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ADVANCES IN GENERAL RELATIVISTIC ELASTICITY -
A MATHEMATICAL APPROACH

Abstract

In recent years there has been increasing consideration of and interest in general rela-
tivistic elasticity. In this framework, the elasticity difference tensor has been introduced
in the literature by Karlovini and Samuelsson (2003) [35]. This tensor contains infor-
mation about the space-time connection and the material metric.

In this thesis, a mathematical analysis is presented for the elasticity difference tensor.
Some of its properties are investigated and a tetrad formulation is given for this tensor.
Furthermore, the elasticity difference tensor is decomposed along the eigenvectors of
the pulled-back material metric, thereby obtaining three second order tensors. The
following eigenvalue-eigenvector problem is carried out: It is studied under which con-
ditions the eigenvectors of the pulled-back material metric remain also eigenvectors for
those three second order tensors. The corresponding eigenvalues are also presented.
Another topic which is investigated in this thesis is to consider two conformally related
material metrics and study the consequences on relativistic elastic quantities, such as
the constant volume shear tensor, the energy-momentum tensor and the elasticity dif-
ference tensor. Relations between these objects associated with both material metrics
are obtained and the previously mentioned eigenvalue-eigenvector problem is studied
in this context.

Due to the fact that neutron stars are the objects of study in astrophysical problems
in general relativistic elasticity, and since neutron stars can be modelled by spherically
and axially symmetric metrics, the results are applied to spherically symmetric space-
times and to a particular class of axially symmetric space-times.

Moreover, existing results for non-static spherically symmetric space-times with a flat
material metric are generalized by considering a non-flat material metric conformally
related to the flat one. Thereby the Einstein field equations are rewritten for the new

configuration.



Desenvolvimentos na elasticidade em relatividade geral - uma

abordagem matematica

Resumo

A area de elasticidade em relatividade geral tem, recentemente, despertado interesse
na comunidade cientifica, traduzido no aparecimento de trabalhos publicados. Neste
contexto, o “elasticity difference tensor” foi introduzido na literatura por Karlovini
e Samuelsson (2003) [35]. Este tensor contém em si informagao sobre a conexao do
espaco-tempo e sobre a métrica material.

Na presente tese apresenta-se um estudo matematico sobre o “elasticity difference ten-
sor”: sao exploradas algumas propriedades; obtém-se uma formulacao para este tensor
em termos de um tetrado; o “elasticity difference tensor” é decomposto ao longo dos
vectores préprios do “pull-back” da métrica material, obtendo-se desta forma trés ten-
sores simétricos de segunda ordem. Para estes tensores sao estudadas as condigoes para
que os vectores préprios da métrica material permanecam como vectores préprios para
os mesmos tensores. Também se apresentam os valores proprios correspondentes.

Um outro tema abordado nesta tese é o seguinte: Considerando duas métricas ma-
teriais conformemente relacionadas, sao estudadas as consequéncias em quantidades
elasticas, sendo as mais relevantes o “constant volume shear tensor”, o tensor de im-
pulsao-energia e o “elasticity difference tensor”. Neste contexto sao obtidas relagoes
entre estes objectos associados as duas métricas e é explorado o problema de valores e
vectores proprios, descrito anteriormente.

Devido ao facto de as estrelas de neutroes serem objecto de estudo na elasticidade
relativista e estas serem modeladas por métricas esfericamente simétricas e métricas
simétricas em relagao a um eixo, os resultados sao aplicados a espacos-tempo represen-
tados por estas métricas.

Nesta tese também se expoem os resultados obtidos por generalizacao de resultados
existentes para espagos-tempo nao-estaticos e esfericamente simétricos com métrica
material plana, considerando uma métrica material nao plana. Também sao reescritas

as equagoes de Einstein para esta nova configuracao.
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Chapter 1

Introduction

1.1 State of the art

In recent years there has been a growing interest in the theory of elasticity to the theory
of general relativity. Based on the classical Newtonian elasticity theory going back to
the 17th century and Hooke’s law, some authors began to adapt the theory of elastic-
ity to relativity due to the necessity to study many astrophysical problems such as the
interaction between the gravitational field and an elastic solid body in the description
of stellar matter, as well as to understand the interaction of gravitational waves and
gravitational radiation and to study deformations of neutron star crusts. One of the
first elastic phenomenon considered in the relativistic context was Weber’s observation
of the elastic response of an aluminium cylinder to gravitational radiation and the
detection of gravitational waves: Weber (1960,1961,1969) [68],[69],[70]. Neutron stars
have attracted attention since it has been argued, Pines (1971) [56], that the crusts of
neutron stars are in elastic states and since the existence of a solid crust has been estab-
lished, and there has been speculation on the possibility of solid cores in neutron stars,
Shapiro and Teukoplsky (1983) [61], McDermott et al. (1988) [50], Haensel (1995) [30].
There were many attempts to formulate a relativistic version of elasticity theory whereby
laws of non relativistic continuum mechanics had to be reformulated in a relativistic

way. The study of elastic media in special relativity was first carried out by Noether



(1910) [52], Born (1911) [8], Herglotz (1911) [33] and Nordstrom (1911) [53]. The
discussion of elasticity theory in general relativity started with Synge (1959) [64], De
Witt (1962) [71], Rayner (1963) [57] and Bennoun (1964,1965) [6],[7]. De Witt (1962)
[71] worked on the development of a fully relativistic theory of perfect elasticity by
reformulating the theory of Herglotz (1911) [33], who developed the formal mathemat-
ics to place the theory of the elastic medium in the context of special relativity. In
classical elasticity, the strain (or deformation) of an elastic body is measured relative to
a “natural” (unstrained) state, and the basic stress-strain relation is a linear equation
(Hooke’s law) connecting stress and strain. Synge’s and Bennoun’s presentations are
based on a modified Hooke’s law, which states that the rate of stress is proportional
to the rate of strain. These authors avoided defining an absolute state of strain. In
their opinion it was impossible to carry over the classical concept of strain into general
relativity, because the unstrained or “natural” state of an elastic body is unattainable
since gravity cannot be turned off. Also based on this point of view was the work done
by Papapetrou (1972) [54], who investigated vibrations of an elastic body induced by
a gravitational wave. Rayner (1963) [57] provided a Hookean perfect elasticity the-
ory with a linear stress-strain relationship and Bennoun (1965) [7], a general, but not
necessarily linear elasticity theory. As pointed out by Hernandez (1970) [34], Rayner’s
measure of strain was not well defined and was somewhat arbitrary. Hernandez empha-
sized that there is no problem in considering the concept of absolute strain in general
relativity because strain is a microscopic quantity in elasticity theory; and for each mi-
croscopic portion of the body, one can imagine removing that small portion of the body
to a distant point, where it is free from all stresses, and where the natural state of the
infinitesimal piece of the elastic material can be seen. There is no natural state for the
body, but there is for the material of the body. Bressan (1964) [9] studied wave fronts
in nonlinear elastic solids. Glass and Winicour (1972) [29] extended Rayner’s theory
by basing it upon a generalized Hooke’s law for prestressed materials, which states
that stress minus equilibrium stress is proportional to strain. Roy et al. (1973) [60]

presented an attempt to apply Rayner’s theory of elasticity in general relativity for the



construction of realistic models by obtaining a general solution of the field equations of
general relativity theory for an elastic sphere of constant density. In 1973, the authors
Carter and Quintana (1972) [19] developed a relativistic formulation of the concept of
a perfectly elastic solid and constructed a quasi-Hookean perfect elasticity theory suit-
able for applications to high-pressure neutron star matter, based on linearization with
respect to a shear tensor instead of a strain tensor. These authors presented a non-
linear theory of elasticity adapted to general relativity. Carter (1980) [18] noted later
that the basic theoretical framework of their theory had already been given by Souriau
(1965) [62]. The theory developed by Carter and Quintana served as a starting point
for further studies and applications in this field some of which are listed below. Carter
and Quintana (1975) [20] also showed how to calculate stationary elastic rotational
deformations of a relativistic neutron star model in the sense of Carter and Quintana
(1972) [19]. Carter (1973) [17] derived characteristic equations for sound wave fronts
in an elastic solid in terms of the formalism given in Carter and Quintana (1972) [19].
Carter (1073) [16] applied perturbation analysis to the theory of a general relativistic
perfectly elastic medium as developed by Carter and Quintana (1972) [19]. Recently,
Karlovini and Samuelsson (2003) [35] extended the presentation given by Carter and
Quintana including new methods, results and modifications. Karlovini et al. (2004)
[37] studied radial perturbations of general relativistic stars with elastic matter sources
and Karlovini and Samuelsson (2004) [36] presented a recipe for obtaining stationary
rigid motion exact solutions to the Einstein equations with elastic matter source.
Maugin (1971,1978) [47], [49] dealt with a nonlinear elastic medium in interaction with
the gravitational field and with electromagnetic fields; he obtained field equations for a
nonlinear elastic magnetized homogeneous solid in the frame of general relativity and
he developed a theory of general relativistic magnetoelasticity valid under conditions
of extremely high pressure. Maugin (1977) [48] also studied wave propagation speeds
in initially stressed nonlinear relativistic elastic solids.

Kijowski and Magli (1992,1997) [39],[41] presented a gauge-type theory of relativistic
elastic media and a generalization in Kijowski and Magli (1998) [42]. The theory is



free of any assumption about the existence of a global relaxation state of the mate-
rial. Kijowski and Magli (1992) [46] and Magli (1993) [45], [44] also studied interior
solutions of the Einstein field equations in elastic media. A similar approach to that
of Kijowski and Magli (1992) [39] was formulated by Cattaneo and Gerardi (1975) [23]
and Cattaneo (1980) [22] based on the assumption that there exists a global relaxation
state of the material when the gravitational interaction is hypothetically “switched
off”; this, however, is poorly justified from the physical point of view and it is not
relativistically invariant as remarked by Kijowski and Magli. Tahvildar-Zadeh (1998)
[65] presented relativistic elastodynamics with small shear strains using a variational
formulation. Recently, Beig and Schmidt (2003) [1] obtained existence and uniqueness
theorems for elasticity in the setting of Einstein’s gravity. A general existence theo-
rem covering the case of elasticity has also been announced by Christodoulou (2000)
[24]. Beig and Schmidt (2003) [2] showed the existence of static solutions describing
elastic bodies deformed by their own Newtonian gravitational field and, later, Beig
and Schmidt (2005) [3] established the existence of elastic bodies deformed under rigid
rotation. Park (2000) [55] established and proved existence theorems for the case of
spherically symmetric static solutions for elastic bodies. Calogero and Heinzle (2007)
[11] studied the dynamics of Bianchi type I elastic space-times.

Most of the relativistic reformulations identify a material body with a three-dimensional
material space manifold. Four-dimensional material space manifolds have been used
by Kijowski et al. (1990) [43] and Kijowski and Magli (1998) [42] to describe thermo-
elastic continua where the extra dimension is associated with temperature rather than

time.

1.2 Objectives

The state of the art reveals that, in recent years, there has been an increasing consid-
eration of general relativistic elasticity. Due to the development in astrophysics and

applications to neutron stars it is of considerable interest to extend and enlarge infor-
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mation in the area of general relativistic elasticity.

The main goal of this thesis is to provide advances in the area of general relativistic
elasticity by contributing to it with this present work. The area of general relativistic
elasticity is approached mathematically in the considered study topics.

The main contributions of this thesis are given to the following topics. The recognition
and importance of general relativistic elasticity motivate a detailed study of quantities
used in this context; in this thesis the mathematical investigation is concentrated on
the elasticity difference tensor defined in Karlovini and Samuelsson (2003) [35]. The
research area also motivates us to consider important subjects in general relativity and
to adapt them to general relativistic elasticity in order to study them in this frame-
work. The conformal transformations represent one of these topics. A first step of an
approach in this field is given in this thesis. Furthermore, applications are carried out
for spherically symmetric and axially symmetric space-times, since these space-times
are used to model neutron stars. Also, existing results about non-static spherically
symmetric space-time metrics with flat material metric are generalized by working
with a non-flat material metric.

Some of the contributions, in particular the results presented in Chapter 3 and Chapter
5, namely the analysis of the elasticity difference tensor and the examples, appear in
the publication Vaz and Brito (2008) [66]. Another article Brito, Vaz and Carot (2008)
[10], which contains results obtained for non-static spherically symmetric metrics, given
in Chapter 5 and Chapter 6, is in advanced preparation. Also a third article about
conformal transformations is being developed, to which the results of Chapter 4 will

contribute.

1.3 Outline

This thesis is structured as follows. Chapter 1 contains the state of the art, a descrip-
tion of the objectives of this thesis and its outline.

Chapter 2 introduces terminology and reviews basic concepts of the theory of relativis-



tic elasticity which are relevant for the work presented in this thesis. The configuration
map linking the space-time and the material space is introduced. The relativistic defor-
mation gradient, associated with the configuration mapping, is an important element
to pull-back tensors from the material space to the space-time. The material metric
and the projection tensor are defined. These tensors are fundamental for the construc-
tion of the elasticity difference tensor. Two measures of strain and shear appearing in
the context of relativistic elasticity are presented: the relativistic strain tensor and the
constant volume shear tensor. A formulation based on the eigenvalues and the eigen-
vectors of the pulled-back material metric is described, which later plays an important
role for the analysis of the elasticity difference tensor. The expression of the energy-
momentum tensor for elastic matter is given. This chapter ends with the exposition of
the elasticity difference tensor.

Chapter 3 is entirely devoted to the elasticity difference tensor by providing a mathe-
matical analysis of this challenging object. First of all, basic properties are explained.
Then it is shown how the elasticity difference tensor arises from the difference tensor
when one considers two specific metrics. In this context an interesting expression is
obtained, which indicates how to write the difference of the projected Riemann tensors
associated with the two metrics entirely in terms of the elasticity difference tensor.
These first results motivate the further study of this tensor in the future. A tetrad
formulation of the elasticity difference tensor is presented and its traces are calculated.
The elasticity difference tensor is decomposed along the eigenvectors of the pulled-back
material metric into three second order tensors. The following eigenvalue-eigenvector
problem is carried out for these tensors. It is studied under which conditions the eigen-
vectors of the pulled-back material metric remain also eigenvectors for the three second
order tensors. The corresponding eigenvalues are then presented.

Chapter 4 provides a first step in the field of conformal transformations and confor-
mally related metrics in general relativistic elasticity. It concerns the simplest case.
Two conformally related material metrics are considered in the same space-time. Re-

lations between some relativistic quantities are found. Also in this chapter, attention



is focussed on the elasticity difference tensor and, again, the eigenvalue-eigenvector
problem is analysed in this case.

Chapter 5 contains applications of the results obtained in the previous chapters to con-
crete examples. Spherically symmetric and axially symmetric space-times are chosen,
since these space-times are used in the framework of relativistic elasticity to model
neutron stars. The software Maple GRTensor was used to perform some calculations.
Another topic in general relativistic elasticity is investigated, namely, existing results
for a given space-time and a flat material metric are generalized by considering a non-
flat material metric conformally related with the flat one. Thereby the Einstein field
equations are rewritten for this new configuration. These results appear in Chapter 6.
Finally, in Chapter 7, general conclusions of the work contained in this thesis are
drawn and some attractive study topics are mentioned, which arise immediately from
the ideas and methods which are presented here. These new problems reinforce the
motivation and the interest for continuing this investigation which has been started in

general relativistic elasticity.






Chapter 2

Elasticity in GGeneral Relativity -

General Results

This chapter provides a review of the theory of general relativistic elasticity by ex-
plaining its basic concepts. Thereby it is mainly concentrated on presenting elements
- definitions and formulations - which are relevant for the work presented here.

When searching for information about the theory of general relativistic elasticity in
published articles one is faced with the problem of finding different notations, designa-
tions and definitions occasionally for the same relativistic elastic object, for example
the strain tensor is defined in various manners.

From the disposal of various formalisms of general relativistic elasticity, definitions
and formulations have to be selected according to the requirements of the work. Here,
the main objective is to enlarge information and results about a specific tensor, the
elasticity difference tensor, defined by Karlovini and Samuelsson (2003) [35] in the
framework of general relativistic elasticity; to approach the problem of having two con-
formally related material metrics by studying consequences on some relativistic elastic
quantities; and to reconsider a case studied by Magli (1993) [45] in order to generalize
it. Therefore, the exposition given in this chapter follows the orientations proposed by
Karlovini and Samuelsson (2003) [35] on the one hand, who pursued partly the work
of Carter and Quintana (1972) [19], and by Magli (1993) [45] on the other hand.

9



This chapter starts with the set-up of the theory based on the existence of a configura-
tion mapping linking the space-time and the material space. An important element is
the relativistic deformation gradient used to pull-back tensors from the material space
to the space-time. Fundamental tensors like the material metric and the projection
tensor are defined needed to construct later the elasticity difference tensor. A formu-
lation based on the eigenvalues and eigenvectors of the pulled-back material metric is
presented. This formulation plays an important role for the analysis of the elasticity
difference tensor in Chapter 3. The definition of the energy-momentum tensor in the
context of general relativistic elasticity is given. Finally, the construction of the elas-
ticity difference tensor is explained, one of the central points in this presentation, to

which attention is focused in the next chapter.

2.1 Basic concepts

Let M be the general relativistic space-time, a four-dimensional manifold endowed with
a Lorentz metric g of signature (—,+, +, +), assumed to be time-orientable. Suppose
that the space-time is filled with a continuous material. Let {w®}, a = 0,1,2,3, be a
coordinate system defined on M.

In order to distinguish tensors defined on M from tensors defined on the material space,
which is the next topic to be presented, the following coordinate index convention is
used throughout this work: lowercase Latin indices a,b,... take the values 0,1,2,3 and
denote space-time indices; capital Latin indices A,B,... range from 1 to 3 and denote
material indices.

Thus, tensor components written with lowercase Latin indices represent space-time
tensors and tensors with capital Latin indices are called material tensors. The material
tensors are defined on the material space X, which is described in the next subsection.
Later, in order to distinguish tetrad indices from coordinate indices, the following index
convention consisting of Greek letters is introduced: Orthonormal frame space-time

indices are represented by letters from the second half of the Greek alphabet (i, v, p... =

10



0,1,2,3) and orthonormal frame spatial indices are denoted by letters from the first
half of the Greek alphabet (a,3,7... = 1,2,3). The Einstein summation convention
and the notation for the symmetric part of tensors will be applied to coordinate indices
only, unless otherwise stated.

abed

Other notation conventions used in this thesis are the following: ¢ pc and ¢ repre-

sent permutation symbols, respectively defined by

+1 if ABC is an even permutation of 123
eapc =1 —1 if ABC is an odd permutation of 123
0 if two or more indices are equal
and

+1 if abed is an even permutation of 0123

abed _ —1 if abed is an odd permutation of 0123

0 if two or more indices are equal.

The symbol d; denotes the Kronecker delta.

2.1.1 Material Space

The material space X is a three-dimensional manifold, representing an abstract col-
lection of idealized “molecules”, or particles, of the material. The manifold X is also
called the “body” or “body manifold”. Each point in X represents a particle of the
material. The coordinates on X are denoted by {£4}, A = 1,2,3. The material space
can be equipped with various types of tensor fields which characterize the structure of
the material in a reference state. The most important of these tensor fields is certainly
the material metric K 45, measuring distances between particles in the locally relaxed
state of matter. Another fundamental tensor defined on X is the particle density form
napc. Integrating this three-form over a certain volume in X yields the number of

particles contained in that volume.
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2.1.2 Configuration mapping

The space-time configuration of the material is described by a C* (k > 1) mapping
v:M— X,

the configuration mapping, which associates to each point p of the space-time M
the particle p = W(p) € X of the material coinciding with p at a given time.

Using the coordinate systems defined previously, the configuration of the material can
be described by the fields ¢4 = £4(w?).

Associated with the configuration mapping, there are two important tools to work out

the theory, namely the operators push-forward ¥, and pull-back ¥*.

The operator
U, T,M — Ty X

maps a vector v € T,M to a vector W,v € Ty, X. The pushforward W,v of the vector
v by U is defined by!

(W)(f) = v(f o W),

where f is a function f: X — R and fo ¥ = U*f.
The operator

takes one-forms at W(p) to one-forms at p. The pullback ¥*w € Ty M of the one-form

w € T&‘,(p)X is defined by its action on a vector v:

(U'w)(v) = w(V,).

These definitions can be extended to higher rank tensors. The pushforward of con-

travariant tensors S of type (k,0) is defined by

(V.S) (w1, ..y ) = S(Veoy, ..., Vieoy)

1See e.g. Wald (1984) [67] for a more detailed description of these standard definitions.

12



and the pullback of covariant tensors T' of type (0,1), by

(U T)(v1, ..., vy) = T(Vyvq, ..., Uyy).

2.1.3 Relativistic deformation gradient

The mapping
U, T,M — Ty X

gives rise to a (3 X 4) matrix in the chosen coordinate charts w® and ¢4. This matrix

is called the relativistic deformation gradient, whose entries are

a_ 0!

fa = %7

representing the derivatives of the spatial coordinates with respect to the space-time
coordinates.

The pushforward and the pullback operators can be described with the use of this

matrix:
U.v* = gf;v“ =4
and ,
Urmy = giawA = w,.

The relativistic deformation gradient is applied to material tensors to perform the
pull-back operation and to space-time tensors to perform the pushforward operation,
according to the previous definitions, in the following way.

The operator push-forward W, takes contravariant tensors from M to X:

— . tab — tAB
Ow? Owb ’

and the operator pull-back ¥* takes covariant tensors from X to M:

DEA OEB

O W e tAB... = tab...-

U*tap. =

It is required that the relativistic deformation gradient has maximal rank, dim(ImW, ) =

3, and that its Kernel is an one-dimensional timelike subspace of T,M, Vp € M:
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dim(KerW,) = 1. Since the space-time is time orientable, one can choose a generator

u® of the Kernel such that:
u® > 0, uu, = —1 and u*e? = 0. (2.1)

Notice that for each p € X, ¥~1(p) is an integral curve of u, the worldline of the

particle p.

2.1.4 Matter velocity field

The vector field u*, whose components are uniquely determined by the conditions (2.1),

namely

u’ >0

uwu, = —1

uel =0,

is called the velocity field of the matter or the matter four-velocity.
It is well known that the covariant derivative of a timelike unit vector field u can be

decomposed as follows?

. ) 1
Ug;p = —UgUp + ua;chcb = —UgUp + g@hab + Oap + Wab, (22)
where u* denotes the acceleration vector, hg, = gap + UaUp, Tap is the shear tensor field,
wap, the antisymmetric vorticity tensor field and O, the expansion scalar field for the

congruence associated with u. These kinematical quantities are defined by

at = u®yu’ (2.3)
0 =u", (2.4)
Tab = U(a;p) T U(aUp) — %@h(zb (2.5)
Wab = Ufazp] + UfaUy, (2.6)

2See Ehlers (1993) [25] or Stephani et al. (2003) [63].
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where round brackets and square brackets enclosing indices denote, as usual, sym-

metrization and anti-symmetrization, respectively.

