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Abstract

Let (T1,T5) be gap times corresponding to two consecutive events, which are ob-
served subject to (univariate) random right-censoring. The censoring variable cor-
responding to the second gap time 75 will in general depend on this gap time. Sup-
pose the vector (T, T5) satisfies the nonparametric location-scale regression model
Ty = m(T1) + (T4 )e, where the functions m and o are ‘smooth’, and ¢ is indepen-
dent of T7. The aim of this paper is twofold. First, we propose a nonparametric
estimator of the distribution of the error variable under this model. This problem
differs from others considered in the recent related literature in that the censoring
acts not only on the response but also on the covariate, having no obvious solution.
On the basis of the idea of transfer of tail information (Van Keilegom and Akritas,
1999), we then use the proposed estimator of the error distribution to introduce
nonparametric estimators for important targets such as: (a) the conditional distri-
bution of T5 given T7; (b) the bivariate distribution of the gap times; and (c) the
so-called transition probabilities. The asymptotic properties of these estimators are
obtained. We also illustrate through simulations, that the new estimators based on
the location-scale model may behave much better than existing ones.
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1 Introduction

Consider two random variables 77 and 75, that represent the duration times between
successive events. This is often encountered in practice. Consider e.g. an AIDS study,
where T7 represents the time between HIV infection and AIDS, and T3 represents the
time between development of AIDS and death of the patient. This model, also called a
progressive three state-model in the context of multi-state models, is also encountered in
studies where T} is the time between diagnosis of a disease and transplantation, and 75 is
the survival time after transplantation, or in studies where 77 is the time until recurrence
of a disease, and T5 is the time from recurrence to death. Other examples include studies
where one reports the time patients stay in a certain stage of a disease, and studies where
recurrent events are observed (like infections, asthma attacks, ...).

The fact that the variables T} and T3 are recorded successively, rather than simultane-
ously, is important when the variables are subject to censoring. We consider here random
right censoring. Let C' be the (univariate) censoring variable, supposed to be independent
of (Ty,Ty). When T and T, would be recorded simultaneously, we would observe T} A C,
Ty AC and the corresponding censoring indicators. However, in the present context of suc-
cessive events, we only observe the second gap time if the first failure time is uncensored.
More precisely, the observable variables are given by (fl, T;, Ay, Ay), where Tl =T\NC,
Ay =T, <C), Ty =Ty ANCy and Ay = I(Ty < Cy), where Cy = (C — T)I(Ty < C)
is the censoring variable for the second gap time. Note that A, = 1 implies A; = 1.
Hence, Ay = A1Ay = I(Y < C) is the censoring indicator pertaining to the total time
Y =T, +T5. Let (ﬁi, Tgi, Ay, Ag;), 1 < i < n, be iid. data with the same distribution
as (Tl,fz,Al,Ag).

Due to the independence assumption between C' and (77, T5), the marginal distribution
of the first gap time 7} can be consistently estimated by the Kaplan-Meier estimator
based on the (ﬁi, Ay;)’s. Similarly, the distribution of the total time may be consistently
estimated by the Kaplan-Meier estimator based on the (ﬁz T 9iy No;)’s, since T + T is
independent of C'. However, since Ty and Cs will in general be dependent, the estimation
of the marginal distribution of the second gap time is not such a simple issue. For the same
reason, it is not clear in principle how the conditional distribution F(y | ) = P(Ty <y |
Ty = z) can be efficiently estimated. This situation has been discussed in several papers,
see for example Wang and Wells (1998), Lin et al. (1999), Schaubel and Cai (2004) or
Van Keilegom (2004).

In this paper we will propose and study estimators of the conditional distribution



F(y | z) = P(Ty <y | Ty = x) of Ty given T; = x, the bivariate distribution F(z,y) =
P(Ty < z,Ty <y) of Ty and Ty, and the so-called transition probabilities (see (2.2), (2.3)
and (2.4) below for their definitions). We will estimate these quantities assuming that the

relationship between the gap times 7} and T5 is given by the following model :
Ty = m(Ty) + o(TY)e, (1.1)

where the error ¢ is independent of 77, and where fol F71(s)J(s)ds = 0 and fol F1(s)%J(s)ds
= 1 (F. being the distribution of the error ). Here, J is a score function satisfying

fol J(s)ds = 1. This implies that m and o are L-functionals, given by

m(z) = /0 F (s | x)J(s)ds, (1.2)

o?(z) = /0 F~ (s | x)?J(s)ds — m?*(x), (1.3)

where F~!(s | ) = inf{t : F(t | ) > s} is the quantile function of Ty given T} = z.
Note that when J(s) = I(0 < s < 1), then m(z) = E(Y|z) and o?(z) = Var(Y|x).
Expressions (1.2) and (1.3) are motivated by the fact that under right censoring, it is
in general impossible to consistently estimate the conditional mean and variance in a
completely nonparametric way, whereas the above choices of m and o can be estimated
consistently, provided the score function J is chosen appropriately. Model (1.1) has been
extensively studied in Van Keilegom and Akritas (1999) when Tj is completely observed
and T, is subject to random right censoring.

Note that one often transforms the variable T (which is usually positive) in such
a way that the transformed variable ranges from —oo to +oo (use e.g. a logarithmic
transformation). We will continue denoting the response by T3, but should keep in mind
that this might represent a transformation of T5.

