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1. Introduction 
 

Low tensile strength and brittleness are two main 

shortcomings of concrete as a structural material. Due to 

low tensile strength, concrete cracks and its post-cracking 

tensile capacity banishes abruptly with the crack opening 

due to the concrete fragility. One of the ways of increasing 

toughness and crack resistance of concrete is by adding 

steel fibres to its mix composition, resulting in a composite 

designated as steel fibre- reinforced concrete (SFRC) when 

fibres are made of steel. This significantly increases the 

post-cracking tensile capacity and energy absorption 
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capability of cement-based materials, but the cracking 

initiation load is only marginally augmented since 

reinforcement mechanisms of fibres are mainly activated 

after they have been crossed by a crack. The composite 

material’s toughness is significantly enhanced due to the 

additional energy required for pulling out the fibres crossing 

a crack (Cunha et al. 2010). Fibres bridging the cracks have 

the ability of modifying the concrete softening response, 

which influence the cracking and deflection behaviour of 

concrete structures (de Montaignac et al. 2012). Steel fibres 

are still the most vastly used for the concrete reinforcement 

due to their stiffness and readiness of being provided with 

geometric features that ensure efficient anchorage 

mechanisms mobilized during the fibre pullout (Wu et al. 

2021). Due to the above advantages, SFRC is becoming 

increasingly popular in the construction industry. 

For ordinary concrete, knowledge of compressive 

strength is generally sufficient to establish credibly other 

material characteristics (tensile strength, elasticity and shear 

modulus, fracture energy, creep factor, shrinkage strain, 

etc.) that are necessary for the analysis of RC structures in 

practice. However, SFRC requires additional tests to assess 

its post-cracking tensile behaviour. Due to a large variety of 

fibres (shape, length, diameter, strength, etc.) and concrete 

characteristics, and considering the highly complex nature 
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Abstract.  Steel fibre-reinforced concrete (SFRC) is an emerging class of composite for construction. However, a reliable 

method to assess the flexural behaviour of SFRC structural member is in lack. An analytical technique is proposed for 

determining the moment-curvature response of concrete beams reinforced with steel fibres and longitudinal bars (R/SFRC 

members). The behaviour of the tensile zone of such members is highly complex due to the interaction between the residual 

(tension softening) stresses of SFRC and the tension stiffening stresses. The current study suggests a transparent and 

mechanically sound method to combine these two stress concepts. Tension stiffening is modelled by the reinforcement-related 

approach assuming that the corresponding stresses act in the area of tensile reinforcement. The effect is quantified based on the 

analogy between the R/SFRC member and the equivalent RC member having identical geometry and materials except fibres. It 

is assumed that the resultant tension stiffening force for the R/SFRC member can be calculated as for the equivalent RC member 

providing that the reinforcement strain in the cracked section of these members is the same. The resultant tension stiffening force 

can be defined from the moment-curvature relation of the equivalent RC member using an inverse technique. The residual stress 

is calculated using an existing model that eliminates the need for dedicated mechanical testing. The proposed analytical 

technique was validated against test data of R/SFRC beams and slabs. 
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of interaction between fibres and concrete, the post-

cracking tensile behaviour of SFRC is generally assessed by 

performing mechanical tests with SFRC specimens (Amin 

et al. 2017). The post-cracking tensile behaviour of SFRC is 

generally assessed by determining residual strength 

parameters, like the ones proposed by fib Model Code 2010 

(2013), or the stress-crack width relation, from which the 

residual stress at different crack width values can be 

determined, as well as the mode I fracture energy of the 

SFRC. 

Among the experimental techniques, the uniaxial tensile 

test is recognised to be the most direct and adequate method 

for establishing the stress-crack width relation (Stähli 2008, 

Amin et al. 2017). However, this technique is complex and 

time-consuming as it is associated with sophisticated testing 

equipment and meticulous preparation of test specimen. 

Therefore, the uniaxial tests are rather rarely used in 

practice (Amin et al. 2015). The indirect methods such as 

bending tests, splitting tensile tests (Abrishambaf et.al. 

2015, ASTM C496-17 2017), wedge splitting tests (Skocek 

and Stang 2008) or round panel tests (Soltanzadeh et al. 

2019, Minelli and Plizzari 2015) are simpler, and therefore 

more preferable by the practitioners. Among the indirect 

methods, the bending tests are most widely used for 

determining the residual strength of SFRC due to the 

simplicity of the testing equipment and the specimen 

preparation. The bending tests are codified in various 

design standards (RILEM TC 162-TDF 2000, EN 14651 

2005, ASTM C1609/C1609M-12 2012, UNI 11039 2003, 

JSCE. SF4 1984, DAfStb 2012). RILEM (2000) proposed a 

three-point notched beam bending test to determine the 

equivalent flexural tensile strength parameters (feq2 and feq3) 

considering the areas under the load-deflection diagram, 

from which the post-cracking tensile behaviour can be 

defined. The flexural stress versus crack mouth opening 

displacement (CMOD) can also be obtained from this test, 

where the CMOD can be recorded by a displacement 

sensor, or evaluated from an equation that relates the 

CMOD with the beam’s deflection (Cunha 2010). Based on 

the flexural stress versus CMOD relation derived from this 

type of test, Model Code 2010 (2013) has proposed a 

methodology (similar to the one already indicated by 

RILEM (2000)) for determining the residual flexural tensile 

strength parameters, fRi (i=1 to 4) that are used to classify 

the toughness class of SFRC. Furthermore, the equivalent 

flexural tensile strength parameters (feq2 and feq3) and the 

residual flexural tensile strength parameters (fR1 and fR3) are 

used for defining the constitutive laws of SFRC for the 

verifications of serviceability and ultimate limit states 

(abbreviated as SLS and ULS, respectively) design 

requirements. RILEM (2001) described a test to evaluate 

the relationship between uniaxial stress and crack opening, 

which was incorporated in a recommended design 

procedure (RILEM 2002). RILEM (2003) also suggested a 

σ-ε design method for SFRC sections under flexure by 

using the feq or fRi. European Standard EN 14651 (2005) 

proposes the concept of fRi of SFRC material for design 

purposes at SLS and ULS. German Guideline DafStb 

(2012) classified the design of SFRC members in two 

performance levels: level 1 for small deformations; and 

level 2 for large deformations considering the combination 

of reinforcement (fibres and conventional reinforcements). 

In most structural applications, fibres are used along 

with longitudinal reinforcement bars. In this study, such 

structural members are designated by the acronym R/SFRC. 

Serviceability analysis of these members is rather complex 

due to the sophisticated behaviour of the tension zone of the 

members (Harvinder 2020, Lehmann and Głodkowska 

2021). Concrete cracking mobilizes two types of tensile 

stresses of different nature. Tension softening stresses are 

one of these types, herein known as residual stresses, which 

develop in the cracked sections of SFRC as a result of the 

bridging stress mechanisms provided by fibres crossing 

these sections. The tension stiffening stresses are the other 

type of tensile stresses, which are generated in the portions 

of the structural member between the cracks due to the bond 

interaction between reinforcement bars and surrounding 

concrete. Numerous investigations have been carried out on 

tension stiffening in several approaches, namely: 

Semi-empirical models, which are the earliest 

approaches based on the simple formulae of strength of 

materials and the effective geometric characteristics of a 

cross-section adjusted to the test data (e.g., ACI 544.4R-88 

1988). This type of approaches are frequently used in 

simplified structural design methods; 

Stress transfer models that aim to model the bond 

between the tensile steel bars and surrounding concrete. 

Models based on the bond stress-slip mechanism are able to 

realistically deal with discrete cracking phenomenon 

(Lackner and Mang 2003, Wu and Gilbert 2009). The 

numerical results are mainly governed by the chosen bond-

slip model; 

Concrete-related stress-strain models, which due to its 

simplicity, are widely used in numerical analysis (Torres et 

al. 2004, Ng et al. 2010). Kaklauskas and Ghaboussi (2001) 

proposed an inverse technique for deriving the tension 

stiffening law from the moment-curvature diagrams 

recorded in the experimental tests with RC members. The 

inverse technique was applied to R/SFRC beams (Gribniak 

et al. 2012), and was further developed by removing the 

shrinkage effect from moment-curvature and tension 

stiffening relations (Kaklauskas and Gribniak 2011); 

Reinforcement-related stress-strain models, such as the 

case of the one proposed by Gilbert and Warner (1978) are 

rarely applied. This approach assumes that the tensile 

reinforcement is capable of taking additional stresses due to 

the tension stiffening effect. It has been further developed 

by Kaklauskas et al. (2011) and Torres et al. (2015). An 

analytical inverse technique for constitutive modelling of 

the tension stiffening phenomenon considering the 

shrinkage effect was suggested by Kaklauskas and Gribniak 

(2016); 

Fracture mechanics: this approach is based on the 

fracture mechanics principles to predict cracking behaviour 

of RC elements (Bertram 1999, Shi 2009). The models 

based on this type of approach are able to provide high 

fidelity solutions of localised effects, and are often used in 

combination with other approaches. 

