 + Q (p) K1, (6.173)
where G (p) and Q (p) are sufficiently smooth, arbitrary functions. Setting

2A% —2M; = KiQ (p) ,

(6.174)
G (p) = KoQ (p) ,
and substituting Egs. (6.173) and (6.174) in Eq. (6.162) we find
1
9,1 + Ky |240° — 2 Mo +4Ko + KoQ (p) — = | + 2+ Q (p)] K1* =0, (6.175)

2

which, provided an expression for @) (p) can be solved for Ky, or vice-versa.

Now, to solve the remaining equations for the functions @), P; and A1, we will consider that the original
solution is such that My = Py = Ay = 0, that is, the original space-time is described by a vacuum solution
of the field equations. From Eq. (6.84) we then find

7
0,P1 + P+ P {SICO + 3K — ﬂ +J(p)=0, (6.176)
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where

1 1
T (p) == 0,507 + A" + 5Q (p) K [Pl — KCo — Ky + Z]
(6.177)

1 7
+ A12 (—2731 — §Q(p)lC1 — 3’C0 — 3’C1 + 4_1) .

As before, to reduce Eq. (6.176) to a Bernoulli differential equation we will impose 7 (p) = 0. Unfortunately,
this equation itself is also not possible to solve in general since it has the form of a Riccati differential equation.
Let us then further impose the last term in the first line of the previous equation to be zero. Solving for ICq,
we have
Kiy=P1— Ko+ }L , (6.178)
where we have ignored the solutions where = 0 vV K; = 0 since they lead to a particular case of
subsection 6.7.1.
Considering the constraint that originally we have a vacuum solution, substituting Eq. (6.178) in Eq. (6.175)

we find,
8 (20,P1 + 4P + P1)

(4Py+ 1) (4P, —4Ko + 1)

Gathering the previous results, we find the following expressions for the remaining deformations:

Q(p) =— (6.179)

p=—
TP, 4 der”
Exp [— I’ @dm}
A2=0V AZ= ; & - : (6.180)
A, — fpo Exp [— fyo ) dz} dy
20,P1 +4P* + P,
— AQ P
Mi=Ar+ 4P +1 ’
where P, and A, are integrating constants and
1 7

Notice that we did not consider the case when P; = 0 since it would lead to the case when @ (p) = 0,
which, as mentioned before, represents a particular case of subsection 6.7.1. Let us also remark that, for
solutions generated using the above equations, the functional form of the pressure, P = Py, is independent
of the original solution and completely determined up to a constant. Moreover, notice that the pressure — in

such solutions — is only null when p — —oc.
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6.7.3 Case3

Let us now consider the deformations in Eq. (6.161) with the extra constraint
Y =Y, (6.182)

that is, we will impose that the function Y is unchanged between the original and the perturbed space-time.
This is a generalization of the deformations considered in Refs. [51, 166], for non-null spin density. Substituting
Egs. (6.161) and (6.182) in Eq. (6.86) we find that

Pr= A2 K. (6183)

Using Egs. (6.161), (6.182) and (6.183) in Egs. (6.85) and (6.84) we find the following relations for M and
Ky

K1 (2Yq + 3) 9
=—— ~ 1A 6.184
Ml 2Y0 + 1 + 1> ( )
p
Exp [— fpo o d:z:]
K1 = — - — Ko, (6.185)
K, — 2 2Yo+1EXp [— o @dm] dy
where
Ko (6 + 4Y,) , 1
P=— 2 +2A° -2 - = 0.186
2Y, + 1 +280 = 2Mo — 5 (6.186)

and /C, is an integration constant. Egs. (6.183) - (6.186) generalize the results in Ref. [51] in the presence
of a non-null spin density.”

Contrary to the previous cases, the Egs. (6.183) - (6.186) do not completely determine the system since
the function A2 is unconstrained. Notice that X = K; is determined uniquely by the unperturbed solution
and A% will only affect M and P;. Therefore, provided an unperturbed solution, the metric of the perturbed
space-time is completely determined by Egs. (6.182) and (6.185). As already pointed out, A? will not only
affect the energy density and the pressure of the fluid but also the Weyl tensor components. Thus, although
the metric of the space-time is independent of A%, the geometry is profoundly influenced by the presence of
intrinsic spin.

7 Notice that there is an error in the expression for M in Ref. [51]. The correct expression is found by setting A2 = A% = 0in Egs. (6.184) - (6.186).
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6.8 Conclusions

In this chapter we have introduced and used the 1+1+2 formalism to derive the structure equations for LRS |
and LRS I, stationary space-times with a Weyssenhoff like torsion field in the context the ECSK theory of
gravitation. The structure of the covariant equations show in detail how the intrinsic spin interacts with the
space-time via the torsion tensor. In particular, the presence of a torsion tensor field separates the magnetic
part of the Weyl tensor in two distinct tensors, which behave differently. Even in the case of static LRS I
space-times, the magnetic parts of the Weyl tensor do not vanish and some of its components depend on both
the value and spatial derivative of the spin density. This suggests, in particular, that the effects of intrinsic
spin on the matter fluid, even in the regimes expected to be found in neutron stars, may not be negligible, as
it was previously thought (see e.g. Ref. [36, 163]), even in the case in which the contributions due to the spin
is very small.

The 1+1+2 equations were then used to derive the covariant TOV equations for ECSK gravity for LRS | and
LRS Il space-times. In the case of LRS |l space-times, the equations are structurally very similar to the ones of
GR. Indeed this similarity allows to recast them into the same form of the GR TOV equations via a redefinition
of the matter variables and the electric part of the Weyl tensor. As a consequence we found that at the level
of the metric it is possible to map static, locally rotationally symmetric solutions of class Il from the ECSK
theory to the ones of the theory of General Relativity. Moreover, due to this mapping and the re-scale in the
matter variables, some GR solutions which are physically irrelevant become, in the context of ECSK gravity,
interesting.

When we examine in detail the physical properties of physically relevant solutions, the differences between
the ECSK theory and GR become once more evident. This is particularly true looking at the junction conditions.
We found that the requirement that all of the components of the Riemann tensor have finite discontinuities
across the separation surface S leads to additional constraints with respect to the torsionless case. This is
especially evident when looking at the structure equations for stationary LRS | and LRS Il space-times sourced
by a Weyssenhoff fluid. In these equations the magnetic parts of the Weyl tensor depend explicitly on the
derivatives of the torsion tensor and the classical Israel-Darmois junction conditions of GR do not guarantee
these terms to be finite across S. As consequence of the generalized junction conditions, in the considered
setup, observers at the interior and exterior space-times must measure the same value for the spin density at
S, turning the task of finding physically relevant solutions even more daunting.

Using the full set of structure equations and boundary conditions provided by the junction formalism,
we were able to study various properties of possible solutions. We started by analyzing how the presence of
intrinsic spin changes the Buchdahl limit for the maximum compactness of a star. We concluded that the spin-
geometry coupling allows stars with a given circumferential radius to hold more matter than the corresponding
GR ones. Next we considered the case of static, spherically symmetric compact objects entirely held by the
matter intrinsic spin, smoothly matched to a vacuum exterior. This scenario was expected to represent a good
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model for cold neutron stars, where the thermodynamical pressure is negligible when compared to the spin
density. We found, surprisingly, that such objects cannot be simultaneously static, spherically symmetric and
smoothly matched to a vacuum exterior. This is a strong result and it is necessary to discuss in detail the
hypothesis that led to such conclusion. More specifically our conclusion may not be valid if:

(i) the spin density is not a monotonically decreasing function of the radial coordinate inside the star;
(i) we consider a non-vacuum exterior space-time;
(i) we replace the uncharged Weyssenhoff fluid model;
(iv) we allow the presence of a thin shell.

The first possibility might lead to a total energy density and a pressure density which is not monotonically
decreasing. While this is not a strong enough reason to discard this case, we expect these oscillation to make
the solution unstable under small perturbations. The second case suggests that if ECSK theory had a non trivial
vacuum (vortical) solution, one could smoothly match the interior to it, bypassing the requirement of the spin
density to vanish at an hypersurface. At present there is no evidence that such solution might/should exist.
Indeed the theory is expected to reduce to GR in vacuum. For what concerns hypothesis (iii), the Weyssenhoff
fluid can be advocated to be a good model for the matter fluids that might constitute cold neutron stars.
However, in this work we made the simplifying assumption that the fluid is electrically neutral. If instead a
charged Weyssenhoff fluid model is considered, we expect that other effects will appear — such as anisotropic
pressure — which may drastically change the behavior of the fluid. As for the last possibility, although a smooth
junction with a vacuum exterior might represent a more reasonable scenario, it might be argued that neutron
stars may have a well defined surface, therefore it is not completely unreasonable to consider the presence of
a thin shell of matter at the matching surface.

On top of the zero pressure solution considered above, we have also considered solutions in which pressure
is non zero. Using reconstruction algorithms we have been able to obtain various classes of solutions for the
interior of static, spherically symmetric compact objects that can be smoothly matched to a Schwarzschild
exterior. One family of those solutions, which we dubbed Buchdahl stars, represent a very interesting scenario:
they admit the existence of a common hypersurface where the pressure, spin density and energy density all
vanish. This model, studied for the first time by Buchdahl for gaseous stars in GR [164], represents the
scenario where the fluid that composes a star will smoothly dissipate away from a denser core and transition
to vacuum. These solutions also provided a key example for the effects that intrinsic spin may have on the
behavior of the fluid. Figures 3 — 5 clearly exemplify that even if the spin density is much smaller than the
other matter variables, it allows for a much richer behavior for the fluid.

Finally, as in the case of GR, also in the ECSK theory it is possible to derive generating theorems. In this
chapter we have presented several algorithms to generate new exact solutions from previously known ones.
We should stress here that the results we have obtained followed from the idea of finding conditions so that
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the Riccati differential equations would reduce to Bernoulli equations. Although this scheme allowed us to find
various generating algorithms, we make no claim that we have exhausted all possibilities for finding new ones.

On this note, the integrability conditions for Riccati type equations in Refs. [167-169] were also considered;
however, these did not lead to useful results, in the considered context.
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Chapter 7

Electrically charged static shells: maximally
extended Reissner-Nordstrom space-time
outside a Minkowski core

7.1 Introduction

In Chapter 3 we studied the conditions for two Lorentzian manifolds with boundary, M™ and M~ endowed
with a metric compatible affine connection, to be smoothly matched at a common boundary, S, so that the
resulting space-time M has a well defined geometry at the matching surface. A natural follow up question is
if those conditions are necessary for the space-time M to be a solution of the field equations of a given theory
of gravitation. The answer is, surprisingly, no. Although the constraints on the geometry of the space-time at
the matching surface depend on the specific theory of gravitation (cf., e.g., Refs. [68-72, 170-174]), these are
in general less restrictive than those found in Chapter 3, by relating the infinite discontinuity of the Riemann
curvature tensor with the presence of a thin shell of matter at S.

