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ABSTRACT. Whereas pseudovarieties of commutative semigroups are known to
be finitely based, the globals of monoidal pseudovarieties of commutative semi-
groups are shown to be finitely based (or of finite vertex rank) if and only if
the index is 0, 1 or w. Nevertheless, on these pseudovarieties, the operation of
taking the global preserves decidability. Furthermore, the gaps between many
of these globals are shown to be big in the sense that they contain chains order
isomorphic to the reals.

AMS subject classification numbers (1990): 20M07, 20M05

1. INTRODUCTION

Building on ideas of J. Rhodes and others [15, 16], Tilson [17] introduced cate-
gories and semigroupoids (categories without local identities) as a tool for studying
semidirect products of semigroups. Weil and the first author [10] integrated into
Tilson’s theory the profinite perspective culminating in the description of a basis of
pseudoidentities for a semidirect product VW of pseudovarieties of semigroups de-
pending on a basis of pseudoidentities for the global pseudovariety of semigroupoids
gV generated by V. The application of this basis to establish decidability of certain
semidirect products has led the first author to the notion of hyperdecidability [4],
proving in particular that if gV is decidable and has vertex rank bounded by some
given natural number, and W is hyperdecidable, then V « W is decidable. While
the bounded vertex rank hypothesis has been relaxed by Steinberg and the first au-
thor [6, 7] by slightly strengthening the other two hypotheses, the fact that many
usual pseudovarieties are local (i.e., their globals have vertex rank 1), and those
that are not have globals with small vertex rank (such as 2), prompted a deeper
look into the vertex rank of globals. Moreover, the best-known cases of non-locality,
namely those of the pseudovarieties J and Com, consisting of all finite, respectively
F-trivial and commutative semigroups [13, 16] (see also [12]), are both associated
with a commutation phenomenon. While J. Rhodes has claimed that there are
examples of pseudovarieties of semigroups whose globals have infinite vertex rank,
no specific examples have hitherto been published.

In [5], Teixeira and the authors considered the finite basis problem for semidi-
rect products of the forms V * D and V x D,, and its relationship with the finite
basis problem for V and gV. In particular, they showed that the problem may
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be systematically treated when V contains the five-element aperiodic Brandt semi-
group Bs. So, the problem is only of interest for pseudovarieties excluding Bs, that
is those consisting of semigroups in which regular _#-classes are subsemigroups.

In this paper, we deal with the case of pseudovarieties of commutative semi-
groups. Consider the profinite completion N of the semiring N of nonnegative
integers and denote by w its unique nonzero additive idempotent. Let P = N\ {0}
and P = N\ {0}. Each = € P may be viewed as a unary implicit operation z — z™
on finite semigroups [3, 9]. For m € PU {0,w} and = € P, let Com,, , denote the
pseudovariety of all finite commutative semigroups satisfying the pseudoidentity
™™ = g™, Brzozowski and Simon [11] showed that the pseudovariety Comy ; is
local. This result was extended by the first author [2, 3] who showed that Comy
is local for k € P U {w}. Thérien and Weiss [16] showed that the pseudovariety
Com = Com,, ,, is not local and obtained a basis for the global gCom consisting
of a single pseudoidentity on a two-vertex graph. Straubing [15] (see also [17, 3])
showed that every nontrivial pseudovariety of groups is local, as a pseudovariety of
monoids. As pseudovarieties of semigroups, pseudovarieties of groups are no longer
local, the vertex rank of their globals being raised to 2 [10]. Thus, the pseudova-
rieties of the form gComy , have vertex rank 2. We show that in fact gCom,,
has finite vertex rank if and only if m € {0,1,w}. We also show that gCom,,  is
decidable if and only if Com,, . is decidable. It remains an open problem whether
gV is decidable for every decidable pseudovariety V of semigroups.

The pseudovarieties of the form Com,, , are precisely the monoidal pseudova-
rieties, i.e., those that are generated by monoids. Taking m € PU {0} and 7 € P,
one obtains the pseudovariety analogue of Nelson’s skeleton of varieties of commu-
tative semigroups [14]. It follows from results of the first author [1, 3] that between
two consecutive skeleton points Com,, ; and Com,, ;s there are only countably
many pseudovarieties and there are no infinite descending chains. In contrast, we
show that, for m, m’ > 2, between their globals there is a chain of categorical pseu-
dovarieties of semigroupoids (i.e., which are generated by their categories) which is
isomorphic to the usual ordering of the real numbers.

Preliminary versions of this paper have been announced at seminars and con-
ferences since 1996. The results have evolved considerably along the way and at
present bare perhaps little resemblance with those announcements.

2. PRELIMINARIES

For general background and undefined terms, the reader is referred to [3, 17, 10].
In particular, a graph T is a quadruple (V, E,a,w) where V is a set (of vertices),
E is a set (of edges) and a,w : E — V are two functions. If (V, E, a,w) is a graph
and a € E, then a(a) is the beginning of a and w(a) is the end of a. A loop in
a graph is an edge whose ends coincide. By a path, we mean a sequence of edges
a1as - - - ay, such that, for k < n, w(ag) = a(agy1)- f u =aias-- - ay is a path, then
the beginning and the end of the path, denoted by a(u) and w(u), are a(a;) and
w(a,) respectively. For a path u = ajas - - - a, and an edge a we denote by |u|, the
number of indices i < n such that a; = a. The content of u is defined as the set of
edges a such that |u|, # 0. The path u is closed (or a circuit) if a(u) = w(u). A
circuit is simple if no proper subpath is a circuit. The graph T is said to be strongly
connected if, for any two vertices v; and ve, there is a path from vy to vs.
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IfT = (V,E,a,w) is a graph, we denote by I'* the free category generated by T,
that is, the category whose set of vertices (or objects) is V' and whose set of edges
(or morphisms) from a vertex v1 to a vertex vo is the set of paths of I" whose initial
and final vertices are v; and v, respectively.

For a finite graph I' and positive integers m and k, let =5, ; be the congruence
on I'* such that, for coterminal edges u, v of T,

u=prv if (Vae€ E()) |ul, =|v]q or (Julg, |v]e > m and |u|, = |v|, (mod k).

Proposition 2.1. Let T be a finite graph and ~ a congruence of finite index over
the free category I'*. Then T'* /~ belongs to gComy,y, i if and only if =p, ), C ~.

