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A B S T R A C T   

Seismic response of masonry towers has been widely studied, whereas research on their behavior under other 
dynamic forces is not common. The aim was to study the dynamic effects of bell swinging on a masonry tower, 
evaluating the response through different approaches. For this purpose, the south tower of the National Palace of 
Mafra was adopted due to its slenderness and its four swinging bells located at 49 m height. Dynamic identifi
cation tests allowed to determine the tower’s dynamic properties aimed at calibrating a numerical model. Fre
quency analyses assessed possible resonance effects by comparing the frequencies of the excitations with those of 
the tower. Nonlinear dynamic analyses evaluated the response in terms of displacements and cracking, while 
nonlinear static analyses determined damage patterns assuming different load combinations. Variations of 
structural stiffness and intensity of the forces were also studied. The results demonstrated that the tower, sub
jected to bells action, remains within the elastic range with a high safety level. Moreover, crack patterns 
correspond to local damage, which do not compromise the stability of the structure. Finally, parametric analysis 
allowed to obtain equivalent static load factors for bells of the Spanish system.   

1. Introduction 

One of the hardest problems to solve in structural engineering is the 
response of a building subjected to dynamic actions such as earthquakes, 
wind, and traffic. The difficulty increases when the studied structure is 
an ancient construction, since the precise geometry, mechanical prop
erties of the materials, type and efficiency of the connections, among 
other important parameters, are unknown or difficult to obtain. The 
response of historical masonry towers has been widely investigated 
under seismic actions, with the aim of predicting their dynamic behavior 
and the safety level, for example [1–6]. On the other hand, research 
addressing their dynamic behavior when subjected to other types of 
excitations is scarce, including vibrations under service conditions, such 
as bell swinging. Given their large mass, the bells in motion generate 
high inertial forces that, in conjunction with certain factors, might 
damage the masonry in ancient towers. These structures were built 
before modern structural analysis was developed and, therefore, they 
were designed using only empirical criteria. Furthermore, the mechan
ical properties of the materials gradually decrease due to weathering, 
poor or lack of maintenance, fatigue, and creep. Thus, it is important to 
assess the safety in order to protect human lives and conserve 

architectural heritage. 
Based on the pattern of oscillation, the bells are classified into three 

systems: Central European, English, and Spanish. The bells of the Central 
European system (alla Romana) swing through an angle between 55◦ and 
160◦ [7,8]. In the English system (Ambrosiano), the bells are placed in 
mouth-up position and then released; once they oscillate almost 360◦, 
they stop and shift the direction to oscillate backwards [7,9]. In both 
systems, the bells are supported by a timber or metallic frame. The bells 
of the Spanish system rotate always in the same direction describing full 
circles. They are provided with a wooden counterweight that is placed at 
the windows of the towers, directly supported by the masonry [7]. 

In 1913, E.H. Lewis carried out the first analytical work on the 
behavior of ancient bell tower subjected to bell dynamic forces. By using 
a device similar to a seismograph, Lewis measured the accelerations of a 
tower when the bells were swinging. According to the researcher’s ex
periments, the full rotation of a bell can generate horizontal forces up to 
twice the weight of the bell and vertical forces four times its weight [8]. 

Müller focused the studies on the Central European system and its 
impact on the bell towers in Germany in 1960′s. This author recom
mended to analyze the resonance effect, which may occur if the fre
quency content of the dynamic forces is close to the fundamental 
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frequency of the tower. In 1978, the German code DIN 4178 for the 
design and construction of new bell towers was created furnishing a 
simplified method based on Müller’s work. The code also contains 
considerations for the structural assessment, maintenance and restora
tion of historical towers [8,10]. Bru et al. [11] performed a parametric 
analysis based on this code to study the behavior of a slender bell tower 
with Central European system in Italy. The results demonstrated that, 
under certain combinations of factors (bell location, velocity, and 
oscillation angle), the bell swinging can cause damage. However, the 
method can neither predict the safety level of the structure nor the type, 
location, and severity of the damage. 

Heyman and Threlfall developed reliable and straightforward ex
periments to determine some physical characteristics of the bells that are 
required to compute the forces, namely moment of inertia and eccen
tricity (distance between the rotation axis and the gravity center) [9]. 
From then on, several researchers have carried out studies and published 
works about the dynamic effects of bell towers with English and Central 
European systems, mainly in Germany, Italy, and England [12–19]. 
These works involved in situ measurements of the tower swaying, nu
merical models used to reproduce the behavior of the buildings, and 
some mathematical procedures based on the angular position of the bells 
to estimate the forces. 

With regard to the Spanish system of bell ringing, the research was 
almost non-existent until 2002 [20]. Since this year, Ivorra et al. have 
published the results of analyses performed in some towers only in 
Spain. They also compared the characteristics of the three systems 
(English, Central European, and Spanish), finding significant differences 
in the magnitude of the dynamic forces and their frequency content [7]. 
Nevertheless, any of the previous works presents an assessment of the 
safety levels to estimate the load capacity of the structures for bell 
swinging. 

The present work studies different analysis approaches that can be 
used for the assessment of the dynamic behavior of masonry towers 
under bell excitations: frequency analysis, nonlinear dynamic analysis, 
and nonlinear static analysis. For this purpose, a numerical model of the 
south tower of the National Palace of Mafra, Portugal, was generated as 
it is a slender building that houses four swinging bells of the Spanish 
system located at 49 m height. In 2001, the bells stopped ringing as the 
safety conditions could not be guaranteed, and given the progressive 
deterioration, all the bell set was fixed to scaffoldings until its restau
ration, that was finished in December 2019. 