In the case of the theory of General Relativity, these conditions are usually referred as the Israel-Darmois
junction formalism [68, 69], forming a set of constraints on the geometry of S, so that the resulting space-time
is a solution of the Einstein field equations in GR. The conditions imposed by the Israel-Darmois formalism
allow for the study of solutions of the theory of General Relativity by matching two previously known ones.
Indeed, in the literature the formalism has been extensively used as a tool to analyze a plethora of distinct
setups, namely, it has allowed for the study of the thermodynamical properties of black holes [175-180], the
Hawking radiation [181-183], gravitational collapse [184-187] and the properties of solutions of astrophysical
interest [188-193].

One such possibility provided by the junction formalism is the scenario of a spherically symmetric thin
shell of matter separating two vacuum solutions [184, 187, 194-199]. The discovery that the universe is
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best described by an inflationary model has led to speculation of what were the initial conditions that led
to the inflationary phase that we experience in the present. One idea is that the universe underwent various
inflationary phases in the course of some cosmological phase transitions [194]. These phase transitions could
have given rise to bubbles that separate an old inflationary phase from a new phase [184]. These bubbles,
leftovers of the early universe, could survive and be themselves sources of an exterior space-time. In this
spirit, the case of sufficiently thin bubbles, thin shells, with a vacuum Minkowski interior has been previously
considered and an intriguing possibility was found that static thin shells at the opposite side of the Einstein-
Rosen bridge could be the source of an exterior Schwarzschild space-time for an outside observer, provided that
such shells were hold by tension [195]. In this chapter we will extend the analysis in Ref. [195] and consider
the case of charged static thin shells separating an interior Minkowski from an exterior Reissner-Nordstrom
space-time [200]. As we will see, given the complexity of the Reissner-Nordstrom model, various scenarios

are possible depending on the properties of the matter fluid that composes the shell.

7.2 Space-time junction formalism

Let us then start by briefly revising the Israel-Darmois formalism for the theory of GR.

Repeating some of the concepts introduced in Section 3.5, consider two space-time manifolds with bound-
ary, M+ with metric (V)¢ and M~ with metric ()¢ . Let us then consider that the space-times M™* and
M~ are glued together at a common boundary, forming a new space-time, M, partitioned by an hypersur-
face S in two regions, M™ and M. The hypersurface S can be either time-like or space-like. Although the
case of null boundary hypersurface can also be considered [170], it will not be studied in this chapter.

Now, we will assume that it is possible to define a common coordinate system, {2}, on both sides of
the hypersurface S and we choose n, the unit normal to S, to point from M~ to M™. The normal vector
field is such that it is space-like or time-like if the hypersurface is either time-like or space-like, respectively.
Then, assuming {y*} to represent a local coordinate system around each point on S, the normal vector field
n must be orthogonal — at each point — to the tangent vectors to the hypersurface S, e, = 9/0y?, such that

eng = 0. (7.1)

a

Now, in order to join the two regions M™ and M~ at S, so that the union of (F)g and (-)g forms a
valid solution to the Einstein field equations, the Israel formalism states that two junctions conditions must be
verified at the matching surface S:
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| € Inauced metric as seen 1rom eacn region ~an , i = gap€; €, MuSt be the
(i) The induced metri f h region M~ and M+, ®h;; 1= g see], must be th

same, that is:!
[hijly = 0; (7.2)

(ii) If the extrinsic curvature, K, = e;’“efvanﬁ, is not the same on both sides of the boundary S, then
a thin shell with stress-energy tensor

Sy = —% (IKably — hay [K.) (7.3)

where ¢ is defined by n®n, = € and K = h* K, is present at S.

In this chapter, we will then study the properties of a static thin shell composed of a perfect fluid® that separates
an interior Minkowski space-time and an exterior Reissner-Nordstrom space-time using the Israel junction
formalism. The Reissner-Nordstrom solution describes the space-time outside an electrically charged non-
rotating mass. Depending on the absolute value of the charge to be less, equal or greater than the mass —
in geometrized units — three distinct space-times, respectively: non-extremal, extremal and overcharged, are

described by this solution (cf. Figure 8). All three cases shall be analyzed.

7.3 Non-extremal thin shells

7.3.1 Electric thin shells outside the event horizon: normal and tension shells

in a non-extremal Reissner-Nordstrom space-time
7.3.1.1 Induced metric and extrinsic curvature of S as seen from M~

Defined the setup of the problem, let us start by analyzing the interior Minkowski space-time, M ~, whose line

element in spherical coordinates is given by
ds® = —dt* + dr* + r?dQ? (7.4)

where dQ? = d6? + sin® (0) dp?.
Now, we assume the hypersurface S to be static® but, in general, it can be either time-like or space-like.
However, since we are considering the Minkowski space-time, it is not possible to have a static space-like

surface hence, S must be time-like. It is, then, convenient to choose the coordinates on S to be {y*} =

1We gently remind the notation introduced back in Chapter 3 and which will be used here. We will write [1/}]i to represent the difference of a field as seen from
each sub-manifold at S, ie., 1] = ¢ (MT)| g — % (M7)| g moreover, we will use the notation By =g (MF) or Dy =9 (M), toreferto
a field ¢ defined in M™ or M ™, respectively.

2Here we will assume that the total stress-energy tensor defined as the sum, Sqp, = Mgy + Eqp, Where My, represents the matter stress-energy tensor and
E, represent the electromagnetic stress-energy tensor are such that S, can be written as: Sy = cuaup + p (hap + Uauyp).

3Static has seen from an observer free-falling in the interior Minkowski space-time.
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(@) (b) (c)

Figure 8: Carter-Penrose diagrams of the distinct space-times described by the Reissner-Nordstrom solution.
Panel (a) Non-extremal Reissner-Nordstrom space-time. Panel (b) Extremal Reissner-Nordstrom space-time.
Panel (c) Overcharged Reissner-Nordstrom space-time.

(7,0, ), where T is the proper time measured by an observer co-moving with S and it follows that e, = u,
where u is the 4-velocity of an observer co-moving with the shell.

The hypersurface S, as seen from the interior M~ space-time, is parametrized by 7, such that the
surface’s radial coordinate is described by a function R (7). The fact that S is assumed to be static implies,

dR
=0 7.5
dr ’ (73]
from which we have that @t
ut = (—,0,0,0) , (7.6)
dr

where u® represent the components of the 4-velocity « as seen from the interior space-time M™~. Since &

is a time-like hypersurface, it must verify
(_)ga[gu’iué =-1. (7.7)

Using Egs. (7.6) and (7.7) we find that dt /dT = +1. Imposing that u points to the future leads to the choice
of the plus sign, thus
u® =(1,0,0,0) . (7.8)

113



Eq. (7.8) can now be used to write the induced metric on S, such that

ds?| g = —dr? + R*dQ°. (7.9)

Having found the expression for the 4-velocity of an observer co-moving with S, we can now use Egs. (7.1)
and (7.8) and the condition that n is space-like*,

nana —_ +1 , (710)
to find the expression for the unit normal as seen from M —, n®, hence
n_o =X(0,1,0,0) , (7.11)

where X is a normalization factor. Using Egs. (7.10) and (7.11) yields A = =41. Since we are studying the
case where the interior Minkowski space-time is spatially compact and enclosed by the hypersurface S, we

must choose the plus sign, such that, the expression for the outward pointing unit normal to S is given by
n_, =(0,1,0,0) . (7.12)

We are now in position to compute the components of the extrinsic curvature of S as seen from M,
(’)Kab. In the case where the matching surface S is time-like, static and spherically symmetric, the non-null
components of the extrinsic curvature are given by

K,, = —an,, (7.13)
Koo = Vong. (7.14)
Kyp = Ving, (7.15)

where V, is the Levi-Civita connection and
a® = u’Vu®, (7.16)

is the acceleration of an observer co-moving with S.
Taking into account Egs. (7.1), (7.4) and (7.9) we find that the non-trivial components of the exterior

4For simplicity and without loss of generality we will assume that the integral curves of n are affinely parameterized.
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curvature as seen from the interior Minkowski space-time are given by

OK™. = 0, (7.17)
1
Gl = = 7.18
0 Ra ( )
1
COKRe, = — (7.19)
® R’ '

where the induced metric (7.9) was used to raise the indices.

7.3.1.2 Induced metric, and extrinsic curvature of S as seen from M™

To proceed we have now to find the expressions for the induced metric on S and the extrinsic curvature
components as seen from the exterior space-time, M™. As was explained in Section 7.2, the exterior Reissner-
Nordstrom space-time may be non-extremal, extremal or overcharged depending on the charge to mass ratio
of the shell. Let us start by considering the non-extremal case.

In our study we shall allow the shell to be placed at any sub-region of the non-extremal Reissner-Nordstrém
space-time (see Figure 8a). In this regard, following Ref. [196], it is useful to find a coordinate system that is
well behaved — without coordinate singularities — in any of those sub-regions. Although it is possible to find a
coordinate system that covers the entire Reissner-Nordstrom space-time without coordinate singularities (cf.,
e.g., Refs. [201-203]) the expressions become very complicated to work with and, in our analysis, no real
advantages arise from using such coordinate system. In Appendix D.1, we define, instead, two coordinate
patches, each well behaved in a neighborhood of the event horizon, at » = r,, or in a neighborhood of the
Cauchy horizon, at r = r_. While the main motivation to find a new coordinate system is the fact that it
is well behaved in a neighborhood of a coordinate singularity, hence allowing the shell to be as close to the
pseudo-singularity as we want, another reason for introducing a new coordinate system is the fact that the
radial Schwarzschild coordinate, r, is ambiguous when describing an event in one region or in its parallel —
denoted with prime in Figure 8a — which can lead to difficulties. Moreover, as we will see, the introduction of
such coordinate patch will allow a concise treatment of the case where the shell is placed in one region or in
its parallel. Due to the formalism that we use, we will need two coordinates patches to describe the various
sub-regions of the exterior Reissner-Nordstrom space-time hence, we shall separate the study of a shell placed
in a region described by one coordinate patch and the other.

Let us then start by studying the properties of a static shell placed in a region described by the coordinate
patch defined in Appendix D.1.1 — the coordinate patch without the pseudo-singularity at » = r. In this
region, the metric of the Reissner-Nordstrom space-time in Kruskal-Szekeres coordinates was found to be
given by

2

ds

2 - o 1+(7'—/r+>
= ( > (dX? —dT?) + 7> (X,T)d2?,  (7.20)

e ™\ 5

72
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where
r+ = M + M2 — QQ,
9 (7.21)

r

+

R:t = ;
Ty —T-

and r is given implicitly by

N2 g2 (T (T ~(/rs)’? 722
—_ = e . .
2M 2M

The shell’s radial coordinate when measured by an observer at M is described by a function p (7),
where 7 is the proper time of an observer co-moving with the surface S; which, since we assume it to be

static, is such that
dp
dr
Considering Eq. (7.22), Eq. (7.23) implies that the X and 7" coordinates of a point on & must verify

0. (7.23)

X?% — T? = constant. (7.24)

Taking the derivative of Eq. (7.24) in order to the proper time we find the important relation

oxX ToT
—_— = = (7.25)
or X ot

In our previous analysis of the M~ space-time, we found that the hypersurface & must be time-like,
then, due to the first junction condition, S must also be time-like when seen from the exterior M™ space-

time. Therefore, the components of the 4-velocity of an observer co-moving with it as seen from M are,

oT 0X
=(—=—,—,0,0 7.26
'LL+ (87’7 67_7 ) > ) ( )
and it must verify
(Hgaﬁuiui =_1. (7.27)

Using Eqgs. (7.25) - (7.27) we can find the components of w,

oT g X2

= -/ (7.28)
X XX T2

0X _ |4 (7.29)

ar T\ x2-T2
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such that

XX

e = —Xf — (X.T.0,0) . (7.30)
where the sign was chosen so that « points to the future and gXX is the X X component of the inverse
metric of Eq. (7.20). Notice that the expression found for the components of u, Eq. (7.30), only makes sense,
physically, if X2 > T2. Looking at Eq. (7.22), that implies that either the shell is located in the region | or in
the region I (cf. Figure 8a). This is a consequence of the shell being assumed static. If we were to consider
a dynamic shell or a different interior space-time, shells in the black hole region or at the horizon could also
be treated.

