Complemented congruences on double Ockham algebras

C. MENDES

ABSTRACT. For n € Nand m € Ny, an algebra £ = (L, A, V, f,9,0,1) of type (2,2,1,1,0,0)
is said to be a double Ky m-algebra, if £ is a double Ockham algebra that satisfies the
identities f2ntm = fm g2ntm — gm  fg — ¢22n and gf = f22" where z is the smallest
natural number greater than or equal to m/2n. In [2], T. Blyth, A. Noor and J. Varlet
study congruences on some double K1 j-algebras. They describe the complement (when it
exists) of a principal congruence and, using this description, they also determine when the
complement exists. In this paper we generalize this work for double Ky m-algebras.

1. Preliminaries

The variety O of Ockham algebras is the class of all algebras
(L,A,V,h,0,1) of type (2,2,1,0,0) such that (L,A,V, 0,1) is a bounded distribu-
tive lattice and h is a dual endomorphism of this lattice, i.e., h(0) = 1, h(1) = 0,
h(z Ay) = h(z)V h(y) and h(z Vy) = h(x) A h(y). These algebras were defined by
J. Berman in [1]. We write (L, h) for an Ockham algebra (L, A,V,h,0,1) and we
represent both the universe L and the lattice (L, A,V,0,1) by L. The subvariety
of O characterized by the identity h?"+t™ = h™ n € N and m € Ny, is denoted by
K, and the elements of this class are called K,, ,,-algebras. Further information
about Ockham algebras and K,, ,,-algebras can be found in [1] and [3].

For each £ = (L,h) € O, and for all n € N and m € Ny, the sets h™(L) and
Ly = {x € L: h?"* ™ (x) = h™(x)} are subuniverses of £. By h™ (L) and L, .,
we denote the subalgebras (b (L), h) and (L, m, h) of L, respectively. It is useful
to notice that, if £ € K,, ,,, then h"(L) € K, o.

Associated to Ockham algebras we have the notion of double
Ockham algebras, introduced by M. Sequeira in [5]. A double Ockham algebra
is an algebra £ = (L, A, V, f, 9,0, 1) of type (2,2,1,1,0,0) such that (L, A, V, f,0,1)
and (L, A,V, g,0,1) are Ockham algebras. The variety of double Ockham algebras
is represented by Os. We denote a double Ockham algebra £ = (L, A, V, f,¢,0,1)
by £ = (L, f,g) and we represent by L, both, the universe L and the distributive
lattice (L, A,V,0,1). For the Ockham algebras that are reduct of £ = (L, f,g) we
write (L, f) and (L, g).

Let £L = (L, f,g) € O2. For each h € {f, g}, and all n € N and all m € Ny, we
represent by L . the set {x € L : h*"™™(z) = h™(z)}. We write (L ,, f) and
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(L§, > g) for the greatest subalgebras of (L, f) and (L, g), respectively, that belong
to Ky m.

Let n,m € N and let ¢ be the smallest natural number that is greater than or
equal to m/2n; in what follows this element will be denoted by [m/2n]. The
subvariety of Os characterized by the identities f2n+m = fm g2ntm — gm
gf = 2™, fg = g*>™" is represented by DK, , [5], and the elements of this
variety are called double K,, ,,,-algebras.

Given £ = (L, f,g) € DK, ,,, we have that f™(L) is a subuniverse of £. So,
(f™(L), f,g) is a subalgebra of L, that we denote by f™(L), and the Ockham
algebras (f™(L), f) and (f™(L), g) are subalgebras of (L, f) and (L, g), respectively.

About double K,, ,,,-algebras it is useful to remind that if £ = (L, f, g) € DK, 1,
then f2"*% = fk and ¢g?"*t* = g for all k > m. We denote by r(¢) the remainder of
the integer ¢ on division by 2n and, for 1 <4, j < 2n+m—1,let z; ; = m~+r(j—i—m).
Taking into account the relation between operations f and g it follows that:

Lemma 1.1. [5, Proposition 2] Let n,m € N, £ = (L, f,g) € DK, ., and
qg=[m/2n]. Then

i) flg' =g”", ¢'f' =f?", 1<i<2n+m-1.
ii) gifj = feii, fjgi =g@i, 1<i,j<2n+m-—1.
i) f7(L)=g"™(L). 0
We now present some notation related to congruences. Given an algebra L
(element of O or element of O2) we denote by:

- Cony,, £ and Con £, the congruence lattice of the distributive lattice L (reduct of
L) and the algebra L, respectively;

- 1.t (a,b) and O(a, b) the least congruence of Cony,, £ and Con L, respectively, that
identifies the elements a and b of L;

- 0 and 1 the identity and the universal congruence of L, respectively;

- 01, a congruence defined on a subalgebra £’ of £ (0, and 15/ represent, res-
pectively, the identity and the universal congruences of L').