2. Review of the approaches to determine the bell forces 

A bell swinging is considered as a compound pendulum when its 
center of mass G is not coincident with the pivot point or rotation axis O, 
as depicted in Fig. 1 [21]. Thus, the dynamic forces depend on its mass 
m, eccentricity h (distance between point O and G), initial angular 

position α, and initial angular velocity ωα, neglecting friction influence. 
Bennati et al. [12] proposed an experimental test to measure the mass in 
terms of a tensile force on a cable that sustains the bell in an out of 
balance position. The eccentricity and moment of inertia can be ob
tained using the methodology presented by Heyman and Threlfall [9] or 
using a dynamometer [8]. Finally, initial angular velocity is a variable 
parameter that depends on the force applied to the bell for initiating the 
motion. 

2.1. Empirical approach 

Empirical approaches are simple formulations that only consider the 
weight of the bell using a multiplier factor to obtain maximum equiva
lent static forces. For example, Whitechapel Bell Foundry in London 
proposes the factors 2.5 and 4.5 for the maximum horizontal and ver
tical load, respectively (referenced in [8]). According to Heyman and 
Threlfall [9], the vertical force is approximately four times the weight 
and the horizontal load is two times. Manuale dell’Architetto (referenced 
in [12]) distinguishes between two types of systems (English and Central 
European) and suggests different factors for each (Table 1). These for
mulations are conservative, do not consider the eccentricity, angular 
velocity, and initial position, and provide only maximum values of 
forces. 

2.2. Dynamic forces in terms of angular displacement 

Wilson and Selby [21] developed simple and accurate equations to 
calculate the dynamic forces as function of the angular displacement. 
These equations introduce an inertial form factor c in terms of the ec
centricity h and the radius of gyration r (Eq. (1)). A parameter p is also 
used to consider the initial velocity ωα and initial position α (Eq. (2)). 
The values for eccentricity, period τ, and moment of inertia I, which is 
related to the radius of gyration through Eq. (3), are determined by 
experimental tests [9]. 

c =
h2

h2 + r2 (1)  

p = cosα+
ω2

ατ2

8π2 (2)  

I = m(r2 + h2) (3) 

Then, the vertical V and horizontal H forces are calculated as func
tion of the angular position θ, where m is the mass of the system and g is 
the acceleration of gravity: 

V = mgc
(

1 − c
c

+ 3cos2θ − 2pcosθ
)

(4)  

H = mgcsinθ(3cosθ − 2p) (5)  

2.3. Dynamic forces as function of time 

The time-varying forces involve the calculation of the angular posi
tion, angular velocity, and angular acceleration at any given time. The 

Fig. 1. Dynamic equilibrium of a compound pendulum. 
Adapted from [12]. 

Table 1 
Multiplication factors to determine the maximum dynamic forces based on the 
weight of the bell.  

Reference Bell ringing system Vmax  Hmax  

Whitechapel Bell Foundry in Londona English 4.5 2.5 
Lewis, Heyman and Threlfall [9] English 4 2 
Manuale dell’Achitettob English 1.5 0.25 
Manuale dell’Achitettob Central European 3.1 1.55 

a Referenced in [8] 
b Referenced in [12] 

E. Nochebuena-Mora et al.                                                                                                                                                                                                                   



Structures 34 (2021) 1798–1810

1800

linear equation for simple harmonic motion is appropriate for small 
amplitudes (θ less than 7◦) giving an error less than 0.1%. It assumes that 
sin θ ≈ θ, which yields to a solution with a sinusoidal function of time. 
Nevertheless, this strategy is not accurate to characterize the behavior of 
the bells, since the error becomes higher as the amplitude increases and 
approaches to 180◦ [22,23]. For large angles, and neglecting damping 
and friction effects, nonlinear differential equation Eq. (6) describes the 
motion of a compound pendulum in terms of mechanical energy: 

E =
1
2

Iθ̇2 +mgh(1 − sinθ) (6) 

where θ̇ is the angular velocity, I is the moment of inertia, the term 
Iθ̇2/2 is the kinetic energy, and the term mgh(1 – sin θ) is the potential 
energy at any given point of the oscillation. When the total energy E is 
higher than 2mgh, the pendulum rotates around the axis in a unidirec
tional periodic motion, describing full circles like the Spanish bells. 
Based on the work presented by Lima [22] for the solution of a simple 
pendulum, it was possible to deduce the analytical solution for a com
pound pendulum by including the moment of inertia into the equations. 
The final expression to calculate the angular displacement as function of 
time of a compound pendulum is: 

θ(t) − 2nπ =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

2arcsin[sn(ω(t − nT); k ) ], nT ≤ t <
(

n +
1
2

T
)

2π − 2arcsin[sn(ω(t − nT); k ) ],
(

n +
1
2

)

T ≤ t < (n + t)T

(7) 

where n is the number of turns completed at time t, sn is the elliptic 
sine, T is the period, ω = √E/2I, and k ≡ √(2mgh/E). The first line of the 
equation determines the angular position in the first half of the period of 
every rotation or cycle, while the second line gives the angular position 
in the second half. Once the angular displacements are obtained, angular 
velocity and angular acceleration are calculated through the first and 
second derivative. Finally, the time-varying horizontal and vertical 
forces are given by the following equations [12]: 

H(t) = mh
[
θ̇

2
(t)sinθ(t) − θ̈(t)cosθ(t)

]
(8)  

V(t) = − mg − mh
[
θ̇

2
(t)cosθ(t)+ θ̈(t)sinθ(t)

]
(9) 

Other strategies for the solution of the nonlinear differential equa
tion Eq. (6) use numerical methods, such as the well-known Taylor series 
[24], Fourier series [23,25] or Runge-Kutta method [26,27], which 
solve the problem by approximation to the exact solution with accuracy 
and efficiency. 

