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ABSTRACT

This paper is concerned with the computation of pseudovariety joins involving

the pseudovariety LI of locally trivial semigroups. We compute, in particular, the

join of LI with any subpseudovariety of CR hm N, the Mal’cev product of the pseu-

dovariety of completely regular semigroups and the pseudovariety of nilpotent semi-

groups. Similar studies are conducted for the pseudovarieties K, D and N, where K

(resp. D) is the pseudovariety of all semigroups S such that eS = e (resp. Se = e)

for each idempotent e of S.

1 Introduction

As one recalls, the join V ∨W of two pseudovarieties V and W is the least pseudova-
riety containing both V and W. In spite of its simple definition, the determination
of pseudovarieties of the form V ∨W is in general very difficult. For instance, Albert,
Baldinger and Rhodes [1] have exhibited, quite surprisingly, two decidable pseudovari-
eties whose join is undecidable. At that time it was already known that the join of two
finitely based pseudovarieties can be non finitely based [23]. Thus, the calculation of
joins seams to be a problem that depends greatly on the specific pseudovarieties involved
and so general results are not easily obtained.

Before the development of the theory of implicit operations by Almeida, relatively
few results of this type were known. With the use of the implicit operations this situation
has changed significantly. The first significant success was obtained by Almeida [3], who
showed that G ∨Com = ZE where G, Com and ZE are, respectively, the pseudova-
rieties of groups, of commutative semigroups and of semigroups in which idempotents
are central (i.e., commute with every element). Another remarkable example is the cal-
culation of R ∨ L, the join of the pseudovarieties of R-trivial and L-trivial semigroups,
by Almeida and Azevedo [7]. More recently, several other calculations and answers to
decision problems were performed by Almeida, Azevedo, Trotter, Volkov, Weil, Zeitoun
and the author [9, 10, 11, 13, 14, 15, 17, 24, 25, 26, 27].

This article solves, in particular, the problem of the calculation of the join LI ∨V
where V is any subpseudovariety of CR hm N. This result is extremely natural: we
show that if V is defined by a set Σ of pseudoidentities and if a and b are symbols
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José Carlos Costa December 2001 2

not appearing in Σ, then LI ∨ V is the subpseudovariety of CR hm N defined by the
pseudoidentities of the form aωxbω = aωybω where x = y is an element of Σ. Therefore,
the property of finite basis is preserved. This supports a conjecture that states that the
join of LI with an arbitrary finitely based pseudovariety is finitely based. Our result is
quite general since CR hm N contains, for instance, the pseudovariety CR of completely
regular semigroups. It is based on a strong property of the semigroups S in CR hm N,
which is the fact that the ideal generated by the idempotents of S is a subsemigroup,
and so we do not expect that it can be easily extended. However, we are also able to
compute the joins LI ∨ V where V is a pseudovariety verifying a certain property of
cancellation. This last result is valid, for instance, when V is one of R and ZE. All
results obtained for LI have similar analogues for K and D. We then derive some results
for N.

The results obtained generalize a number of results already known, namely the com-
putation involving the pseudovarieties: Com [2]; J of J -trivial semigroups [13]; B of
idempotent semigroups [27]; Sl of semilattices [6, 27]; subpseudovarieties of CR (for
joins with N) [21].

2 Preliminaries

We assume the reader is familiar with the basic notions of finite semigroup theory. We
will briefly recall some notions and notation concerning pseudovarieties and implicit
operations. For more details and proofs, the reader may wish to consult the books
of Eilenberg [18] and Pin [19] for an introduction to the theories of semigroups and
pseudovarieties, and the book of Almeida [6] for a comprehensive treatment of the theory
of implicit operations.

2.1 Pseudovarieties

We fix a finite alphabet An = {a1, a2, . . . , an} and we set A =
⋃

n∈NAn. The free
semigroup (resp. monoid) on An is denoted by A+

n (resp. A∗n). The content c(u) of a
word u ∈ A+

n is the set of all letters occurring in u and the length of u is denoted by |u|.
A pseudovariety of semigroups is a class of finite semigroups closed under taking

subsemigroups, homomorphic images and finite direct products. The pseudovariety of
all finite semigroups is denoted by S and I denotes the trivial pseudovariety.

As usual, we denote by E(S) the set of idempotents of a semigroup S. We define an
operator on the lattice of pseudovarieties as follows. For a pseudovariety V, we set

LV = {S ∈ S | eSe ∈ V for all e ∈ E(S)}.

This operator admits two asymmetrical versions. For a pseudovariety V, we define

LlV = {S ∈ S | eS ∈ V for all e ∈ E(S)}

LrV = {S ∈ S | Se ∈ V for all e ∈ E(S)}.

