Complemented congruences on Ockham algebras

C. MENDES

ABSTRACT. An Ockham algebra £ = (L,A,V,f,0,1) that satisfies the identity
frrtm = fm pn € Nand m € Ny, is called a Ky, m-algebra. Generalizing some results ob-
tained in [2], J. Varlet and T. Blyth, in [3, Chapter 8], study congruences on K i-algebras.
In particular, they describe the complement (when it exists) of a principal congruence and
characterize these congruences that are complemented. In this paper we study the same
question for Ky mn-algebras.

1. Preliminaries

An Ockham algebra £ = (L, A, V, f,0,1) is an algebra of type (2,2,1,0,0) such
that (L, A, V, 0, 1) is a bounded distributive lattice and f is a dual endomorphism of
this lattice, i.e, f(0) =1, f(1) =0, f(xAy) = f(x)Vf(y) and f(xVy) = f(z)Af(y).
The class of Ockham algebras is a variety denoted by O. This variety was introduced
in [1]. We write £ = (L, f) for an Ockham algebra £ = (L, A,V, f,0,1) and we
represent both the universe L and the lattice (L, A,V,0,1) by L. For n € N and
m € Ng, K,, ., is the subvariety of O characterized by the identity f2"+m = fm.
The elements of K,, ,, are called K,, ,,-algebras. For the basic properties of Ockham
algebras and K, ,,-algebras we refer the reader to [1] and [3].

For each £ = (L, f) € O, and for all n € N and m € Ny, the sets f™(L) and
Ly ={x € L: f*™(z) = f™(z)} are subuniverses of L. By f™(L) and Ly, ,,
we represent the subalgebras (f™ (L), f) and (Ly m, f) of L, respectively. Note that
Ly, m is the biggest subalgebra of £ that belongs to K, ,,. Also it is clear that if
L e K, then f™(L) € K,y 0.

Given L = (L, f) € O we represent the congruence lattice of £ (resp. L) by
Con L (resp. Cony, £). Given a,b € L, 0(a,b) (resp. 0.(a,b)) stands for the least
element of Con £ (resp. Cony,; £) that identifies the elements a and b. On studying
principal congruences of £ € K, ,,,, it suffices to consider the congruences 6(a,b)
for a < b since, for any § € Con L (resp. Cony,, £) and x,y € L, we have (z,y) € 0
if and only if (zAy,zVy) € 6. By 0 and 1 we denote, respectively, the identity and
the universal congruence on L. If £’ = (L, f) is a subalgebra of L, we represent
by 01 a congruence on £’ and 07, and 1 represent, respectively, the identity and
the universal congruence of £’.
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For all £ € O, the lattice Con L is distributive. Also, for all £ € O and any
subalgebra £’ of L, each congruence defined on £’ is the restriction of some con-
gruence defined on £. This means that the variety O satisfies the congruence
extension property. We then have the following Lemma:

Lemma 1.1. If L € O, L' is a subalgebra of L and a,b € L', then
o(a,b)h/ ZQL/(CL,b). O

The following result, due to J. Berman, is fundamental in the investigation of
congruences defined on K,, ,,-algebras. It states that any principal congruence on
L € K,, , is the join of 2n 4+ m principal congruences on the distributive lattice L.

Lemma 1.2. [1, Corollary of Theorem 1] If L = (L, f) € K,,,;m, and a,b € L are
such that a < b then
2n+m—1

o) =\ Ou(fi(a), S10)). -
1=0

Since many results obtained in this paper use the previous lemma it is useful to
remind ourselves about some facts related to distributive lattices.

If L is a distributive lattice and x,y, z, w are elements of L, then:

Ry) for z < w, we have (z,y) € 0(z,w) if and only if x A 2z = y A z and
rVw=1yVuw;

Ri) O(z Ay, x) =0(y, = Vy);

Ro) O(z,y) NO(z,w) =0(xVz,xVzV(yAw)) =0y AwA (zVz),y \w) (and
s0 O(x,y) NO(z,w) =0 if and only if y Aw <z V 2).

Based on Lemma 1.2 and on the fact that the principal congruences on distribu-
tive lattices are defined by equations it is easy to prove that a similar situation
occurs with K, ,,-algebras: if £ = (L, f) € Ky, then 6(a,b) € ConL is cha-
racterized by 22"*+™ identities, for any a,b € L.

