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Abstract

This study compares students’ understanding oftifnas across quotient, part-whole and operator
interpretations of fractions. Two questions weredradsed: (1) How do students understand the
equivalence and ordering of fractions in theserpretations? And (2) how do students master the
fraction representation in these interpretations?

A survey was conducted using an individual quesidre with 11 and 12-year-olds Portuguese students
(N=158), who were familiar predominantly with pavhole and operator interpretations, but not with th
quotient interpretation. A quantitative analysiswhd that students performed better on equivalande
ordering tasks presented in quotient interpretatiam in part-whole and operator interpretatiohgyt
performed better on labelling tasks in part-wholed aoperator interpretations than in quotient
interpretations. Educational implications of thessults will be discussed.

Background

Fractions are undoubtedly one of the most problemadpics in mathematics education (Behr,
Wachsmuth, Post & Lesh, 1984; Kerslake, 1986; Kiel®93; Streefland, 1991). Several authors suggest
that the knowledge of fractions demands the unaedshg of ordering and equivalence of fractions and
the ability to use distinct modes of fractions esgmntation, in different interpretations of thisicept
(Behr, Wachsmuth, Post & Lesh, 1984; Nunes, BryBne¢fzlik, Wade, Evans & Bell, 2004; Mamede,
2008; Mamede & Nunes, 2008).

Literature presents distinct classifications ofeiptretations that might offer a fruitful analysié the
concept of fraction. Behr, Lesh, Post and Silvé&8@) distinguished part-whole, decimal, ratio, Ggrut,
operator, and measure as subconstructs of ratrmmaber concept; Kieren (1993) considers measure,
quotient, ratio and operator as mathematical sutioacts of rational number; also Marshall (19933duh
on the notion ofschemagresents a similar classification of Behr's anfleagues distinguishing five
situations: part-whole, quotient, measures, operaand ratio. Mack (2001) proposed a different
classification of interpretations using the ternarfitioning’ to cover both part-whole and quotient
interpretation. More recently, and following theetiy of Vergnaud (1997), which emphasizes the
importance of thaituationsin concept formation, Nunes, Bryant, Pretzlik, WaBvans and Bell (2004)
presented a classification based on the notiontaeft®n distinguishing quotient, part-whole, opgera
and intensive quantities situations, accordindnéoriumber meanings that occur in each situation.

In spite of the differences, part-whole, quotientl @perator are among the interpretations idedtifig

all of them. However, there is not much researadpcing no unambiguous evidence about whether
students behave differently when different situadiare used. Literature provides information about

students’ difficulties and misunderstanding withclions (see Behr, Wachsmuth, Post & Lesh, 1984;
Hart, 1981; Kerslake, 1986; Mamede & Nunes, 200@\ertheless, little research has been produced on
the effects of situations on students’ understandifi fractions. This paper focuses on students’

conception of fraction on part-whole, quotient aperator situations of fractions.

In part-whole situations, the denominator design#tte number of parts into which a whole has begn c
and the numerator designates the number of pdt&nteso, 2/4 in part-whole situation means that a
whole — for example — a chocolate was divided foter equal parts, and two were taken (Nueesl,
2004). In quotient situations, the denominator giesies the number of recipients and the numerator
designates the number of items being shared. $nsthiation, 2/4 means that 2 items — for exantple,
chocolates — were shared among four people. Funtrey; it should be noted that in quotient situatian
fraction can have two meanings: it represents tivesidn and also the amount that each recipient
receives, regardless of how the chocolates wereFart example, the fraction 2/4 can represent two
chocolates shared among four children and alsorgamresent the part that each child receives, even i
each of the chocolates was only cut in half eachcfy12001; Nunest al, 2004). Finally, in an operator
situation, the denominator designates the numbegafl groups into which a set was divided and the



numerator designates the number of groups takewpérator situations, the connection between the
numbers that describe the situation and the fracisocreated by operating on these numbers. For
example, if Bill has 12 sweets and eats 2/4 of thiam numbers 2 and 4 are not perceived directtién
situation; this means that one has to divide thefssweets into 4 and take 2 groups (Nueteal, 2004).