To explain the motivation for model (1.1), consider for simplicity the case where T} and
T, are positively correlated. Then, the higher the value of T, the higher the probability
that Ty is censored (since T} and C' are independent), and also the higher the probability
that T is censored (note that whenever 77 is censored, T is also censored). This means
that for large values of 77, the conditional distribution F'(y|x) of T given T} = z will be
hard to estimate in a completely nonparametric way, especially in the right tail, whereas
this will not be the case for small values of 77. Under model (1.1) these conditional

distributions are given by
y—m(x
Ply|z) = F. (—< >) , 14
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where F.(y) = P(e < y), so an estimator for F(y | =) can be obtained by plugging in
proper estimators of the error distribution and of the location and scale functions. Since
the error distribution can be estimated globally (i.e. by using all data points, not only
those in a neighborhood of x), we will be able to estimate well the conditional distribution
even for large values of T7.

Before concluding this section, note that the validity of the location-scale model (1.1)
needs to be verified for a particular data set. This problem has been considered for the
case where all data are completely observed in Einmahl and Van Keilegom (2008a, 2008b)
and Neumeyer (2009). The extension of the tests proposed in these papers to the current
situation of censored data, can be considered but will not at all be straightforward.

The paper is organized as follows. In the next section, we introduce some notations and
give the precise definitions of the estimators of F.(y), F'(y|z), F(x,y) and of the transition
probabilities. Section 3 deals with the asymptotic properties of these estimators, while
their finite sample performance is investigated in Section 4. Finally, the proofs of the

asymptotic results are collected in the Appendix.

2 The estimators

We will assume throughout that the support of 77 lies in (0, 00), whereas T3 is defined on
(a subset of) (—oo, +00). This is because T3 is allowed to represent a transformation of
the second gap time (see Section 1 for more details).

Since C' and (71, 7T3) are independent, and since the error ¢ is independent of the ‘co-
variate’ T}, we have that € and (77, C) are independent. As a result, the error distribution
based on those errors for which 7} is uncensored (i.e. T} < C) coincides with the true

error distribution. Moreover,
F(y)=Ple<y)=Ple<ylA=1)=Ple<y|A =1T <mn),

for any constant 7, since € and T} are independent. This relation will be used to estimate
F.(y). To do so, we first need to estimate m(-) and o(-), for which we follow the approach
used in Van Keilegom and Akritas (1999), but with the Beran (1981)-estimator replaced
by a proper conditional distribution which copes with the censoring on the covariate.

More precisely, we define

m(x):/o F~Y(s | z)J(s)ds, 32@):/0 F~l(s | 2)2J(s)ds — m?(x),



where
> iy Buj(wsan)I(Ty; > Ti;)

Fiyloy=1- [ |1

T2i<y,A2;=1
for y < Ty, (the largest order statistic of the T5;’s), and Fly|z)=1fory> To(n). Here

(oay = Al (2~ Thi) /ag)
BM( 7 n) Z;'L:I AIjK ((17 - T1j) /an)7

a, stands for a sequence of bandwidths, K is a probability density function (kernel),
and by convention 0/0 = 0. Note that B,;(z;a,) = 0 whenever Ay; = 0. This is
justified by the fact that, under independence of C' and (77, 73), we have that F(y | z) =

P(Ty <y |Ty=z,A; =1), and so one can restrict to the uncensored ‘covariates’. See
also Van Keilegom (2004).
Now, define
o To; — ifl(ﬁz)
a(Ty;)
(t=1,...,n) and let E. be the Kaplan-Meier estimator of F, (which we suppose to be
continuous) based on the (E, Ay;)’s for which Ay; =1 and Ty < 7, ie.

Fo-1- T (- 5—=) (2.)

B3y <y,As(i)=1

for y < E(Nw), and F,(y) = 1 for y > E(NW). Here, E\(i) (t=1,..., Ny) is the i-th order
statistic of the Ej, j=1,...,n, for which A; =1 and le < 71, Ayg(y is the corresponding
censoring indicator, and N,, = > " I(Ay; = 1,1y < 7). The restriction to T,;’s that
are smaller than 7 is purely of technical nature (it has to do with the uniform consistency
of m(x) and &(x), which is only established on a compact interval), and can be dropped
when T has bounded support. We will see below that 7; can be chosen arbitrarily close
to the right endpoint of the support of the variable T 1, and is therefore of no importance
in practical calculations.

When P(A; = 1) = 1 and Ti has bounded support, asymptotic properties of £
were investigated in Van Keilegom and Akritas (1999). By following similar arguments,
properties for the current, more general case, will be derived. However, we will have to
cope with the risk of censoring on the ‘covariate’ 7;. As is clear from (2.1), the censored
Tii’s are not used to estimate F.(y). However, they will play a role when computing the

empirical version of the bivariate distribution and the transition probabilities.



The estimator F,(y) defined in (2.1), together with relation (1.4), is the key for the

construction of an estimator of F(y | ) :

= 5 (y—m(z)

F =F|—=)-

o= (2557

This estimator will be more efficient than F (y | ), since it allows for the transfer of tail
information from lightly censored areas to heavily censored ones. See Van Keilegom et al.
(2001) for illustrative simulation results in this regard, in the case where the covariate is

uncensored.

Next, we estimate the bivariate distribution F'(z,y). First, note that

me:[ﬁ@Mmeth(?%#Qﬂwm

where Fy(z) = P(T) < x) is the marginal distribution of 7;. We estimate F(x) by the
Kaplan-Meier estimator based on the (T, Ay;)’s :

R@=1- ] G‘;ﬁ?ﬁ

Ty <20 (=1

for z < ﬁ(n), and F\l(x) =1 for z > fl(n)' Here, ﬁ(i) (¢ =1,...,n) is the i-th order

statistic of the ﬁj, Jj=1,...,n and A, is the corresponding censoring indicator, and

define Py = /Omﬁ (v | ) B(du) = /Ox E <y;(—nz)(u)) Fy(du).