The deformational behaviour of SFRC structural 

members has been the subject of numerous research works.  
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Simplified methods of deflection analysis of R/SFRC 

beams falling into the category of the semi-empirical 

models were proposed by Craig (1987), Lim et al. (1987) 

and Hsu et al. (1992). Alsayed (1993) reported test results 

of 10 reinforced concrete beams with and without steel fiber 

reinforcement and proposed a simple empirical equation to 

estimate deflection. Ashour and Wafa (1993) reported test 

results on eight high-strength concrete (88 MPa) beams 

with different fibre contents. A semi-empirical equation was 

proposed to estimate the effective moment of inertia of 

simply supported high-strength fiber reinforced concrete 

beams. Tan et al. (1994) proposed a modification of the 

Branson method to calculate the effective moment of inertia 

for R/SFRC beams. Ezeldin and Shiah (1994) presented a 

method for the calculation of SFRC beam deflection both 

under instantaneous and long term loads. A review of 

simplified methods for deflection analysis of R/SFRC 

members was presented by Domski and Zakrzewski (2020). 

Amin et al. (2015) have experimentally assessed the 

post-crack resistance of SFRC elements without steel 

reinforcement under flexure, and compared the results with 

the load response of beams containing both steel bar and 

fibre reinforcement (Amin et al. 2017, Amin and Gilbert 

2018). Based on the experimental load response, they 

proposed a model for predicting deflection of R/SFRC 

beams by modifying the model from Marti et al. (1998). 

Based on experimental results of R/SFRC beams and slabs 

reinforced with different fibre volumes, Barros and 

Figueiras (1999) proposed a layered model for predicting 

the moment-curvature relationship of this type of elements, 

from which their force-deflection response can be derived 

by using the secant or the tangent flexural stiffness. 

Campione (2008) proposed a model for predicting the 

flexural strength of R/SFRC beams under pure bending 

conditions. This simplified method allowed the evaluation 

of load-displacement diagrams by means of linear 

interpolation between three characteristic points 

 

 

corresponding to cracking, yielding and ultimate loads, 

while the tension-stiffening effect was neglected. 

Montaignac et al. (2012) proposed a model for predicting 

the behaviour of SFRC members under bending. A 

comprehensive experimental investigation was performed 

on rectangular and T-shape section R/SFRC beams having 

fibres of various types in terms of material and geometric 

characteristics. The study assessed the fibre reinforcement 

contribution to resist the external load, and presented a 

practical design provision for T-shape SFRC beams. 

Mazaheripour et al. (2016) developed a model to predict the 

deflection and crack width of I-shape SFRC beams that 

include passive or prestressed flexural reinforcement 

formed by steel and fibre reinforced polymer (FRP) bars, 

while fibres are used in an attempt of replacing integrally 

steel stirrups. This model also considers the shear stiffness 

degradation effect during the crack opening process on the 

deflection of this type of R/SFRC beams. 

The present paper describes the analytical technique 

developed for estimating the flexural deformation response 

of R/SFRC members. The tension stiffening effect is 

considered via the reinforcement-related approach. The 

resultant internal force due to the tension stiffening is 

assumed from the analogy of an equivalent RC member 

with the same geometry and materials (except the explicit 

participation of the fibres) having the same reinforcement 

strain level at the cracked section. The mean strain value in 

the tensile reinforcement of the RC member is evaluated per 

the fib Model Code 2010 (2013) provisions. The post-

cracking tensile capacity of SFRC is assumed constant 

within the tension zone at SLS condition with the 

magnitude of the residual stress taken from a simple 

existing model that does not require any test results on the 

tension or bending behavior of SFRC. Thus, the need of 

dedicated mechanical testing for individual design cases is 

circumvented. To validate the proposed technique, R/SFRC 

beam specimens tested in the literature are selected for  

 

Fig. 1 Constitutive laws for modelling the: (a) compressive concrete; (b) residual stress in tensile concrete; (c) tensile 

reinforcement; (d) fictitious tension stiffening stress acting in the reinforcement; and (e) fictitious total stress acting in 

the reinforcement 
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analysis, and the moment-curvature relations predicted from 

the proposed inverse technique are compared to those 

obtained experimentally. The current study also introduces 

the concept of effective residual stress, whose detailed 

description will be provided in Section 6. 

 

 

2. Assumptions and governing equations 
 

2.1 Assumptions and constitutive laws 
 

The developed approach aims to determine curvatures of 

concrete bending members reinforced with steel bars and 

fibres (R/SFRC members). This approach is based on the 

constitutive laws depicted in Fig. 1 and on the following 

assumptions: 

1. Under flexural deformation, the member cross-section 

remains plane and has linear strain distribution along its 

depth. This hypothesis is applied for strain field at a cracked 

section and for the cross sections spanning over a sufficient 

length for forming several cracks in order to be 

representative of a region at stabilized cracking conditions 

(average strain concept is used in this case); 

2. Reinforcements and concrete in compression behave 

as linear-elastic materials (Fig. 1(a), (c)). This assumption is 

close to reality since the structural member is considered 

under service condition; 

3. Fibres have no influence on the concrete behaviour in 

compression. The effect of fibres on the tensile behaviour of 

concrete is activated when bending moment reaches the 

cracking initiation, Mcr (Fig. 1(b)). The effect is considered 

via the residual stress of SFRC by assuming this composite 

behaves as a tensile strain softening material, since it is the 

most current class in structural applications; 

4. A rectangular stress block with a constant residual 

stress value is taken within the tension zone up to the 

neutral axis (Barros et al. 2017); 

5. Within the early stages of cracking, the residual 

tensile stress increases linearly from zero to its value ffr 

proportionally to the bending moment ranging between Mcr 

and ζMcr (see Fig. 1(b)). The physical justification behind 

this assumption is that each new crack in the crack 

formation stage induces tension softening stresses that 

 

 

gradually contribute to the stiffness of the structure. When 

the loading exceeds ζMcr, the residual stress is taken 

constant as ffr; 

6. In addition to the residual stress, tension stiffening is 

taken into account as another independent effect of the 

tensile zone contributing to the stiffness of the R/SFRC 

member; 

7. Tension stiffening is assessed via the reinforcement-

related approach (Fig. 1(c)-(e)). It supposes that the tensile 

reinforcement in addition to the actual stress is capable of 

taking fictitious stress due to the tension stiffening effect. 

Tension stiffening stresses act in the area of tensile 

reinforcement with their resultant force Nts positioned at the 

centroid of the reinforcement. Tension stiffening is 

modelled by fictitious stress-strain relation (Fig. 1(d)) that 

can be quantified by the inverse approach based on the 

moment-curvature response; 

8. The tension stiffening effect is estimated based on the 

analogy of a R/SFRC member and the equivalent RC 

member having equal geometry and materials except the 

explicit participation of fibres. It is assumed that the 

resultant tension stiffening force of the R/SFRC member 

can be calculated as for the equivalent RC member 

providing that the reinforcement strain in the cracked 

section of these members is the same, εsi. This assumption is 

illustrated in Fig. 3 and is discussed in more detail in 

Section 3. 

 

2.2 Equilibrium equations 
 

In order to derive the equilibrium equations, a concrete 

rectangular cross section member subjected to bending with 

longitudinal reinforcement in tension and compression zone 

is considered, as depicted in Fig. 2(a). Fig. 2 also shows 

schematic diagrams of strain and stress distribution across 

the section with respective resultant internal forces and 

bending moment for two distinct phases of analysis, as will 

be detailed in Subsection 2.3: 

a) Cracked section analysis (Fig. 2(b), (c)). The effect of 

tension stiffening is neglected, Nts=0, refer to Fig. 2(c). 

b) Mean strain analysis (Fig. 2(d), (e)) dealing with 

average deformations at cross sections over a length 

spanning across several cracks. The effect of tension 

 
(a)           (b)               (c)             (d)            (e) 

Fig. 2 Doubly reinforced section subjected to external bending: (a) cross-section; (b) strain compatibility for cracked 

section analysis; (c) stresses, internal forces and external bending moment acting in the cracked section; (d) strain 

compatibility for mean strain analysis; (e) stresses, internal forces and external bending moment for mean strain analysis 

a) c) e)

(1
/3

)·
 y

c

y c

Neutral

axis

εs1

εc

εs2

Ns1=σs1·As1

M

Nc=0.5·σc·yc·b 

Nfr=ffr·b·(h-yc)

ffr

σc=εc·EcNs2=σs2·As2 

y c

Neutral

axis

Ns1=σs1·As1

M

Nc=0.5·σc·yc·b 

(1
/3

)·
 y

c

Nfr=ffr·b·(h-yc)

εs1

εc

εs2

ffr

σc=εc·Ec

Nts=σts·As1

Ns2=σs2·As2 

Cracked section analysis Mean strain analysis

b

d

h

a
s2As2

As1

b) d)

352



 

Curvature-based analysis of concrete beams reinforced with steel bars and fibres 

 

stiffening is taken into account, with the tension stiffening 

resultant Nts≠0, refer to Fig. 2(e). 