Before we proceed let us remark that in our analysis we have not specified if we consider the shell to be
in the sub-region | or I, however, in our choice of the plus sign in Eq. (7.30), such that « points to the future,
we had to take into account each sub-region, that is, in this case the choice of the plus sign of uS has the
same meaning for both sub-regions but in general that does not have to be true, as different signs might have
to be chosen depending on the studied sub-region. It is, however, important to mention that in our treatment
the choice of the sign of u is irrelevant but, as we will see, the choice of the sign of the components for the
normal, n¢, for each sub-region is not.

Eq. (7.30) can now be used to find the induced metric on the hypersurface S, such that
ds?|g = —dr* + p*dQ*. (7.31)

Matching Eq. (7.9) with Eq. (7.31) we find that p, the radial coordinate of S when measured by an observer
at M™, and R, the radial coordinate of S when measured by an observer at M ~, must be equal. We shall
then use R to describe the radial coordinate of the shell for either the interior and exterior space-time.
Now, using the fact that the unit normal to S, as seen from the exterior spacetime M ™, is space-like
implies,
ninye = +1, (7.32)

and taking into account Egs. (7.1) and (7.30), we find

/| 9
Nyaq = + ﬁ (-T, X, 0, 0) . (733)

To proceed we must choose the sign for the normal. The choice of the sign is related with the direction of the
normal and we shall impose that it points in the direction of increasing X coordinate. This implies that the
choice of the sign is different if we consider the shell to be in the sub-region | or I (cf. Figure 20). One of the

simplifications that the use of the Kruskal-Szekeres coordinates introduces is that the choice of the sign can
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be written in a concise manner, such that

Ny = sign (X) % (—T, X,0,0) , (7.34)
where sign (X)) is the signum function of the coordinate X of the shell. Notice however, that the usage of this
notation is simply to treat in a concise way the two possible directions of the normal of the shell. Physically,
there is nothing different between a shell placed in either region (with positive or negative values of X).

Found the normal to the hypersurface S as seen from the exterior non-extremal Reissner-Nordstrom space-
time, we are now in position to find the non-null components of the extrinsic curvature. Following the results

in Appendix D.2.1 we have

D Sign(X) r_T4

OKT, = o (e — 2 ) (7.35)
ign (X) Vg (X2 —T?)
b pee — SENI XX 7.36
0 ) 2R+ R ) ( )
where the parameter T is given by
R—ry)(R—r1r_

Y= \/ ( *J)%(Q ). (7.37)

In Figure 9 we show the Carter-Penrose diagrams [31, 204] of the Minkowski — non-extremal Reissner-
Nordstrom junction space-time either for a junction surface with normal pointing towards the event horizon or
in the direction of spatial infinity.

7.3.1.3 Non-extremal thin shell’s properties outside the event horizon

Found the necessary components of the extrinsic curvature of the hypersurface S as seen from each space-
time, we are now in position to find the properties of a perfect fluid thin shell placed outside the event horizon
of a non-extremal Reissner-Nordstrom space-time. The shell’s stress-energy tensor is given by

5% = ouu’ + p (K" + u'd’) | (7.38)

where o is the energy per unit area and p is the pressure of the fluid. From our choice of coordinates on S,
{y*} = (1,0, ), we have

ST = —o, (7.39)
SE = p. (7.40)
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(a) (b)

Figure 9: Carter-Penrose diagrams of a Minkowski — non-extremal Reissner-Nordstrom junction space-time
through a time-like shell. Panel (a) The normal points in the direction of spatial infinity. Panel (b) The normal
points towards the event horizon.

Now, comparing Egs. (7.39) and (7.40) with the second junction condition, Eq. (7.3), taking into account the
components of the induced metric, Eq. (7.9), and the fact that in our case [Kg}i = [Kfﬂiwe find that

1 0
o=—1 (K3, (7.41)
1 o
= —[K]],—=. 7.42

Substituting in Egs. (7.41) and (7.42) the values for the components of the extrinsic curvature found in the

previous sections we find

8o = % (1 —sign(X)Y), (7.43)
S7p = Sig}g ) [(1 = sign (30) 1) — ’”;;* , (7.44)

where the parameter Y is given by Eq. (7.37).
Before we discuss our results let us verify their consistency by checking what happens in the limit when
the charge () goes to zero. In this limit, from Eq. (7.21), we see that _ — 0 and . — 2M hence, the
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outside space-time is described by the Schwarzschild solution. Then, Egs. (7.43) and (7.44) yield

2 2M
gfﬂ)8W0'23j§ <1 —-an()() 1— —}§-> R (145)
en(X) [ R 20\
_ _sign e _2M
cyTo 8mp = 5 oM (1 sign (X) /1 I ) , (7.46)

matching the expressions found in Ref. [195] where a Minkowski — Schwarzschild space-times junction was
considered.
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Figure 10: Properties of a perfect fluid thin shell placed with normal pointing in the direction of spatial infinity
(see Figure 9a) of a non-extremal Reissner-Nordstrom space-time with an interior Minkowski space-time. Panel
(a) Energy density. Panel (b) Pressure support.

In Figures 10 and 11 we show the behavior of the energy density, o, and the pressure (tension), p (),
that supports a thin shell for the possible resulting space-times for various values of the ratio ) /M. From
Figure 11b we see that the thin shell is supported not by pressure but by tension. Physically this result
was actually expected since an observer momentarily co-moving with the shell but detached from it will infall
towards the black hole region of the exterior Reissner-Nordstrom space-time, hence, a perfect fluid thin shell
placed at the junction hypersurface, in order to be static, must by supported by tension. This reasoning also
explains the behavior exhibited in Figure 10b where the thin shell is supported by pressure. Notice, also, that
both the pressure and the tension of such type of shells go to infinity as & — 7, but the energy density is
constant, in both cases, at that limit.
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Figure 11: Properties of a perfect fluid thin shell with normal pointing towards the event horizon (see Figure 9b)
of a non-extremal Reissner-Nordstrom space-time with an interior Minkowski space-time. Panel (a) Energy
density. Panel (b) Tension support.

7.3.2 Electric thin shells inside the Cauchy horizon: normal and tension shells

in an interior non-extremal Reissner-Nordstrom space-time
7.3.2.1 Induced metric, and extrinsic curvature of S as seen from M ™

To study the case of a static time-like thin shell placed in a region covered by the coordinate patch without
the pseudo-singularity at » = r_ we have now to repeat the same recipe followed in the previous section.
We will see, however, that many of the previous results are also valid for the second coordinate patch, greatly
simplifying our work. From the discussion in Appendix D.1.3, the line element for the Reissner-Nordstrom
space-time in Kruskal-Szekeres coordinates is:

ds?

_16M? T(m_—r

L(re/r-)
RZe™ (=57 ) (dX? —dT?) 4+ r*(X,T)d9?, (7.47)

r2

where 4 and R_ are given by Eq. (7.21) and r is given implicitly by

22 A (T (e ~(rer-)” (7.48)
—° 2M oM ' '

Considering a static shell, from Eq. (7.48) we take that the X and 1" coordinates of the shell must verify

X? — T? = constant . (7.49)

Now, as was argued in the previous section, a static shell in the Minkowski space-time must be time-like as

seen from both interior and exterior space-times. This restriction and Eq. (7.49) imply that Egs. (7.28) and
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(7.29) are also valid in this coordinate patch, hence, the components of the 4-velocity of an observer co-moving

with the shell as seen from the exterior space-time, are given by

XX

9
X2—T2(

a—_
Uy =

X,T,0,0) , (7.50)
where, in this case, gXX is the X X component of the inverse of the metric in Eq. (7.47). We see that
Eq. (7.50) only makes sense, physically, if X2 — T2 > 0, which, taking into account Eq. (7.48), allow us to
conclude that the shell must then be placed either at the sub-region Ill or IIl" (see Figure 8a). This conclusion
was actually expected since it is not possible to have a static time-like hypersurface in the black-hole region
or at the Cauchy horizon, r = r_. Let us remark that the minus sign arises from the convention that the
4-velocity points to the future for both sub-regions Il and IlI’.

Making use of Egs. (7.47) and (7.50) to find the induced metric on S as seen by an observer at M™
and imposing the first junction condition, Eq. (7.2), we find that the shell’s radial coordinate R is the same as
measured by an observer at M~ or M™ and the induced metric on S is given by Eq. (7.9).

Combining Egs. (7.1), (7.10) and (7.50) we find the expression for the unit normal to the hypersurface S,
as seen from the exterior space-time M™, to be

/| 9
Nyaq = + ﬁ (—T, X, 0, 0) . (751)

Now, to specify the sign of the normal to S for each sub-region we shall consider two cases: the case where
the normal n points towards the Cauchy horizon at » = r_ and the case where the normal points towards
the singularity at » = 0. These two cases can be treated in a concise way by assuming, for example, a shell
placed either in the sub-region IIl or IIl" and the normal pointing in the direction of decreasing X coordinate,
such that®

Nya = sign (X) % (T, —X,0,0) . (7.52)

Then, using the results from Appendix D.2.2, we find the non-null components of the extrinsic curvature of S
as seen from the exterior space-time to be given by
) e Sign(X) r_T4
KT_ 2R2T 7“+—|-7"_—2 R s
_ sign (X) \/gxx <X2 — TQ)
14 2R R_ ’

(7.53)

DR, — B fce (7.54)

where T is given by Eq. (7.37).
In Figure 12 we show the Carter-Penrose diagrams of the Minkowski — Reissner-Nordstrém junction space-

5We emphasize, as in the previous subsection, that physically the important characteristic is the sign of the normal and not where the shell itself is placed, as
sub-regions differing by the sign of X have the same physical properties, as measured by an observer in each sub-region.
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time either for a junction surface whose outside normal points towards the Cauchy horizon or towards the
singularity at » = 0. Notice that in the former case, Figures 12a.1 and 12a.2, we have the equivalent
possibility of a thin shell placed at only one sub-region or at both. Although the scenarios represented in these
diagrams are very different: as there might or not be a singularity at » = 0, for an outside observer with
coordinate r > R the geometry of the space-time — hence, the gravitational field — will be the same.

