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A B S T R A C T   

Externally bonded fibre reinforced polymer (FRP) reinforcements have been widely used for upgrading the shear 
resistance of reinforced concrete (RC) structures. This technique has been widely studied and numerous 
analytical models currently exist to predict the contribution of FRP for the shear resistance of RC beams. In this 
study, some of the most well-known models recommended in guidelines (including fib bulletin 90, CNR-DT 200 
R1/2013, and ACI 440.2R-17) are selected, and their predictive performance are assessed using a large database 
of 344 beams compiled from published works. In addition, this study introduces a novel model that accounts for a 
missing influential predictive component in the existing models, namely the ratio of existing steel stirrups. The 
comparison of the results obtained with this model and those from the current models demonstrates the best 
predictive performance of the new one.   

1. Introduction 

Reinforced concrete (RC) structures have been widely built over the 
past several decades. However, these structures may fail to meet the 
nowadays requirements of design codes and need strengthening [1]. 
Degradation of mechanical properties [2,3] (due to environmental 
condition, accidents, etc.) and increase in the demanded load capacity 
caused by increase in seismic or service loads [4-6] are some of the 
common reasons of widespread use of strengthening techniques. RC 
beams are one of the prevalent elements in RC structures that require 
(flexural and/or shear) strengthening [7-10]. Shear failure in the RC 
beams is brittle and occurs suddenly, generally causing large damages. 
In the past three decades, fibre reinforced polymer (FRP) materials have 
been extensively used as Externally Bonded Reinforcement (EBR) to 
increase the shear resistance of RC beams. To date, many empirical, 
conceptual, and numerical models have been developed to predict the 
shear capacity of these beams; nonetheless, this task remains chal
lenging. Due to its simplicity, most design guidelines use a conventional 
truss model to evaluate the contribution of FRP reinforcement, analo
gous to the one used to predict the contribution of steel stirrups [11-13]. 

Like in the steel shear reinforcement, some models assume the strain 
mobilized in FRP at the failure of a shear strengthened RC beam 
(currently designated by effective strain) is a constant value [14-16]. 

However, it has been demonstrated by many researchers that this 
effective strain is not constant and depends on some variables. In 1998, 
Triantafillou [17] was among the first researchers to propose a model 
with a varying effective strain for FRP reinforcement as a function of the 
axial stiffness of FRP reinforcement (ρf Ef ). This model was later modi
fied by Triantafillou and Antonopoulos [18] in 2000 and was adopted by 
fib bulletin 14 [19]. The continuous research has shown that the effec
tive strain of FRP shear reinforcements also depends on the beam’s 
cross-section corners where FRP is installed [20] and concrete substrate 
quality [21,22]. It was verified that the bond strength and ductility 
between FRP and concrete substrate decrease with the quality of the 
concrete substrate, generally correlated with the concrete compressive 
strength, resulting premature debonding with smaller FRP effective 
strain. The FRP bond length is another important variable discussed in 
the literature, since below what is designated as effective bond length 
(length above which the maximum bond force is not exceeded), the 
maximum strain capable to be mobilized decreases with the bond length 
[22-24]. The shear span to effective depth ratio was also shown affecting 
the FRP effective strain [21,25]. It was observed that at the failure of a 
beam shear strengthened with a relatively high FRP reinforcement ratio, 
existing steel stirrups might not reach the yielding strain, therefore their 
shear strengthening potential is not fully mobilized [26-29]. Further
more, it was shown that the crack inclination angle is not a constant 
value [30-33], which has a significant influence on the FRP shear 
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contribution. However, the prediction of this variable is still not 
straightforward. 

There are already models that account for the most influential var
iables. For instance, in 2012 Chen et al. [28] proposed an analytical 
model that can predict the shear contribution of FRP with high accuracy. 
In addition, they proposed a modification factor to account for the 
negative effect of interaction between internal steel stirrups and external 
FRP shear reinforcement, hence increasing the predictive performance 
of the model. However, these types of models require knowledge of a 
broader set of parameters to solve the equations, making their use for 
design purposes difficult, if not impossible. In addition, the application 
of the Modified Compression Field Theory (MCFT) [34] may also 
improve the predictive performance since the formulation integrates the 
evaluation of the crack inclination angle. Due to the iterative procedure 
of MCFT equations, more complexity is introduced, making these 
models less practical from a design standpoint. These models are rarely 
adopted in the current design guidelines. The models adopted in the 
design guidelines are straightforward and practical, yet they produce 
less accurate predictions. This may be due to the fact that these models 
exclude some influential variables, such as the reinforcing ratio of steel 
stirrup. 

In this work, a large dataset composed of 344 experimental results of 
beams shear strengthened with the EBR technique is collected from the 
published literature. Based on this data, the predictive performance of 
some well-known recent models is evaluated, and a new model is 

proposed. The results show that the accuracy of the proposed model has 
outperformed current models, yet the procedure is practical for its use in 
design practice. Given the fact that some guidelines do not include 
equations for the side-bonded configuration due to its lower efficiency, 
this research focuses exclusively on beams strengthened by either fully 
wrapped or U-wrapped beams. 