Proof. Suppose =, C ~ and let F be the free monoid over Com,, ; on E(T).
Then F' is a monoid of Com,, ; and the projection from I'*/=,, ;, onto S, which
is the identity on edges and identifies all vertices, is faithful. Then I'*/=,, ; and,
therefore, I'* /~ belong to gComy,, j.

For the converse, suppose that I'*/~ belongs to gCom,, ;. Then there ex-
ists a monoid S € Comy, , a category T, a quotient morphism ¢ : T — I'*/~
and a faithful morphism 7 : £ — S. Let u = ay---as and v = by ---b;, with
a1,.-.,05,b1,...,bp € E(T') and u =p, 1, v. For each a € {a1,... ,as,b1,...,b;} let
to € T be such that 6(t,) = a/~ (such a ¢, exists because § is surjective on edges).
Then, t4, - --tqa, and tp, - - - tp, are paths in 7', as J is injective on vertices, and, as 7
is faithful and S € Comy, 1, to, - - - ta, = ts, - - - tp, and, consequently, u ~ v. O

Proposition 2.1 gives an algorithm to decide whether a category belongs to
9Com,, ;. Note that, by [15, Theorem 6.3] we already knew that gCom,, ; and,
by [3, Section 10.8] or [5], Com,, ; *D and Com,, ; *D, (with £ > 1) are decidable.
A more precise result is given below as Theorem 4.3.

The following result is fundamental in studying globals of pseudovarieties of
commutative semigroups. A proof through the calculation of the semidirect product
Com * D is given in [3, Section 10.7].

Theorem 2.2 (Thérien and Weiss [16]). The pseudovariety gCom is defined by
the pseudoidentity

Z

( AR (1)

TYZ = ZYIT; -4@.

For integers m > 0 and k > 1, denote by M,, ; the monogenic monoid
(a;a™H = a™)

(where o' is interpreted as being 1). Let V be a pseudovariety of semigroups. The
(Nelson) index of V is the largest nonnegative integer m such that M, ; € V if
the set of all such integers is bounded and is w otherwise.

Recall that we denote by N the set of all nonnegative integers. We define a
real-valued function on N x N by letting d(p,q) = 27" where r is the cardinality of
the smallest monoid M, 1 such that aP # a? if there is such a monoid and taking
d(p,q) = 0 otherwise. Then it is well-known and easy to see that d is a metric
on N. We denote by N the completion of this metric space which, being in fact
a projective limit of finite discrete sets, is compact. Note that the monoid My, j
is isomorphic to the additive subsemigroup of the semiring N, ; of nonnegative
integers with threshold m and period k. The composite of the mapping p —
a? with this isomorphism is just the canonical projection N — N, ; which is a

0
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semiring homomorphism for the usual addition and multiplication on N. Hence
N is in fact a metric semiring in the sense that its operations of addition and
multiplication are uniformly continuous. Therefore, the completion N inherits a
structure of semiring. By removing the additive neutral element 0, we obtain the
subsets P and P respectively from N and N.

For two elements 7 and p of P, we say that 7 divides p and we write «|p if there
is o € P such that p = wo. Moreover, since P is a lattice under division and the
lattice operations gcd and lem are uniformly continuous, P is also a lattice under
division whose gcd (greatest common divisor) and lem (least common multiple) are
continuous. Since P is compact, any subset has a least upper bound (with respect
to the division ordering). Hence, any subset of P has a ged and a lecm. In particular,
P has an element w which is a multiple of all other elements.

The elements of P \ P constitute an additive subgroup, namely the minimal ideal
of the additive semigroup P. The neutral element of this group is precisely w for,
clearly, any 7w € P divides w + w and so w + w = w. The additive inverse of w + 1
in this group is then naturally denoted in the semigroup literature by w — 1.

For p € P, denote by p* the lem of all powers p* with k € P. From the uniqueness
of factorization of integers in primes, we conclude that any 7 € P is the lem of all
pF dividing 7 where p runs over all primes and k € P U {w}.

To each w € ]f”, we associate a unary implicit operation on finite semigroups
x — x™ as follows. For a finite semigroup S and an element s € S, define s™ to
be ¢(m) where ¢ is the unique continuous extension to P of the homomorphism
from the additive semigroup of P to S which sends each p to s?. The correspon-
dence between P and the semigroup Q;S of unary implicit operations is in fact a
bijection and, moreover, addition in P corresponds to pointwise multiplication of
implicit operations while multiplication in P corresponds to composition of implicit
operations.

We define the period of a pseudovariety V of semigroups to be the lcm in P of
all positive integers k such that Mo € V.

From results of Nelson [14] and the first author [3] it follows that the correspon-
dence

(NU{w})xP — Zs(Com)
(m,m) +— Comy, .

is a lattice embedding, where NU{w} is obtained from the chain N (under the usual
order) adding a maximum, P is ordered by division, and #s(Com) stands for the
lattice of subpseudovarieties of Com.

We denote by QrCat the free profinite category on a graph I' (cf. [10]) which
may be viewed as the completion of the free category I'* with respect to a natural
metric associated with category homomorphisms (also known as functors) into finite
categories. Recall that we view monoids as one-vertex categories by adding a virtual
vertex. For a fixed edge a € E(T'), since the composite of the mapping ¢ : u €
E(T*) + |ul|, with any projection N — M,, ; defines a category homomorphism,
¢ : E(I'*) — N is uniformly continuous and, therefore, extends uniquely to a
continuous category homomorphism QpCat — N. The image @(u) of an edge
u € E(QrCat) is also denoted |u,.
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Recall that a semigroupoid is an algebraic object like a category but without
the requirement of local identities. We say that a strongly connected semigroupoid
S has zeros if, for each pair of vertices v1,v2 € V(S), there is an element 0y, 4,
such that, for every edge s € E(S), and every vertex v € V(S), the equalities
0y,a(s)8 = Oy w(s) and 80,,(s),s = Oq(s),» hold. Note that, wherever they exist, zeros
are unique.

A pseudovariety of semigroupoids is a class of finite semigroupoids containing the
one-vertex one-edge semigroupoid which is closed under taking divisors (in Tilson’s
sense [17]), and finite products and coproducts. A pseudovariety of semigroupoids
is said to be categorical if it is generated by its categories.

3. THE VERTEX RANK

For integers r and m greater than 1, let L, ,, be the locally commutative category
with zeros generated by the graph G, described by the diagram

1 Y2 Yr
Q T Q Z2 »’Cr—lQ
1 6—>o—>»eo --- e—o 1
‘\2_3%
m’f’
subject to the relations
y? = 0;;

T (@ 2)" T T = 0440

20u(2), = Oa(z),j

Oz',a(z)z = Oi,w(z)a
where z denotes an arbitrary edge of the graph G.,.