It should be kept in mind that the only characteristic 

making a distinction between the two analyses is whether 

the tension stiffening force is taken to be zero or not. 

Although these analyses will result in different prediction 

outcomes (curvatures, strains and stresses), for sake of 

generalisation and simplicity of presentation, notations of 

the parameters involved in the equilibrium equations will be 

taken the same. The equilibrium equations of axial forces 

and bending moments with respect to the centroid of the 

compressive concrete are written for the general case, when 

Nts≠0, as illustrated in Fig. 2(e) 

𝑁𝑐 + 𝑁𝑠2 − 𝑁𝑓𝑟 − 𝑁𝑠1 − 𝑁𝑡𝑠 = 0 (1) 

𝑀 + 𝑁𝑠2 (
𝑦𝑐

3
− 𝑎𝑠2) − 𝑁𝑓𝑟 (

ℎ−𝑦𝑐

2
+

2

3
𝑦𝑐) − (𝑁𝑠1 +

𝑁𝑡𝑠) (𝑑 −
𝑦𝑐

3
) = 0  

(2) 

where yc is the depth of neutral axis; Nfr is the resultant 

force of residual tensile stresses; and Ns1, Ns2 and Nc are the 

internal forces acting in tension and compression 

reinforcement and in the compressive concrete, 

respectively. For simplicity, the residual tensile stress, 

denoted by ffr, is assumed to be uniformly distributed over 

the tension zone (according to the aforementioned 

Assumption 4), as shown in Fig. 2(c). From Eqs. (1) and 

(2), the internal forces can be expressed through the 

respective stresses, as given by Eqs. (3) and (4) 

1

2
𝑏𝑦𝑐𝜎𝑐 + 𝐴𝑠2𝜎𝑠2 − 𝑓𝑓𝑟𝑏(ℎ − 𝑦𝑐) − 𝐴𝑠1𝜎𝑠1 − 𝑁𝑡𝑠 = 0  (3) 

𝑀 = (𝑁𝑡𝑠 + 𝐴𝑠1𝜎𝑠1) (𝑑 −
𝑦𝑐

3
) − 𝐴𝑠2𝜎𝑠2 (

𝑦𝑐

3
− 𝑎𝑠2) +

𝑓𝑓𝑟𝑏(ℎ − 𝑦𝑐) (
ℎ−𝑦𝑐

2
+

2

3
𝑦𝑐)  

(4) 

Denote the tension steel strain by εs1, compression steel 

strain by εs2, and concrete strain at extreme compression 

fibre by εc. Considering the plane section hypothesis, the 

values of εc and εs2 can be obtained by Eqs. (5) and (6), 

respectively 

𝜀𝑐 =
𝑦𝑐

(𝑑−𝑦𝑐)
𝜀𝑠1               (5) 

𝜀𝑠2 =
(𝑦𝑐−𝑎𝑠2)

(𝑑−𝑦𝑐)
𝜀𝑠1              (6) 

Stresses in the compressive concrete, as well as tensile 

and compressive reinforcement, can be calculated from the 

following equations 

𝜎𝑐 = 𝐸𝑐𝜀𝑐                  (7) 

𝜎𝑠1 = 𝐸𝑠1𝜀𝑠1                 (8) 

𝜎𝑠2 = 𝐸𝑠2𝜀𝑠2                 (9) 

 

2.3 Two main stages of analysis 
 

In general terms, the curvature analysis by the proposed 

approach is performed through two main stages 

corresponding to the above cases of analysis: 

1) Cracked section analysis (Fig. 2(b), (c)). The 

constitutive laws for compressive concrete and 

reinforcement are shown in Fig. 1(a) and (c), respectively. 

After a section reaches cracking load, tensile concrete 

carries residual stresses (Fig. 1(b)). The tension stiffening 

effect is obviously not present for the cracked section. 

Solving the equilibrium Eqs. (3) and (4) under the condition 

of Nts=0 will result in determining two unknowns: depth of 

the neutral axis, yc, and tensile reinforcement strain, εs1. The 

latter will be used in the second stage to calculate the 

tension stiffening resultant, Nts.  

2) Mean strain analysis (Fig. 2(d), (e)). The constitutive 

laws for compressive and tensile concrete are shown in Fig. 

1(a) and 1(b), respectively. As illustrated in Fig. 1(d) and 

1(e), tension stiffening is attributed to the tensile 

reinforcement. Thus, according to Assumption 7, the tensile 

reinforcement in addition to its actual stress (Fig. 1(c)) is 

capable of carrying fictitious tension stiffening stress (Fig. 

1(d)). As an illustration of the general case, Fig. 1(e) depicts 

the fictitious total stress acting in the tensile reinforcement. 

For a given reinforcement mean strain, 𝑠
∗ , fictitious total 

stress (Fig. 1(e)) can be calculated as the sum of actual 

stress (Fig. 1(c)) and fictitious tension stiffening stress (Fig. 

1(c)). It should be noted that the constitutive laws of tension 

stiffening shown in Fig. 1(d) and 1(e) represent mean 

stresses and strains. 

For this case, the two equilibrium equations hold three 

unknowns: depth of the neutral axis yc, mean strain of 

tensile reinforcement εs1 and tension stiffening resultant Nts. 

To reduce the number of unknowns to two, Nts is obtained 

based on Assumption 8 and the concept of the equivalent 

RC member using the reinforcement strain in the cracked 

section calculated in the first stage. Calculation of Nts and 

steps of analysis by the proposed approach will be 

described in detail in Sections 3 and 4, respectively. 

On the basis of Eqs. (3) to (9), the depth of neutral axis 

can be determined as the solution of the quartic (fourth-

order) equation given by Eq. (10), where the polynomial 

coefficients C0 to C4 may be computed via Eqs. (11) to (15), 

respectively. The solution process of quartic equation is 

contained in Appendix A. 

𝐶4𝑦𝑐
4 + 𝐶3𝑦𝑐

3 + 𝐶2𝑦𝑐
2 + 𝐶1𝑦𝑐 + 𝐶0 = 0  (10) 

𝐶0 = −12𝑀𝐸𝑠2𝐴𝑠2𝑎𝑠2 + 12𝑓𝑓𝑟𝐸𝑠2𝐴𝑠2ℎ𝑏𝑎𝑠2
2 +

12𝑁𝑡𝑠𝐸𝑠2𝐴𝑠2𝑑𝑎𝑠2 + 6𝑓𝑓𝑟𝐸𝑠2𝐴𝑠2𝑏ℎ2𝑎𝑠2 +

12𝑁𝑡𝑠𝐸𝑠2𝐴𝑠2𝑎𝑠2
2 − 12𝑀𝐸𝑠1𝐴𝑠1𝑑 + 6𝑓𝑓𝑟𝐸𝑠1𝐴𝑠1𝑏𝑑ℎ2 −

12𝑓𝑓𝑟𝐸𝑠1𝐴𝑠1𝑏ℎ𝑑2  

(11) 

𝐶1 = 12𝑀𝐸𝑠1𝐴𝑠1 − 6𝑓𝑓𝑟𝐸𝑠2𝐴𝑠2𝑏ℎ2 −

6𝑓𝑓𝑟𝐸𝑠1𝐴𝑠1𝑏ℎ2 − 12𝑁𝑡𝑠𝐸𝑠2𝐴𝑠2𝑑 − 20𝑁𝑡𝑠𝐸𝑠2𝐴𝑠2𝑎𝑠2 −

20𝑓𝑓𝑟𝐸𝑠2𝐴𝑠2𝑏ℎ𝑎𝑠2 − 12𝑓𝑓𝑟𝐸𝑠2𝐴𝑠2𝑏𝑎𝑠2
2 +

12𝑀𝐸𝑠2𝐴𝑠2 + 12𝑓𝑓𝑏,𝑟𝐸𝑠1𝐴𝑠1𝑏ℎ𝑑 + 12𝑓𝑓𝑟𝐸𝑠1𝐴𝑠1𝑏𝑑2  

(12) 

𝐶2 = 6𝑀𝐸𝑐𝑏 − 3𝑓𝑓𝑟𝐸𝑐ℎ2𝑏2 − 18𝑓𝑓𝑟𝐸𝑠1𝐴𝑠1𝑏𝑑 +

14𝑓𝑓𝑟𝐸𝑠2𝐴𝑠2𝑏𝑎𝑠2 + 8𝑓𝑓𝑟𝐸𝑠2𝐴𝑠2𝑏ℎ − 6𝑁𝑡𝑠𝐸𝑐𝑏𝑑 +

8𝑁𝑡𝑠𝐸𝑠2𝐴𝑠2  

(13) 

𝐶3 = 2𝑓𝑓𝑟𝐸𝑐ℎ𝑏2 + 6𝑓𝑓𝑟𝐸𝑠1𝐴𝑠1𝑏 − 2𝑓𝑓𝑟𝐸𝑠2𝐴𝑠2𝑏 +

2𝑁𝑡𝑠𝐸𝑐𝑏   
(14) 

𝐶4 = 𝑓𝑓𝑟𝐸𝑐𝑏2 (15) 
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2.4 Residual tensile stress 
 

Knowledge of the residual tensile stress ffr is required 

for establishing the coefficients of the quartic equation. Due 

to highly complex behaviour of cracked SFRC, very few 

theoretical models were proposed for defining the residual 

strength. In codified design practices, the residual stress 

needs to be quantified by means of standard bending tests. 