For L = (L, f,g) € DK,, ,,, we represent by:

- Cony £ and Cong £, the congruence lattice of the algebra (L, f) and the algebra
(Lag)a respectively;

- 0¢(a,b) and 64(a,b) the least congruence of Cony £ and Con, L, respectively, that
identifies the elements a and b of L;

- 05 5mry(a,b), Oy rm(ry(a,b) the least congruence of Cony f™(£) and Con, f™(L),
respectively, that identifies the elements a and b of f™(L).
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Remark: Let £ = (L, f,g) € DK, ;. Given 6y € Cony £ and 6§, € Con, L, since
0, 84 € Cony, £, we represent by 0 V 0, and 07 A 04, respectively, the join and
the meet of 8¢ and 6, on Cony,, L.

To study principal congruences of £ = (L, f, g) € Oz it suffices to consider the
congruence 6(a,b) for a < b since, for any congruence 6 of a lattice L' and any
x,y € L', we have (z,y) € 0 if and only if (z Ay,x Vy) € 6.

For any £ € O (resp. Og), the lattice Con L is distributive. Also, for any
subalgebra £’ of an algebra £ € O, each congruence defined on £’ is the restriction
of some congruence defined on £. This means that the variety O satisfies the
congruence extension property. Consequently we have the following:

Lemma 1.2. If £L € O, L' is a subalgebra of L and a,b € L', then
9(@,b)|L/ :9Lf(a,b). U

The following result, that establishes that any principal congruence on £ € K, ,,
is the join of principal congruences on the distributive lattice L, is fundamental in
the investigation of congruences defined on K,, ,,,-algebras.

Lemma 1.3. [1, Corollary Theorem 1] If £ = (L,h) € K,, ,, and a,b € L with

a <b then
2n+m—1

0(a,b) = '\:/0 Orac (R (a), h¥(D)). O

For double K,, ,,-algebras it is also possible to establish a result similar to this
one:

Lemma 1.4. 5] If L= (L, f,g9) € DK, ,, and a,b € L with a <, then
2n+m—1 2n+m—1

00.0) = (@) V-V Oe(f(@), S0) VTV (@), 00). O

J

From Lemmas 1.3 and 1.4 is immediate that:

Lemma 1.5. If L= (L, f,g) € DK, m and a,b € L are such that a <b, then
0(a,b) = 0¢(a,b) Vb,(a,b). O

Definition 1.6. By a p-ladder in an ordered set E we shall mean a subset of £
that consists of two p-chains a; < ... < a, and b; < ... < b, such that a; < b; for
i=1,...,p. We shall denote a p-ladder by (a, b;),.

Let T ={0,1,...,n—1} and, for s € {1, ...,n}, let Ty = {J : J C T,|J| = s}. Let
L= (L,h) € Ky m and a,b € L be such that a <b. For s € {1,...,n}, let

ans= A V), b= A V).

JeTs jeJ JeTs jeJ
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It is easy to prove that the set {Eh,S,E;LS : s =1,..,n} is an n-ladder consisting
of elements that belong to the subalgebra L; . In the following theorem, which
is an unpublished result of M. Sequeira, this n-ladder is used to establish that any
principal congruence defined on a double K, ,,-algebra £ = (L, f, g) is the join of
principal congruences generated by elements of L ,,.

Theorem 1.7. Let L = (L,h) € Ky, and a,b € L be such that a <b. Then
9(a7 b) = \/ e(ah,sag}z,s)- O
s=1

Next Lemma follows immediately from Theorem 1.7 and Lemma 1.5 and
describes each principal congruence defined on a double K,, p,-algebra £ = (L, f, g)

by means of elements of Lim and elements of LY .
Lemma 1.8. If L = (L, f,g9) € DK, ., and a,b € L with a <b, then

~ n ~
6(a,b) = \7/19f(5f,svbf,s) v tylﬂg(ag,t,bg,t). O

3

The purpose of this paper is to characterize the principal congruences 6(a,b) on
double K, p,-algebras that are complemented. The study of these con-
gruences is strongly related to the following theorem which establishes that, given
L = (L, f) € O, all congruences generated by elements of L, o are complemented.
This theorem is, also, an unpublished result of M. Sequeira [5].