Lemma 3.1. The category L, has the following properties:

i) L, m € gComy;

i) if w is a path in G, representing an edge of Ly, such that |w|, > m for some
edge of the graph G, then w = Oy (w),w(w) N Lrm-

Proof. (i) By Theorem 2.2, it suffices to show that L, ,, satisfies the pseudoiden-
tity (1). So, suppose z, y and z are three paths in the graph G, with common ends
as in (1). By local commutativity, if an edge y; is at all used in the path zyz (or,
equivalently, in the path zyx), then we may pull, in both paths zyz and zyz, the
edge y; to the first (perhaps only) time the path goes through the vertex 4, without
thus changing the value of the two paths in L, ,,. Then what remains in the two
paths are the edges x;, which constitute a cycle. Therefore, the value of the path
depends only on where it starts, where it ends, and how many times it goes through
each edge z;. Since these parameters are the same for the paths zyz and zyz, it
follows that zyz = zyz. Hence L, ,, € gCom.

(ii) If some edge y; is used more than once in w, then local commutativity and
the relations defining L, ,, imply that w is a zero in L, ,,. So, suppose w goes
through an edge z; at least m + 1 times. Then w must contain m subpaths from
the vertex 7 + 1 to the vertex ¢. Using local commutativity to pull all occurrences
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of edges y; to the first such subpath, we conclude that w may be factorized in L, ,
so as to contain a factor of the form

(TiTiyr - 2p@1 - @io1) "'
= @ (T X)) ™ 2 L1 Tige o Te Ty T
= 0i,i+2$i+2 e LpX1 - X = 0i,i7
which establishes the claim that w is a zero in L, p,. O

Consider the following pseudoidentity €, » over the graph G,:

)m71+7r )mfl‘

y1r1y2--- mrflyrxr(ml Ty =y1r1y2--- -'L'rflyrmr(ml Ty

It plays an important role in the sequel. Note that it holds in Com,, , and,
therefore also in gComy, .

Proposition 3.2. The category L, ,, belongs to gComy, 1,1 but not to gComy, ,.

Proof. As observed above, the pseudoidentity €, ., ., holds in gCom,, ,,. The left
side of €, m . represents the element 03, of L, ,, whereas the right side does not.
Hence L, ., ¢ gComy,, .

It remains to show that L,, € gComyi1. Suppose that (v = v;T) is a
pseudoidentity over a finite graph I' which holds in gComy,41,:. If, for every
a € E(T), |ulg = |v|q, then (u = v;T) holds in Com and, therefore, in all of gCom.
By Lemma 3.1(i), it then follows that L, ,, satisfies (v = v;T"). On the other hand,
if |ulq # |v|q for some a € E(T"), then |u|, and |v|, must both be at least m + 1.
By Lemma 3.1(ii) then both sides of the pseudoidentity (u = v;T') evaluate to the
same 0; j. This establishes the claim that L, € gComy,;1 1. O

We next prove the following critical property of L, , with respect to the pseu-
dovariety gCom,y, ;.

Proposition 3.3. For each integer m > 2, every subcategory of L, on at most
r — 1 vertices lies in the global gComy, ;.

Proof. Let (u = v;T) be a pseudoidentity over a finite graph T’ which holds in the
global gComy, ; and let C' be a subcategory of L, ,, with at most »—1 vertices. We
want to show that C satisfies (u = v;T). In view of the symmetry of the graph G,.,
it suffices to consider the case of the subcategory C generated by the following
graph:

Y Y2 Yr—1

Qu)eul)

O — »>0— >0 --- e— o r—1
2 3 =2

N

Tr—1YrZyr (2)

The verification of (u = v;T') in C is similar to the second part of the proof of
Proposition 3.2. Indeed, if |u|, # |v|, for some a € E(T"), then |u|, and |v|, are
both at least m. If, after evaluation in C, u and v are not both zeros, a must then
be evaluated to a path in the z; (i =1,...,r—2) and z,_12,. Since |ul,, |v|, > m,
both u and v must contain at least m — 1 factors w such that a(w) = w(a) and
w(w) = a(a). By the assumption that |u|, and |v|, are distinct and both greater
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than or equal to m, it follows from Lemma 3.1(ii) that we may assume that, under
evaluation of I" in (', say v evaluates to a zero. Assuming u does not also evaluate
to a zero, then |u|y < m for every b € E(T'). Moreover, as above, v must contain at
least m factors w such that a(w) = w(a) and w(w) = a(a). In view of the structure
of the graph (2), this implies that, after evaluation of I in C, |v|,, > m for all
and so also |u|; > m for all 4. Since, by Lemma 3.1(ii), no z; can occur more than
m times in a path which is non-zero in L, ,,,, we conclude that u must evaluate in C'
to a circuit of the form

YiZi - Tr—1YrTrY1x1 -~ 'yiflwz’fl(-'ﬂi X1 'CL"z'fl)mfl

with ¢ # r, while v evaluates to 0;;. Since (u = v;I") is assumed to be valid in
gComy, 1, the value 0; ; for v must be obtained as the value in L, ,, of a circuit of
the form

YiZi > Trp-1YrZTrY121 * " Yi—1Ti—1 (-Tz R ) R $i—1)m
But in C, the L, ,, product z,_1z, cannot be split into factors which implies that
the edge b whose evaluation in C produces z,_1z, as a factor is such that |ul, < m
while |v|p > m, a contradiction since the value of u in C is then also a zero. This
shows that C satisfies the pseudoidentity (u = v;T') and completes the proof that
C e€gComy, ;. O

We may now prove the main result of this section which, in particular, provides
a negative solution to problems 40 and 41 from [3].

Theorem 3.4. For any integer m > 2, no pseudovariety V between gComy,, 1 and
gComy,, ., has finite vertex rank.

Proof. Arguing by contradiction, suppose such a pseudovariety V admits a ba-
sis ¥ over graphs with at most r vertices. We claim that then L,.; , must lie
in V. Indeed, in verifying the pseudoidentities of X, we only consider subcate-
gories of L,41,, in at most r vertices and, by Proposition 3.3, such subcategories
lie in gCom,y, ; and, therefore, also in V. Since V C gCom,, ,, it follows that
Ly41,m € gCom,, ,,, in contradiction with Proposition 3.2. O

Further properties of the categories L, ,,, are given in Subsection 5.4.
Note that the interval of category pseudovarieties [gCom,, 1,9Com,, ] is un-

countable as it contains each of the pseudovarieties gCom,, , with 7 € ]f”, different
values of 7 corresponding to different pseudovarieties.