Naaman (2003) proposed a semi-empirical method for 

determining the residual stress in SFRC members, and the 

method was further modified by Campione et al. (2006). 

According to Naaman (2003), the residual stress is given by 

Eq. (16) 

𝑓𝑓𝑟,𝑁𝑎𝑎𝑚𝑎𝑛 =  𝜆1𝜆2𝜆3𝜏 𝑉𝑓  
𝑙

𝑑𝑓
            (16) 

where λ1 is a coefficient reflecting the expected normalized 

fibre pull-out length calculated as the ratio of the 

statistically defined fibre embedment length (l/4) over the 

fibre length, λ2 is the efficiency factor of fibre orientation in 

the cracked state, λ3 is the group reduction factor associated 

with the number of fibres pulling-out per unit area (or 

density of fibre crossings), τ is the average bond stress 

developed in a single fibre embedded in concrete, l, df, and 

Vf are the length, diameter and volume fraction of fibres, 

respectively. Naaman (2003) suggested the values of 

λ1=0.25, λ2=1.2 and λ3=1.0 and to the average bond stress as 

𝜏=2fct, where fct is the mean tensile strength of concrete. 

These suggestions are adopted in the present study. 

Campione et al. (2006) introduced a coefficient β that 

reflects the bond characteristics of different fibre types and 

suggested to use the values of 0.5 for smooth fibres, 0.75 

for crimped fibres and 1.0 for hooked fibres. By way of the 

above, the residual tensile stress of SFRC can be obtained 

from Eqs. (17) and (18) 

 

 

𝑓𝑓𝑟,𝑚𝑜𝑑𝑖𝑓𝑖𝑒𝑑 =  2𝜆1𝜆2𝜆3𝑓𝑐𝑡𝐹         (17) 

𝐹 =  𝑉𝑓  
𝑙

𝑑𝑓
𝛽                (18) 

in which F is referred to as the fibre factor. In this study, 

Eqs. (17) and (18) are employed for the evaluation of ffr. 

Further, as discussed in Assumption 5 above, for the load 

stage M≥ζMcr the residual stress is directly taken as ffr. 

Whereas at the load interval ζMcr>M≥Mcr the residual stress 

should be linearly interpolated between 0 and ffr 

proportionally to the bending moment ranging from Mcr to 

ζMcr. Based on the above, the residual stress is taken as 

𝑓𝑓𝑟 =  {
𝑓𝑓𝑟,𝑚𝑜𝑑𝑖𝑓𝑖𝑒𝑑 ,              when 𝑀 ≥ 𝜁𝑀𝑐𝑟

𝑓𝑓𝑟,𝑚𝑜𝑑𝑖𝑓𝑖𝑒𝑑 ∙
𝑀−𝑀𝑐𝑟

(𝜁−1)𝑀𝑐𝑟
,   when 𝑀𝑐𝑟 ≤ 𝑀 < 𝜁𝑀𝑐𝑟

(19) 

In the current study, it is assumed that ζ=2, and the 

cracking moment is calculated as Mcr=fctbh2/6 per design 

standard fib Model Code 2010 (2013). 

 

 

3. Determination of reinforcement-related tension-
stiffening force 
 

The analytical procedure developed herein aims at 

calculating the tension stiffening force in R/SFRC 

members. It is based on Assumptions 7 and 8 and the 

inverse analysis approach reported in (Kaklauskas et al. 

2011, Torres et al. 2015, Kaklauskas and Gribniak 2016). 

The latter is dedicated to the constitutive modelling of 

tension stiffening derived from the moment-curvature 

response of RC beam. Assumption 7 asserts that the tension 

stiffening effect is modelled by fictitious mean stress-mean 

strain relation attributed to the tensile reinforcement. It 

postulates that tension stiffening stresses act in the area of  

 
Fig. 3 Details of curvature analysis: (a) a crack pattern of R/SFRC beam; (b) a fragment of R/SFRC beam and the 

tensile reinforcement strain profile; (c) establishment of bending moment MRC corresponding to reinforcement strain 

εsi in the equivalent RC beam; (d) a fragment of the equivalent RC and the tensile reinforcement strain profile 
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Table 1 Notations for strain of tensile reinforcement 

Type of analysis 
Member 

R/SFRC RC 

Cracked section analysis, Nts=0 εs1=εsi 

Mean strain analysis, Nts≠0 εs1=εsm εs1=εsm,RC 

 

 

tensile reinforcement with their resultant force Nts acting at 

the centroid of the reinforcement. 

Assumption 8 permits relating the tension stiffening 

forces Nts in the RC and R/SFRC members. For that, the 

term equivalent RC beam is introduced to characterize the 

RC beam having similar geometry and materials (except the 

steel fibres are absent) to that of the R/SFRC beam. It is 

postulated that the fibre contribution to the tensile resistance 

of a cracked R/SFRC member is fully reflected by the 

residual stress. Consequently, the tension stiffening force Nts 

is the same for an R/SFRC element and the equivalent RC 

member providing that the strains of the tensile 

reinforcement in the cracked section of both members are 

equal. 

The suggested approach of analysis is illustrated in Fig. 

3. It shows the considered R/SFRC beam (Fig. 3(a)) and the 

reinforcement strain distribution in the SFRC beam (Fig. 

3(b)) and in the equivalent RC beam (Fig. 3(d)). These 

figures illustrate the strain in the cracked section εsi and the 

mean reinforcement strain εsm. It should be kept in mind that 

in the equilibrium Eqs. (3) and (4) strains εsi and εsm will 

stand as εs1. To facilitate the perception of this aspect, strain 

notations of tensile reinforcement for R/SFRC and RC 

members are summarised in Table 1. Extra subscript “RC” 

refers to the equivalent RC beam. Fig. 3(c) shows the 

moment-curvature diagrams for the considered R/SFRC and 

the equivalent RC beams with respective bending moments 

M and MRC (MRC<M) inducing the same reinforcement 

strain εsi in the cracked sections of the members. 

After calculating the reinforcement strain εs1=εsi in the 

cracked section of the R/SFRC member using Eqs. (3) to 

(4) and the condition Nts=0, bending moment MRC inducing 

the same reinforcement strain εsi in the equivalent RC beam 

can be defined by this expression relating moment to 

reinforcement strain of the fully cracked section 

(Mazaheripour 2016) 

𝑀𝑅𝐶 = 𝜀𝑠𝑖
𝐸𝑐𝐼𝑐𝑟

(𝑑−𝑦𝑐,𝑅𝐶)
               (20) 

where yc,RC and Icr are, respectively, the compressive depth 

and the moment of inertia of the fully cracked RC section. 

These geometrical characteristics are calculated using the 

following equations 

𝑦𝑐,𝑅𝐶 = √(
(𝑛−1)𝐴𝑠2+𝑛𝐴𝑠1

𝑏
)

2

+
2((𝑛−1)𝐴𝑠2𝑎𝑠2+𝑛𝐴𝑠1𝑑)

𝑏
−

(𝑛−1)𝐴𝑠2+𝑛𝐴𝑠1

𝑏
  

(21) 

𝐼𝑐𝑟 =  
𝑦𝑐,𝑅𝐶

3𝑏

3
+ (𝑛 − 1)(𝑦𝑐,𝑅𝐶 − 𝑎𝑠2)

2
𝐴𝑠2 +

 𝑛(𝑑 − 𝑦𝑐,𝑅𝐶)2𝐴𝑠1  
(22) 

where n=Es/Ec is the modular ratio. 