Note that the estimation of the bivariate distribution from censored gap times has been
considered in several papers, including Wang and Wells (1998) and Lin et al. (1999).
Recently, de Una-Alvarez and Meira-Machado (2008) introduced a simple method which
(unlike previous proposals) leads to a proper distribution function, avoiding the negative
weighting of data points. In Section 4 we carry out some simulations which will indicate
that the estimator F (x,y) based on the location-scale model is more efficient.

Consider now the problem of estimating a transition probability p;;(s,t). In general,
pij(s,t) stands for the probability of being in state j at time ¢, conditionally on being
in state ¢ at time s. The transition probability is defined for a stochastic process that
at any point in time may occupy one state among a discrete set of states. This type of
process is modelled through the so-called multi-state models (see for example Hougaard,
2000), and then the survival prognosis is performed via the estimation of these transition

probabilities or related curves (such as the transition intensities). Recurrent events data

6



(or gap times) may be seen as arising from a three-state model, in which state 1 represents
‘no event’, and states 2 and 3 represent the occurrence of the first and the second events,
respectively. Possible transitions are from state 1 to state 2, and from state 2 to state 3.
In this model, there are essentially three transition probabilities to estimate (with s < t)
(note that po3(s,t) = 1 — paa(s,t), pi3(s,t) =1 — p11(s,t) — pia(s, t) and ps3(s,t) =1) :
1— Fi(t)
=PIy >t|T) >s) = —F7= 2.2
p1i(s,1) (Ty | 71 > s) 1— F(s) (2.2)
plg(S,t) :P<T1 < t,Tl + 15 >t | T > S)
1 t
=— 1—F(t— Fi(d 2.3
[ 1= FO W] R, (2.9
pQQ(S,t) :P(T1 < t,Tl —|—T2 >t ’ T1 < S,Tl —|—T2 > S)

:/Os[l—F(t—u\u)]Fl(du)//Os[l—F(s—u\u)]Fl(du). (2.4)

Replace F; by F; and F(y|x) by ﬁ(y | ) to get the following estimators:

R 11— F(@)
p11(87t> = —1 _ ﬁ1(8)7
D —; t ~F —ulu 3 U
P = s [ [1- Pl w] A,

@2(3,0:/05 [1-Ft—uw)] ﬁl(du)//os (1= B(s —u | w) Fi(dw)

In Section 3 the asymptotic properties of a slightly modified version of these estima-
tors are derived. Interestingly, these properties do not rely on the Markov assumption,
typically used in multi-state models, nor on any other simplifying assumption. Since
P11(s,t) is a simple function of ordinary Kaplan-Meier estimators, it will not be consid-
ered anymore in this manuscript. Simulations reported in Section 4 compare pas(s,t) to
the non-Markovian estimator introduced in Meira-Machado et al. (2006), which does not
make use of the information contained in the location-scale model. These simulations
suggest that the transfer of tail information may improve dramatically the estimation of

the transition probabilities.

3 Main results

In this section we state the asymptotic expansion and the weak convergence of the es-

timators of F.(y), F(y|z), F(x,y), p12(s,t) and pasa(s,t). The asymptotic expansion is
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useful, since it decomposes the estimator in a sum of i.i.d. terms and a remainder term of
smaller order. Based on this decomposition, the weak convergence of the estimator can
then be established. This weak convergence result immediately leads to the construction
of uniform confidence bands and test statistics for hypotheses concerning the functions of
interest.

The notations used in the asymptotic results below are given in Appendix A, whereas

the assumptions under which these results are valid are stated in Appendix B.

Theorem 3.1 Assume (A1)-(A4).

(i) Then,

F.(y) = F.(y) = (np1,) ™" ZI(AM =1,Ty < 71)@(T1s, Toi, Aai, y) + Ra(y),

=1

where sup{| R, (y)|; —co <y < 7.} = op(n~1/?).

(ii) The process n*%(F.(y) — F.(y)) (—oo < y < 7.) converges weakly to a zero-mean

Gaussian process Z(y) with covariance function
Cov(Z(y), Z(y)) = PITQE{I(Al =11 < 71)90(T~1,T2, Azuy)SO(ThTm A2,y/)}‘

Note that, for the usual Kaplan-Meier estimator, the function ¢ in the above i.i.d
representation needs to be replaced by the function & defined in Appendix A (see Lo and
Singh (1986)). The extra term in the representation above is caused by the fact that our
estimator of F,(y) is based on the estimated quantities (T; — m(Ty;))/3(Ty:), instead of
the unobserved (Ty; — m(Ty))/o(Ty) (i =1,...,n).

Theorem 3.2 Assume (A1)-(A4).

(i) Then,
€T — le’

Qn

Flyle)=F(yle) = (naupr) ™ hapa(e)™ D2 K (5 ) 180 = Dy (T, Do)+ Ru(y),

i=1

where sup{|R,(y|z)|; —00 < (y — m(z))/o(z) < 7. and x < 71} = op((na,)~/?).

(ii) The process (nay)V2(F(y|z)—F(y|z)) (x < 71 fized, (y—m(x))/o(x) < 7.) converges

weakly to a zero-mean Gaussian process Z(y|x) with covariance function
Cou(Z(ylx), Z(y'|2)) = pr *haju(@) M KN B (A1 = Doy (To, Aoy (T, Ao)| Ty = 2,

where ||K||3 = [ K*(u) du.



Next, we give the asymptotic analysis for the bivariate distribution function estimator.
In the spirit of Akritas (1994) and Van Keilegom and Akritas (1999), the results will be
established for the following slightly modified version of F (x,y):

Fo(a,y) = / Fly ATt dF (1),
0

where T, < 7.0(t) + m(t) of all t. Actually, this F,(z,y) is an estimator for F,(z,y) =
fox F(yANT;|t) dFi(t). Note, however, that F(z,y) can become arbitrarily close to F'(x,y)
if inf{y; H.(y) = 1} = inf{y; F.(y) = 1} and T}, respectively 7., is chosen sufficiently close
to T.o(t) + m(t), respectively inf{y; H.(y) = 1}, for all ¢.