Particularly important in this article are the pseudovarieties LI, K = LlI, D = LrI
and N = K ∩D. We recall that LI = K ∨D.

Another important operator is defined as follows, for a pseudovariety V,

DV = {S ∈ S | the regular D-classes of S are semigroups of V}.
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An important example of a pseudovariety of this type is DS, the pseudovariety of
semigroups whose regular D-classes are semigroups. We will also encounter the pseu-
dovarieties DRH, where, for a pseudovariety H of groups, RH denotes the pseudovariety
of right groups all of whose subgroups lie in H. Notice that R = DRI.

2.2 Implicit operations and pseudoidentities

Let V be a pseudovariety. An n-ary implicit operation on V is a collection (xS) indexed
by the semigroups S ∈ V, where each xS is a mapping from Sn into S and such that if
ϕ : S → T is a morphism with S, T ∈ V, then the following diagram commutes.

Sn S

Tn T

?
ϕn

?
ϕ

-
xS

-
xT

The set of n-ary implicit operations on V is denoted by F̂n(V). The most simple,
yet fundamental, examples of implicit operations are the explicit operations: for a word
u = ai1 · · · aik ∈ A+

n , the collection (uS)S∈V defined by uS(s1, . . . , sn) = si1 · · · sik is an
implicit operation, denoted simply by u. The set of n-ary explicit operations on V is
denoted by Fn(V).

We define a semigroup structure on F̂n(V) by letting (xS) · (yS) = (xS · yS). More-
over, it is known that F̂n(V) — endowed with the initial topology for the evaluation
morphisms

eT : F̂n(V) → T Tn

(xS)S∈V 7→ xT

where T runs through V and where each finite semigroup T Tn
is endowed with the

discrete topology, — is a compact totally disconnected semigroup in which Fn(V) is a
dense subsemigroup.

Given an implicit operation x ∈ F̂n(V), it is easy to verify that the sequence (xk!)k∈N
converges in F̂n(V). Its limit, denoted by xω, is the only idempotent in the topological
closure of the subsemigroup generated by x.

If W is a subpseudovariety of V, the mapping

π : F̂n(V) → F̂n(W)
(xS)S∈V 7→ (xS)S∈W

is a continuous onto morphism, called the canonical projection of F̂n(V) onto F̂n(W).
The image π(x) of an element x ∈ F̂n(V) is called the restriction of x to W. In
particular, when W is the pseudovariety Sl,— recall that F̂n(Sl) is the semigroup 2An

of non empty subsets of An under union— the canonical projection c : F̂n(V)→ F̂n(Sl)
is called the content morphism on V. This projection c extends to the elements of F̂n(V)
the notion of content for words of A+

n .

Every morphism ϕ : A+
n → F̂m(V) can be uniquely extended to a continuous mor-

phism ϕ̄ : F̂n(V) → F̂m(V). Let y1, . . . , yn be m-ary implicit operations on V, and let
ϕ : A+

n → F̂m(V) be the morphism mapping ai (i = 1, . . . , n) to yi. The image ϕ̄(x), of
an n-ary implicit operation x on V, is an m-ary implicit operation on V which is said
to be obtained by substituting yi for ai in x.



José Carlos Costa December 2001 4

A pseudoidentity is a pair (x, y) of elements of F̂n(S), for some n, and is usually
denoted x = y. We say that a finite semigroup S satisfies a pseudoidentity x = y,
written S |= x = y, if xS = yS . We say that a class C of finite semigroups satisfies
a set Σ of pseudoidentities, written C |= Σ, if each element of C satisfies each element
of Σ. The class of all finite semigroups which satisfy Σ is said to be defined by Σ and
is denoted [[Σ]]. For instance, the following are definitions by pseudoidentities of some

important pseudovarieties in this paper:

B = [[a = a2]], Com = [[ab = ba]]

CR = [[a = aω+1]], D1 = [[ab = b]]

DRG = [[(ab)ω(ba)ω = (ab)ω]], DS = [[((ab)ω(ba)ω(ab)ω)ω = (ab)ω]]

ECom = [[aωbω = bωaω]], G = [[aω = 1]]

J = [[(ab)ω = (ba)ω, aω+1 = aω]], K1 = [[ab = a]]

R = [[(ab)ωa = (ab)ω]], RG = [[abω = a]]

Sl = [[a = a2, ab = ba]], ZE = [[aωb = baω]].