Theorem 1.3. [5, Theorem 8] Let L = (L, ) € Ky, ., and a,b € L, with a <b and
x,y € L. Then (z,y) € 0(a,b) if and only if

(eA ALE@A A m) v\ v\ )

S JEG kET\F leT'\G
= (kA AFF@A APRO) v\ v )
i€l JjEG kET\F leT'\G

for all F CT and G C T, where

T=T={0,1,2,...,.n+ %} if m is even or
T=1{0,1,2,...,n+ 22} T ={0,1,2,..,n+ 253} if m is odd. O
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In this paper we will also require Theorems 1.4 and 1.7 below, wish are unpub-
lished results of M. Sequeira [6] concerning principal congruences on K,, ,,,-algebras.
The proofs are straightforward and are omitted.

The following result is a generalization of [4, Lemma 3.10] and establishes that,
given £ = (L, f) € O, all congruences generated by elements of L ¢ are comple-
mented.

Theorem 1.4. If L = (L,f) € O and a,b € L1y with a < b, then 6(a,b) is
complemented in Con L, and

0(a,b) 0(f(a) Vb, 1) VO(f(a),f(a)Va)Veo(bbV f(b))
0(0,a A f(b)) VO(an fla),a) VO(bA F(b),f(b)). O

Definition 1.5. By a p-ladder in an ordered set E' we shall mean a subset of
that consists of two p-chains a; < ... < a, and by < ...legb, such that a; < b; for
i =1,...,p. We shall denote a p-ladder by (a;, b;),.

Example 1.6. Let T ={0,1,...,n— 1} and for s =1,...,n let
T,={J:JCT,|J|=s}
Let £L= (L, f) € K, m and a,b € L be such that a <b. For s =1,...,n let
as = /\ \/f2j(a)v gs = /\ \/f2j(b)'
JeTs jeJ JETs jeJ

Then {Zisjs : s = 1,...,n} is an n-ladder consisting of elements that belong to
the subalgebra L4 ,,. Indeed, since a < b we have a; < by for s = 1,...,n. It is
also obvious that a; < ... < a, and b; < ... < b,. Using the fact that, for all

s € {1,...,n}, the map
ps:Ts — T
7 e {j+1]jeJ} ifn-1¢J
{j+1ljeJ\{n—-1}}U{0} ifn—-1eJ

is surjective and that f2"+™(a) = f™(a) and f2"+t™(b) = f™(b), it is easy to see
that as,bs € L1 y,. In fact,

e if m is even then

f2+m(as) _ /\ \/ f2j+2+m(a) _ /\ \/ f2k+m(a)

JETs jeJ JETs keps(J)

= AV ) = @)

KeTs keK
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e if m is odd then

@) =\ A=\ A )

JET, jeu JET, kep. ()
=\ A ) = @)
KET, kek

In both cases we conclude that as € Ly .

Using the n-ladder (5s,gs)n defined on the previous example, M. Sequeira esta-
blishes that each principal congruence 6(a,b) defined on an algebra
L € K, , is the join of a finite number of principal congruences generated by
elements of Ly ,.

Theorem 1.7. Let L= (L, f) € K,,.,;m and a,b € L such that a <b. Then

0(a,b) = \/ 0(@s. bs). O
s=1

Corollary 1.8. Let L= (L, f) € K, and a,b € L such that a <b. Then

n m+1

0(a,0) = \/ \/ O (£ (@), (b)) H

s=1 j=0

Since any congruence, defined on an algebra A, is the join of principal con-
gruences, it follows from Theorem 1.7 that each congruence 6, defined on an algebra
L of K,, ,, is the join of principal congruences generated by elements of L ,,.

The purpose of this paper is to characterize the principal congruences 6(a, b) on
L € K, that are complemented. This will be achieved by studying congruences
6 on L € K,,,,, that can be represented in the form 6 = le 0(cs,ds), for some
p-ladder 0(cs,ds), of elements of Ly ,,.

2. The congruences

Let £ € Ky m, p € Nand 6 = \/*_, 6(cs,ds) for some p-ladder 6(cs,ds), of
elements of Li,,. If each 0(cs,ds) is complemented, it is obvious that 6 is also
complemented, with 8’ = A”_, 6(c,,d)’. The condition of § being complemented
is not sufficient for each 6(cs, ds) to be complemented (Example 2.11). Furthermore,
if 0 is complemented, we can obtain the description of # without knowing whether

each 0(cs,ds) is complemented or not.

