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ABSTRACT: The objective of this paper is to propose a simplified analytical approach to predict the flexural behavior 5 

of simply supported reinforced-concrete (RC) beams flexurally strengthened with prestressed carbon fiber reinforced 6 

polymer (CFRP) reinforcements using either externally bonded reinforcing (EBR) or near surface mounted (NSM) 7 

techniques. This design methodology also considers the ultimate flexural capacity of NSM CFRP strengthened beams 8 

when concrete cover delamination is the governing failure mode. A moment-curvature ( M  ) relationship formed 9 

by three linear branches corresponding to the precracking, postcracking, and postyielding stages is established by 10 

considering the four critical M   points that characterize the flexural behavior of CFRP strengthened beams. Two 11 

additional M   points, namely, concrete decompression and steel decompression, are also defined to assess the 12 

initial effects of the prestress force applied by the FRP reinforcement. The mid-span deflection of the beams is 13 

predicted based on the curvature approach, assuming a linear curvature variation between the critical points along the 14 

beam length. The good predictive performance of the analytical model is appraised by simulating the force-deflection 15 

response registered in experimental programs composed of RC beams strengthened with prestressed NSM CFRP 16 

reinforcements.  17 
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1. Introduction 1 

Carbon fiber reinforced polymer (CFRP) systems have been extensively investigated for the flexural and shear 2 

strengthening of reinforced concrete (RC) structures due to their advantages, like high strength and stiffness to weight 3 

ratios, excellent fatigue behavior, and high durability in environment conditions where conventional materials have 4 

serious concerns in terms of degradation of their properties [1-3]. CFRP composite materials can be applied to RC 5 

structures to be strengthened by using either externally bonded reinforcing (EBR) or near surface mounted (NSM) 6 

techniques [4, 5]. Experimental research has demonstrated that NSM technique is more effective in shear and flexural 7 

strengthening than the EBR technique due to the higher ratio of the bond contact area to the cross sectional area, as 8 

well as the higher confinement to the CFRP provided by the surrounding concrete [6-9].  9 

Nordin and Taljsten applied a prestress force to the NSM CFRP reinforcement for the flexural strengthening of RC 10 

beams resulting a better utilization of these high tensile strength materials [10]. In fact, applying an appropriate 11 

prestress level on the CFRP reinforcement can significantly increase the load carrying capacity corresponding to 12 

concrete cracking and steel yielding initiations, as well as an increase of the load at serviceability limit state (SLS) 13 

conditions [11-13]. Prestressed CFRPs can also decrease the deflection and crack width when compared to the 14 

corresponding results obtained with non-prestressed CFRPs [14, 15].  15 

The possible flexural failure modes for the RC beams strengthened with CFRP reinforcement using EBR or NSM 16 

techniques can be classified into distinct categories, namely: tension failure of CFRP, concrete compression failure, 17 

delamination of concrete cover, and CFRP debonding [1, 16]. Although the ultimate flexural capacity of RC beams 18 

can be increased significantly by using CFRP reinforcement, its efficiency for the flexural strengthening may be 19 

limited by the occurrence of concrete cover delamination (rip-off) as a premature failure mode [15]. Concrete cover 20 

delamination can occur due to the formation and propagation of a fracture surface in the concrete cover at the free 21 

extremity of the CFRP reinforcement. Many studies have been carried out to identify the load carrying capacity of 22 

EBR CFRP strengthened RC beam failing by concrete cover delamination [17-19]. For the NSM technique, however, 23 

a formulation with physical and mechanical support for the prediction of this type of failure mode, with a format that 24 

can be used in a design context of RC beams flexurally strengthened with CFRP systems, still does not exist. 25 

Therefore, the present work has also the purpose of developing this type of formulation.   26 



The moment-curvature relationship of the cross section of RC beams can be idealized as a trilinear diagram 1 

representing the uncracked, cracked, and yielded stages of a RC beam [20]. A trilinear moment-curvature response 2 

was considered by Saqan and Rasheed for rectangular cross section beams reinforced with prestressed steel strands in 3 

order to compute the neutral axis depth with a simple hand calculation instead of iterative numerical procedure for the 4 

cracked section [21]. On the other hand, the flexural capacity and the deformational behavior of CFRP strengthened 5 

beams can analytically be predicted by using a trilinear moment-curvature relationship based on the strain 6 

compatibility and principles of static equilibrium. El-Mihilmy and Tedesco, and Rasheed et al. adopted a trilinear 7 

relationship for the flexural response of RC beams flexurally strengthened with FRP plates [22, 23]. El-Mihilmy and 8 

Tedesco also proposed a method for calculating the deflection using the developed effective moment of inertia for 9 

FRP-strengthened RC beams, while Rasheed et al. determined the deflection by integrating the curvature along the 10 

beam length. The deflection of the strengthened beams can also be estimated based on the integration of the curvature 11 

in the uncraked and cracked sections representing a certain number of elements with the length equal to average crack 12 

spacing [11]. Barros and Dalfré proposed an analytical approach to calculate the deflection of RC structures 13 

strengthened according to NSM or EBR technique based on the force method, also known as flexibility method, 14 

consisting on establishing a set of displacement compatibility equations whose number is equal to the unknown 15 

redundant supports and generalized displacements (or forces) to be determined [24]. 16 