Further, the main equations for deriving the tension 

stiffening force Nts at a given bending moment are 

presented. Consider the equilibrium of axial forces and 

bending moments of the RC beam section as shown in Fig. 

2, and taking the residual tensile force Nfr=0, Eqs. (23) and 

(24) can be obtained 

𝑁𝑡𝑠 + 𝑁𝑠1 − 𝑁𝑐 − 𝑁𝑠2 =  0          (23) 

𝑁𝑐 (𝑑 −
𝑦𝑐

3
) + 𝑁𝑠2(𝑑 − 𝑎𝑠2) − 𝑀𝑅𝐶 = 0      (24) 

Solving Eqs. (23) and (24), the value of tension-

stiffening force Nts is obtained as expressed in Eq. (25) (fib 

Model Code 2010 (2013)) 

𝑁𝑡𝑠 =  𝜅𝑚 [
𝐸𝑐𝑦𝑐

2𝑏

2𝐴𝑠1
+ (𝐸𝑠2 − 𝐸𝑐)(𝑦𝑐 − 𝑎𝑠2)

𝐴𝑠2

𝐴𝑠1
−

𝐸𝑠1(𝑑 − 𝑦𝑐)] 𝐴𝑠1  
(25) 

where κm is the mean curvature of the equivalent RC 

member corresponding to MRC. The procedure for 

calculating the neutral axis depth yc,RC for the equivalent RC 

beam is described in Appendix B. 

The fictitious tension stiffening stress is assessed as 

𝜎𝑡𝑠 =
𝑁𝑡𝑠

𝐴𝑠1
                  (26) 

The mean curvature κm is calculated for the value of 

bending moment M=MRC (see Fig. 3(c)) according to the 

Model Code 2010 (2013) technique by this interpolation 

formula 

𝜅𝑚 = (1 − 𝜁)𝜅𝑒𝑙 + 𝜁𝜅𝑐𝑟            (27) 

where κel and κcr are the curvatures of the uncracked and 

fully cracked sections, and ζ is the distribution coefficient 

that is determined by Eq. (28) for cracked sections (the 

value of ζ is zero if the section is uncracked, i.e., MMcr). 

𝜁 = 1 − (
𝑀𝑐𝑟

𝑀
)

2

               (28) 

in which the curvature of the cracked section κcr can be 

calculated per Eq. (29) 

𝜅𝑐𝑟 =  
𝑀

𝐸𝑐𝐼𝑐𝑟
                 (29) 

where Icr is the moment of inertia of the cracked RC beam 

and can be obtained from Eq. (22), and the elastic curvature 

of the uncracked section κel is defined by Eq. (30) 

𝜅𝑒𝑙 =
𝑀

𝐸𝑐𝐼𝑒𝑙
                  (30) 

where Iel is the moment of inertia of the uncracked RC 

member and is simply obtained from Eq. (31) 

𝐼𝑒𝑙 =  
𝑏ℎ3

12
                  (31) 

It should be noted that the current study has not 

provided proof of Assumption 8. Quantification of tension 

stiffening in R/SFRC members by decoupling residual 

strength and tension stiffening is a highly complex issue, as 

evidenced in Mazaheripour et al. (2016). As a mean crack 

spacing in the R/SFRC member is smaller than the one in 

the equivalent RC member, it could be supposed that the 

integral of the bond stresses along the bar (and the tension 

stiffening effect) will be also smaller in the R/SFRC 

member. However, the experimental investigations of bond- 
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slip in SFRC have demonstrated (Chu and Kwan 2021) that 

mean bond stress and bond stiffness increase by adding 

steel fibres. Moreover, steel fibers restrain the splitting 

cracks in the vicinity of primary cracks that also contributes 

to the mean bond stress of the R/SFRC member. As a result, 

it is very difficult to speculate about the fidelity of 

Assumption 8. Until further investigations are conducted in 

this regard, the current study takes Assumption 8 along with 

simplified models of tension stiffening (Eq. (27)) and 

residual strength (Eq. (17)). 

 
 
4. Moment-curvature analysis of R/SFRC flexural 
members 
 

Stepwise calculation is adopted for the moment-

curvature analysis. To capture the nonlinear moment-

curvature response, the total external moment is applied to 

the R/SFRC member in incremental steps. As shown in a 

flowchart given in Fig. 4, the curvature analysis of the 

 

 

deformed member is performed through the following 

steps: 

Step 1. For the given bending moment M, the section 

analysis is performed at the cracked section of the SFRC 

member. Reinforcement strain εs1=εsi is established from the 

equilibrium Eqs. (3) and (4) assuming Nts=0. It should be 

noted that among the four roots of the quartic equation 

(Eqs. (10) to (15)), yc is obtained as the real positive root, 

while the negative and imaginary roots are rejected (refer to 

Appendix A). The value of root is then substituted in lieu of 

yc in Eqs. (3) or (4), so that the other unknown, i.e., εs1=εsi, 

can be obtained. 

Step 2. The bending moment MRC corresponding to the 

reinforcement strain in the cracked section εsi of the 

equivalent RC member (see Fig. 3(c),(d)) is assessed based 

on Eq. (20) (Kaklauskas et al. 2014). 

Step 3. The tension stiffening force Nts is calculated for 

the equivalent RC member based on Eq. (25), and the 

curvature in the RC beam is obtained by using the Model 

Code recommendations with the deformation parameter set  

 
Fig. 4 Flowchart of curvature analysis of a R/SFRC member subjected to bending 

Determine  ffr by Eq. (19)

Step 1: Cracked section analysis of R/SFRC 

member

Set Nts = 0 and εs1 = εsi

Solve equilibrium equations (3) 

and (4): determine yc and εsi by 

Eqs. (A1) - (A9)

Step 2: Determine bending moment MRC

Strain εsi from Step 1

Determine yc,RC by Eq. (21)

Determine Icr by Eq. (22)

Determine MRC by Eq. (20)

Step 3: Determine tension 

stiffening force Nts for the 

equivalent RC member

Solve equilibrium equations (23) and 

(24): determine yc by Eqs. (B1) - (B7)

Determine κm by Eq. (27)

Determine Nts by Eq. (25)

Step 4: Mean strain analysis of 

R/SFRC member

Tension stiffening force 

Nts ≠ 0 from Step 3

εs1 = εsm

Step 5: Determine mean strain, 

stress and curvature

Determine strains εc and εs2 by 

Eqs. (5) and (6)

Determine κ by Eq. (32)

END

Solve equilibrium equations (3) 

and (4): determine yc and εsm by 

Eqs. (A1) - (A9)

Determine stresses σc, σs1 and σs2 

by Eqs. (7) - (9)

START

Read input data: h, b, d, as2, As1, As2, Es1, Es2, Ec

M > Mcr

Determine stresses σc, σs1 and σs2 

by Eqs. (7) - (9)

Output data: κ

If last moment increment is not yet 

attained: Increase applied moment to the 

next increment step and repeat Step 1

Yes

No
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as the curvature, Eqs. (27) to (31) refer. 

Step 4. With respect to the established value of Nts, the 

mean deformation analysis of the R/SFRC member is 

performed (Fig. 2(b) and 2(e)). The equilibrium equations 

are again solved for updated values of εs1=εsm (by taking 

into account the tension stiffening effect) and yc, following 

the similar solution process of the quartic equation as 

described in Step 1. 

Step 5. The mean strain values εc and εs2 are computed 

from Eqs. (5) and (6). Mean stresses in the compressive 

concrete and tensile and compressive reinforcement are 

calculated from Eqs. (7) to (9). By Assumption 1 (plane 

section remains plane in the deformed beam), the strain 

distribution along the depth of cross-section is linear. 

Therefore, the curvature can be computed using Eq. (32) 

𝜅 =  
𝜀𝑠1+𝜀𝑐

𝑑
=  

𝜀𝑐

𝑦𝑐
=

𝜀𝑠1

𝑑−𝑦𝑐
             (32) 

Step 6. The applied moment M is increased to the value 

 

 

 

 

of the next increment step, and the above Steps 1 to 5 are 

repeated until the last moment increment is attained. 

 

 

5. Comparison of curvature prediction to the test 
results 
 

This section validates the proposed analytical technique 
and illustrates its application to the simulation of the test 
moment-curvature response of R/SFRC members. The 
study includes tests of beams (Gribniak et al. 2012, 
Kaklauskas et al. 2014) and slabs (Barros et al. 2008) with 
ranging amounts of fibres and predominantly low 
reinforcement ratio of longitudinal bars. 