Theorem 1.9. If L = (L,h) € O and a,b € L1y with a < b, then 6(a,b) is
complemented in Con(L), and
0(a,b) = 6(h(a)Vb,1)VE(h(a),h(a)Va)Veo(bbVh(b)
= 60(0,aA (b)) VO(aAh(a),a)VE(bAh(b),hD)). a

2. Congruences

Let £L = (L, f,g9) € DK, » and a,b € L be such that ¢ < b. By Lemma
1.5, the congruence 6(a,b) is the join, on Cony,, £, of a principal congruence on
(L, f) and a principal congruence on (L, g). So, it is natural that the study of
6(a,b) uses various results obtained on [4]; where the author studies complemented
congruences on K,, ,,-algebras. Moreover, similar results for double K,, ,,, algebras,
involving the relation between the operations f and g, need to be established. We
start this section establishing and proving that results.

Lemma 2.1. Let L = (L, f,g9) € DK, , i € N, k € N be such that k > m and
a,b € L witha <b. Then, given x,y € L

(2,9) € 61 (9°(a), 4" (b)) = (f¥(2), F*(v)) € brue(9'(a), 9" (D)),
for some t € {m,...,2n+m — 1}.
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Proof. Let xz,y € L. 1If (z,y) € 6(9°(a),g'(b)), for some i € N, then
(f5(2), () € bue(f*(g'(a)), fF(g'(b))). From Lemma 1.1 it follows that
f*(g"(a)) = g'(a) and f*(g'(b)) = ¢g'(b), with ¢t € {m,...,2n+m — 1}. O

Lemma 2.2. Let L= (L, f,g) € DK, ., and a,b € L with a <b. Then

Hg(a,b) fm(L) = \/ elat( ( )a k(b))

(L)
Proof. The result follows immediately from [4, Lemma 2.3] since f™(L) = ¢™(L),
04(a,b) € Cong L and (L, g) € Ky, .- O

Lemma 2.3. Let L= (L, f,g) € DK,, ,, and a,b € L be such that a <b. Then,

2n+m—1 . .
0(@.b)lpm(z) = (@ Dl ey Vo Vo O (F4(a) S0)) iy

2n+m—1

v 4\/1 O (97 (), 97 (1)) | (1) -
j=
Proof. By Lemma 1.4 we have
2n+m—1 ) . 2n+m—1 . .
9(0/; b) - elat (a7 b) \% \/ elat (f’L (a/)a fl(b)) \ \/ elat (g] (a’)5 gJ (b))
i=1 j=1

and it is obvious that

2n4+m—1 2n+m—1

Orat (a, b)| pm () V V\Z/l Oras (F* (@), F1(0)) | mry V .\:/1 brat (97 (@), g7 (b)) | ym (1)

2n+m—1 2n+m—1

< [01at(a,b) vV Brac (f(a), (D)) v v 91at(gf(a),gf(b))}

f’IIL (L) N

Let 2,y be elements of L such that (x,y) € 0(a,b)|fm (1), i.e., such that

2n+m—1 2n+m—1

(@.9) € [Buc@t) vV 0w (F @ 0) VTV Ole’ @9 ®)]] .

i=1 j=1

Then z,y € f™(L) and there exist s € N and zg = x, x1, ..., x5 = y € L such that,
for all v € {0, ..., s — 1},

- (@0, Tog1) € Oiae (P (a), (b)), for some i, € {0, ...,2n +m — 1}
or
- (m'uax'u-l—l) € Hlat(gju (a)agjv (b))a for some Ju € {17 e 2n+m— 1}

In what follows we consider ¢ = [m/2n]. Thus, if (2, Zv41) € O (7 (a), f7 (D))
we have by [4, Lemma 2.2] that (f4%"(z,), f9"(2y41)) € buas ([P (a), ft* (b)), for
some t, € {m,...,2n +m — 1}. Since f%"(x,), f9?"(x,+1) are elements of f™(L),

then (J927(z,), f2"(2011)) € O (£ (@), £ (B))|pm -
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If (zy,2p41) € Ot (gﬂ gJ“ ) it is also possible to conclude, in this case
using Lemma 2.1, that (qu"( 0)s FP2 (2011)) € Orac (g7 (a), g* (b ))|fm(L), for some
Sy € {m,...,2n+m — 1}.

Consequently
2n+m—1 . .
(1927 (@), 12" () € D@ D)l ey VoV Oua(£(@) 11 0) Ly
2n4::n*1 ) .
v 4\/1 Orae (97 (@), g7 (D)) (L)
=

where f%"(r) = z and f92"(y) = y since 2,y € f™(L). Thus we have
2n+m—1

9(0‘,,b)|fm(L) < 91at(a,b)|fm(L) V .\7/1 Qlat(fi(a)’fi(b))“m(L)

2n+m—1

VoV (g (@) ®) - H

This lemma is used to prove the following result:

Lemma 2.4. Let L= (L, f,g) € DK,, ,, and a,b € L be such that a <b. Then,

0(a, b)

n ~ n ~
gy = V Os(@rs.brs)lmy V' V 0g(ag.e,bgo)lpm ).