The current study intends to propose an analytical formulation, with a design framework, based on the strain 17 

compatibility and principles of static equilibrium to predict moment-curvature and force-deflection relationships of 18 

RC beams flexurally strengthened with prestressed CFRP reinforcement. The moment-curvature response of the 19 

prestressed section is simulated by the proposed simplified trilinear diagram (representing the precracking, 20 

postcracking, and postyielding stages) consisting two stages up to concrete crack initiation (precracking stage) in order 21 

to simulate the effect of the prestressing. One of these stages refers to concrete decompression, and the other to steel 22 

decompression. In fact, according to this analytical approach, the influence of the prestress force on the trilinear 23 

moment-curvature response of the non-prestressed section can be considered by adding the strain profile of the cross 24 

section at the concrete and steel decompression points to the corresponding strain values in the non-prestressed section 25 

at the concrete cracking and steel yielding initiation points, respectively. Furthermore, the analytical equations are 26 

proposed to determine the neutral axis depth of the cracked non-prestressed and prestressed strengthened sections at 27 

the critical points in order to provide a simple hand calculation and eliminate the iterative numerical procedure. The 28 



developed design methodology also considers the possibility of occurring the concrete cover delamination failure 1 

mode, since this can limit the ultimate flexural load carrying capacity of RC beams strengthened with NSM CFRP 2 

reinforcement. This methodology is developed by considering the influence of the effective parameters on the 3 

occurrence of the concrete cover delamination failure mode. 4 

The force versus mid-span deflection of the beam is analytically predicted using the curvature distribution along the 5 

beam length. The calculation complexities are simplified by assuming a linear curvature variation between the critical 6 

points that decompose the beam in the three regions corresponding to the trilinear flexural behavior.  7 

The developed analytical formulation can be also applied on the design of RC slabs strengthened with FRP systems 8 

other than CFRP reinforcements. The predictive performance of the analytical model is assessed by simulating the 9 

tests of experimental studies, consisting of RC beams flexurally strengthened with prestressed or non-prestressed NSM 10 

CFRP reinforcements.  11 

 12 

2. Assumptions  13 

The following assumptions were adopted in the proposed analytical model: 14 

a) Strain in the longitudinal steel bars, CFRP reinforcement and concrete is directly proportional to their 15 

distance from the neutral axis of the cross section of the RC element; 16 

b)  There is no slip between steel and CFRP reinforcements and surrounding concrete when conventional 17 

flexural failure modes are considered as the prevailing ones; 18 

c) The maximum compressive strain in concrete is 0.003. 19 

 20 

3. Analytical Approach 21 

As already mentioned, the moment-curvature ( M  ) relationship of the cross section of a prestressed strengthened 22 

RC beam can be idealized by a trilinear diagram representing the precracking, postcracking, and postyielding phases, 23 

delimited by the following M   points (Figure 1): initial camber (point (ci)); concrete crack initiation (point (cr)); 24 



steel yield initiation (point (y)); and ultimate capacity (point (u)). The strain distribution on the beam cross section at 1 

each of these points is also schematically represented in Figure 1.  2 

When releasing the prestress force an initial compression field in the longitudinal steel bars and surrounding concrete 3 

is introduced [11, 13]. By applying an increasing external load, these compressive strains are converted in tensile 4 

strains. The transition from compressive to tensile strain (null strain) at the bottom fiber of concrete and at the 5 

longitudinal steel bars is defined as the concrete decompression point (point (cd) in Figure 1) and steel decompression 6 

point (point (sd) in Figure 1), respectively. As expected, the load carrying capacity corresponding to the concrete 7 

cracking and steel yielding initiation increase with the level of prestress due to this initial compressive strain profile. 8 

Hence, the strain profile of the cross section at the concrete decompression and steel decompression instants should 9 

be added to the corresponding strain values in the non-prestressed strengthened beam at the concrete cracking and 10 

steel yielding initiation points, respectively, as represented in Figure 2 (see sections 5.1 and 5.2). It should be 11 

mentioned that both decompression points do not exist when non-prestressed FRP reinforcement is applied.  12 

The analytical model detects the ultimate flexural capacity of the strengthened beams adopting three types of failure 13 

modes, namely: concrete crushing, tensile rupture of the CFRP, and concrete cover delamination. Firstly, the 14 

possibility of occurring either concrete crushing or tensile rupture of the CFRP (conventionally known as flexural 15 

failure modes) is evaluated by considering a critical percentage of CFRP reinforcement (
( )cri

f ) that assures the 16 

simultaneous occurrence of the  aforementioned failures. A CFRP reinforcement ratio higher than this critical 17 

percentage causes a concrete crushing failure mode, otherwise the tensile rupture of the CFRP reinforcement is the 18 

dominant failure mode (see section 5.3.1). In the next stage, the ultimate flexural capacity of the strengthened beam 19 

when failing by concrete cover delamination is determined. Finally, the ultimate flexural capacity governed by 20 

conventional flexural failure modes is compared to the one conditioned by the concrete cover delamination, in order 21 

to determine the prevailing failure mode (see section 5.3.2). 22 

 Figure 3 schematically represents the geometry and reinforcement details of the simply supported strengthened beam 23 

adopted for the analytical study. The beam is assumed to be subjected to a four-point loading configuration. The 24 

analytical approach can be also applied in case of monotonic three-point bending loading by considering a null loading 25 

span ( 0La  ). A more detailed description of the analytical model reported in this paper can be found elsewhere [25].  26 



