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A B S T R A C T   

Mixed-mode I + II fracture characterization of cortical bone tissue is addressed in this work. The 
mixed-mode bending test was used to impose different mode ratios. An equivalent crack length 
data reduction method was considered to obtain the strain energy release rate components. Crack 
opening and shear displacements were measured by means of digital image correlation. These 
quantities were then integrated to propose a direct evaluation of cohesive laws. The components 
of the cohesive laws for each mixed-mode loading were obtained by the uncoupled and Högberg’s 
methods. The later provided consistent evolution of strain energy release rate and peak stresses 
components in function of mode-ratio, revealing its appropriateness regarding the fracture 
characterization of cortical bone under mixed-mode I + II loading.   

1. Introduction 

Bone fractures are currently a relevant public health concern, due to increase of elderly population. They result in morbidity and 
mortality with relevant economic and social impacts. In this context, fracture characterization of bone is a vital research topic with 
significant influence on public health, which justifies its social-economic relevance. The large majority of the studies available in 
literature address pure mode I loading [1–6], and some works deal with mode II loading [1,7–9]. However, under general loading, 
fracture involves concurrently mode I and II (mixed-mode I + II). The non-symmetric geometry and bone irregular shape, associated 
with its marked anisotropy also contributes to fractures under mixed-mode I + II loading. Therefore, fracture analysis of cortical bone 
tissue under mixed-mode I + II loading can be viewed as relevant and emerging research topic. Few works describing mixed-mode I +
II testing methodologies can be found in literature. George and Vashishth [10] studied the combined effect of axial and torsional 
fatigue/fracture loading considering cylindrical specimens to produce previously reported in vivo shear/normal stress ratios. Zim-
mermann et al., [8,9] used the asymmetric four-point bending test, which allows different combination of shear force and bending 
moment acting at the crack tip, providing fracture characterization under different mixed-mode I + II loading. Olvera et al. [11] 
employed the double cleavage drilled compression test in the context of mixed-mode I + II fracture characterization of cortical bone 
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tissue. This test consists of a parallelepipedal specimen with a longitudinal crack with a circular hole drilled at its center and submitted 
to axial compression loading. Due to the hole presence, tensile and shear stresses arise at the crack tip inducing mixed-mode I + II 
loading. Aliha et al. [12] proposed the sub-sized short bend beam test, which consists on a three-point bending short beam specimen 
containing an inclined edge crack. This specimen is particularly appealing in the context of bone considering its small dimensions. 
Pereira et al., [13] have used the single-leg bending test, which consists on a three-point-bending loading on a beam specimen with a 
shorter and not loaded arm in the region of the pre-crack, in order to induce mixed-mode I + II loading. In fact, the applied loading 
induces simultaneous longitudinal shear sliding and opening displacements at the crack tip, thus enabling fracture characterization 
under mode I + II loading. This test is easy to perform but is limited to a unique mode ratio. 

The described tests reveal limitations regarding difficult variation of mode ratio and confinement of fracture process zone ahead of 
the crack tip with consequent non-self-similar crack growth. With the purpose of overcoming these drawbacks, Pereira et al., [14] 
proposed a miniaturized version of the mixed-mode bending (MMB) test. This test requires a complex loading system but provides 
fracture characterization under different mixed-mode ratios by simply changing the lever length of the loading arm. 

In this work, the previously conceived MMB testing setup [14] is used to perform mixed-mode fracture analysis of bovine cortical 
bone tissue. The focus will be the evaluation of the mode I and mode II components of the mixed-mode cohesive laws. A common 
assumption under mixed-mode I + II loading conditions is that the normal stresses are almost independent of the mode II crack opening 
displacement (CODII) and vice-versa, i.e., the shear stresses depend weakly on the mode I crack opening displacement (CODI). As a 
result, the cohesive laws can be decoupled [15,16], i.e., the total energy release rate, GT, can be separated into the mode I (GI) and 
mode II components (GII). Other methods lie on the influence of CODI on shear stresses and CODII on normal stresses. In this work, two 
methods were considered for the experimental identification of cortical bone cohesive laws components under mixed-mode I + II 
loading conditions, using the MMB test: the uncoupled method [15,16] and the coupled method developed by Högberg [17]. Despite 
the large scatter of experimental results typical of a natural material like bone, important conclusions about the suitability of both 
methods were drawn. 