Let Σ be a set of pseudoidentities defining a pseudovariety V. Then LV (resp.
LlV, LrV) is defined by the set of all pseudoidentities which are obtained from Σ by
substituting each variable b by aωbaω (resp. aωb, baω) where a is a variable that does
not occur in Σ. For instance, we have that

LlCR = [[aωb = (aωb)ω+1]], LrCR = [[baω = (baω)ω+1]]

LG = [[(aωbaω)ω = aω]], LI = [[aωbaω = aω]]

LlI = [[aωb = aω]], LrI = [[baω = aω]].

The following fundamental theorem, due to Reiterman [22], shows that all pseudova-
rieties are defined by pseudoidentities.

Theorem 2.1 Let V be a class of finite semigroups. Then V is a pseudovariety if and
only if there exists a set Σ of pseudoidentities such that V = [[Σ]]. 2

If V = [[Σ]], the set Σ is said to be a basis (of pseudoidentities) of V.

2.3 Some important pseudovarieties

Let V and W be pseudovarieties. It is clear that a pseudoidentity is satisfied by V∨W
if and only if it is satisfied by both V and W. Therefore, in order to compute V ∨W
it is important to understand, the best one can, the implicit operations on V and W.
Since we are interested in joins involving the pseudovarieties LI, K, D and N, it is
important to remember some well-known facts concerning these pseudovarieties.

We begin by selecting from the considerations of [6, pp. 88-91] on these pseudovari-
eties the following, simple but fundamental, observation.

Lemma 2.2 Let V be a pseudovariety of semigroups containing N, and let (xk)k∈N
be a sequence of n-ary explicit operations on V converging to an implicit operation
x ∈ F̂n(V).
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(1) The pseudovariety V does not satisfy any non-trivial identity, that is, Fn(V) = A+
n

for every n. Furthermore, if V satisfies a pseudoidentity y = u, with u explicit,
then y and u are equal.

(2) The sequence (|xk|)k∈N tends to +∞ if and only if x is not explicit.

(3) If V contains K (resp. D) and x is not explicit, then, for every i ∈ N, xk and xl
have the same prefix (resp. suffix) of length i, for any sufficiently large k and l.2

As a consequence, we derive the following useful result about the pseudovarieties LI,
K and D.

Corollary 2.3 If LI (resp. K, D) satisfies a pseudoidentity x = y, with x and y not
explicit, then there exist r, s, u, v ∈ F̂n(S), with r, s 6∈ A+

n , such that x = rus and y = rvs
(resp. x = ru and y = rv, x = us and y = vs).

Proof. Consider sequences (xk)k and (yk)k in A+
n converging, respectively, to x and y

in F̂n(S). By Lemma 2.2, taking subsequences if necessary, we may assume that, for
every k ∈ N,

xk = rkuksk and yk = rkvksk

for some rk, uk, vk, sk ∈ A+
n with rk and sk of length k. Furthermore, by compactness

of F̂n(S), we may assume, taking subsequences if necessary, that the sequences (rk)k,
(uk)k, (vk)k and (sk)k converge in F̂n(S), say to r, u, v and s, respectively. Now the
result follows from Lemma 2.2 since neither r nor s can be explicit. 2

Now, we recall some fundamental properties of the subpseudovarieties of DS (see [8,
6]).

Proposition 2.4 Let V be a subpseudovariety of DS containing Sl and let x ∈ F̂n(S).

(1) The restriction of x to V is regular if and only if V satisfies xω+1 = x.

(2) x admits a factorization of the form

x = u0x1u1 · · ·xrur

where each ui is a word and each xi is regular when restricted to DS. Moreover,
if ui is empty, then c(xi) and c(xi+1) are ⊆-incomparable and if ui is not empty,
its first letter is not in c(xi) and its last letter is not in c(xi+1).

(3) If y is another implicit operation on S and y = v0y1v1 · · · ysvs is a factorization of
y as in (2), then J satisfies x = y if and only if r = s, ui = vi and c(xi) = c(yi)
for all i. 2

An identity is a pseudoidentity whose members are explicit. A pseudovariety is said
to be equational if it admits a basis of identities. We say that a pseudovariety V is locally
finite if Fn(V) is finite for every integer n. Almeida [4] proved the following result.

Proposition 2.5 Let V be a pseudovariety of semigroups.

(1) If Fn(V) is finite for some integer n, then F̂n(V) = Fn(V).

(2) If V is locally finite, then it is equational. 2
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As important examples of locally finite pseudovarieties we have the finitely generated
pseudovarieties.

We will need the following result (see [6, Corollary 5.6.2]).

Proposition 2.6 Let V be a pseudovariety of semigroups and let x ∈ F̂n(V) \ Fn(V).
Then there exist x1, x2, x3 ∈ F̂n(V) such that x = x1x

ω
2x3. 2

3 Three important operators

Let Σ be a set of pseudoidentities and let a, b, c, d be symbols not appearing in Σ. Define

UΣ = [[aωbxcdω = aωbycdω | x = y ∈ Σ]]

Ul
Σ = [[aωbx = aωby | x = y ∈ Σ]]

Ur
Σ = [[xbaω = ybaω | x = y ∈ Σ]].