3. Description of the building 

The Royal Building of Mafra, also known as National Palace of Mafra 
(Fig. 2a), is a Portuguese building of the 18th century located 30 km in 
the northwest of Lisbon. The complex, which is the most important work 
of Baroque-style in the country, was built during the reign of João V and 
designed by the architect Johann Friederich Ludwing [28] based on 
buildings of Rome. The building was conceived as a Franciscan mon
astery, containing a Basilica and a residence for the royal family [29]. In 

Fig. 2. (a) Façade of the Basilica (image by authors) (b) Distribution of functional spaces [30].  

Fig. 3. (a) Façade and plans of the upper levels of the south tower (approximate dimensions) (b) location of the bells on level 6 and (c) the heaviest liturgical bell 
(bell 1). 
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2019, it was included in the UNESCO World Heritage List as the archi
tectural and material characteristics of the complex have remained 
virtually intact over time [30]. 

Both towers have a squared plan and comprise seven levels that 
reach an approximate height of 63.80 m. On each level, the vertical 
bearing elements consists of four piers with a large cross-section that 
support the masonry domes, lintels and semi-circular arches. The three 
lower levels have the same size in plan, whereas the fourth, fifth and 
sixth levels present reduction of the plan dimensions in elevation. The 
seventh level consists of a masonry dome with pyramidal-like shape 
(Fig. 3a). 

3.1. The south bell tower and its bells 

The first three levels of the south bell tower serve as passageways to 
connect the southern chambers with the northern side of the Palace. 
There are 60 bells in the tower divided into three types: the bells of the 
carillon, the liturgical bells, and the clock bells. The forth level contains 
the clock mechanism and the carillon machinery while the fifth floor 
houses the carillon. This musical instrument comprises 53 fixed bells of 
several size; 52 of them are attached to a robust timber structure rested 
on the floor, whereas the heaviest bell is directly anchored to the jambs 
of the western opening by means of a wooden counterweight. 

On the sixth level, there are four liturgical bells of different masses, 
each one located at the frame of the openings. The bells have a wooden 
counterweight that is supported on the masonry through rolling bear
ings, allowing the full rotation of the bells (Fig. 3b and c) and therefore, 
the only bells capable of swinging. Given their characteristics, the 
liturgical bells correspond to the Spanish system, i.e. they rotate 360◦ in 
only one direction. 

The three clock bells, also with different diameter, were attached to 
steel beams on the seventh level and are rung by a mechanism connected 
to the clock of the fourth level. In conclusion, the carillon and the clock 

bells (56 bells) represent vertical static loads since they are completely 
fixed, whereas the weight of the four liturgical bells becomes dynamic 
forces when they are in motion. 

3.2. Dynamic identification test 

The dynamic behavior of the south bell tower was identified from 
ambient tests aiming at determining the natural frequencies and the 
mode shapes. The equipment used for the test consisted of piezoelectric 
accelerometers (PCB Piezotronics) with a sensitivity of 10 V/g, mea
surement range ± 0.5 g, and a frequency range between 0.15 and 1000 
Hz. The signals, with a sampling frequency of 200 Hz, were gathered by 
an acquisition system of 24-bit resolution and processed using ARTeMIS 
software [31] with the Enhanced Frequency Decomposition Domain 
Method (EFDD) [32]. Five setups were performed employing four ac
celerometers, one of the sensors always placed on level 5 (labeled as REF 
1 in Fig. 4) and used as a reference in all the setups. The monitoring 
points were located on levels 4, 5, and 6. The first setup was recorded on 
level 5 (labeled as S1), second and third setup (S2 and S3, respectively) 
were deployed on level 4 at a different height, and fourth and fifth setup 
(S4 and S5) were located on level 6. In order to identify possible 
torsional modes of the tower, the accelerometers (2, 3, 4 and REF 1) 
were disposed on diagonal, close to the windows, and orthogonally 
orientated to measure accelerations in X and Y axes. Fig. 4 presents the 
setup configuration, where the arrows indicate the direction of the 
measurements. 

The test allowed to estimate the first two modes of vibration, which 
in general have the highest contribution for the dynamic behavior (high 
values of mass participation), since they represent global mode shapes 
that involve the entire mass of the tower. Mode 1, with a frequency of 
2.85 Hz, corresponds to a simple bending of the whole structure in 
east–west axis (X direction). Mode 2 has a frequency of 5.99 Hz and, due 
the constraining effect of the adjacent buildings, it is associated to a 

Fig. 4. Setup configurations for dynamic identification test. Setup number: S1-, S2-, S3-, S4-, S5-. Accelerometer number: 2, 3, 4. Reference accelerometer: REF 1.  

Fig. 5. Mode shapes determined through dynamic identification tests: (a) Mode 1 = 2.85 Hz (X direction), and (b) Mode 2 = 5.99 Hz (Y direction).  
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simple symmetrical curvature of the upper levels in north–south axis (Y 
direction) (Fig. 5). 

4. Finite element model 

4.1. Geometry and mesh 

A 3D model of the south tower was built using Midas FX + for DIANA 
software [33]. The model considered only the seven levels of the 
structure with a simplified geometry that neglected architectural details 
like decoration. The influence of the Basilica and Palace was taken into 
account by placing spring elements on the north, south, and east façades 
of the three lowest levels, as shown in red in Fig. 6a. Beams anchored to 
the masonry were adopted to apply the dead load of the heaviest bell of 
the carillon (on level 5) and the largest clock bell (on level 7). Four 
beams placed at the openings of level 6 represented the counterweights 
of the swinging bells. Steel plates of 0.30 × 0.30 × 0.01 m at the ends of 
each beam simulated the connections between counterweights and 
masonry. Other two steel plates with the same dimensions were placed 
to apply the vertical load of two clock bells on level 7. 