2. Construction of the dataset 

A comprehensive database of over 900 tested RC beams that are 
transversely reinforced with FRP materials was compiled [35]. This 
database includes detailed information on test specimens such as ge
ometry (e.g., the length, cross-section, test set-up), material properties 
(e.g., the concrete compressive strength and the mechanical properties 
of flexural and shear reinforcement), FRP and conventional steel re
inforcements details, and test results (e.g., shear capacity before and 
after strengthening with FRP, and failure mode). Due to the diverse 
range of experiments included in this dataset, the updated version of the 
database that contains 383 specimens excluded those that displayed any 
of the following characteristics: (1) specimens with missing data that are 
required for the analysis; (2) specimens where the FRP were not in 
carbon fibres (CFRP); (3) specimens reinforced with the NSM technique; 
(4) specimens with a negligible shear contribution of FRP for the shear 
resistance Vexp

f < 10 kN (suspicion of some incorrection on the 
strengthening process); (5) specimens with two-sided FRP 

Nomenclature 

Afwc Effective FRP cross-section area (mm2) 
at Reduction factor to account for the long-term effects 
bw Width of the beam’s web (mm) 
C:p × p symmetrical covariance matrix symmetrical covariance 

matrix 
CoV Coefficient of variation 
d Effective depth of the beam (mm) 
di Mahalanobis distance of ith observation 
dfv Effective depth of FRP (mm) 
Ef Elastic modulus of FRP (MPa) 
Ef tf Axial stiffness of FRP (N/mm) 
fcm Concrete mean compressive strength (MPa) 
ffe Effective stress in the FRP reinforcement (MPa) 
ffw,c FRP strength attributed to a failure caused by FRP rupture 

(MPa) 
ffbw Bond strength of FRP reinforcement (MPa) 
ffbk FRP debonding strength according to fib bulletin 90 (MPa) 
ffee FRP debonding stress according to CNR-DT 200.R1-2013 

(MPa) 
h Height of the beam (mm) 
hf Height of FRP (mm) 
hfe Effective height of FRP (mm) 
hw Height of the beam’s web (mm) 
kb and kG Empirical coefficients 
led Effective bond length (mm) 
le Effective bond length of FRP (mm) 
MAPE Mean absolute percentage error 
mF Modification factor 
nf Number of FRP layers 
p Number of variables 
Q1 Lower quartile 
Q3 Upper quartile 
R Radius at the corner of the beam’s cross-section (mm) 
R2 Absolute Fraction of Variance 

r Pearson coefficient of correlation 
RMSE Root mean squared error (kN) 
sf Spacing of FRP strips (mm) 
s0k Characteristic ultimate deformation capacity (mm) 
SD Standard deviation 
tfe Effective thickness of FRP (mm) 
tf Thickness of one layer of FRP (mm) 
Vexp

R,f Shear contribution of FRP according to experimental 
results (kN) 

Vref
R Overall shear strength of the reference beam (kN) 

Vstr
R Overall shear strength of the strengthened beam (kN) 

V mod el
R,f Nominal shear contribution of FRP predicted by each 

model (kN) 
VR,c Shear contribution of concrete (kN) 
VR,s Shear contribution of transversal steel (kN) 
VR,f Shear contribution of FRP reinforcement (kN) 
VR,max Shear strength of concrete compression strut (kN) 
wf Width of FRP strips (mm) 
X Matrix of n observations of p variables 
xi Vector of variables for the ith observation 
α Inclination of FRP fibres 
εfe Effective strain in the FRP composite 
εfu Strain at the failure of the FRP coupon 
θ Crack inclination angle 
κR Modification factor accounting for the stress distribution in 

the FRP 
κ1 Modification factor that accounts for the quality of the 

concrete substrate 
κ2 Modification factor accounting for the bond mechanism 
μ Vector of mean values for p variables 
ρsw Stirrup ratio (%) 
ρsl Longitudinal steel ratio (%) 
τb1k Characteristic ultimate bond strength 
χ Model error  
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reinforcement (as this technique is not considered in some guidelines, 
such is the case of fib bulletin 90); (6) specimens that are strengthened 
with FRP systems with multidirectional fibres, e.g. fabrics; (7) and, 
specimens with any kind of end anchorage (since the effectiveness is too 
dependent of the type of anchorage adopted). 