In order to determine the complement of 8 (if 6 is complemented) we need to
establish some further results.
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Lemma 2.1. If L= (L, f) € K, m, and a,b € L are such that a < b, then

(Vk > m)(Vg € N) 0(a,b)| sx(r) = 0(F7"(a), F22"(b))] x (1) -

Proof. If (f*(x), f*(y)) € 6(a,b), then both f*(z) and f*(y) satisfy the 22"+
equations of Theorem 1.3. Applying f9%" to each equation, since k > m, we
get (f*(x), f¥(y)) € 6(f4"(a), f2"(b)). The converse follows from the fact that

0(f7"(a), f9*"(b)) < 6(a,b). O

Lemma 2.2. Let L= (L, f) € Ky, m, i € No, k € N with k > m and a,b € L with
a<b.

Then, for any x,y € L,
(€,9) € Ot (f1(), 11(B)) = (F*(2), ¥ (9)) € brar (f*(a), [1(1)),
for some t € {m,....,2n +m — 1}.
Proof. Let x,y € L. 1If (z,y) € 6 (fi(a),f (b)), with i € Ny, then

(f¥@), f*(y)) € Ou(fF(fi(a)), f¥(fi(b))). Since k > m we have that
fF¥i(a) = ft(a) and f*+i(b) = f1(b), for some t € {m,...,2n +m — 1}. O

For each z € Qq, we will denote by [x] the smallest element of N that is greater
than or equal to x.

Lemma 2.3. If L= (L, f) € K, ., and a,b € L are such that a <b, then

2n+m—1

9(@,b)|fm(L) = \/ alat(fk(a)ﬂfk(b)ﬂfm@)'
k=0

2n+m—1
Proof. By Lemma 1.2 we have 0(a, b) = \/ 0100 (f¥(a), f*(b)) and it is obvious

that
2n+m—1 2n+m—1
V' (@), ££0) ey < ( V(s SO |
k=0
2n+m—1
Let z,y € L and suppose that (x,y) € ( \/ 91at b)))’fm(L). Then

2n+m—1

2,y € fm(L) and (z,y) € \/  Oue(fF(a), F5(0)).
k=0

Consequently there exist s € N and 9 = z, x1, ..., s = y € L such that,
for all v € {0,..,5s — 1}, (@, %041) € Ou(f*(a), fF (b)), for some
ky € {0,...,2n +m — 1}. Let ¢ = [m/2n]. By Lemma 2.2 it follows that
(fq2”(xv),fq2"(:rv+1)) € Hlat(ft“ (a),ft“(b)), with ¢, € {m,...,2n +m — 1}. Since
q2n > m, then (fq2n($v)’ fqzn(xv-i-l)) € glat (ftv (a)7 ftv (b))|fm(L)
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Thus we have that

2n+m—1

(f22"(x), F?"(y)) € \/ Orae (f5(a), FXB)) 5 (1),
k=0

with f9%"(z) = x and f9?"(y) = y since z,y € f™(L). Therefore

2n+m—1 2n+m—1

Vo 0l @, KOy €V (5@, FHO) ey O
k=0 k=0

Using this result we prove that:

Lemma 2.4. If L= (L,f) € Ky, m, p € N and a;,b; € L are such that a; < b; for
1€ {1,...,p}, then

P P
(\/a(a”m 7 )|fm(L \/9(‘117bz)|f7"(L)
i=1 i=1
Proof. Let z,y € L and suppose that (z,y) € (\/f 10(ai, 1))|fm (z)- Then
z,y € f™(L) and (z,y) € \V2_,0(a;, b;). By Lemma 1.2, it follows that

p 2n+m—1

\/ \/ elat al fk( ))

=1 =

This means that there exist s € N and x¢y = z,21,...,2s = y € L such that, for
each v € {0,...,s — 1}, (@0, Zot1) € brae (f** (ai,), 5 (bs,)), for some i, € {1,...,p}
and k, € {0,...,2n +m — 1}. Let ¢ = [m/2n]. By Lemma 2.2, we know that
(f2(z0), [P (2041)) € Onae(f' (as,), [T (bi,)), with t, € {m,...,2n + m — 1},
Then (qun(xv)7fqgn($v+l)> € Oha (ftv (aiv)vftv(biu))lfm(lz)' Since fQZn(x) =7
and f92"(y) = y it follows that