Theorem 3.5. For m € {0,1,w} and 7 € ]f", the pseudovariety gCom,, . is one
of the following:

a) [(oy = ya; Day), &7y = y; “Com), (g™ = y; == ®)] in case
m =0;
b) [(zy = yx; <)z, ), (@™ ==2; L)2)] in case m = 1;
¢) gCom N [(z“F™ = z¥; )] in case m = w.
In particular, in all cases gComy, . is finitely based with vertex rank at most 2.
Proof. In case m = 0, the result follows from the locality of the group pseudovariety

Comy , as a pseudovariety of categories [15, 17] together with the remarks at the
end of Section 2 in [10].
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In case m = 1, the pseudovariety Comy, , is local for k € P, i.e., Comy ; *x D =
Z£Comy i, [3, Cor. 10.8.4] (cf. the Straubing-Tilson Delay Theorem [17] where, for
a pseudovariety V of semigroups, .2V denotes the pseudovariety consisting of all
finite semigroups S whose subsemigroups of the form eSe, with e2 = e € S all
lie in V). Since Com,, , = UkeP, klm Comy, i, it follows that Com;  *x D =

ZCom, , for every m € P. Hence Com, , is local.
In case m = w, [3, Cor. 10.7.8] shows that

Com,, ; * D = (Com * D) N [z*1F = 2¢]

for k € IE’ As in the previous case, this implies that the same equality holds for
all k¥ € P. Say by the results of [5] and Theorem 2.2, it follows that the global
9Com,, . is given by (c). O

4. DECIDABILITY

To investigate the decidability of pseudovarieties of the form gCom,, ,, we first
exhibit an infinite basis of pseudoidentities for each of these pseudovarieties in case
m is an integer greater than 1.

Theorem 4.1. For every integer m > 2 and every m € P \ P, the pseudovariety
9gComy, . is the intersection of gCom with the pseudovariety defined by the se-
quence of pseudoidentities (€r,m,x)r>1 taken as pseudoidentities of categories, i.e.,
any of the y; may be erased.

Proof. That gComy,, . is contained in the intersection is immediate since the op-
erator g respects the inclusion ordering. For the reverse inclusion, since gComy,;
is a nontrivial categorical pseudovariety of semigroupoids, it is defined by pseu-
doidentities over strongly connected graphs [10]. Consider a strongly connected
pseudoidentity of categories (v = v;I') which holds in gComy,, .. It suffices to
show that, for every positive integer k dividing 7,

9ComN [ermk : 7 > 2] = (u=v;T). (3)
The condition gCom,,, » = (u = v; ') means that, for every a € E(T), |ul, = v, in
(ﬁaComm,,,)l. If actually |u|, = |v|, in N for every a € E(T'), then gCom satisfies
(u = v; ), which implies (3). Otherwise, there is at least one edge a € E(T') such

that |u|, # |v], in N and so not both |u|, and |v|, belong to N.
To proceed we need the following combinatorial lemma.

Lemma 4.2. Let T be a finite graph and let a € E(T) and w € E(QrCat) be such
that |w|, ¢ N. Then there is a circuit v in T’ containing the edge a such that, for
every b € E(v), |w|y ¢ N.

Proof. Since the result is obvious if a is a loop in I, we assume that a is not a loop.

Let (wy)s be a sequence of paths of T' converging to w in the profinite topology.
Arguing by contradiction, suppose that every circuit y containing the edge a has
some edge b such that |w|, € N. Since the graph I is finite, there are only finitely
many simple circuits 7, ... ,7, containing a. For each of these circuits ~;, let
b; € E(v;) be such that |w|;,, € N. By taking a subsequence of (wy),, we may
further assume that |wylp, = |w|p, for i = 1,...,7 and all n. Since |w|, ¢ N,
there is some n such that |w,|, = m with m > 1+ |w|p, + - -+ + |w|p,.. Then w,
is a path in the graph I' which goes through the edge a precisely m times and
therefore, includes m — 1 subpaths from w(a) to a(a). From each such subpath, we
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may extract a path which, together with the edge a completes one of the circuits
Y1,--.,7%. Hence w, should go through the edges b;1,...,b. a total of at least
m — 1 times, in contradiction with the above choices. This shows that there must
exist a circuit v as claimed. O

Returning to the proof of Theorem 4.1, consider next sequences of paths (uy)y
and (vy,), which are coterminal with v and v and converge, respectively, to u and v
in the profinite topology. Since Q,Com,, j is finite, by taking subsequences we may
assume that |up|s = |ul, and |vp|e = |v]s in Q,Comyy i, for all n and all a € E(T).
We may further assume that |un|, = |u|, for all n whenever |u|, € N, and that
|un)a > m + 1 for all n whenever |u|, ¢ N. Similar assumptions may be forced to
hold for the pair ((vp)n,v). If |up|e # |Unla for a certain n, it then follows that at
least one of |u|, and |v|, does not belong to N. By Lemma 4.2, we deduce that
every edge a € E(T") such that |uy|q # |vnle is part of a circuit +y such that, either,
for every b € E(y), |u|s ¢ N, or, for every b € E(%), |v|s ¢ N. Since k divides =, in
this way we guarantee that, for every n,

1) for every a € E(F), |un|a =m,k |Un|a;

ii) if |up|e # |Unla, then there is in T a cycle v containing the edge a such that,

for every b € E(7), |unls, [vals > m.

By [3, Cor. 5.7.4], it is possible to transform to the same array of nonnegative
integers each of the arrays (|unla)acrer) and (|vnle)ecrr) by finite sequences of
operations which, for cycles for which all of the corresponding components are at
least m, add k to all such components. Now, in gCom, the value of a path in the
graph I' depends only on where it starts, where it ends, and how many times it
goes through each edge. So, if a path w goes through all edges of a cycle v at least
m times, and the cyclic order of the edges of the path is x1,... ,2,, then, up to
equality in gCom, w has a factor of the form

)m—l

Y1x1y2 - - $r—1yr$r($1 Ty ,

where, without loss of generality, ¢ = 1 is assumed to be such that a(z;) is at
minimum distance from a(w) in I'. Using the pseudoidentity &, m k, it follows that
the operation of adding k to each |w|,,, leaving unchanged the values of all other
|lwly (a € E(T)\ {z1,...,2.}), is such that any path w' whose |w'|, values are
those values is such that

gCom N [ermi : 7 > 2] E (w=w';T).