7.3.2.2 Non-extremal thin shell’s properties inside the Cauchy horizon

Determined the components of the extrinsic curvature of the hypersurface S as seen from each space-time,
we are now in position to find the properties of a perfect fluid thin shell placed inside of the Cauchy horizon.
As was found in subsection 7.3.1.2, the energy density and the pressure of a perfect fluid thin shell are related
to the extrinsic curvature components by Egs. (7.41) and (7.42). Then, from Egs. (7.18) and (7.54) we find

8o = % (1 —sign(X)Y), (7.55)

and, substituting Egs. (7.17), (7.53) and (7.55) in Eq. (7.42),

~ sign(X)
TP = ToRY

r_Try

R% 17

[(1 ~sign (X)T)? — (7.56)
where the parameter Y is given by Eq. (7.37).

Now, the expressions found for the energy density for a shell placed inside the Cauchy horizon, Egs. (7.55)
and (7.56), are the same as Eqgs. (7.43) and (7.44), however, the behavior of the properties of the shell will be
different since, the radial coordinate of the shell, R, in this case ranges between zero and r_. In Figures 13
and 14 we present the behavior of the energy density and pressure of a shell associated with the diagrams in
Figure 12.

Let us analyze each case separately. In the case of a thin shell associated with the diagrams 12a.1 or
12a.2 we see from Figure 13 that, depending on the radial coordinate of the shell, the energy density might
take negative values. Indeed, from Eq. (7.55) we find that for

QQ

R <
oM’

(7.57)

the energy density, o, is negative. On the other hand, this kind of thin shell is always supported by tension,
v. This translates the well known fact that the Reissner-Nordstrdm singularity at » = 0 is repulsive [201].
Moreover, we see that both the energy density and the pressure of the shell diverge to negative infinity as we
get closer to the would be singularity, & — 0. In the limit of R — r_ the pressure also diverges to negative
infinity but the energy density, o, tends to (47 7:)_1.

In the case of a thin shell associated with the diagram 12h, we see from Figure 14 that the energy density
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Figure 12: Carter-Penrose diagrams of the Minkowski — non-extremal Reissner-Nordstrom junction space-time
through a time-like thin shell in sub-regions Ill and Ill’. Panels (a.1)/(a.2) The outside normal to the shell
points towards the Cauchy horizon at » = r_. Panel (b) The outside normal to the shell points towards the

singularity at r = 0.
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Figure 13: Properties of a perfect fluid thin shell with circumferential radius R < r_ and outside normal
pointing towards the Cauchy horizon at » = r_, separating a non-extremal Reissner-Nordstrém space-time
with an interior Minkowski space-time. Panel (a) Energy density. The image on the right is a zoom of the region
inside the rectangle in the image on the left. Panel (b) Tension support.
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Figure 14: Properties of a perfect fluid thin shell with circumferential radius R < r_ and outside normal
pointing towards the singularity, separating a non-extremal Reissner-Nordstrém space-time with an interior
Minkowski space-time. Panel (a) Energy density. Panel (b) Pressure support.

of the shell is always positive and the shell is supported by pressure. In this case, as the radial coordinate of
the shell, R, goes to zero, both the energy density and pressure of the shell diverge to positive infinity. On
the other hand, as R — r_ the pressure diverges to positive infinity but, as in the previous case, the energy
density tends to (47 r_)"".

7.4 Extremal and overcharged thin shells

In the previous sections we have found the expressions for the energy density and the pressure of a perfect
fluid static thin shell with a Minkowski flat interior in a non-extremal (M? > ()?) exterior Reissner-Nordstrém
space-time. Let us now see if the results can be extended for the extremal and overcharged Reissner-Nordstrom
models.

In the construction of the Kruskal-Szekeres coordinates X and 7', it was assumed that the Reissner-
Nordstrom space-time was non-extremal (cf. Appendix D.1). Indeed if we try to extended our results to
describe the extremal and overcharged cases, we realize that the expressions found for these coordinates
do not make much sense since, they may take imaginary values. This translates the well known fact that
the Kruskal-Szekeres coordinates that describe an extremal or overcharged Reissner-Nordstrom space-time
can not be found by a limiting case of those that describe a non-extremal space-time [201, 202]. Albeit this
fact, we see that the expressions for the energy density and pressure support of the shell, Egs. (7.43) and
(7.44) and Egs. (7.55) and (7.56), only depend on the radial coordinate of the shell, R, and on the sign of
the coordinate X. Now, the term sign (X) was introduced in the expression for the outside unit normal to
the shell, Egs. (7.34) and (7.52), to encapsulate in a concise and clear geometric way the information about
the direction of the normal in the exterior space-time. That is, we related the sub-region where the shell was
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considered with the two possible directions that the normal could point to. This means, therefore, that we
could substitute the term sign (.X) in the expressions for the energy density and the pressure of the shell by
a parameter £ = {—1, 1}, defined as £ = +1 if the outside unit normal to the shell points in the direction
of increasing radial coordinate r, measured by an observer in the exterior M™ space-time, and § = —1 if
the outside unit normal to the shell points in the direction of decreasing radial coordinate r, again, measured
by an observer in the exterior M™ space-time. This definition is consistent with our previous conventions (cf.
Egs. (7.34) and (7.52)). As such, we can rewrite the expressions for the energy density and the pressure as

8mo :}% (1-£7), (7.58)
_i _ 2 rT_Try
8mp =3RT (1 —£&7) | (7.59)

where the parameter Y is given by Eq. (7.37) and the radial coordinate of the shell R €]0, r_[U]r,, +o0],
for the non-extremal and extremal cases, and R €]0, oo for the overcharged case.

In Figure 15 we present the Carter-Penrose diagrams for all possible cases of an interior Minkowski —
exterior extremal Reissner-Nordstrom junction space-time and, for the sake of clarity, we present separately in
Figure 16 the diagrams in the case of an exterior overcharged space-time. In Figures. 17 and 18 we show the
behavior of the energy density and pressure support described by Egs. (7.58) and (7.59), for each case.

Let us now analyze the properties of the shells for each case. We see in Figure 17 that the energy density
o may either take positive or negative values, depending on its radial coordinate. From Eq. (7.58) we find that
if the radial coordinate of the shell is in the range defined by Eq. (7.57), ¢ is negative. Anocther interesting
feature of such extremal shells is the behavior of o at R = r = M. Although, as was argued in the previous
sections, a static time-like shell with a Minkowski core in an exterior Reissner-Nordstrom space-time can not be
placed at the horizon, we see that the one-sided limits exist. From Figure 17b we conclude that overcharged
shells are always hold by tension, whereas, extremal shells are supported by tension only if considered inside
the horizon and — although not visible due to the use of logarithmic scale — a perfect fluid time-like static thin
shell placed outside the horizon has zero pressure support. This result confirms the discussion in Refs. [202,
205] where the metric for the outer region to the horizon of the extremal Reissner-Nordstrom space-time,
r > ry, represents the exterior field of a spherical charged dust cloud in equilibrium between gravitational
attraction and electrostatic repulsion.

As for shells whose properties’ behavior is presented in Figure 18, we see that their energy density is
always positive. For extremal shells, however, we, again, verify a discontinuity in the derivative of o at the
horizon but the one-sided limits exist. Overcharged shells are always hold by tension, -y, but an interesting
feature is the change in the behavior of v at R > M, where the tension support of such shells is smaller as
the /M ratio increases. Another interesting behavior is that such extremal shells placed inside the horizon
at r = M have zero pressure support.
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Figure 15: Carter-Penrose diagrams of the Minkowski — extremal Reissner-Nordstrom junction space-time
through a time-like shell with constant radial coordinate R. Panels (a) Shell with R > r, and the outside
normal points towards spatial infinity. Panel (b.1)/(b.2) Shell with R > 7, and the outside normal points
towards the event horizon. Panel (c.1)/(c.2) Shell with R < r and the outside normal points towards the
event horizon. Panel (d) Shell with R < r, and the outside normal points towards the singularity at » = 0.
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Figure 16: Carter-Penrose diagrams of the Minkowski — overcharged Reissner-Nordstrom junction space-time
through a time-like shell with constant radial coordinate R. Panel (a) Outside normal to the shell points towards
spatial infinity. Panel (b) Outside normal to the shell points towards the singularity at » = 0.

7.5 Energy conditions for electric thin shells

7.5.1 Energy conditions

The analysis of the properties of time-like, static, perfect fluid thin shells with a Minkowski interior and a
Reissner-Nordstrom exterior showed that both the energy density and pressure support depend of the direction
of the outside pointing normal. Moreover, we saw that depending on the value of the radial coordinate of the
shell, the energy density and pressure may take negative values. In this section, we shall address the question
of in what conditions are such boundary layers possible to exist in nature, at least from a classical point of view.
To do so, we shall verify for what values of the shell’s properties are the various energy conditions verified, if
at all.

The energy conditions are a set of restrictions on the stress-energy tensor and, in the case of a perfect
fluid, lead to specific constraints on the energy density and pressure. Although various restrictions can be
assumed, we shall only study the null, weak, strong and dominant energy conditions. Moreover, each energy
condition may be considered to hold at any point of the space-time or along a flowline, where the specified
energy condition is only verified on average — allowing for pointwise violations (cf., e.g., Refs. [16, 58, 149,
206, 207]). Here we will consider the pointwise version of the energy conditions.

Let us briefly explain the physical motivation for each energy condition and their implications on the

properties of a perfect fluid thin shell:
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Figure 17: Properties of an extremal and overcharged perfect fluid thin shell with a Minkowski core described
by the Penrose diagrams in Figures 15a, 15c.1, 15¢.2 and 16a. Panel (a) Energy density. Panel (b) Tension
support.

Null energy condition

The null energy condition (NEC) represents the restriction that the energy density of any matter distribution in
space-time experienced by a ligh-ray is non-negative. This is represented by

Task“k? >0, (7.60)

for any future pointing null vector field k. For a perfect fluid thin shell with stress-energy tensor given by
Eq. (7.38) this implies
o+p>0. (7.61)

Weak energy condition

The weak energy condition (WEC) is a more restrictive version of the NEC where it is imposed that the energy
density of any matter distribution in space-time measured by any time-like observer must be non-negative,
then

Tapv®0® >0, (7.62)

for any future pointing, time-like vector field. In the case of a perfect fluid this leads to the following restrictions

g>0,
(7.63)
oc+p>0.
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Figure 18: Properties of an extremal and overcharged perfect fluid thin shell with a Minkowski core described
by the Penrose diagrams in Figures 15b.1, 15b.2, 15d and 16b. Panel (a) Energy density. Panel (b) Tension
support.

Dominant energy condition

The dominant energy condition represents the statement that in addition to the WEC being verified, the flow
of energy can never be observed to be faster than light, that is, in addition to Eq. (7.62) the vector field Y with

components Y = —7}5%5, verifies Y*Y,, < 0, for any time-like future pointing vector field v. In the case
of a perfect fluid thin shell, this implies
c>0,
(7.64)
o> |pl.