2.1. Outlier detection 

The eventual existence of outliers in the compiled dataset was 
checked, i.e., data points that deviate significantly from normal data, 
which may influence, detrimentally, the model’s predictive perfor
mance. Outliers exist due to several factors, such as data entry or mea
surement errors, sampling problems and unusual conditions, and natural 
variation. Univariate methods are often used to detect the outliers. 
Although these methods are easy to implement, they may fail to detect 
an outlier in multivariable data. In this study selected predictive vari
ables and the contribution of FRP to shear resistance of the beam form a 
multivariate space. This study employs Mahalanobis Distance (MD) 
Method, an effective approach for [36] detecting outliers in multivariate 
space. The MD is a useful multivariate distance metric to evaluate the 
distance between a single data point and a distribution, which can be 
found as follow: 

d2
i = (xi − μ)T ( C− 1)(xi − μ)

xi =
{

x1
i , ..., xp

i
}
; μi =

{
μ1

i , ..., μ
p
i
}
; C =

⎡

⎢
⎢
⎢
⎣

VAR
(
x1

i

)
⋯ Cov

(
x1

i , x
p
i
)

⋮ ⋱ ⋮
Cov

(
xp

i , xi
i

)
⋯ VAR(xp

i )

⎤

⎥
⎥
⎥
⎦

(1) 

In this equation, di is the Mahalanobis distance of observation i; xi is a 
vector of p variables representing the n observations (i = 1,2,…,n); μ is 
the vector of mean values for p variables, and C is p × p symmetrical 
covariance matrix. According to the proposed model presented later, xi 

consists of the predictive and target variables as follow: 

xi =
{(

Ef ρf

/
f 2/3
cm

)

i, ρswi
, ρsl, εfei

}
(2) 

where Ef ρf/f2/3
cm is the normalized axial stiffness; ρsw = Asw/(bwss), 

ρsl = Asl/(bwds) and ρf are the reinforcing ratio of steel stirrups, the 
reinforcing ratio of tensile steel reinforcement, and the strengthening 
ratio of FRP reinforcement (later will be defined), respectively. In Eq. 
(1), εfe is the effective strain of FRP as defined later in Eq. (30) and Ef is 
the elastic modulus of FRP, while fcm is the mean concrete compressive 
strength. 

If the d2 follows a chi-square distribution, a critical value for d2 to 
recognize an specimen as an outlier is determined using a significance 
level of 0.05 (as there is four degrees of freedom, which is equal to the 
number of variables in the xi vector, the critical value of 9.49 is deter
mined). Specimens with d2 higher than the chi-square critical value will 
be considered outliers. The d2 for each specimen is depicted in Fig. 1, 
where outliers were shown in red colour (10% of the initial total updated 
dataset). The remaining 344 specimens [9,20,32,33,37–100,110,111] 
are used for developing a new model, as well as to validate both this 
model and existing models. 

2.2. Statistical characteristics of some important variables 

The model developed in this study should be applied with caution to 
specimens whose variables fall outside the range examined in this study, 
as generalization beyond this range may result in inaccurate results. The 
statistical characteristics of some important variables are given in 
Table 1. 

3. Review of the current design provisions for the contribution 
of externally bonded FRP shear reinforcement 

Although it is known that there is a certain interdependency between 
the shear strength contributions provided by concrete, stirrups, and FRP 
[28,29,101], the superposition principle is generally used in the models 
proposed in the guidelines. The shear contribution of FRP is, therefore, 
calculated independently and added to the other contributions [102- 
105]. The overall shear resistance is then expressed as: 

VR = VR,c +VR,s +VR,f ⩽VR,max (3) 

where VR,c, VR,s and VR,f are the shear contribution of concrete, steel 
stirrups and FRP reinforcement, respectively, while VR,max is the shear 
strength provided by the concrete crushing of the compressive strut 
formed at beam’s failure. 

The guideline models utilize truss analogy and propose similar 
equations for finding the FRP contribution. Their principal difference is 
how to calculate the effective strain or stress in the FRP composite (εfe or 
ffe) at beam’s shear failure. The predictive performance of some of the 
most renowned models is evaluated in this study, including fib-Bulletin 
90 [12], CNR-DT200 [13], and ACI 440-2R [11]. In the following sec
tion, the equations used to calculate the shear contribution of FRP in 
accordance with the aforementioned design guidelines are concisely 
presented. 

3.1. fib-bulletin 90 (fib-TG5.1) 

The fib TG5.1 [12] has proposed a model that can be used for fully (O 
configuration) or U-wrapped beams. 

VR,f = Afwchfeffe
(
cotθ + cotαf

)
sinαf (4) 

where Afwc is the effective FRP cross-section area calculated as 2wf tfe/
sf for strips and 2tfesinαf for continuous FRP sheets, being wf , tfe and sf 

the width, the effective thickness and the spacing of FRP strips, and αf 

the angle between the longitudinal axis of the beam and the fibres of 
these strips, as depicted Fig. 2. In Eq. (4) hfe is the effective height of FRP 
calculated as a minimum of hf and h − 0.1ds, where hf , h, and ds stand for 
the height of FRP, the height of the beam’s cross section and the effective 
depth of the beam’s longitudinal tensile steel reinforcement, 