By the end of sixth grade (11- and 12-year-olds}iRmese students are supposed to be fully acaahint
with the labelling, ordering and equivalence otfians in different situations. Nevertheless, Pgutse
national tests suggest that students present sasoemeptions on this domain. Do part-whole, quutie
and operator situations affect students’ undergtanaf fractions?

Methods

Participants

Seven classes of Portuguese sixth-grade studentb@), aged 11 and 12 years, from two schoolsef th
city of Braga, in Portugal, participated in thisidy. All the participants gave informed consent and
permission for the study was obtained from theickeers. The two participating schools were atterged
students from a range of socio-economic backgraunds

The teachers of the participants of this studyrimfed the researchers about the type of situatioais t
students were familiarized with. These situationsluded predominantly part-whole and operator
situations, whereas quotient situations were refedoy them as a situation poorly explored in the
classroom.

Design

In order to have an insight of students’ understamof fractions when different situations are e,

a survey was carried out using an individual qoestaire comprising tasks related to ordering and
equivalence of fractions, and labelling of fractofwith pictorial and verbal support). These typés
tasks were presented in quotient, part-whole arstatpr situations. Tasks involving only the formal
symbolic representation of fractions, without ampleit situation, were presented as well and are
referred here as algebraic representation.

The questionnaire

The questionnaire comprises 30 tasks: 7 presentgddtient situations (QT) (2 of ordering of fracts,

2 of equivalence of fractions, 3 of representation)presented in part-whole situations (PW) (2 of
ordering of fractions, 2 of equivalence of fracBp3 of representation); 7 in operator situatidDB) (2

of ordering of fractions, 2 of equivalence of fiaos, 3 of representation); and 9 without any expli
situations, using only algebraic representation)(Alhe tasks of the questionnaire were inspiredhen
studies of Kerslake (1986), Nunesal. (2004) and Streefland (1991). The fractions invdlirethe tasks
were all smaller than one.

Table 1 shows an example of a task presented Imtgpe of situation and also an example involvimng t
three situations. The fractions were the same adhessituations, according to the type of tasksT ffior
instance, an ordering task involving 2/3 and 3/8 Aaorrespondent task presented also in part-vanule
operator situations.

Table 1: Examples of tasks presented involving differentations

Situation Problem Example
Three boys are going to share fairly 2 chocol
bars. Five girls are going to share fairly
chocolate bars. Tick the right statement:
[0 Each boy eats more than each girl;
[0 Each girl eats more than each boy;
O Each boy and each girl eat the same amount ofotdtec
Write the number that represents the amount ofahte eaten by
each child.
Bill ordered a pizza and divided it into 4 equattpaHe decided
Representation  to eat 3 of them. What part of pizza did Bill eat?

(verbalsuppor) 54 53 51 01 43 §other
3 4 4 3 —

QT Ordering

PW




Rita and Lewis have 16 caramels each. Rits

% of the caramels. Lewis atg of the caramels

oP Equivalence Tick the right statement.
[0 Rita ate more caramels than Lewis;
[ Lewis ate more caramels than Rita;
[0 Rita and Lewis ate the same amount of cara

Which figure(s) best represents the fractioﬁ

Labeling
T, PW, OP (pictorial = m| o— o[ .
? gfjpport) @ ?jji 7]

An example of aask without any explicit situations, using onlgebraic representation, is listed on Tab

Table 2: Example of a task using only algebraic represem
Situation Problem Example
Tick the right statement:

O

. . 3
IS two times— ;
4

6 . .
O andg are equivalent fractions;

. 6
AL Equivalence O = is smaller thang ;

3
is found by multiplyingz by 2;

Nwowlorhlwh|lwolo

. L)
is two times— .
8

Results

Descriptivestatistics of students’ performance on the tasksfxh working situation are presentec
Table 3, reporting the proportions of correct resms and standard deviations by task and situgti®
the problems of ordering and equivalence relatquantties represented by fractions, they demanc
understanding of basic logical aspects of fractidrsus, the ordering and equivalence problems hva
referred here as logic of fractions proble

Table 3: Proportions of correct ansvs and (standard dation) by task and situation (N=1¢

Task
Situation Logic of fractions Labelling of fraction
Quotient .48 (.27) .20 (.24)
Part-whole .44 (.30) .78 (.29)
Operator .35 (.29) .37 (.29)
Algebraic .23 (.19) .86 (.13)

The following graphs ilistratethe distribution of correct responses on the lagfidractionsproblems
(ordering and equivalence) presented in quotignaton (Graph 1), in pe-whole situation (Graph 2), i
Operatorsituation (Graph 3) and in proble presented using the formal algebraic represen (Graph
4).