The numerical model was based on the Finite Element Method (FEM) 
and comprised three types of elements: solid elements for masonry, shell 
for plates and beams for counterweights. The size of the elements ranged 
between 0.30 and 0.50 m, while a more refined mesh, of element size of 
0.15 m, was created around the plates (Fig. 6b). In general, the interface 
soil-foundation presents high stiffness under low vibration levels for 
service conditions. Therefore, the nodes at the base of the model were 
pinned, providing a fixed boundary condition. In addition, one-node 
spring elements were placed on three façades to provide stiffness at 
the connection with the Basilica and Palace. 

4.2. Materials and FEM model calibration 

The whole tower was built with limestone units of good quality and 
laid in thin mortar joints. The ashlar stones of the first two levels are 
small, whereas the units of the other five levels are significantly larger 
(around 1.5 to 1.9 m high). The uniform thickness and regularity of the 
joints provide the ashlar masonry with strength and sturdiness. Such 
factors allow to assume the masonry as a homogeneous isotropic ma
terial. Based on [13], linear elastic behavior of masonry was adopted for 
the levels of the tower where no damage is expected (levels 1 to 4). On 
the other hand, nonlinear response of masonry was considered in the 
structural elements where cracks may develop as local damage (levels 5 

to 7). A total rotating strain model was adopted for the masonry, which 
defines the nonlinear compressive and tensile behavior of the material. 
This constitutive model is able to describe reliably the softening and 
cracking phase in masonry [34]. Crack propagation is determined by the 
shape of the stress–strain diagrams, in which the fracture energy Gf

I for 
tension and Gc for compression are represented by the area under the 
curve. The tensile softening is defined by an exponential curve, and 
compression hardening and softening are given by a parabolic function 
[35]. Values for density, and compression and tensile strength were 
taken from the Italian code [36], while the fracture energies for tension 
Gf

I and for compression Gc were calculated according to [37,38]. 
Eigenvalue analysis was first performed on the FEM model, aiming at 

estimating the natural frequencies and mode shapes. Due to the lack of 
information regarding the actual mechanical properties of the materials, 
an initial value of 3.2 GPa for the elastic modulus of the masonry was 
also taken from the Italian code [36]. Since the lowest modes usually 
have the major contribution to the dynamic response of the building 
[39], only the frequencies of the two first modes were used to calibrate 
the FEM model (Fig. 7). Regarding the mode shapes, a qualitative 
comparison was done to verify that the numerical mode shapes 

Fig. 6. (a) FEM model with the spring elements in red, (b) reduction of the element size around the plates, and (c) distribution of materials. (For interpretation of the 
references to colour in this figure legend, the reader is referred to the web version of this article.) 

Fig. 7. Eigenvalue analysis: mode shapes of the first two modes obtained from 
the updated numerical model. 
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correspond to those of experimental test, namely, simple bending of the 
whole structure in X direction for Mode 1 and simple bending of the four 
upper levels in Y direction for Mode 2. The outcomes were compared 
with the results of the dynamic identification test, obtaining an initial 
average error of about 51% between experimental and numerical fre
quencies, specifically, the model presented a frequency of 1.28 Hz for 
Mode 1, representing an error of 55% in relation to the experimental 
outcomes, while Mode 2 had a frequency of 3.15 Hz, with an error of 
47%. Since the updating process was manually performed, few sensitive 
parameters were considered. Thus, the calibration of the numerical 
model was conducted by adjusting only the elastic moduli of the ma
sonry (taking into account the different sizes of the ashlar units) and the 
stiffness of the springs (modelled as linear with constant stiffness). For 
the properties of the masonry, lower and upper limits were defined ac
cording to the available literature. Regarding the springs, an equivalent 
normal stiffness induced by the contiguous walls was estimated. It is 
noted that, although the spring constraints is a relevant variable, it is the 
least sensitive parameter [40]. After the calibration, performed by using 
an optimization algorithm with an objective function equal to the dif
ference between numerical and experimental frequencies, the average 
error decreased to 1.27%. As expected, the results showed high values 
for the elastic modulus [41] of the masonry given the large size of the 
blocks on the upper levels (nearly a monolithic structure), and the good 
quality of construction and material. Regarding the springs, the cali
brated normal stiffness is equal to 2000 kN/m. 

Table 2 presents the final mechanical properties of the materials after 
calibration of the numerical model. Young’s modulus of the stone is 
within the range presented in limestone samples tested in laboratory by 
[41]. Regarding beams and plates, steel with elastic properties was 
adopted (Fig. 6c). 

5. Loads 

5.1. Static loads 

Besides the self-weight of the structure, the loads considered as static 
actions are the weight of the clock, machinery, carillon, and clock bells. 
The mass of the four liturgical bells was accounted as static loads when 
they are at rest and as dynamic forces when they are swinging. The mass 
of the clock and machinery (83,428 kg [42]) was applied as a vertical 
pressure equal to 5.8 kN/m2 on level 4. Regarding the carillon, a timber 
structure supports 52 bells summing a total weight of 1,064 kN, which 
was applied as a vertical pressure of 127.5 kN/m2. The mass of the 
largest bell of the carillon (9,640 kg) was multiplied by a factor of 1.6 [8] 
to account the wooden counterweight. The resulting weight (151.31 kN) 
was applied as a concentrated load at the center of the beam. The weight 
of the heaviest bell (hour bell) on level 7 (97.12 kN) [42] was also placed 
at the center of the beam. 