Proof. By Lemma 2.3 we have
2n+m—1

0@ b)l 1) = Oae(@ D)l iy Vo VB (£7(@), £10)) 5 cay

2n+m—1

VoV (97 (a), ¢ (0)) |y (n)-

j=1
From [4, Lemma 2.3] and Lemma 2.2 it follows that
0(a, b)|fm(L) = Gf(a, b)|fm(L) \% Hg(a, b)|fm(L)
and, by Theorem 1.7

00, 0)l ity = ( V05105 )l gmiy v (V o(ai ) )|y

Finally, using [4, Lemma 2.4] and since f™(L) = g™ (L), we have

9(@,b)|fm(L) = )\_/19f(a'f,s,bf,s)|fm(,;) \/t\_/199(5g7t,bg7t)|fm@). O

Given an algebra £ € O (resp. £ € Os), let Con’ £ represent the lattice of
complemented congruences on L.

Lemma 2.5. Let £L = (L, f,g) € DK,,,,, and § € ConL. If § € Con' L, then
Ol fm () € Con’ f™(L). In fact, if 0 is the complement of 0 in Con L, then 6’ Fm(L)
is the complement of 6| ¢m (1) in Con f™(L).
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Proof. Let § € Con’ £ and ' be the complement of § in Con £. Then 6§
0| fm (1) are elements of Con f™(L). Since #,0" € Cony L, ¢ is also the complement
of # in Cony L. By [4, Lemma 2.5] we have that ¢'|fmr) is the complement of
0]¢m(zy in Cony f™(L) and, consequently, in Con f™(L). O

Fm(L) and

Lemma 2.6. Let L (L,f,9) € DKy, and a,b € L with a < b and

ke N be such that k > 7:n Then
i) b) = 07(f"a), f*®)),
i) 9 g’“ ") = 0(g"(a), 9" (1)),
i) 0(g"(a),g"(b ; = 0y(g"(a),g" (b)),
w) (flC f’c ) = 0y(fF(a), 5 (0)).
Proof. 1) By Lemma 1.4 we have
(40, ) = s (7@ F0) VN B (7M@), A 0)
f”z 0 (7 (4 (@), 7 (FHD))).

Since kK = m + r, for some r € Ny, it follows by Lemma 1.1 that, for all z € L and
je{l,...2n+m— 1},

9 (¥ @) = ¢ (f"(f" (@)= fm (f7(2))
= pmm(m (@) = o (),
with 2;,, —m € {0,...,2n — 1}. Thus we have

2n+m—1

0(f"(a), fE (b)) = b (f*(a), fF(0)) Vv \:/ Orae (1 (f*(a)), J1 (S ()

and by Lemma 1.3 we conclude that 0(f*(a), f*(b)) = 0; (fk(a),fk(b)); so i) fol-
lows. Since f™(L) = g™ (L) we have g¥(a) = fm( ) and g*(b) = f™(y), for some
x,y € L. So case ii) is immediate from i). The proof of iii) is analogous to the one
for case 1). Case iv) follows from iii). O

Definition 2.7. By a m-pair, m € N, we shall mean the ordered pair (k,1) such
that
(k1) = { (m,m+1) if m is even;
’ (m+1,m) if mis odd.

It is useful to notice that, if (k,I) is a m-pair then k is always even, and [ is
always odd.

In what follows we consider £ = (L,f,g) € DK, and, for z € L,
T ={0,1,...,n—1}, s € T and i € N, we represent the elements f(Z;,) and
g'(Z4.s) by f'(Zs) and g'(Zs), respectively. Note that we never use the elements
J(Z4,5) and g'(Zy,s). Moreover, we denote by (k,[) an m-pair.
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Let a,b € L be such that a < b and suppose that 8(a, b) is complemented. As we
will see, the description of the complement of 6(a, b) is, in fact, related to Theorem
1.9.