2.1.5 Particle density

Following Karlovini and Samuelsson (2003) [35], let 145 = ¥*napc be the pull-back of
the particle density form and €,,.q be the space-time volume form associated with ggu.

The flowline tangential particle current is defined by

a 1 aoc:
n = ge bed - (2.7)

The particle current satisfies the continuity equation V,n® = 0 and is proportional to
u, i.e. n® = nu®. The quantity n, satisfying n = \/—n,n?, is the particle density.

Defining the spatial volume form by €4 = €apequ?, from (2.7) it follows that
Nabe = NE€gpe- (28)

The relation between the particle density and the material metric is shown later in

Section 2.1.11.

2.1.6 Material metric

As stated before, the material metric K 4p is a second order symmetric tensor with
signature (4,+,+) defined on the material space. This Riemannian metric describes
the ‘would be” rest-frame space distances between adjacent particles measured in the
locally relaxed state of the material®>. This state can be understood as follows. Con-
sidering an infinitesimal portion of the material, this portion will tend spontaneously
to a relaxed state, where no external forces act on it. At the locally relaxed state the
influence of the rest of the material, possibly prestressed, is eliminated. A material
is said to be prestressed if it corresponds to a curved material metric. The flat, Eu-
clidean metric corresponds to non prestressed materials and is the simplest example of

a material metric.

3See e.g. Kijowski and Magli (1997) [41], Kijowski and Magli (2005) [38].
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2.1.7 Pulled-back material metric

The pull-back of the material metric
koo = W' Kap = E167 Kap (2.9)

is a Riemannian metric tensor on the subspaces of T}, M orthogonal to u®. The pulled-

back material metric is symmetric and satisfies

kgpu® =0 (2.10)
and

Lykap =0, (2.11)

so that k is Lie dragged by u.

For an arbitrary tensor field 7"}, the Lie derivative is defined by

k 1
aj...ag __.cral...ag . ai...c...ap a; ai...ak c
L, T by — U T by..byc E :T bWt T E :T by...c.byt b,

i=1 j=1
The two conditions (2.10) and (2.11) are consequences of (2.9). Since u®¢? = 0, the

condition (2.10) follows immediately. To prove the second condition, first, rewrite

(2.11), using the definition of the Lie derivative and (2.10), as
Eukab = uc(kab,c - kac,b - kbc,a)a

where a comma denotes a partial derivative. Then, substituting (2.9) into the last ex-
owe ¢ ogc

partial derivatives commute, one concludes that £, k., = 0.

pression and from ucfcc =0,u = 0 and from the fact that second
The condition (2.11) means that the material distance between particles remains con-
stant along the matter flow. In this case, the material is said to have no memory*.
More precisely, it means that extracting an infinitesimal portion of the material and
letting it relax, in order to achieve a description of the particles’ distance in the locally

relaxed state where the material is free from external forces, leads to the same distance

4See Kijowski and Magli (1994) [40].
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between the particles, independently of the moment at which the portion has been

extracted.

2.1.8 Projection tensor

The projection tensor is the second order symmetric tensor defined by
hab = Gab + UaUp, (212)

associated with the matter velocity field w. It is a Riemannian metric tensor on the
subspaces of T, M orthogonal to u® and clearly satisfies hqyu® = 0. A relevant task of
the projection tensor consists in decomposing tensor fields ¢*, , defined on M, into
components perpendicular to the matter velocity field by projecting them orthogonally
to w:

Tcmd,,, — hca . hbdta... -

In this way, the tensor field 7%, is such that 7%, u,=--- =T, u?=0.

2.1.9 Relativistic strain tensor

In the relativistic literature different definitions are proposed for the strain tensor - a
tensor which measures the state of strain of the material. Most of them are based on
the idea that the material is locally relaxed, or unstrained, at a point x € M if and only
if the material metric coincides with the physical metric on the subspace orthogonal

to u®, in which case
hay = kap, (2.13)

i.e. the pulled-back material metric is equal to the projection tensor.
Following Cattaneo (1973) [21], Maugin (1978) [49], Magli (1993) [45] and [44], the

strain tensor is defined by
1
Sab = é(hab - kab)- (214)
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This tensor measures the deviation of the material from the unstrained state, or locally
relaxed state, by comparing the value of h,, with the value of the pulled-back material
metric k.. Therefore, the material is said to be in an unstrained state, or locally
relaxed, if the strain tensor vanishes.

The strain tensor can be rewritten as

1 .
Sab = E(gab - gab)7 (215)
where
9% = 9" (ke — ucup) (2.16)

is called the symmetric strain operator®.

The operator g%, and three invariants of the strain tensor defined by

1
I = §(Tr§—4)

I = ! [Trg® — (Trg)?] +3 (2.17)

13 = —= (det§ — 1)

DN — o~

have been used by Magli (1993) [45] to rewrite the energy-momentum tensor as will be
seen in Section 2.1.12.2.
These invariants are related to the coefficients of the characteristic polynomial of g%,

in the following way:

M — (20 + DN = 21,0% — (213 — 21 — 21, + 4)\ + 213 + 1.

Carter and Quintana (1972) [19] give a more detailed description of the unstrained
state, by explaining that this state, which the Hookean elasticity theory is based on,
is a locally relaxed state of the material in the sense that at each point in X there is a

particular value k4, of the projection tensor h,, for which the energy per particle € is

®See e.g. Magli (1993) [44].
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minimum. This tensor, Ky, is designated as unstrained reference tensor.

Together with hgp, ke, builds the Lagrangian strain tensor
1
€ab = §<hab - K'ab)- (218)

However, the same authors avoided using a strain tensor and introduced a shear tensor

for the reasons explained in the next section.

2.1.10 Constant volume shear tensor

Carter and Quintana claimed that the theory using the unstrained reference tensor,
the value of the projection tensor for which the energy per particle takes a minimum
value, and the Lagrangian strain tensor (2.18), based on the Hookean elasticity theory
is inadequate for the description of solid matter at high pressures occurring in the
interior of neutron stars, because a fully relaxed state may not exist. For example the
crystalline structure in neutron star crusts would break down by relaxing that crystal.
Under these circumstances it is impossible to define the unstrained reference tensor
and the Lagrangian strain tensor. To solve this problem, Carter and Quintana (1972)
[19], followed by Karlovini and Samuelsson (2003) [35], suggested considering states
in which the material has not an absolute minimum of energy per particle ¢y, but a
minimum by restricting the constant particle number density n. This state is defined
as the unsheared state.

Consider a family of positive definite tensor fields n45(n) parameterized by n. For the
unsheared state with particle number density n, the value of n4p(n) represents the
value of hsp in which € has the minimum value € for that particular value of n. The
tensor nap is such that gACnoB = (5AB for the unsheared state and ¢g4¢ = n_lAC.

In this case, the constant volume shear tensor s,, defined as®

1
Sap = E(hab — Nab) (2.19)

6See Carter and Quintana (1972) [19], Karlovini and Samuelsson (2003) [35].
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is used to measure deviations from the state of minimum energy at fixed particle number
density n. It gives the difference between the actual value of h,;, and the corresponding
value 14, = U*nap for the unsheared state at the same volume, where 7,, describes
the most relaxed state at a given fixed particle density n. The constant volume shear
tensor vanishes for the unsheared state.

Let eapc be the volume form of n4p, its pull-back coincides with the spatial volume
form W*espc = €ape- From (2.8), it turns out that the relation between the particle

density form nspc and eqpc is given by
NABC = NEABC- (2.20)

The authors Karlovini and Samuelsson (2003) [35] defined for reasons of convenience
the tensor K45 as being conformal to nsp and having n,pc as its volume form.
Let Kap = f(n)nap, then the relation between the determinants detK of Kp and
detn of nap is given by

detK = f3(n)detn.

On the other hand, due to (2.20) and the definitions of the volume forms

Napc = vdethABC

and

eapc = v/ detneapc,

it follows that

det K = n’detn.

One concludes that f(n) must be of the form

Wi

f(n) =ns.
Thus, the tensor K 4p is defined by

Kap = ninap. (2.21)
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In this thesis, the following expression for the constant volume shear tensor is consid-

ered
1
Sab = §(hab — " Plg). (2.22)

It is used in Chapter 4 to obtain a formula relating the constant volume shear tensors
for two conformally related metrics and in Chapter 5 to investigate whether a material

is in an unsheared state for a given space-time configuration.

2.1.11 Eigenvalue and eigenvector formulation

In this section, the eigenvalue-eigenvector formulation for the pulled-back material
metric £, is presented. The eigendirections of k£, are used to construct an orthonormal
tetrad that substitutes the space-time metric whenever one uses the tetrad formalism.
This tetrad has the special property that it contains information about the material
metric. The relationship between the eigenvalues of k%, and the particle density is also
obtained. The tetrad and the associated eigenvalue-eigenvector formulation, which was
proposed by Karlovini and Samuelsson (2003) [35], enable to write other tensors, like
the pressure tensor and the energy-momentum tensor, in terms of the eigenvectors or
also in terms of the eigenvalues of k%, as will be seen later. The formulation and the
tetrad also play a main role in the analysis of the elasticity difference tensor in Chapter
3.

Having pointed out the highlights of this section, now they are described in more detail.
From (2.10), it is clear that u® is an eigenvector of k%, associated with the eigenvalue
0. Let the non zero eigenvalues of k% be denoted by n?, n3 and n3. It is well known

that the eigenvalues are determined from the standard equation

These eigenvalues are related with the determinant of k%, which in turn can be used
to define the particle density n, introduced in Section 2.1.5. One has
n? = ninsn; = det(k%). (2.23)

21



It follows that the particle density is the product of three positive quantities

n = ningng = 4/ det(k%,). (2.24)

These quantities ni, ny and ng, the positive square roots of the eigenvalues of k, are
called linear particle densities’, since their product equals the volume particle density
n.

The next step to set up the tetrad is to find the three spacelike eigendirections of k%,

associated with the three eigenvalues, according to the equation
(k™ — A6%)v" = 0,

and to join the timelike vector u®, the velocity field of matter, to them. The spacelike
eigenvectors x%, y* and z* for the tetrad, which are orthogonal to u®, are determined

to satisfy the orthonormality conditions
—UgU" = 01" = Yoyt = 202" = 1,

all other inner products being zero.
The constructed tetrad {u®, %, y®, 2%} in M consists of the three spacelike eigenvectors
of k% and of the velocity field of matter u“.

Using this tetrad, the pulled-back material metric can be written as

Kap = N7 Ty + 13 Yol + 13 Za 2, (2.25)
and the space-time metric takes the form

Jab = —UaUp + Nab = —UaUp + TaZb + Ya¥b + ZaZb, (2.26)
where

hab = TaTy + YU + 2a2b- (2.27)

It should be noticed that the eigenvectors x, y, z are automatically orthogonal whenever
the corresponding eigenvalues are distinct. However, if the eigenvalues are not all
distinct, the eigendirections associated with the same eigenvalue can be chosen to be

orthogonal.

"See Karlovini and Samuelsson (2003) [35].
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2.1.12 Relativistic energy-momentum tensor

In the context of relativistic elasticity, one can find two different expressions for the
energy-momentum tensor: the symmetric and the canonical energy-momentum tensor.
The Einstein equations G,, = 8nT,, describe, by means of the energy-momentum
tensor for elastic matter, the interaction of the elastic material with the gravitational
field. In this thesis, the Einstein equations with the canonical energy-momentum tensor
are considered in the last Chapter, where they are “re-obtained” for a generalized
existing case.

The equations of motion for elastic matter V,T% = 0, using the symmetric energy-
momentum tensor, appear in Section 2.2, where it is shown that they can be written
in terms of the elasticity difference tensor.

It is worth mentioning that, up to now, the dominant energy conditions have been
studied by Calogero and Heinzle (2007) [11] for Bianchi type I elastic space-times.
They showed that the dominant energy conditions are violated by a particular class of

constitutive equations as the singularity is approached.

2.1.12.1 Symmetric energy-momentum tensor

The expression for the symmetric energy-momentum tensor is®

0
Tab = —pPYab + 2@&, = PUgUp + Dab, (228)

where the pressure tensor

dp
ab — 2 - ha 2.29
Pab Bg Plab ( )
satisfies
upap = 0. (2.30)

The energy density p can be rewritten as

p = ne, (2.31)

8See e.g. Karlovini and Samuelsson (2003) [35].
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where n denotes the particle density and € is the energy per particle.
Karlovini and Samuelsson (2003) [35] used the tetrad {u,z,y, z}, defined previously,

to write the pressure tensor as

Pab = P1%aTb + D2YaY + D370 b, (2.32)
where
Oe
R 2.33
pi= i 2.3

are the eigenvalues of p?;, called principal pressures.

This expression for the pressure tensor is obtained from (2.29) in the following way.
In order to simplify the calculations, the notation? {e,}, o = 1,2,3, is introduced for
the spacelike eigenvectors, where {e{,e3,e§} = {2, y*, z°}.

To begin with, rewrite the operator % as

0 ok¢, 0
— , 2.34
agab agab 8k,cd ( )
Then, since
ok, 0(g"kma)
agab agab avb)d>
it follows from (2.34) that
0 1 0 0
—— 2.
g~ 2 (kc“akbc " kd’akac) / (2:35)
which can further be written as
o 1 °\ on, O,
== | k. — . 2.36
g 2 ( < Ok’ 0 ”Z oke_ on, ) (2.36)

is obtained.

To proceed, a useful relation for 5 /<;

Writing the pulled-back material metrlc as

3
a __ 2 _a
k
b Na€aCab
a=1

9Please see the explanation given on page 10 for the index convention for Greek indices.
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and contracting this equation with e,.e’, yields the eigenvalue

2 a
n, = k" €aat

b
a’

so that the linear particle density is given by

Na = \/ k" €aa€l,.

Ona leads to

ok,

Therefore, calculating

ong 1 b
= —e,ae’. 2.37
ok®, 2na€ Ca (237)

3
Returning to expression (2.36), using (2.37) and ky, = Znieaaeab, it turns out that

a=1
the operator % takes the form
0 1i 0 (238)
==Y NaCaaCob—- .
d0gb 24~ " ong

This expression allows to write the pressure tensor (2.29) in the form

3
0
Pab = Z naaneaaeab - phab' (239)
a=1

«

Continuing the calculations and taking into account (2.31), n = njnsns and hy, =
3

E €aatab ONE gets

a=1

3
Oe
DPap = E nny €aaCab, (240)
prt on

67

which is equivalent to writing (2.32) together with (2.33).
One concludes that the pressure tensor p?, and the pulled-back material metric k%,

have the same eigenvectors.

The energy-momentum tensor (2.28) becomes

Oe Oe Oe
Ty = neuguy + Ny ——1x,Ty + NNo——"YaYp + NN3=—— 24 2, (2.41)

onq ony ons
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when the relations (2.31) and (2.32) with (2.33) are used.
The definitions for the energy-momentum tensor and the pressure tensor presented
here are considered in Chapter 4, where they are rewritten for two conformally related

material metrics.

2.1.12.2 Canonical energy-momentum tensor

Another expression for the energy momentum tensor that appears in the general rela-

tivistic elastic literature is the canonical energy-momentum tensor given by
a 1 OA A a a ap A
T = 7= <@§b -0 bA> =0%p — @ﬁb ; (2.42)

where p denotes the energy density'?, £ represents the relativistic deformation gradient

and A is the Lagrangian density defined by

A=—v=gp. (2.43)

Kijowski and Magli (1994) [40] showed, using the Belinfante-Rosenfeld theorem!!, that
this definition coincides with the definition of the symmetric energy-momentum tensor
(2.28)

2 0A ap

ab — — =2 - abs
b \/__gagab agab PYab
used e.g. by Karlovini and Samuelsson (2003) [35], Beig and Schmidt (2003) [1], Beig

~

(2.44)

and Wernig-Pichler (2007) [4], up to a sign:
Top = =T (2.45)

In order to prove this result, consider the push-forward of the space-time metric U*g¢? =

GP given by
GOV = Cehy (2.46)

The canonical energy-momentum tensor (2.42) can be rewritten as

. dp OGCP .

19Some authors, e.g. Magli (1993) [45], use the letter € to represent the energy density.
See Belinfante (1994) [5] and Rosenfeld (1940) [59].
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CD

Calculating % from (2.46) leads to

a

aGCD
o

= Qad(scAgc]z) + gaC5DAch- (2.48)

Substituting this result in (2.47) gives

dp

T%:_QagADg

“EAED + po?,. (2.49)

On the other hand, the symmetric energy-momentum tensor (2.28) can be expressed

as

dp OGEP

Ty = QWW — PYab- (2.50)

From (2.46) it follows that

oGP 1
dg 2

(66 +&76) - (2.51)

Consequently, (2.50) transforms in the following way, when one rises the first index

and uses the last result:

dp
PYelelkd

T4 =2 ELEL — PYy (2.52)

Comparing this expression with (2.49), one obtains the expected result: the expressions

for the energy-momentum tensor differ in a sign.

The energy-momentum tensor (2.42) can be rewritten as'?

0 o _0 0 "
T‘ﬁ,:pé"b—a—]pgdetgh p T (Trga—]i—a——i)k:

b — g—ikackcb, (2.53)
where the operator g, already presented in (2.16), is defined by §%, = g% (kep — ucus), k
being the pulled-back material metric, and h*, represents the projection tensor A%, =
g% + u®uy. The quantities Iy, Iy and I3 are the invariants of the strain tensor given

in (2.17), chosen by Magli (1993) [45] to parameterize the equation of state by writing

the energy density as a function of these invariants.

12See Magli (1993) [45].
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To obtain (2.53) from (2.42), first note that'?:

gA 3 = 0l Ddae oA

This expression shows how to relate the energy density with the relativistic deformation

& (2.54)

gradient using the dependence on the invariants and on g.

o1,
0 (2.17), the expressions 8~C for C'=1, 2,3 become:

Gde

_ 0
Applying 3

de

oL 10Trg 1 4

agde 2 agde 2 g

ol oTrg®>  0(Trg)? Love em de
42—( — — (~)>=—(gd—gmgd) (2.55)
agde agde agde 2
ol. 1 0detg
B 20 (detg) g,
agcle 2 agale 2
where
Tr§2 = gab gbm gmp gpa (256)
detg = " Gao G Je2 G
GGy = 6% (2.57)
Further, since g4 = kge — uque and kg = 65 SEK DE, Calculating 0 e §b yields
0Gde .4 u " OUe , 4 8ud
5‘4 fb = kbed d + kbd5 e ud@fb — éﬁAgb (258)
9Gde
Hence, multiplying %{f with each expression given in (2.55), one obtains
a[1 agdeg
a Jde agA b
8IQ agde d ~
— & = k"%kgy — g™ K 2.59
8§de agé? gb db 9 mP ( )
8[3 8§de A ~
————&" = detgh”
9 05— Iy
daud b— 4 and

where the following relations are used: w DE: =0, ghut =, (§7H%u

7hkgp = k%%

13See the appendix given in Magli (1993) [45].
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Inserting (2.59) in
Op e 0gae

TO 0
o= Bl 0 0E7

A
fba

gives the desired formula (2.53).

2.2 Elasticity difference tensor

The elasticity difference tensor, one of the main topics in this thesis, was introduced
in the literature by Karlovini and Samuelsson (2003) [35].

After having defined basic concepts, like the material metric, its pull-back and the pro-
jection tensor, needed to construct the elasticity difference tensor, the way is prepared
to devote this section to the elasticity difference tensor.

In Section 2.2.1, it is explained how the elasticity difference tensor was defined by
Karlovini and Samuelsson (2003) [35]. Further, in Section 2.2.2, it is shown how the
equations of motion can be written in terms of this tensor.

Here, it becomes clear that the elasticity difference tensor is an important tensor in
general relativistic elasticity, since, on the one hand, it depends on the pulled-back
material metric and on the projected space-time connection and, on the other hand, it
gives a contribution to the equations of motion by entering in its expression.

The next chapter is entirely focussed on the elasticity difference tensor, where it is

studied in more detail.

2.2.1 Definition

On the way to the presentation of the elasticity difference tensor, another operator
is introduced: the spatially projected connection. This operator is also needed to
construct the elasticity difference tensor.

Let V represent the connection associated with the space-time metric g,;,. The spatially

projected connection D, is defined by acting on an arbitrary tensor field % . as
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follows:

e o SO0 A v (2.60)

C.

and it satisfies D,hy. = 0.
Before proceeding, the definition of the convected derivative is provided. The convected

derivative [T+, | of a general mixed space-time tensor field 7%+, is defined by*!

a...

[Tb"' ] _ Tb .- Tcma...<ub;c + ubuc) — 4 Tb... c...(uc;a + ucua) +oe,

Q...

where

and

Ue = U™

When applied to covariant orthogonal space-time tensors, the convected derivative
coincides with the Lie derivative. The condition of having zero convected derivative is
necessary for the pushforward of a space-time vector field to be a well defined vector
field on the material space. Orthogonal tensors with zero convected derivative are said
to be materially constant.

Now, consider a differential operator D, acting on space-time tensors obtained from
the pull-back of the Levi-Civita connection D4 of kap under the following hypothesis:

(i) there exists a torsion-free connection V on M such that

Dt = WA Tt (2.61)

C.
(ii) for all space-time vector fields V? and Z?, which have zero convected derivative

U, (VPDyZ%) =VEDpzA, VB =w,(V", Zz4=v,(29.

The operator Da satisfies ﬁak:bc =0.

14 A comprehensive description of the convected derivative can be found in Carter and Quintana

(1972) [19].
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It follows that
DyX® — DyX® = h"h, (Vi X" — V,, X") = S% X°, (2.62)

for any space-time vector field X.
The tensor field 5%, is the elasticity difference tensor.

Using hypothesis (ii), this third order tensor can be written as

1
Sabc = §k71am(Dbkmc + Dckmb - Dmkbc); (263)

where k7'%™ is such that k~1"k,,, = h%,.
As can be seen, the elasticity difference tensor depends on the pulled-back material

metric and on the spatially projected connection associated with the space-time metric.

2.2.2 Equations of motion for elastic matter
The energy-momentum tensor 7, satisfies the equations of motion
V,T% =0, (2.64)

which are also called energy and momentum conservation equations.