Fig. 1. Outlier detected using Mahalanobis Distance Method.  
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respectively. The effective thickness, tfe, is equal to nf tf for up to three 
layers of FRP and is equal to (nf tf )0.85 for four and more layers (nf is the 
number of layers), being tf the thickness of one layer of FRP. In Eq. (4) θ 
is the crack inclination angle, and ffe is the effective strength of FRP, 
which is governed by either FRP rupture or debonding failure modes. 
The model assumes that in fully wrapped beams FRP fails by its tensile 
rupture: 

ffe = ffw,c = atkR.ffu (5)  

κR =

⎧
⎪⎨

⎪⎩

0.5
R
50

(

2 −
R
50

)

R < 50 mm

0.5 R⩾50 mm
(6) 

where κR is a modification factor accounting for the stress gradient 
due to the effect of rounding the corner of the beam’s cross-section with 
a certain radius (R in mm). The at in Eq. (5) is a reduction factor to ac
count for the long-term effects (taken equal to 1.0 in this study), and ffu is 
the value of the tensile rupture of the FRP. 

For beams strengthened with U-wrapped FRPs: 

ffe = min
(
ffw,c, ffbw

)
(7) 

where ffbw is the bond strength of shear strengthening system. 
For continuous FRP sheets: 

a) ffbw =

[

1 −
1
3

le(
hfe

/
sinαf

)

]

ffbk for x⩾le (8)  

b) ffbw =
2
3

hfe
/

sinαf

le
ffbk for x⩽le (9) 

For discrete FRP strips: 

a)ffbw = ffbk for x⩾le; and le⩽y⩽x (10)  

b)ffbw =

[

1 −

(

1 −
2
3

msf

le

)
m
n

]

ffbk for x⩾le; and y⩽le (11)  

c) ffbw =
2
3

(
nsf

)/[(
cotθ + cotαf

)
sinαf

]

le
ffbk for x⩽le; and y⩽x (12) 

where x is calculated as hfe/sinαf , y is sf/
( (

cotαf + cotθ
)
sinαf

)
, n and 

m are the integer part of hfe
(
cotαf + cotθ

)/
sf , and le(cotαf + cotθ)sinαf/sf , 

respectively. In previous equations ffbk is the characteristic value of the 
FRP debonding strengthened le is the effective bond length of FRP 
determined from: 

ffbk =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
Ef s0kτb1k

tfe

√

(13)  

le =
π
2

̅̅̅̅̅̅̅̅̅̅̅̅̅̅
Ef tfes0k

τb1k

√

(14) 

where Ef is the elastic modulus of FRP, s0k and τb1k are characteristic 
ultimate slip and bond strength, respectively. 

3.2. Cnr-DT 200 R1/2013 

The Italian guideline for FRP (CNR-DT 200 R1/2013) [13] has 
basically adopted and modified the model proposed by Monti and Liotta 
[20]. 

VR,f = 0.9ds.ffe.2nf tf (cotθ + cotα) wf

sf sinα (15) 

The effective strength of FRP is computed according to Eq. (16) for 
fully wrapped and anchored U-wrapped beams, and Eq. (17) for U- 
wrapped and side-bonded beams. 

ffe = ffee

[

1 −
1
6

lesinαf

min{0.9ds, hw}

]

+max
{

0,
〈

1
2
(
κR.ffu − ffee

)
[

1

−
lesinαf

min{0.9ds, hw}

]〉}

⩽0.005Ef (16)  

ffe = ffee

[

1 −
1
3

lesinα
min{0.9ds, hw}

]

⩽0.005Ef (17) 

In the above equations, κR is a reduction factor due to local stress in 

Table 1 
Statistical summary of some crucial variables for strengthened beams in the experimental dataset.  

Variable Min Max Mean Q1
1 Median Q3

2 Std3 CoV4 

Concrete mean compressive strength fcm (MPa) 10.6 61.3  33.7 27.4 32.8 38.0  10.1  0.3 
Axial stiffness of FRP Ef ρf (N/mm2) 38.4 3339.7  494.3 190.1 340.4 593.9  457.37  0.92 
Stirrup ratio ρsw(%) 0 0.84  0.164 0 0.106 0.26  0.194  1.18 
Longitudinal steel ratio ρsl(%) 0.3 5.8  2.6 1.55 2.4 3.7  1.2  0.46 
Width of the beam’s web bw(mm) 76 600  180.2 122.2 150 250  81.4  0.45 
Height of the beam’s web hw(mm) 150 762  341.9 252.5 305 420  116.1  0.34  

1 Q1 lower quartile, 2 Q3 upper quartile, 3Std standard deviation, and 4CoV coefficient of variation. 

Fig. 2. Representation of the physical meaning of the variables adopted in the formulations.  
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corners, which is obtained by Eq. (18). le is the effective bond length 
computed according to Eq. (22). 