If we take ¢ = [m/2n], then f92"(a,), f©"(b,) € f™(L) and g%"(as),
g?"(bs) € g™(L). Consequently, taking into account that f™(L) = g™ (L), it
follows by Lemma 2.4, [4, Lemma 2.1] and Lemma 1.2 that:

3

0(a,b)[pmy = V 05 (@y,s,b5,5)|pm(r)y V y9g(5g,t,bg,t)|fm(L)

s=1

= V0 (72 @) () iy vV 0y (% @), g () e

s=

= V0 maay (12 (@), £ (B) V Vg (07 @), 07 ().

s=1

3

3

Since ay.s, bfs € le, Qg t, Zg,t € Lg and ¢2n > m, then f9?"(a,),
f2n(by) € L1,0a and ¢92"(a), ¢92"(b,) € L 10- So, by Theorem 1.9, the con-

gruences 0 rm () (f92"(@s), f2"(bs)) and 6, ym (1) (99" (@), g?" (b)) are comple-
mented, respectively, in Cony f™(£) and Cong f™ (L)

Using Lemma 1.2 and [4, Lemma 2.4] it is proved in [4] that

0s,pmry (f127(@s), f127(bs)) = @5 (@f.s,bps) fmry  and
0y, 50y (9727 (@1), 92" (b)) = g (@g,t, bg.t) | fm(r)

where

0 (ls.s,bps) = 0p (F(0s) V f1@s), 1) V 05 (F5(bs), 5 (bs) V1 (Bs))
v9f(fl(55) ( s) V k(as)) and

(@1, bg.e) = 0y (g% (be) V g (@), 1) V Oy (g" (be), 9" (be) V ' (b))
V 0,(9" (@), 9 (@) v 9" (@)

Since k& > m and [ > m, it follows by Lemma 2.6 that each congruence
07 (£ (0)V 1), 1), 07 (F*(ba). F(b) V 11 (b)) and 0, (g1 (1), o' r) V" (ar)) is am
element of Con L; so ¢ (ay,s, bfys) is an element of Con L. Now, taking into account
that f™(L) is a subuniverse of £ we conclude that ¢ (5f75,5f75) #m(r) € Con f™(L).
In a similar way we prove that ¢, (ag,t;gg,t”f’"(L) € Con f™(L£) and, also by Lemma
2.6, we have 07 pm(r)(f7*"(as), f92n (b, ), by, L )(gqm(ﬁt),gq%@t)) € Con f™(L).

So, both congruences 0y, ym (1) (f9*"(@s), 72" (b 5)) and 0 ¢m (1) (gq%(ﬁt),gq%@t))
are complemented in Con fm( ). Since

0(a,b)lymzy = V Op.mr) (" @s), 72" (bs)) v Vb5 m) (g% (@), ™" (br))
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it is obvious that 6(a, b)|¢m () is also complemented in Con (L) and we have:

(6(a,b)pm(r))" =

>3

-

05.5m (72 @), £ (50)) A Ay gy (07 @) 07" (b))
t=

»

pr(ag,s, bf,s)|fm(L)) A ( é\ P9 (gt bg’t)|fm(“)

wf(@y,s,bys) A /\‘Pg(agtv gt))|f’"

»

/N (A/_\
>3 (>3
Jan _

n ~
Let ¢4 stand for /\ wr(ag,s, bf s) N N\ @g(ag.t,bg,t). From Lemma 2.6 we conclude
t=1
that ¢y 4 € Con L.

Next lemma shows that ¢, can be described as the join of a finite number of
principal congruences and we use this result to determine the complement of 8(a, b).
To obtain this description it is useful to remember facts R;) an Rg) mentioned in
[4] and to take into account the following:

Remark: Let £ = (L, f,g) € DK,, , (k,1) be an m-pair and r € Ny. Let h € {f, g}.
Then, for z € L},
fr(hk(x)) — hl(x)7 ’l“( l )
f’r(hk(x)) — hk(I), 'r( l T )

ngk@)i =hl(z), ¢ Ehl(x)g = hk(z) if r is odd,

= hl(x) if r is even.

if r is odd,
) if r is even,

|
=3
\_/

Lemma 2.8. Let L = (L, f,g9) € DK, and a,b € L be such that a < b. Let
bfo 7bgo =0 and Afnt1 = Qgnt1 = 1 and (k,1) be an m-pair.
Then,

n+1 n n

erg= V V V [ef(xm,p,qui,j,p,q) V 0g(Wi,j,pq5 Zi,j,nq)] )
i,p=1 j=i—1 g=p—1

where
Tiga = 1'@) V 12 (b;) V g'(@p) V ¥ (by),
Yijpa = Tijpa V (fF(@541) A f! (bi—1) A g F(agra) A gl@p—l))y
Wijpg = £1@) V F05) V(68 @) A g (bg) Alg' (@gr1) V gF (Bp-1))).