Nomenclature 

Latin 
a Crack length 
a0 Initial crack length 
aei Equivalent crack (i = I, II) 
b Mid-plane specimen thickness 
B Specimen thickness 
Ci Specimen compliance (i = I, II) 
EL Longitudinal elastic modulus 
Gi Strain energy release rate (i = I, II) 
Gic Fracture energy under pure mode (i = I, II) 
GT Total strain energy release rate 
GLT Longitudinal tangential plane shear modulus 
h Specimen half height 
L Half distance between supports 
Pi Load for any mode (i = I, II) 
S(λ) Normalized stress 
wi Crack opening displacement (i = I, II) 
wic Critical crack opening displacement (i = I, II) 
wi Normalized crack opening displacement (i = I, II) 

Greek 
δi Displacement (i = I, II) 
σi Stress (i = I, II) 
σi,u Ultimate strength (i = I, II) 
σi Normalized stress (i = I, II) 
λ Dimensionless displacement parameter 
θ Normalized mode mixity 

ACRONYMS 
CODi Crack Opening Displacement (i = I, II) 
DCB Double Cantilever Beam 
DIC Digital Image Correlation 
ENF End-Notched Flexure 
FPZ Fracture Process Zone 
MMB Mixed-Mode Bending  
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2. Experimental work 

A miniaturized version of the Mixed-Mode Bending (MMB) test setup was conceived [14] for fracture characterization of cortical 
bone tissue under mixed-mode I + II loading (Fig. 1). The MMB test is a combination of the double cantilever beam (DCB) and the end- 
notched flexure (ENF) tests using a single lever to apply mixed-mode І + ІІ loadings. The load on the top dowel tends to pull the upper 
specimen arm resulting on an opening load in mode I similar to that of the DCB test. At the same time, the load at the fulcrum bends the 
specimen, creating a mode II loading mimicking the one of ENF test. The mixed-mode I + II loading ratio is controlled by the yoke 
position (Fig. 1). In fact, the relative magnitude of the two resulting loads acting on the specimen can be conveniently changed as a 
function of the yoke position. A saddle mechanism is used to hold the bearings aligned with the specimen mid-plane and assure the 
connection between the yoke and the loading lever. 

The specimens for the MMB tests were harvested from thirteen fresh bovine femora of young animals within a one-day post-mortem 
period. They were cut from the interior medial region of the mid-diaphysis and immediately cleaned and wrapped in gauze containing 
a saline solution and frozen at − 20 ◦C. Subsequently, milling and cutting operations were performed aiming to get samples with a 

Fig. 1. Schematic representation of the MMB text setup conceived for bone fracture characterization under mixed-mode I + II loading.  

Fig. 2. Schematic representation of the MMB test (L = 30 mm, 2 h = 6.0 mm, b = 2.0 mm, B = 3.0 mm, a0 = 20 mm).  
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width of 3.0 mm, a thickness of 6 mm and a total length of 65 mm. The initial pre-crack was executed in two steps. Firstly, a circular 
diamond saw with a thickness of 0.3 mm was used to create an initial notch. Secondly, a sharp blade attached to the test machine was 
employed to induce a natural crack with a small extension of 0.25 mm approximately. The blade was positioned at the notch root and a 
displacement of 0.25 mm was imposed by the testing machine. Previously, with the purpose of guaranteeing self-similar crack growth 
at the specimen mid-plane for a given crack extension, two longitudinal grooves with 0.5 mm depth were manufactured using a cutting 
tool with a V-tip (30◦) configuration. Fig. 2 presents a schematic representation of the MMB testing setup with specimen dimensions. 

In the MMB test configuration, the GI/GII mode ratio is defined as [18]: 

GI

GII
=

4
3

(
3c − L
c + L

)2

, c⩾
L
3

(1) 

The alteration of the mode-mixity is easily performed in the MMB test by changing the lever length of the loading system (distance c 
in Fig. 2). In fact, it can be seen from Eq. (1) that GI/GII ratio depends on the distance c, which should be higher than L/3 to assure that 
the mode I loading is strong enough as to open the crack [18]. Three different mode ratios were targeted in this study, to have a good 
estimation of the bone fracture envelope in the GI-GII space. 

The fracture tests (Fig. 3) were executed using a servo-electrical testing system (MicroTester INSTRON 5848) with constant 
displacement rate of 0.5 mm/min. A 1 kN load-cell was used and the data acquisition frequency was set equal to 5 Hz. In order to get 
the evolution of the crack opening displacements during the test, digital image correlation (DIC) (Fig. 3b) analysis was performed with 
an acquisition frequency of 1 Hz. 

3. Data reduction method 

The MMB test is a combination of the DCB and ENF tests used for fracture characterization under mode I and II, respectively. 
Consequently, the MMB loading can be represented by a superposition of a mode I and mode II loadings equivalent to those used in 
DCB and ENF tests, respectively. This linear combination is schematically represented in Fig. 4. Therefore, the strain energy release 

Fig. 3. a) Back face view of a MMB test; b) Speckle pattern on specimen front face.  