κR = 0.2+ 1.6
R
bw
, with 0⩽

R
bw

⩽0.5 (18) 

ffee is the FRP debonding stress, which is computed according to: 

ffee =

̅̅̅̅̅̅̅̅̅̅̅̅̅
2Ef Γfe

nf tf

√

(19) 

where 

Γfe = kbkG
̅̅̅̅̅̅̅̅̅̅̅̅
fcmfctm

√
(20) 

being kG an empirical coefficient, whose mean value is equal to 0.037 
for wet-layup sheets and 0.023 for precured FRP composites, and 

kb = 1⩽

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
2 − wf

/(
sf sinαf

)

1 + wf
/(

sf sinαf
)

√

⩽1.18 (21) 

In Eqs. (14) and (15) 

le = max

{
1
fbe

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
π2Ef nf tf ΓFe

2

√

, 200 mm

}

(22) 

with 

fbe =
2ΓFe

su
(23) 

In the case of using continuous sheets, wf is substituted with 
min(0.9d, hw )sin(αf + θ)/sinθ , and sf is substituted with wfv/sinαf . su is 
the ultimate FRP-support slip, taken as 0.25 mm. 

3.3. Aci 440.2R-17 

According to the American Concrete Institute [11] the contribution 
of a FRP system for the shear strengthening of RC beams is obtained 
from: 

VR,f =
2nf tf wf ffedf

(
sinαf + cosαf

)

sf
(24)  

ffe = Ef εfe (25) 

where df and εfe are the effective depth and the effective strain of 
FRP, which is equal to the minimum of 0.004 and 0.75 εfu in case of fully 
wrapped beams, and is computed according to eq. (26) for U-wrapped 
beams. 

εfe =
κ1κ2Le

11900
εfu⩽min

(
0.75εfu, 0.004

)
(26) 

where εfu is the ultimate tensile strain of the FRP, while κ 1 and κ 2 
parameters are determined from: 

κ1 =

(
f ′

c

27

)2/3

(27)  

κ2 =
dfv − Le

dfv
(28) 

for taking in consideration the quality of the concrete substrate and 
geometry shear strengthening configuration, respectively, while Le is the 
FRP effective bond length: 

Le =
23300

(
nf tf Ef

)0.58 (29)  

4. Proposed model 

The proposed model considers the parameters that highly affect the 

contribution of FRP for the shear strength of a RC element, including the 
interaction between existing steel stirrups and FRP shear reinforcement. 
In this study, a truss analogy-based model is adopted, by estimating the 
effective strain in the FRP reinforcement through a regression-based 
prediction equation that considers the experimentally FRP shear 
contribution, Vexp

f : 

εfe =
Vexp

f

AfwchfeEf
(
1 + cotαf

)
sinαf 

where Afwc and hfe are as introduced in fib bulletin 90. It is assumed 
the critical diagonal crack has an inclination angle of 45 degrees. Firstly, 
the correlation between each predictive variable and the effective strain 
of FRP (εfe) is explored and reported to comprehend their relationship, 
Fig. 3. Then, a regression equation accompanied by several modification 
factors is proposed. As shown, a five-by-five matrix is established, with 
the figures in its diagonal representing the histogram for the distribution 
of each variable. The information below and above this diagonal 
represent the scatter plots and Pearson correlation coefficient, respec
tively. To emphasize the significance of relationship between the 
normalized axial stiffness of FRP and effective strain by assistance of 
linear correlation, the logarithm of ρf Ef/f2/3

cm is used to convert a 
nonlinear relation to a linear one. The linear correlation is evaluated 
using the Pearson correlation coefficient represented by the symbol “r” 
as depicted in the figure. According to Fig. 3 the effective strain of FRP 
generally decreases as the axial stiffness of FRP rises which can be 
justified by the no integral shear strengthening mobilization of the 
existing steel stirrups with the increase of Ef ρf . Furthermore, it is rec
ognised that by decrease in the concrete compressive strength lower 
value of effective strain is obtained. These effects where considered 
together in the model taking ρf Ef/f2/3

cm variable. The obtained results 
show a decrease of in the effective strain of FRP with the increase of the 
reinforcement ratio of existing steel stirrups (r = − 0.20). This can be 
justified by mechanisms contributing for the premature debonding of 
FRP when the stirrups are spaced in shorter distance, as demonstrated 
elsewhere [106]. Moreover, as expected from the physical understand
ing, data generally exhibit higher values of effective strain for the case of 
fully wrapped specimens (r = 0.33). The database however is unable to 
show the expected behaviour in the case of corner radius where it is 
physically proven that higher corner radiuses will avoid premature FRP 
rupture due to stress concentration. This could be attributed to the 
limited and uncertain information available in the literature regarding 
the corner radius of the beam’s cross-section. Which, consequently, 
leads to observe no direct positive linear relationship (r = − 0.02) with 
the estimated effective strain. Nonetheless, it has been conceptually 
shown that an increase in this variable would result in a rise in the 
effective strain [105]. Later, a modification factor will be proposed for 
this variable by considering this reality. 