Zijpa = Wigpq V (fF (@) A f! ( i—1) A g¥(ap) A gl(gq))'

Proof. We have p5g = A cpf('df,s,gfﬁ) A <pg(ag,tj>'g,t) and from [4] we know
s=1 t=1

that
n+1 n

A¢rrsbr) =N\ 0 (F @)V G, @)V FEB3) Vv 1 @a1) A F (i)

s=1 i=1 j=i—1
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and
n ~ n+1 n ~ ~ ~
t/Z\ISD.q(ag,t’ bg,t) = \:/1 :\/_109 (gl(ap) \ gk(bQ)ygl(ap) \ gk(bQ) N [gk(aqﬂ) A gl(bp—l)])~

By Lemma 1.3 and the remark we made before, it follows that:

AerGirabr) =V V[0 (@) 7B, @)V 1B V (P @) AT B
V Ouae (£ @) A A @)V B £ @) A S B)]

Aot = V.V [0(9' @)V 6 (u).g' @) V g F0) V Ig* @) A 9 Goe))
V O1at (9" @) A9 (50) A 19" @) V g (1)), 9 (@) A g' (B) .

Using [4, R1) and Rs)] it is routine to prove the following identity (but we omit the
proof since it is very long):

n+1 n
Prg = \/ \/ Vq:p—l (Aijpa V BijpaV CijpaV Dijpa)
ip=1 j=i—1

with
Aipia = Ot (@) V £ (05) V 19" @p) A g (ba) A (6" (bp-1) V 9" @g+1))), ~
F1@)V £ (by) V16" @p) A g (ba) A" (bp-1) V 6 @ar DIV I (Bimt) A S* @41) A" @) A (o))

Bijipia = Ot (@) A F1(55) Alg' @) V 9% (ba) V (9" (bp-1) A 9" @g+1))), B
@) AT (bg) Ao @p) V g (ba) V (! (bp-1) Ag* @ar DAL (i) V £ @541) V g @) V g (o))

ngpq—elat(f (aZ)ka( )Vg(ap)vg (bq)
fl(‘lz)\/fk( )\/g(ap)Vg (bq)v[fl( i— 1)/\fk(a]+1)/\g(p 1)/\9 (@g+1)1);

Dijpiq = Oas(FF @) A f1(b) A g% @p) A ¢ (Bg) A LFF (Bim1) V f1(@j11) V g* (bp-1) V 9" @g+1)],
FR@) A bs) A g*(@p) A ' (bg))-

Now, from Lemma 1.3 it follows that
n+1

n
Pfg = V V \/ (9)’ (i jpsas Yisipia) VY Og (Wi jp.g Ziyj,p,q)) )
=1j=i—1q=p—1

where
Tijpg = F1@) V F*(b;) V g' (@) V g* (by),
Vijma = Tigpa ¥V (FP@510) A FL(0io1) A g* (@gi1) A g (bp-1)),
Wijpg = F1@) V F(b;) V (9" @) A g'(b) Al (Ggi1) V g (bp-1)]),
Zigwa = Wigpa V (FF@51) A fH(bimr) A g*(@p) A gl (b)) O



COMPLEMENTED CONGRUENCES ON DOUBLE OCKHAM ALGEBRAS 11

Theorem 2.9. Let L = (L, f,g) € DK, », and a,b € L be such that a <b. Let
(k,1) be an m-pair.
Then,

(a) 0(a,b)V psq=1,

(b) if 6(a,b) is complemented, then necessarily 6(a,b)’ = @y,q.

Proof. (a) By Lemma 1.8, we have 6(a,b) = \/Zzlef(af,s,éf,s) Vv szlt?g(&'g,t,gg,t)
and from [4, Theorem 2.7] we know that, for all s,t € {1,..,n},
Op(af,sbss)Vpr(arsbys)=1and O4(dgebgt)V pg(age, bge) = 1.

Consequently,

n

01irbss) v V Oo(aebod)| V | Aer(@rabra) A A @ol@onb)]

1 t=1 U= v=

(er@rubon) VOr@rabra) vV Or(@nsbrs) v Vba(gede)

1 s=1,s#u

<z

9V90f,9:[

n

V 0r(@rsbrs) V.V 0y(@0.ba0))

n ~ ~
A (Sag(ag,v,bg,v) V 0y(ag,v,bg,v) V
=1 s=1 t=1,t7#v

(b) Suppose now that 6(a,b) is complemented. From (a) it follows that
0(a,b)’ < @t 4. It remains to prove that ¢, < 6(a,b)".