Fig. 4. Superposition loading analysis of the MMB specimen.  
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rate equations obtained for DCB and ENF tests considering beam theory can be used to obtain the equations for MMB tests. With this 
aim, the mode I and II loading components can be expressed as (Fig. 4). 

PI =

(
3c − L

4L

)

P (2)  

PII =

(
c + L

4L

)

P (3) 

The relationship between specimen compliance (C = δ/P) and crack length (a) can be established by means of Timoshenko beam 
theory [4], 

CI =
δI

PI
=

8a3

ELBh3 +
12a

5BhGLT
(4)  

where δI corresponds to the mode I displacement component (δE in Fig. 2). Bone is a natural material revealing an important scatter on 
its longitudinal modulus (EL), which plays an important role on the measured strain energy release rate. The shear modulus (GLT) has 
low influence on the results and a typical value can be used. With the purpose of overcome the source of inaccuracy resulting from 
scatter on EL, the longitudinal modulus is estimated by an inverse procedure based on fitting the initial specimen stiffness obtained 
numerically with the experimental one. Eq. (4) can be solved to determine an equivalent crack length (aeI) as a function of the current 
compliance (CI) [4]. This procedure avoids the difficult monitoring of crack length during the test and accounts for the presence of a 
non-negligible fracture process zone (FPZ) in the quasi-brittle materials like cortical bone. The evolution of the strain energy 
component in mode I can be obtained combining the Irwin-Kies relation. 

G =
P2

2b
dC
da

(5)  

with Eq. (4), yielding, 

GI =
12P2

I

Bbh

(
a2

eI

h2EL
+

1
5GLT

)

(6) 

A similar procedure can be used for mode II. In this case the equation of the compliance CII = δII/PII, where δII = δC + δE/4 (Fig. 2) 
can be written as [19], 

CII =
δII

PII
=

3a3 + 2L3

12ELI
+

3L
10GLTBh

(7)  

where I stands for second moment of area of each specimen arm. The equivalent crack can be obtained from Eq. (7) as, 

aeII =

[

4ELI
(

CII −
3L

10GLTBh

)

−
2L3

3

]1 /

3

(8) 

The progression of the strain energy component in mode II results from Eqs (5) and (8). 

GII =
9P2

IIa2
eII

16BbELh3 (9) 

The presented methodology allows obtaining the strain energies GI and GII as function of the equivalent crack length (Fig. 5), i.e., 
the Resistance-curves (R-curves). It should be noted that these R-curves are obtained using exclusively the P–δ data ensuing from the 

Fig. 5. Example of experimental R-curves obtained for θ = 47.1◦ mode ratio.  
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MMB test thus being a more appealing procedure, considering the difficulties intrinsic to crack length measurements in this material. 
During the fracture tests, the crack tip opening displacement was measured by post-processing DIC displacement fields. To start 

with, the user needs to define the location of the centroid subset closest to the initial crack tip, typically in the reference speckled 
image. An algorithm is then applied to estimate the relative displacement among adjacent subsets as an evaluation of both mode I (wI)

and mode II (wII) openings during the test [20–21]. 

4. Cohesive laws determination 

Two methods were used to determine the cohesive laws. The uncoupled method proposed in [15,16], assumes that the total energy 
release rate, GT, can be separated into the mode I (GI) and mode II components (GII), 

GT = GI +GII (10) 

Following this strategy, the cohesive laws for each mode component can be directly determined from the differentiation of GI and 
GII regarding to the corresponding crack opening displacements (wi), 

Gi =

∫ wi

0
σi(wi) dwi , i = I, II (11) 

A spline function was fitted to the strain energy versus crack opening relations (Gi(wi), i = I, II) to eliminate noise and provide a 
suitable differentiation of the function. 

The coupled method developed by Högberg (2006) [17] was also used to get the components of the cohesive laws under mixed- 
mode I + II loading. This method implies the introduction of dimensionless parameters. Therefore, the crack opening displace-
ments and tractions (σi) were normalized using the material critical values (σi,u;wic) obtained in pure modes, 

σi =
σi

σi,u
, i = I, II (12)  

wi =
wi

wic
, i = I, II (13) 

In light of this, the relative displacements and tractions vary in the range of [0, 1]. Högberg (2006) [17] considered the simplest 
linear cohesive law whose fracture energies in pure modes are given by, 

Gic =
1
2
σi,uwic , i = I, II (14) 