Theorem 3.3 Assume (A1)-(A4).
(i) Then,

Fr(z,y) = Fr(z,y) =n"" ng7y(j:11i7 A, Toi, Agi) + Ra(,y),

i=1

where sup{|R,(x,y)|;y € R and x < 11} = op(n~Y/?).

(ii) The process n/%(F,(z,y) — F.(z,y)) (x < 71,y € IR), converges weakly to a zero-

mean Gaussian process Z(x,y) with covariance function

CO’U(Z(QT, y)? Z(CU/, y/)) - E{gﬂi,y (Th Al) TQ: AQ)g;r’,y/ (Th Ah TQ? AQ)}

As for the bivariate distribution, the results pertaining to the transition probabilities

imply preliminary modification of the estimators. Introduce

Bros(s,t) = 1_;]31(5) /St [1 Pt =) AT, | 7")] Fu(dr),

purlsnt) = [ [1=F¢=n T 0] Aan ) [ [1=F(s=n AT, [ 0] Figar),

and define also



Theorem 3.4 Assume (A1)-(A4).
(i) Then,
P2+ (s,t) — p12,7(s,1)

=n"H{1—Fy(s)} Z [ls,t(flia Avi, Toiy Dgi) + pros (8,16 (Tii, Avi, 8) | + Ra(s, ),

=1

where sup{|Ry(s,1)] : 0 < s <t <7} = op(n~1/2).

(ii) The process n'/*(Pra,(s,t) — pras(s,t)) (0 < s < t < 71) converges weakly to a
zero-mean Gaussian process Z (s,t) with covariance function

Cov(Z(s,t), Z(s',1))
—[1-F(s)} Y1 - F(s))E { [zs,t(ﬁ, Ay, To, Ag) + pras(s, & (Th, Ay, 3)]

X [ls’,t/(fla Ay, Ty, Ag) + p1a- (s, 1) (Tvl, Ay, 3’)} } .

Theorem 3.5 Assume (A1)-(A4).

(i) Then,

]/?\22,7(87 t) - p22,r(3, t)

_ {/0 [1—F((s—7)AT,|7)] Fl(dﬂ}

-1

xn~! Z [l;t(ﬁz’, Ay, fm‘, Ag;) — paz - (s, t)l;S(Tlia Ay, T%? Agi)| + R, (s,1),
i=1

where sup{|R:(s,1)] : 0 < s <t <7} = op(n~'/?).

(i) The process n'/?*(Paar(s,t) — paz-(s,t)) (0 < s < t < 71) converges weakly to a

zero-mean Gaussian process Z*(s,t) with covariance function

Cov(Z*(s,t), Z*(s', 1))

_ {/0 [1—F((s—r)/\TT]r)]Fl(dr)}_l{/OSI [1—F((s’—r)/\TT]r)]Fl(dr)}

-1

xXE { [l:,t(fh Al? TQ? AQ) - p22,7’<87 t)l:,s (Tb Ah TQ: AQ)]

X [l:’,t’ (Tl, Al, fg, AQ) — p2277—(8/, t/)l:’,s/ (fl, Al, ,1’:2, Az)] } .
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4 Simulation study

In this section we carry out some simulations to demonstrate the behavior of the proposed
estimators for finite sample sizes. For comparison purposes, we include in the simulations
some existing estimators for the conditional and the bivariate distribution functions, as
well as estimators for the transition probabilities, which do not use the information given
by the location-scale model. In this way we can get an idea of the improvement associated
with the transfer of tail information. We concentrate on the estimation in the case of
heavy censoring, because the methods proposed in this paper are mainly relevant when
the uncensored information is scarce. An exception to this will be the simulations for the
transition probabilities, for which the effect of an increasing censoring level will be fully
illustrated.

The vector of gap times (T1,T5) is simulated as follows. The first gap time T} is
simulated according to an Fxp(1) distribution. Given 77 = x, the second gap time T5
is drawn from an exponential distribution with rate parameter 1/(1 + 5x + 2z%). The
censoring time C' is independently generated following also an exponential distribution,
with rate chosen in order to get a pre-determined censoring proportion on the total time
Y =T+ Ty: 25% (3.7% and 22.1% for the first and second gap times, respectively),
50% (11.4% and 43.6%) and 75% (28.3% and 65.1%). We consider sample sizes n = 100
and n = 150. The number of replications is 500. For the kernel weights in the Beran-
type estimator we use the biquadratic kernel K (u) = (15/16)(1 — u?)?I(|u| < 1), while
the bandwidth sequence a,, is chosen by minimizing the asymptotic mean-squared error

(AMSE):
AMSE(a,) = AsVar(ﬁ(y[x)) + (ASBi&S(ﬁ’(@j‘l‘)))Z = (na,) s (y|r) + alb*(y|z),

where the formulas for s(y|z) and b(y|z) are given in Van Keilegom et al. (2001). The
only difference with that paper is that here the variable T} is subject to censoring, and
therefore we restrict attention to the subsample where A;; = 1. Hence the optimal choice

for the bandwidth sequence is given by

a, = ap(y|z) = (%) 1/571_1/5-

Further details about the choice of the optimal bandwidth and its implementation to real
data sets can be found in Van Keilegom et al. (2001).

For the score function J(-) we follow Remark B.1 with § = 0, i.e. we take J(s) = I(a <
s < b)/(b— a), where a = 0 and b = min; F(+00|X;). Note that since F~!(s|z) is only

11



defined for s less than F(+oo|z), this choice of b ensures that m(z) and &(z) are always
defined.