This proves (3) and completes the proof of Theorem 4.1. O

We may now establish the following decidability criterion for globals of pseu-
dovarieties of the form gCom,, .

Theorem 4.3. Form e NU{w}, 7 € ]f”, the following conditions are equivalent:
i) the pseudovariety of semigroupoids gComy, . is decidable;
ii) the pseudovariety of semigroups Comy, . is decidable;
iii) it is decidable when a positive integer k divides 7.

Proof. (1)=(ii) In general, since a pseudovariety V of semigroups consists precisely
of those semigroups which lie in gV, if gV is decidable then so is V.

(ii)=(ili) Let k be a positive integer. Then the cyclic group My, of order k
belongs to Com,,, . if and only if k divides 7. Hence, assuming (ii) we deduce (iii).
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(iii)=(i) Let S be a finite semigroupoid. Assuming (iii), we show there is an
algorithm to test whether S € gComy, .

Suppose first that m is an integer greater than 1. If 7 € P, we have already
observed that gComy, , is decidable. So, assume 7 ¢ P. In view of Theorems 4.1
and 2.2, it suffices to show that it is decidable whether a semigroupoid S € gCom
satisfies all pseudoidentities &, » with 7 > 1. Let r > |E(S)|. By the pigeonhole
principle, in any evaluation of the graph G, in S, two of the edges x; and z; with
© < j must be mapped to the same edge. This means that the cycle z ...z, maps
to the union of two circuits with at least one common edge. Since S € gCom, the
change in the values |_|;; (adding 7) may then be performed separately in each of
these circuits provided S satisfies all pseudoidentities &, 4,,r With s < r. Hence S
satisfies all pseudoidentities ;. » (r > 1) if and only if it satisfies all &, , » with
1<r <|E(S)]-

So, in case m is an integer greater than 1 and 7 € P \ P, it remains to show
that it is decidable whether a finite semigroupoid S satisfies the pseudoidentity
Erm,r for a given r > 1. This amounts to showing that there is an algorithm to
compute, for a given finite semigroupoid S and a given loop w € S, the power w™.
In view of Theorem 3.5, this is also all that needs to be done in case m € {0,1,w}.
Since w™ lies in the cyclic local subsemigroup generated by w, it suffices now to
invoke well-known facts about unary implicit operations as may be found say in [3,
Section 3.7]. O

5. GAPS
In this section, we study the gaps in the skeleton of subpseudovarieties of gCom
consisting of the pseudovarieties of the form gCom,, j with m € PU{0} and k € P.
5.1. The categories C), , r and Dy 1
Fix integers n,m, k > 1 and denote by A,, the graph

q q2 q3 dn dn+1
[ ] [ ] [ ] [ ] [ ]
21 %) Zn
i1 i2 i3 ... in in41
T |ug Usy Us Uy t ol
hn Y2 Yn
[ ) L ] [ ) L ] [ )
D1 D2 D3 Dn Pn+1

where i1,in41 € {1,2,...,2m+k} and, for j & {1,n+1},4; € {1,2,...,2m+k+1}.
For simplicity we will write sometimes 2¢ or yo for z, and 2,41 or y,41 for t.
Consider the free category A}, and the following two relations, ~y n, , and
Ron,m,k, on AY. For coterminal edges v, w of A, define:
(37'71) |v|ul. > 2 and (37'71) |w|u’ >2
o v~y mpw if or ' '
(Va € E(Ap)) [v|a = |wla;
(Fi, 1) |v|, > 2 and (i, 1) |[w|, > 2
VR w if or ' '
V=mk W.
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Note that both ~y 1 and =, 1 are congruences on A.

Let Cp,m,k and Dy, , 1, be respectively the quotient categories A% /~,, and A% /~,.
By definition Dy, p, r is a quotient of Cp, 1 and, as ~p 1 and Ry ;1 are finite
index congruences, Cp, .1 € gCom and, by Proposition 2.1, Dy, 1, € gComy, .
Note that an element v € E(A}) such that |v|,: > 2 for some 4,1 is a zero element,
the ~p 1 and =, ., k-classes of such elements being precisely the local zeros re-
spectively of A¥ /~, and A} /~,. We will prove that Cp, mrx ¢ gCom,, ; but, for
m > 1, every subcategory B of Cp m such that V(B) # V(Cp m.k), belongs to
gComy, .

In this subsection we establish some results concerning the congruences ~p, 1, i
and &, k- We adopt the following simplifying notational conventions:

e for a non-zero edge v € E(A%) and i € {1,...,n + 1}, let |v|; denote the
number of upper indices ! such that |v|, = 1;

e we will write, sometimes, u; for an edge of the form uf ; we write, for example,
(z1u1y1u2)" to mean a product of r edges of the form zluiyw; with no edges
in common other than z; and y;.

We start by an easy observation, which separates the case m = 1 from m > 1.

Lemma 5.1. Let B be a subcategory of Cyp m.r and suppose that w is cycle in B
that is neither a zero nor an identity. Then, for every ! > 1, w' # w. In particular
B ¢ {Comy, i, and, consequently, B ¢ gComy .

Proof. Just note that w' is a local zero and so, w' is different from w. In particular
w!'** = w, which proves that B ¢ {Comy j. O

We next give a nice necessary and sufficient condition for two elements of A, to
be ~j, m,k-equivalent. For this we need some preliminary results.

Lemma 5.2. Let w € E(A}). Then, for all j € {1,... ,n+ 1},

(0 ifa(w) £ wluy) £ w(w)
lw]j — (Jw]z;_, + |wly;) = < _} Zz gggg i Z%ng ;ZEZ;
| 0 if afw) = wluy) = wlw)
and
(0 ifaw) # a(uy) # w(w)
lw]; — (Jwlz; + wly;_,) = < _} Z 3%5; 7__5 ggz;; ;ZEZ;
| 0 ifa(w) = a(w) = wlw)

In particular, |w|; — (|w|z;_, + |wly;) and |w|; — (|w|z; + |w|y;_,) depend only on
the initial and terminal vertices of w. O

Corollary 5.3. Let v and w be non-zero coterminal edges of A} with the same
content. If 1 < j <n+1 then,

|U|Zj = |w|zJ' < |U|yj—1 = |w|yj—1

|v|yj = |w|yj < |v|zj—1 = |w|Zj—1
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Proof. As v and w are coterminal we have, applying the previous lemma to v and
w7

olj = ([0l + [vly;) = |wlj = (Jwlz;—y + |wly;)

olj = (flz; + [vly; ) = |wlj = (Jwlz; + [wly;_,)-
As v and w have the same content and are non-zero, |v|; = |w|;. Hence, |v|;,_, +

[vly;, = |wlz;_, + |wl|y; and |v|.; + |v|y,_, = |w|:; + |w|y,_,, from which the result
follows. O

We are now ready to give a characterization of the congruence ~y m k.