Graph 1: Proportion of correct answers on Graph 2: Proportion of correct answers on
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Graph 1 shows that 63.3% of the students gaveraaaesponse in at least half of the questionegé
of fractions (ordering and equivalence) presentegliotient situation; and 9.5% could not succeeahin
of the logic of fraction problems presented in tlyige of situation. When quotient situations wesed,
only 7% of students gave a correct response tofdhe logic of fractions problems presented; afh#o3
of the students gave a correct response to héiieobrdering and equivalence questions.

Graph 2 shows that 60.1% answered correctly at tedsalf of the logic of fractions problems (oritey
and equivalence) presented in part-whole situatiod; 21.5% of the students could not succeed iroany
these problems, when presented in part-whole gituatVhen this type of situations was used to prese
the problems 31.6% of the students answered cbyrrechalf of the ordering and equivalence problems
and 7% of them could get all the problems correstlyed.

In operator situations, the students’ performantg@mblems of ordering and equivalence of fractiens
even lower, as only 42.4% of the students were @bfgesent one correct response to at least hitieo
presented questions. When this type of situatioas used, 5.1% of the students solved correctlthall
problems of logic of fractions presented to themg 25.9% gave no correct answer to any of these
problems; only 23.4% of the students gave a commestver to half of the questions.

Graph 4 shows that only 47.5% of the students gagerrect response in at least half of the logic of
fractions problems (ordering and equivalence) preesk in problems using formal algebraic
representation; and 1.3% could not succeed in &tlyedogic of fraction problems presented in tiyise

of situation. When problems using algebraic repreg®n were used, none of the students gave actorr
response to all of the logic of fractions problepmesented; and 8.2% of the students gave a correct
response to half of the ordering and equivalenestipns.



The following graphs illustrate the distribution oérrect responses on the representation of fratio
problems presented in quotient situation (Graphid)part-whole situation (Graph 2), in Operator
situation (Graph 3) and in problems presented ugiadormal algebraic representation (Graph 4).

Graph 5: Proportion of correct answers on Graph 6: Proportion of correct answers on
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Graph 5 shows that 11.4% of the students answeygdatly at least to two-thirds of the problems of
representation of fractions presented in quotignason; and 52.5% of the students could not sedda
any of these problems, when presented in quotiumt®n. When this type of situations was used to
present the problems, 10.8% of the students andveemeectly to exactly two-thirds of the repres¢inta
problems and 0.6% of them could get all the prokleorrectly solved.

Graph 6 shows that 77.8% of the students answeygéatly to at least to 80% of the representation

problems presented in part-whole situation; and6@ the students could not succeed in any of these
problems, when presented in part-whole situatioheklvthis type of situations was used to present the
problems, 35.4% of the students answered correstitly to 80% of the representation problems and
42.4% of them could get all the problems correstived.

Graph 7 shows that 31.7% answered correctly at feagwo-thirds of the representation problems
presented in operator situation; and 27.2% of thdents could not succeed in any of these problems,
when presented in operator situation. When thi® tgp situations was used to present the problems,



26.6% of the students answered correctly to exa&T86 of the representation problems and 5.1% of
them could get all the problems correctly solved.

Graph 8 shows that only 95.5% of the students gas@rrect response in at least 80% of the questibns
representation of fractions presented in problesisguonly the algebraic form; and all students arsw
correctly to at least one problem of this type. Wipgoblems using algebraic representation were,used
35.4% of the students gave a correct responsé ¢b thle representation of fractions problems pnése;

and 60.1% of the students gave a correct resporesattly 80% of the representation questions.

Students’ performance on logic of fractions prolde(ordering and equivalence) was better when
quotient situation was involved. Their success \ager when problems of logic of fractions were

presented in operator situation and when this tfgeroblems was presented using the formal algebrai
representation. Concerning representation of fsastiproblems, students’ performance was betteereith

when part-whole situation or formal algebraic regrgation was involved.