Applying the equations of motion to the energy-momentum tensor given by (2.28):

Tab = PUsUp + DPab, (265)
where
dp
ab — 2 - ha s 2.66
Pab Dg Plab ( )

and projecting the equations along wu,

u, VT, (2.67)
and orthogonal to u,

he N, T, (2.68)
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one finds, respectively,

ppu’ + (ph™ + p™)Dyupy = 0 (2.69)

(ph®® + p®) iy, + Dyp™ = 0, (2.70)

where D, denotes the spatially projected connection defined in (2.60).
Karlovini and Samuelsson (2003) [35] re-expressed the term Dyp® occuring in the Euler

equations (2.70) as
Dbpab - AadeSCdb, (271)

where A% _, is the relativistic Hadamard elasticity tensor defined by

apab

A =2
cd agcd

— phea — B P"4 (2.72)

and S represents the elasticity difference tensor.

Using (2.71), they showed that the Euler equations (2.70) can be rewritten as
(phab +pab)ub + AadeScdb =0, (273)

emphasizing the dependence of the Euler equations on the elasticity difference tensor.
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Chapter 3

A mathematical study of the

Elasticity Difference Tensor

This chapter provides a mathematical analysis of the elasticity difference tensor. Prop-
erties of the elasticity difference tensor are investigated. Using an orthonormal tetrad,
a general expression for the elasticity difference tensor is obtained which brings in Ricci
rotation coefficients and the linear particle densities. Moreover, the elasticity differ-
ence tensor is decomposed along the eigenvectors of the pulled-back material metric
into three second order tensors, for which it is studied if the eigenvectors of the pulled-

back material metric remain eigenvectors for the three second order tensors.

3.1 Motivation and basic properties

The elasticity difference tensor has recently been introduced in the literature by Karlovini
and Samuelsson (2003) [35] in the context of general relativistic elasticity. As shown

in the previous chapter, in Section 2.2, the elasticity difference tensor is defined by

1
Sabc = §k_1am(Dbkmc + Dckmb - Dmkbc)a (31)

where k,;, is the pulled-back material metric

kab = Tl% TaXp + n% Yalp + ng Zalb, (32)
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k~1em is such that k~'*"k,, = h% and the operator D,, which satisfies D hy. = 0,
represents the spatially projected connection obtained through the projection of the
connection V associated with the space-time metric g, according to (2.60).

Observing the definition of the elasticity difference tensor, one can see that it is related
with the space-time connection, emphasizing therefore the geometric significance of the
elasticity difference tensor.

Moreover, the elasticity difference tensor occurs contracted with the relativistic Hadamard
elasticity tensor in the Euler equations for elastic matter, already presented in (2.73)
in Chapter 2.

These aspects together with the fact that, due to the recent increasing consideration
of relativistic elasticity in the literature, it becomes interesting and important to study
in detail quantities appearing in this context, motivate the study of the elasticity dif-
ference tensor.

The following two properties of the elasticity difference tensor are straightforward:

(i) it is symmetric in the two covariant indices,

Sabc - Sacb; (33)

(ii) it is a completely flowline orthogonal tensor field,

Sabcua - O - abcub - Sabcuc. (34)

3.2 Interpretative construction of the elasticity dif-
ference tensor

This section provides an alternative mathematical construction for the elasticity differ-
ence tensor, which requires a second metric defined on M and its associated Levi-Civita
connection. This construction is interpretative in the sense that here the elasticity dif-

ference tensor arises in such a way that its origin is attributed directly to the existence
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of two space-time connections associated with two specific metrics.

The foundation for the construction is given by the difference tensor. The difference
tensor appears in the general relativistic literature, when two different space-time met-
rics are considered. And associated with it one can find expressions for the difference of
the Riemann and the Ricci tensors, which are written directly in terms of the difference
tensor. Continuing the construction by specifying a second required metric and using
the projection tensor one arrives at the expression of the elasticity difference tensor.
It is shown, how the difference of the Riemann and the Ricci tensors can be written in

terms of the elasticity difference tensor.

3.2.1 Difference tensor

Given a space-time manifold M with metric tensor g, assume that another different
metric tensor g is defined on M. These metrics naturally determine two unique deriva-
tive operators V and V, respectively. The metric connections satisfy Vg = 0 and
Vi =0. Having chosen a coordinate system, one can write gup.. = 0 and gap. = 0,
where ; denotes the covariant derivative relative to g, and || the covariant derivative
relative to gp. It is a well known result! that the difference between two connections
V — V defines a tensor of type (1, 2) with components

cn..=1n 1"

mc’

(3.5)

where I, . and T _ are the Christoffel symbols associated with the referred two

C C

metrics. One can write this tensor in terms of the metric g and its covariant derivative

with respect to the metric g, yielding

n 1 ~np(~ ~ ~
Chu = 59 p(gpm;l + Gplym — gml;p)7 (3.6)

where g™ is such that g™’ g,, = d",.

1See e.g. Rosen (1963) [58], Misner et al. (1970) [51], Wald (1984) [67], Carroll (2004) [15].
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The difference tensor C" ; can be used to write the difference of the Riemann and the

Ricci tensors associated with the two metrics in the following form:

Ry — R%y = —C%e + C%ea — “Clha + C9Chy, (3.7)
and

Ryq — Ryq = —C%ga + C%a — C%,Clhy + C%Cly,. (3.8)

The expressions for the difference tensor and for the difference of the Riemann and
Ricci tensors appear in the literature, for example in Misner et al. (1970) [51], in Wald
(1984) [67], where the case of two conformally related metrics is considered, or in Rosen

(1963) [58], where one of the two metric tensors is flat.

3.2.2 Elasticity difference tensor

Now, assume that the two metric tensors g and g are specified by gu = —usup + hap
and §qp = —UqUp + Kgp, SO that V and V are their associated Levi-Civita connections.
The difference tensor of these two connections can be expressed as in (3.6). Projecting

the difference tensor orthogonally to u according to

he, Wy Rt Cn (3.9)
and using the definition of the spatially projected connection?, one obtains

Se =h* hmhl O" = %k—lam(pbkmc + DKy — Dinkse). (3.10)

Omne can see that the expression on the right hand side of (3.10) is the elasticity
difference tensor given in (2.63).

Therefore, under this approach, the elasticity difference tensor can be viewed as the
projection, orthogonally to u, of the difference between two Levi-Civita connections:
the connection associated with the space-time metric g and the connection associated
with the metric g, = —uqup + kap, where k,p is the pull-back of the material metric

K ap and w is the velocity field of matter.

2See (2.60) on page 30.
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3.2.3 Difference of the projected Riemann and Ricci tensors

Calculating the spatial projection of equation (3.7) using (2.60) and (3.9), yields the

following expression for the difference of the Riemann tensors:

R Bt B R (R R RE R (R — R%0)] (3.11)

— —Dengh + DSt — 57, Sk, + 57,85

The spatial projection of (3.8) expressing the difference of the Ricci tensors can be

obtained analogously by equating the indices a = ¢ (e = f) in (3.11):

h’em hng hpe hqh [hnfz h’bn h’ap hdq (Rabad - Rabad)] = (3 12)
— D,S%, + DyS°,, — 85,8, + S48 '

Therefore, these expressions, which contain the elasticity difference tensor, give the

difference between the projected Riemann and Ricci tensors associated with the metrics

referred to in Section 3.2.2.

The reason for projecting all indices twice on the left hand side of equation (3.11) is

the following;:

First, projecting all indices of equation (3.7) one obtains:

hTT;hbnthhdq<Rade - Rabcd) = _DPCTZQ + DqCT):Lp - STTleSlnq + Snz Slnp? (313)

q

where h”}lhbnhdthpC“bd;c = D,C",

Now, from the relation
Dpsfgh = Dp(hfmh"ghth’gq) = (Dpo";q)hfmhnghqh, (3.14)

it follows that one must project all indices m, n,p, and ¢ in (3.13) in order to obtain
the tensor S in all expressions on the right hand side of equation (3.13). So, this leads
to equation (3.11).
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3.3 The elasticity difference tensor in tetrad nota-

tion

3.3.1 General expression

In order to obtain the tetrad components of the elasticity difference tensor, consider

the following notation for the orthonormal tetrad:

eZ = (687 e, €3, e;) = (ua7 Y, Za)'

It is important to stress that {u,z,y, 2} is the tetrad defined in Section 2.1.11, con-
structed by taking the eigendirections of the material metric and the velocity field of
matter u.

Tetrad indices can be raised or lowered with the metric
N = UW = dzag(—l, 17 17 1)

The following relation between the metric 7 and the metric g is valid:

3
§ v
Gab = e,u,aeubnu .

w,v=0

The triad components of the elasticity difference tensor can be calculated by the stan-

dard definition from
%y = S“bceg‘e%ef/, (3.15)

the result being

fe% 1 2 2 (e 2 2 @ 2 2 «
S By = 92 [<na - nw) Vst (na - nﬁ) Vpyt (nv - nﬁ) 6y
o (3.16)
+ Du(2)l6°, + Dy{n)els7 — Dyfo)e ).

Here, the following notation is used for the Ricci rotation coefficients:

o a b
Twwp = Cuap€,€ps
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where the spatial Ricci rotation coefficients are denoted by
o a b
YaBy = eaa;beﬁe»y-

An alternative form for (3.16) is:

o 1 o @ @
S 3y = 5[(1 — €7a)’y 8 + (1 - Eﬁa)’Y By + (E’Y‘X - 6:30)75'7 (3 17)

-+ m5a5a7 + m7a5aﬂ — maﬁdg,yEga],

2
n
_ 2l a 2 pax
where €,, = (”3) and m®; = D, (Inng)e™.

The Ricci rotation coefficients, when related to the quantities used in the decomposition

(2.2), can be split into the set?:

Y0a0 = Ua (3.18)
Yoas = %@%5 + 0ap — €apyw” (3.19)
Yapo = —€apyY7 (3.20)
Yot = —Aubs + Agdan — %@MN% — 0o+ eV ). (3.21)

The quantity w® represents the vorticity vector defined by

1
w® = —e®wy.
2

The quantity €2 is defined by

1 .
O = —e"PPuepé,,

2

where é, = e,.,u™, and represents the rate of rotation of the spatial frame {e,} with
respect to a Fermi propagated basis.
The quantities A and N appear in the decomposition of the spatial commutation

functions® I, =% —7%,, where N is a symmetric object.

3See e.g. Ellis and Elst (1998) [26], [28].
4See Ellis and McCallum (1969) [27].
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3.3.2 Traces

For the elasticity difference tensor it is possible to define two independent traces. Since
S%,. is symmetric in the last two indices, the traces are obtained by contracting the
first with the second index, S?,_, and by contracting the last two indices, S4°. Here

ac?

are given their expressions in the orthonormal tetrad already chosen:

3 5 1 3.
> s, = S = > n—apama)eg (3.22)
a=1 a=1 a=1

and

3 3 )
Z %6 = Z {(1 — €8a)7 %3 + Ml — §maﬁ€6a . (3.23)
p=1 B=1

3.4 A decomposition for the elasticity difference
tensor

The elasticity difference tensor can be expressed using three second order symmetric

tensors, denoted by M., a = 1,2, 3, as follows:

3
S = Myer® + Myoy® + Myoz® = Myel. (3.24)
! 2 3 a=1 @

The three tensors building up the elasticity difference tensor are defined by

My = S% 4 (3.25)
1
bec = Sabc Ya (326)
My, = 5% 2. (3.27)
3

The three tensors M, are analysed in order to understand to what extent the principal
(0%
directions of the pulled back material metric remain privileged directions of the elas-
ticity difference tensor through the tensors M,., following the eigenvalue-eigenvector
(03

approach for these second order tensors.
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First, expressions for J\l/[ , J\24 and ]\34 are given, which depend on the orthonormal tetrad
vectors, the Ricci rotation coefficients and the linear particle densities. By contracting
S¢ . in (3.1) with each one of the spatial tetrad one-forms, following (3.25), (3.26) and
(3.27), and using then the relationships (3.2) and (2.60), after some appropriate sim-

plifications, one obtains the subsequent expressions.

3.4.1 Expressions for ]\14, ]\24 and ]\34

Expression for My,
1

]ybc = um<xm;(buc) + u(bxc);m) + L(b;c) — xmx(cxb);m + You UDTc) — Yo10 UbUc

+ n—[QnL(be) + 2n17mumu(bx6) + nl,mxmxbxc]
1

(3.28)

1 m
+ P{_I (2b2en313.m + YpYePaNom)
1
+ n%[(7021 - 7120)U(byc) + xm(ym;(byc) — y(byc);m)]

+ n5](Yo31 = Y30 uwze) + 7" (Zmip2) = 2 Zeym)]}

Expression for My,
2

-Z2Wbc = [um(ym;(buc) + u(byc);m) + Yb;e) — ymy(cyb);m + Yo22 UBbYe) — 7020 ubuc]

1
+ n—[an,(b?Jc) + 209 " U Ye) + Nom ¥ YoYe]
2
(3.29)

+ F{—ym(zbzcngn&m + TpT N )
2

+ ”%[(%20 + 7012)“(1)%) + ym(xm;(bxc) — m(b%);m)]

+n5l(Yos2 = Y230)up2) + Y™ (Zmiv2) = 207eym)|}

Expression for My,
3
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]:\fbc = [u" (Zm;0Ue) + UbZe)m) + Zbie) — 2 Z%e)m + V033 UpZe) — Yo30 Uplc]

+ n_[Qng’(ch) + 203 U U 2e) + N3 m 2" 2 %]
3

1
+ F{_2m<ybycn2n2,m + TpT NN ) (3.30)

3

+ 17 [(ya30 + Yo13)UpTe) + 2" (T %e) — TBTeym)]

+ n%[(’YOQS + 7230)u(byc) + Zm(ym;(byc) - y(byc),m)]}

3.4.2 General expression for M

«

The last expressions for the three second-order tensors can be represented by using

just one general expression in the following way.

My = um<€am;(bU6) + U(beac);m) + Ca(be) — eSea(&ab)?m

«

+ Yoaa UbCac) — 70ad Uplc
1
+ _[Qna,(beac) + 2na,mumu(beac) + na,megneabeac]
Mo (3.31)

+ nﬁ{_ez(eﬁbeﬁcnﬁnﬁvm + €1bCreTiy My )
o

+ nz[(%va — Yor0)U(bEre) T € (Eym;(bEre) — Ex(bExe)m)]

+ 13[(V08a — Yas0)UpEse) T o (€msbESe) — €81EBm)]}-

Here v # (3 # «a and a comma represents a partial derivative. To read (3.31) properly

one must see that each value of o = 1,2, 3 fixes exactly one pair of values for (3,7).

For example, o = 1 fixes (f3,7) as either (2,3) or (3,2), yielding the same result for

both choices.

It should be noticed that this expression also contains the non-spatial Ricci rotation

coefficients given in (3.18), (3.19) and (3.20).

3.5 Eigenvalue-eigenvector problem

In the next paragraphs, the eigenvalues and eigenvectors for the three tensors M. are

«

investigated. The results are presented for each tensor M, separately, for reasons of
(0%

42



clarity. However, all results can be presented in a condensed manner, as described in

Section 3.5.5.

The expressions obtained for M, satisfy the conditions
Myu® =0, (3.32)
[0

as a consequence of the orthonormality conditions of the tetrad together with (3.24)
and (3.25-3.27).

Thus, all M,. have v as a timelike eigenvector associated with a zero eigenvalue:
M,ub = Oo.é Therefore, their corresponding Segre type is {1,111} or one of its de-

(63
generacies.

Now, consider the following eigenvector-eigenvalue equation for M:
M, W’ = M, (3.33)

where w® = §,2° + 623”4 052° is a vector defined on M.

This eigenvalue-eigenvector problem for M, is quite difficult to solve in general. How-
ever, one can investigate the conditionsafor the tetrad vectors to be eigenvectors of
My.. An interesting question is: do z, y and z - principal directions of k% - remain as
grincipal directions of ]\14 , ]\24 and 1\34 ? The problem can also be formulated as follows:
What conditions have to be satisfied for x or y or z to be a principal vector of ]\14 or
]\24 or ]\3/[ ?

The results of this study are given in the next theorems.

On what follows, intrinsic derivatives of arbitrary scalar fields ®, as derivatives along

tetrad vectors, will be represented by A, and defined as:
A, ® =6,

where a comma stands again for a partial derivative.
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3.5.1 Eigenvalue-eigenvector problem for J\14

The next three theorems, namely Theorem 1, Theorem 2 and Theorem 3, refer to the
eigenvector-eigenvalue problem for ]\1/[ , considering w® = 2%, w® = 3® and W® = 2°,

respectively, in (3.33).

Theorem 1 x is an eigenvector ofJ\I/[ iff ny remains invariant along the directions of
y and z, i.e. Ay(Inng) = A, (Inny) =0.

The corresponding eigenvalue is X = A (Inny).

Proof: In order to solve this eigenvector-eigenvalue equation the following algebraic

conditions are used

M, a’z, = ), (3.34)
1
Mb C.Tbyc =0 (335)
1

and
M,z = 0. (3.36)
1

Using the orthogonality conditions satisfied by the tetrad vectors and the properties
of the rotation coefficients, namely the fact that they are anti-symmetric on the first
pair of indices, (3.35) and (3.36) yield A,(Inn;) = 0= A,(Inny). On the other hand,
from (3.34) one obtains A = A, (Inn,).
Conversely, if Ay(lnn;) = 0 = A,(Inn;), it follows that the conditions (3.35) and
(3.36) are satisfied and that the eigenvalue is given by (3.34).

U

Theorem 2 y is an eigenvector ofj\l/_/ iff ny remains invariant along the direction of
y, t.e. Ay(lnny) =0, and

2 2 2 2
—%7132[% — 1]+ 572l - Z_%] + %7231[%% - Z_%] =0.

The corresponding eigenvalue is A = —"3A;ny + 7122(—2—% +1).
1 1
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Proof: Contracting M, “y® = \y® with x. one obtains A,(Inn;) = 0. This condition is
satisfied whenever Alynl = 0. The second condition results from M,“y’2, = 0. And
contracting M, “y® = \y© with y. yields the eigenvalue A\. The used 1sirnpliﬁcations are
based on the1 orthogonality conditions of the tetrad vectors and on the properties of
the rotation coeflicients.

On the other hand, suppose that the conditions A,(Inn;) = 0 and —%7132[2—% - 1]+
%7123[1 — Z—%] + %7231[::—% — Z—%] = 0 hold, then it can be shown that Mbcybxc = 0 and
]\14b ¢ybz, = 0 are satisfied, so that y is eigenvector of ]\14 associated Wi}ﬁh the presented

eigenvalue.

g

Theorem 3 z is an eigenvector of M iff ny remains invariant along the direction of
1

z, i.e. A,(Inny) =0, and

n2 n2 TL2 n2
%%23[1 - ,7?] + %%32[1 - ,7?] + %7231[7?? - nﬁj] =0.
The corresponding eigenvalue is A\ = —%Azng — 7133(Z—§ —1).
1 1

Proof: The first two conditions and the eigenvalue are obtained respectively from the

following algebraic equations:

M, 2"z, =0, (3.37)
1
Mbczbyc =0 (338)
1

and
M, 2 2, =\, (3.39)
1

Here also the orthogonality conditions between the tetrad vectors and the properties
of the rotation coefficients are used.
The converse is true as well. Suppose that the two conditions hold, then it follows that
(3.37) and (3.38) are satisfied and (3.39) leads to the expression for the eigenvalue.

O
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3.5.2 Eigenvalue-eigenvector problem for J\24

Solving the eigenvector-eigenvalue problem for ]\24 , considering w® = 2°, w® = 9* and

w® = 2% respectively, in (3.33), yields the results given in Theorem 4, Theorem 5 and

Theorem 6.

Theorem 4 =z is an eigenvector of M iff ny remains invariant along the direction of
2

x, i.e. Ay(Inny) =0, and

n2 n2 n2 n2
5 V123 [n—é—l“'% V132 [n_g—é]"‘% Y231 [1—é]20-
The corresponding eigenvalue is X\ = 7121(2—2 —1) = AN
2 2
Proof: Starting with the following conditions:
Mb beyc =0 (340)
2
M, z’2. =0 (3.41)
2
Mb cl,bxc — /\ (342)
2

and applying simplification rules, attributed to the orthogonality conditions of the
tetrad vectors and to the properties of the rotation coefficients, one obtains A, (Inng) =
0 from (3.40). Equation (3.41) yields the second condition and (3.42), the eigenvalue
A

Conversely, if A,(Inny) =0 and % Y123 [Z—% 1]+ % Y132 [Z—‘g’ — Z—g] + % Yas1 [1 — Z—%} =0
hold, then (3.40) and (3.41) are identically satisfied and the eigenvalue is obtained from
(3.42).

0

Theorem 5 y is an eigenvector 0f]\24 iff ng remains invariant along the directions of
x and z, i.e. Az(lnny) =0 and A,(Inng) = 0.

The corresponding eigenvalue is A = A, (Inny).
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Proof: The first two conditions are consequences of

M, “ybz. =0 (3.43)
2

and
M, “y’z. =0, (3.44)
2

resulting in A, (Inny) = 0 and A,(Inny) = 0, respectively. The eigenvalue A is obtained

from the contraction of M,y® = \y® with y.:
2
M, “yby. = M. (3.45)
2

On the other hand, supposing that A,(Inns) = 0, A,(Inny) = 0 and A = A, (Inny),
then (3.43), (3.44) and (3.45) follow directly.
U

Theorem 6 2 is an eigenvector of M iff nay remains invariant along the direction of
Z, Ze Az<lnn2) = 07 and

TL:2 TL2 n2 n
3Yesi[l — n_‘é] + 371231 + n—é] + %’}/132[”—% — n—é] =0.

The corresponding eigenvalue is A\ = —Z—gAyng — 7233(% —1).

Proof: The conditions are obtained from the relations

Mbczbyc — 0 (346)
2

and
M, 2z, = 0. (3.47)
2

The eigenvalue A can be calculated using
M, bz, = \. (3.48)
2

n2 TLZ 7’L2 TL2
Conversely, if A, (Inn,) = 0 and 27,31 — n—%] + 271231+ n—%] + %’}/132[”—% - n—é] = 0, then

(3.46) and (3.47) are satisfied and it follows that z is an eigenvector for ]\24 associated

with the eigenvalue \.
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O
You can observe that (3.46) equals (3.44) of Theorem 5 and (3.47) equals (3.41) of
Theorem 4, leading respectively to the same conditions. This is due to the symmetry

property of ]\2/[ .

3.5.3 Eigenvalue-eigenvector problem for ]\34

Now, the process is repeated for the third second-order symmetric tensor J\S/[ . Setting
Wb =2t Wb = yb and W’ = 2% in (3.33) and solving the respective equations leads to

Theorem 7, Theorem 8 and Theorem 9.