Nine beams with reinforcement ratios of 0.3 and 0.6% 
and steel fibres contents of 0.5, 1.0 and 1.5% by volume 
were selected (Gribniak et al. 2012, Kaklauskas et al. 
2014). The beam specimens with 0.6% reinforcement ratio 
are numbered S2-F05, S2-F10 and S2-F15 (taking S2-F10  

 
Fig. 5 Dimensions and reinforcement layout of beams (dimensions in mm) 

 
Fig. 6 Dimensions and reinforcement layout of slab strips (dimensions in mm) 

Table 2 Main characteristics of R/SFRC specimens analysed 

Specimen 
h b d as2 As1 As2 s1 s2 fsy Es fcm Vf 

mm mm2 % % MPa GPa MPa % 

S2-F05 301 286 273 25 477 56 0.55 0.07 559 205.3 55.6 0.47 

S2-F10 301 283 272 22 477 56 0.56 0.07 559 205.3 48.0 1.02 

S2-F15 299 284 272 23 477 56 0.56 0.07 559 205.3 52.2 1.46 

S3-1-F05 302 278 278 29 235 56 0.28 0.07 606 208.8 55.6 0.47 

S3-2-F05 303 283 279 26 235 56 0.27 0.07 606 208.8 55.6 0.47 

S3-1-F10 300 279 276 23 235 56 0.28 0.07 606 208.8 48.0 1.02 

S3-2-F10 301 284 275 25 235 56 0.27 0.07 606 208.8 48.0 1.02 

S3-1-F15 300 279 272 26 235 56 0.28 0.07 606 208.8 52.2 1.46 

S3-2-F15 299 285 273 23 235 56 0.28 0.07 606 208.8 52.2 1.46 

A-6-45 150 350 127 23 85 85 0.19 0.19 568 200.0 99.2 0.57 

B-8-45 150 350 126 23 151 85 0.34 0.19 585 200.0 99.2 0.57 

C-10-45 150 350 125 23 236 85 0.54 0.19 591 200.0 99.2 0.57 

b
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as an example, S2 denotes the group of specimens with 

0.6% of reinforcement, and F10 means the fibre volume 

ratio of 1.0%). The beam specimens with 0.3% 

reinforcement ratio are duplicated (twin beam specimens 

were made and tested). In addition to the three specimens 

numbered S3-1-F05, S3-1-F10 and S3-1-F15, three 

replicated specimens with respectively the same 

characteristics are numbered S3-2-F05, S3-2-F10 and S3-2-

F15 (taking S3-1-F10 and S3-2-F10 as an example, they are 

identical samples in the group of specimens with 0.3% of 

reinforcement, and with fibre volume ratio of 1.0%). 

Table 2 lists the main parameters of the test specimens. 

In this table, fsy and Es are the yield stress and the elastic 

modulus of the bar reinforcement, respectively; fcm is the 

average compressive strength of 150300 mm concrete 

cylinder at the age of testing; Vf is the volume content of 

fibres in the concrete mixture. Other notations are given in 

Fig. 5. All the beams were of rectangular cross-section with 

nominal length of 3280 mm and span length of 3000 mm. 

The beams were tested under symmetrical four-point 

bending arrangement. During the loading, the deformation 

of the beams over the pure bending zone was monitored 

using mechanical gauges arranged at four levels of gauge 

lines respectively along: (1) the centreline of tension 

reinforcement, (2) 60 mm offset above the centreline of 

tension reinforcement, (3) 60 mm offset below the  

 

 

 

centreline of compression reinforcement, and (4) the 

centreline of compression reinforcement. The curvature in 

the pure bending zone was evaluated from the mechanical 

gauge reading according to the following equation 

𝜅 =  
1

6
∑ ∑

𝐷𝑘−𝐷𝑙

ℎ𝑘𝑙

𝑙−1
𝑘=1

4
𝑙=2                (33) 

where Dk and Dl are respectively the averaged strains along 

k and l gauge lines (1st to 4th), hkl is the distance between the 

lines (k, l=1 to 4, and k≠l). All the slab strips were of 

rectangular cross-section with nominal length of 1600 mm 

and span length of 1350 mm, as shown in Fig. 6. The slabs 

were tested under symmetrical four-point bending 

arrangement. During the loading, the deflections were 

measured using multiple LVDTs (linear variable 

displacement transducers) along the span. 

The main parameters of test slabs (Barros et al. 2008) 

are also listed in Table 2. It includes three slab strip 

specimens with reinforcement ratios of 0.2, 0.3 and 0.5% 

and steel fibres content of 0.6% by volume. The slab strip 

specimens are numbered A-6-45, B-8-45 and C-10-45 

(taking A-6-45 as an example, it means that 6 mm diameter 

steel reinforcement was employed and the steel fibre 

content was 45 kg per m3 of concrete).  

Fig. 7 and Fig. 8 summarises the moment-curvature 

relations of R/SFRC beams and slabs, respectively, obtained  

 
Fig. 7 Experimental and analytical moment-curvature diagrams of beams 

 
Fig. 8 Experimental and analytical moment-curvature diagrams of slabs 
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by both the analytical technique and by the experimental 

testing. Comparing the two groups of results of beams in 

Fig. 7, in general good agreement between the analytical 

and experimental data is observed. Relatively, better 

predictions are obtained for group S2 specimens (with 0.6% 

reinforcement ratio). Among the specimens in group S2, 

more accurate evaluations are achieved for the cases of 

lower contents of steel fibres (0.5% and 1.0%). On the 

contrary, for group S3 specimens (with 0.3% reinforcement 

ratio), the computed flexural responses are generally less 

stiff than the experimental data. The curvature prediction 

errors were due to the scatter of test results and the use of 

simplified constitutive relations for residual strength (Eq. 

(17)) and tension stiffening (Eq. (27)). This error can be 

partly mitigated by using an alternative and more accurate 

tension stiffening relationship (Kaklauskas and Sokolov 

2021). As regards the analytical results of slab strips as 

shown in Fig. 8, good agreement with experimental results 

is obtained. 

The computational model proposed by Campione (2008) 

is applied to analyse the moment-curvature response of the 

beam and slab strip specimens. The approach illustrated in 

Fig. 9 is based on linear interpolation between two 

curvature values corresponding to the cracking moment Mcr 

and the yielding moment My. In the model, the tension 

stiffening phenomenon is not directly taken into account, 

and the contribution of the longitudinal compression 

reinforcement is neglected due to its marginal influence in 

contrast to the reinforcement in tension. Curvature at the 

serviceability limit state is determined through a two-stage 

process: 

Stage 1. Cracking point (κc, Mcr): As suggested by 

Naaman (2003), the cracking resistance is assessed for the 

elastic section assuming tensile strength fct=0.7(fcm)0.5 

(where fcm is the mean cylindrical compressive strength of 

concrete) (see Fig. 9(b)). The respective curvature is 

obtained from the following equation 

𝜅𝑐 =  
12 𝑀𝑐𝑟

𝑏ℎ3𝐸𝑐
                  (34) 

Stage 2. Yielding point (κy, My): As shown in Fig. 9(b), 

yielding stress is taken for the tensile reinforcement and the 

elastic behaviour is assumed for compressive concrete. 

Residual stress ffr of the rectangular stress block is  

 

 

calculated per Eqs. (17) and (18). The model supposes that 

residual stress ffr is initiated at the fibre concrete submitted 

to cracking strain, cr, Fig. 9(b). Therefore, two geometrical 

parameters, namely ycy (the depth of neutral axis at 

yielding) and ey (the vertical distance between the extreme 

compression fibre of concrete and the point where cracking 

strain of the tensile concrete is reached) are needed to 

describe the stress and strain diagrams in the concrete zones 

in compression and tension (Fig. 9(b)). The parameters ycy 

and ey can be obtained by solving the following two 

equations 

𝐸𝑐𝑓𝑠𝑦

2𝐸𝑠

𝑦𝑐𝑦

𝑑−𝑦𝑐𝑦
𝑏𝑦𝑐𝑦 − 𝑓𝑠𝑦𝐴𝑠 − 𝑓𝑓𝑟𝑏(ℎ − 𝑒𝑦) = 0    (35) 

𝑒𝑦 =  

2𝑓𝑐𝑡
𝐸𝑐

 (𝑑−𝑦𝑐𝑦)+𝜀𝑦 𝑦𝑐𝑦

𝜀𝑦
            (36) 

Upon determining the values of ycy and ey, the two 

required unknowns (My and κy) are found from the 

following equations 

𝑀𝑦 =  𝑏𝑑2 [𝜌𝑓𝑠𝑦 (1 −
0.33𝑦𝑐𝑦

𝑑
) + 𝑓𝑓𝑟 (

ℎ−𝑒𝑦

𝑑
) (

𝑦𝑐𝑦

1.5𝑑
−

ℎ−𝑒𝑦

2𝑑
)]  

 (37) 

𝜅𝑦 =  
𝑓𝑠𝑦

𝐸𝑠(𝑑−𝑦𝑐𝑦)
                (38) 

It should be noted that while the assumption of the 

elastic behaviour for the compressive fiber concrete seems 

justifiable for the case of lightly reinforced members, it may 

be the source of significant inaccuracies of curvature 

analysis for the members with large reinforcement ratio due 

considerable nonlinear behaviour of FRC in compression at 

the yield load. Another disadvantage of the technique 

described in (Campione 2008) is that it permits calculating 

curvature based on linear interpolation between the two 

specified points, but is not capable of predicting the stress 

and strain states at a given load level. 

