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Control Theory and Stabil., I

M.l. Caiado* — A.V. Sarychev’

REMARKS ON STABILITY OF INVERTED PENDULA

Abstract. Using linearization principle and tools from chronological calculus one estab-
lishes a criteria for stabilization of, usually unstable, equilibrium position of Double Inverted
Pendula when subject an arbitrary fast oscillation. Both, planar and spherical cases are con-
sidered.

1. Introduction

Problem of stability and stabilization of, usually unstable, upper equilibrium position
of inverted pendulum has been intensively studied. Almost no bibliography is provided
here. Some interesting references to the earlier work (starting from the beginning of
1900) can be found in [8]. Two publications introducing the readers into the field of
vibrational control and vibrational mechanics are [5] and [11]. Here we just quote
a “textbook result” from [10, Chap 5] concerning stability of an inverted pendulum
of length | with vertically (harmonically) oscillating point of suspension. Stability of
equilibrium position is assured whenever number of oscillations in one unit of time is

greater or equal then %, / %a), where w?> = g/| and a is the amplitude of oscillation of
the suspension point.

In [6, 7], one of us considered problem of stability for time-periodic systems,
in particular the problem of stabilizing equilibrium position of an inverted pendulum
when its pivot is subject to an arbitrary fast oscillation. Conditions of stability were
established there by application of technics from chronological calculus and averaging
theory.

Following the techniques used in [4, 7, 6] one intends to derive similar condi-
tions for double pendulum in planar and spherical cases.

The paper is organized as follows. Section 2 is devoted to chronological calculus
and to some classical results on stability. In Section 3 equations for mechanical system
(planar case) are set, the corresponding monodromy matrix is computed and the proof
of main result for planar inverted pendulum is presented. The spherical case is treated
in Section 4.

The authors express their gratitude to anonymous referee for various sugges-
tions on improvement of the paper.
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2. Preliminaries

2.1. Variational formula of chronological calculus

Chronological calculus (see [1] and [9]) has been introduced by Agrachev and Gamkre-
lidze in [1] for nonlinear time-varying systems on smooth manifolds. Since the system
to be considered in this work is linear, one presents some reformulations for (time-
varying) linear case.

Consider the time-varying system of linear ordinary differential equations
€] 2ty =AM zt), z20=2

where z(t) € R" and A(t) is a matrix-valued function depending continuously on
t. Considering its solutions z(t; zy) one can introduce a flow of linear maps P! :
zy — z(t, 2). Obviously, P! is the unique solution to the matrix ordinary differential
equation with initial condition

Pt = A(t) P!, PO = 1,.

Following [1], one calls the flow P! right chronological exponential of A(t) and de-
notes it

t
pt = a%/ A(r)dr.
0

One can also define left chronological exponential é?(f) f(; A(7) dz as solution of pt =
PLA®t), PO = I,.
Using this notation, the solution of problem (1) is represented as

t
z(t)=e—xfa/ A(r)dr zg = P! 7.
0

The flow éxp fg A(7) d7 admits a series expansion in the form

e_xf)/tA(r)dr:Id+§: // A(tn) ... A(r;)dz,...dry.
0

N=1o<ry<..<r <t

In (1), take A(t) = B(t) + C(t), considering B(t) as reference matrix of coefficients
and C(t) as its perturbation. There holds so called chronological calculus variational
formula

t t T
) e—x_f)/o (B(r) + C(7))dr =e_x_f)/0 (ai)/o ad B(a)de) C(r)dro

t
oe_xf)/ B(r)dr
0
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where “ad” is related to the matrix commutator as
ad A(t) B(t) = —[A(t), B(t)] = B(t) A(t) — At) B(t)
and Q' = &xp fot ad B(#) dO dz is the solution of the operator differential equation

d

t_ots 0 _
aQ_Q ad B(t), Q" =1d.