Normalized fracture energies in mode I and mode II (GIc = GIIc = 1/2) are obtained considering the normalized parameters (Eqs. 
(12) and (13)). The relative displacements in mode I and mode II are coupled via a dimensionless displacement parameter, λ, defined 
as, 

λ2 = w2
I + w2

II (15) 

This parameter uses the normalized crack opening displacements (Eq. (13)) determined using the average critical values obtained 
under pure mode loading. Högberg also defined the normalized mode mixity (θ), as being the ratio of the dimensionless normal and 
tangential displacements, 

Fig. 6. Graphical presentation of the normalized mixed-mode cohesive law, adapted from Högberg (2006).  
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θ = arctan
(

wI

wII

)

(16) 

The pure mode I is given by θ = 90◦ and the pure mode II by θ = 0◦. These considerations are graphically presented in Fig. 6, where 
the traction-separation cohesive relation under mixed-mode loading is established by the normalized stress S(λ). For a given θ, S is 
defined as. 

S(λ) =

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

λ
λo

for 0⩽λ⩽λo

1 − λ
1 − λo

for λo⩽λ⩽1

0 for λ > 1

(17)  

being λo the normalized crack opening displacements under mixed-mode at damage onset (Fig. 6). The normalized strain energy 
release rate is obtained from the area circumscribed by the normalized stress curve. For a given θ, 

G(λ) =
∫ λ

0
S(λ*)dλ* (18) 

The normalized mixed-mode cohesive law (S = f(λ)) for each θ can be obtained by differentiation of Eq. (18), 

S(λ) =
dG(λ)

dλ
(19)  

where, 

G(λ) =
G(λ)
2GTc

(20) 

Considering that the normalized stiffness can be given by the ratio between the normalized stress S(λ) and the dimensionless 
displacement parameter, λ, the normalized tractions in each mode i = I, II result, 

Fig. 7. Averaged cohesive laws as a function of crack opening displacements, for three values of θ: (a) mode I by uncoupled method; (b) mode I by 
Högberg method; (c) mode II by uncoupled method; (d) mode II by Högberg method. 
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σi =
S(λ)

λ
wi , i = I, II (21)  

which allows the determination of tractions considering Eq. (12), 

σi(wi) = σi, u
S(λ)

λ
wi , i = I, II (22)  

5. Results and discussion 

The uncoupled and coupled methods described in previous section were applied to estimate the components of the cohesive laws 
under mixed-mode I + II loading. Three groups of curves have been selected representative of different mode ratios identified by the 
normalized mode mixity, θ = 45◦, 55◦ and 65◦. Fig. 7 (a-d) present 3D plots of the mode I and II components of the average cohesive 
laws for each θ, obtained by the two methods. Fig. 7a and 7b reveal a consistent trend of the mode I energy component (area cir-
cumscribed by each curve) and maximum mode I traction. In fact, both increase with the mode I component, i.e., when θ varies from 
45◦ to 65◦. The mode II cohesive law components obtained by the two methods reveal different trends. The mode II energy component 
and the maximum mode II traction grow with the increase of mode II on mode ratio, i.e., when θ varies from 65◦ to 45◦ in the Högberg 
method (Fig. 7d). This consistent tendency is also observed in the uncoupled method for the mode II energy component, but the peak 
cohesive traction under mode II loading does not follow the expected tendency. In fact, the θ = 55◦ case presents the highest value 
being the remaining ones similar to each other. 

A more detailed analysis regarding the tendencies of the tractions evolution in function of θ were performed for both methods 
considering all the experimental results (Fig. 8). The first remark addresses the high scatter typical of a natural material, as is the case 
of cortical bone tissue. In fact, the correlation coefficients are quite low. Nevertheless, the high number of tests performed for each case 
allows identifying interesting tendencies. First, the normal tractions seem to increase with θ, while the shear tractions reveal an 
opposite trend. This is a logical result since the pure mode I occurs for θ equal to 90◦ and the pure mode II for θ equal to 0◦. 

Linear functions were adjusted to the plots in order to estimate the local strengths under pure modes by extrapolation. Assuming the 