To show that the location-scale model Ty, = m(T}) + o(T})e, € independent of T7,
holds in the simulated scenario, it suffices (as noted by Van Keilegom et al., 2001) to
check the model when m(x) is the conditional mean function and o(z) is the conditional
standard deviation. This follows easily by showing that P(e < y | Ty = z) = {1 —
exp [—(y + 1)]}I(y > —1), which is independent of z.

In Table 1 we report the mean, the standard deviation, and the mean squared error
(MSE) of the estimator F(y | ) for # = 0.5, for percentiles 80, 90 and 99% of the
conditional distribution, and the heavily censored case (75% of censoring). We focus on
the right tail of the distribution, because the censoring effects are strong at those points.
We also give the figures pertaining to the Beran-type estimator F (y | ) of the conditional
distribution, adapted to censoring of the covariate (Van Keilegom, 2004). Note that the
latter estimator does not rely on the location-scale model. From Table 1 we see that the
new method outperforms the Beran-type estimator. This is particularly clear at the far
right tail (percentile 99%), where the Beran estimator shows a large bias and a relative
efficiency (measured as the ratio of the MSE’s) of about 50% or below. We have also
performed simulations in the case of light (25%) and medium (50%) censoring (results
not shown). In these cases, the use of transfer of tail information in the estimation of
F(y | x) does not improve the efficiency so clearly. We note, however, that if the location-
scale model does not hold, then the proposed estimator may not perform as well as the

Beran-type estimator.
[Insert Table 1 here]

Table 2 displays the results achieved by the estimator of the bivariate distribution
F(z,y). As (z,y)-pairs we take (0.500,2.157), (1.000,5.400) and (4.000,12.870), giving
respectively F'(z,y)-values of 0.25, 0.50 and 0.80. In this case, we consider the simple
estimator F (x,y) of the bivariate distribution introduced in de Una-Alvarez and Meira-
Machado (2008) as a natural competitor. This latter estimator is constructed by attaching
to each pair of observed gap times (TM, ng) the ordinary Kaplan-Meier weight of T+ Ty
when estimating the distribution of the total time Y = T} + T5. As was the case for
the conditional distribution, the simulation results indicate that the location-scale model
leads to more efficient estimation of the bivariate distribution. Results obtained for other

censoring levels confirm this finding (results not included).
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[Insert Table 2 here]

The performance of the empirical transition probability pas(s,t) in the simulations is
summarized in Tables 3 and 4. Three different values of pss(s,t) are considered, corre-
sponding to s = 0.5 and ¢ = 3.709 (paa(s,t) = 0.25), t = 2.022 (paa(s,t) = 0.50), and
t = 1.112 (paa(s,t) = 0.75). The results refer to three censoring levels (25%, 50% and
75%). In Table 3, we provide the mean and the standard deviation (along the 500 trials)
for Paa(s,t) and also for two different estimators, pos(s,t) and poy (s,t). The notation
P35 (s, t) stands for the Aalen-Johansen estimator of pya(s,t), see Aalen and Johansen
(1978), which is a consistent estimator when the gap times satisfy the Markov assump-
tion. Our simulated scenario is non-Markov, a fact that can be easily checked by using
the exponential distribution of T, given T} = x. The estimator pys is that proposed in
Meira-Machado et al. (2006), and is defined as a ratio of two multivariate Kaplan-Meier
integrals with respect to the marginal distribution of the total time Y =T} + T5. This is
justified because
E[I(Ty <s,Y > 1)]

E[I(T) <sY >s)]

paa(s,t) =

The censoring on T} is overcome because, in the context of our model for gap times,
T is uncensored whenever this is the case for Y. See Meira-Machado et al. (2006) for
more details. The estimator pys was proposed as an alternative to the Aalen-Johansen
estimator Ps5 in non-Markov situations. Of course, unlike Py (s, ), Paa(s, t) and piy (s, t)

do not make use of the location-scale model.
[Insert Tables 3 and 4 here]

From Table 3 we see that the Aalen-Johansen estimator is systematically biased. This
is because the non-Markov nature of the simulated gap times. When comparing pas (s, t)
and pos(s,t), we see that the estimator based on the location-scale model behaves more
efficiently. This is more clearly seen in Table 4, where the MSEs of both estimators are
compared. Indeed, Table 4 suggests that using the information contained in the location-
scale model is more relevant in the heavily censored case, and for the estimation of large
values of pas(s,t). Interestingly, the relative efficiency of pas(s,t) is as poor as about 30%

in some cases.
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Appendix A: Notations

In this Appendix we collect all the notations that are needed for the asymptotic results
stated in Section 3. The notations are introduced in the order in which they are required
in Section 3.

Let py = P(Ay = 1), p1r = P(Ay = 1,7} < 7y), with iy < inf{t; H,(¢t) = 1}, where
Hi(t) = P(Ty < t). Furthermore, E = (Ty — m(T1))/o(Ty), He(y) = P(E < y|A; = 1),
e < inf{y; He(y) = 1}, Hl(y) = P(E <y, Ay = 1Ay = 1), He(ylz) = P(E < y|A, =
1Ty = ), H'(y|lz) = P(E < y,Ay = 1|A; = 1Ty = ), H(y|lz) = P(Ty < y|A; =
1,7y = z), and H*(y|lz) = P(Ty < y,Ay = 1|A; = 1,7y = z). Also, let h.(y|lz) and
h(y|x) denote the probability (sub)density functions attached to H.(y|x) and H!(y|x),

respectively. Moreover, introduce the functions

Ee(t,0,y) = (1 = Fe(y)) {_ /_y (1 CiH[iq;e((Sz))z * I(tlg—y];;;t:) : } ’