Theorem 7 x is an eigenvector of ]\34 iff ng remains invariant along the direction of

x, i.e. Ay(Inng) =0, and

,n2 n2 7’L2 n2
5 V132 [n—é—lh'% Y123 [n—g—é]‘f‘% Y231 [n—g—l]:()-

2

The corresponding eigenvalue is \ = 7131(% —1) = 3A.n;.
3 3

Proof: In the same way as described in the other proofs you get these results from the

contraction of the eigenvalue-eigenvector equation with z., y. and z. respectively:

M, 2%z, =0, (3.49)
3
M, 2ty = 0 (3.50)
3

and
M, “xbz, = \. (3.51)
3

The converse is true as well. Supposing that A,(Inns) = 0 and % Y132 [Z—g — 1]+
3 Y123 [% — :—z] + 1 Y3 [Z—% — 1] = 0 hold and that the eigenvalue is given by \ =
7131(2—% —-1)— %Aznl, then it can be shown that (3.49), (3.50) and (3.51) are satisfied,
so that x is an eigenvector of ]\34 associated with the given eigenvalue.

4
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Theorem 8 y is an eigenvector of ]\34 iff n3 remains invariant along the direction of
y, t.e. Ay(lnng) =0 and

TL2 7’l2 n2 n2
svs25E — 1+ 57em -1+ 3]+ gmasliz — 3] = 0.

The corresponding eigenvalue is X = 7232(2—% —1) = 3 A.n,.
3 3

Proof: The eigenvalue A is found by contracting the equation My’ = Ay¢ with ..
3

The other two conditions are consequences of

M, Y’z =0 (3.52)
3

and
M, “y’x, =0, (3.53)
3

where (3.53) yields the condition depending on the rotation coefficients.
2 2
Conversely, the conditions A, (Inng) = 0 and %7132[2—% — 1]+ 37011+ Z—g] + %%23[% -
Z—z] = (0 imply that y is an eigenvector of ]\3{_/ associated with the given eigenvalue.
3

g

Theorem 9 z is an eigenvector of ]\34 iff ng remains invariant along the directions of
z and y, i.e. Ay(Inng) =0 and Ay(Inns) = 0.

The corresponding eigenvalue is X\ = A,(Inng).

Proof: The first two conditions can be obtained by contracting M, °z® = \z¢ with z
and y.. The eigenvalue is found by contracting the same equationgwith Ze.

On the other hand, if A,(Inng) = 0 and A,(Inns) = 0, then one can show that z is an
eigenvector of ]\34 associated with the eigenvalue A = A, (Inns).

4

3.5.4 Concluding remarks

In general, the previous theorems show that strong conditions have to be imposed on

ny, ng and ng and the metric in order to have x, y and z as principal directions of ]\1/[ ,
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M and M.

However, the conditions to have x as eigenvector of J\l/[ seem less restrictive then the
conditions for y and z to be eigenvectors of the same tensor, since the latter involve
not only intrinsic derivatives of the scalar fields but also rotation coefficients of the
metric. Furthermore, for x to be an eigenvector of ]\14 only conditions on n; have to
be satisfied, namely that n; remains constant along the directions of y and z, in which
case the eigenvalue corresponding to = depends only on n;. On the other hand, the
conditions imposed for y and z to be eigenvectors of ]\14 also involve ny and ng. A
similar interpretation is valid when one considers ]\2/[ and ]\34 , where the role of x is now
taken over by y and z, respectively. Thus, the significance and the role that x and n,

play for ]\14 are the same as y and ny play for ]\24 and z and ng play for ]\34 .

Analysing the conditions of the theorems, one can say that they are particularly satis-

fied in the cases explained below.

Notice that the conditions for y and z to be eigenvectors of J\14 (see Theorem 2 and
Theorem 3), for z and z to be eigenvectors of ]\24 (see Theorem 4 and Theorem 6) and
for x and y to be eigenvectors of ]\34 (see Theorem 7 and Theorem 8), are satisfied
whenever ny = ny = ng = ¢, where ¢ is a constant. Consequently, the eigenvalues
in the mentioned theorems result in A = 0. In this case, k, takes the form k., =
A xoxy + Yoy + 2 202

Analysing the conditions of Theorem 1, Theorem 5 and Theorem 9, one can state the
following.

1. Considering Theorem 1:

If ny = ¢, ¢ being a constant, the two conditions in Theorem 1 are satisfied. This
implies that A = 0 and ky, = ¢® 2,2 + 13 Yoy + 13 242- In this case, x is an eigenvector
for ]\14 .

2. Considering Theorem 5:

If ny = ¢, ¢ being a constant, the two conditions in Theorem 5 are satisfied, then A = 0
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and kg, = nl Toy + Yoy + n3 Za2p- In this case, y is an eigenvector for M
3. Considering Theorem 5:
If ng = ¢, ¢ being a constant, the two conditions in Theorem 9 are satisfied, so that z

is an eigenvector for ]\34 In this case, one has A = 0 and kqp, = n? 2,2, + 13 Yol + ¢ 20 2p-
Next, the previous theorems are used to establish the conditions for x to be an eigenvec-

tor of ]\14 , ]\24 and ]\34 simultaneously (similar results are obtained when z is substituted

by y or z):

(vi) Az(ns) =0,

3
oo

n.

|
wwl»—tw

n2 77/2
(V) 3 7123 [n—é — 1]+ 3 yis2 [ — 2]+ 5 s [1— _2] =0,

VLN

Shhite
|
w le S

. TL2 n2
(vi) 5 732 [n_é—l]"‘%’hz:a[ %]+ 3 st [n—é—l]:O.

These restrictions are, again, quite strong. If n; = ny = ng are constant scalar fields,
x is a common eigenvector for ]\14 , ]\2/[ and ]\3/[ . However this case is physically not
interesting for the problem. Finding other solutions for the previous equations is not

an easy task for the majority of metrics that one may consider.

Therefore, in general the principal directions of the pulled back material metric k are

not principal directions for ]\14 , ]\24 and ]\34 .
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3.5.5 Summarizing the results

The results of the last theorems (Theorem 1-Theorem 9) can be reproduced and sum-

marized in the two following theorems.

Theorem 10 The tetrad vector e, is an eigenvector for M iff n, remains invariant
(03

along the two spatial tetrad vectors eg, such that 3 # «, i.e. Ac,(Inny) = 0 whenever

B# .

The corresponding eigenvalue is A = A, (Inn,).

Proof: In order to solve this eigenvector-eigenvalue equation the following algebraic

conditions are used

M, el eqe = A, (3.54)

M, eleg. =0 (3.55)
and

M,“e’e.. =0, (3.56)

where 7 # (8 # «. Considering the orthogonality conditions satisfied by the tetrad
vectors and the anti-symmetry of the Ricci rotation coefficients on the first pair of
indices, expressions (3.55) and (3.56) yield A, (Inn,) = 0 = A (Inn,). Therefore
Agyng = 0= Ac ng. On the other hand, from (3.54) one obtains, after some calcula-
tions, the eigenvalue A = A, _(Inn,).
Conversely, suppose that A, (Inn,) = 0 for 8 # a and A = A, (Inn,), then the con-
ditions (3.54), (3.55) and (3.56) are identically satisfied, so that e, is an eigenvector
for ]y .

O
For each value of «, the eigenvalue A in Theorem 10 vanishes iff n, remains constant

along e,. However this condition is satisfied whenever n, = ¢, with ¢ as a constant. In

this case, kyy = €aq Cap + D n% €8a €ab-
B#a
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Theorem 11 e is an eigenvector of M (with o # 3 ) iff the following conditions are
satisfied:

(i) Ac,(Inng) =0, i.e. ny remains invariant along the direction of eg;

(il) Yans[nd — 2]+ Yapy[ne — N3] + Vayaln2 — n3] = 0, where v # 3 # a for one pair
(B:7)-

7'L2
The corresponding eigenvalue is X = — =5 N ng + Yaps(——5 + 1).

Proof: Contracting M, Ce% = Aef with e, one obtains A, (Inn,) = 0. This condition is

satisfied whenever Aiﬂna = 0. The second condition is a consequence of M, Cegewc =0.

Contracting M, Ce% = Aej with eg. yields the eigenvalue A. ’

The simpliﬁcgtions performed are based on the orthogonality conditions of the tetrad

vectors and on the properties of the rotation coefficients.

The converse is true as well. If the conditions (i) and (ii) hold, then it can be shown that

eg is an eigenvector of ]\g associated with the eigenvalue A = —Z—gAea n5+’ya55(—%+1).
O

Notice that the two conditions (i) and (ii) in Theorem 11 are satisfied simultane-

ously whenever n, = ng = n, = ¢, with ¢ a constant, in which case A = 0 and

kap = A zoxp + A yalp + 2 242

The previous theorems show that strong conditions have to be imposed both on n,
(v = 1,2,3) and the metric if one requires that the spatial tetrad vectors are principal
directions of ]\C{[, fora =1,2,3.

However, the conditions for e, to be an eigenvector of ]\04 are less restrictive then the
conditions for ez to be an eigenvector of the same tensor, for all values of 5 # a:
in the first case the conditions to be satisfied contain only intrinsic derivatives of the
quantities n,; in the second case, besides conditions on the intrinsic derivatives on the
ng, one also has conditions containing the Ricci rotation coefficients.

Furthermore, for e, to be an eigenvector of M, only conditions on n, have to be
(0%

satisfied: n, must remain constant along the directions of eg for all values of 3 # «.
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In this case the eigenvalue corresponding to e, depends on n, only. Moreover, the
conditions for the vectors eg, for all 3 # «, to be eigenvectors of ]\O{[ depend explicitly
on the three quantities n,ny and ng.

Finally, the previous theorems are used to establish the conditions for each vector e,,
with a = 1,2, 3, to be an eigenvector of the three tensors ]\1/[ , ]\24 , ]\34 simultaneously.

One can show that those conditions are:
(i) Aes(Inng) =0,

(ii) A.,(Inng) =0,

(ili) Yagy [n2 — n3] + Yarp [05 — n] + Voyalnj —n2] =0,

for all values of 3 and 7 such that 3 # v # «.

Here conditions (i), (ii) and (iii) must be satisfied for all values of 5 # «.

Ruling out the solution ny; = ny = n3 = constant, which is not physically interesting,
it is not easy to solve these last equations. However one can say again that, in general,
the principal directions of the pulled back material metric k are not principal directions

of the three tensors ]\14 , ]\24 and ]\3/./ .
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Chapter 4

Two conformally related material

metrics

Conformal transformations have a number of uses in general relativity and reveal to be
important in many applications. To mention some of them, conformal transformations
can be used to obtain physically more interesting space-times and allow for an easier
study of the new space-time’s geometry by using special properties of the original space-
time (the space-time which is undergone a conformal transformation). The conformally
reducible 242 space-times studied by Carot and Tupper (2002) [14] serve as an example
of these applications. These space-times include the class of warped space-times, which
contain all spherically symmetric solutions and a wide variety of other space-times like
Robertson-Walker, Bertotti-Robinson, de Sitter. The warped space-times also take the
advantage of being conformally related with locally decomposable space-times, namely
that they can be characterized by using properties of the locally decomposable ones!.
Conformal transformations can also be used as a method for generating solutions?®.
Another important application can be found in the context of symmetries®, where

the conformal transformations are used to simplify their study, such that results can

then be inferred about one metric and through the conformal relation about the other

1See Carot and Costa (1993) [12].
2See Carot and Mas (1986) [13]; Stephani et al. (2003) [63] page 45.
3See e.g. Hall (1989) [31] or Hall and Steele (1991) [32].
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metric.

In the general context of conformal transformations one can find in the literature? re-
sults showing the relations between the Riemann tensors, the Ricci tensors and other
relativistic objects associated with two metrics g, and gu,, which are conformally
related: gu = f?Ga, f being a smooth strictly positive function depending on the
spacetime coordinates.

Guided by this topic arises a new idea in the context of general relativistic elasticity.
Under the hypothesis of having two conformally related metrics, it is interesting to in-
vestigate the consequences on and the relations between relativistic elastic quantities,
such as the elasticity difference tensor, associated with the two metrics. For further
investigation, the obtained relations can then be advantageous to study elasticity for
two specific space-times, which are conformally related, by transferring known results
and properties for one space-time to the other space-time.

The intended problem branches into two possible study proposals.

One possibility is to consider two conformally related spacetime metrics g,, and ggp:
Gab = [?Gap, and to study the relations and the consequences for relativistic elastic
quantities. This problem is interesting, but since the elastic quantities depend on ma-
terial tensors, essentially on the material metrics, originally defined on the material
space which are then pulled back to the space-time, it seems to be more straightfor-
ward and technically feasible to begin with the other study proposal.

Instead of having two conformally related space-time metrics, this other study pos-
sibility consists in considering two conformally related material metrics Kap, Kap:
Kap = f?K g, and in studying the consequences on relativistic elastic quantities and
the relations between the quantities associated with K 5 and K45. Having in view
the study of this problem, a starting point for a new problem is opened. Assuming
that the pulled-back conformally related material metrics k., and kg belong to the
space-times (M, g) and (M, g), respectively, how are the space-time metrics g, and g

related? An additional question is: Can kqp and kg belong to the same space-time, i.e.

4See e.g. Wald (1984) [67], Carroll (2004) [15].
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Jab = Gab”

Regarding applications of the elastic relativistic theory, one can observe in the litera-
ture, that it is quite common to work with a flat material metric. However, there is
no apparent strong reason for such an assumption. Physically, one can assume that
the material metric K has non-zero curvature and is obtained from another material
metric K through a conformal transformation: K = f2K, the metric K being possibly
flat or also non-flat. Further, concerning the space-time metrics, one can suppose that
the pulled-back material metrics belong to the same space-time, that is: gup = Gup-
Thus, as a first step and attempt to approach this field of problems, here it is as-
sumed that the pulled-back conformally related material metrics belong to the same
space-time, i.e. g, = Jap- Consequences like how some relativistic elastic quantities
change under a conformal transformation of the material metric are studied. Among
other topics the relationship between the elasticity difference tensors associated with
the two material metrics is analysed. Furthermore the eigenvalue-eigenvector problem

considered in Chapter 3 is investigated from this point of view.

4.1 Problem set-up

Let (M, g) be a space-time equipped with coordinates w® and (X, K'), a material space
with coordinates £4.
The configuration map ¥ : M — X leads to the following presentation of the material

coordinates: &4 = &4(w?).

Consider two conformally related material metrics K45 and K45 defined on the ma-

terial space such that
Kag = f*Kap, (4.1)

where f is a smooth, strictly positive function depending on the material coordinates

(consequently on the space-time coordinates): f = f(4(w?®)).
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The corresponding pulled-back material metrics ko, and kg, are in the same way con-

formally related:

ko = f?kap. (4.2)

a4

owe

operation: U*K  p = f2U*K 45, one obtains (4.2) from (4.1).

In fact, using the relativistic deformation gradient 4 = to perform the pull-back

Working with the orthonormal tetrad {u,z,y,z}, where x, y and z are the spatial
eigenvectors of k% and k%, these metrics can respectively be written as

Koy = 32,20 + N3Yals + 13202, (4.3)
and

Kap = RTTaTp + N3Yaly + M3 202, (4.4)

where n? and 117, i = 1,2,3, denote the eigenvalues of the respective metrics.

4.2 Consequences

4.2.1 Relations between the eigenvalues and between the par-

ticle number densities

Since k = f%k, one concludes that the eigenvalues of the metric k, given in (4.3), are

related with those of the metric k, given in (4.4), in the following way:

ni = f*ii (4.5)
n3 = 0} (4.6)
n3 = f*n3. (4.7)
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The determinants n? of k and 7?2 of k satisfy
n2 = (n1n2n3)2 = fG(ﬁ1ﬁ2ﬁ3)2 = fﬁﬁQ. (48)
Consequently, for the particle number densities n and n one has:

n = fn. (4.9)

4.2.2 The energy-momentum tensor and further relations

Consider the following expression of the energy-momentum tensor®

0]
Tab = —pPYab + lezb = PUgUp + Pab, (410)

p = ne being the energy density and p,;, the pressure tensor.

The pressure tensor can be written as

Pab = D1%ay + D2YaY + P3%a%, (4.11)
where
Oe
g = NN =, 4.12
pi =iz - (4.12)
for i =1,2,3.

The tensors p?, k% and k% have the same eigenvectors: z%, y* and z°.

The energy-momentum tensor 7T,, depends on the metric k£ through its eigenvalues,
more precisely, through the square roots ny, no and ng of the eigenvalues. However,
taking into account the metric k, the energy-momentum tensor also depends on k,
this time through the square roots ni, ny and ns of the eigenvalues. Let the energy-
momentum tensor associated with k be denoted by T,y

From the fact that the energy-momentum tensors coincide

Top = Tip, (4.13)

5See Section 2.1.12.1 of Chapter 2.
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one obtains the conditions presented below.

In effect, writing the energy-momentum tensor considering the metric k£,

0 0
Ty = neuguy + nnl—ﬁxaﬁb + nng—eyayb + nng—ezazb, (4.14)
8n1 8n2 anS

equating it to the energy-momentum tensor associated with the metric ,

- o __ Oe __ 0€
Twp = NE€ULUY + NN —— X, Tp + NN ——

0€
a N3 7= ZaZb; 4.15
i S+ (4.15)

ong
and using the relations (4.5-4.7) and (4.9), leads to the following conditions

1

€= (4.16)
8‘9—; _ %aa—; (4.17)
aa_; _ %aa_; (4.18)
aa—; _ %;—T; (4.19)

The next paragraphs show how the quantities depending on the metric k are related

to those depending on the metric k.

4.2.3 Relation between the constant volume shear tensors

For two conformally related material metrics defined on the same space-time (M, g),
satisfying ke, = f?kap, the constant volume shear tensor associated with the metric k,

Sab = % (hab - n_2/3kab) ) (420)

coincides with the constant volume shear tensor associated with the metric k, given by

1 _
Sap = 5 (hap = 7 kg) (4.21)
so that
Sab = Sab- (422)

This result can be proved by substituting ke, = f2ka, and n = f3n in equation (4.20).
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Therefore, two conformally related material metrics belonging to the same space-time
have the same constant volume shear tensor. In other words, the conformal transfor-
mation of the material metric leaves the constant volume shear tensor invariant. In
this case, the state of shear of a material characterized by a conformal material metric

is independent of the conformal factor.

4.2.4 Relation between the elasticity difference tensors

Consider the elasticity difference tensor corresponding to the pulled-back material met-

ric k:
1
Sabc = Ek_lam (Dbkmc + Dckmb - Dmkbc) (423)
and the elasticity difference tensor corresponding to the pulled-back material metric k:
Qa 1 7.—lam 1. 1. 1.
S be = 5]{; (Dbkmc + D/ kpp — Dmkbc) . (424)

Note that D, the spatially projected connection®, is equal for both expressions, D = D,
since it is obtained from the connection associated with the space-time metric g, which
is supposed to be equal for k and k, i.e. g =g and V = V.

Introducing k = f2k in (4.23) and making use of k~'*"k,,,, = h?, leads to the following
relation between S and S

1
f

where k=19 k. = k=1L, s valid.

5% = S5% + = (W .Dypf + h*,Def — k™" kye Dy f) (4.25)

4.2.4.1 Tetrad expression and traces

Using the orthonormal tetrad

GZ = (68761117637 6§> = (ua7ma’ya’ Za)

the relationship (4.25) in tetrad components takes the form

_ 1 n
5= 5%+ 7 (05D + 0D 165 - T2 Dt ) (4.26)

[0}

6See (2.60) in Chapter 2.
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where the tetrad expression for the elasticity difference tensor S, is given in (3.17)

and

« 1 — «a — «a — — a
S = 310 = B+ (L= a1+ (Ere — ), -
+ Mpad?, + Myads — M%05,€pa],
72
with €,, = (—;’) and Mm% = D,(In7j)e**
nOé

The relationships between the traces of the elasticity difference tensors in tetrad com-

ponents are given by

3
[e]] e 1
Sose =N [S ¥ 7 (Dy(f) eg)} (4.28)
a=1 a=1
and
3 =2
20%Dy(f) €y = 2 Dy( f)el 4.29
Z Z ﬁﬁ+ sDo(f) €5 = —3 Dm(fled | | - (4.29)
=1 A=
The expression for S¢, and S can be found in (3.22) and (3.23), respectively, and

the traces for S O‘M are

3 3
S5 —% %mw -y ﬁipama)eg (4.30)

a=1 a=1 a=1
and
3 - 3 1
p=1 B=1

4.2.5 Relations between the second-order tensors ]\14 , ]\24 , ]\34
and M, M, M
1 2 3
According to (3.24) of Chapter 3, the decomposition of the elasticity difference tensor
for the metric k£ can be written as

S = Mocr” + Moy + Mye2" _ZM,,C (4.32)

a=1 @
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and the decomposition of the elasticity difference tensor for the metric k, as

3
Smbc = Mbcl'a + Mbcya + Mbcza = Z Mbcez.
1 2 3 o

a=1

The second order tensors are defined by
Mbc = Sabcxa Mbc = Sabcya Mbc = Sabcza
1 2 1

and

Qa Qa | / Qa
]ybc =S bela bec =5 beYa ]ybc =5 beRa

(4.33)

(4.34)

(4.35)

Inserting (4.25) into (4.34) and using (4.35), the calculations reveal that the relations

between the tensors ]\14, ]\24, ]\?{_/ and ]\1_4, ]\27[, ]\?:4 are:

_ 1
My, = M, + (chb f+@Def = ke Dy f)
1 1 1

— o~

_ 1
2

—

_ 1
My = My + = (chbf +zD.f — — kbcszmf>
3 3 ng

—

Rewriting the last expressions using the orthonormal tetrad
GZ = (687 ey, €5, eg) = (uaa %y, Za)a
employed in Section 3.3 of Chapter 3, leads to

My = NMyo+1 (eng [+ g Dof — Lkyee™ D, f) .

07

(4.36)
(4.37)

(4.38)

(4.39)

Recall that letters from the first half of the Greek alphabet denote spatial tetrad indices.

4.3 Eigenvalue-eigenvector problem

In this section, the eigenvalue-eigenvector problem, studied in Chapter 3, is here re-

considered, now for the case of having two conformally related pulled-back material
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metrics kqp = f 2k belonging to the same space-time.
The first purpose is to investigate conditions for x, y and z, the eigendirections of &
and k, to be eigenvectors for M, a = 1,2, 3, knowing that (4.39) holds. That means

that the equation

M, ‘W’ = \® (4.40)

is solved particularly for w® = 2%, w® = ¢* and w® = 2°.

Since the tensors M are related with M, o = 1,2, 3, as shown in the previous section,
« (0%
it is also interesting to continue and extend the analysis by finding conditions for z, y
and z to be also eigenvectors for M. This problem corresponds to solve
(0%

M, “w’ = M® (4.41)

[0}

for w® = 2%, W’ = ¢® and W’ = 2%, in addition to (4.40). The last step enables then to

establish the relation between the corresponding eigenvalues A and ) to which each of
the eigenvectors is associated.

The developed analysis is summarized in the following theorems. The results obtained
from the first problem considering the eigenvalue-eigenvector equation (4.40) appear in
the theorems in item a) and the results concerned with the problem of solving (4.40)

together with (4.41) appear in item b).