There is no information about the mass of the liturgical bells and two 
of the clock bells. Since it was not possible to perform any experimental 
test, their weights were calculated by means of an extrapolation based 
on the diameter and mass of the other bells (carillon and hour bell). The 
masses of the four liturgical bells were then increased by 60% to include 
their counterweights (factor of 1.6 [8]). These weights were applied as a 
concentrated load at the center of the beams on level 6. Fig. 8 depicts the 
location of the loads and summarizes the weight of the bells on level 6 
and level 7. 

5.2. Dynamic loads 

Eccentricity, moment of inertia, and initial angular velocity of the 

Table 2 
Updated mechanical properties of the materials after model calibration.  

Material Density 
(kg/ 
m3) 

Poisson’s 
ratio 

Young’s 
modulus 
(GPa) 

Compressive 
strength 
(MPa) 

Compressive fracture 
energy 
(kN/m) 

Tensile 
strength 
(MPa) 

Tensile fracture 
energy 
(kN/m) 

Stone masonry (levels 1 and 
2) 

2200  0.20 15     

Stone masonry (levels 3 and 
4) 

2200  0.20 36     

Stone masonry (levels 5 to 7) 2200  0.20 36  8.00  4.80  0.30  0.05 
Steel 7800  0.26 200      

Fig. 8. (a) Distribution of the dead loads and (b) weight of the bells of levels 6 and 7.  

Table 3 
Characteristic of the liturgical bells on level 6.  

Bell Location Weight (kN) Eccentricity (m) Moment of inertia (kg m2) Initial angular velocity (rad/s) 

Bell 1 Level 6 (West)  69.84  0.015  24.92  1.25 
Bell 2 Level 6 (East)  45.33  0.019  21.91  1.44 
Bell 3 Level 6 (North)  33.76  0.022  19.65  1.59 
Bell 4 Level 6 (South)  14.58  0.027  16.10  1.84  
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liturgical bells were determined by extrapolating the data presented in 
Ivorra et al. [7], where five bells with different masses of the Spanish 
system were tested in the laboratory. Table 3 presents the characteristics 
assumed for the liturgical bells. 

The forces caused by swinging of the bells were calculated as func
tion of time through the analytical solution given by Eq. (7) and the 
numerical Runge-Kutta method (RK2), implementing a routine in Mat
lab R2014 software [43] to solve the second order differential equations. 
Additionally, the maximum horizontal and vertical forces were also 
calculated as function of angular position using Eq. (4) and Eq. (5). 
Table 4 presents the absolute maximum dynamic forces of the four 
liturgical bells and the ratio of maximum forces to bell weight (columns 
a and b), i.e., the multiplier factor to calculate the maximum horizontal 
and vertical equivalent static forces. Notice that the values approximate 
those proposed by the Manuale dell’Architetto for the English system (see 
Table 1). 

As can be noticed, the time-varying values are quite similar, whereas 
the results obtained as function of angular position are slightly lower. To 
determine the direction of the dynamic forces, it is assumed that the bell 
ringer impulses the bell from the inside of the tower, so that the rotation 
of the bells occurs outwards. Thus, the eastern and northern bell rotate 
in a positive direction, whereas western and southern bell swing in 
negative direction. Fig. 9 shows the plotted horizontal forces as function 

of time produced by the four bells. The dynamic forces (vertical and 
horizontal components) are assumed as time-varying concentrated loads 
applied at the center of the beams on level 6. 

6. Assessment based on frequencies 

Assessment based on frequencies is a simple approach included in the 
German code [10] that compares the frequency content of the dynamic 
actions with the fundamental frequency of the tower, aiming at identi
fying possible resonance effects. The frequency spectrum of the dynamic 
actions was estimated through the Fast Fourier Transform (FFT), algo
rithm implemented in Matlab R2014a software [43]. Each peak repre
sents a harmonic and its contribution to the complex signal is given by 
the amplitude. Fig. 10 depicts the results of the frequency decomposition 
for the horizontal forces of each bell which correspond to the first, third, 
fifth, seventh, and ninth harmonic. The second, forth, sixth, and eigth 
harmonics are related to the vertical forces. As the vertical stiffness of 
the bell tower is much higher than its bending stiffness, the frequency 
decomposition of the vertical forces was excluded from the analysis. 

According to the literature [20], the frequency of the first harmonic 
is predominant in bells of the Spanish system. However, given the high 
mass and the low initial angular velocity, the four bells generate dy
namic forces with predominant frequencies associated to the third 

Table 4 
Absolut maximum dynamic forces produced by the bells.  

Bell As a function of angular position As a function of time 
Analytical solution 

As a function of time 
Numerical solution 
(Runge-Kutta method) 

Hmax (kN) Vmax (kN) a b Hmax (kN) Vmax (kN) a b Hmax (kN) Vmax (kN) a b 

Bell 1 (West)  13.40  87.40  0.19  1.25  14.03  87.93  0.20  1.26  13.90  87.97  0.20  1.26 
Bell 2 (East)  10.13  58.60  0.22  1.29  10.79  59.29  0.24  1.31  10.73  59.31  0.24  1.31 
Bell 3 (North)  8.56  44.97  0.25  1.33  8.99  45.38  0.27  1.34  8.93  45.40  0.27  1.35 
Bell 4 (South)  6.93  30.90  0.32  1.42  6.97  30.81  0.32  1.41  6.91  30.83  0.32  1.41 

a Ratio of maximum horizontal force to the weight of the bell; 
b Ratio of maximum vertical force to the weight of the bell. 