An ANOVA was conducted to analyse the effect ofetyd situation (quotient (QT), part-whole (PW),
operator (OP), algebraic (AL)) and type of probldiogic of fractions, labelling) on students’
performance. There was an interaction effect ofasibn x problem on students’ performance, F(3)471
172.57 (p<.001), indicating that the type of sitmataffects students’ performance on the taskseRai
contrasts showed that students performed significdretter on the logic of fractions (ordering and
equivalence) tasks presented in QT situationsith&b situations; they performed significantly beton
labelling tasks presented in AL than in QT situasiqp<.001). Students performed better on logic of
fractions tasks presented in OP than in AL situi@p<.001), but they performed better on labelling
tasks in AL than in OP situations (p<.001). Thedetuits’ performance on tasks involving the logic of
fractions (ordering and equivalence) in QT situadias significantly better than their performanae o
labelling fractions; in PW situations the studemtsiformance is better on labelling tasks thanogicl of
fractions tasks; in OP situations there is no $iggt differences on students’ performance acoydo
the type of task; and in AL situations the studegpésformance is better on labelling tasks thalogic of
fractions tasks. Table 5 shows the adjusted mesahstandard errors of students’ performance acegrdi
to the type of problem they were solving and totgipe of situation in which the problem was presdnt
These results reveal that the type of situatiomsae affect students’ conception of fractions.

Table 5: Adjusted Means and Standard Errors (in bracketstuafents performance by type of problem
and type of situation (N=158)

Type of Problem

Type of situation Ordering and equivalence Labelling
Quotient .48 (.02) .20 (.02)
Part-whole 44 (.02) .78(.02)
Operator .35 (.02) .37 (.02)
Algebraic .23 (.02) .86 (.01)

The type of situation in which fractions are usedrss to affect differently the students understamndif

the concept of fraction. These students were noili with quotient situations but they were alibe
success in solving ordering and equivalence problpmsented in this situation, in spite of failimg
labelling tasks in this type of situations. Thaiceess in these situations suggests that quotteatiens
easily match with students’ informal knowledge mafctions.

The results also indicate that students can suciesdlving fractions representations problems even
without mastering the logic issues of fractions;hsas ordering and equivalence of fractions. Thas w
the case of their performance on solving representgproblems in part-whole situations and formal
algebraic representation.

Our findings also suggest that operator situatiares more difficult for students than part-whole and
quotient situations. Their levels of success wermndower than those achieved when quotients gitust
were used concerning the ordering and equivaleraflgms. Nevertheless, this type of situation weas p
of their formal instruction of fractions.



Discussion and conclusions

The findings of this research suggest that the ofétuation in which fractions are used affedtalents’
understanding of fractions, and that students’ esscon algebraic problems does not guarantee the
understanding of the concept of fractions.

These results converge with the results of previmsgarch carried out by Nunes al. (2004), who
conducted a survey involving 9 and 11-year-oldslestis (N=130), to analyse their performance in
solving equivalence problems in quotient and pdrble situations. Their results showed that students
succeeded on 35% of problems presented in parteyltointrasting with 66% of success achieved in
quotient situation. Also Mack (1990) conducted asesrch with students of 11-12-years-old (N=8) to
analyse their understanding of fractions buildimgrdformal knowledge. Mack’s results showed thaitrfo
out of five students could not compare 1/6 andgly@n symbolically; however, these students wete ab
to solve this problem easily when quotient situadiovere involved.

The idea that the type of situations in which fiat$ are used affects students understanding of the
concept of fraction has becoming more consisteMore recently, Mamede (2008) conducted an
intervention to analyse the effects of differentiagiions on children’s understanding of fractionsew
building on their informal knowledge of fractioriBhe study involved 6-7-year-olds children (N=37)ovh
were introduced to fractions using quotient, panblg and operator situations. These children had no
previous formal instruction about fractions. Theulés showed that children performed better onisglv
equivalence and ordering problems involving quagirepresented by fractions in quotient situations
and presented poor performances when part-wholeopathtor situations were involved. These results
suggest that children easily build on their inforfk@owledge when quotient situations are involviedt,

not so easily when part-whole and operator sitnatare involved. In agreement with Streefland (3991
who referred that fractions evolve from everydaperience of fair sharing, quotient situations seéms
be relevant situations to build on students’ infalknowledge of fractions.