In order to visually compare the model by Campione 

(2008) with the proposed analytical technique and the 

experimental results, the computation results based on 

Campione (2008) are also plotted in Fig. 7 and Fig. 8. 

Generally, it is seen that the proposed model herein is 

capable of predicting more accurate results than the model 

by Campione (2008), particularly for the group S3 beam  

 
(a)                                  (b) 

Fig. 9 Simplified moment-curvature diagram proposed by Campione (2008) 

a) b)

b

d

h

h
/2

As1

Neutral

axis

εcr
ffrfct

Point A

εy

εc

εcr

y c
y

e y

σc

Point B

fsy·As1

Bending moment, M

Curvature, κ 

Mcr

My

κc κy

Cracking 

point 

(κc, Mcr) 

Yielding point 

(κy, My) 

A

B

359



 

Gintaris Kaklauskas, Aleksandr Sokolov, Ashkan Shakeri, Pui-Lam Ng and Joaquim A.O. Barros 

 

 

 

specimens (with low reinforcement ratio of 0.3%) and slab 

specimens. Among the specimens analysed, the model by 

Campione (2008) basically overestimates the curvature at 

the loads throughout the cracked regime with the exception 

of early stages of cracking when the predictions were too 

stiff. Such deviations would be mainly due to the inaccurate 

assessment of the combined effects of residual stress and 

tension stiffening (Taheri et al. 2012). The largest errors 

were obtained for group S3 beams having reinforcement 

ratio of 0.3% (Fig. 7). 

 

 

6. Variations of effective residual stresses in SFRC 
members 
 

Tension stiffening and the residual stress are two highly 

interrelated effects that are difficult to quantify having a 

significant contribution to the stiffness of R/SFRC 

members. In a way as demonstrated in Section 3, the 

residual stress can be derived from the inverse analysis by 

considering the curvature response of a R/SFRC member. In 

this context, the term of effective residual stress is 

introduced as discussed below. To assess the contribution of 

steel fibres to the flexural tension resistance of R/SFRC 

members with conventional longitudinal reinforcement, the 

effective residual stresses ffr,ef of the beam specimens are 

back-calculated from the experimental moment-curvature 

responses by the iterative inverse approach. The variations 

of residual stress with the applied bending moment and with 

the mean steel strain for two beam specimens, S2-F10 and 

S3-1-F05, are shown in Fig. 10. The effective residual stress 

is normalised with respect to the tensile strength of concrete 

(ffr,ef/fct) assessed per the Model Code 2010 (2013) 

provisions, and the bending moment is normalised with 

respect to the cracking moment (M/Mcr). From Fig. 10a, it 

can be seen that the effective residual stress of beam S2-F10 

with 1% fibre volume ascended steadily to the peak point at 

M/Mcr approximately equal to 2, and then descended 

gradually; while the residual stress of beam S3-1-F05 with 

0.5% fibre volume increased nonlinearly to the peak point 

at M/Mcr approximately equal to 2.5, and followed by a 

short descending branch. The peak of normalised effective 

residual stress of beam S2-F10 was approximately 40% 

higher than that of beam S3-1-F05. Similarly, from Fig. 

10b, it is also seen that the effective residual stress of beam  

 

 

S2-F10 reached the peak point at a smaller mean steel strain 

level than beam S3-1-F05, and the residual stress decreased 

with a substantially longer descending branch for beam S2-

F10. 

The depicted trends illustrate the development of 

effective residual stress during the crack formation stage of 

R/SFRC flexural members. The results presented in Fig. 

10(a) are in support of Assumption 5 stating that residual 

stress varies linearly from 0 to ffr proportionally to the 

applied bending moment ranging between Mcr and ζMcr (see 

Fig. 1(b)). 

As noted earlier, the tensile resistance of cracked 

R/SFRC members is contributed by both the tension 

stiffening effect and the steel fibres across cracks. Research 

on the cracking and tension stiffening behaviour of R/SFRC 

tension members containing conventional reinforcing bars 

had confirmed that the onset of cracking and post-crack 

response of SFRC were altered by the presence of 

conventional reinforcement (Amin et al. 2016, Amin et al. 

2017, Deluce and Vecchio 2013, Tiberti et al. 2015). The 

relative contribution of each of the above effects varies with 

the loading level and the structural configurations, and this 

should be the subject of further investigations so as to 

establish the rate of development of effective residual stress 

under increasing load. By so doing, the approach can be 

extended to analysis of continuously supported beams 

subjected to intermediate loading (Dundar et al. 2015), thus 

allowing more general applications. Comparing the effective 

residual stresses across different R/SFRC beam specimens, 

the variation of ffr,ef is affected by the steel fibre contents 

and reinforcement ratio. Therefore, to accurately predict the 

flexural response of R/SFRC members, the evaluation of 

effective residual stress should take into account the steel 

fibre volumes and the reinforcement ratios. Further research 

for the rigorous formulation of the effective residual stress 

is advocated. 

 

 

7. Conclusions 
 

A new analytical technique for analysing steel fibre-

reinforced concrete (SFRC) members with conventional 

longitudinal reinforcement (denoted as R/SFRC) under 

flexure has been developed. The technique is based on 

rational assumptions. The tension stiffening effect of 

 
Fig. 10 Effective residual stress values of beams S2-F10 and S3-1-F05: (a) variation with bending moment; and 

(b) variation with mean steel strain 
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cracked concrete has been considered with the tension 

stiffening stress attributed to the reinforcement, and the 

tension stiffening force of equivalent reinforced concrete 

and R/SFRC members at a given strain level of tensile 

reinforcement in the cracked section are assumed to be 

equal. In the tension zone of concrete, the intensity of 

rectangular stress block is taken as the residual tensile stress 

of SFRC, which has been established based on the 

formulation proposed by Naaman (2003) with 

modifications. This circumvents the need of conducting 

mechanical testing for individual cases. It has been assumed 

that within the early stages of cracking, the residual tensile 

stress increases linearly from zero to ffr proportionally to the 

bending moment ranging between Mcr and ζMcr. The 

physical justification behind this assumption is that each 

new crack in the crack formation stage induces tension 

softening stresses that gradually contribute to the stiffness 

of the structure. When the loading exceeds ζMcr, the 

residual stress is taken constant as ffr. To progress with the 

analysis, stepwise calculations are performed for moment-

curvature analysis. In each loading step, the curvature 

corresponding to the external moment is determined. 

To validate the proposed analytical technique, nine 

SFRC beam specimens of six different configurations and 

three SFRC slab strip specimens with different values of 

reinforcement ratios and fibre volume fractions have been 

selected and analysed. The moment-curvature relations 

predicted from the proposed technique have been compared 

with the experimental results. Good agreement between the 

experimental and analytical results has been observed, and 

the proposed technique performed better for the group of 

beam specimens with 0.6% reinforcement ratio than those 

with 0.3% reinforcement ratio. The less desirable accuracy 

for specimens with low reinforcement ratio would be 

related to the inaccuracy of the Model Code to predict the 

tension stiffening of flexural members with small amount of 

reinforcement. Furthermore, the moment-curvature relations 

of the SFRC beams and slabs have been evaluated based on 

the computation model proposed by Campione (2008). 

Comparatively, the proposed technique by the authors has 

yielded results in closer agreement with the test data. For 

the group of beam specimens with lower reinforcement 

ratio (0.3%) and for the slab specimens, the deviations 

between test data and modelling results per Campione 

(2008) are more substantial. 