(a)

(b)

Fig. 9. Horizontal forces as function of time produced by (a) bells 1 and 2 (X direction), and (b) bells 3 and 4 (Y direction).  
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harmonic. The German Code DIN4178 [10] is the only known standard 
addressing the design of bell towers in Europe. According to it, the 
natural frequency of the existing towers must be at least 10% distant 
from the predominant frequency of the horizontal dynamic forces. Since 
the rotation of bell 1 and bell 2 occurs in east–west axis (X direction), 
their frequencies were compared with the first mode (2.85 Hz), whereas 
the frequencies of bell 3 and bell 4 were compared with the second mode 
(Y direction) (5.99 Hz). The results demonstrated that there is no 
interaction between the tower and the bells as frequencies of the dy
namic actions are quite distant from the structure’s fundamental 

frequencies in both directions (Table 5). 
The tower is more flexible and vulnerable in the X direction (mode 

1), which has the lowest frequency, thus the dynamic forces are more 
likely to achieve such value if the velocity of the bells is increased. Initial 
angular velocity for bell 1 was set to 4.90 rad/s reaching a frequency of 
2.80 Hz (third harmonic), and for bell 2 it was increased to 3.97 rad/s, 
achieving a value of 2.51 Hz (third harmonic). Table 6 presents the 
comparison between frequencies, showing that only bell 1 may cause 
resonance effects on the tower. 

(a) (b)

(c) (d)

Fig. 10. Frequency spectrum of the horizontal dynamic forces of (a) bell 1, (b) bell 2, (c) bell 3, and (d) bell 4.  

Table 5 
Fundamental frequencies of the tower and frequencies of the horizontal dynamic forces.  

Bell Frequencies of the bell tower Frequencies of the horizontal dynamic forces Difference between frequencies (%) 
Mode 1 (Hz) Mode 2 (Hz) 1st Harmonic (Hz) 3rd Harmonica (Hz) 

Bell 1 (West)  2.85   0.87  1.74 39 
Bell 2 (East)  2.85   0.88  1.77 38 
Bell 3 (North)   5.99  0.90  1.80 70 
Bell 4 (South)   5.99  0.93  1.86 69 

a Predominant harmonic. 

Table 6 
Fundamental frequencies of the tower and frequencies of the horizontal dynamic forces increasing the initial angular velocity to 4.90 rad/s for bell 1 and 3.97 rad/s for 
bell 2.  

Bell Frequency of the bell tower Frequencies of the horizontal dynamic forces (input signal) Difference between frequencies (%) 
Frequency 

Mode 1 
(Hz) 

1st harmonic 
(Hz) 

3rd harmonica 

(Hz) 
5th harmonic 

(Hz) 

Bell 1 (west)  2.85  1.40  2.80  4.20 1.8 
Bell 2 (east)  2.85  1.25  2.51  3.77 12 

a Predominant harmonic. 
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7. Nonlinear dynamic analysis 

The aim of the nonlinear dynamic analyses was to assess the influ
ence of the bells’ motion on the global response of the tower in terms of 
relative displacement–time history and crack pattern. For historical 
masonry structures, damping ratio is a sensitive parameter, which is 
difficult to estimate using ambient vibrations (output-only techniques) 
during dynamic identification tests [44]. Based on the available litera
ture, an average value of 1.44% for all directions was adopted for the 
bell tower [20]. Assuming the Rayleigh viscous damping model, the 
upper boundary for the frequency was set to 78.45 Hz, which corre
sponds to 95% of cumulative participation mass in X direction and 69% 
in Y direction. Thus, the value calculated for proportional damping co
efficients α is 0.49966 and for β is 0.00006105. 

The time-varying loads used for the analyses were those actions 

estimated using the Runge-Kutta method, since it is faster than the 
analytical solution and still accurate. The time of the analyses was set to 
90 s, where the excitations of the bells were applied for 80 s plus 10 s of 
free vibration. This time was determined by assuming a cycle in which 
the forces of bell 1 and bell 2 (bells with the longest periods) are in-phase 
(acting in the same direction) and out-of-phase (acting in opposite di
rections). The analyses were performed using DIANA software [45] with 
a time step adjusted to 0.01 s. The Hilber-Hughes-Taylor (HHT) method 
was applied to introduce numerical damping and cancel the numerical 
noise with high frequencies, which appears during the transition from 
the elastic to the fully cracked state of masonry [46]. 

7.1. Case 1: Bell 1 

For this cases, only the dynamic forces of bell 1 were acting (X di
rection), whereas the masses of the other three bells were considered as 
static vertical loads. Transient response of the structure lasted less than 
8 s, where the maximum displacement of 0.10 mm occurred at 1.8 s 
(Fig. 11). During steady-state response, the amplitude of the displace
ments ranged between − 0.08 and 0.05 mm. 

The evolution of damage was evaluated by comparing three stages: 
a) before the application of the dynamic loads, b) after ten seconds of 
loading, and c) at the end of the analysis (90 s). The crack width shown 
in red in Fig. 12 ranges from 1x10-4 to 5x10-3 m (0.1 to 5 µm), di
mensions similar to the pores diameter of the limestone [47]. These 
results indicated that the numerical damage estimated in the model was 
quite small and thus, the masonry was hardly affected. It is worth 
mentioning that another analysis simulated the progressive increment of 
load from zero to fully magnitude of the excitation. No difference was 
identified between the two procedures of load application. By 
comparing the evolution from stage b) to c), there is no significant 
increment of cracks in the material. 

To study the resonance, the initial angular velocity of bell 1 was 
increased to obtain a frequency of the predominant harmonic equal to 
2.80 Hz (Section 6), which is close to the fundamental frequency of the 
structure in X direction (2.85 Hz). The oscillations increment was about 

Fig. 11. Displacements of the west façade caused by the motion of bell 1.  