2.2. Formal expansion for lne_xfa fot A.dz

def . . 1 . . ..
Let A(t) = A; be a matrix-valued function with time-varying entries. One is inter-
ested in defining formal expansion

t +0oo
Ao t(A) = lne_xf)/ Ady = DA™,
0
m=1

Here (see [1])

t 7] Tm—1

(3) AM =/ dn/ drz.../ dtmOm(A,, ..., Ar),

0 0 0
where, for each m > 2, gm(A;,, ..., Ag,) is an homogeneous polynomial of first de-
gree in each A . Moreover, it is a commutator polynomial in A, ..., A, i.e., it can
be expressed as a linear combination of A, ..., A, and of their iterated commuta-
tors:

2m-3)!!
4) gm(Ar] PR Arm) = Z bn]a cee bnma Wy (Tls ey Tm)-
a=1

Each of w,, is an iterated Lie bracket of length (m—1) of A, ..., A, vij is the depth

of A in bracket wj, bx = Bk/K!, k > 2 and By are Bernoulli numbers.

Following [1], one briefly explains the meaning of “depth of A; in w,”. Con-
sider the symbols “ad" and A;,, ..., A, and all finite sequences of such symbols, which
one calls word and denotes by w. One accepts repetitions of “ad” but no repetitions
of A, ..., A, are allowed. A word is regular if by the introduction of suitable paren-
thesis it can be expressed as a commutator polynomial in A, , ..., A, with the usual
meaning of the symbol “ad”. Let w be a regular word. Assume, w = v1...0] A; .
Then, depth of A; in w is the number of regular words of the form vj...o; A;, 1 <i <.
For more detailed description of polynomials gy see [1]. Another method to compute
In P! using the so called chronological product is presented in [2, 3].

The series
o0

Ao t(A) = DA™

m=1

is known to be absolutely convergent for fot |A; ]l dz < 0.44, [1, Prop. 5.2].
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2.3. Classical results on stability

Consider linear fast-oscillating system
5) X(t) = Akt) x(t)

where x € R", A(t),t > 0, is matrix-valued function continuous and 1-periodic with
respect tot and k > 0 is a large parameter.

A standard averaging result states that if all eigenvalues of corresponding aver-
aged matrix fol A(t) dt are located in the open left complex half-plane then system (5)
is asymptotically stable for all sufficiently large k.

Another stability condition uses monodromy matrix P! of time-periodic sys-
tems. If all eigenvalues of P! are located in the interior of the unit circle then the
system is asymptotically stable; system is unstable if at least one eigenvalue lies out-
side the unit circle. In general it is difficult to compute spectrum of P!,

It is more convenient to deal with the logarithm In P!. In this case stability
conditions can be formulated as: system (5) is asymptotically stable if all the eigenval-
ues of In P! are located in the open left complex half-plane and is unstable if at least
one eigenvalue lies in the open right complex half-plane. System (5) is stable if all
eigenvalues of In P! have non positive real part and purely imaginary eigenvalues are
distinct.

3. Inverted double pendulum

Consider a mechanical system which consists of two mathematical inverted pendula
(i.e., a pendulum in a gravitational field without friction and tension). Each pendulum
is modeled by a mass point (the bob of mass m;) and a massless beam of length rj. The
second pendulum is attached to the bob of the first one. One neglects the axial rotation
of the beams, so there is one degree of freedom for each pendulum.

Assume that the pivot of first pendulum is subject to an arbitrary fast oscillation
os(kt) where 6 > 0 is a small fixed parameter, K can be arbitrarily large and, in any
case, 5k > 1. Assume also that s(t) is a C*(R) 1-periodic function and that $(0) = 0.
Let mj and rj be the mass and length of each pendulum. Consider a coordinate system
with the origin at the pivot of the first pendulum. Let ;i = 1,2 to be the angle
between each pendulum and the positive part of vertical axis and g is the acceleration
due to gravity.

From now on 8 = (0, 6;). One uses standard matrix notation: 0, will denote
square matrix of order n with zero entries and |, the identity matrix of order n.

The double inverted pendulum admits four equilibrium points: (0, 0), (z, 0),
(0, 7) and (x, 7). Upper position corresponds to & = (0, 0). The (forced) Hamiltonian
H¢, corresponding to the linearized equations of the motion near this equilibrium point,
is

1
(6) H(, p,6) = 5(<p,c p) + (B(t)&,@))
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with B(t) = —[g A+ 0k?8(kt) A], and A and C are constant matrices depending only
on the parameters my, My, r, rs:

A ((ml +myr; 0 ) C— ( (rimp)~! —(riramy)~! )

0 mar “\=iromp)Tt (my + myp)(rympmy) !