Proposition 5.4. Let v and w be non-zero coterminal edges of A’ with the same
content. Then, the following conditions are equivalent:
1) UV ~n,m,k W;
ii) there exists s € {0,1,...,n+ 1} such that |v|,, = |w|,,;
ili) there exists s € {0,1,... ,n+ 1} such that |v|y, = |w|y, -

Proof. We prove that (ii) implies (i).

By definition of ~;, , 1, as v and w are non-zero coterminal edges with the same
content, we need to prove that, for every a € c(v), |v|q = |w|e. If a is of the form
u}, then |v|u; = |w|u; = 1. It remains to prove that, for every j, |v|.; = |wl|;; and

[vly; = |wly, -
Using Corollary 5.3, we see that, for every j € {0,1,...,n + 1}, |v|.; = |w|;

or |v|y, = |wl|y;. Then, using again Corollary 5.3, as = yo = 20, [v]z = |w|s, it
follows that, for every j € {0,1,... ,n+ 1}, |v|;; = |w|;; and |v|,;, = |w]|,;, which
proves that v ~p 1 w. O

Corollary 5.5. Let v and w be non-zero coterminal edges of AY. If v Xpmp W
and there exists i such that |v|.; < m or |v|y, < m, then v ~p mk w.

Proof. Suppose |v|;, < m. As v Rpmk W, [V|z; =mk W]z and, as vl < m,
|v]z; = |w|;;. By Proposition 5.4, we deduce that v ~y, 1 1 w. O

We next note that Cp m r € gComy, ;. This is a simple observation and could
have been made immediately after the definition of Cy, -

Proposition 5.6. The category Cy, .1, does not belong to gComyy, j.

Proof. Using Proposition 2.1 we only need to exhibit two elements v,w € E(A}),
such that v &p,m,k w and v £y mp w.
Let v and w be, respectively, the paths

(zu1)F yrus (2rury1ua) ™ yous (zousyous) ¥ ysuy - -

(ZnUnYnUnt1) "+t (wny1)Fn+2 (4)
(zu1)" yrua (z1u1y1u2) 2 yous (2ousyaus) P ysug - - -
(Znunynun+1)l"+1t(un+1t)l"+2- (5)

where, for even i, k; = m + k and I; = m, and, for odd 4, k; = m and [; = m + k.
In these expressions, the first appearance of u; is in fact u}, the second u?, and so
on. By definition, v &y m x w and v gy m k. O

Denote by 7, the identity over the graph A,, whose sides are the paths (4) and (5)
in the proof of Proposition 5.6. We have in fact verified the following result.
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Corollary 5.7. The identity n, is valid in the pseudovariety gCom,, , but not in
the category Cp m k- O

5.2. A minimality property of C), ;1 for m > 2

We can now establish an analogue for Cj 1, of Proposition 3.3. Although
this result will not be used elsewhere in the paper, it is included for the sake of
motivation. Indeed, it was this property of Cy, ,,, r that led to its discovery and the
fact that gCom,, ; has infinite vertex rank for an integer m greater than 1 and
k € P was deduced from it in preliminary versions of this paper. Now, of course,
we have the much stronger Theorem 3.4.

Proposition 5.8. Let n,k > 1 and m > 2, and let D be a subcategory of Cp m.
such that V(D) # V(Cp,m,k)- Then D € gComyy, .

Proof. Suppose that for some r € {2,3,...,n}, p, € V(D) (the remaining cases
can be treated similarly). We may assume that D is the largest subcategory of
Ch,m,k such that V(D) =V (Cp,m,k) \ {pr}

Let B,, be the graph

Q1 q2 q7‘ 1 ¢ir gir CIr+1 dn dn+1
[ ) L ] [ ) L ]
z1 Zn
i1 Zr+1 . in Int1
T |ug Uy iy tl|unyy
n Yn
[ ] [ ] [ ] [ ]
4 P2 - pr+1 Pn Pnt1

where i1,in41 € {1,2,...,2m+k} and, for j & {1,n+1},4; € {1,2,...,2m+k+1}.
Consider the congruence (of finite index) ~,, on the free category B} defined as
follows. For coterminal edges u and v of B}, v ~, w if at least one of the following
conditions holds:

(30,0) o],y > 2 and (3i,0) [w],y > 2 (6)
(F4) |v]g + |v]si > 2 and () |wly + |w|s > 2 (7
(Va € E(B,) lola = w]a- (8)
Let E, = B} /~,.
Consider the following diagram of functors:

B: ¥® | Ax

NN

D > Cn,m,k

/

n n,m,k
The functor ¢ is the inclusion mapping on the common part of B,, and A4,, and sends
the edges ti~ and s respectively to uirz,. 1 and wiry,. The functors B} — E,,
A = Crmyk, and Cp g — Dy 1 are the natural quotient functors. The functor
D — Cy 1 is the inclusion functor. The existence of a quotient functor B;, — D
such that the diagram commutes follows from the hypothesis that D is the largest
subcategory of Cj, ,,, x which misses the vertex p,. The existence of a quotient
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functor E,, — D such that the diagram commutes follows from the definition of ~,,.
In particular, to show that D € gCom,, ;, it suffices to prove that E, € gComy, .

By Proposition 2.1, to complete the proof it suffices to show that =, C ~,.
Let v,w € B}, be coterminal edges such that v =, w and suppose that both (6)
and (7) fail. We must show that (8) holds. Indeed, then p(v) =p ¢(w) and,
since m > 2, |v|g > 2 if and only if |w|g > 2, which implies that |v|y = |w|g <1
for all [. This yields

le()ly, = olg =Y lwlg = [p(w)ly,-
1 1

By Proposition 5.4, ¢(v) ~pmk ¢(w) and so v ~, w.