Now define three operators on the lattice of pseudovarieties as follows. For a pseu-
dovariety V let

UV = U∆, UlV = Ul
∆ and UrV = Ur

∆

where ∆ is the set of all pseudoidentities satisfied by V, that is

∆ = {x = y | there is some n ∈ N such that x, y ∈ F̂n(S) and V |= x = y}.

We notice the following immediate properties, for pseudovarieties V and W:

• LI ∨V ⊆ UV, K ∨V ⊆ UlV and D ∨V ⊆ UrV;

• if V ⊆W, then UV ⊆ UW, UlV ⊆ UlW and UrV ⊆ UrW.

In the next result we prove that the values of UV, UlV and UrV are independent
from the basis of V chosen to define them.

Proposition 3.1 Let V be a pseudovariety of semigroups and let Σ be any basis of
pseudoidentities defining V. Then, UV = UΣ, UlV = Ul

Σ and UrV = Ur
Σ.

Proof. The other equalities being similar, we only prove the first one. Let ∆ be the set
of all pseudoidentities satisfied by V. The inclusion U∆ ⊆ UΣ is clear since Σ ⊆ ∆. To
prove the inclusion UΣ ⊆ U∆, we have to prove that, for all x = y ∈ ∆,

UΣ |= aωbxcdω = aωbycdω. (1)

The proof of this fact is given in three steps.

First step Suppose first that V is locally finite (and so equational) and that Σ is a
basis of identities of V. We divide this step in two cases.

First case We begin by proving that (1) holds when x and y are words (which we
can suppose distinct). Since V is an equational pseudovariety with basis Σ
and satisfies x = y, the completeness of equational logic guarantees that we
can obtain the identity x = y from Σ using the following rules of deduction
a finite number of times:
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r1) u = v ⇒ v = u;

r2) u = v, v = w ⇒ u = w;

r3) u = v, r, s ∈ A∗ ⇒ rus = rvs;

r4) u = v, c ∈ A, r ∈ A+ ⇒ u′ = v′ where u′ and v′ are the words obtained
from the words u and v, respectively, by substituting all occurrences of
c by r.

That is, there exists a finite sequence of identities

u1 = v1, u2 = v2, . . . , uk = vk

such that each ui = vi is in Σ or is obtained from identities that precede it
in the sequence using one of the rules r1) to r4) and uk = vk is the identity
x = y.

To show that UΣ satisfies aωbxcdω = aωbycdω we prove by induction on i that
UΣ satisfies aωbuicd

ω = aωbvicd
ω for all identities ui = vi in the sequence.

The case i = 1 follows immediately from the definition of UΣ since u1 = v1

is an identity of Σ.

Now let 1 < i ≤ k, suppose that UΣ satisfies aωbujcd
ω = aωbvjcd

ω for all
1 ≤ j < i and let us show that UΣ satisfies aωbuicd

ω = aωbvicd
ω. Again,

this is clear if ui = vi is in Σ. So suppose that ui = vi is obtained from
the identities uj = vj (1 ≤ j < i) using one of the rules r1) to r4). That
is, aωbuicd

ω = aωbvicd
ω is obtained from the pseudoidentities aωbujcd

ω =
aωbvjcd

ω (1 ≤ j < i) by the application to the identities uj = vj of one of
the rules r1) to r4). If the rule used is r1), r2) or r4),— since UΣ satisfies
aωbujcd

ω = aωbvjcd
ω (1 ≤ j < i) by the induction hypothesis and since the

variables a, b, c and d do not occur in uj = vj ,— we easily deduce that the
pseudoidentity aωbuicd

ω = aωbvicd
ω is satisfied by UΣ. There remains the

case where the rule used is r3).

Suppose therefore that ui = vi is the identity rujs = rvjs for some r, s ∈ A∗
and 1 ≤ j < i. Then, by the induction hypothesis, UΣ satisfies aωbujcd

ω =
aωbvjcd

ω and, hence, satisfies also

aωbuicd
ω = aωbrujscd

ω

= aωbrvjscd
ω

= aωbvicd
ω.

By induction we may now deduce that UΣ satisfies aωbukcd
ω = aωbvkcd

ω,
that is, that UΣ satisfies aωbxcdω = aωbycdω.