Strong energy condition

The strong energy condition represents the restriction that nearby time-like geodesics are always focused
towards each other — essentially guaranteeing that gravity is always perceived to be attractive by any time-like
observer. In the case of GR, this is found by guaranteeing®

1
<7;5 - Ega@’n“) vf > 0, (7.65)

for any time-like vector field v. For a perfect fluid thin shell we find,

c+p>0,
(7.66)
oc+2p>0.

6Notice that condition (7.65) follows from the premise 2 in the focus theorem 4.1 in the case of GR. Then, it is clear that the constraint on the stress-energy
tensor imposed by the strong energy condition depends on the theory of gravitation that is considered.
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7.5.2 Limiting radii

From Egs. (7.61) - (7.66) we see that the energy conditions imply various restrictions on the energy density and
pressure of a perfect fluid. In the considered setup, we found that the properties of the perfect fluid thin shells
are functions of the radial coordinate of the shell only — Egs. (7.58) and (7.59); hence, the constrains imposed
by the energy conditions on the thin shell for the various possible junction space-times will lead to restrictions
on the radial coordinate of the boundary layer. Anticipating what follows, we present the expressions for the
limiting radii that arise from solving the inequalities (7.61) — (7.66) for the various junction space-times, namely,
R, Ry and Ry:

M| Q\2 9(2)" =570 (L) +625

Ri=c |25+3 (M) + A + A (7.67)
M QY (8 -10(E) +9

Ry —Z 3+ (M) + A, + Avl| (7.68)

. 4 Q 2

u 0\? (1=iv3) [9(&)" =570 (%) + 625) |

B == |50+ 6 (M) = x ~(1+iv3) A, (769

with

o (Q)° QN o[ Q) Q\’
AP =27 (M) + 216 (M) \/9 (M) + 366 (M) — 375+
2

Q\* Q
+ 5211 (M) — 21375 <M> + 15625, (7.70)

R (IR R O R

where we refer to the real root of the cubic equations. Let us remark that although the expression for Ry is

written in terms of the imaginary unit ¢, for the range of values of the ratio (/M of interest, this function
takes purely real values. Moreover, although it is not clear from the expressions, the values of the radii R, Ry
and Ry, are independent of the sign of (), as expected.

For completeness, in Figure 19 we present the behavior of the various limiting radii defined in Egs. (7.67)
- (7.69) as functions of the ratio Q) / M.

7.5.3 Analysis

Let us then use Egs. (7.58) and (7.59) in the inequalities (7.61) — (7.66) for each kind of shell. In Table 2 we
summarize the results.
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Figure 19: Behavior of the various radii, whose expressions are given by Egs. (7.67) - (7.69), found by imposing
the null, weak, dominant and strong energy conditions to the thin shells present at the matching surface of
the various junction space-times.

7.5.3.1 Energy conditions of non-extremal electric thin shells

For the case of non-extremal electric thin shells with radial coordinate R > ., we conclude that shells with
normal pointing in the direction of spatial infinity, Figure 9a, always verify the null, weak and strong energy
conditions, and, except for shells in a region between R > r, and R < R,, the dominant energy condition is
also verified; for shells whose normal points in the direction of the event horizon, Figure 9b, interestingly, only
the strong energy condition is always violated, independently of the radius of the shell. Moreover, the limiting
radius Ry, Eq. (7.68), also determines the value of the circumferential radius of the shell for which its energy
density is maximum, explaining the “bumps” in Figure 11a.

For non-extremal electric thin shells with radial coordinate R < r_, we have found that, if the outward
normal points in the direction of the Cauchy horizon, Figures 12a.1 and 12a.2, none of the considered energy
conditions are verified; on the other hand, the somehow exotic, case of shells whose outside normal points
to the singularity at » = 0, Figure 12b, verify all the tested energy conditions in the domain, except for the

dominant energy condition which is only verified by shells with 0 < R < Ry,.

7.5.3.2 Energy conditions of extremal electric thin shells

As for the extremal shells, we find that, thin shells in the cases of Figures 15a, 15b.1, 15b.2 and 15d always
verify the null, weak and dominant energy conditions. However, shells associated with the diagrams 15b.1
and 15b.2 will violate the strong energy condition. On the other hand, extremal thin shells represented by the

diagrams 15c.1 and 15c¢.2 will always violate the tested energy conditions.
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Null energy Weak energy Dominant energy Strong energy
condition condition condition condition
9a R>nry R>nry R> R R>ry
Non-Extremal 9b R> Ry R> Ry R > Ry Never verified
12a.1/12a.2 Never verified Never verified Never verified Never verified
12b O<R<r_ O0<R<r_ 0< R< Ry O<R<r_
15a R>nry R>nry R>ry R>ry
Extremal 15b.1/15b.2 R>r, R>ry R>ry Never verified
15c.1/15c¢.2 Never verified Never verified Never verified Never verified
15d O<R<ry O<R<ry O<R<ry O<R<ry
Overcharged 162 R= Ry R=> Ry R= Ry Rz %;
16b R>0 R>0 R>0 R<Y

Table 2: Range of values of the radial coordinate of a static, time-like, perfect fluid thin shell, in the various
allowed sub-regions of the exterior Reissner-Nordstrom space-time for which, the null, weak, dominant and
strong energy conditions are verified.

7.5.3.3 Energy conditions of overcharged electric thin shells

Lastly, in the overcharged case of Figure 16a, we conclude that if the radial coordinate of the shell is greater
or equal to Ry, Eq. (7.68), it is possible to have overcharged thin shells with a Minkowski flat core that verify
the null, weak and dominant energy conditions. If the radial coordinate of the shell is also greater or equal to
QQ/M then all the studied energy conditions are verified by this type of thin shells. As for shells in the case
of Figure 16b we see that the null, weak and dominant energy conditions are always verified and the strong
energy condition is verified for shells with R < QQ/M.

These results for the strong energy condition indicate that in the overcharged Reissner-Nordstréom space-
time the singularity is repulsive in a core region with < QQ/M. This result extends that of Refs. [201, 202,
205] where it was found that the non-extremal and extremal cases are characterized by a repulsive region
delimited, respectively, by the Cauchy or event horizon. Here, although there are no horizons, we see that the
same conclusion holds. To our knowledge, this was first realized in Ref. [208] when studying the radial motion
of infalling particles in a Kerr-Newmann space-time, although the authors did not discuss the limiting radius of
the repulsive region. We also highlight the discussion in Refs. [209, 210], where the former wrongly showed
that there was no repulsion in the Reissner-Nordstrdom space-time and the latter corrected the conclusion.
Here we confirm that conclusion and find the limiting radius of the repulsive region.
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7.6 Conclusions

In this last chapter, we studied the possibility of generating a Reissner-Nordstrdm space-time by a thin matter
shell with a Minkowski core. By considering the maximum analytical extension of the Reissner-Nordstrom
space-time, this setup lead to a plethora of possible solutions of the Einstein field equations, depending on
the properties of the matter fluid.

Indeed, either in the non-extremal, extremal or overcharged cases we found scenarios where for an ob-
server exterior to the shell, locally, the geometry of the space-time is indistinguishable from that of the Reissner-
Nordstrom model, generated by a central charged mass. In the non-extremal case, the formalism provided
the possibility of regularizing the space-time, either removing the central singularity by placing the shell in a
region outside the event horizon or inside the Cauchy horizon, although in the latter case, the matter fluid
composing the shell will always violate the pointwise versions of the null, weak, strong and dominant energy
conditions. The same conclusions hold in the case of extremal shells inside the event horizon.

It was also considered the possibility of having a shell separating a Minkowski and a Reissner-Nordstrom
space-times such that the circumferential radius function would decrease in the direction of each sub-space. In
these cases, we could have either the presence of an event horizon or a naked singularity. In the former, it was
found that the strong energy condition must always be violated; whereas, surprisingly, in the latter scenario,
it is always possible to find domains for the shell’s properties where all the considered energy conditions are

verified.
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Appendix A

Divergence of the Weyl tensor

Given a 4-tensor field 1,45 in a 4-dimensional Lorentzian manifold, such that

Vapys = Ylapl, (A1)

VYapys = Yaplye),

that is, anti-symmetric in the first and second pair of indices, we define the left and right Hodge dual, respec-
tively, as

1
“Yapys = §5aﬁw¢uw6 )

. 1
¢ afys — §wuu'y§ 5#'/75,

(A.2)

where £,3+5 represents the Levi-Civita volume form, Eq. (2.15). Note that the left and right Hodge dual is well
defined for any 4-tensor field, not only those that verify Egs. (A.1), however, this requirement guarantees that
the mapping is invertible, that is, no information is lost and applying the left (right) dual twice, returns the
same tensor — up to a sign.

Now, using the fact that the Weyl tensor is trace-free and the properties of the Levi-Civita volume form,
Egs. (2.18) - (2.21), we have the following identity

* Yk 1 j% pPo
C afyd — Zgaﬁ OMVpJE ¥6 — —LYydap - (A3)

Defining the quantities

Goprys = ga['yg(ﬂﬂ y (A 4)

Eapys = Rajy 9518 — Ry 9ojas
we have that

g aByd — _gaﬂ757 (A5)

*E*aﬂ'yé = LrdaB — Rg’)/6aﬂ )
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where R represents the Ricci scalar.
Equations (A.3) — (A.5) can now be used to find an expression for the divergence of the Weyl tensor in
terms of the Riemann and torsion tensor. Defining

Qaprsp = 251ap” Bijosp » (A.6)
the second Bianchi identity, Eq. (2.13),
* % UUyo 1 afov Apyd
VR = ZE Qaporpe™™ . (A7)

Substituting Egs. (2.22), (A.3) and (A.5) in Eq. (A.7) we find

1 2
vaovéﬁa - ZguvkﬂQWMpgowé —V, (Rv[agﬂw _ R5[agﬂh _ gRgv[agﬁM) . (A.8)
Using the following relation
VoR =2V, R* = 3Qauw™ (A.9)

found from contracting the second Bianchi identity, Eq. (A.8) then yields

1
vaC'y(SBa — _guu)\ﬁ Quykgpgapyé_i_

4 (A10)

3 1
+ §gﬁ[5Qv]WW + \vAC 2 il a ggﬁhvé]R.

137



Appendix B

Computation of the limit of R°R’ in
Szekeres space-times

In the proof of Lemma 5.1 we have used the result that, when 7. (1) exists, then lim,_,, ) R*R' = 0.

Since this result plays a key role in that proof, here we summarize the solutions of the generalized Friedmann

equation, Eq. (5.33) (also Eq. (5.41)) and show how they can be used in the proof.

The solutions to Eq. (5.33) can be separated in various sub-families depending on the combination of the

signs of the functions M (r) and f (7). It can be easily seen that not all solutions are real (e.g. the case of

M (r), f(r) < 0). The solutions of interest are then [136]:

for f(r) <Oand M (r) >0,

R =220 st ) s Janiom = ST e

for f(r) >0and M (r) <0,

R(r,r)= —2]\?((:)) cosh? (1), n + %sinh (2n) = % (t1—10(7)) ;
for f(r)>0and M (r) >0,
f(r)?