According to the truss analogy and assuming a crack inclination 
angle of 45⁰, Eq. (31) can be proposed for the contribution of FRP in the 
shear capacity of the beam: 

VR,f = AfwchfeEf εfe
(
1 + cotαf

)
sinαf (31) 

The proposed equation for the effective strain (εfe) is expressed as 
follows: 

εfe = mF × 0.038 ×
(
Ef ρf

/
f 2/3
cm

)− 0.765 (32) 

In this equation mF is the recommended modification factor: 

mF = κswκRκO/U (33)  

κsw = 1 − 24.1ρsw (34)  

κR = 0.17
(

R
50

)

+ 0.93⩽1.1 (35) 
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κO/U = 0.92+ 0.28κ (36) 

In the above equations, κsw is a modification factor accounting for the 
interaction between internal steel and external FRP shear reinforcement; 
κR is a coefficient for considering the stress concentration in the corners 
(in which R is Radius at the corner of the beam’s cross-section, measured 
in millimetres); κO/U accounts for the type of FRP shear strengthening 
configuration; ρsw is the reinforcement ratio of steel stirrups; κ is the 
strengthening configuration factor, assuming 1.0 and 0 for fully wrap
ped and U-wrapped beams, respectively. 

5. Validation and discussion 

In this section, the performance of the above described existing 
design models is compared with the model proposed in this study. For 
each of the models, the nominal shear contribution of FRP will be 
computed through the given equations (i.e., V model

R, f ) and then will be 
compared with the experimental value V exp

f . This last term is calculated 
by subtracting the shear strength of the reference beam, V ref

R from the 
overall shear strength of the strengthened beam, V str

R : 

V exp
f = Vstr

R − V ref
R (37) 

It must be noted that for obtaining the predictions of the models, 
average values of the material properties are used. The partial and global 
safety factors and/or long-term modification factors were taken to be 
equal to 1.0. The inclination of the shear crack is assumed to be 45 
degrees (the assumed value in the ACI 440.2R-17 model) to ensure 
comparable values between all the equations, and also due to the fact 
this information is generally not provided in the bibliography support
ing the database. Whenever the corner radius of the beam’s cross-section 
was not provided, a value of 20 mm was assumed, since it was the 
average of the available values. 

The model uncertainty was evaluated by the ratio between the value 
recorded experimentally and the predicted one: 

χ =
Vexp

R,f

Vmodel
R,f

(38) 

Fig. 4 shows the performance of the models in predicting the 
contribution of FRP for the shear strength of RC beams strengthened 
with fully wrapped and U-strip configurations. For each model, three 
columns of plots are provided. The first plot is a representation of V model

R,f 

Fig. 3. Scatterplots of independent variables and effective strain.  
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versus V exp
R,f . Careful inspection of these figures reveals that the proposed 

model produces the most straight-line like predictions. The second plot 
shows the distribution of model error probability for both configurations 
of strengthened beams (i.e., fully wrapped and U-wrapped). The third 
plot shows the model error for beams strengthened with continuous FRP 
sheets and beams strengthened with discrete FRP strips. The mean value 
(μ), standard deviation (σ), median, and coefficient of variation (COV) of 
χ are reported in Fig. 5. 

Fig. 4 reveals that the current models generally result in uncon
servative responses, which raises serious concerns, despite the safety 
factors of the models may significantly attenuate the unsafe level of the 
predictions. The scatter plot of the theoretical versus experimental values 
of shear strength provided by FRP, shows that the prediction models 
have dispersed results including the proposed model, which may be 
justified by the difficulty of assuring uniform application methodologies 
of the strengthening systems, size effects and inadequate loading con
ditions, since inadequate a/d can avoid the occurrence of a failure due to 
the formation of a critical diagonal crack. A different percentage of the 
flexural reinforcement can introduce a distinct profile for the shear 
failure crack and dowel effect resisting mechanisms, aspects not 
considered explicitly In major part of the formulations. Fig. 5 shows that 
of the considered existing models, fib bulletin 90 achieved the lowest 
standard deviation (σ = 0.68), however its median value of 0.71 in
dicates that it tends to give overestimated predictions. ACI 440.2R-17 
has the second smallest standard deviation (σ = 0.74), but its median 
(=0.85) indicates a tendency toward overpredictions. CNR-DT200 has 
the highest standard deviation (σ = 0.77), but its median (=0.81) in
dicates that it also produces unconservative predictions. The proposed 
model on the other hand, outperforms the considered existing models 
and produces the lowest standard deviation (σ = 0.54). In addition, 
having a median of 0.92, this model makes less unconservative pre
dictions in comparison with existing models. 

The histograms for each model present the probability of model error 
χ falling within each interval of 0.25. According to these plots, pre
dictions made by CNR-DT200 and fib bulletin 90 are more likely to be 
overestimated. However, the proposed model shows a better perfor
mance for both fully and U-wrapped beams. 

The plot in the third column of Fig. 4 shows if the models are biased 

for beams strengthened with continuous sheets and discrete FRP strips. 
According to these plots, all considered existing models have more 
tendency to overestimate beams strengthened with continuous FRP 
sheets. This may suggest difficulties of assuring proper bond conditions 
of the FRP to the concrete substrate when using continuous FRP sheets. 
Fig. 4d shows that unlike other models, the proposed model has unbi
ased performance for beams reinforced with either FRP strips or 
continuous FRP sheets. 