Hamiltonian equations in matrix form are

) ] . 1)) C 0
p)] ~ \gA+ok%8kt)A 0,) \p/)"

Setting 7 = kt, denoting z = (0, p)" and z = dz/dz, one transforms (7) into
linear time-variant system

. -1 0, C
)=k (g A+ 6k2E(z) A Oz)z(t)

or
®) 2(r) = Q(1)z(r).

To establish stability result one has to study monodromy matrix P! for linear
time-varying system (8) corresponding to the Hamiltonian (6). One accomplishes this
by chronological calculus variational formula introduced in Section 2.1. The main
work consists of the study of the series expansion for In P!. One studies the conver-
gence of the series, estimates the rest term of its truncation, and derive stability result
from the spectral information regarding this truncation.

3.1. Monodromy matrix
Apply variational formula (2) to the system (8) written as

2(r) = [k"'M + 6kN(z)] z(z)

02 C 02 02
M = (gA 02) and N(z) = (S(T)A 02).

where

One obtains

1 1 T
e_xf)/ (k—lM +(5ka) de :e—xf)/ (e—xf)/ ad(5kN, )do k—lM) dro
0 0 0

1
oe_x_f)/ SkN, dz
0

1 1
:e—x_f)/ D,dro&_f)(ék/ N,dr).
0 0
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From 1—periodicity of S(-) it follows that fol N.dz = 04. Besides

1 1
ﬁ(ék/ Nrdr) = Ko Nedz _
0
On the other hand,

T . .
D, = &xp (—5kad/ Ngda) k™IM = e~okad Jy Nodo =1y
0

! (=0k)?* o [° 1
9) = |4+(—5k)ad/ Ngda—l—Tad / Nydo + ... Jk™ M.
0 0

By direct computations

i _(-CAs(z) 0,
ad(/o Ngda)M_( 0 ACS(r))’

of [F _ 02 02
ad (/0 N"d") M= (—2ACASZ(T) 0,
ad! (/ Ngda) M =04  forj>3.

0

Therefore series in (9) ends at the second order term and monodromy matrix
can be represented as

and

1
pl = af)/ D, dr
0
where

(10) D — 98(7)CA k-'c
’ k-'gA—06°k$?(r)ACA —05(t)AC) "

Obviously the matrix P! is uniquely determined, but the representation of P!

as a chronological exponential e_xf) fol D, dz is not unique. Our construction of D,
allows to establish stability results basing on the properties of the averaging of D;.

From what was said in Section 2.3, the system can not be asymptotically stable
since In P! is traceless. It can be stable if all eigenvalues are imaginary numbers (two
pairs of conjugate imaginary numbers).

3.2. Asymptotic expansion for the logarithm of monodromy matrix

Introduce the logarithm

t
Aot(Dy) = ln&_f)/ D, dz.
0
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As it was mentioned in Section 2.2 Aq t(D;) admits an expansion

e¢]

(11) Aot(Dy) = DA™

m=1

where A™ is defined by (3).

Since w,, in (4) is a Lie bracket of length (m — 1), one arranges an estimate for
[Dr, .- .5 [Dry, Dy 1. ] where Dy is defined by (10). Assume that [$(z)| < u for all
7 € [0, 1].

LEMMA 1. Thereexist positive constantss and a suchthat, for all 7 = (zq, ...,
m) € [0, 1]M, iterated Lie bracket of lengthm, m > 2, [D .., [Dy,, Dyl T can
be represented as

Tm»> *
sm ( ?{T(i)_(CA)m +&2CM o) = c:(AC)m—l2 + eT3 c{g) ’
e Lo (M) A(CAM +eCl]  =01(7) (AC)™ —¢&* (C;)™
wheree = (5k)~!, and 6 T(@)| < o™and ICT| < a™forsi, j =1,2.
Proof is done by induction on length of the Lie bracket.