R(1,r) = 2]\;((73) sinh? (1), %sinh (2n) —n =
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for f(r)>0and M (r) =0,
R(r,r) = [(r) (T —7c(r)) ; (B.4)

for f(r)=0and M (r) >0,

R(rr) = (9MQ<”);’ (r-n@)i: @)

Wi

for f(r)=0and M (r) =0,
R (7,7) = const.; (B.6)

where some functional dependencies were omitted to simplify the notation.

Now, for the cases represented by Egs. (B.4) - (B.5), the computation of lim . (. R2R’ can be done
directly and verified to be zero.

Let us consider the case where f (r) < 0.and M (r) > 0, Eq. (B.1). Taking the derivative with respect
to 7 of the parametric equation for 7 (7, ) we find

a1 o (-f)
Or 1+ cos (2n) or 2M (r) (T—=70(r) | - (B.7)
On the other hand,
A 2 2M (T) 2 M(T) ) @
R = ~5 ( ) ) cos” (n) +4 0 cos () sin (n) o (B.8)
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Then, using Egs. (B.1), (B.7) and (B.8), we find

lim R*R = lim <w>2cos4 (n) x

r7e(r) =2\ f(r)
M@y o [T @) cos (n)sin () M (r)
8 [4f(7~) E( 2M (r) ”T‘)(T”) 1+ cos (29) ( 70 )COS (n )]

= -8 (]\f((:))) nlln% cos® (1) sin (n) % ( 2Mf((:) (1 — 70 ( )

(B.9)
if the limit exists.
For the cases of f (1) > 0and M (r) < 0,and f (r) = M (r) = 0 we see, from Egs. (B.2) and (B.6),
that the function R (7, ) is never zero, hence 7. () does not exist.
In the case of f (r) > 0 and M (r) > 0, Eq. (B.3), the considered limit can be computed similarly to
the case of f (r) < 0and M (r) > 0 and, as in Eq. (B.9), the result is also zero.
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Appendix C

1+1+2 covariant quantities and Buchdahl

limit

C.1 Covariantly defined quantities for the derivatives of the tan-

gent vectors

Using the definitions of the projector operators onto the hypersurfaces V and W defined in Chapter 6 let us
show how the covariant derivatives of the tangent vector fields u and e can be uniquely decomposed in their

components along u, e and W.

C.1.1 Decomposition on the sheet )V

Let us first consider the projected covariant derivatives of the tensors u and e on the sheet. These can be

uniquely decomposed as

1 -
(5au5 = NaoNgvng,}, = §Na56 + Eaﬂ + EQBQ, (C.1)
where R
0 = du”,
Yag = Ofallgy (C.2)
1
0= 55”50%,
and .
60466 = §Noz,8¢ + Cozﬁ + 5aﬂ€> (C3)
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with
¢ = 0qe”,
Cap = 0{aCp} ; (C.4)
1 a
5 = 55 75067,
where the curly brackets represent the projected symmetric part without trace of a tensor in W, that is, for a

tensor 1,3,

Nog

1/}{015} = |:NM(aN,3) Y — TNMV:| ¢MV' (C.5)

and we used the volume 2-form €, , Eq. (6.4), to write a completely anti-symmetric tensor defined on the
sheet, Y], as

1
,lvb[aﬁ] = Eap (5670@&70) . (C6)

C.1.2 Decomposition on V

The decomposition of the projected covariant derivatives of w onto V), is given by

1
Doug = h3hVou, = ghagg + Tup + Wag (C.7)
with
6 = h*’Dyug, (C.8)
Oa8 = D<au5> s (C.9)
Was = hg[ahﬂﬂDgufy, (C].O)

where we used the angular brackets to represent the projected symmetric part without trace of a tensor on V,
Eq. (2.52), that is, for a tensor, 1,3,

heg
lapy = | W ahsy” = 0" | (C.11)

Notice that in the presence of a torsion tensor field characterized by a non-null W,z component, Eq. (2.43),
the quantities 8, o3 and w3 do not represent the kinematical quantities defined in Eq. (2.36).

The scalar and tensor quantities in Egs. (C.8) - (C.10) can themselves be further decomposed in their
contributions exclusively on WV and along e, such that

0=0+0, (C.12)
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where @ is defined in Eqg. (C.2) and

0 = —ug (e"Dye”) = —uge”;

1
Oung = Zag + 22(0,65) + X (eaeg — —Na/j) ,

2
with
Y = T {ap} 5
Yo =Nlefo.z,
Y =eo.s=—-N"a,4,
and

Wag = €apfd — €a)\w)\€5 + eaamw’\ ,
where € is given in Eq. (C.2) and

1
w = 55‘“’)‘Duuy ,

which can be itself decomposed as
1
wh = Qe + QY with Q@ = NJw® = §N25’“’“Duu,,,

therefore, equivalently,
Wap = Eapy (Qe” + QV) .

The quantities 8, 3, 6 and 0 are not independent, in fact:

=1

0=-0+%
3 M

5220—2;
3

(C.13)

(C.14)

(C.19)

(C.16)

(C.17)

(C.18)

(C.19)

(C.20)

(C.21)

as such, when setting up the 1+1+2 formalism only two are chosen. The convention followed here uses the

variables 8 and .
For the projected covariant derivative of the vector field e on VV we have

Daeg = ha"h,gvvgeﬂ, = (Sae/g + eqag,

where d,e5 is given by Eq. (C.3) and

(o = €' Dyeq = €4 .
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C.1.3 Decomposition on the full manifold

Finally, we can decompose the total covariant derivatives of u and e, such that

vaU@ = —Uqy (Ae@ -+ Aﬂ) + Dauﬁ s

with
A= —uul'V, e = —u,é”,
Aa = aﬁuB )
and
1
Vaeg = Doeg — ugag — Auqug + {59 + Z] eallg+
+ [Ea — 8aUQU] Uug,

where

J— g
a, = h#eo.

C.2 Gaussian curvature of the sheet

(C.24)

(C.25)

(C.26)

(C.27)

Here we will define and find the relation between the Gaussian curvature of the 2-hypersurface V' and the

covariantly defined quantities of the 1+1+2 formalism in the presence of a torsion tensor field in the context of

the ECSK theory. For this, we will need first to find the definition of the Gaussian curvature and its relation with

the Riemann curvature tensor of a manifold of dimension 2. Moreover, we will also need to find the projected

components of the Einstein tensor onto an hypersurface. This results will be presented in a completely general

setting; then we will apply them to the particular case of an LRS Il space-time, permeated by a Weyssenhoff

fluid in the context of the ECSK theory.

C.2.1 Uniqueness of the Riemann tensor

Given a Lorentzian manifold (M, ¢, .S) and a point ¢ € M, let T be a sub-space of dimension 2 of 7, M.

Then, we define the sectional curvature of T, K5 (1), as

RogsYOZ8Y 178
Ks (1) := Al -
Y, Y Z,7v — (Y, Z")

(C.28)

where Y, Z € T, M are two linearly independent vectors and R,z.s are the components of the Riemann

tensor of (M, g, S) in a coordinate system.
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Now, if (M, g, .S) is of dimension 2, we have that the Riemann tensor verifies the following relations

Ra675 - _Rﬁcwc%
Raﬁ'yé = _Raﬁéwa (C 29)
Raﬁ'y5 = R’y&l,@ 5

)
Riapy” = 0.

In particular, we see that the first Bianchi identity reduces to the familiar relation for torsionless space-times
(compare with Eq. (2.12)). This a consequence of the manifold being assumed to be of dimension 2 and
is valid whether the torsion tensor is null or not. This, then, allows us to find the familiar result (cf., e.g.,
Ref. [211])

Proposition C.1. Let (M, g,.S) be a Lorentzian manifold of dimension 2. The Riemann curvature tensor
ata point g € M is uniquely determined by the values of the sectional curvature of 2-dimensional sub-spaces
of T, M.

Notice that in the presence of torsion, the result in Proposition C.1 is valid only for manifolds of dimension
2, hence it is a weaker result than the case of torsionless manifolds.

In the case where M is of dimension 2, the sectional curvature (C.28) is called the Gaussian curvature
which we will represent by K, and, at the light of Proposition C.1, it is related with the Riemann curvature
tensor by

Rapys = Ka (9ar98s — 9as98+) - (C.30)

C.2.2 Projected components of the Einstein tensor onto an hypersurface

Let (M, g, S) be a Lorentzian manifold of dimension 4 admitting the existence of an hypersurface orthogonal
congruence of affinely parameterized curves with tangent vector n, such that n,n® = eand e € {—1, 1},
that is, the congruence might be time-like or space-like. Following the results of Chapter 3, let us find some

of the projected components of the Einstein tensor

1
Gag = Rap = 59ap 1R, (C.31)

along n and onto the hypersurface A\, to which the congruence is orthogonal to.!
Assuming {e®} to be the tangent vectors to N at a point and h,; be the components of the induced

IHere we will call the sub-manifold to which the congruence is orthogonal to, at each point, as A in contrast with the notation of Chapter 3 to avoid confusion
with the 1+1+2 case, where V refers to the hypersurface to which the time-like congruence with tangent vector w is orthogonal to.
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metric, from Egs. (3.30) and (3.31) we find?

Gagnanﬁ = —%hﬂbhmnegegefe;}%&ww (C.32)
Then, using the Gauss embedding equation (3.26)

Gosn®n’ = 5 {eK” — eK k™ —*R} . (.33)

where K, represents the extrinsic curvature of A/, K = K,% and >R is the induced Ricci scalar of A/
On the other hand,
Gaﬁeg“nﬁ = h“ceg‘eerRamgné, (C.34)

or, using the Codazzi equation (3.27),
Gopeyn® = DK — DyK — 29, Ky, (C.35)

where S, are the components of induced torsion tensor on A/ and D, is the induced covariant derivative,
associated with h,, and S,

C.2.3 Gaussian curvature in the 1+1+2 formalism

We are now in position to find the relation between the Gaussian curvature of the 2-sheet to which the con-
gruences associated with « and e are orthogonal. We remark a slight change of notation in this sub-section:
here lower case Latin letters run from 1 to 3 and will be used to indicate the components of a tensor field in
a coordinate system defined in an open neighborhood of a point on V; e* represents the components of the
vector field e on V; we will refer to the tangent vectors to WV, orthogonal to both u and e, as {e,, e3} and
capital Latin letters { A, B} run from 2 to 3.

Taking into account the 1+1+2 decomposition of the covariant derivative of u, Eq. (6.6), and the definition
of extrinsic curvature, Eq. (3.20), we can write the extrinsic curvature of V, as

1 1 1
3Kab =Ny (50 — 52) + (50 —+ E) €a€p + 2ap + QE(aeb) + eapf) — 26[a€b]de7 (C.36)
and

SK =6, (C.37)

where N, are the components of the induced projector tensor N,z onto V. Substituting Egs. (C.36) and
(C.37) in Eq. (C.33) —identifying n = w in that equation — and using the field equations of the ECSK theory

2\We highlight that in this case, Greek indices run from 0 to 3 and Latin indices run from 1 to 3.
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for a vanishing cosmological constant, Eq. (6.17), we find
3 2 2 3 2 ab a\2 2 a
R =16mu — 50 + 52 + XX ® 4 (B2 — 207 — 2QQ, . (C.38)

Let us pause here and emphasize that Egs. (C.36) — (C.38) are well defined only if w is hypersurface orthogonal,
that is, when it verifies Lemma 4.1.