Fig. 12. Accumulative damage (in red) caused by the dynamic forces of bell 1 
(crack width ranging from 0.1 to 5 µm). (For interpretation of the references to 
colour in this figure legend, the reader is referred to the web version of 
this article.) 

Fig. 13. Displacements of the west and east façades caused by the motion of bells 1 and 2.  
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400%, after transient response took place, the displacement amplitudes 
fluctuated between − 0.35 to 0.30 mm in the steady-state response. 
Despite the significant increment of the amplitude, the results showed 
that the numerical damage was negligible. 

7.2. Case 2: Four bells 

For this case, the model was subjected to the actions of the four bells. 
The motion of bell 2 increased the swaying of the tower 30%, with a 
maximum displacement in X direction (east–west axis) of 0.13 mm in 
both façades. For Y direction (north–south axis), the maximum values 

ranged between 0.01 mm (in the north side) and 0.02 mm (in southern 
façade). The oscillation pattern in X direction showed that there was no 
transient response, and steady-state response was characterized by an 
amplification of the amplitude that matched the instants when the loads 
were in-phase and out-of-phase (Fig. 13). Such behavior is an interfer
ence phenomenon known as beat, and it is caused by the combination of 
two excitations of slightly different frequencies. 

The motion of bell 3 and bell 4, which rotate in Y direction, does not 
influence the behavior of the tower in X direction. Moreover, the relative 
displacements measured at the height of the bells indicated that the plan 
section of the structure remains almost without deformation, even when 
the bells apply opposite forces. Fig. 14 shows that the damage in the 
model is insignificant, presenting crack width between 0.1 and 5 µm. 
The progression of damage from the beginning until the end of the load 
application is not important; it presents negligible increments of the 
cracked zones. 

8. Nonlinear static analysis 

A set of nonlinear pushover analyses were conducted to assess the 
response of the tower under two combinations of lateral loads, with the 
aim of determining safety levels and type of damage evaluated in terms 
of crack width. The horizontal and concentrated forces were applied at 
the center of the beams on level 6 and stepwise increased. The same 
control points used for the dynamic analyses were selected to plot the 
load capacity curves of each façade, in which the load factors are pro
portional to the weight of the bells. 

In the first pushover analysis, the lateral response of the tower was 
assessed under the action of bell 1. The load was monotonically 
increased in the west direction (X axis). The west façade of the tower 

Fig. 14. Accumulative damaged caused by the dynamic forces of all the bells 
(crack width ranging from 0.1 to 5 µm). (For interpretation of the references to 
colour in this figure legend, the reader is referred to the web version of 
this article.) 

(a)

Fig. 15. Results of the nonlinear pushover analysis for bell 1: a) capacity curve of the west façade, b) damage at the maximum load factor (crack width: mm), and c) 
damage at the maximum displacement (crack width: mm). (For interpretation of the references to colour in this figure legend, the reader is referred to the web 
version of this article.) 
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behaved within the elastic range until a maximum load factor of 24.2, 
equivalent to 1,690 kN (Fig. 15a). At this point, cracks started appearing 
as local damage around the connections until the final failure of the 
masonry that occurred at the maximum displacement of 4.8 mm 
(Fig. 15c). Nevertheless, the stability of the piers and the global structure 
were not affected. Fig. 15 shows the damage at two different instants: b) 
at the maximum load factor (initiation of cracking) and c) at the 
maximum displacement (final failure). 

The second pushover analysis assumed that the forces were in-phase, 
in which the loads of bell 1 and bell 2 were applied in + X direction 
(eastwards), while the loads of bell 3 and bell 4 were orientated in the +
Y direction (northwards). The piers of level 6 presented the largest de
formations, behaving within the elastic range until a load factor close to 
20, where the first cracks appeared. The loads were increased and 
achieved the maximum load factor of 32 for all the bells (2235 and 1451 
kN in X direction, 1080 and 699 kN in Y direction), which is associated 
with the maximum displacement (Fig. 16a). Local and more extensive 
damage was identified around the anchorage of the connections, as 
expected. Moreover, cracks also developed at the base of the piers, 
mainly in the south-west pier. The images of damage extension in Fig. 16 
present different values for crack width: b) 0.1 to 0.4 mm (to compare 
with the previous analyses), and c) 0.5 to 1.0 mm. It should be mention 
that the images show the south and west façades; this allows a better 
visualization of the cracked zones. 

9. Parametric analysis: Tower stiffness effect 

Several dynamic analyses were run to evaluate the effects and in
fluence of the stiffness of the tower and the angular velocity (increment 
of the dynamic forces magnitude) on the structural response. Three 
models with different stiffness were generated considering the tower as 
an isolated structure. Fundamental frequencies were used as a criteria to 
define the elastic properties of the models. The fundamental frequency 
of the calibrated model (Section 4.2) was assumed as the upper 

boundary (model 1), whereas the lower limit (model 3) is half of the 
upper boundary. The fundamental frequency of model 2 corresponds to 
the midpoint between upper and lower boundaries. In this procedure, 
one Young’s modulus for the masonry was assumed for the entire tower 
in each model. The Young’s moduli were adjusted within a realistic 
range to obtain the three fundamental frequencies. Table 7 presents the 
Young’s moduli adopted for the masonry of each model and the corre
sponding frequency of the first mode. All the values are within the ex
pected range of frequencies and elastic moduli presented in other 
masonry towers [48]. 