LEMMA 2. Series(11) isabsolutely convergent if
0.4432

~

o] <

whereé = (6™ + 1)!/Mand a, o are the constants introduced in Lemma 1.

Proof. Proof is carried out by proving several inequalities.
For a matrix A = (gjj )inj:v ajj € R, one defines the norm by

n
A|| = max aiil.
1Al 15,-9;' il

In what follows [D,, ..., [D¢,, D ]1...]1is denoted by Dm.
From Lemma 1 and since ¢ < 1

IDmll < o™ max{c™ [CA|™+&* [C]}[ + &~ e ™| A [CAI™ + & |CF) I
ea™|CIIACI™ " + & ICTII + ™ IACI™ + &2 [I(CT)™I}
<odmaM max{c™+ >+ oM teieoM+ S +oM+ 62
<oma™ max{c™Ee ' + ) +e(e+1); oM+ 1)+ (e + 1)},
<oMma"[eMe ' + D) +e(l+e)] <26Mam e 6™+ 1)

<2e T gMams™m,
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where 6™ > ¢™ + 1. Therefore,
(12) IDmll <2& '6Mmams™.

Now one sets an upper bound for ||gm(Dx,, ..., D, )|l. From the definition (4)
of gm it follows that

em—1)!
(13) lgm(Dyy, ..., D)l < Z 1By, - Do | | IDmll < xm || Dl

a=1

where ym are constants determined by the Taylor expansion of the function
z z ad
—_ - — —_ — Ol
2@ =30 cot2)+2—§|ba|z . zeC

Recall that this Taylor expansion converges for |z| < 2x.
From (3), (12) and (13) it follows that

1 7] Tm—1
||A<m>||s/ dn/ dfz.../ dem 1 gm(Dsys - ., Do)
0

0 0
1 7] Tm—1
< xm / drl/ drz.../ dzm || Dmll
0 0 0
1 7] Tm—1
<2¢7! ymomtamsm / drl/ drz.../ drm
0 0 0

|
< 2671 ){mémamamﬁ.

In [1] it is established that, for each y € (0,2 7)

2M(y))m
y

Y
xm < (Mm— 1)!5(

where M(y) = maxzeC,|z=, | ¢ (2)]. Therefore

2M m 1 2M m
IAM | <26~ (m— 1L (ﬂ) 5mam&m—<e‘1y( (y)éar?) -
2 Y m! Y

Series (11) converges absolutely if

|das | < max = 0.4432.

y€(0,27) 2M(y)
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3.3. Estimate for the rest term A — A
One would like to estimate the rest term A — A, Obviously,
oo
A—AD = Z AM
m=2

and by Lemma 2 the latter series is convergent for sufficiently small 6 > 0. The
following result holds.

LEMMA 3. For series(11), there exists a constant ¢ > 0 such that,
A—-AD =R

where
R:( Ri1 +¢% Qi 8R12+83Q12)
e 'Ry +eQu —R[, —&?Qf

and [|Rijll, 1Qijll <& 0, ] =1,2.
Notice that the block structure of A has been established in Lemma 1. Let
one set an estimate for the left-upper 2 x 2 block. One gets
AT < 2 lol(E) (CAM + 2CT
11 m xmlloyi(7) ) e” Cpll
"y (2M(y)
m 2

5my ZM(V) m m m 2
<EE( ) ) a (O' +8)

2 m—2 m—2
<521(2M(y)a) [(5aa ZM(y)) +s2(5a—2M(y)) :|
2 Y Y y

Thus the series > oy, AET) converges absolutely if [ac| < #(y) and |da| <
#(y). By Lemma 2, both conditions are true since ¢ < ¢ and g > 1.

m
) (@™ ICAI™ + &2 ICT )

The proof for other blocks is similar.

3.4. Stability of the first-order averaging

Eigenvalues of A()) perform a crucial role in establishing stability conditions.
Computing AD, which is the first averaging of D, one obtains

1 —1
. ~ 0, k—'C
A _/0 Dzdf—(klgA_ézk.é,ACA 02 )
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with
1
§=/ §(r)dzr > 0.
0

Obviously A(!) is a Hamiltonian matrix of dimension 4.