Second case Let us now consider the general case where x and y are arbitrary
elements of F̂n(S). As A+

n is dense in F̂n(S) there exist sequences (uk)k and
(vk)k of words of A+

n whose limits are, respectively, x and y. Moreover, the
facts that V satisfies x = y and that F̂n(V) is finite,— since it coincides with
Fn(V) by Proposition 2.5,— permit us to assume that V satisfies uk = vk
for all k ∈ N. As a consequence, as we proved in the first case above, UΣ

satisfies aωbukcd
ω = aωbvkcd

ω for all k ∈ N. We deduce therefore that UΣ

satisfies also aωbxcdω = aωbycdω by passing to the limit.



José Carlos Costa December 2001 8

This concludes the proof of the result when V is a locally finite pseudovariety and
Σ is a set of identities.

Second step Suppose now that V is an equational pseudovariety (not necessarily lo-
cally finite) and that Σ is a set of identities. Let k ∈ N and let Sk be the pseu-
dovariety generated by all the semigroups of cardinality at most k. In particular
Sk is locally finite since it is finitely generated. Let Λk be a basis (of identities) of
Sk. Now consider the pseudovariety

Vk = V ∩ Sk.

The pseudovariety Vk is also locally finite (since it is a subpseudovariety of Sk)
and admits as basis of identities the set Σ ∪ Λk.

Let S be a semigroup of UΣ and let k be its cardinality. In particular S is in
Sk = [[Λk]]. Therefore S lies also in the pseudovariety UΛk

∩ UΣ = UΛk∪Σ.
According to the first step this pseudovariety is exactly UVk. Now as Vk is a
subpseudovariety of V, we deduce that UVk ⊆ UV and so that S lies in UV.

This proves the inclusion UΣ ⊆ U∆ which concludes the proof of the Proposition
when V is an equational pseudovariety and Σ is a set of identities.

Third step Let us finally consider the general case where V and Σ are arbitrary. Let
S ∈ UΣ. Hence, for all pseudoidentities x = y ∈ Σ, S satisfies aωbxcdω = aωbycdω.
For all x = y ∈ Σ, consider a sequence of identities (xi = yi)i∈N converging to
x = y. Then there is an integer k such that S satisfies aωbxicd

ω = aωbyicd
ω for all

i ≥ k. Taking subsequences if necessary, we may assume that, for all x = y ∈ Σ, S
satisfies all the pseudoidentities aωbxicd

ω = aωbyicd
ω. Now consider the following

set of identities
Λ = {xi = yi | x = y ∈ Σ, i ∈ N}

and let W be the pseudovariety defined by Λ. It is clear that W ⊆ V and that
S ∈ UΛ. Furthermore, we know from the second step that UΛ = UW. But since
W ⊆ V, we have UW ⊆ UV which implies that S ∈ UV.

This concludes the proof of the inclusion UΣ ⊆ UV, from which the result follows. 2

4 Some computations

Consider the pseudovariety defined by the pseudoidentity abωc = (abωc)ω+1. Notice
that this pseudoidentity is obtained from the pseudoidentity a = aω+1, which defines
the pseudovariety CR of completely regular semigroups, by the substitution of the
variable a by abωc. According to Pin and Weil [20] this means that

[[abωc = (abωc)ω+1]] = CR hm N.

It is clear that CR and LI are subpseudovarieties of CR hm N, as are G, B, K, D,
N, etc. As examples of pseudovarieties that are not contained in CR hm N we cite Com
and J. We remark that a finite semigroup S lies in CR hm N if and only if for all s ∈ S
and e ∈ E(S), if s ≤J e then s is a group element. In other words, the ideal of S
generated by its idempotents is a completely regular subsemigroup. So, we can say that
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S is a nilpotent extension of a completely regular semigroup. In particular, each regular
D-class of S is a union of groups which shows that CR hm N ⊆ DS.

Finally notice that CR hm N can be defined alternatively by

CR hm N = [[aωb = (aωb)ω+1, baω = (baω)ω+1]] = LlCR ∩ LrCR.

Indeed one can easily verify that CR hm N is contained in LlCR ∩ LrCR. Conversely,
LlCR ∩ LrCR satisfies

abωc = (abω)ωabωc = ((abω)ωabωc)ω+1 = (abωc)ω+1.

We can now present the main result of this section which gives, in particular, the
characterization of the pseudovarieties of the form LI∨V where V is any subpseudova-
riety of CR hm N.

Theorem 4.1 Let V be a subpseudovariety of, respectively, LlCR ∩ LrCR, LrCR or
LlCR. Then we have, respectively,

LI ∨V = UV ∩ LlCR ∩ LrCR
= UV ∩ Ll(D1 ∨V) ∩ Lr(K1 ∨V)

K ∨V = UlV ∩ LrCR
= UlV ∩ Lr(K1 ∨V)

D ∨V = UrV ∩ LlCR
= UrV ∩ Ll(D1 ∨V).