4.3.1 Eigenvalue-eigenvector problem for ]\14 and ]\1_4

The first three theorems, Theorem 12, Theorem 13 and Theorem 14, are devoted to

investigate the stated problem for ]\1/[ which is related with ]\1_4 through equation (4.36).

Theorem 12 a) = is an eigenvector for ]\1/[ iff ]\17[b cxby, + Ay(In f) = 0 and

M,z + A.(In f) = 0.

Yl’he corresponding eigenvalue is X = M, “x’z. + A, (In f).

b) x is an eigenvector for ]\14 and ]\1_4 ;ﬁf remains tnvariant along the directions of y

and z, i.e. Ay(Inf)=A,(Inf)=0.
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The relation between the corresponding eigenvalues is given by

A=A+ A, (Inf). (4.42)

Proof: Consider the conditions

M, “abz, = ), (4.43)
1
M, by, = 0, (4.44)
1
M, 2%z, =0, (4.45)
1

which must be satisfied for x to be an eigenvector of ]\14 . Introducing the expression
(4.36) for ]\1/_/ in these equations and performing simplifications leads to the results given
in a).

Assume additionally that

M, a’z, = ), (4.46)
1
M, “xby. = 0, (4.47)
1
M, 2%z, = 0. (4.48)
1

These conditions must be verified in order to have x as eigenvector for ]\1_4 . Substituting
these expressions in a), one obtains the formula relating the eigenvalues A and A and
the conditions appearing in b).

Also, supposing that the conditions given in a) and b), respectively, are satisfied, then

it follows that x is an eigenvector for J\l/[ , respectively, for ]\1/[ and ]\17[ .
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Theorem 13 a)y is an eigenvectorfor]\lf iff My, y’z.+A,(In f) =0 and M, “y’z. = 0.
1 1

The corresponding eigenvalue is X = M, °yty,. — Z—%Ax(ln f).
1 1

b) y is an eigenvector for ]\1/[ and J\17[ iff f remains invariant along the direction of vy,

i.e. Ay(Inf) =0, and M,“y’z. = 0.
1
The relation between the corresponding eigenvalues is given by
2

- n
A=) — n—gAx(lnf).

1

Proof: The results are obtained by contracting M, “y® = \y® and M, “y®
1 1

Y. and z. in the way explained below.

Solving
M c. b o
b y ‘TC - 07
1
by using (4.36) gives the first condition in a), which together with
M c. b o
b y ‘TC - 07
1

results in Ay(In f) = 0, the first condition in b).

Imposing
M,y’z, =0
1
leads to the second condition in a)

Mb Cbec = 07
1

(4.49)

= \y°¢ with x.,

(4.50)

(4.51)

(4.52)

(4.53)

which must also be satisfied in case b). The eigenvalue A in a) is calculated from

]\1417 cybyc =\

And taking into account
s
]\1417 YYec = A
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one obtains the relation between the eigenvalues exposed in b).

Conversely, if the conditions presented in a) and b), respectively, hold, then it can be
shown that y is an eigenvector for ]\1/[ , respectively, for ]\14 and J\17[ , associated with the
corresponding eigenvalues.

U

Theorem 14 a) z is an ez’genvectorfor]\g iﬁ]\?b 2r.4+A.(In f) = 0 and ]\l_fbczbyc =0.
The corresponding eigenvalue is X = M, 2%z, — :—%Ax(ln ).

b) z is an eigenvector for ]\1/[ and J\17[ zlﬁ f remains invariant along the direction of z,
i.e. A(Inf)=0, and A;Ibczbyc =0.

The relation between the corresponding eigenvalues is given by

— n2
A=\ — n—gAx(ln f). (4.56)
1

Proof: Consider the eigenvalue-eigenvector equations M, ©2* = A\z¢ and M, °zb = \z°.
1 1

The first condition in a) results from calculating
M, 2"z, =0, (4.57)
1

where ]\14 is substituted by the expression (4.36). One gets the condition A,(In f) =0

in b) introducing
M, 2z, =0 (4.58)
1

in the expression obtained from (4.57).

Imposing

]\libczbyc =0 (4.59)
yields

]\lzbczbyc =0, (4.60)
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which must be satisfied in both cases a) and b). The expression for the eigenvalue

given in a) is obtained from
Mb Pz =\ (4.61)
by using again (4.36). Inserting
Mb Lz, =X (4.62)
in that expression for A\ implies
— n2
A=X—=SA,(Inf). (4.63)
ny

On the other hand, the conditions given in a) and b), respectively, imply that z is an
eigenvector for ]\14 , respectively, for ]\14 and ]\f[ , associated with the given eigenvalues.

O

4.3.2 Eigenvalue-eigenvector problem for ]\24 and ]\;4

The eigenvalue-eigenvector problem is now studied for the tensors ]\2/[ and ]\2_/[ . The

results appear in Theorem 15, Theorem 16 and Theorem 17.

Theorem 15 a) x is an eigenvector for ]\2/[ iff ]\;46 rby.+ Ay(In f) = 0 and Mb bz, =

0.

The corresponding eigenvalue is A = M rbx, — —A y(In f).

b) x 1s an eigenvector for M and M zﬁ f remains invariant along the direction of x,
A,(ln f) =0, cmdM 2z, = ().

The relation between the corresponding eirgenvalues is given by

— n2
A=A—=A,(nf). (4.64)
n

Proof: In order to solve the eigenvalue-eigenvector problems M, °x® = \z¢ and M, 2z’ =
_ 2 2
Az¢, one must contract each of these equations with z., y. and z.. The results are

obtained as follows. Calculating

M, by, =0, (4.65)
2
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by using (4.37), gives the first condition in a), and introducing there the equation
M,z y, = 0, (4.66)
2

leads to the condition A,(In f) =0 in b). The condition

M,z 2. =0 (4.67)
2

yields
M, 2%z, =0, (4.68)
2

appearing in a), which must also be imposed in case b). The expression for the eigen-

value A in a) is obtained from

J\szczbzc =\ (4.69)
together with (4.37). Substituting in that expression the condition

]\;Ibczbzc =, (4.70)

the relation between the eigenvalues A and ) in b) is established.
Conversely, from the conditions established in a) and b), respectively, it follows that z is
an eigenvector for ]\2/[ , respectively for ]\2/[ and ]\2_4 , associated with the given eigenvalues.

g

Theorem 16 a) y is an eigenvector for ]\2/[ iff Z\;/[b Y.+ Ar(In f) =0 and

M,y’z. + A.(In f) = 0.

%he corresponding eigenvalue is A = M, “yby. + A, (In f).

b) y is an eigenvector for ]\2/[ and ]\2_4 zzﬁf remains invariant along the directions of x
and z, i.e. Ay(Inf)=A.(Inf)=0.

The relation between the corresponding eigenvalues is given by

A=A+A,(Inf). (4.71)
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Proof: Consider the conditions

M, “y’z. =0, (4.72)
2
]\24b Yy = A, (4.73)
M, “ybz. =0, (4.74)
2

which must be satisfied to have y® as eigenvector for J\QI , and the conditions

M, “ybz. =0, (4.75)
2
]\2_417 Yy = A, (4.76)
M,y 2. =0, (4.77)
2

which correspond to y® being an eigenvector for J\;/[ . You get the first condition in
a) from (4.72) by considering (4.37). Together with (4.75) that condition results in
A,(In f) = 0, presented in b). Calculating (4.74) and making use of (4.37) yields
the second condition in a). Inserting there the expression (4.77) gives the condition
A,(In f) = 0in b). The eigenvalue A in a) is obtained from (4.73), where (4.37) is
used. Joining that equation for A and (4.76) allows to calculate the relation between
the eigenvalues given in b).

On the other hand, if the conditions given in a) and b) hold, then (4.72-4.77) are
satisfied, so that y is an eigenvector for ]\24 , respectively for ]\24 and J\27[ :

O
Theorem 17 a) z is an eigenvectorfor]\g iff My, 2Py +A,(In f) = 0 and M, “2*x, = 0.
2 2
The corresponding eigenvalue is X = M, °2bz. — Z—%Ay(ln f).
_ 2 2
b) z is an eigenvector for ]\2/[ and J\QI iff f remains invariant along the direction of z,
i.e. A.(Inf)=0, and M,°2*z. = 0.
2

The relation between the corresponding eigenvalues is given by

— 77/2
A=A—=A,(nf). (4.78)
ny
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Proof: Consider the eigenvalue-eigenvector equations

]\24bczb =y (4.79)
and

]\Zbczb = \z2° (4.80)
Solving

]\fbczbyc =0, (4.81)

by using (4.37), one gets the first condition in a). Substituting there the expression
M, 2ty =0, (4.82)
2

leads to A, (In f) = 0 given in b). The condition

M2z, =0 (4.83)
2

implies
M, bz, =0, (4.84)
2

which must be satisfied for case a) and b). The eigenvalue A in a) is obtained from
Afbczbzc =\ (4.85)
by using (4.37). Substituting in the expression for A the condition
A;fbczbzc = A (4.86)

leads to the relation between the eigenvalues given in b).

Conversely, the conditions presented in a) and b), respectively, imply that (4.81-4.86)
are satisfied, which mean that z is an eigenvector for ]\2/[ , respectively, for ]\24 and J\;/[
associated with the corresponding eigenvalues.

g
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4.3.3 Eigenvalue-eigenvector problem for J\34 and ]\?:4

The following three theorems, Theorem 18, Theorem 19 and Theorem 20, are concerned

with the eigenvalue-eigenvector problem for the tensors ]\34 and ]\;4 .

Theorem 18 a) = is an eigenvector for ]\34 iff ]\;L) ‘2’2, + A(In f) = 0 and ]\;/[b ‘xly, =
0.

The corresponding eigenvalue is X = M, “xx, — %Az(ln f)-

b) x is an eigenvector for ]\34 and ]\;[ Z)ﬁf remains invariant along the direction of x,
i.e. Ay(Inf) =0, and M,°z’y, = 0.

The relation between thz corresponding eigenvalues is given by

— n2
A=A——A.(Inf). (4.87)
n3

Proof: Contracting the eigenvalue-eigenvector equations M, x® = A\z¢ and M, “x® = \a°
3 3
with z., y. and z., one obtains the following results.

Calculating

¥fﬁ%:0 (4.88)
together with (4.38) gives the first condition in a). Inserting

@;ﬂ%zo (4.89)

in those condition results in A, (In f) = 0, the condition appearing in case b). Imposing

M, “x’y. = 0, (4.90)
3

leads to
M,z y, =0, (4.91)
3

which must be verified in case a) and in case b). Substituting (4.38) in
M,z z. = A (4.92)
3
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reveals that the eigenvalue X takes the form presented in a). And taking into account

the condition
M, “xbz, = \ (4.93)
3

implies that the eigenvalues A and \ are related by A = A\ — Z—;Az(ln f).

3
On the other hand, if the conditions given in a) and b) hold, then one can prove
that (4.88-4.91) are satisfied; and the expressions for the eigenvalues satisfy (4.92) and

(4.93), respectively. Consequently, = is an eigenvector for ]\34 , respectively, for ]\3{[ and

M.
3

g

Theorem 19 a)y is an eigenvectorforj\g iff My, y®z.+A,(In f) = 0 and M, “y’z. = 0.
3 3

The corresponding eigenvalue is X = M, “y’y. — Z—%Az(ln f)-
_ 3 ’
b) y is an eigenvector for ]\34 and ]\54 iff f remains invariant along the direction of vy,
i.e. Ay(Inf) =0, and M,“ybz. = 0.
3

The relation between the corresponding eigenvalues is given by

— ’]’L2
A=A—=2A.(nf). (4.94)
n3

Proof: Considering the eigenvalue-eigenvector equations M, °y® = \y¢ and My’ =
_ 3 3

Ay, the results are found by contracting these equations with z., y. and z. in the way
explained below.

Using (4.38) and calculating
M, %Y’z =0 (4.95)
3

yields the first equation in a). Inserting

M,“y’z, =0 (4.96)
3

in those equation results in A,(In f) = 0, the condition given in b).

Imposing
Mbcyb$c =0 (497)
3
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yields
M, “ybz. =0, (4.98)
3

so that (4.98) must be satisfied in case a) and b). Solving

Mb Cybyc =\ (499)
3
and considering (4.38) one obtains the expression for the eigenvalue presented in a).
Introducing
M,y y. = X (4.100)
3

in those expression it follows that
_ n2
A=A—=2A.(nf). (4.101)
ng

Conversely, the conditions presented in a) and b) imply that (4.95-4.98) are identically
satisfied. The identities (4.99) and (4.100) are true for the eigenvalues given in a) and
b), respectively. This proves that y is an eigenvector for ]\34 in case a) and that y is an
eigenvector for ]\34 and ]\?{[ in case b).

O

Theorem 20 a) z is an eigenvector for ]\34 iff ]\Zb 2Pz, + A(In f) =0 and

M, %2y, + Ay (In f) = 0.

73%6 corresponding eigenvalue is X = M, 2%z, + A (In f).

b) z is an eigenvector for ]\34 and ]\37[ Zﬁ" f remains invariant along the directions of x
and y, i.e. Ay(Inf)=A,(Inf)=0.

The relation between the corresponding eigenvalues is given by

A=A+A.(Inf). (4.102)

Proof: To solve the eigenvalue-eigenvector equations

M, 2> = \2° (4.103)
3
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and
M, 2" = \z2°, (4.104)

one must contract these equations with x., y. and z.. Thereby, the exposed results are

obtained in the following way. The first condition in a) is a consequence of

]\gbcszc =0, (4.105)
and (4.38). Joining

J\zbcszc =0 (4.106)
to those condition yields A,(In f) = 0 given in b). From

Agbczbyc =0 (4.107)
and (4.38) one calculates the second condition in a), which together with

J\zbczbyc =0 (4.108)
results in Ay(In f) = 0. Inserting (4.38) in

]\gbczbzc =\, (4.109)
one gets the eigenvalue presented in a). Considering

]\Zbczbzc =\ (4.110)

leads to expression relating A and .
The converse is true as well. The conditions given in a) and b), respectively, imply
(4.105-4.108). The expressions for the eigenvalues satisfy (4.109) and (4.110), respec-
tively. Thus, z is an eigenvector for ]\34 in case a), and z is an eigenvector for ]\34 and
]\34 in case b).

O
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4.3.4 Concluding remarks

Analysing the results of the eigenvalue-eigenvector problem obtained for the tensor ]\14 ,

knowing that ]\1/[ is related with ]\17[ by

_ 1 1
Mbc = Mbc + = (chbf + becf - _gkbcmemf>
1 1 f ni

given in (4.36), one can say the following.
The conditions that must be satisfied, so that the eigenvectors of k£ remain eigenvectors
for ]\14 , depend on the conformal function f through a derivative along a spatial vector

7. In particular,

and on contractions of the tensor J\? with two spatial tetrad vectors
two such conditions must be verified for x to be an eigenvector of ]\14 , whereas for y and
z to be eigenvectors only one of the two conditions depends on the conformal function.
Regarding the expressions for the eigenvalues of Z\? , the eigenvalue corresponding to
x depends on the derivative of f along x and on ]\17[ contracted totally with x. The
eigenvalue corresponding to y (or z) depend on the contraction of ]\1_4 with the respective
eigenvector y (or z), on the derivative of f along x and additionally on the eigenvalues
of k: n? and n3 (or n? and n2).

Observing the conditions that must be satisfied in order to have x as eigenvector for
]\14 and ]\1_4 , f must be invariant along the other two eigenvectors of k£, namely y and z.
In this case, one obtains an expression showing the relation between the eigenvalues A
and A corresponding to . The eigenvalues differ absolutely in the quantity A, (In f).
For y (or z) to be eigenvectors of ]\14 and ]\1_4 , the function f must be invariant along
the same eigenvector y (or z) and the quantity Mb ¢y’z, must vanish, which due to the
symmetry of ]\;4 equals ]\?b zby,. The eigenvalue 1/\ depends on A, on the derivative of f
along = and on the eigenvalues of k: n} and n (or n} and nZ). In this case, the absolute
difference between the eigenvalues A and \ is given by Z—%Ax(ln f), (or Z—%Ax(ln 1))
Considering Theorem 15, Theorem 16 and Theorem 17, where the eigenvalue-eigenvector
problem is analysed for the tensors ]\24 and ]\;4 , one can observe a similar behaviour.

The role that = plays for ]\14 and ]\1_4 is now played by y. Interchanging x with y, ]\14

"See Theorem 12, Theorem 13 and Theorem 14.

76



with M and n? with n2 in the preceding results leads to the conclusions concerning
this case.

As for the tensors ]\34 and ]\;4 , whose eigenvalue-eigenvector problem is dealt in Theorem
18, Theorem 19 and Theorem 20, the same presented remarks are valid by interchanging
x with z, ]\14 with ]\34 and n? with n2.

As seen in the previous chapter, the eigenvectors of k (respectively k) are not, in
general, eigenvectors for ]\ai (respectively J\CZ[ ). Here, one can additionally say that the
eigenvectors of k and k, which are conformally related, do not remain eigenvectors
for the tensors M and M simultaneously and in order to remain, restrictions must be

o 7

imposed on the conformal factor f and other restrictions involving the tensor M.
«

4.3.5 Summarizing the results

Using the orthonormal tetrad ef, = (ef, 1, €3, €5) = (u®, 2%,y 2) to reformulate the
results presented in the last theorems, one can summarize them in the two following

theorems:

Theorem 21 a) The tetrad vector e, is an eigenvector for ]\ai iff

M,y°ebese + A, (In f) =0 for each 3 # a.

%he corresponding eigenvalue is A = M, °ebeq. + A, (In f).

b) The tetrad vector e, is an eigem}ecozor for ]\O{[ and ]\(17[ iff f remains invariant along
the two spatial tetrad vectors eg, such that B # o, i.e. A, (In f) = 0 whenever 3 # a.

The relation between the corresponding eigenvalues is given by

A=A+A. (Inf).

Proof: The eigenvalue-eigenvector problem M, °e® = \e¢ is solved using the following

algebraic conditions

M, el eq. = A, (4.111)
M€ es. =0 (4.112)
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and
M€ e,.=0 (4.113)

together with the relation (4.39), where v # 3 # a. From (4.112) and (4.113) one
obtains the two conditions summarised in the expression given in a). The eigenvalue A
in a) is calculated from (4.111). Considering in addition to (4.111), (4.112) and (4.113)

the conditions

M, el eqe = A, (4.114)

M€ es. =0 (4.115)
and

M,“ee.. =0, (4.116)

where v # (3 # «, one gets the results presented in b).

On the other hand, suppose that the conditions presented in a) and b), respectively,
hold. Then, it follows that (4.112), (4.113) and (4.115), (4.116), respectively, are
satisfied. The eigenvalues given in a) and b), respectively, satisfy (4.111) and (4.114),
respectively. This proves that e, is an eigenvector for ]\C{[ in case a) and that e, is an
eigenvector for M and M in case b).

« e}

O

Theorem 22 a) The tetrad vector eg is an eigenvector for M iff

Mbce%eac + A, (Inf) =0 and Mbce%ewc = 0.

@

_ 7’L2
The corresponding eigenvalue is X = M, ehes. — 2 A, (In f).
b) The tetrad vector ez is an eigenvector for M and M iff Ac,(Inf) =0, for a fived

B # a, i.e. [ remains invariant along the direction of e, and Mbce%evc = 0.
«

_ n2
The relation between the corresponding eigenvalues is given by A = A — 2 A, (In f).
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Proof: Contracting the eigenvalue-eigenvector problems Mb eﬁ = Aej and Mb eﬁ = )\eﬁ

with e, €. and e, where v # 3 # a, the results are obtalned as follows. Substltutlng

(4.39) in

and in
Mb eﬁe—yc - 0 (4118)

leads to the first two respective conditions given in a). Joining (4.117) and the equation
M eheqc =0 (4.119)

implies A, (In f) = 0, the condition appearing in b). From M, “eje,. = 0 and (4.39),
one gets M, Ce%ewc = 0, the same condition in a) and b). The eigenvalue A in a) is

calculatedafrom

M,“e}es. = A (4.120)
by using (4.39). Finally, introducing

M,“eles. = A (4.121)

in those expression reveals that the eigenvalues A and \ are related by

A=A-ZA, (Inf).

Also, if the conditions given in a) and b), respectively, hold, then (4.117-4.119) are
satisfied, so that es is an eigenvector for ]y in case a), and eg is an eigenvector for ]\ai
and M in case b), associated with the corresponding eigenvalues.

«

g

The following conclusions can be drawn. Solving the eigenvalue-eigenvector problem

for M, knowing that M is related with M by

_ 1 1

(e}
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the two conditions, that must be imposed for e, to be an eigenvector, depend on
the derivative of the function f along the other spatial tetrad vector eg and on the
contraction of M with e, and eg. In this case the corresponding eigenvalue depends

«

on the derivative of f along e, and on ]\(Z[ contracted totally with e,.

For e, to be an eigenvector for ]y and ]g , [ must be invariant along the other two
eigenvectors of k: A, (In f) = 0. The eigenvalue A depends on A and on the derivative
of f along e,.

Solving the problem for eg to be an eigenvector of ]\a4 one concludes that the contraction
of ]g_/ with the two vectors ez and e, must vanish and additionally a condition depending
on the derivative of f along eg and on ]\;4 contracted with e, and eg must be satisfied.
The eigenvalue corresponding to the eigenvector eg depends on ]\;4 contracted totally
with the same eigenvector, on the derivative of f along the eigenvector e, and on the
cigenvalues of k: n2 and nj.

In order to have eg as eigenvector for both tensors ]\o{[ and ]\;4 , f must be invariant along
eg and the contraction of ]\;{[ with es and e, must vanish. In this case, one obtains

an expression relating the eigenvalues A, A and n%, all three obtained from different

tensors - M, M and k - but corresponding to the same eigenvector eg, and another

— TL2
eigenvalue of k: nZ. The absolute difference between X and X is given by —2A._(In f).
Based on this analysis one can state that in general the eigenvectors of £ do not remain
eigenvectors for M and M. Only if one imposes restrictions on the conformal function,

the eigenvectors of k are also eigenvectors of M and M. Under those restrictions one
(03 (0%

obtains an expression relating the mentioned eigenvalues of M, M and k.
(0% «
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Chapter 5

Applications to spherically and

axially symmetric space-times

In this chapter, the analysis developed in Chapter 3 is applied to a static spheri-
cally symmetric space-time, a non-static spherically symmetric space-time and to a
particular case of an axially symmetric space-time. Moreover, considering the static
spherically symmetric space-time, the results are obtained for two material metrics
which are conformally related, one of them being flat, in order to have also a practical
application of the analysis developed in Chapter 4. For the non-static spherically sym-
metric space-time, the attempt to specify all results also for both conformally related
material metrics was not completely successful. The calculations revealed that it was
almost impossible to write down the results, because the expressions are complicated
and long due to the fact that in the non-static case additional terms involving deriva-
tives with respect to the coordinate ¢ appear. So, in this case, only the eigenvalues are
specified for both material metrics. The other results are written as functions of n;
and ny without specifying them.