£(t,0,ylr) = (1 — Fylx)) {— /y (1d_H;((j,?))2 T I(i f lyl}(at;)l) } ’

n(t,dlx) = / £(t, 6,v]x)J(F(v|r)) dvo*(z),

[e.9]

C(t,0|z) :/ h £(t,0,v|x)J(F (v|x))U;(—7Z)(I>dva_l(x),

and let with S, =1 —

ttado) = & (2 60y = Situntta it tle)

—Se(y)((ta, alt1)v2(talt)

Introduce Hy,(t) = P(Ty < t|A; = 1), and let f.(y) and hipu(t) denote the probability
density functions attached to Fi(y) and Hy),(t), respectively. Furthermore, let H{'(t) =
P(Ty <t,A, = 1), and define

y —m(z)

=) C(t,5|x)].

P (1,0) = f. (P52

14



In addition, let

3
gaay(tl? 617 t27 52) = Zgg,y(tlv 51a t27 52)7

Jj=1
where

_ AT —m(Tl)
1 — 1 — < Yy T <
gz,y(t1’617t2752) plq— I<51 ]-7t1 =~ TI)E{SO(t17t27527 O'(Tl) )I(TI >~ '/L‘)}

giy(th 01,12, 02) = py ' 1(01 = D)hiy yat,, (t2,02)1 (8 < 7)

! AT, —mf(t
gi,y(tl,él,tg,ag):/ F(M
0

(1) )dfl(t1751,t)7

and

M _dHY(s) | I(t<w6=1)
51(t757x>:(1_pl(x)){_/0 (- )P 1-H) }

Moreover, we need to introduce

3
ls,t(th 517 tQ: 52) - Z {l;t(tla 51; t27 52) - li7t<t1a 517 t?) 52)}
i=1

and
3

l54(t1, 01,12, 00) = Zli,t(t1,51,t2,52),

1=1

where

t—T Tr — T
1}, (t1,01,t2,00) = —piI(61 = 1,6, < 7)E {90 <t17t27527 ( 1) /\(;1> m 1)) I(Ty < 8)} ,
9 O- 1

lit(th O1,t2,02) = —git_tl (t1, 01,12, 02),

B (01, £, 8) = /0 {1 _F <<t -7 25)_ m(r))] de (11, 61, 7).

B Appendix B: Proofs

In this section, we give the proofs of the results stated in Section 3. The proofs of Theorems
3.1(74), 3.2(it), 3.3(di), 3.4(i7) and 3.5(i7) are similar to the proofs of Corollaries 3.2, 3.4
and 3.6 in Van Keilegom and Akritas (1999) and are therefore omitted.

Let T, be any value less than the upper bound of the support of H (-|z) such that
inf,<,, (1 — H(T,|z)) > 0. The assumptions we need for the proofs of the main results are
listed below.

15



(A1)(3) nat — 0 and na3*? — oo for some d > 0.

(42) K has compact support, [uK(u)du =0 and K is twice continuously differentiable.

(A2)(7) There exist 0 < sy < s; < 1 such that s; < inf,<,, F(Tp|x), sy < inf{s €
0,1]; J(s) # 0}, s1 > sup{s € [0,1]; J(s) # 0} and inf,<,, infs <e<s, f(F (s |x)|1:) > 0.
(2¢) J is twice continuously differentiable on the interior of its support, fo s)ds =1
and J(s) > 0forall 0 <s<1.

(¢¢4) T, is twice continuously differentiable in x.

(A3) Hi(xr) and H(z) are thrice continuously differentiable, inf,<; hqp,(2)
> 0, and inf,<,, o(x) > 0.

(A4) H(y|r) and H"(y|x) are thrice continuously differentiable with respect to = and v,
sup,,, [y*H'(y|z)| < oo, and similarly for all other derivatives of H(y|z) and H"(y|z) with

respect to x and y up to order 3.

Remark B.1 In practice, the function J can be chosen as follows : J(s) = I[(a < s <
b)/(b — a), where a = & > 0 and b = min; F(+oo|X;) — 8. This choice ensures that
conditions (A2)(i)-(ii) are a.s. satisfied, provided that the density f(y|z) is strictly positive
for ally and x. In practice § can be taken very small, or even equal to zero (as is done in
the simulation study). Also note that the function T, will be twice differentiable in x (as
is required in (A2)(iii)) when, e.g., T, is defined as T, = T.o(x)+m(x) for some T, < T,

and m(z) and o(z) are twice differentiable.

For the proofs, we need to introduce the following estimators of H.,(y) = P(E <

y|A; = 1,7y < 1) and H:(y) = P(E < y, Ay = 1|A; = 1Ty < 71) ¢ He(y) =
NAS™ I(E; <y, Ay =1,Ty; <7)and H-(y) = N2 I(E, <y, Ay = 1,Ty; <

Ti, Agi = 1). We start with an auxiliary result, which gives an 1.1.d. representation for the

estimators m(z) and o(x).

Proposition B.2 Assume (A1)-(A4). Then,

m(z) —m(x) = —hyju(2) " o (@) (nagp:)” ZK< Th) (Ay = 1)n(Tas, Aailw) + Ry (),

and

SL’—TM

Qn

)I(All = 1)((Tas, Aoilz) + Ro(2),



where sup{|R,(z)|;z < 7} = O((na,)~**(logn)**) a.s., and sup{|R,(z)|;z < 7} =
O((nay,)~3*(logn)**) a.s.