Denoting 6°5 = y andk~!g A—y k ACA = X one computes the characteristic
polynomial of AD:

(14) det(Aly — AD) = 2* + pra® + po

where

(15) P =—tr(k"'=C) = -k 2g tr(AC) + y tr(AC)?
and

(16) po = det(k"'= C) = det(k~2g 1, — y AC)det(AC).

As one knows A() is a Hamiltonian matrix; its characteristic polynomial (14)
is biquadratic. If A is stable and possesses two distinct pairs of conjugate imaginary
nonzero eigenvalues, then P, pp must be positive. Therefore there must hold:

(17) p=—-tk'ZC)>0
and
(18) po = det(k"'= C) > 0.

Inequality (17) is equivalent to (see equation (15))

tr(AC)
tr(AC)2’

1
(19) 52/ §(r)dr > k2 g
0

To study the sign of det(k~! = C) in (18) note that det(AC) > 0. Then from
(16), the sign of det(k~! £C) depends only on the sign of det (k=g I — y AC), which
is a quadratic polynomial in y :

20)  det (k‘zg I —y Ac) — »2det(AC) — y k2 gtr(AC) + k*g2.
The discriminant of this latter polynomial equals
tr’(AC) — 4det(AC) > 0.

Therefore this polynomial has two real roots

—tr(AC) £ /tr2(AC) — 4det (AC)
2det(AC) ’

y+ =k?g
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and the inequality (18) holds either for

1
1) 52/ §(r)dr > y,,
0
or for
1
(22) 52/ $(r)dr < y_.
0

Inequality (19) is incompatible with (22), while (21) implies (19). Therefore
(19)-(22)-(21) can be reduced to a single inequality (equivalent to (21))

(23) 52/132(f)df > k—2g“(r1 +12) + Vo2 +12)2 —dorir,
0 21) B
where

m m
ey  MFM™ _ Ge(AC) = 2 > 0, u(AC) = v
mp rra

r+r:
rira

> 0.

The following fact holds for the polynomial (14).

LEMMA 4. The discriminant p% — 4pp of the biquadratic polynomial (14) is
nonnegative for any choice of the parametersm;, m,, ry, r, of the system. It is positive
if the condition (23) holds.

Proof. To simplify the notation denote tr(AC), tr(AC)? by t;, t, and det(AC) by d,
correspondingly. Recall that °§ = y, and put # = k=2g. Then from formulae (15),
(16) and (20) one concludes
P —4po=(—nti+y 1)’ —4@p>d—y nti+7°)d
= 7> (tf —4d) — 2y nti(t, —2d) + y? (o — 2d)(t, +20).
For any (2 x 2)-matrix N the identity tr N> = (tr N)?> —2det N holds. Taking N = AC

one concludes with the identity ty = t12 — 2d. Therefore t12 —4d =1t — 2d and one
obtains:

(25) Py —4po=(tf —4d)( ti — 7).
Substituting expressions (24) for t; = tr(AC) and d = det(AC) one gets
2 v 2 2
tl—4dzm(l}rl+Ur2+2(1)—2)r1r2).

Since v > 1 for mp > 0 (non triviality condition), the latter expression is strictly
positive for all non vanishing r, r, and hence the right hand side of (25) is nonnegative.

If condition (21) holds, then y > ’7# and (since v > 1)

ri+ro r+ro (rl+r2)2 r12+r22
yh—n=yo——=—-n>y———n>n\ —— -1 )=n—-7=>0.
rira rira 2r1r2 2r1r2

Therefore p% — 4pg defined by (25) is positive provided that (21) holds. O]
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3.5. Stability of double inverted pendulum

Finally, one is able to establish the main result regarding the stability of double pendu-
lum, or, the same of matrix A.