Proof. The other cases being similar, we show the result only for K. The inclusion
K ∨V ⊆ UlV ∩ LrCR is clear. For the proof of the reverse inclusion, consider a
pseudoidentity x = y and suppose that K ∨V satisfies x = y. By Reiterman’s Theorem,
it suffices to prove that UlV ∩ LrCR satisfies x = y.

Since K satisfies x = y, two cases may arise: either x and y are the same word or
x and y are both not explicit. In this last case, Corollary 2.3 shows that we can write
x = ru and y = rv, for some r, u, v ∈ F̂n(S) with r 6∈ A+

n . Furthermore, we have from
Proposition 2.6, r = r1r

ω
2 r3, for some r1, r2, r3 ∈ F̂n(S). Now notice that LrCR satisfies

x = ru = r1r
ω
2 r3u = (r1r

ω
2 )ω+1r3u = (r1r

ω
2 )ωx.

Analogously, LrCR satisfies y = (r1r
ω
2 )ωy. Finally, since V satisfies x = y it is clear,

from its definition, that UlV satisfies (r1r
ω
2 )ωx = (r1r

ω
2 )ωy. Therefore, UlV ∩ LrCR

satisfies x = (r1r
ω
2 )ωx = (r1r

ω
2 )ωy = y, which proves the first equality concerning K.

The second equality concerning K is a consequence of the first one and of the relations
K ∨V ⊆ Lr(K1 ∨V) ⊆ Lr(LrCR) = LrCR. 2

When we restrict V to subpseudovarieties of LG we can further simplify Theo-
rem 4.1. It suffices to note that ULG = LG ⊆ CR hm N.

Corollary 4.2 If V is a subpseudovariety of LG, then LI ∨V = UV, K ∨V = UlV
and D ∨V = UrV. 2
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On the contrary, as one can easily show, the pseudovariety USl is not contained in
CR hm N so that LI∨Sl is strictly contained in USl. Hence LI∨V is strictly contained in
UV for any pseudovariety V in the interval [Sl,CR hm N]. We recall that a pseudovariety
contains Sl if and only if it is not contained in LG.

We notice also that in Theorem 4.1, since LI ∨ V is contained in LlCR ∩ LrCR,
the variables b and c in the definition of UV can be excluded. The same is true for K
(resp. D) provided the pseudovariety V is contained in LlCR (resp. LrCR). That is,
we have the following “simplifications”.

Corollary 4.3 Let V = [[Σ]] be a pseudovariety contained in LlCR ∩ LrCR. Then

LI ∨V = [[aωxdω = aωydω | x = y ∈ Σ]] ∩U

K ∨V = [[aωx = aωy | x = y ∈ Σ]] ∩U

D ∨V = [[xdω = ydω | x = y ∈ Σ]] ∩U,

where U is alternatively LlCR ∩ LrCR or Ll(D1 ∨V) ∩ Lr(K1 ∨V).

Proof. We prove the result for K. Set W = [[aωx = aωy | x = y ∈ Σ]]. The inclusion
K ∨V ⊆W ∩ LlCR ∩ LrCR is clear. For the proof of the reverse inclusion, it suffices
from Theorem 4.1 to prove that W ∩ LlCR ⊆ UlV. For this, we show that W ∩ LlCR
satisfies each pseudoidentity aωbx = aωby with x = y ∈ Σ. We deduce successively that
W ∩ LlCR satisfies

aωbx = aωb(aωb)ωx

= aωb(aωb)ωy

= aωby,

proving the claim. 2

Thus, this last corollary permits us to deduce, for instance, the following equalities
which were first proved by Zeitoun [27],

LI ∨B = [[aωbcω = aωb2cω, aωb = (aωb)2, baω = (baω)2]]

K ∨B = [[aωb = aωb2, aωb = (aωb)2, baω = (baω)2]]

D ∨B = [[baω = b2aω, aωb = (aωb)2, baω = (baω)2]].

But since the pseudoidentity aωb = (aωb)2 is easily derived from aωb = aωb2 (and dually
baω = (baω)2 is a consequence of baω = b2aω) we have simply

K ∨B = [[aωb = aωb2, baω = (baω)2]]

D ∨B = [[baω = b2aω, aωb = (aωb)2]].

Analogously, we deduce also, for instance,

LI ∨CR = [[aωbcω = aωbω+1cω, aωb = (aωb)ω+1, baω = (baω)ω+1]]
= [[aωbcω = aωbω+1cω, abωc = (abωc)ω+1]]

K ∨CR = [[aωb = aωbω+1, baω = (baω)ω+1]]

D ∨CR = [[baω = bω+1aω, aωb = (aωb)ω+1]].