The spherically symmetric space-times and the axially symmetric space-time with
cylindrical symmetry are considered due to their significance on modelling neutron
stars and due to the motivation presented in the literature to study elasticity for these

stellar objects.
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The elasticity difference tensor S%, and the constant volume shear tensor s, are calcu-
lated for the mentioned space-times and the eigenvalue-eigenvector problem associated

with the elasticity difference tensor through its decomposition into the three tensors

M is studied.

5.1 Static spherically symmetric space-time

Neutron stars can approximately be modelled by spherically symmetric metrics. The
metric regarded here, for example, can be thought of as the interior metric of a non
rotating star composed by an elastic material®.

Consider a static spherically symmetric space-time, whose metric ¢ is given by the

following line-element
ds? = —e?Mdt? + 2O dr? 4 12dh? + r* sin® 0d¢?, (5.1)

with coordinates w® = {t,r,60,¢}, where r represents the radial coordinate, ¢, the
axial coordinate and 6, the azimuthal coordinate. The space-time can be specified by

defining the orthonormal tetrad {u,x,y, z} with the following basis vectors and basis

one-forms
u® = [57,0,0,0] u, = [—€"",0,0,0]
2% = [0, =g, 0, 0] z, = [0,e*",0,0]
y* =10,0,%,0] Ya = [0,0,7,0]
2% =10,0,0, ——] Ze = [0,0,0,7sind],
so that gu = —usup + oy + Yayp + 2a2. The line-element corresponding to the

projection tensor hg, = ToXp + Yalp + 2a2p 1S given by

ds? = e dr? + 12dh? + r?sin® Adg?. (5.2)

!See for instance Magli and Kijowski (1992) [46].
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In the spherically symmetric case, two of the eigenvalues of k% are equal. Let ny = ns,
so that n3 = n? are the degenerate eigenvalues, implying that the pulled-back material

metric takes the form kg, = nz,2p + N3Yays + N3za2, With corresponding line-element
ds? = 2 dr? 4 n2r?d6? + nir? sin® dg?. (5.3)

Let €4 = {7, 0, gg} be the coordinate system in the material space X. Because of the

assumption that the space-time is static and spherically symmetric, the material radius

7 depends only on 7, 7(r), and the material angles 6 and é can be chosen to be equal

to the physical angles: § = 6 and ¢ = ¢. Thus, the configuration of the material is

described by the material radius 7(r). And the relativistic deformation gradient has
1 det _dr_ A€ 1 and LS 1 ts. The derivati

only — = — =7, — =1 and — =1 as non-zero components. e derivative
Y dwt T dr dw? dw3 P

with respect to the coordinate r is here represented by a prime.

Since every three-dimensional spherically symmetric metric is conformally flat, the

following two material metrics are considered in X, whose line-elements are given by
1. ds? = df? + 72d6? + F2sin20dg?
2. ds? = f2(7)(di? 4 72d0? + #*sin*0de?).

The material metric 1. is flat and the material metric 2. is conformally related with
the flat one. Denoting the metric tensor 1. by K and the metric tensor 2. by K, then it
becomes obvious that both metrics satisfy the relation K = f2(7)K. Therefore, this is
a particular case of the more general case treated in Chapter 4, where two conformally
related material metrics are investigated and no particular restrictions about flatness
are considered.

The results listed in the next paragraphs concerning these two material metrics are

numbered 1. and 2., respectively.

Pulled-back material metric

1. Calculating the pull-back of the material metric 1. one obtains
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k% = 9% key = g (6567 Ke)
7z2 772
— 7»;/2 6—2)\ 5a1 61b + T_Q 6(12 5217 + ﬁ 6(13 53[)‘
The line-element corresponding to the pulled-back material metric k,, is

ds* = 72 dr® + 7% dO* + 7 sin®6 do*.

(5.4)

Comparing this expression with the line-element given by (5.3), one concludes that the

eigenvalues of k are given by

n? =i e = n2(r)
2
n% = ng = % = ng(r)

The linear particle densities have the following form

ny =ny(r) = Vite 2t =i e

S

ny = na(r) = nz(r) =

2. Calculating the pull-back of the material metric 2. one obtains

k% = 9%k = 9" (£C€7 Kop)
2/~ ~12 _—2X sa 1 7::2(12 7:2(13
The line-element corresponding to the pulled-back material metric ky, is
ds? = f2(F)[F™ dr® + 7 d6* + 7* sin®0 d¢?).

The eigenvalues of k£ are given by
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The linear particle densities have the following form
ny =ni(r) = f(F)IViZe 2 = f(F)i e (5.12)
ne = na(r) = ng(r) = f(7)-. (5.13)

The linear particle densities are positive quantities, for this reason, the function f(7)

must be positive.

Comparing the eigenvalues of the metric 1. with those of the metric 2., they differ in

the factor f?(r), confirming the result obtained in Section 4.2.1.

Constant volume shear tensor

1
The components of the constant volume shear tensor s, = §(hab — n’gkab) are:

1
Spp = 562)‘ <1 — n’%n%>

1
Sgp = 57”2 (1 — n_§n§>

1
S0 = irzsz’nQH (1 - n%?ﬁ)

The components of the constant volume shear tensor vanish iff n? = n3.

Substituting n? and n2 explicitly in the last expressions one obtains the following re-

sults, considering the two material metrics
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The constant volume shear tensor is zero if 7 is of the form 7 = ce®/ %ekdr, ¢ > 0. Since
the linear particle densities are positive, it follows that the allowable form for 7 in the

. ~ 1.
unsheared state is 7 = ce/ 7€' ¢ > 0.

_2.
5 = <62’\—n 272 2)
2

1
Spp = 3 <r2 - an*%fQ)

1
Sp = 53@'7129 (7"2 — fzn_%jﬁ)

. e o~ - ~ 1_ X
The constant volume shear tensor is zero if 7 is of the form 7 = ce*/ 7€ ¢ > 0. Also
in this case, since the linear particle densities are positive, 7 is restricted to the form

F=cel %eAdT, ¢ > 0, for the unsheared state.

Analysing the last results, one can observe that the condition forcing the constant vol-
ume shear tensor to vanish is the same for the two considered material metrics. The
case of the material being in an unsheared state, which means s,, = 0, is independent
of the conformal factor. One concludes that the conformal factor has no influence on
the state of shear of the material.

Since n~3 = (n%n%)_% and by introducing in this expression the eigenvalues (5.10) and
(5.11), one can prove that the components of the constant volume shear tensor given
in 2. equal the components of the constant volume shear tensor given in 1. .

These results are in accordance with the result stated in Section 4.2.3, where it is shown

that two conformally related pulled-back material metrics belonging to the same space-

time have the same constant volume shear tensor.

Elasticity difference tensor

The non-zero components of the elasticity difference tensor S¢,. are:
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S'.=—
rTr
n1
S — n_’2
or —
na
P — n_’2
or
N2
TL2 (%)
=2\ —2x " —2),.2 /
Slgg=re"" —re” "= —e Mgy

ny nt
2
_ . _ . ns _ . N2
ST, = e Prsin®0 — e P rsin?0—2 — e r?sin*0—n),
“ T i

Since S§%,. = S5°,, there are only seven non-zero components for this tensor on the

coordinate system.
These components can alternatively be written in the following form, after substituting

the quantities n; and ng by their expressions for the two material metrics:

1.
od/)
T
ro /
S == = A
0 o1
SGr:T__
T r
p o1
S(Z)T_T__
T r
_ r
ST%ZT‘B 2>\_T
T.l

. B T
ST(M, = sin’f (re A _ ?;)

One can verify that the components S%, and S¢¢T are zero if the function 7 is of the

form 7 = ¢y, where ¢ is a positive constant.

S”.. 1s zero if 7 = ¢y + ¢3 [ e*dr, where ¢y + ¢3 [ €*dr > 0, and the components S,

o2X
and S"¢¢ are zero if 7 = cye/ ey > 0.

rr
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1d
ST, = :—, — N ?d—J;f’

1 1d
S R

1 1d
=
STsp = sin’6 (7’6_2)\ — ; — ;%Z—‘;)

The components 5%, and S¢¢T are zero if the function 7 is of the form 7 = %, where

¢ > 0 1s a constant.

ST, is zero if 7;—/,/ - XN+ %%F’ = 0 and the components S7p, and S, are zero if
~dIn(f) —2X,.dIn(") __
1 + 7’7 — € 7’7 =0.

Analysing these results one may conclude that it is most unlikely that the elasticity
difference tensor vanishes totally, because very strict conditions must be imposed on 7,

r and A and, concerning the non-flat material metric, additionally on the function f.
One can observe that the components of the elasticity difference tensor for the non-flat
material metric 2. depend on the components of the elasticity difference tensor for the
flat metric 1. and on additional terms. These additional terms making the difference
between the elasticity difference tensors can be calculated according to the formula
(4.25) given in Section 4.2.4:

_ 1 _ _
S, — 5 — (R%.Dyf 4+ h*Def — k™' """k Do f)

bc:f

where 5%, represents the elasticity difference tensor associated with the flat material

metric 1..
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The tetrad components of the elasticity difference tensor can be obtained using the

formula (3.16) given in Section 3.3, yielding:

!/
n
1 _ a2
Sty =e " —

ny
!
52 :e_)‘@
21 -
!
§3, =2
31 s
2
gl a1 alng N2,
T rnj 7
2
gl a1 alng A2
33 =€ —— —5 T € 3TNy
T rny ny

Expressions for ]\1/[ , ]\24 and ]\3{[

The second order symmetric tensors J\l/[ , ]\2/[ and ]\3/[ have the following non-zero com-

ponents.

2
_ _an —x. 22
Mgy =e*r—er—= —e M’ —mn)
1 ny ny
n2 No
Myy = e rsin’0 — e_’\rsinQQ—g — e_’\r25in2¢9—2n'2
1 ny ny
/
n
2
Mrg = MQT =r—
2 2 %)

/

.on
M,y = My, = rsing—2
3 3 na

One can observe, that the components of ]\24 are very similar to the components of ]\34 ,

they differ only in the factor sin 6.

Using the explicit expressions for n? and n3, concerning the two material metrics, one

obtains:
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1. Flat material metric

M,, = e f—//—)\'
1 T’

Mgg = 6>\ (7"6_2/\ —
1

| =
~_

My = sin*fe* (7"6_2)\ -
1

| =
~__

~/

7
MTQZMQT:TT_l
2 2 T

=~/
M,y = My, = sint (TTT — 1)
3

3 T

2. Non-flat material metric

1 7! fdr
r 72 df 1
Mon — & = A
109 c (re 7! fdrr
r 2df 1
Myy = ersin?0 [ re ™ — Q — r__f~7
1 7 fdri
¥ 1 1df
M,g = My, = — — 4 =Ly
2 o 29 r(f r+fdfr)
1 1df
M,y = My, =rsinf | — — =+ =—7
3¢ 3¢ T SIn (f r+fdfr)

Comparing the tensor components of ]\14 for the flat material metric with those for the
non-flat material metric, also here one can recognize that the components of J\l/[ in 2.
depend on the components of ]\1/[ for the flat material metric. This property is inherited
from the elasticity difference tensor via its decomposition to the tensors ]\044 , since it is a
consequence of the existing relation between the elasticity difference tensors associated
with the two metrics. The additional terms in the components of ]\1/[ in 2., indicating
the difference between the tensors ]\14 for both cases, result according to the formula
(4.36):

_ 1 1
Mbc - Mbc =7 (chbf + becf - _kacmemf) >
1 1 f n

deduced in Section 4.2.5.
The following relations between the components of S and the second order tensors can

be established.
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rr

M,, = e*S"
1
]\1490 = 6/\5%0
A
]‘14@:5 =75y,

0
MT@ == TS or

2

]\34,,4, = rsiné’Sd)W

Eigenvalue-eigenvector problem

The following paragraphs deal with the eigenvalue-eigenvector problems for ]\14 , ]\24 and
]\34 , respectively.

Solving the eigenvalue-eigenvector problem for ]\14 one obtains the results exposed in

Table 5.1.

Table 5.1: Eigenvectors and eigenvalues for Z\l/[

Eigenvectors Eigenvalues
e
x p = S-ny

_ e e n% —An2 .,/

Y P2 == = 552 — € T2l

_ e e n% —Ang .,/

z M3 = r r n% € n%nQ

Substituting n; and ns by their explicit expressions yields the results exposed in Table

5.2 for the flat metric 1. and in Table 5.3 for the non-flat metric 2..
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Table 5.2: Eigenvectors and eigenvalues for ]\1/_/ considering the material metric 1.

Eigenvectors Eigenvalues
v mmer (E N
y o =S (re™ = 1)
: m=2e®-5)

Table 5.3: Eigenvectors and eigenvalues for ]\1/[ considering the material metric 2.

Eigenvectors Eigenvalues
S N I S VAT N -7
x [ =e <f, /\+de7“>
_ e -2\ _ T 1 df 72
Yy N2—r—2<7”6 7 T Fdi v
_ e -2\ _ 7 L df 72
s m=g(em-f- S

The eigendirections x, y and z of k are directly eigenvectors for ]\14 . One notices that
y and z are eigenvectors associated with the same eigenvalue. The results imply that
the canonical form for ]\1/[ is ]Y[bc = 1 TpTe+ oo (YpYe + 2p2c), where g and po (= pg3) are
the eigenvalues with which x and y (or z), respectively, are associated. The algebraic
multiplicity of us coincides with the geometric multiplicity and is equal to 2. The

eigenvalues depend on n;, © = 1,2 and on the variation of n; due to the variation of r.

Moreover, ny appears explicitly in all eigenvalues.
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Table 5.4 contains the eigenvalues and associated eigenvectors for the tensor J\24 :

Table 5.4: Eigenvectors and eigenvalues for ]\2/[

Eigenvectors | Eigenvalues
vty | =
r—y M5 = —e_AZ—z

z pe =0

Replacing nsy by its explicit expression leads to the results presented in Table 5.5 for

the flat metric 1. and in Table 5.6 for the metric 2..

Table 5.5: Eigenvectors and eigenvalues for 1\2/[ considering the material metric 1.

Eigenvectors Eigenvalues
Tty pa=e 5~ )
t—y =5 1)

z e =0

Table 5.6: Eigenvectors and eigenvalues for ]\24 considering the material metric 2.

Eigenvectors Eigenvalues
sy == (5ot iE)
z pe =0

One can observe that all eigenvalues of ]\24 are distinct. Since z is an eigenvector as-

sociated with a zero eigenvalue, the canonical form for M can be expressed as M, =
2 2

214(T1Ye + yore), where pg = e (% — 1) for case 1. and py = e (F—f -4 %Z—éf’)

T

for case 2..
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Solving the particular eigenvalue-eigenvector problems M, ¢z’ = px¢, M, “y® = py® and
2 2

M, ¢2b = 112 leads to the following results.
2

i) x is an eigenvector for ]\24 associated with the eigenvalue 0 iff e"\Z—i =0.

ii) y is an eigenvector for ]\2/[ associated with the eigenvalue 0 iff e A2 —

iii) z is an eigenvector for ]\2/[ associated with the eigenvalue 0.

The eigenvector z of k is automatically an eigenvector for ]\2/[ , however, for z and y to
be eigenvectors for ]\2/[ , Ny must be a constant scalar field with respect to r: n, = 0.
For case 1. this equation implies that 7 must be of the form 7 = ¢r, with ¢ a positive
constant. If 7 = cr, then z, y and z are associated with the same eigenvalue 0. In this
case, ]\2/[ would vanish.

Considering the non-flat material metric, n}, = 0 is satisfied iff

firr + fi'r — 7 =0.

Table 5.7 contains the eigenvalues and associated eigenvectors for the tensor ]\34 .

Table 5.7: Eigenvectors and eigenvalues for J\3/[

Eigenvectors | Eigenvalues
— ANy
T+ z pr=e "2
_ _ AT
T —z ps = —e "2
Yy po =0

Writing the results specifically for the metric 1. and the metric 2., one obtains the

results given in Table 5.8 and Table 5.9, respectively.
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Table 5.8: Eigenvectors and eigenvalues for ]\34 considering the material metric 1.

Eigenvectors Eigenvalues
rrz | m=eME-D
SR e

Y po =0

Table 5.9: Eigenvectors and eigenvalues for ]\3{_/ considering the material metric 2.

Eigenvectors Eigenvalues
vz | pr=e? (5434
T =2z NSZ_Q_A(%—%—F%%W)
Y g =0

The tensor ]\3/[ has distinct eigenvalues, the eigenvalue corresponding to y is zero. The

canonical form of ]\34 can be written as Mbc = 2u7(zpze + 2pe), where p; = e‘A(% — %)

for case 1. and u; = e A<~ —1—}? ) for case 2..
Considering the eigenvalue-eigenvector problems M, z® = px¢, M,%y" = py° and
3 3

M ¢zb = uz® one gets:

i) x is an eigenvector for ]\3/[ associated with the eigenvalue 0 iff 6_’\2—3 = 0.

ii) y is an eigenvector for ]\3{[ associated with the eigenvalue 0.

iii) z is an eigenvector for 1\3/[ associated with the eigenvalue 0 iff e"\% = 0.

For ]\?{[ , i is an eigenvector associated with the eigenvalue 0 and = and z are eigenvec-
tors associated with the same zero eigenvalue if and only if n), = 0. Considering the
flat material metric 1. and substituting ny by its expression given in (5.8) one deduces

that y and z are eigenvectors for ]\34 iff 7 = ¢r, where ¢ > 0. Considering the non-flat
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material metric 2. and substituting ns by (5.13), y and z are eigenvectors for ]\34 iff

f'rr + fr'r — ff = 0. In this case ]\34 reduces to M. = 0.
3

Ricci rotation coefficients

The expressions for the Ricci rotation coefficients are

-/
Yoo =€ "V

e
Y122 = ——
r
oA
Y133 = ——
r
cos
Y233 = : .
rsind

Kinematical quantities

Calculating ©, 1., 04, and wg,, contained in?

1
Ugp = _uaub + ua;chcb = _uaub + g@hab + Oab + Wap,
one obtains
©=0
i, = (0,2/,0,0)
Oagb — 0
Wab = 0.

5.2 Non-static spherically symmetric space-time

Consider a non-static spherically symmetric space-time and write the line-element of

the corresponding space-time metric ¢g in the form

ds? = —e2 N g2 4 2 42 L p2d0% 4 12 sin? 0dg?, (5.14)

2See page 14 in Section 2.1.4.
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where the space-time coordinates are given by the set w® = {t, 7,0, ¢}. This space-time
metric differs from the static spherically symmetric one in the coordinate functions e?”
and €2}, which depend here additionally on the coordinate t.

Let €4 = {7, 0, <;~5} be the coordinate system in the material space X. Because of the
assumption that the space-time is non static and spherically symmetric, the material

radius 7 depends on ¢ and 7. The material angles  and ¢ can be chosen to be equal

to the physical angles: 8§ = 0 and ¢ = ¢. Thus, the configuration of the material is

! A
described by the material radius 7(¢, 7). The relativistic deformation gradient £ = 85
wa
oet . ot &> &3
has a—io =7, a—il =7, 8_52 =1 and 6_53 = 1 as the only non-zero components.

In X, consider two forms of the material metric:
1. ds® = di2 + 72d0? + 2 sin20d¢?
2. ds? = f2(F)(di? + 72d6? + 72sin®0dg?).

Again, here, the metric 2. is conformally related with the flat metric 1., this being

again a particular case of that one considered in Chapter 4.

At this point one can see the reasons for the difference between the non-static config-
uration considered in this section and the static configuration treated in the previous
section. As already mentioned, the functions e?” and e?* of the non-static space-time
metric depend on both coordinates ¢ and r. Here, the material radius 7 and the confor-
mal factor f? depend in addition to r also on the coordinate t. Moreover, the relativistic
deformation gradient has one more non-zero component, namely 7, the time derivative
of the material radius.

In the subsequent paragraphs, the results corresponding to the flat material metric 1.
and to the non-flat material metric 2. are listed subordinately to the items 1. and 2.,

respectively.

Pulled-back material metrics

1. Pulling back the material metric 1. gives
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k% = 9%k = 9" (£C&7 Ko)
~1 <~ =2\ 5(11 501)

= e % 0% — T e 6% 0N + 7 Te

~12 _—2X sa 1 7:2 a 2 7:2 a 3

The line-element corresponding to the pulled-back material metric kg, is

ds® = —F? dt* + # 7 dtdr + 7 7 drdt
(5.15)
+ 72 dr® + 7 d6? + 7 sin0 do°.
Calculating the eigenvalues of k one obtains:
n?=e " — P2 = n2(t,r) (5.16)
f2
ny =nj = — =n3(t,r) (5.17)
r
The linear particle densities have the following form
ny =ny(t,r) = V2 e=2A 2 o= (5.18)
(5.19)

=S

ne = ng(t,r) = nz(t,r) =

Pulling back the material metric 2. implies

kab — gack,cb — gac(gcCgbBKCB)
— fZ(f)[—f2 6—21/ 5(10 60{; o Lf/ 6—21/ 6(10 511; + 7:/7,%6—2)\ 5111 50()

~12 _—2)\ ¢a 1 7:2 a 2 fQ a £3
+T e 515b+ﬁ526b+r_2636b].

The line-element corresponding to the pulled-back material metric kg, is
ds® = f2(F)[—F dt* + 77 dtdr + 7' F drdt
(5.20)
+ 72 dr? + 72 d6* + 72 5in®0 d¢?].
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Calculating the eigenvalues of k one obtains

n? = fA(R)[F"? e — 2 e ] = ni(t,r) (5.21)
g =nd = f20)5 = ni(t.r) (5.22)

The linear particle densities have the following form

ny = my(t,r) = f(r)ViZ e — 2 e (5.23)

f
ny = no(t,r) = ng(t,r) = f(r); (5.24)
Multiplying the eigenvalues of the metric 1. by the conformal factor f?(7) establishes
the expressions of the eigenvalues of the metric 2.. This is a consequence of the result

proved in Section 4.2.1.