!
L) = Prglemw):

As we have already seen (6(a,b)

Let Ef,o = Eg,o =0and afn41 = dgn+1 = 1. By Lemma 2.8 we have

n+1 n n
vrg = V V V [of(xiyj,p,qayi,jypyq) v eg(wi,jypyqazi,jypyq)]v
i1,p=1 j=i—1 qg=p—1

where
Tigpa = F1@) V fH(b)) V g (@) V g* (by),
Vigpa = Tijpa V (FF@541) A Fl(bi1) A" (@gr1) A g (Bp-1)),
Wigpa = L1@) V FE0;) V (6" (@) A g (bg) Al (Ggi1) V g* (1)),

Zijpq = Wijp,q V (fk(5j+1) A fl(bi—l) A gk(ap) A gl(bq))'

From Lemma 2.6 we know that 0(%;p.q Yijpq) and 0g(Wijpq,Zijpg) are
elements of ConL. So ¢y, is the least congruence of £ that identifies each pair
(@i,5,p.q> Yi,j.p.q) and each pair (w; jp.q; Zi.j,p.q)-

Taking into account Lemma 2.5 we have (6(a,b)|sm (1)) = 0(a,b)'|fm@) - So
©f.glpmy = 0(a,b)'|gm(ry and, consequently, 6(a,b)" also identifies each of those
pairs. Therefore s 4 < 6(a,b)’ and we may conclude that §(a,b)’ = ¢y 4. O
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A double Ockham algebra £ = (L, f, g) that satisfies id < f2, g?> <id, fg = ¢>
and gf = f? is called a double MS-algebra. Since every double MS-algebra is
a double Kj 1-algebra, we can establish Theorem 14.5 of [3] as a corollary of the
previous theorem. Thus we have:

Corollary 2.10. Let L = (L, f,g) be a double MS-algebra and let a,b € L be such
that a < b.

Let
©r.g =0 (f2(0) V f(a),1) vV B¢ (f2(b), f2(b) VF(b)) V 05 (f(a), f(a)V f*(a))]
A [04(g°(b) V g(a),1) V 0,(g°(b), g*(b) V g(b)) V 84 (g(a),g(a)V g*(a))].
Then

(a) 6(a,b) Vo5, =1,
(b) if 8(a,b) is complemented, then 6(a,b) = py4.

We finish this paper establishing a necessary and sufficient condition for a prin-
cipal congruence defined on a double K,, ,,-algebra to be complemented.

Theorem 2.11. Let L = (L, f) € DK, 1, and a,b € L be such thata <b. Let (k,1)
be an m-pair. Let 5f70 = gg,o =0 and dfpnt1 = Qg,nt1 = 1. Then, 0(a,b) is com-
plemented if and only if for all s € {1,...,n}, all (xs,ys) € {(Efﬁs,gfys), (Egys,gg,s)}
and all i,p € {1,...,n+ 1} we have:

ys A f* (a]+1)/\f(1 1) A gk (aq+1)/\9(bp D) <as Vo fia) v fr ( i)V g (ap) v g"* (b)
forallje{i—1,...,n} andqe{p—1,..,n},

ys A S (@540) A S (bivt) A 6" @p) A g'(ba) < o v (@) V 5 (B) V 6 (@as1) V 6" (bp-),
forallje{i—1,...,n} and q € {p, ...,n},

ys A S(@) A 1 (03) A 9" @ar1) A (bpr) < oV 1 (@540) V £ (Bina) V 0" @) V 6" (Ba),
forallj € {i,...,n} andqe {p—1,..,n},

ys A FE@) A FH(Bs) A g™ @p) A gh(by) < s V (@ 11) V FF(bi1) V g (@gan) V gF (Bp-1),
for all j € {i,...,n} and q € {p, ...,n}.

Proof. By Lemma 1.8 we have 6(a, b) = \/Qzlef(af,s,Ef,s) \Y Vf:19g(5g7t,gg,t) and,
from Theorem 2.9 it follows that 6(a,b) is complemented if and only if
8(a,b) A pf,g = 0. By Lemma 2.8 we know that

n+l n

era=(V V 05(71@) v FEE), f1@) v 4 B) v [ @s0) A S Bin)]) )

1=1j=1—1

AV V0,061 v 6. @) v g ) V I Ggen) 9G]

p=1 q=p—

with byo = bgo=0and df,i1 = dgni1 = 1.
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Then 6(a,b) is complemented if and only if, for all s, ¢t € {1,..,n},
,pe{l,.,n+1},5e{i—1,...,n}andge {p—1,...,n},

05 (@5, br.s) A O (F1@) V R (B)), f1(@i) Vv F5(0;) V [F*(@ja1) A FH(bio1)])

A Qg(gl(ap) \ gk(bq);gl(ap) \ gk(bq) \ [gk(anrl) A gl(bpfl)]) =0
and

Og(ag,t,bg.e) A Os(f1(as) Vv fF(by), f1(@i) V f5(b) vV [f*(@541) A fH(bi-1)])

A 0y(g'(ap) V g% (bg), 9" 9¥(bg) V [g¥ (Gg11) A g'(bp-1)]) = 0.