Another relevant issue that emerged from our stahcerns the wrong idea that students who succeed
on tasks of algebraic representation of fractiors fransmit to their teachers. Students are able to
succeed easily on these tasks even if they onlggsssa poor understanding of ordering and equiz@len
of fractions. Perhaps this is due to the fact afiéng labels is easier than learning logical atspet
fractions. It is possible for students to succeedabelling problems, in spite of misunderstanaticmns

in different situations.

The effect of situations in which fractions are dism students understanding of fractions is a ealev
issue for the students’ acquisition of number. M@search is needed to address these issues intorde
help students to overcome their difficulties.

References
Behr, M., Lesh, R., Post, T. & Silver, E. (1983atRnal-Number Concepts. In R. Lesh and M. Landau
(Eds.),Acquisition of Mathematics Concepts and Proce§ses92-127). New York: Academic Press.

Behr, M., Wachsmuth, I., Post, T. & Lesh, R. (1983@)der and Equivalence of Rational Numbers: A
Clinical Teaching Experimendournal for Research in Mathematics Educatidh (5), 323-341.

Hart, K. (1981). Fractions. In K. Hart (EdGQhildren’s Understanding of Mathematics: 11;Xpp. 66-
81). London: John Murray Publishers.

Kerslake, D. (1986)Fractions: Children’s Strategies and Errors — A Repof the Strategies and Errors
in Secondary Mathematics Proje&erkshire: NFER-NELSON.

Kieren, T. (1993). Fractional numbers: from quatiéelds to recursive understanding. In T. P. Catpg
E. Fennema & T. Romberg (EdRational Numbers: An Integration 8esearci{pp. 49-84). Hillsdale,
NJ: Erlbaum.

Mack, N. (1990). Learning with Understanding: Binlgl on informal knowledgeJournal for Research
in Mathematics Educatiqr2l (1), 16-32.



Mack, N. (2001). Building on informal knowledge dligh instruction in a complex Content domain:
partitioning, units, and understanding multiplicatiof fractions.Journal for Research in Mathematics
Education 32, 267-295.

Mamede, E. & Nunes, T.: 2008, Building on Childedhformal Knowledge in the Teaching of
Fractions, in O. Figueras, J. Cortina, S. AlatoifeRojano & A. Sepulveda (EdsPByoc. 32th Conf. of
the Int. Group for Psychology of Mathematics Edisratind PME-North America XXX/ol. 3, pp.345-
352. PME, Morélia, México.

Mamede, E. & Nunes, T. (2008), Building on Childeetnformal knowledge in the Teaching of
Fractions. In O. Figueras, J. Cortina, S. AlatofreRojano & A. Sepulveda (EdsBroc. 32th Conf of the
Int. Group for Psychology of Mathematics Educatom PME-North America XX®/ol. 3, pp.345-352).
Morélia, México: PME.

Mamede, E. (2008). Focusing on children’s earlaglef fractions. In Bozena Maj, Marta Pytlak & Ewa
Swoboda (Eds.)Supporting independent thinking through mathematchication pp. 61-67. Poland,
Rzeszéw: Nowa Era Publisher.

Marshall, S. (1993). Assessment of Rational Numiederstanding: A Schema-Based Approach. In T.
Carpenter, E. Fennema and T. Romberg (EBs&jional Numbers — An Integration of Reseajop. 261-
288). Hillsdale, New Jersey: LEA.

Nunes, T., Bryant, P., Pretzlik, U., Evans, D., Wadl & Bell, D. (2004, January). Verghaud'’s deiiom
of concepts as a framework for research and tegclaper presented at the Annual Meeting for the
Association pour la Recherche sur le DéveloppemesntCompétences, Paris.

Streefland, L. (1991)Fractions in Realistic Mathematics Education: A Rdigm of Developmental
ResearchNorwell, MA: Kluwer Academic Publishers.