In order to evaluate the response in terms of maximum displace
ments, 65 dynamic analyses were conducted assuming a linear behavior 
of the masonry, since no damage is expected according to the previous 
results. The new dynamic forces were recalculated using only the mass 
of bell 1. Each model was subjected to a set of excitations with different 
frequency content including one action with frequency equal to that of 
the model, aiming at studying the resonance response. The first har
monic is predominant in the majority of the dynamic forces. It should be 
noted that the excitations represent theoretical cases, since the respec
tive angular velocities are not expected for bells of Spanish system. 

On the left, Fig. 17a depicts the real frequencies and displacements; 
on the right, Fig. 17b, the frequencies were normalized (excitation fre
quency divided by fundamental frequency), and the dashed vertical 
lines represent the boundary of 10% considered in the German code 
DIN4178 [10]. The plots show that the admissible displacements must 
be under 0.5 mm for all the cases and that frequencies within the 10% 

(a)

Fig. 16. Results of the nonlinear pushover analysis for the forces of the four bells applied in the same direction: a) capacity curve of the four façades, b) damage at the 
maximum displacement (crack width from0.1 to 0.4 mm), and c) damage at the maximum displacement (crack width from 0.5 to 1.0 mm). (For interpretation of the 
references to colour in this figure legend, the reader is referred to the web version of this article.) 

Table 7 
Young’s modulus and the frequency of the first mode for the three models.   

Model 1 Model 2 Model 3 

Young’s modulus of masonry (GPa)  23.7 11 8 
Fundamental frequency (Hz)  2.87 2.15 1.47  
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limit increase significantly the swaying amplitude of the structure until 
2.6 mm. 

Along with the dynamic analyses, a nonlinear pushover analysis was 
performed on each model. The nonlinear properties of the masonry were 
the same of Table 2. The horizontal load of bell 1 was stepwise increased 
until achieving the maximum load capacity of the material, for which 
the response was evaluated through a load capacity curve (Fig. 18). The 
results show that the maximum load factor corresponds to Model 1, with 
a value of almost 20, equivalent to a force of 1,390 kN, with a quasi- 
brittle fracture of the material. The same fragile behavior is identified 
in Model 2, but associated to a load factor of 16.5 (1,150 kN). Regarding 
Model 3, there is hardening in the plastic response, with a maximum 
load factor of 19 (equal to 1,330 kN) that corresponds to the maximum 
deformation (21.4 mm). 

Comparing these results with those obtained from the dynamic an
alyses of the models in terms of displacements, the amplitudes measured 
during resonance (maximum displacement equal to 2.6 mm) are still 
within the elastic range of the masonry for the three cases. Furthermore, 
equivalent static load factors can be identified based on the capacity 
curves to calculate static horizontal forces that cause the same response 
than dynamic actions in terms of displacements. Taking as a reference 
the limit point 0.5 mm, the factors ranges from 0.9 (Model 3) to 3 (Model 
1). 

10. Conclusions 

Three methods were applied to assess the response of a masonry bell 
tower when subjected to excitations produced by the swinging of the 

bells: assessment based on frequencies, nonlinear dynamic analysis, and 
nonlinear static analysis. The aim was to compare the results of the three 
procedures based on the response of the structure. The analyses were 
conducted on a FEM model of the south tower of the National Palace of 
Mafra because of its slenderness and the location of the bells. The 
methodology based on frequencies and proposed in the German code 
DIN4178 is the simplest strategy used to assess the safety of a bell tower. 
It requires only two data: the frequency content of the excitation and the 
fundamental frequencies of the structure. Nevertheless, this approach is 
incapable of identifying location of damage and its severity. The fre
quency spectrums demonstrated that the bells of the Spanish system are 
also characterized by the third harmonic, and not only by the first 
harmonic as stated in [7]. 

Nonlinear dynamic analysis is the most accurate procedure to study 
the behavior of a structure when is affected by vibrations, although it 
demands a high computational effort and time. The results show that, 
under normal conditions, the tower behaves within the elastic range for 
all the cases since the dynamic actions produce small displacements. The 
study also reveals that the arrangement of the bells, at the central axes, 
avoid torsion of the tower. Additionally, nonlinear pushover analyses 
were also carried out aiming at determining safety levels for different 
load combinations. The response of the tower is linear elastic until a load 
factor of about 20 (20 times the weight of the bells horizontally applied). 
The failure of masonry consists of local damage around the connections 
with insignificant impact on the global stability. To cause damage, the 
rotation velocity needs to largely increase until values that are not 
possible to achieve in normal conditions. 

The stiffness of the structure was also studied under forces with 
different magnitude and frequency content. The results show that there 
is an important increase in the deformation when the frequencies of the 
loads are within the limit of 10%, boundary stablished in the German 
code DIN 4178. This assessment also reveals that the maximum 
displacement admissible is about 0.5 mm regardless of the stiffness of 
the structure. Nevertheless, when comparing with the set of nonlinear 
pushover analysis, the three models behave linear elastic even when 
they are in resonance with the excitations. Furthermore, these results 
lead to the conclusion that, in general, linear analysis is acceptable to 
take into account the dynamic effects caused by bells of the Spanish 
system. 

Finally, if crack develop close to the connections, other factors 
should be evaluated as source of damage, such as corrosion of the 
metallic pieces or masonry decay. It is also recommended to evaluate the 
effects of the material fatigue and creep when the bell motion is studied. 

Fig. 17. Effects of the structure stiffness on the global response: (a) maximum displacements-frequency curves and (b) maximum displacements-normalized fre
quency curves (dashed lines represent the boundary recommended by DIN4178 [10]). 

Fig. 18. Load capacity curves of the west façade of the three models when 
subjected to the force of bell 1. 
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