Proof. The result is an easy consequence of Theorems 4.8 and 4.9 in Van Keilegom
and Akritas (1999), where representations for m(x) and &(x) are obtained when 77 is

completely observed. Consider for example m(z). Put N, =" I(A}; = 1). We have

i(x) — m(@) = —hue(z) o (@) (Nuan) ZK( ) (Ay = 1)(Tos, Agilz) + Ro(z)

= —hyp(2) Lo (2) (nanp:) ZK( ) (Ay = 1)n(Ths, Aailz) + Ra(2),

since

i — L — - _1/2 _ _1/2
" [Nu npl] o np; 4 Z Ah - 1 pl] + OP(n ) - OP(TL ) (Bl)

Remark B.3 Propositions 4.5-4.7 in Van Keilegom and Akritas (1999), which deal with
the uniform consistency (with rate of convergence) of m(x), o(x) and their derivatives

can be easily adapted to the present context. We omit the details.

Lemma B.4 Assume (A1)-(A4). Then,

n

~

sup ’(Nur)il Z {I(Ez <y, Ay =1T;<7)—I(E <y Ay =1T; < 71)}

—oco<y<+00 i—1

—{P(E <yl 00 = 1Ty < 7) = P(B <yl = LTy <) | = 0p(n ™),

where P(E < y|X,, Ay = 1,Ty < 1) is the distribution of E = (Ty — m(T3))/5(T})
condztzomng on Al = 1, on T1 <7 and on (le,TQj,Alj,Agj), ] = 1, o

Proof. The expression between absolute values can be written as

(np1,) Z {](Ez <y, Ay =1,T; < ) —I(E; <y, Ay = 1,1y < 7’1)}

=1

~{P(E <yl A =1, <) = P(E<ylA =1, Ty < 7))

T R TP ) ~
+|:Nu7. N nplT:| Z {I(EZ < Y, Ali - ]-7T1i < 7_1) — I(Ez < y,AM = ]->T1i < 7-1)}
=11+ Ts.
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In a very similar way as in Lemma A.1 in Van Keilegom and Akritas (1999), it can be
shown that 77 = op(n~'/?) (the only difference with that lemma is the conditioning on

Ai=1landon T < 71). For Ty, note that

(npl'r)_l Z {I(Ez <y, Ay = LTU <m)—I(E <y, Ay = 17T1i < 71)}

=1

=PE<ylX, A =1,T1<1)—PE<y|A =1,T1 <7)+ op(n %) = 0p(1),

uniformly in y, where the latter equality follows from the uniform consistency of m
and o (see Remark B.3). Hence, it follows from the analogue of (B.1) for N,,, that
Ty = Op(n71/2). ]

Proposition B.5 Assume (A1)-(A4). Then,

f[er(y) - HeT(y) (B2)

= _(nplT)il Z[(Ah’ = 17T11 < Tl){ﬁ(@h A2i|Tli) + C(Tzi, A2i’j—’11’)y}he(y’j—’li>
i=1

+(np1-) 7" ZI(AM =1,Ty < 7'1){](E¢ <y)— HeT(y)} + Ro(y),

where sup{| R, (y)]; —00 < y < +oo} = op(n~1/?).
Proof. Using Lemma B.4,

ﬁeT(?J) - HeT(Z/)

i [ (. (1845l nta

NI 1A= 1T < ) { (B < y) = Herl) |+ 0p(n™2)

i=1

[ o (B — o) + () —mi@)
=it [ el e A} (1) (B.3)

Lo (yE@) — o) + (@) — ma) )
+%hé mmw( () >dmu0

+ (nprr) ™! ZI(AM =1,Ty < Tl){](Ei <y)-— HET(y)}

=1

o) - Gl | dtt(e

+ [(Nw)_l - (nplT)_l} iI(Ali =1,Ty < Tl){I(Ei <y) - HeT(y)} +op(n~1/?%),

=1
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where £ is between y and (yo(x) + m(x) — m(z))/o(x). The first term above can be
treated in a very similar way as in the proof of Proposition A.2 in Van Keilegom and
Akritas (1999), and leads to the first term on the right hand side of (B.2), while the
second term is op(n~'/?) by the rates of the uniform consistency of m and & (see Re-
mark B.3). For the fourth term, use the derivation in (B.1) together with the fact that
(np1r) ™ 2o I(Ay = 1, Ty < n){I(E; <y) — He-(y)} = op(1) uniformly in y. [

Remark B.6 In a similar way as has been done in the proofs of Lemma B.4 and Propo-
sition B.5 above, it can be shown that Proposition A.3 and Corollary A.5 in Van Keilegom
and Akritas (1999) can be adapted to the present context. They are needed in the following

PTroof.

Proof of Theorem 3.1(i). Note that
Fe(y) = Fe(y)

— —(1 = F.(y)){ log(1 = Fu(y)) ~ log(1 = Fu(y)) } +op(n™?)
N v 1
— —(1-F, {1 1-F . 4m" } -1/2),

(1= R {1oa(1 = B + [ =g d o)} + o)
uniformly in y, where the latter equality follows from the independence of ¢ and {C —
T, —m(Ty)}/o(Ty) given Ay =1 and T} < 7y. Next, write

~ Y 1

log(1— Fe(y)) + / 1 — He(s)

—0o0

dH (5)

=log(1 - Fu(y)) + /_y #@_)dﬁé(s)

Y 1 ~ Y 1
— ———dH (s +/ —————dH" (s) + Op(n~1).
le—HA@ 0+ | g ) + Opn )
Using a Taylor expansion, the first term above can be written as

Nur

1 3 I(By <y Aey=1) 1
24 (N —i+1)?  (1-R)?