Although the proof is already complete, to clarify the situation we complete
the above diagram with an injective functor E, — Dy such that the diagram
commutes. Indeed, if v,w € B} are coterminal edges such that ¢(v) and p(w) are
non-zero, then the argument in the preceding paragraph shows that ¢(v) =1 @(w)
if and only if v ~, w. O

5.3. Some further properties of Cp, 1, 1

We gather in this subsection a few more properties of the categories Cp, .k
which will be used in the next subsection. Specifically we show that Cp, 1 satisfies
certain identities.

Lemma 5.9. Let v and w be two coterminal paths of the graph A, with the same
content such that v and w represent two distinct non-zero edges of Cp m . Then

[V]y; # |wly; and |v|;; # |wl|s; for every i€ {0,1,...,n+1}. 9)
Proof. By Proposition 5.4, there must be some s € {0,1,...,n + 1} such that
|v|y; # |wly;- By Corollary 5.3, we have in fact (9). O

Proposition 5.10. For m > 2 and r # n, the category Cp m.1 satisfies the iden-
tity 1.

Proof. Evaluate the graph A, in Cy, ,  through a graph homomorphism, thus ob-
taining for the sides of the identity 7, two edges represented by coterminal paths
v and w of A}. Suppose that v 7%p m,r w. Since gComy, . satisfies 7, by Corol-
lary 5.7, we know that v &y, w and, therefore, v and w represent non-zero edges
of Cp m k- By Lemma 5.9, we deduce that (9) holds.

To finish the proof, it suffices to show that (9) together with v £y, mp w is
impossible for r # n. Indeed, the edges y; and z; (i € {0,1,...,n + 1}) of the
graph A, must all evaluate to the same type of edges in A4, for, otherwise, both
sides of , would evaluate to the same zero edge. If some u. € E(A,) would evaluate
to a path involving an edge y; or an edge z; then, since v and w are non-zero edges,
we should have |v|,;, = 1 = |w|,;, in contradiction with (9). Hence all edges of A,
must be mapped to the same type of edges of A,, and so the evaluation is actually
defined by a graph homomorphism A, — A,,. Since it is easily verified that there
is no such graph homomorphism for r # n, we reach a contradiction. Hence Cy, s
satisfies 7. O

Proposition 5.11. For an integer m > 2, the category Cp pm i lies in any pseu-
dovariety of the form gCom, , which strictly contains gComy, 4.
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Proof. Note that the hypothesis that gCom,., 2 9Comy, ;, means that m < r,
k divides £, and at least one of these relations is strict.

Suppose that v and w are two coterminal paths of A, such that v =, w. We
must show that v ~, m, r w. Supose that, on the contrary, v ¢, m ., w so that, in
particular, v and w are non-zero edges. Then, by Lemma 5.9, the condition (9)
holds and so, since v =, ¢ w, all |v|y;, ||y, |[v]s;, and |w|,; are at least r and some
of them must be at least r + £, thus in particular strictly greater than m + k. By
Lemma 5.2, we also know that, for i € {1,... ,n + 1},

Yi + |U Zi—1 + é-z

where &; € {—1,0, 1} are given by Lemma 5.2. Moreover, since v and w are non-zero
edges in Cp,p k, we must have |v|;, |w|; < 2m+k+1. Then, say if |v|,, > |w
conclude from

|U|i = |’U zic1 T 51 and |w|1 = |w Yi + |11]

yir We

2m+k+12> ;= v

that & = —1 and |v|,,_, = m. Hence, in view of Lemma 5.2, a(v) = a(w) = p;.
The same conclusion is obtained analogously under the assumption |v|y, < |wly;.
This shows that there is at most one i € {1,... ,n+1} such that |v|y, # |w|,, which
is a contradiction since we already observed that this relation holds for every i and
n > 1. Hence v ~p m 1 w. O

i T v

o t&E>2m+E+1+&

5.4. Big gaps

For a pseudovariety of semigroupoids V, say that a family .# of semigroupoids
is independent modulo V if no S € % belongs to the pseudovariety generated by
VU (F\{S}).

Theorem 5.12. For all m > 2 and k > 1, the family of semigroupoids {Cp m. :
n > 1} is independent modulo gComyy, 1.

Proof. This follows immediately from Corollary 5.7 and Proposition 5.10. O

Another independent family may be extracted from the categories L, , of Sec-
tion 3. Denote by K ,,, the semigroupoid obtained from L, ,, by removing all local
identities.

Theorem 5.13. For every m > 2, the family of semigroupoids {Ky m : v > 2} is
independent modulo gCom,y, .

Proof. In view of the fact, established in the proof of Proposition 3.2, that K,
fails the pseudoidentity &, ., which in turn is valid in gCom,, ,, it suffices to
observe that K, ., satisfies €, ,1 (and therefore also €, 1, .,) for s # r.

Let ¢ : Gy = K, be a graph homomorphism, evaluating the underlying graph
of €5,m1 in K, . If s < r, then ¢ assumes its values in a subsemigroupoid C
of K, ,, with at most s vertices, and so C' € gCom,, ; by Proposition 3.3. Hence C
satisfies 5,1 since this pseudoidentity is valid in gCom,, ; and, therefore, K, ,
satisfies €5, m,1. Suppose next that s > r. If any edge z; of the graph G, is mapped
under ¢ to an edge of K, ,, involving some y;, then clearly both sides of &1
evaluate to a zero in K, ,,,. Otherwise, two of the edges z; of the graph G must
be mapped to edges of K, ,,, containing the same z, in their content. Taking into
account the defining relations of the category L, ,,, this again implies that both
sides of €41 must be evaluated to a zero in K, ,,,. Hence K, ,, satisfies €5,m,1. O
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Say that an interval [V, W] of pseudovarieties is a big gap if it contains a chain
isomorphic to the chain of real numbers under the usual order as well as a con-
tinuum anti-chain. A standard argument which may be found in [8, Prop. 1.1] for
pseudovarieties of semigroups gives the following result.

Proposition 5.14. Let V and W be two pseudovarieties of semigroupoids such
that V.C W and W contains an infinite family which is independent modulo V.
Then the interval [V, W] is a big gap.

We may finally establish the main results of this section.

Theorem 5.15. For all m > 2 and k > 1, the interval of categorical pseudovari-
eties between gComy, i, and any of its successor skeleton points (namely gComy, 1
and gComy, , for a prime p) is o big gap.

Proof. This follows from Proposition 5.11 and Theorem 5.12, in view of Proposi-
tion 5.14. 0

We do not know whether Theorem 5.15 remains valid for m = 0 or m = 1. An
extension of part of Theorem 5.15 is obtained by considering our other independent
family. But since semigroupoids are used instead of categories, we can no longer
guarantee that the pseudovarieties in the chain can be chosen to be categorical.