P 2n+m—1

eV \/ Orar (F* (i), £ (03)) [ (1)-

=1 k=0

Taking into account Lemma 2.3, we have (z,y) € \i_,0(as,b;)|gm(r) and so
(VE_10(ai, b:)) | pm(ry < Vi_160(ai, b;)|ym(r). Since the converse inequality is ob-
vious, we conclude that (VE_10(ai, b)) gy = Vi 0(ai, b)] pm(r).- O

For each £ = (L, f) € O, let Con’ £ be the lattice of complemented congruences
on L.

Lemma 2.5. Let L = (L,f) € O and k € N. If § € Con'L, then
0] (1) € Con’ fR(L). In fact, if 0' is the complement of @ in Con L, then 0| #r (1)
is the complement of 0|« (1) in Con FrL).
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Proof. Let 6 be the complement of # in ConL. From 6 A ¢

6|fk(L) A\ 9,|fk(L) S 0 A 9’, it follows that e‘fk(L) N Gl‘fk(L) = Ofk(L)'
(0,1) € 0 v &, there exist zg, x1,

= 0 and
Since
., Tn € L such that
0 0 ¢ 0
O=2p=21=22=...=Tp_1 =2, = 1.
Applying f* to each element we then obtain
0
FE0) = f*(wo) = f*

(1) £ folaa) £

L ) £ ) = Q)

and so (f*(zo), f*(xn)) € O]y V 0| po(z)- In both cases, k odd or k even, it is
obvious that (0,1) € ]k (y V 0’| x (1), whence we have 0] gr ) V 6| pr(r) = Lpr(ry-

Therefore /| ¢z is the complement of 6] x(zy in Con f*(L).
that

|
Definition 2.6. By a m-pair, m € N, we shall mean the ordered pair (k,[) such

(k, 1) { (m,m +1)

if m is even;
(m+1,m)

if m is odd.

It is useful to notice that, if (k,l) is a m-pair then k is always even, and [ is
always odd.

In what follows, we consider £ € K,, ,,,, p € N and 0 = \/*_, 0(cs, ds), for some
p-ladder (cs,ds), of elements of Ly ,,,. Moreover, (k,l) denotes an m-pair.

generated by elements of L1 o (Theorem 1.4).

Suppose that 8 is complemented. As we will see, the description of the comple-
ment of § is related to the description of the complement of principal congruences

By Lemmas 2.4 and 2.1

P
Olpmiry = \/ O(F2"(ca), F2"(ds)) | pm 1)
s=1
for all ¢ € N. If we take ¢ = [m/2n], then f29"(c,), f?9"(ds) € f™(L) and
consequently, by Lemma 1.1

P
Ol pmry = \ Opmry (£ (co), f7(ds))
s=1
Since ¢sds € L1, and ¢2n > m, we have that f%"(c,), f9?"(ds) € L1 and
¢2n = m + r, for some r € Ny. For each « € Ly ,,, is easy to see that
- if m is even, f9?"(z) = f™(x) and fP?"Tl(z) = fmti(z),
- if m is odd, f2"(x) = fmH(x) and fE2" T (z) = fm(x).

By Theorem 1.4 and Lemmas 1.1 and 2.4, we know that each congruence
Om (L) (f72"(cs), f"(ds)) is complemented in Con f™ (L) and that
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0 pm iy (F20(cs), F12(dy))

= Opn (1) (f7"(ds) V F220 Y (es), 1) V Oz (F227(ds), 727 (ds) V f427 4 (d))
VO () (f2H (es), fP2H (es) V f77(cs))

= efm(L) (fk(ds) \ fl(cs)7 1) vgfm(L) (fk(ds), fk(ds> v fl(ds))
\ efm(L) (fl(cs)vfl(cs) \ fk(cs))

= 0(f*(do) v f1(co)s 1) pm(ny VO(SH(ds), F5(ds) V S (o)) g ny
VO(f(es), f1(es) V FF(es)) [ pmin)