The performance of models in predicting the shear contribution of 
FRP is further explored by determining other indicators of accuracy, 
namely: root mean squared error (RMSE), mean absolute percentage 
error (MAPE), Absolute Fraction of Variance (R2), and Pearson coeffi
cient of correlation (r): 

RMSE =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
1
n
∑n

i=1

(
V mod el

R,f ,i − Vexp
R,f ,i

)2
√

(39)  

MAPE =
100%

n
∑n

i=1

⎛

⎝

⃒
⃒
⃒Vmodel

R,f ,i − Vexp
R,f ,i

⃒
⃒
⃒

Vexp
R,f ,i

⎞

⎠ (40)  

R2 = 1 −

∑n
i=1

(
V mod el

R,f ,i − Vexp
R,f ,i

)2

∑n
i=1

(
V mod el

R,f ,i

)2 (41)  

r =

∑n
i=1

(
Vmodel

R,fi − Vmodel
R,f

)(
Vexp

R,fi − Vexp
R,f

)

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
∑n

i=1

(
Vmodel

R,fi − Vmodel
R,f

)2 ∑n

i=1

(
Vexp

R,fi − Vexp
R,f

)2
√ (42) 

A model with a perfect prediction has a null value for MAPE and 
RMSE and the unitary value for r and R2. 

The values for these indicators obtained for all models are given in 
Table 2. 

According to Table 2, ACI 440.2R-17 has the highest R2 and r, and 
smaller MAPE and RMSE among the considered existing models. Con
cerning the proposed model, it has almost a r value of 0.8, which means 
a significant linear correlation between the model predictions and 
experimental results [107]. The proposed model has also the lowest 

Fig. 4. Vmodel
R,f versus Vexp

R,f (left), distribution of model error probability in entire dataset χ (middle) and boxplot representation of χ for continuous and discrete 
configuration (right) for: (a) fib bulletin 90 [12], (b) CNR-DT 200 [13], (c) ACI 440.2R-17 [11], and (d) proposed model. 
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MAPE and RMSE values, while fib bulletin 90 conducted to the largest 
values. 

The considered models, as well as major part of available ones, do 

not take into consideration the detrimental influence of the percentage 
of existing steel stirrups on the FRP shear strengthening effectiveness, 
whose mechanisms are discussed elsewhere [28]. Fig. 6 presents the 

Fig. 4. (continued). 
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relation between the steel-FRP interaction factor (Asw/bwds +(
Ef/Es

)
Afwc/bwdf ) and the χ parameter. As can be seen, the effective 

strain generally decreases as the ratio of steel stirrups or FRP rein
forcement increases. This can be justified by the fact that in beams 
strengthened with a large amount of FRP, the crack opening is restricted, 
meaning that steel stirrups may fail to reach the yield strain upon failure. 
Consequently, maximum capacity of steel stirrups is not mobilized and 

using the yielding stress for their design is incorrect. As a result, it is 
expected that current models overestimate the results in beams 
strengthened with a high Steel-FRP interaction factor, since this detri
mental effect is not accounted by them. Fig. 7 presents the scatterplot of 
model errors along the steel-FRP interaction factor and the red line 
shows the mean of the model error along this factor. p-values at a sig
nificance level of 0.05 are calculated and displayed to reject or accept 
the null hypothesis of unbiased estimates. Only in the proposed model 
with a p-value of 0.4, the mean value of the χ parameter shows no 
discernible pattern, indicating that the model is not biased with respect 
to the Steel-FRP interaction factor. In the existing models, the χ de
creases with the increase of the Steel-FRP interaction factor and/or the 
decrease of the concrete strength. This means that the overpredictions of 
existing models increase with the Steel- FRP interaction factor and/or 
the decrease of concrete strength. Therefore, additional considerations 
should be taken into account when applying these models to beams with 
a relatively high Steel- FRP interaction factor. As Fig. 7d evidences, this 
detrimental effect is significantly attenuated in the proposed model, 
since the percentage of existing steel stirrups, ρsw, is considered via κsw 
parameter (Eq. (34)). 

6. Reliability analysis 

It should be noted that, from the standpoint of structural reliability, a 
classification system based solely on the main descriptive statistics 
measures regarding the behaviour of χ may not provide enough infor
mation to assess the reliability of a design proposal. In fact, a χ equal to 
0.5 is worse than a χ equal to 2, which is not considered in the statistical 
analysis provided in the previous section [108]. For this reason, a 
weighted penalty categorization method, called Demerit Point Scale 
Methodology, is used [109], where a penalty point is assigned to each 
range of χ. The total demerit point score for each of the models is ob
tained by summing the products of the percentage of χ placing in each 
range times the demerit points attributed to that range divided by 100. 
The result of this score will be a number between 0 and 10. The smaller 
total demerit point score the better the model performs. Table 3 in
troduces the range of χ and their penalties, as well as the percentage of 
specimens that fall within each range. Finally, the overall performance 
of each model is assessed by a cumulative penalty score. Table 3 shows 

Fig. 5. Ratio between the value recorded experimentally and the predicted one (χ) for the different models analysed.  