Now, calculating the spatial eigenvectors x, y and z of k associated with the eigenvalues

n? and n2 (which has algebraic multiplicity 2) and determining the matter velocity

field u from u®¢A = 0, u%u, = —1 and u® > 0, allow to define the orthonormal tetrad
{u,z,y, 2z}
ua = eil/ e _671/ ; e 07 0:| Ugq = |:_6V e _62)\71/ ;77 07 O:|
i r r
ot = | =¥ %% e 7,0, 0} T = [eA %% e*,0, 0}
[ 1
?Ja = 0707_70:| Yo = [0707T) 0]
r
- ] .
2% =10,0,0, — } 2, = 10,0,0,7sin 6]
i 7 sin 6

621/7’:/2

where v = | —————.
C2VFI2 _ 2Af2

Note that —u®u, = 2%, = y*y, = 2“2, = 1 and all other inner products are zero.
Using this orthonormal tetrad, the space-time metric can be written as g.,, = —u,up +

TaXp + Yo + 2a2p- The line-element corresponding to the projection tensor hy, =
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TaXp + YalYp + 2a2p 1S given by
ds? = e dr? 4 r2d? 4 12 sin® 0dg?. (5.25)

And the pulled-back material metric takes the form ke = n2zaxs + N3Yalp + N22a2p-

Constant volume shear tensor

1
The only non-zero components of the constant volume shear tensor s,, = §(hab — n’%kab)
are

1 62)\+2qu

Sp=-—(1—n"in?)
- ~ =z h
D Q202 _ p2)f2
1 €2>\+21/7::,,:/ 2,
A - S v srrvt G LY
222 — e2Ap
1 62)\+21/7712 2,
Srr= 5 ——————(1—n"%nj)
D Q202 _ p2)f2
1 2
_ 1 ~2 9
500 = 57 (1 —n"53n3)
1

Spp = 57“23@'7129(1 - n_%ng)

Excluding the cases 7 = 0, # = 0, sinf = 0, r = 0 and f = 0, the components of the
constant volume shear tensor vanish iff n? = n3, or, writing this condition explicitly,

iff

~ _ ~ _ =2
1. 72 2A — 272 T =

M)

2. Fe72A _ pemv 5 =0.

The condition obtained for the non-flat material metric coincides with the condition
for the flat material metric, since the factor f2 cancels on both sides of the equation
n? = n3, when substituting n? and n3 by the eigenvalues (5.21) and (5.22), respectively.
This is consistent with the result obtained in Section 4.2.3, where it has been shown
that the constant volume shear tensor corresponding to the non-flat metric equals the

constant volume shear tensor defined for the flat metric.
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Elasticity difference tensor

The non-zero components of the elasticity difference tensor S%, are:

st = e Py — ein),
n (e — e2Af2)2
. F27 02X 62)\7%7;“ _ 62%/”/1
S = ni (e — 62,\7&2)2
: 7"27“'62V 62)‘7&7.11 _ 621/7:/”/1
S =— n (e — ¢2Aj2)2
§ 7’7’/262V 62>‘7L”’f111 _ €2V7:/n,1
S = ni o (e — e2A2)?2
. 7’7“/262)\ 62)\7’;711 . €2Vf/n,1
Sor = ny (i — 82,\7&2)2
i 713 e2v 62)\7";.,':L1 _ 62Vf/n,1
Sor = - ni (e — e2A2)2
0 FoeP g — e2i'n)
S = Ny (€272 — e2hi2)
o _ 7Py — €2 Y7'n,
STy (20772 — e27f2)
0 7 e g — e2i'n)
Sor = Ny (€272 — e22i12)
b _ 7 e iy — e2in),
o ny (e2v7"2 — 62,\7&2)
St = - ;”7; g (fgie? — ;”L e +~r’ e? (n? — n2)
n’e Q22 _ p2A2
s = 12“7:;/\ Tng(hgf“e”‘ — nhr'e?) +f’e2”(n% —n3)
n’e Q22 _ p2A2
s, _7“7% zirf 0 rng(nyre® — nhie?) +Lf"e2”(nf —n3)
n2e? Q22 _ p2AR2
5, = Tf’2sir21i 0 rny(ngre® — nhi'e?) —i—~7”’ e (n? — n2)
nle Q22 _ p2A2

Since S, = 5%, there are twenty non-zero components for this tensor on the coordi-
nate system chosen above.
The components S¢,,, St ., S",, S".,, St,., S".. are zero if e**in; — e*#'n| = 0. S,

rro
S® S% and S®.  vanish if ey — e2F'nl = 0. St,,. ST, St and S”,. are zero if
otr 2 or r 2 o = 0. Oggs D790, O 4 b
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rng(ngre? — nhi'e?) 4+ ie? (n? —n3) = 0.

For the non-static case, the components of the elasticity difference tensor and of the

tensors M concerning the two material metrics are not listed here, since the expressions
(0%

become quite long. The tensor components are expressed in terms of the eigenvalues

n? and nZ without specifying them for the two material metrics.

Expressions for ]\1/[ , J\24 and ]\3/[

The second order symmetric tensors ]\14 , ]\2/_/ and ]\34 have the following non-zero com-

ponents.
eV A2 it — ey | 1
]}4“ - ny V2 _ o2Mf2 VT2 _ 2Af2
eV e — ey 1
]Y[Tt N ny V2 _ p2Af2 V2 _ o2AF2

eV A2 62117:/”/1 . 62)\7&7-11 1
]\14”“ - ny e2ViI2 _ 2Af2 \/ VT2 _ 2\f2
rlrng(e®7nl, — e*ng) 4 e (nd — n?)] 1
]\1499 - e’ +tAn2 \| e2virz — g2ni2
rsin? O[rng (e 7 nl — e\ rig) + e (n —n?)] | 1
]\14@5 == eu+/\n1 W2 _ o2\f2

_ (P nbe?” — rnge?)

];4” T (e — e2M2)

Moo — ri (F'nhe®” — ?hge”‘)
50 na (€22 — e2Ai2)

M. — rrsin @ (Fnbe? — rnge®)
.0 no (€272 — 2M2)

Mo — i sin @ (Fnhe? — Fige?)
s na (e — 22i12)

The structure of the tensor ]\1/[ is similar to the structure of the tensor k£ in the sense
that both tensors consist of six non zero components having the same coordinate in-

dices.
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Eigenvalue-eigenvector problem

The subsequent paragraphs are concerned with the eigenvector-eigenvalue problems for

]\14 , ]\2/[ and ]\34 , respectively.

Solving the eigenvalue-eigenvector problem for ]\14 one obtains the results exposed in

Table 5.10.

Table 5.10: Eigenvectors and eigenvalues for ]\14

Eigenvectors Eigenvalues
. eZVf’n’l—e”‘Fm 1
x M1 = A vng \/ e2viz_g2ri2
. rng(62>‘7L“h2762”7:’n’2)+f’62u(n%fng) 1
Y Ho = A2 C2UTI2 _g2A 2
_ rna(e o —e?V i nk) 4 e (n2 —n3) 1
< M3 = A2 \/ 2vi2_o2ri2

The eigendirections x, y and z of k are directly eigenvectors for ]\1/[ . One notices that y

and z are eigenvectors associated with the same eigenvalue. The results indicate that

the canonical form for ]\14 can be written as M,
1

p1 Ty e+ o (YpYe+ 2p2e ), where py and

t2 (= ps) are the eigenvalues with which x and y (or z), respectively, are associated.

The algebraic multiplicity of ps coincides with the geometric multiplicity and is equal

to 2. The eigenvalues depend on n;, ¢ = 1,2, and on the variation of n; due to the

variation of r and of ¢. Moreover, n; appears explicitly in all eigenvalues.

103



For ]\2/[ , the eigenvalues and associated eigenvectors are listed in Table 5.11.

Table 5.11: Eigenvectors and eigenvalues for ]\2/[

Eigenvectors Eigenvalues

o 62>‘th2—52”1:’71’2 1
Tty Ha = — X ng 2V /2 _g2Af2

e g —ei'nl, 1
r—Y Hs = XUy 2V 12 _g2Ai2

Z pe =0

In this case, only z is simultaneously an eigenvector of k and ]\24 , but now the cor-
responding eigenvalue is zero. The tensor ]\24 has three distinct eigenvalues, two of

them differ only in a sign. The canonical form for ]\2/[ can be expressed as M. =
2

204 (xpye + Ypc).

Solving the particular eigenvalue-eigenvector problems M, ¢z’ = pz¢, M, “y® = py® and
2 2

M, ¢z" = pz© leads to the following results.
2

i) x is an eigenvector for ]\24 associated with the eigenvalue 0 iff €2} rry —e?7'nly = 0.
ii) y is an eigenvector for M associated with the eigenvalue 0 iff e** 71y —e®#'nf, = 0.
2

iii) z is an eigenvector for ]\24 associated with the eigenvalue 0.

The condition for z to be an eigenvector for ]\24 is automatically satisfied, however, for
x and y to be eigenvectors for ]\24 , the condition e**rn, — 2“7 ny = 0 must hold. The
eigenvectors x, y and z are then associated with the eigenvalue 0. In this case, ]\2/[

vanishes.

Table 5.12 contains the eigenvalues and associated eigenvectors for the tensor ]\34 .
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Table 5.12: Eigenvectors and eigenvalues for ]\34

Eigenvectors Eigenvalues
e2 M ing —e2V ik, 1
T+ z H7r = — A Vng G2V 712 _ g2Af2
. e2>‘7ih2—e2”f’n’2 1
r—=z Hs = S ng Q2072 _g2Ag2
Y prg =0

Here, only the eigenvector y of k remains as eigenvector for ]\34 , now it is associated

with the eigenvalue 0. The other two eigenvalues differ in a sign. One concludes that

the canonical form for ]\3/[ can be written as M. = 2u7(xpze + 2p%c).
3

Considering the eigenvalue-eigenvector problems M,°z® = px¢, M,“y® = py° and
3 3

M, ¢zt = p2°, it follows:
3

i) x is an eigenvector for ]\34 associated with the eigenvalue 0 iff €2 77, —

ii) y is an eigenvector for ]\34 associated with the eigenvalue 0.

iii) z is an eigenvector for ]\34 associated with the eigenvalue 0 iff €271y —

For J\3/[ , y is directly an eigenvector associated with the eigenvalue 0 and x and z are

eigenvectors associated with the same zero eigenvalue if and only if €*715 —e?#n), = 0.

In this case ]\3/[ reduces to M. = 0.
3

Ricci rotation coefficients

The expressions for the Ricci rotation coefficients are
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N0+ PN — 272N — 272 4 2 — 2 — )

Yoo = — —
(€202 — e2\f2)3/2
64)\7:3)\ + e41/7";/3]//
6V+)\(621/f/2 _ 62/\7&2)3/2
e”(f?’u’ — P20+ TP — 77277’) + 62”(f’3A — 2PN — 72 'r7")
Yo = — -
(e2v72 — 62AT2)3/2

r 1
1022 = TN oz gone

r 1
Y033 = —~

r\ e2vi2 _ g2\f2

e’ 1
Y122 = = 3
err | e2vir2 _ 2752

1

el/f/

Y133 = = <
err | e2vir2 — 2752
cos

V233 = ————-
rsind

For the non-static case there are three more rotation coefficients (7Yo11, Yo22 and 7o33)

than for the static case.

Kinematical quantities
Calculating the expressions for the expansion ©, acceleration 1,, shear o, and vorticity
wap, ONe realizes that it is quite impossible to write them down due to their complexity,

but in this case one can state the following:
i) The expansion is non zero.
ii) The acceleration has 1; and , as non zero components.

iii) For the shear tensor field the following components are non-zero: oy, oy = 0,

Orp, Ogg and 0ggp.

iv) The vorticity tensor w,, vanishes.
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5.3 Axially symmetric non-rotating space-time

To begin with, consider an elastic, axially symmetric, uniformly rotating body in in-
teraction with its gravitational field. The exterior and the interior of the body may be

described by the following metric?
ds® = —e*dt* + e*dr® + e*dz* + e*¥ (dp — wdt)?, (5.26)

where v, ¢, w, i are functions of r and z.
Assume that the material metric is flat. Introducing in X cylindrical coordinates

¢4 = {R,(, ®}, then the material metric takes the form
ds* = dR* + d(* + R*d®?, (5.27)

where the parameters R, ¢ depend on r and z. ® is given by ®(¢,r, z, ¢) = ¢ —Q(r, 2)t.
The space-time metric for the limiting case of an axially symmetric non-rotating elastic

system can be written as
ds® = —e™dt* + e*dr® + e*d2* + e*d¢”. (5.28)

This metric is obtained from (5.26), when w = 0 and © = 0.

Imposing R = R(r), ( = z and gu = ga(r), one obtains a further reduction to
cylindrical symmetry. This reduction is mentioned in Magli (1993) [44].

The space-time metric used in this section is given by (5.28), where the functions v, p, 1
depend on r only. The space-time coordinates are taken as w® = {t,r, z, ¢}.

Suppose that the orthonormal tetrad {u, x, y, z} is defined by the following basis vectors

and one-forms

u® = [5,0,0,0] u, = [—e"",0,0,0]
2% = [0, 55,0, 0] 2, = [0,e"",0,0]
y* = 10,0, =5, 0] Yo = [0,0, "), 0]
2*=10,0,0, 7] 2o = [0,0,0,e¥].

3See Magli (1993) [44].
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Using this tetrad, the space-time metric can be written as gu, = —ugUp + Loy + YaYp +
Zalh-

In X, the material metric K 45 is given by the line-element
ds* = dR* 4+ d¢* + R*d¢?, (5.29)

where ¢ = z and R = R(r).
oA

The relativistic deformation gradient §f =5 has the following non-zero components
w(l

d¢t dR . de? aes

== = —— =1land — =1.

dw'  dr i, dw? e s

Calculating the pull-back of the material metric one obtains

k% = 9"ka = g°° (76 Ke)

= R2e25% 01, 1 e %0%8% + R 5%6%,.

(5.30)

The line-element corresponding to the pulled-back material metric k,;, can be expressed

as
ds* = R*dr* + dz* + R*d¢*. (5.31)
Writing the pulled-back material metric in terms of the orthonormal tetrad
kab = NiTaly + N3Yals + N3Za 2,
it follows that its line-element is given by
ds® = nie*dr? + nie*dz* + nie*Ydp®. (5.32)

Comparing this line-element with the line-element (5.31) enables to determine the

eigenvalues of k:

n? = R?e " = n3(r) (5.33)
ny =e = n3(r) (5.34)
ni = R%e Y = n3(r). (5.35)

108



The linear particle densities are defined by

ny =ni(r) =e*R
ng =mno(r) =e*

ns = ng(r) = Re™Y.

Constant volume shear tensor

1
The non-zero components of the constant volume shear tensor s,, = é(hab — n’%kab)

are
1 2
Spp = §€2M (1 —n 3n%>
Sy = 162“ (1 - n’§n§>
2
1
Spp = 562’” (1 — n_%n§>

Equating the components s, s,, and s44 to zero and substituting n?, n3 and n3 by
its values (5.33)-(5.35), one derives that the constant volume shear tensor vanishes iff

the condition R(r) =r = e¥™* is satisfied.

Elasticity difference tensor

The non-zero components of the elasticity difference tensor are listed below:

oo _m
rr T

m

/

n

z o '"2

Szr__

Ny

q® _n_g
or

ns

2
ny ng

ST, =p — = —=n
2z 2 22
ni ni

2
—oh— n ns
ST o —e 29—2p <¢1_ 3¢1_ n/) )
lol 2 2'"3
ny ny

One can see that only seven components of the elasticity difference tensor are non-zero.

Replacing the eigenvalues, which appear in the components of the elasticity difference
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tensor, by their explicit expressions (5.33), (5.34) and (5.35), implies

§ R
Srr = ﬁ _//
Szzr = _M/

R

¢ _

S¢7‘ — E _¢/
Sa=1

R _
Sr¢¢ — _ﬁ + 62¢ 2/1770/.

Calculating the conditions for these components to vanish, leads to the following results:
i) S7,, is zero whenever R(r) = c¢; + ¢ [ e*")dr;

ii) S?,, is zero whenever pu(r) = ¢, where c is a constant;

(
(
(iii) Sd’w is zero whenever R(r) = cze?(");
(iv) S7,, is zero whenever u(r) = ¢4, where ¢4 is a constant;
(v) S"y is zero whenever R(r) = csel #d’",

The tetrad components of the elasticity difference tensor are:

)
8111 — e 1
ni

/

mn
S% =e "=
n2

!/

_n

8331 —e 2
nsg

_ _,n )
5122:‘9 ' —e “n—zﬂl_e "l

2 )
1 ny
2
n n
1 ol —p '3 —u'*3
Say=e M —e —gw — N3
ni ni
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Expressions for ]\1/[ , ]\24 and ]\34

The second-order tensors ]\14 , ]\24 and ]\34 have the following non-zero components:

M,, = el'—

1 ny

1 ny

n/
M,, = M, = e'—2
2 2 )

!

n
M,y = My, = e 3
3 3 ns

to:

The next equations show the relations between the components of 5%, and the second

order tensors.
.

.
M,, =e"S"_,

1

]\14¢¢ =¢S5

z
M,, =e"'S*,,

2

]\347"(;5 = 6w5¢¢r
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Recalling the decomposition of the elasticity difference tensor?, these results show that
the components of the elasticity difference tensor are linear combinations of the com-
ponents of only one eigenvector of & in each case. Three of them, S”,,, S",, and 5",

are linear combinations of the component of the vector . The other two (four if we

also count the symmetric components), S* . and 59 , are linear combinations of the
Y z or

component of the vector y and z, respectively.
Eigenvalue-eigenvector problem
The following tables, Table 5.13 - Table 5.18, contain the eigenvalues and eigenvectors

for the tensors ]\1/[ , ]\24 and ]\3/[ . Their eigenvectors are then compared with the eigen-

vectors of the pulled-back material metric.

Solving the eigenvalue-eigenvector problem for the tensor ]\14 one obtains the results

appearing in Table 5.13.

Table 5.13: Eigenvectors and eigenvalues for ]\14

Eigenvectors Eigenvalues
_un}
T A —e H2
ni
2
_ /! ns 1 ng ./
y o = e (0 = e = )
z A—e_u wl_n_gl_%n/
3= n2H 2T

Substituting n?, n3 and n2 by their explicit expressions leads to the eigenvalues exposed

in Table 5.14.

4See (3.24) in Chapter 3.
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Table 5.14: Eigenvectors and eigenvalues for ]\14

Eigenvectors Eigenvalues
: T
Yy Ay = e My’
z )\3 = 6_.“‘ (_%62:“_2¢ + w,)

One can observe that the eigendirections x, y and z of k are also eigenvectors for the
tensor ]\14 . The eigenvectors are now associated with different eigenvalues, but still

depending partially on the eigenvalues of k. The canonical form for ]\14 can be written

as My = Mixpxe + AoUpYe + A32p2c.
1

Table 5.15 contains the eigenvalues and eigenvectors for the tensor ]\2/[ )

Table 5.15: Eigenvectors and eigenvalues for ]\24

Eigenvectors | Eigenvalues
x4y Ay = 6_“%
xT—y A5 = —6_“2—2

z X¢ =0

Writing ny explicitly, one obtains the results given in Table 5.16.

Table 5.16: Eigenvectors and eigenvalues for ]\24

Eigenvectors | Eigenvalues
T4y Ay = —ple ™
x—y A5 = ple

z X =0

]\24 inherits only one eigenvector z from k, which is associated with the eigenvalue 0.
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The other two eigenvectors of ]\24 are linear combinations of x and y, namely x + y
and r —y. The corresponding eigenvalues are symmetric and depend on n3, more
accurately on ny and on the derivative n,. The canonical form for ]\2/[ can be written

as My = 2 a(@pYe + Yoc).
2

Solving the particular eigenvalue-eigenvector problems M, “x® = A\z¢, M, “y® = \y° and
2 2
M, ¢z" = \z¢ leads to the following results.
2

i) x is an eigenvector for ]\24 associated with the eigenvalue 0 iff e‘“Z—é = 0.

ii) y is an eigenvector for ]\2/[ associated with the eigenvalue 0 iff e‘“;l—/; = 0.

ili) z is an eigenvector for ]\24 associated with the eigenvalue 0.

The eigenvector z is directly an eigenvector for ]\24 . The other two eigenvectors, x
and y, of k are eigenvectors for ]\2/[ iff ny is constant with respect to r: ny, = 0. This
condition implies p(r) = ¢, in which case ]\2/[ = 0.

The eigenvalues and eigenvectors for the tensor ]\3/[ are presented in Table 5.17.

Table 5.17: Eigenvectors and eigenvalues for ]\3/[

Eigenvectors | Eigenvalues
/

— M3

T+ z Ar=e -
_ynt
r—z Ag = —e H=2
n3

Yy )\9 =0

Substituting ns by Re~¥, one obtains the results given in Table 5.18.
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Table 5.18: Eigenvectors and eigenvalues for ]\34

Eigenvectors Eigenvalues
T+ 2z Mze‘“(%—zﬂ’)
T —z )\8:—6*“(%—@//)
Yy )\9 =0

J\34 and k have the eigenvector y in common, the corresponding eigenvalue being equal
to zero. The other two eigenvectors of ]\?{_/ are linear combinations of x and z, namely
r + z and x — z. These two eigenvectors are associated with symmetric eigenvalues,
which depend on n? through its square root and the derivative nj. The canonical form

for ]\34 can be written as My. = 2\7(2p2. + 2pT¢).
3

Solving the particular eigenvalue-eigenvector problems M, “x® = \z¢, M, “y® = \y® and
3 3
M, ¢2" = Xz leads to the following results.
3

i) x is an eigenvector for ]\?{_/ associated with the eigenvalue 0 iff e*“Z—é =0.

ii) y is an eigenvector for ]\34 associated with the eigenvalue 0.

iii) z is an eigenvector for ]\3/[ associated with the eigenvalue 0 iff e‘“% = 0.

]\34 inherits the eigenvector y from k, which is associated with the eigenvalue 0. For x
and z to be eigenvectors for ]\3{[ one must require that ng is constant with respect to r:

nj = 0. Solving this equation yields R(r) = ce¥. In this case, one has ]\3{[ =0.

115



Ricci rotation coefficients
Calculating the Ricci coefficients one obtains:

/

v
Yo10 = on
li

10

Y122 = o
¢l
Y133 = e_ﬂ'

Kinematical quantities

The kinematical quantities entering in the decomposition

1
Uq;p = _uaub + ua;chcb = _uaub + g@hab + Oap + Wap

)

are given by the following expressions:

0=0
i, = (0,2/,0,0)
oap =0
wap = 0.

5.4 Concluding remarks

Static spherically symmetric space-time

(5.36)

For the static spherically symmetric space-time the results of the eigenvalue-eigenvector

problem show that the eigendirections x, y and z of k£ remain eigenvectors for the tensor

]\14 only. The eigenvalues associated with the three vectors are altered, when compared

with the eigenvalues of k. In fact, the eigenvalues of ]\14 are functions of the eigenvalues

of k: the eigenvalue corresponding to x depends on n; and on n); the eigenvalues

corresponding to y and z are equal and they depend on both eigenvalues of k: n? and

2 /
n; and on nj.