= [0(f"(ds) V fl(es), 1) V O(f*(ds), fF(ds) V f1(ds))
\ O(fl(cs), fHes) v fk(cs))] lm (L)

Let ¢(cs,ds) stand for
O(f*(ds) v f1(cs), 1) v O(F*(ds), fF(ds) v f1(ds)) V O(f!(cs), fHes) V FF(cs))-

Since

p
Olpmizy = \/ Opmin) (72" (cs), 727 (dy))

s=1
and since each congruence 0pm(r)(f7"(c,), f92"(d,)) is complemented, it follows
that 6] ¢m () is complemented with:

p
Ol ym(ry) /\9fm(L (ca), f2m(ds))" = N (e(cs, ds)lpm(r))

=(/\<pcs, B)

From Lemma 2.5, we know that (0|sm(z))’ = 0'[gm(z). Consequently we have

0| pmiy = (NoZyp(cs, ds)) ] pmry

(L)

By ¢ we represent AY_ o(cs, ds).

Using the fact that f**1(z) = f!(x) and f!*'(z) = f*(z), for all x € Ly, and
defining dy = 0 and ¢p41 = 1, it can be shown that ¢ can be expressed in the form

p+1 p
o=\ '\ 0 (c) v H(dy) f1(e) v H(dy) VIS (diea) A FF(egr)]).-
i=1j=i—1
This is proved by induction on p. The anchor point is p = 1 and for this value
of p the result is immediate. In fact, if we define dy = 0 and c; = 1, we have

F*(do) = 0, f(do) = 1, f*(e2) = 1 and f!(cz) = 0, s0
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= 0(f'(c1), fier) V fF(er))
vV O(f(cr) V f¥(dr), 1)
vV O(f*(dy), f*(dr) v fH(d1))

= 0(f (c1) V fF(do), f'(er) V [F(do) V [f1(do) A fF(er)])
VO(fHer) Vv FE(dy), fHen) Vv R (dy) VI (do) A fF(e2)])
VO(f (ea) Vv fE(dr), fHea) Vv FF(dy) V[ (dy) A fF(e2)])

2 1
=\/ \/ ) V 1R (dy), FL(e) v FE(dy) V A (dion) A FR(ej40)))

We omit the proof of the inductive step since, although routine, it is very long.

Finally, we can obtain the description of the complement of 6:

Theorem 2.7. Let L € K, 1, p €N, 0 = \/P_,0(cs,ds) for some p-ladder (c,ds),
of elements of L1, and let (k,1) be an m-pair.

Then
(a) 0V =1,
(b) if 0 is complemented then 6’ = .
Proof. (a) For s € {1, ...,p}, 6(cs,ds) V p(cs,ds) = 1. In fact,

- (0 fl( )/\fk(cé)> € 9(0 fl( s) /\fk(cs)) —Q(fk(ds) Vfl(cs)a1)§
/\fk CS) ( )/\fk( S)) € H(CSa ds);
! s/\fk fH(ds)) € 0(f*(ds )V fH(ds));

l
s

(/'(
- (f1(ds)
- (f1(ds), f ) 0(cs, ds);
- (fHes), files) v fF(es)) € O(f (cs), f1(es) V fF(es));
- (fl(Cs)Vf'“ cs), f1(cs) V [H(ds)) € O(cs, ds);
- (fHes) v f¥(ds), 1) € O(f(cs) v f¥(ds), 1).
Consequently, 6 V ¢ = 1.

(b) Suppose now that 6 is complemented. From (a) it follows that 8" < . It
remains to prove that ¢ < 6.

As we have already seen, 0'|tm () = ©|gm(r)-
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Let dp = 0 and c,41 = 1. Since

p+1 p
o= \/ \/ 0(f1(ci) Vv £5(dy), FL(es) V 15 (dy) v [ (dio1) A FF(ci51)))

we have by Lemma 2.4

p+1 p

olmay =\ '\ 0(F'(c) vV £5(dy), flei) Vv £5(dy) v [ (dima) A FF(eii)]) | pmry

i=1j=i—1

From 60'|¢m(zy = @|fm (1), we conclude that 6" identifies each pair

(fHea) v R (dy), fie) Vv R (dy) v I (diea) A FR(ei)])

that occurs in @[ sm(r). Since ¢ is the least congruence that identifies each of these
pairs, we have ¢ < ¢'. Thus, ¢ = . O

Using the description of the complement of 6, we establish a necessary and
sufficient condition for 6 to be complemented.