The study has introduced the concept of effective 

residual stress which is regarded as the tensile stress in the 

R/SFRC that, in addition to the tension stiffening stresses, 

secures adequate deformation response of the given 

member. The effective residual stresses of the beam 

specimens have been back-calculated from the moment-

curvature responses. It was found that the effective residual 

stresses increase gradually during the crack formation stage 

to reach the respective peak value, and the variation trends 

of effective residual stresses are affected by the steel fibre 

volume and the reinforcement ratio. Further investigations 

on the rate of development of effective residual stress in 

cracked R/SFRC members under increasing load and its 

dependence on the structural configurations are 

recommended. 
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CC 

 

Notations 
 

The following symbols are used in this paper: 

 

As1 : the area of the tensile reinforcement 

As2 : the area of the compressive reinforcement 

B0 : the coefficient for the cubic equation 

B1 : the coefficient for the cubic equation 

B2 : the coefficient for the cubic equation 

B3 : the coefficient for the cubic equation 

C0 : the polynomial coefficient 

C1 : the polynomial coefficient 

C2 : the polynomial coefficient 

C3 : the polynomial coefficient 

C4 : the polynomial coefficient 

Dk : the averaged strains along k gauge lines 

Dl : the averaged strains along l gauge lines 

Ec : the elastic modulus of compressive concrete 

Es1 : the elastic modulus of tensile reinforcement 

Es2 : the elastic modulus of compressive reinforcement 

F : the fibre factor 

Icr : the moment of inertia of the fully cracked RC section 

Iel : the moment of inertia of the uncracked RC member 

Nc : the internal force acting in the compressive concrete 

Nfr : the resultant force of residual tensile stresses 

Ns1 : the internal force acting in tension reinforcement 

Ns2 : the internal force acting in compression 

reinforcement 

Nts : the resultant tension stiffening force 

M : the external bending moment 

Mcr : the cracking moment 

MRC : the bending moment 

My : the moment at yielding point 

Q : the coefficient for the quartic equation 

S : the coefficient for the quartic equation 

Vf : volume fraction of fibres 

as2 : the effective depth to the compressive reinforcement 

b : the width of the element 

d : the effective depth to the tensile steel area 

df : the diameter of fibres 

ey : the vertical distance between the extreme 

compression fibre of concrete and the point where 

cracking strain of the tensile concrete is reached 

fcm : the average compressive strength of 150300 mm 

concrete cylinder at the age of testing 
 

fct : the mean tensile strength of concrete 

feq2 : the equivalent flexural tensile strength 

feq3 : the equivalent flexural tensile strength 

ffr : the residual tensile stress 

ffr,ef : the effective residual stresses 

ffr,modified : the modified residual tensile stress 

ffr,Naaman : the residual stress according to Naaman (2003) 

fR1 : the residual flexural tensile strength 

corresponding to CMOD1 

fR3 : the residual flexural tensile strength 

corresponding to CMOD3 

fRi : the residual flexural tensile strength parameter 

fsy : the yield stress of the bar reinforcement 

h : the height of the element 

hkl : the distance between the lines 
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k, l : the gauge lines 

l : the length of fibres 

n : the modular ratio 

p : the coefficient for the quartic equation 

q : the coefficient for the quartic equation 

yc : the depth of neutral axis 

yc1 : root of the quartic equation 

yc2 : root of the quartic equation 

yc3 : root of the quartic equation 

yc4 : root of the quartic equation 

yc,RC : the compressive depth of the fully cracked RC 

section 

ycy : the depth of neutral axis at yielding 

0 : the coefficient for the quartic equation 

1 : the coefficient for the quartic equation 

M : the increment of bending moment 

 : the coefficient for the cubic equation 

β : a coefficient that reflects the bond characteristics 

of different fibre types 

εc : the concrete strain at extreme compression fibre 

εs1 : the tension steel strain 

εs2 : the compression steel strain 

𝑠
∗  : the reinforcement mean strain 

εsi : the strain in the cracked section 

εsm : the mean reinforcement strain 

εsm,RC : the mean strain in the tensile reinforcement of RC 

member 

ζ : an interpolation coefficient 

κc : the curvature at cracking point 

κcr : the curvature of the fully cracked section 

κel : the curvature of the uncracked section 

κm : the mean curvature of the equivalent RC member 

corresponding to MRC 

κy : the curvature at yielding point 

λ1 : a coefficient reflecting the expected normalized 

fibre pull-out length calculated as the ratio of the 

statistically defined fibre embedment length (l/4) 

over the fibre length 

λ2 : the efficiency factor of fibre orientation in the 

cracked state 

λ3 : the group reduction factor associated with the 

number of fibres pulling-out per unit area (or 

density of fibre crossings) 

 : the geometrical ratio of longitudinal bars 

s1 : the ratio of tensile reinforcement 
 

s2 : the ratio of compressive reinforcement 

σc : the stresses in the compressive concrete 

σs1 : the stresses in the tensile reinforcement 

σs2 : the stresses in the compressive reinforcement 

σsi : the stress in the cracked section 

σsm : the mean reinforcement stress 

σts : the fictitious tension stiffening stress 

τ : the average bond stress developed in a single fibre 

embedded in concrete 

 
 
 
 
 
 

Appendix A. Solution of quartic equation 
 

For a general quartic equation written as Eq. (A.1) (with 

the condition that C4 is non-zero), the solution process can 

be deduced from the Ferrari’s method by back changing the 

variables and using the formulae for the quadratic and cubic 

equations (Neumark 1965) 

𝐶4𝑦𝑐
4 + 𝐶3𝑦𝑐

3 + 𝐶2𝑦𝑐
2 + 𝐶1𝑦𝑐 + 𝐶0 = 0      (A.1) 

The four roots of the quartic equation, denoted as yc1, 

yc2, yc3 and yc4, can be determined from Eqs. (A.2) and (A.3) 

(Neumark 1965) 

𝑦𝑐1,2 = −
𝐶3

4𝐶4
− 𝑆 ±

1

2
√−4𝑆2 − 2𝑝 +

𝑞

𝑆
      (A.2) 

𝑦𝑐3,4 = −
𝐶3

4𝐶4
+ 𝑆 ±

1

2
√−4𝑆2 − 2𝑝 −

𝑞

𝑆
      (A.3) 

where p and q can be obtained from Eqs. (A.4) and (A.5), 

respectively 

𝑝 =
8𝐶4𝐶2−3𝐶3

2

8𝐶4
2                (A.4) 

𝑞 =
𝐶3

3−4𝐶4𝐶3𝐶2+8𝐶4
2𝐶1

8𝐶4
3             (A.5) 

Also, S can be found from Eq. (A.6) 

𝑆 =
1

2
√−

2

3
𝑝 +

1

3𝐶4
(𝑄 +

Δ0

𝑄
)          (A.6) 

where Q can be obtained from Eq. (A.7) 

𝑄 = √Δ1+√Δ1
2−4Δ0

3

2

3

              (A.7) 

in which Δ0 and Δ1 can be calculated per Eqs. (A.8) and 

(A.9), respectively 

Δ0 = 𝐶2
2 − 3𝐶3𝐶1 + 12𝐶4𝐶0          (A.8) 

Among the four roots of the quartic equation (yc1 to yc4), 

two of them are imaginary numbers, one is a real positive 

number and the other is a real negative number. The 

imaginary and negative roots are to be rejected, while the 

remaining positive root is to be accepted as the solution of 

the neutral axis depth yc. 

 
 
Appendix B. Determination of neutral axis depth of 
equivalent RC beam 
 

According to Kaklauskas and Gribniak (2016), Eqs. (23) 

and (24) can be rearranged in a cubic form as follows 

𝐵3𝑦𝑐
3 + 𝐵2𝑦𝑐

2 + 𝐵1𝑦𝑐 + 𝐵0 = 0        (B.1) 

in which the coefficients B0, B1, B2 and B3 are in accordance 

with Eqs. (B.2) to (B.5), respectively (Kaklauskas and 

Gribniak 2016) 

𝐵0 =  −𝜅𝑚(𝐸𝑠2 − 𝐸𝑐)(𝑑 − 𝑎𝑠2)𝑎𝑠2𝐴𝑠2 − 𝑀    (B.2) 

𝐵1 =  𝜅𝑚(𝐸𝑠2 − 𝐸𝑐)(𝑑 − 𝑎𝑠2)𝐴𝑠2       (B.3) 
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𝐵2 =  
𝜅𝑚𝐸𝑐𝑏𝑑

2
               (B.4) 

𝐵3 =  −
𝜅𝑚𝐸𝑐𝑏

6
              (B.5) 

where M is to be substituted with each adopted value of the 

applied moment MRC, and κm is the value of curvature in the 

equivalent RC beam corresponding to each value of the 

applied moment (MRC) and can be obtained according to 

Section 3. 

The cubic equation has three roots. Applying the 

physical condition 0<yc≤h, the negative and imaginary roots 

are to be rejected, and the acceptable root can be obtained 

from Eqs. (B.6) and (B.7) (Kaklauskas and Gribniak 2016) 

𝑦𝑐 =  −
[2(𝐵2

2 − 2𝐵3𝐵1)0.5𝑠𝑖𝑛𝛩 + 𝐵2]

3𝐵3 
         (B.6) 

𝛩 =  
1

3
 sin−1 [

9𝐵3𝐵2𝐵1−27𝐵3
2𝐵0−2𝐵2

3

2(𝐵2
2−2𝐵3𝐵1)1.5 ]        (B.7) 
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