Table 2 
Prediction performance of the proposed model and the design models.  

Model RMSE MAPE (%) R2 r 

fib bulletin 90  78.1  100.4  0.63  0.63 
CNR-DT 200  72.7  90.4  0.52  0.53 
ACI 440.2R-17  59.1  74.6  0.70  0.71 
Proposed  51.4  61.8  0.74  0.76  

Fig. 6. Relation between steel-FRP interaction factor and effective strain in FRP 
reinforcement. 
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that compared to the considered existing models, the largest percentage 
of the predictions fall within the appropriate safety range (33% versus 
17%, 18%, and 16%), while the least percentage of predictions fall in
side the dangerous and extremely dangerous ranges (29% versus 46%, 
40%, and 35%). The total demerit point score of the proposed model is 
also lower than the considered existing models. Therefore, it is more 
reliable. The ACI 440.2R-17, with 21% of the predictions in the 
extremely conservative range, is the most conservative model. On the 
other hand, 46% of fib bulletin 90′s predictions fall in dangerous and 
extremely dangerous ranges, which makes it the less reliable model. 

7. Conclusions 

This paper assessed the performance of some of the most used 
guideline models for predicting the shear strength of reinforced concrete 

(RC) beams strengthened with externally bonded fibre reinforced 
polymer (FRP) reinforcement systems, namely the fib-bulletin 90, CNR- 
DT 200 and ACI 440.2R-17. For this purpose, a comprehensive database 
formed by results from scrutinized 344 RC beams was set from available 
literature. In the present phase, the shear strengthening FRP systems of 
this database are limited to those applied as full wrapping and three- 
sided (U-wrapped) configurations. In addition, a new model was pro
posed, and its prediction performance was compared with the above
mentioned existing guideline models. Based on the results and 
discussions presented in this paper, the following conclusions can be 
drawn:  

1- Among the existing models, ACI 440.2R-17 has the least prediction 
errors and highest accuracy, supported by the values obtained in 
RMSE, MAPE, R2 and r, namely, 59.1, 74.6%, 0.70, and 0.71, 

Fig. 7. Ratio of experimental to analytical model.  

Table 3 
Demerit point classification.  

χ Classification Penalty fib bulletin 90 CNR-DT 200 ACI 440.2R-17 Proposed 

<0.5 Extremely dangerous 10 31 27 21 16a 

0.5–0.65 Dangerous 5 15 13 14 13 
0.65–0.85 Low safety 2 10 11 16 15 
0.85–1.3 Appropriate safety 0 17 18 16 33 
1.3–2 Conservative 1 17 16 19 19 
>2 Extremely conservative 2 10 15 14 4 
Total demerit point score 4.42 4.03 3.59 2.82b 

a: Percentage of specimens with χ laying in the range. 
b:((16 × 10) + (13 × 5) + (15 × 2) + (33 × 0) + (19 × 1) + (4 × 2))/100 = 2.82  
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respectively, and supported by the χ = Vexp
R,f /Vmodel

R,f parameter, where 

V exp
R,f and V model

R,f are the FRP shear contribution registered experi
mentally and predicted one by the model, respectively. Nevertheless, 
it has a high standard deviation (σ = 0.74), showing that this model 
has high dispersed prediction errors. The proposed model not only 
has the best predictive indicators (RMSE = 51.4, MAPE = 61.8, R2 =

0.74 and r = 0.76), but also the standard deviation (0.54).  
2- None of the current models considers the interaction between the 

internal steel stirrups and externally bonded FRP reinforcement. 
Ignoring this effect has contributed to overestimate the shear 
strengthening capacity of FRP strips, with an increase of the over
estimation prediction with the axial stiffness of the FRP system. The 
proposed model improved this shortcoming of the considered exist
ing models by considering in the formulation a factor that depends 
on the steel stirrups reinforcement ratio.  

3- According to the reliability analysis performed in this study, the 
proposed model produces the most reliable predictions in compari
son with current models. Nevertheless, there is a 29% probability of 
dangerous and extremely dangerous predictions, which is still a 
concern that requires further research, mainly to have rational 
justification.  

4- For close future research the authors plan to use the existing database 
for determining χd = Vexp

R /Vmodel
Rd , where V exp

R and V model
Rd =

VRd,c +VRd,s +VRd,f ⩽VRd,max are beam’s shear capacity registered 
experimentally and predicted by the model, respectively. For the 
V model

Rd , the design values of the shear contribution provided by 
concrete (VRd,c), steel stirrups (VRd,s) and FRP (VRd,f ) will be evalu
ated according to the formulations of the corresponding design 
guidelines, in order to have a realistic scenario of the χd in real design 
practice. 
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