Theorem 2.8. Let L € K, 1, p €N, 0 = \/P_,0(cs,ds) for some p-ladder (¢, ds),
of elements of L1 p,, and let (k,1) be an m-pair. The congruence 6 is complemented
if and only if, for all s € {1,...,p} and i € {1,....,p+ 1}

ds /\fl(difl) /\fk(Cj+1) <cs \/fl(ci) \/fk(dj), fOT‘j S {’L — 17...7p}
ds AfH(dj) AfF(ei) < es VI (ejen) VR(dima), for j € {i,..op}

Proof. By Theorem 2.7, 6 is complemented if and only if § A ¢ = 0. We also know
that

p+1 p
o=\ V 0(f'(c) Vv F*(dy), fei) v £5(dy) V [ (dir) A R (esg0)]).-
i=1j=it—1

So, 0 is complemented if and only if for all s € {1,...,p}, all i € {1,...,p+ 1} and
allje{i—1,..,p}

O(cs,ds) AN O(fH (i) Vv fF(dy), fHes) v 5 (dy) V [fH(dio1) A fF(ej41)]) = 0.

Since ¢s,ds € L1, Lemma 1.2, and results Ry) and Rs), give easily that 6 is
complemented if and only if for all s € {1,...,p}, all i € {1,....,p + 1} and all
je{i—1,..,p} we have that

ds AU (dizr) AfF(ejn) < co Vi (e) VIF(dy)

and
ds AfH(dj) NfF(ei) < es VI (ejn) VIF(dioy).

Notice that these two conditions coincide when j =4 — 1. ([
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An immediate consequence of this theorem is the following Corollary, which is a
generalization of Theorem 8.10 of [3]:

Corollary 2.9. Let L = (L,f) € K, and ¢,d € Ly, with ¢ < d. Let (k1) be
an m-pair. Then, 0(c,d) is complemented if and only if

a) d<cV fl(c)V fk(d);

b) d A fH(e) A fi(d) < c;

c) dA f¥(c) <eV fie);

d) dA fi(d) < cV fF(d). O

Another consequence of Theorem 2.8, which we state as a theorem and is the
main result of this paper, is the characterization of the complemented principal
congruences on L € K, ,,.

Theorem 2.10. Let L = (L, f) € Kym and a,b € L such that a < b. Let by =0
and any1 = 1. Let (k,1) be an m-pair.
Then 6(a,b) is complemented if and only if, for all s € {1,...,n} andi € {1,...,n+1}

by A fLbioa) A FE@j41) <ae V FHa) v FEby), forj e {i—1,...,n} and
gs A fl(gj) A fk(a:z) S Es \ fl(aj-i-l) \% fk(gi—l); fOTj € {Zaan}

In this case

0(a,b) = N\ [0(F*(Ba) V [1(@s),1) V O(F*(ba), f5(bs) V £ (b))

s=1 Vv O(fH(as), fH@s) v [ (as))].
Proof. By Theorem 1.7, we know that 6(a,b) = \/::19(55,55), where (dy, by)y is
an n-ladder of elements of L ,,,. So, the result follows immediately from Theorems

2.7 and 2.8. O

Let £ = (L,f) € Knm, p € Nand 0 = \/*_,0(cs,ds) € ConL for some p-
-ladder (cs,ds), of elements of L; ,,. The following example shows that if 6 is

complemented, each 6(cs,ds) is not necessarily complemented.

Example 2.11. Let L be the lattice described below
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made into a Ks 1-algebra by defining f as follows

y |xzlz|lalt|c|lv|iw|p|b|d|0]|1
fy)[bld]blpld{p|p|plcla]ll

By Theorem 1.7,
0(x,t) = 0(F1,t1) V 0(Ta, t2) = 0(0,2) V O(w, p).

Since (f(0), f(t)) = (1,p) € 6(0,t) and, since p is a fixed point, 0(0,t) is the
universal congruence. Consequently 6(x,t) is also the universal congruence, which
is obviously complemented. However, 6(w, p) does not satisfy condition b) of the
Corollary 2.9 and so §(w, p) is not complemented.
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