In the case of the pseudovariety N of nilpotent semigroups, we have the following
result.
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Proposition 4.4 Let V be a pseudovariety such that, for every x ∈ F̂n(S) \ Fn(S), V
satisfies x = x̄ωx or x = xx̄ω for some x̄ ∈ F̂n(S). Then the following equality holds

N ∨V = (K ∨V) ∩ (D ∨V).

Proof. Let U = (K ∨V) ∩ (D ∨V). That N ∨V is included in U is evident. For
the proof of the reverse inclusion, let us suppose that N ∨V satisfies a pseudoidentity
x = y. In particular N satisfies x = y and so either x and y are identical words or x
and y are both not explicit. In this case we may assume, by hypothesis, that V satisfies
x = x̄ωx for some x̄ ∈ F̂n(S). Therefore, since V satisfies x = y and x and y are not
explicit, it is easy to verify that D ∨V (and so also U) satisfies x = x̄ωx and y = x̄ωy.
Moreover K ∨ V (and so also U) satisfies x̄ωx = x̄ωy. We deduce, therefore, that U
satisfies x = y which proves the inclusion U ⊆ N ∨V. Hence the equality is valid. 2

This last result is valid, in particular, when V is a subpseudovariety of LlCR, of
LrCR or of ZE. So consider, for instance, the equalities given above for K ∨CR and
D ∨CR. We remark that the second pseudoidentity in each of the bases provided for
K ∨ CR and D ∨ CR becomes superfluous when we take their intersection since it
is an immediate consequence of the first pseudoidentity of the other basis. Therefore,
Proposition 4.4 permits us to deduce the equality

N ∨CR = [[aωb = aωbω+1, baω = bω+1aω]].

More generally, one can show analogously that we have the two following alternative
bases of pseudoidentities,— to those given by Reilly and Zhang [21],— for the pseudova-
rieties of the form N ∨V, with V ⊆ CR.

Corollary 4.5 Let V be a subpseudovariety of CR and let Σ be a basis of pseudoiden-
tities defining V. Then N ∨V = [[aωx = aωy, xaω = yaω | x = y ∈ Σ]] ∩ (N ∨CR) =
UlV ∩ UrV.

Proof. It is a direct application of the previous results. 2

Now we prove a join decomposition which is an easy consequence of Theorem 4.1
and of Proposition 4.4.

Corollary 4.6 Let V be the pseudovariety LI (resp. K, D, N) and let (Vi)i∈I be a
family of pseudovarieties such that

⋂
i∈I(V ∨Vi) is a subpseudovariety of LlCR∩LrCR

(resp. LrCR, LlCR, LlCR ∩ LrCR). Then

V ∨ (
⋂
i∈I

Vi) =
⋂
i∈I

(V ∨Vi).

Proof. We show the result for LI. The cases K and D are similar and the case N is
an immediate consequence of these results and of Proposition 4.4.

The inclusion LI ∨ (
⋂

i∈I Vi) ⊆
⋂

i∈I(LI ∨Vi) is immediate. Now, for each i ∈ I,
let Σi be a basis of pseudoidentities for Vi. Then the pseudovariety

⋂
i∈I Vi is defined

by the set
⋃

i∈I Σi. As
⋂

i∈I Vi ⊆
⋂

i∈I(LI ∨Vi) ⊆ LlCR ∩ LrCR we deduce from
Theorem 4.1 that

LI ∨ (
⋂
i∈I

Vi) = [[aωbxcdω = aωbycdω | x = y ∈
⋃
i∈I

Σi]] ∩ LlCR ∩ LrCR.
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To show the inclusion right to left it suffices, therefore, to prove that
⋂

i∈I(LI ∨Vi)
satisfies each pseudoidentity aωbxcdω = aωbycdω with x = y ∈

⋃
i∈I Σi. But if x = y ∈⋃

i∈I Σi, then x = y ∈ Σj for some j ∈ I. So the pseudovariety LI ∨Vj satisfies the
pseudoidentity aωbxcdω = aωbycdω, whence

⋂
i∈I(LI ∨Vi) satisfies it too. 2

5 More computations

Let V be a pseudovariety of semigroups. Notice that, as in the proof of Theorem 4.1, if
LI ∨V satisfies a pseudoidentity x = y with x and y not explicit, then x and y can be
written in the form x = rsωwuωv and y = rsωw′uωv for some r, s, u, v, w,w′ ∈ F̂n(S).

We say that V satisfies (C) if, for every pseudoidentity x = y with x and y not
explicit,

LI ∨V |= x = y ⇒ there exist r, s, u, v, w,w′ ∈ F̂n(S) such that
UV |= x = rsωwuωv, y = rsωw′uωv
and V |= sωwuω = sωw′uω.