Fig. 8. Evolution of peak tractions (σI,max, σII,max) as a function of θ: mode I component by (a) uncoupled method; (b) Högberg method; mode II 
component by (c) uncoupled method; (d) Högberg method. 
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extreme values of θ = 0◦ and θ = 90◦ in the adjusted functions (Fig. 8), it can be verified that the normal tractions are in the range 4.5 <
σI < 60.3 MPa for the uncoupled and − 1.6 < σI < 50.2 MPa for the Högberg method. Similarly, the limits in the shear tractions are 37.0 
< σII < 74.7 MPa for uncoupled and 3.9 < σII < 55.0 MPa for the Högberg method. The pure mode local strengths have been 
determined in a previous work of the research team [6,22]. Using a direct method, values of σI,u = 49.18 MPa and σII,u = 51.01 MPa 
and by means of an inverse method σI,u = 47.25 MPa and σII,u = 59.68 MPa have been achieved. Comparing these values with the ones 
obtained in this work, it can be concluded that the Högberg method (σI,u = 50.2 MPa, σII,u = 55.0 MPa) behaves well on the estimation 
of the local strengths. Moreover, the mode I traction under pure mode II loading (σI = -1.6 MPa) and the mode II traction under pure 
mode I loading (σII = 3.9 MPa) are both close to zero, which reinforces the good behaviour of the model predictions. The uncoupled 
model predicts σI,u = 60.3 MPa and a value of σI = 4.5 MPa for pure mode II loading, which can also be considered a good estimate. 
However, the same did not occur for the mode II traction components. The predicted value of σII,u = 37.0 MPa is lower than expected 
and a shear traction of σII = 74.7 MPa under pure mode I loading is clearly unacceptable. A possible justification for this malfunction of 
the uncoupled method is probably related with COD measurements. These were performed in points with some distance between them, 
thus making the uncoupling assumption somewhat inaccurate. 

In conclusion, it can be affirmed that even if the linear evolutions of mode I and mode II peak tractions between the pure modes (I 
and II) presented above could be considered somewhat unsound owing to low correlation coefficients, the results of the Högberg 
method seem to confirm that these linear trends reveal consistency. 

An additional analysis was performed regarding the fracture energy under mixed-mode I + II loading. Fig. 9 plots the experimental 
results of pure modes (θ = 90◦ for pure mode I and θ = 0◦ for pure mode II) and the ones of mixed-mode I + II ensuing from this work. 
Upper and lower boundaries were defined connecting the maximum and minimum values of GIc and GIIc, respectively. An additional 
line linking the pure mode (I and II) average values was also included. Two remarks can be drawn. First, the experimental results 
obtained in this work are circumscribed between the referred boundaries with two exceptions that can be considered outliers. The 
second and interesting aspect regards the fact that the average trend of the actual results (solid line in Fig. 9) is rather close to the 
average line referred above. Moreover, extrapolating the solid line in order to estimate the pure mode fracture values gives rise to GIc =

2.53 kJ/m2 and GIIc = 3.0 kJ/m2, which are in close agreement with the respective average values resulting from DCB and ENF tests, 
GIc = 2.23 kJ/m2and GIIc = 2.97 kJ/m2. Despite the observed scatter, these findings point to the conclusion that linear energetic 
fracture criterion describes well the fracture behavior of this set of bovine cortical bone tissue. 

6. Conclusions 

The mixed-mode bending (MMB) apparatus was adapted to perform mixed-mode fracture tests in bovine cortical bone due to its 
ability to provide easy alteration of mixed-mode ratio. Three different mode ratios were considered in order to have a suitable 
description of the mixed-mode fracture behaviour of cortical bone tissue. The main goal was to obtain the mode I and mode II 
components of the cohesive laws under mixed-mode I + II loading. In this context, a data reduction scheme based on crack equivalent 
concept was adopted to evaluate the mode I and mode II R-curves for each mixed-mode loading, thus avoiding crack length monitoring 
during the fracture tests. The crack opening and shear displacements were monitored via digital image correlation and correlated with 
the strain energy release rate components. Two methods were applied to the experimental identification of the cohesive law com-
ponents under mixed-mode I + II loading: uncoupled method and Högberg’s method. Average cohesive laws for each mode ratio were 

Fig. 9. Fracture energy variation as a function of the normalized mode mixity, θ.  
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obtained using the two methods. It was concluded that Högberg’s method reveal consistent trends regarding energy components and 
peak stresses, although the uncoupled method showed some inconsistency on the peak cohesive traction under mode II loading. The 
tendencies of the tractions evolution in function of the normalized mode mixity were performed for both methods considering all the 
experimental results. Linear functions were fitted and the pure mode cohesive strengths were estimated by extrapolation. The 
Högberg’s method predicts values in agreement with the ones determined in previous works. The uncoupled method revealed 
inconsistency on the mode II tractions, which was attributed to inaccuracies inherent to COD measurements. The evolution of fracture 
energy in function of mode ratio was also analysed. It was observed that the experimental values are bounded by two lines connecting 
the limiting values of fracture energy and that the average trend of those results agrees with the one resulting from the average values 
of pure modes, I and II. With some reservations motivated by observed scatter, it was settled that the linear energetic criterion de-
scribes well the fracture behaviour of this set of bovine cortical bone tissue. 
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