Considering ]\24 and ]\34 , not all eigendirections of k£ remain eigendirections for those

tensors. For J\ZI , only z continues to be an eigenvector, and for ]\3/[ , only y. Both are
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associated with the eigenvalue zero. Furthermore, for ]\24 , the eigendirections x and y
of k are changed to be x4y and z —y. For ]\34, x and z are changed to z+ z and = — 2.
The vectors x + y and x + z are associated with the same eigenvalue, as well as x — y
and x — z are associated with the same eigenvalue, both eigenvalues differing only in
sign. Thus, the set of eigenvalues of ]\24 coincides with the set of eigenvalues of ]\34 :

The conditions for the vectors x, y and z to remain eigenvectors for ]\24 and ]\34 is that
ns is constant with respect to the coordinate r, in which case ]\24 and J\g/[ are reduced

to a zero tensor.

The property that the eigenvectors y and z of k are associated with the same eigenvalue,
namely n3, goes over to the elasticity difference tensor, due to its formal definition, and
consequently to the tensors ]\(14 . There, this property seems to be reflected by the new
property that ]\24 and ]\?{_/ , the coefficients of y and z in the decomposition of S, have
the same eigenvalues. One can see that the role that y (z) plays for ]\24 is the same
that z (y) plays for J\SI . Interchanging y and z in Table 5.4 (Table 5.5 and Table 5.6)
leads to the results given in Table 5.7 (Table 5.8 and Table 5.9) for ]\34 .

Non-static spherically symmetric space-time

Here, the behaviour of the eigenvectors and eigenvalues is similar to the static case.
x, y and z are eigenvectors for ]\14 : J\2/[ has x + y, * — y and z as eigenvectors, z being
again associated with the eigenvalue 0. J\s/[ has x + z, x — z and y as eigenvectors, y
being associated with the eigenvalue 0. The eigenvalues corresponding to = + y and
xr + z are equal, as eigenvectors of ]\24 and ]\34 , respectively, i.e. uy = p7, as well as the
eigenvalues corresponding to z — y and = — z are equal, s = pg. These eigenvalues
are symmetric: py = uy = —ps = —pg. As in the previous case, all eigenvalues of ]\24
are equal to those of ]\34 . The vectors y and z are identical to the vectors y and z in
the static case, only x is here different. Other differences that can be observed in this
case are that the expressions of the eigenvalues depend here on the coordinate ¢ and

on derivatives of the functions v, A and 7 with respect to this coordinate.

One can conclude that the transition from the static to the non-static case does not
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change the structure of the eigenvectors. This means that the vectors which are eigen-
vectors for ]\14 , ]\24 and ]\3/[ in the static case are also eigenvectors for the three tensors in
the non-static case, the only difference being that the expressions of some eigenvectors

and eigenvalues are altered.

Axially symmetric space-time

For the axially symmetric space-time here considered one can conclude that the three
eigenvectors x, y and z of k remain eigenvectors for the tensor J\14 . The correspond-
ing eigenvalues are now changed, but they still depend on the eigenvalues of k. The
eigenvalue associated with the eigenvector x is a function of ny and n). The eigenvalue
associated with y depends on the eigenvalues n? and n2 of k and the eigenvalue as-
sociated with z depends on the eigenvalues n? and n3 of k. One can observe that all
eigenvalues depend on n;.

Considering ]\24 , Z remains as eigenvector, now associated with a zero eigenvalue. The
other two eigenvectors are z + y and = — y, associated with symmetric eigenvalues.
These new eigenvalues depend on ny and n,.

The tensor ]\34 inherits only y as eigenvector from k. The other two eigenvectors are
linear combinations of z and z: x 4+ z and z — 2. Also in this case they are associated
with symmetric eigenvalues depending on ng and nj.

One can observe that the vector x plays the same role for the tensors ]\24 and ]\34 . In-
terchanging in Table 5.15 ny with ng, y with 2z and ]\24 with J\g/[ , one obtains the results
of Table 5.17.
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Chapter 6

Generalizing results established for
a spherically symmetric space-time

with flat material metric

6.1 Introduction

Magli (1993) [45] applied the relativistic elasticity theory to a non-static spherically
symmetric space-time and obtained a form for the Einstein field equations, which can
be useful in the analysis of the relativistic interior dynamics of a spherically symmetric,
non-rotating star composed of an elastic material. He expressed the energy-momentum
tensor in terms of the material fields, see (2.53), in order to describe the interaction of
the elastic material with the gravitational field by means of the Einstein field equations.
In all this work, the material metric was assumed to be flat.

The results exposed in this chapter present a generalization of the results given in Magli
(1993) [45] in the sense that here, the Einstein field equations are obtained for a non
flat material metric K, conformally related with the flat material metric K used by
Magli. Two cases are analysed. In the first case, two different space-time metrics still
belonging to the same class of non-static spherically symmetric space-time metrics are

considered: ¢, the space-time metric associated with the non-flat material metric K,
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and the space-time metric § associated with the flat material metric K, which is the
configuration established in Magli (1993) [45]. The second case consists in supposing
that the space-time metric is the same both for the flat and the non-flat material

metric, i.e. g = g.

6.2 First case: g#g

Consider a non static spherically symmetric space-time M equipped with the coordi-

nate system w® = {t,r,0,¢}. Let the space-time metric g4, be given by the line-element
ds® = —a(t,r)dt* + b(t,r)dr® + r’d6* 4+ r*sin*0dp>. (6.1)

Consider a non-flat material space X with material space coordinates ¢4 = {y, 9, gg},
where y = y(t,r), 6 =0 and ¢ = ¢. Defining the non-flat material metric K 45 by the

line-element
ds® = f2(y)(dy? + y2d6? + #sin*0dg?), (6.2)

then K and the flat material metric K used in Magli (1993) [45] are conformally related,

since

Kap = f*(y)Kas, (6.3)
where the line-element of K is given by

ds? = dy® + y?d6* + #sin®0dd>. (6.4)

Let the line-element corresponding to the space-time metric g used by Magli! be written

as

ds® = —a(t,r)dt* + b(t,r)dr?® + r*d6* + r*sin*0de>. (6.5)

Here, the space-time metric coefficients are chosen to be @ and b instead of a and b; (c.f. Magli

(1993) [45]).
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In order to distinguish the quantities corresponding to the flat case considered by
Magli, where the flat material metric K (6.4) and the space-time metric g (6.5) were
used, from the quantities corresponding to the case of a non-flat material metric K
(6.2) with space-time metric g (6.1), bars are placed over those functions and tensors
referring to Magli’s work, that is, to the flat case. Furthermore, the following notation
is established: a dot indicates a derivative with respect to ¢t and a prime, a derivative
with respect to r.

Calculating the pull-back of the material metric K one obtains
kY = 9%k = 9" Koptl&y = [2(y)9" Kol & = 2 (4)g ke
_ fQ(y)gac [926005017 + yy/(éOc(slb + 50[)516) + y/2(<51b51C + y252b52c + y282~n2053b536] ’

where the relativistic deformation gradient ¢ is of the form

vy 00
fA—ng— 0010 (6.6)
“@ T Jwe ) '
0001

One can write the pulled-back material metric &% as

=)@ /a) =) (5y'/a) 0 0
2 o 2 2
b FW)yy'/b) 2 (y)(y™=/b) 0 0 6.7)
0 0 P ?/r) 0
0 0 0 P2 r?)
The velocity field of matter u defined by the conditions? u*¢4 = 0, u*u, = —1 and

u® > 0 can be expressed as

oy % (1, —5,0,0) , (6.8)

where

) = (1 -2 (5)2> | (6.9)

2See Section 2.1.4 in Chapter 2.

=
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The projection tensor is defined by

1 -2 —*(by/ay’) 0 0
2(g/y) 1+~2(b/a)(m/y)? 0 0
B = 5%+ iy — VYY) T+ (b/a)(5/y) (6.10)
0 0 10
0 0 01

The strain operator §% = ¢*°kq — u®up (2.16), which can be used to measure the state
of strain of the material by (2.15), has, due to the relation §%u’ = u®, one eigenvalue
which is equal to one.

The other eigenvalues are

Y
s=ni=ni= )%
, Ly (6.11)
n=mn = f (y>7267

so that these eigenvalues can be related with the eigenvalues s and 7 of the strain

operator g% = g%y, — utu, considered in Magli (1993) [45] by

s=mn;=n3= f*(y)s

- (6.12)
2 2 ¥ b
n—nl—f(y)ﬁgn

Note that s is the eigenvalue of algebraic multiplicity 2, which equals the eigenvalues
n3 and n3 of k.

The three invariants of §, chosen by Magli®, have the following expressions

1
I = B (Trg —4)

1
I= [Trg? — (Trg)’] + 3 (6.13)

1
I3 - §(det§_ 1)7

3See (2.17) in Chapter 2.
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where
Trg=n+2s+1
Trg*=n* +2s* + 1 (6.14)
det § = n s>

Substituting (6.12) in (6.14) implies

7 b
Trg=f>Trg + f> (ﬁgn—n—l) +1
~ 5 ~4 52
Trg2:f4Trg2+f4(%—2772—772—1>—I—1 (6.15)
,26
detg:fﬁ%gdetg,

showing the dependence of the traces Trg and Trg? on the traces Trg and Trg?, respec-
tively, and the dependence between the determinants of § and §.
Inserting (6.15) into (6.13) yields the following relation between the invariants Iy, I,

I3 and the invariants I, I», I of g corresponding to the flat material metric

2b

1], (%0 2
- = Llg—g—1)+1
4[1‘ (72[)77 7] + +3
b 1 .7b 1
L=t a i

Following the appendix of Magli (1993) [45], to deduce the expression for the energy-
momentum tensor, one concludes that considering the metric g and the non-flat ma-
terial metric K, the expression for the energy-momentum tensor is the same as (2.53).

Calculating the components of the energy-momentum tensor

Oe 0 0 Oe
T% =¢€0% 8_Idetgh + (Trg 0[62 8]61) ke, — A ke kS, (6.17)
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where the energy density is here represented by €, agreeing with the notation used in

Magli (1993) [45], yields

? (6.18)

Oe 2 9e 2 2
- - L[S+ (5 - ro % 5) (Fo S -rw ).

where

2 4

S =20 [ a (12w S) + S rw k] (6.19

r
The other two non vanishing components of the energy-momentum tensor are related

by T = 2T} and 7% = T3.

The energy density is defined in Magli (1993) [45] by
€=pu, (6.20)
where

p=pov/detg = pos+/1n (6.21)

represents the actual density calculated in the rest frame, py stands for the density of

the relaxed material and

v= U(Il(3>77)7 [2(5777)a 13(3’ 77)) = U(S>77> (6'22)

represents the constitutive equation.

The quantities p and € are related with p and € by
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_ |detg .5 [7%D
pP=pn\l7==0n"\| 5
detg ¥2h
- (6.23)
_ v 7%
€=¢€ f 5 %
Using (6.13) and (6.14), one can prove the following relations:
Oe 1
— = 6.24
on  2f? Z’ (6.24)
de 1 , O L y? Oe y? oy
== = _pLl ) (L L), 6.25
Js  f? Z * (f I, / r2 0l r2  ~%b (6:25)

Alternatively, one can express the components of the energy-momentum tensor in terms
of the eigenvalues s and 7 by substituting the last results in (6.18) and using (6.20)
and (6.21):

To=p [v+ (v+2n@) 7204 :
on

a v
Ty = —p\/; (v + 2778—) Yw,
" (6.26)

ov
Tll = —p |:’72 <U+27’]a—n) —?}:| s
ov
TS = —,03%,

where

] by
w:1/1—¥:\/;§. (6.27)

The Einstein field equations G% = 877} can be written as

G° = 87TY:
b 1 1 0
Gy = 87T}
b a ov



L))
G*, = 8173

i@_ﬁl@;g_wyic_ﬁig_

2b|a 2a®> r\a b 2ab 2 \ b 26> 2ab (6.31)

—pS%Sﬂ'.

It is possible to relate the expression for the energy-momentum tensor 7 (6.17) with the

energy-momentum tensor 7 corresponding to the case where the flat material metric
_ Oe . . oe , )
is used. For that purpose, — are written in terms of —, for ¢ = 1,2, 3 with the help

a1, olI;
of (6.16), the result being

de  Oe (01 91 [,o(7
S - T —1)+1
oL 86{8[1 [ERTAE [f (7%" K ) i H

de  0Oe 0€ 1

= == 6.32
0l,  0€ dI, f* (6.32)
0 _0c 0 14
Ol; O OI3 f6 32b°
Introducing the results (6.32) and (6.15) in (6.17) and using (6.23) leads to
¥2b - 0 . v |72 _
To= 20T+ S detg 324 20 (1— ) ke 6.33
b f@ 2% b+8lgeg‘f{) 72b( f7) kY (6.33)
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6.3 Second case: g=¢g

As for the analysis of the case g, = ¢a», the quantities corresponding to the non-
flat material metric K are related in a directer and simpler way with the quantities
corresponding to the flat material metric K.
The pull-back of the non-flat material metric K is calculated as follows
kY = 9%ke = [2(9)g" KeptC &) = f2(y)g“570%.0% + 4y (6°.8", + 6%0")
+ 260,01, + 203, 0%, + yPsin?06°,6% ).

One can verify that k& can simply be related with the flat pulled-back material metric

k:

k% = A(y)ke. (6.34)
Thus, in this case, both the flat and non-flat material metric and its pull-backs are

conformally related.

The eigenvalues s and 7 of k satisfy

Y _
s = f2—2 = s

r

e (6.35)
n=1rf % = [,

where v is given by (6.9).

The expressions (6.35) imply the following equivalences
Trg=n+2s+1=fTrg+1— f>
Ttg> =n*+2s8°+1= f'Trg> + 1 — f* (6.36)
detg = ns® = f®detg.

Using the last relations, one can show that the invariants Iy, Iy, I3 associated with the

operator § depend on the invariants I, I5, I3 associated with g as follows:

IlZ%(Tf§—4)=f2f1+g(f2—1)
b= [0 — (Tg)"] +3= Fh + (f' = L+ 5 (F' = f2) 3£ +3 (63)

13:%(detg—1):f61‘3+%(f6—1).

127



Taking into account the definitions (6.20) and (6.21), the energy density € can be
related with € by

€= f3%a (6.38)

Considering this equation for ¢ and observing (6.37), one can find the following expres-

sions for %, © = 1,2,3, which appear in the definition of the energy-momentum tensor

(6.17)

De _1oe 0e(1 1
oL,  f20I, 0L, \ f?2 f4
Oe 1 Oe

= - 6.39
0,  f10I, (6.39)
o _10e
oLy fOOI5
Now, substituting (6.38), (6.39), (6.36) and (6.34) in the expression
Oe Oe Oe Oe
TG =¢e6% — ——detgh® Trg— — — | k% — =— k°. k¢ A4
R T b+(r9012 6[1> TR (6.40)
leads to
a 3V 7a
TS =f=-T%, (6.41)
v

where 7 denotes the energy-momentum tensor associated with the flat metric k. From
the fact that g = g, the energy-momentum tensor 7 associated with the metric k coin-
cides with 7: 7 = 7. Therefore, the following condition for the constitutive equations

v and v and the function f must be satisfied: v = #@. This implies € = €.

6.4 Concluding remarks

When considering a non-flat material metric instead of a flat material metric, the anal-
ysis of the results show that the Einstein field equations G = 877 ¢ (6.28-6.31) itself
have the same structure as the Einstein field equations derived by Magli for the flat

case. The difference lies in the content of the equations. On the one hand, considering
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the Einstein tensor G, the difference is caused by the functions @ and b appearing in the
space-time metric used to construct GG, since here, g differs from g through the coor-
dinate functions: a # @, b # b. On the other hand, considering the energy-momentum
tensor 7, its difference is due to the quantities building up 7 which depend on £ or g
or on both. Thus, in addition to the deviating functions a and b, here also the function
12, since k = f2k, contributes to the discrepancy between 7 and 7.

In addition to k and h, the quantities building up 7 are: the energy density e, its
derivatives with respect to the invariants 8_]6,»’ Trg and detg. Investigating the con-
struction of these objects in more detail, one can verify that the functions f?, a and
b, providing the discrepancy, enter into the objects through the eigenvalues of k. The
eigenvalues are present in all mentioned quantities except in h.

In order to generalize the Einstein field equations, expressions showing the relation be-

tween quantities, such as the eigenvalues s and 7, the invariants I;, the energy density e,
Oe

ol;
to the non-flat case and quantities corresponding to the flat case have been obtained.

the density p, the derivatives and the energy-momentum tensor 7, corresponding
The functions f2, @ and b, which enables k and ¢ to be distinct from k& and g, make
the transition from the case where a flat material metric is used to the here considered
generalized case.

As expected, for f =1, a = @ and b = b, the expressions presented in this chapter are
reduced to the expressions given in Magli (1993) [45].

Exploring the case g = g, one can draw the following conclusion. For two conformally
related material metrics K = f2K belonging to the same space-time, the constitutive

- 1
equations v associated with k& and v associated with k& must verify v = FT).
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Chapter 7

Conclusions

To end this thesis, the conclusions are presented within the context of the contributions

of this work which suggest the prospect of future work.

7.1 Contributions

This thesis contributes to the advances in general relativistic elasticity in the following

aspects.

e The leitmotif of this thesis is the elasticity difference tensor defined by Karlovini
and Samuelsson (2003) [35]. The mathematical study of the elasticity differ-
ence tensor presented in this thesis underlines the importance and the interest
of this object in the framework of general relativistic elasticity. In particular, it
has been shown in Section 3.2 of Chapter 3, that the elasticity difference tensor
arises from projecting the difference of two connections, one associated with the
space-time metric g, = —uqup + hay and the other associated with the metric
Jap = —UqUp+kqp, where k is the pulled-back material metric. Additionally, it has
been demonstrated! that the elasticity difference tensor can be used to write the
difference between the projected Riemann tensors (and Ricci tensors) associated

with the two metrics entirely in terms of it.

!See (3.11) in Chapter 3.
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Referring to its construction presented in Chapter 3, the elasticity difference
describes the difference between two connections: the projected space-time con-
nection and the projected connection originated by the material metric. One
possible interpretation of this result is that the elasticity difference tensor reflects

“relaxed”

the difference between the curvatures of the actual space-time and the
space-time. It gives a measure of deviation not on the level of the metrics, as for

instance the strain tensor does, but on a higher level of curvatures.

The mathematical study provides other new results for the elasticity difference
tensor. In Chapter 3, a tetrad expression has been obtained for the elasticity
difference tensor. This tetrad allows the elasticity difference tensor to be written
in terms of the eigenvalues of the pulled-back material metric and in terms of
the Ricci rotation coefficients. Also its traces have been calculated; these are

invariants of that tensor.

Furthermore, a new way of studying third order tensors, which are symmetric in
the two covariant indices, has been presented through the analysis carried out
for the elasticity difference tensor in Section 3.4 and Section 3.5. The elasticity
difference tensor has been decomposed along the eigenvectors of the pulled-back
material metric k£ into three second order tensors ]\g , which are the coefficients
of the three eigenvectors in the decomposition. It has been studied under which
conditions the eigenvectors of k are also eigenvectors of ]\af and expressions for
the corresponding eigenvalues have been found. This process can be viewed as
an attempt to approach a classification for the elasticity difference tensor via the
tensors Z\O{[ . The derived results show that, in general, the eigendirections of k are

not directly eigendirections of M, unless conditions involving the Ricci rotation
(03

coefficients and the eigenvalues of k are satisfied.
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e Another research field has been considered in this thesis: conformal transfor-
mations in general relativistic elasticity. In Chapter 4, first results in this topic
have been obtained for the simplest case of having two conformally related ma-
terial metrics in the same space-time. Among the results, relations have been
established for the eigenvalues, the elasticity difference tensor and the tensors ]\(14
associated with both material metrics. The constant volume shear tensors have
been found to coincide for both material metrics. Also the eigenvalue-eigenvector
problem for the tensors ]\g has been reconsidered in connection with the confor-

mally related material metrics. This work inspires the study of general relativistic

elasticity in the context of conformally related metrics.

e The knowledge on physically significant space-times has been enriched. Indeed,
results given in Chapter 2, Chapter 3 and Chapter 4 have been applied to: a
static and a non-static spherically symmetric space-time, and to a particular
case of an axially symmetric space-time. In particular, elements of the theory
of general relativistic elasticity have been calculated and analysed and the elas-
ticity difference tensor with the associated eigenvalue-eigenvector problem have
been studied for these space-times. Moreover, in the static spherically symmetric
case, two conformally related material metrics have been considered and some

consequences have been explored.

e Existing results for a non-static spherically symmetric space-time with flat mate-
rial metric have been generalized in Chapter 6. The generalization proceeds from
working with a non-flat material metric, conformally related with a flat metric.

The Einstein field equations have also been obtained in this case.

7.2 Future work

From the preceding topics and from the ideas and methods presented in this thesis,

new problems arise. These problems are partly interesting study objectives for future
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work. Here the most straightforward ones are mentioned.

e Concerning the elasticity difference tensor, it would be interesting to study the
relation between the metrics g, h, k and the elasticity difference tensor in more
detail. As an example, the elasticity difference tensor vanishes if ko, = hgp, i.€.
ko = hay = 5%, = 0, since in this case Dyky. = Dyhy. = 0. However, it is
not straightforward that S = 0 implies kg, = hqp. It seems to be interesting to
investigate this problem more carefully by studying in which cases or for which
classes of metrics is valid:

a) kap = hey <= S9%.=0;
b) kap # hap and 5%, = 0.

e The construction of the elasticity difference tensor presented in Section 3.2 has
been performed by specifying the alternative connection V as associated with
the metric gop = —uqup + kqp. It is attractive to explore whether there are more
possible choices of § which via the projected connection lead to the elasticity

difference tensor.

e The eigenvalue-eigenvector problem can be extended, and one can try to direct
it more towards the elasticity difference tensor in order to achieve a better char-
acterization or even a classification method for the elasticity difference tensor
and thus for third order tensors which are symmetric in the two covariant indices
(e.g. difference tensor). Up to now, it seems that a classification method for

these tensors is neither established nor known.

e Another research field which contains many problems and can be addressed in
the future is that of investigating the case of having conformally related metrics
(space-time metrics and/or material metrics). A first step in this matter has
been achieved in Chapter 4. Consequences for relativistic elastic objects can be
studied and relations between these objects associated with both metrics can be
determined. In this context it is interesting to study elasticity for warped space-

times which are conformally related with locally decomposable space-times.
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e Regarding the applications of relativistic elasticity, further problems can be inves-
tigated. Existing results for axially symmetric space-times can be generalized by
considering non-flat material metrics and more general space-time metrics. The
Einstein field equations for elastic spherically and axially symmetric space-times
can be explored. Moreover, the dominant energy conditions and the equations of

state can be taken into account in the study of relativistic elasticity.
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