<
<

=
—

By Lemma 1.3 and since ay g, Eﬁs € Lim and ag.¢, Eg,t € LY., it follows that, for

1,m>

all se{l,...,n},i,pe{l,..,n+1},je{i—1,..,n}andge {p—1,..,n},

07 (o bp.s) N Os (F1@) V F5(by), /@) V () V [ (@a1) A f (Bim)])

A Hg(gl(ap) N gk(bq)agl(ap) N gk(bq) v [gk(aq-i-l) N gl(gp—l)]) =0
if and only if
m+1 ~
|V (7 (@), £75)]
A o (71@0) V7280, £1@) V72 B5) Y [ ) A S (Biea))
V O (5 (@) A fl(gj) AfH@41) Vv FEBi—1)], £ (@) A fl(gj))}
A (B (9" @) V 9" (). 9'@) V 9 (Ba) V 9" @) A g (Bp-1)])
V 01t (9" @) A 9 (5) A9 (@g1) V " (bp-1)], 6 (@) A 91 (b)) | = 0.

Now, using [4, R1) and Ry)] it is easy we conclude that the previous identity follows
if and only if, for all r € {0,....,m + 1},

a) Fr(s) A fE(@j1) A fH0i-1) A 6" (@g+1) A g (bp-1)
< (@) V@) VR Vgt @) v g (by),
b) Fr(bs) A Fo@510) A F1(Bior) A " (@p) A g (bg)
< (@) v @) v E ) v gt (@g1) V gF (bp-1),
c) Fr(bs) A FE @) A F1(b;) A gF (Ggi1) A g (bp—1)
< fT(ES) \ fl(aj+1) 4 fk(bi—l) \ gl(ap) N gk(bq),
and
d) Fr(Bs) A £ @) A F1(by) A g* (@) A g'(by)

< fr(@s) V fHa1) V Fbio1) Vgt (@ge) V gt (bp-1).
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These inequalities are trivial when r is odd. If r is even, we have already seen that,
Fr(fH @) = fF@), fr(f'@) = fi2), (5 () = ¢"(y) and f7(g'(y)) = ¢'(y),
for all x € L{,m and y € LY. So, conditions a), b), ¢) and d) are equivalent,

respectively, to 1), 2), 3) and 4) below:

1) bps A SE@j11) A fH(bim1) A g*(@gar) A g (bp—1)

< g V@) VD) V gl (@) V 9" (b),

2) brs A FE(@551) A FL(Bir) A gR (@) A ' (By)

<aps V(@) Vb)) V g (@ge1) V 9" (bp-1),

3) bpos A FF@) A FL(B5) A 6" @gar) A g (Bp1)

<aps Vi aj) vV Ebio) V gh(ay) v gF (by),

4) Ef,s/\fk(%‘)/\Jfl@j)/\gk(ﬁp) /\gl@q)

<GV @)V FEbio1) V g Gga) V gF (bp)-

Conditions 1) and 2) are equal when ¢ = p — 1 (the same happens with 3) and 4)).
For j =4 — 1 we also have that 1) coincide with 3) and 2) coincide with 4)).

Givent € {1,....,n}, i, pe{l,...,n+1},je{i—1,..,ntand g€ {p—1,...,n}, we
have

Og(ag,t,bg.e) A Os(f1(as) Vv fF(by), f1(@:) V f5(b5) vV [f*(@541) A fH(bi-1)])

N (gl(ap) \ gk(bq);gl(ap) \ gk(bq) \ [gk(anrl) A gl(bpfl)]) =0.

if and only if are satisfied conditions analogous to 1), 2), 3) and 4).

Then 6(a,b) is complemented if and only if for all s € {1,..,n},
all (zs,ys) € {(@f,,b¢,5), (Gg,5,bg,5)} and all i,p € {1,...,n + 1} the following con-
ditions hold:

Yo A fE@r40) A FL(Bic1) A gF(@gr1) A g (bp—1) < xa V F1@i) V 5 () V g @p) V 9" (by),
forallje{i—1,..,n} and g€ {p—1,...,n},

Yo A fE@ra0) A FL(Bic1) A gF (@) A gl (bg) < 2oV (@) V FE(B5) V g (@gsr) V gF (Bp-1),
forallje{i—1,..,n} and q € {p, ..., n},

Yo A FE@) A FL(B5) A g5 @grn) A gl (bp—1) < 2oV L (@541) V FE(Bio1) V g @p) V 9" (by),
forall j € {i,...,n}and g€ {p —1,...,n},

ys A 5@ A LB5) A g5 @p) A gH(bg) < @V fH(aj11) V FFE(Bi1) V g (@gs1) V gF (bp—1),
for all j € {i,...,n} and ¢ € {p,...,n}. O
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