Theorem 5.16. For all m > 2 and 7 € ﬁ”, the interval [gComy, ,gComy, 1 ]
is a big gap.

Proof. Since the family {K, , : r > 2} is independent modulo gCom,, ., by The-
orem 5.13, it is also independent modulo the smaller pseudovariety gCom,, . On
the other hand, since all K, lie in gComy,;1,1 by Proposition 3.2, they also
belong to the larger pseudovariety gComy,41 .. Hence the result follows from
Proposition 5.14. O

6. THE SEMIGROUP CASE

As observed earlier, the pseudovarieties Com,, , (m € NU {w}, 7 € P) are
precisely the monoidal pseudovarieties of commutative semigroups and constitute
a (complete) sublattice of the lattice #s(Com). In general, a pseudovariety V of
commutative semigroups is the join of the largest pseudovariety in this sublattice
contained in V (which we now call the monoidal part of V) with VNN, where N
denotes the pseudovariety of all finite nilpotent semigroups (cf. [3, Section 6.2]).

In this section, we discuss the extension of the results of Sections 3 and 4 from
monoidal pseudovarieties of commutative semigroups to arbitrary such pseudovari-
eties V. For the finite basis problem, in view of Theorem 3.4, the problem is only
of interest if the Nelson index of V is 0, 1 or w. Moreover, in the latter case, the
monoidal part of V contains N and so V is monoidal and, therefore, gV is finitely
based by Theorem 3.5. The cases where the Nelson index is 0 or 1 correspond
respectively to

V C[z¥ =y, zy = ya]
and
SICV C [z¥y“t! = 2¥y, 2y = yz]
where SI = Com,;; denotes the pseudovariety of all finite semilattices (cf. [3,
Section 9.1]). While we have not treated systematically all these cases, we present
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below some examples to illustrate the difficulties in a systematic treatment of the
problem.

As to decidability of gV with V C Com, a lot more cases remain to be treated.
We illustrate the problem with specific examples.

The first example, gives another application of the combinatorial Lemma 4.2.

Proposition 6.1. g(N N Com) = gCom N gN = gCom N ¢/N.

Proof. Since the operator g preserves order, the inclusions from left to right are
immediate. For the closing wrapped inclusion, suppose that g(IN N1 Com) satisfies
a semigroupoid pseudoidentity (u = v;I'). Then either |u|, = |[v|, € N for all
a € E(T'), and so the pseudoidentity is valid in gCom, or |ulq, |v], € P\ P for some
a,b € E(T). Then, by Lemma 4.2 it follows that gComN/N satisfies (u = v;T'). O

The second example is another case of a nilpotent pseudovariety with unbounded
nilpotent index but small nil index.

To avoid writing too many pseudoidentities, we introduce some abbreviations.
Besides the already defined pseudoidentities, we will consider shorthand pseudoiden-
tities of the form (u = 0;T). Whenever the shorthand pseudoidentities (u = 0;T)
and (v = 0;A) are found in a set of pseudoidentities, the real pseudoidentity
(u = v; ) should be read where Y is the graph which is obtained from the disjoint

union T U A by identifying au with av and wu with wv. In this convention, we do
not exclude the possibility that (v = 0;T') = (v = 0; A).

Proposition 6.2. Let V = [z¥ = 0,2%y = zy?, vy = yx]. Then

_ z
gV = gComn[(®y =ay’; a,y), (ayz = 0; * ),
Y
_ _r oy
(:Usz =0; ), (xyz2 =0; ._>._>.‘\’> ]
Proof. Note that V satisfies the following pseudoidentities
22y? = oyt = my?y? = Pyy? = a2yPy = a2y = - = 22y = 0

and so also

2?yz = 2(y2)? = zy?2% = 0.
It follows that a nontrivial pseudoidentity u = v is valid in V if and only if for each
side there is some variable occurring more than once and, either the length of each
side is at least 4, or both sides have length 3 and the same content. The result
follows easily. O

The last two examples contain all finite Abelian groups.
Proposition 6.3. The global g[z¥ = y“, zy = yx] is given by
gComN [(z¥y = yz*; wO—y"\/) Z9]-
Proof. The result may be deduced from the observation that a pseudoidentity u =
v is valid in [2¢ = y¥, zy = yz] if and only if, for every variable a such that

|t|q # |v]q, there are variables b and ¢ such that |uls, |v|. ¢ N and there is some
k € N such that {|u|qs,|v|e} = {k,w + k}. The details are omitted. O

Proposition 6.4. The global g[z“y“t = ¥y, 2y = yx] is given by

gCom N [(z¥Tlyz = zyz++1; mO—y"\/) 9]
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Proof. Here the result follows from the observation that a pseudoidentity v = v is
valid in [z¥y“*! = 2%y, zy = yz] if and only if c(u) = c(v) and, for every variable
a such that |u|q # |v|e, there are variables b and ¢ such that |uls, |v|. ¢ N and there
is some k € N such that {|u|s, [v|o} = {k,w + k}. The details are omitted. O

The above examples suggest the guess that globals of pseudovarieties contained
in [z¥y“+! = z¥y, 2y = yx] are all finitely based and are decidable if and only if
their group part is decidable. A complete proof of such a result along the ad hoc
lines hinted in the examples is perhaps too tedious, even if it is feasible.

It should also be observed that the global operator g does not preserve intersec-
tions. For example, for m > 2 and distinct primes p and ¢, by Theorem 4.1, the
intersection gCom,, po N gComy, 4o is defined by the pseudoidentity (1) defining
gCom together with the pseudoidentities e m pe and &rm g0 with r > 2, which
together imply €, ,,1. Since there are no circuits in the categories Cp, m 1 of Sub-
section 5.1 which use none of the edges uf , it is easy to see that Cy, n, 1 satisfies the
pseudoidentities &,,,,1. Hence

9Comy, v N gComy, 4o # gComy, 1 = g(Comyy, po N Comyy, gv).

In contrast, as observed in [5], if the five-element aperiodic Brandt semigroup Bs
belongs to the pseudovarieties V; (i € I), then g, V; =), gVi.

On the other hand, the operator g preserves joins, as can be very easily checked
from the definitions. Yet, the computation of joins is in general quite hard, and
s0 it is perhaps not reasonable to try to compute gV by computing g(V N N) and
taking the join with the global of the monoidal part.
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