=0(n™)

a.s., uniformly in y, where R; is between 0 and (N,, — i + 1)~'. The second term equals

Y 1 1 " B Y ; o~ R
_/oo [1 - ﬁeT(s) 11— HeT(S)] dHe (s) /OO 1— HeT(S)d(HeT( ) — H. (s))




From Remark B.6 and Corollary A.5 in Van Keilegom and Akritas (1999), it follows that
the last term on the right hand side is op(n~'/2). Using the consistency of H., (which can
be established along the same lines as in Proposition A.3 in Van Keilegom and Akritas

(1999); see Remark B.6), the sum of the first and second terms can be written as

- ' ﬁ6T<S)_HeT(S) U(s) — ’ L A s)— H" (s op(n~1?
/_oo (1= H,.(s))? dH((s) /_Oo 1_H6T(8)d(HeT( ) — H(s)) + op( )

=—(1—F.(y) " (np1,) " ZI(AU =1,Ty; < Tl)SO(Tli7T2ia Noi,y) + OP(nfl/Q)a
i=1

where the equality follows by Proposition B.5 and its analogue for H o 0

Proof of Theorem 3.2(i). The proof of this result is very similar to that of Theorem
3.3 in Van Keilegom and Akritas (1999). The only difference is that the data set is here

restricted to the observations for which Ay; = 1. Hence, it follows from that theorem that

F(ylz) — F(ylz)

3

xr — Th‘
G,

= (V) )™ S () (0 = Dy (P D) + 0 (0, 2)

= (nanp1) " hyju(2) ™ Z K(x — TM)—’(AM‘ = Dhay(Toi, Do) + 0p((nay) ™),

G
where the last equality follows from (B.1). O

Proof of Theorem 3.3(i). Write
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We first consider T3 :

7 = (Rl - ) E(P ) - [ - Ay (M)

= n_li&(fuaAli,iU)Fe(y/\T _mtz) )
i=1

o(x)

(o}

S [T s an (D) ooy

= n*l Zgi,y(fu, Ali, T2i7 AQ’L) -+ OP(nfl/Q),

i=1

uniformly in z, y, where the second equality follows from Lo and Singh (1986). Next, note

that 77 can be written as

B[R E) (A

(B (AT (2O

n

= nplr - ;I Au = LTM < 7'1) /OISO(TU,T%A% yAY;(;)m(t)>dF1(t)
/ " ) e(yA%)m(t)) dF (1)
_/0 (—) (t)yM(’;(t) (t>fe(yA7;(;)m(t)>dFl(tHOP(n_l/z)
yANTx —m

= (npir)” ZI (A =1 Ty < Tl)E[QO(Tu,Tzi,A% (X))I(X <)

i=1

TiufiaA 7:|
O'(X) 1 2 2

)™ 3D 1(ss = Vg yary (P D) (B < )+ 0 (™)

=1

n

2
- nil Z Z gi,y<T1i7 Ali; T27,', AQZ) =+ OP(nfl/Q)’
i=1 j=1

where the second equality follows from Theorem 3.1, and the third one follows from
Lemma B.1 in Van Keilegom and Akritas (1999) and from Proposition B.2. Finally, we
consider Ty. Write F}(z) — Fy(z) = [Fi(z) — Fy(z)] + [Fi(z) — Fi(z)], where

Fu(z) = /L(mgt)dﬁl(t)
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is a smoothed Kaplan-Meier estimator, with L a given continuously differentiable cumu-
lative distribution function with compact support and h = h,, = a2. Hence, Ty can be

written as

~

7 = [ ACaaBO - R+ [ Ao - R

~

where A(t,y) = I¢ (%) - I, (%) The second term above is Op((na,)/?
2 2

(nhy,)~?logn) = op(n~1/?) uniformly in 2 and y, since na,h,(logn)~? = na3 (logn)=2 —

0o. This follows from Theorem 3.2 and from the uniform consistency of the kernel density
estimator F/(t) (see e.g. Diehl and Stute, 1988). For the first term above note that

Fy(z) = Fi(x) =n™" ) &(Th, Avi,x) + op(n'/?)
=1

uniformly in z < 7y (see Lo and Singh (1986)). Moreover, Gijbels and Veraverbeke (1989)
showed that the same asymptotic representation is also valid for Fy(x) — F(x), provided
the bandwidth h,, satisfies nh2 = na, — 0. Hence, sup,,, |F\(z)— Fy(2)| = op(n~Y/2). Tt
is now easily seen, using integration by parts, that [ A(t, y)d(Fy(t) — Fi(t) = op(n~1/2).
0

Proof of Theorem 3.4(i). First note that

n

[1 - F\1<5)i| Di2r(s,t) — [1 = Fi(s)] pra(s,t) = n”! Z ls,t(fm Ay, Tm‘; Agi) + Ry(s, 1),

=1

where
sup {|Rp(s,1)] : 0 < s <t <7} =op(n/?).
The proof is similar to that of the bivariate distribution case. By noting that

ﬁlQ,T(S7 t) - plQ,T(Sa t)

= {1 - Fi()}7" (1 = F1(8)Brzs (5,1) — (1 = F1(8))przs(5,1) + pros(s.8) (Fi(s) — Fi(s))|

the result follows from Theorem 3.3, the representation of ﬁl(s) as a sum of i.i.d. terms,
and the fact that

uniformly on [0, 7] . O
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Proof of Theorem 3.5(i). This result can be established as Theorem 3.4, after noting
that

}/7\22,7'(37 t) - p22,7(57 t)

_ {/O 1 F((s—r) AT | )] ﬁl(dr)}_l
X UG [1-?((t—r)ATT|r)}ﬁ1(dr)—/os [1— F((t—7r) AT, | 7)] Fi(dr)

—pans(5,1) {/0 [1—F((s =) AT, | )] Fi(dr) — /0 [1—F((s—r)AT,| r)}ﬂ(dr)H .
O
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