THEOREM 1. For each ¢ > 0 there exist 69 > 0,ky > 0 such that upper
equilibrium position (61, 82) = (0, 0) of inverted double pendulumisstableif 0 < ¢ <
do, k > ko and

01 4+12) + Vo2 +12)2—4dorir,
9 20 te

1
(26) 52/ §(r)dr > k2
0

and unstableif 0 < d < dy, k > ko and

. v(r1 +12) + 02 +r2)2 —4orr, .
20 '

1
(27) 5 / §(r)dr < k2
0

Proof. From Lemma 3, A = AWM + 62 R and one sees that
det (21 = (AD + 2 R)) =det(2l = AV) +1 (D)

where r (1) = p2 22+ po, p2 = 030> +k™2)), po = O (0* +k™)), as d+k~ ! — 0.
The characteristic polynomial of A can be written as

(28) det(Al — A) = 2* + A% + qo

and, under condition (26), is close to the characteristic polynomial A* + p4% + po of
AW, Namely, pg # 0, po #0and g = p2 (1+0O(9)), Go = po (1+O(d)) as d — 0.
Assume that condition (26) holds. Then py > 0, p, > 0 and p% —4py > 0.
Evidently for sufficiently small Jp, and for 6 < dyp and k satisfying (26) one gets @y >
0,090 > Oand q22 —4qp > 0. Therefore A is stable.
If condition (27) holds, then py < 0 and for sufficiently small dg, also gy < O
and one gets instability of A. O

4. Spherical case

4.1. Simple spherical pendulum

Consider a simple inverted pendulum under the same settings as in Section 3. Assume
that motion takes place on 3D-space.

As before, let m and r be, respectively, mass and length of the pendulum. Let
6 be the angle between the pendulum and its projection on the XOz plane. Denote by
¢ the angle between the latter projection and the positive part of vertical axis z. The
system has two degrees of freedom: 8 and ¢. Let q denote (0, ¢).
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Proceeding as for planar case, an equilibrium point for system is = 0. In
a neighborhood of this equilibrium, the four-dimensional Hamiltonian system of first
order equations arising from linearized Hamiltonian is, in matrix form,

q\_ 0 (mr2)=11, q
p ) \mrly[g+k38(kt)] 0 p
or

29) 10 = pgyoverna o )20=Q0OZ0

with z(t) = (@, p)T, A=mr I, and C = (mr?)~! I,.

System (29) is analogous to system (8) and one may apply the approach of
previous sections. So, for simple spherical pendulum equilibrium position q = 0 is
stable whenever, c.f. condition (23),

1 2
5 (1, _, tr(AC) +/t2(AC) — 4 det(AC)
5/ §°(r)dr > k™“g 2 det(AC) + €

One has tr(AC) = 2r~! and det(AC) = r 2. Stability condition arises in a very
simple form.

THEOREM 2. For each ¢ > 0 there exist 59 > 0, kg > 0 such that upper
equilibrium position (0, ¢) = 0 of simple spherical pendulum is stable if 0 < ¢ <
0, k> k() and

1
52/ $(r)dr > k™?gr +e¢
0
and unstableif 0 < ¢ < dp, k > ko and

1
52/ §(r)dr <k2gr —e.
0

4.2. Double spherical pendulum
Consider a double pendulum as presented in Section 3 describing a 3-D motion. Let
6i;i =1,2and ¢j; i = 1, 2 be as described in Section 4.1.

Proceeding as in two previous cases one linearizes Hamiltonian system at the

equilibrium point and obtains eight equations on variables 01, 62, @1, ¢2, Pa;» Ps,» Py,
and pg, which take the form

(g)=(—(f)32(t) (():2)((;)

1 2 _
C:(G 02)’ with G:—”( r3 mzrlrzz)’
0, G mimprr? \ —Marira (M +mp)ry
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and

50 =( o O ) [g+0KSKDI, with A= ( M+ mr 0 )

This system of eight equations can be re-written as two decoupled systems of
dimension four such that each system structure is analogous to system (7)

] 0 G 0
(30) ( 0 ):(gA+5k2§(kt)A 0 )( 0y )

and

¢\ _ 0 G @
@D (p¢)_(gA+5k2§(kt)A 0)(p¢)'

Decoupled form (30)-(31) of spherical inverted double pendulum shows that
one can study independently its projections on X Oy (system on variables ¢;; 1 = 1, 2)
and yOz (system on variables 6;; i = 1, 2). Therefore stability conditions for spherical
inverted double pendulum coincides with those presented in Theorem 1.
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