A one-sided version of this property is the following. We say that V satisfies (Cl) if,
for every pseudoidentity x = y with x and y not explicit,

K ∨V |= x = y ⇒ there exist r, s, w,w′ ∈ F̂n(S) such that
UlV |= x = rsωw, y = rsωw′ and V |= sωw = sωw′.

A property (Cr) is defined symmetrically.

We now present a characterization of the pseudovarieties of the form LI ∨V where
V is any pseudovariety satisfying (C).

Theorem 5.1 Let V be a pseudovariety satisfying (C) (resp. (Cl), (Cr)). Then, LI∨V =
UV (resp. K ∨V = UlV, D ∨V = UrV).

Proof. We show the result for K. The beginning of the proof is similar to the proof of
Theorem 4.1. So we only consider the case when K ∨V satisfies a pseudoidentity x = y,
with x and y both not explicit, and prove that UlV satisfies x = y. We show that this
is a consequence of the assumption that V satisfies (Cl).

Indeed, in that case, since K ∨V satisfies x = y and x and y are both not explicit,
then, by (Cl), UlV satisfies x = rsωw and y = rsωw′ for some r, s, w,w′ ∈ F̂n(S) such
that V satisfies sωw = sωw′. Now, by definition of UlV, it is clear that UlV also satisfies
sωw = sωw′. Therefore UlV satisfies x = rsωw = rsωw′ = y. 2

Let H be a pseudovariety of groups. This last result applies, for instance, to the
pseudovarieties H, Com, J, DRH (and so, in particular, to R), DRH ∩ LECom,
DH ∩ LECom, DRH ∩ LZE and DH ∩ LZE. It applies also to Com ∨H and so, in
particular, to ZE.

Let us show that J satisfies (C). Suppose that LI∨J satisfies a pseudoidentity x = y,
with x and y not explicit. In particular J satisfies x = y. Then, by Proposition 2.4, DS
(and so also UJ since it is contained in DS) satisfies x = u0x1u1 · · ·xrur where: each ui is
a word and each xi is regular when restricted to DS; if ui is empty, then c(xi) and c(xi+1)
are ⊆-incomparable; if ui is not empty, its first letter is not in c(xi) and its last letter is
not in c(xi+1). Moreover, DS satisfies y = u0y1u1 · · · yrur with yi regular when restricted
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to DS and c(xi) = c(yi). Now, since LI satisfies x = y, one can show that DS satisfies
x1 = tωx′1, y1 = tωy′1, xr = x′rz

ω and yr = y′rz
ω, for some x′1, y

′
1, x
′
r, y
′
r, t, z ∈ F̂n(S), so

that DS satisfies x = u0t
ωx′1u1 · · ·x′rzωur and y = u0t

ωy′1u1 · · · y′rzωur. Moreover, we
deduce from Proposition 2.4 that J satisfies tωx′1u1 · · ·x′rzω = tωy′1u1 · · · y′rzω. That is,
J satisfies (C). Analogously, J satisfies (Cl) and (Cr).

That DRH satisfies (C) can be proved analogously, using the characterization of the
implicit operations on DRH given by Almeida and Weil [11]. The same can be done for
DRH∩LECom, DH∩LECom, DRH∩LZE and DH∩LZE using the characterization
of the implicit operations on each of these pseudovarieties given by the author [15, 17].

To show that Com satisfies (Cl), for instance, it suffices to note that Com ⊆ DS
and that, if Com satisfies a pseudoidentity of the form ax = ay, where a is a letter, then
Com satisfies x = y. This fact is an almost direct consequence of the considerations
of [6, pp. 91-92]. That H satisfies (Cl) is clear since F̂n(H) satisfies the cancellation law.
We then deduce that also Com ∨H satisfies (Cl) since a pseudoidentity is satisfied by
Com ∨H if and only if it is satisfied by both Com and H.

6 Conclusion and open questions

The examples of pseudovarieties satisfying (C), presented after Theorem 5.1, suggest
that this property must be valid frequently. On the other hand, Theorem 5.1 shows
that these pseudovarieties satisfy the formula

LI ∨V = UV ∩ Ll(D1 ∨V) ∩ Lr(K1 ∨V)

which is also valid for subpseudovarieties of CR hm N as shown in Theorem 4.1. One
can, therefore, ask if that formula is satisfied by any pseudovariety. Similar questions
can be made for the one-sided cases. We do not know the answer to these questions.

We also suspect that the equality

N ∨V = (K ∨V) ∩ (D ∨V)

proved in Proposition 4.4 for certain pseudovarieties, is valid in general.
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