Continuing, let us now relate the extrinsic curvature of the 2-sheet YV with the covariantly defined quantities
of the 1+1+2 decomposition formalism. From Eq. (6.7) we find

1
*Kap = §NAB¢ + Cap + 48§, (C.39)

and
K = ¢, (C.40)

where N g and €4p are, respectively, the components of the induced metric and the 2-volume form on
W. We shall highlight that we have not yet imposed the space-time to be LRS Il nor have we imposed any
restrictions on the torsion tensor, other than assuming implicitly the conditions of the Frobenius’ theorem.
Hence, in Egs. (C.39) we have not set £ to zero as that follows as a consequence of the space-time being
imposed to be LRS Il and endowed with a Weyssenhoff-like torsion.

From Eq. (3.33) — identifying n = e in that equation — and Eq. (C.30), we then find the following relation
between the Ricci scalar of the hypersurface 1V and the Gaussian curvature of W,

3 ~
SR =2Kg — §¢2 + CapCP +2¢% + 2Dga® — 20 — 45, %¢“Dye,, (C.41)

Equations (C.38) and (C.41) then allows us to find a relation between the Gaussian curvature of the 2-sheet
and the covariantly defined quantities of the 1+1+2 formalism. In the particular case of an LRS Il space-time
permeated by a Weyssenhoff fluid, in the context of the ECSK theory we find

1
K = %U_MZ&—TZ, (C.42)

which, matches Eq. (6.57) in the case when the congruence associated with e is hypersurface orthogonal,
that is, when 2 = 7.

C.3 Buchdahl limit

For ease of comparison with the classical result for the Buchdahl limit, in this appendix we will make the
computations in a particular coordinate system. Let us start by finding relations between the covariantly
defined quantities ¢ and A and the metric components of the space-time.
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Given a static, spherically symmetric space-time, it admits a line element of the form
ds> = —f (r)dt® + g (r) dr® + r* (d6* + sin* (0) dp?) . (C.43)

In such coordinate system the components of the unit vector field w, tangent to the curves of constant coor-

dinates r, # and ¢, are given by
1

U o o, (C.44)
whereas, the components of the unit vector field e, tangent to the curves with coordinates ¢, 6 and ¢ constant,
are given by

er = ! o, . (C.45)

g(r)

On the other hand, given that K, Eq. (6.57), represents the Gaussian curvature of the 2-surface orthogonal
to both u and e, we have that in this coordinate system

K(r)=—=. (C.46)

From the definitions and Egs. (C.43) - (C.45), the ¢t and rr components of the metric, f (r) and g (1),
are related with the functions A and ¢ by

1 df(r)
A(r) = , C.47
= Ve @ e
¢ (r) = 2 . (C.48)
r/g(r)

We are now in position to derive the generalized Buchdahl limit.
Consider two static, spherically symmetric space-times: M~ and M ™, smoothly matched at a common
boundary S. The interior space-time, M ™, is assumed to be a solution of the structure equations (6.84) -

(6.92), for a matter fluid with corrected energy density function
i (r) = 8mp(r) — 6% (r) , (C.49)

such that i (r) > 0 and dji/dr < 0. The exterior space-time, M™, is described by the Schwarzschild
vacuum solution.

Let us start by finding a formal general expression for the covariant quantity ¢ (), Eq. (C.4). Integrating
Egs. (6.60) and (6.87) we find,
2m (r)

1— : (C.50)
r

o) =2
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where we have chosen the positive sign for ¢ (1) and

m(r) == /rg (z) 2% dx, (C.51)
0

is usually dubbed mass function.
Now, in the static case and using the circumferential radius as parameter for the integral curves of ¢,
Egs. (6.46) and (6.86) read

SO By = —Ai+p).
(C.52)

- 1

p= A~ K+ 6",
where i (r) = 8mp (r) — & (r)?, represents the corrected pressure. Let us remark that Egs. (C.52) have
the same form as those used in Ref. [1] so, all results in that reference are also valid for the corrected energy
density and pressure. Notwithstanding, for completeness we shall make the derivation for the maximum

amount of mass a star with constant radius and decreasing corrected energy density can hold, here.
From Eqgs. (C.46) - (C.52), we have

- (). e

r\/gﬂ 73

where we have omitted some functional dependencies to avoid saturating the expression. Now, assuming

that dji/dr < 0, the quantity m () /73 must also be a monotonically decreasing function, hence, from

Eq. (C.53)
i[ L 4 f]<0 (C.54)
dr |r\/gdr - '

1 M(T)> 1 dv'f
r/g(r) dr ~ro/g(ro) dr

for any r < ro. Now, let the matching surface S to be orthogonal to the integral curves of e and r represent

Therefore, we can write

(ro) , (C.59)

the value of the circumferential radius of S. Assuming that the interior and exterior space-times are smoothly
matched, we can then use the line element of the exterior Schwarzschild space-time

oM M
ds® = — (1 — ?> dT? + (1 — ?> dR® + R* (d©* + sin* (©) d®?) , (C.56)

to compute the RHS of Eq. (C.55). Let us remark that Egs. (3.52) — (3.54) not only guarantee that observers
in M~ and M™ agree with the induced metric at S but also that the jumps of the derivatives of the metric
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components of M~ or M™ are zero (see proof of Proposition 3.2). Therefore, Eq. (C.55) reads

1 4T M

>
OES3

r/g(r) dr

where the Schwarzschild parameter agrees with the value of the mass function, Eq. (C.51), at rg, that is:
M = m (rg). Using Egs. (C.48), (C.50) and (C.57) we have

f(O)g(l—ﬂ)(z—%S/m;dr, (C.58)

(C.57)

where to find the first term of the RHS we have used the line element (C.56) and, again, the fact that the
induced metric at S is the same. Now, since we assume dji/dr < 0, the value of the mass function,
Eg. (C.51), must be greater or equal to the value it would have if &z was constant, hence,

M
m(r) > —r’. (C.59)
L)

Then, using the inequality (C.59) in (C.58), we find

1
2M N\ M [" 3/ 2M 1
f(0)§<1——> ——3/ ;dr:— l1—— == (C.60)
o ro Jo /1 — M3 2 To 2
7o

Since 4/ f (0) is a non-negative function, the RHS can not be negative, hence,

M
— <
To

) (C.61)

O W~

which, formally, matches the expression found in Ref. [1].
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Appendix D

Kruskal-Szekeres coordinates and extrinsic
curvature of static shells in the
Reissner-Nordstrom space-time

D.1 Kruskal-Szekeres coordinates of the Reissner-Nordstrom

space-time

D.1.1 General formalism for a static spherically symmetric space-time

In this appendix we shall construct two coordinate systems for the Reissner-Nordstrom space-time, each well
behaved in a neighborhood of the event horizon, » = r, orin a neighborhood of the Cauchy horizon, » = r_,
which, together, cover the Reissner-Nordstrom space-time. To find these new coordinate systems we shall use
the formalism introduced in Ref. [201] which we shall quickly present.

Given a static, spherically symmetric space-time whose line element can be written in the form
ds® = =@ (r)dt* + &~ (r) dr® + r°dQ”, (D.1)

where the function ® (r) is assumed to have zeros or poles representing pseudo-singularities, which can be
removed by a change of coordinates, let us determine a simultaneous transformation of the coordinates r and
t to new coordinates X (r,t) and T (7, t) such that the line element can be written as

ds* = f2(X,T) (dX? — dT?) +r* (X, T)dQ*, (D.2)

where f2 (X, T) is to be regular in a sub-region covered by the coordinates X and 7.
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Comparing Egs.(D.1) and (D.2) it is found that [201]

X=h(r"+t)+g(r—1),

(D.3)
T=h(r"+t)—g(r*—1t),
with
dr* =& (r)dr, (D.4)
h and g are arbitrary functions of one variable and
)

T A (D) g (= 1)

where prime denotes differentiation with respect to the functions variable.
In order to £2, in Eq. (D.5), be non singular, any singularity in the numerator ® (r) must be canceled by
the denominator, for all t. Assuming ® to have only poles of order 1, setting

h(r*4+t)=Ae"

D.6
g(r —t)= Bt (00

where the scale factors A, B € C, it is possible to choose a value for the constant -y such that £ is regular
and positive throughout the region covered by the coordinate patch. Substituting Eq. (D.6) in Egs. (D.3) and
(D.5) we find

P (r) e~
2 _
fr= AR (D.7)
and
X (rt)=Ae ) L Bt
(D.8)

T (r,t)= A"+ — B0

?

in terms of the coordinates r and ¢. From Eq. (D.8) we can find the inverse transformation and define the
coordinate r, implicitly, in terms of the coordinates X and T, such that

X2 —T? =4AB> . (D.9)

Lastly, since f2 in Eq. (D.7) depends on the values of A and B, the scale-factors have to be chosen in
such a way that £ is positive. Moreover, given that the transformation between the coordinates {t,r} and
{T', X'} depend on A and B, these must be chosen such that the coordinates X and 7" take only real values.
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D.1.2 Removal of the coordinate singularity at the event horizon

Having introduced the general formalism, we can apply it to the specific case of the Reissner-Nordstrém
space-time. In this case, the line element in terms of the coordinates {¢, r} is given by:

ds® = —® (r)dt* + @' (r) dr®* + r*dQ?, (D.10)
with 2M  Q*  (r—r_)(r—ry)
O(r)=1-"—+"5= —, (D.11)
r r r
and
ry = M+ /M2~ Q2. (D.12)

From Eq. (D.11), in these coordinates we see that the line element for the non-extremal case Reissner-
Nordstrom space-time (M? > Q?) contains two coordinate singularities at 7 = r_ and at 7 = r,.. Then,
using the formalism of subsection D.1.1, two coordinate patches need to be found, each well defined in the
neighborhood of each of the pseudo-singularities. Notice, however, that there is a common region where both
coordinate patches overlap.

Let us first find a coordinate patch that covers a neighborhood of the pseudo-singularity at » = ... Using

Eqg. (D.4), in the case of the Reissner-Nordstrém model, r* is given by:

=71+ R, log (tj\;*) —R_log (T;Mr‘> : (D.13)

where we have set the value of the integration constant to 20 and

2
Ra— % (D.14)

Ty —7r_

To remove the coordinate singularity at » = r we will impose the constant  that appears in Egs. (D.6)
- (D.9) to take the following value

1
Substituting Egs. (D.13) and (D.15) in Eq. (D.7) we find
1+ T—/r 2
f2 _ 4M2R3_ e*ﬁ r—1r_ ( +) (D ]_6)
ABr? 2M ’ '

which is well behaved near the event horizon at r = r.

As was stated in the previous section, the choice of the scale-factors A and B is quite arbitrary and we
shall impose their values to be such that in the limit when the electric charge () goes to zero we recover the
Kruskal-Szekeres coordinates defined in Ref. [65] for the Schwarzschild space-time. So, the values for the
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scale-factors for the various regions are

I A= 1)z ) A= -1)2
= 1y = 1
(D.17)
' A= —i/s » A= i/
B= i/ 7 B= - ‘

We see that our choice for the scale-factors differs for each region. This is a consequence of the behavior of
the coordinates {t, 7}, nonetheless, obviously, the geometry of the space-time is unaltered since, different
choices for the scale factor that obey the restrictions imposed in the previous section, give the same expression
for the metric, aside a conformal constant factor. Our choice, though, leaves the metric completely unaltered,
hence, substituting the various values for the scale-factors listed in Eqg. (D.17) in Eq. (D.16) we get, for every
region covered by the coordinate patch,

f2

2 , — (/)
_ 16M <r r_) (0.18)

g -
72 fie ™ 2M

Substituting Eq. (D.17) in Eq. (D.9) allow us to write the inverse transformation for the coordinate r in terms
of the coordinates X and 1" as

, _ _ —(r=fr)’
X2_T? ey (L) (20 . D.1
o ( oM oM (0.19)

For completeness, we shall also define the transformations for the coordinates {7", X'} in terms of the
coordinates {t, r} for the various regions. Substituting Egs. (D.15) and (D.17) in Eq. (D.8) we find

X = emn (5) " () cosh (51

T= e/ (0 Y2 (’"2—]\’“[)_1%_/2R+ sinh (ﬁ)
X = e () () T cosh ()

= e () () sinh () 020,

o= e ) ) snn (o)

T () () e ()
o= e ) () s ()

7= e ()" () o ()
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Figure 20: Relation between the Kruskal-Szekeres coordinates {7", X'} that cover a neighborhood of the event
horizon and the Schwarzschild coordinates {¢, }. The hyperbolas represent curves of constant r coordinate
while curves of constant ¢ are straight lines through the origin.

This relations for X and T" can be used to find the coordinate ¢ as a function of these coordinates, such that:

T
t = 2R, arctanh (}) ,in regions | and I,
X (D.21)
t = 2R, arctanh (?) ,in regions Il and II'.

These coordinate transformations are exhibited graphically in Figure 20.

D.1.3 Removal of the coordinate singularity at the Cauchy horizon

Let us now define a second coordinate patch where the coordinate singularity at » = r_ is removed. In this
case the function r* is given by

% ry—rmTr r——7T
= R, — | —R_I — . D.22
r=r+ +og<2M> og(QM) (D.22)
This change in the expression for the function r* — compared with Eq. (D.13) — should not come with surprise
since, as was stated in the previous subsection, the function r* is defined up to an integration constant which
shall be chosen such that the metric is real for each coordinate patch.
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Now, since we want to remove the coordinate singularity at » = r_, we shall impose

1
Substituting Egs. (D.22) and (D.23) in Eq. (D.7) we find
2
AM? YA G— 1+(T+/T—)
2 _ B
I =apattet ( oM ) (D.24)

As in the previous subsection, we have now to choose the scale-factors A and B for the various sub-regions
covered by the second coordinate patch hence,

wl A= AP S
B= 1/ 7 B= -1/ 7
(D.25)
' A= i/ " A= ~ifa
B= i/ ’ B= i/ ‘

This choice for the scale-factors leaves the expression for the metric unaltered for the various sub-regions
covered by the coordinate patch, such that,

f2

_ 16M2 e (7"+ . T)1+(T+/r_)2

2 R D.26
Re Wi ( )

r2

Substituting Eq. (D.25) in Eq. (D.9) we find

T J— J— _(T+/T7)2
I e el (L Y D.27
‘ ( oM oM ’ (b.27)

which defines, implicitly, the coordinate r in terms of the coordinates X and I". As in the previous subsection,

for completeness we shall define the transformations for the various sub-regions covered by the coordinate
patch that relate the coordinates {7", X'} with the coordinates {¢, }. Substituting Egs. (D.23) and (D.25) in
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Eq. (D.8) we find

I

(D.28)

I

—N—————
®
<
™)
‘ ~
|
—~ —~
=
NN
=l
1
N— N
d
~
[ V]
+ o~
gf
|
!
SN—
|
=
i
+
[\)
5
|
wn
=0
VRS
|
[\]
|
N———

These relations can then be used to find the transformation that gives the coordinate ¢ in terms of the coordi-
nates X and 7', such that:

T
t = —2R_ arctanh (}> , in regions Ill and NI',
(D.29)

X
t = —2R_ arctanh (?) ,in regions Il and II'.

These coordinate transformations are exhibited graphically in Figure 21.

D.2 Extrinsic curvature as seen from M for the non-extremal

Reissner-Nordstrom space-time

Here we will make the derivation of the non-null components of the extrinsic curvature of the matching surface
S as seen form the exterior non-extremal Reissner-Nordstrom space-time. We shall present the cases where
the shell is outside the event horizon, with R > r, and inside the Cauchy horizon, with R < r_, separately.

D.2.1 Thin shells outside the event horizon

As was stated in subsection 7.3.1.1, assuming the matching surface to be time-like, static and spherically
symmetric, the non-null components of the extrinsic curvature of the matching hypersurface S are given by
Egs. (7.13) - (7.15). Anticipating some of the intermediate results, we shall first find the derivative of the radial
coordinate 7 in order to the coordinates { X, T"}. Taking the derivative of Eq. (7.22) in order to X and T’
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Figure 21: Relation between the Kruskal-Szekeres coordinates {7, X'} that cover a neighborhood of the
Cauchy horizon and the Schwarzschild coordinates {¢,r}. The hyperbolas represent curves of constant r
coordinate while curves of constant ¢ are straight lines through the origin. The thick black line represent the
singularity at r = 0.

independently, we find

or Gy x

— = X D.30
0X 2R, ( )
or Oxx
— = 22X T D.31
oT 2R, ( )

From which, in particular, we get the following relation:

or T Or
= = D.32
oT X0X ( )
To compute the Christoffel symbols associated with the metric (7.20) we need to find the derivatives of
the metric components. Using Egs. (D.30) - (D.32) we find

2 2
g ry —7T_ ror_
OxGxx = 5” ng +2Ti 2 +7” - <T+ - 7“,) <T+ + 7’) X, (D.33)
8XgTT = _axgxx ) (D34)
T
8TgXX = _Xaxgxx ) (D35)
T
aTgTT = Yaxgxx ) (D36)

where Egs. (D.34) - (D.36) resulted only from Eq. (D.32) and the fact that the metric components in Eq. (7.20)
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are related by
Jrr = —Gxx - (D.37)

Equations (D.33) — (D.36) can now be used to find the Christoffel symbols needed to compute the com-

ponent K, of the extrinsic curvature, Eq. (7.13). So,

Co = o 2&:‘—(r+—r)<u+v~) X, (0.39
= o (0.39
o= o=l (0.40)
I = —§F§X, (D.41)
.. = —érix, (D.42)
e = T =Ty (0.43)

where, again, Egs. (D.39) - (D.43) were found only by considering Egs. (D.32) and (D.37). Substituting
Egs. (D.39) - (D.43) in Eq. (7.16) we find that components a" and a' of the acceleration vector field are
given by

x AU X2 -T2 «  « &
dU" X2 -T? « x «x
T
of = r. . uu, (D.45)

where the repetition of the indices does not mean summation but actual products of the components. Substi-
tuting Eq. (7.30) in Egs. (D.44) and (D.45) we find:

X

dU
o = — g T, (D.46)
dU" xx . x T
r _ | D.47
¢ - 9 by (D.47)

We are now in position to compute the /& component of the extrinsic curvature. Substituting Eqgs. (7.34),
(D.46) and (D.47) in Eq. (7.13) and using Eq. (7.25) yields

X2 - T2
DK, = —sign (X) % (gXX +g T, T) . (D.48)
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Then, using Egs. (7.20), (7.22) and (D.38) in Eq. (D.48) we get

BT — sign (X) ( T 0.4
"= gy r TR ) (049

where the induced metric in Eq. (7.9) was used to raise the indices and

T= \/ it ”Q%(QR —r) (D.50)

To find the other non-null components of the extrinsic curvature of X2, K¢y and K, we have to compute
the remaining entries of the Christoffel symbols. Equations. (7.20) and (D.32) yield

or
I = —rg =— D.51
00 "9 ox (D.51)
T Or
'l = —rg ——— D.52
00 " XX (D.52)
X .9 XX 87’
FSOSO = —7rsSsin (9)9 a—X, (D53)
T Or
T o ) XX
FSOSQ = —7rSsin (0)9 }a—X (D54)
Substituting Egs. (D.30) and (D.51) - (D.54) in Egs. (7.14) and (7.15) we find
O, — e, — SEX) Vix (X2 -T2 (D.55)

2R, R

D.2.2 Thin shells inside the Cauchy horizon

Let us now compute the non-null components of the extrinsic curvature of S for a thin shell inside the Cauchy
horizon. Similarly to the previous subsection, we have first to compute some intermediate quantities. Taking
the derivative to X and 7', independently, of Eq. (7.48) we find

or g
— _ JIxx X .
0X 2R (D-56)
or Jxx
a7 ~oRr - (0.57)

Although, the expressions for Or/0X and Or/O0T are different from those found in subsection D.2.1,
Egs. (D.30) and (D.31), are still related by Eq. (D.32).
Equations (7.47) and (D.56) yield

T
Ocgxx = “or :+_r 2 (ry =) (P ) | X (D.58)



Now, since in this coordinate patch Egs. (D.32) and (D.37) are still verified, the other relevant derivatives of
the metric components are also given by Egs. (D.34) - (D.36), where g, , refers, in this case, to the XX
component of the metric in Eq. (7.47). From Eqgs. (7.47) and (D.58) we find

2
x Ixx T+ — 7= |5T27+
I, = 4};52 g 2 . +(ry—r)(r+r)| X. (D.59)

Unsurprisingly, the other entries of the Christoffel symbols in the form Ffj where i, j, k € {X, T}, are given
by Egs. (D.39) - (D.43), which imply that the a anda’ components of the acceleration are also given by

Egs. (D.44) and (D.45). Then, using Eq. (7.50) we find

X dUX XX _ X

a = — +g FXX , (D.60)
T dU"  xx.x T

Finally, substituting Egs. (7.52), (D.60) and (D.61) in Eq. (7.13) we find

X2 - T2
("‘)KTT = Sigl’] (X) % {QXX + gXX FiX T:| y (D62)

which, using Egs. (7.47), (7.48) and (D.59), leads to

_sign(X)

P pgr -2 )
T 2R%Y

(D.63)

[r+ +r_— 27“_T+] ,

R
where the induced metric on X3, Eq. (7.9), was used to raise the indices and Y is given by Eq. (D.50).

Allis left now is to find the Christoffel symbols necessary to compute the components (+)K99 and (+)Kw
of the extrinsic curvature of S. However, since the angular part of the metric is the same for both coordinate
patches, the Christoffel symbols Tz, T'X , T'3, and T'Z  are also given by Egs. (D.51) - (D.54), which, in

pp! PP
conjunction with Egs. (7.52), (D.56) and (D.57) yield

ign (X X2 —-1T7
R, — HK% _ Slg;](% ) \/Qxx (R ) . (D.64)
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