  1 

4. Constitutive Law of the Materials 2 

The compressive behavior of concrete is assumed linear up to the yielding of the longitudinal steel reinforcement in 3 

order to simplify the calculation procedure. After steel yielding, the contribution of concrete in compression is 4 

simulated by a rectangular compressive stress block, defined by the 
1  and 

1  parameters (Eq. (1)) schematically 5 

represented in Figure 4a [1].  6 
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where '

c  is the strain corresponding to the specified compressive strength of concrete '

cf , which is calculated as:  9 
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 10 

The tensile behavior of concrete is assumed linear up to the stress at concrete crack initiation in concrete tensile surface 11 

[26]. An elasto-perfectly plastic model is used to simulate the behavior of the longitudinal steel bars, as represented 12 

in Figure 4b, while a linear behavior is adopted for the CFRP up to its ultimate tensile strength (Figure 4c).   13 

 14 

5. Moment-Curvature Relationship 15 

The analytical approach defines the moment-curvature response of the cross section of a RC element flexurally 16 

strengthened with CFRP reinforcements (failing in bending) using sectional analysis based on the strain compatibility 17 

and force equilibrium at the governing stages assumed representatives of the behavior of this type of elements.  18 

5.1. Precracking Stage 19 



When the CFRP reinforcement is applied with a certain prestress level, an initial negative camber (upward deflection) 1 

is obtained due to the eccentricity ( e ) of the prestress force (
preF ) in relation to the centroidal axis of the cross section 2 

(
iy , Figure 4a) at the precracking stage. This negative camber causes a tensile strain at the top fiber ( ( )ci

cc ) and a 3 

compressive strain at the bottom fiber ( ( )ci

ct ) of concrete, whose equations are provided in Appendix A1. 4 

The initial negative curvature of the prestressed strengthened beams ( ( )ci ) can be determined by considering the 5 

neutral axis depth from the extreme top fiber of concrete ( ( )cic ) as follows: 6 
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A loss of strain in the CFRP reinforcement occurs immediately after the total release of the prestress force due to the 8 

initial negative camber. This short-term prestrain loss (
( )ci

lf ) and effective tensile strain (
( )ci

ef ) in the CFRP 9 

reinforcement are determined from the following equations: 10 
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where fd  is the internal arm of the CFRP (Figures 3b and 3c) and 
fp  is the applied prestrain. 12 

The concrete decompression point ((cd) in Figure 1) corresponds to the stage where the initial compressive strain in 13 

the bottom fiber of concrete ( ( )ci

ct ) becomes zero, resulting in a neutral axis depth equal to h , while the steel 14 

decompression point ((sd) in Figure 1) refers to the stage when the initial compressive strain in the bottom longitudinal 15 

steel bars ( ( )ci

s ), due to prestress application, becomes null, at which 
sd  is the neutral axis depth. The curvature at 16 

concrete decompression ( ( )cd ) and steel decompression ( ( )sd )  points can be assessed by adopting the ratio between 17 

the compressive strain installed on the concrete top fiber (
cc ) at each point (Eq. (5)) and the corresponding neutral 18 

axis depth [25]. Strains in the constituent materials along the depth of the cross section (longitudinal top ( '

s ) and 19 

bottom (
s ) steel bars, and in the CFRP reinforcement ( f )) are directly proportional to the distance from the neutral 20 



axis depth at each decompression point, while the concept of effective tensile strain should be adopted for the 1 

prestressed CFRP reinforcement (see Appendix A2 and Figure 2).  2 
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The flexural bending moment at the concrete decompression ( ( )cdM ) and steel decompression ( ( )sdM ) points can be 5 

derived based on the sum of internal moments with respect to the corresponding neutral axis using the strain 6 

distribution of the section [25]: 7 

                '2 ' '1
. . . . . . . . . . . .

3
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2'2 ' '1 1

. . . . . . . . . . . .
3 3

sd sd sd sd sd

cc c s s s s s s ct c s ef f f f sM b E d E A d d b E h d E A d d           (7) 9 

The steel decompression point is followed by the concrete crack initiation, where the beam still exhibits linear elastic 10 

behavior, but the tensile strain at the extreme bottom fiber of concrete ( ( )cr

ctb ) reaches its flexural tensile strength (11 

'0.62ct r c r cf E f f     [26]) (Figure 2a). The strains in the constituent materials along the cross section are 12 

proportional to the distance from the centroidal axis of the beam cross section (
iy ) (Figure 2a). The increment of 13 

curvature and flexural capacity corresponding to the bending moment between the concrete decompression and crack 14 

initiation points can be obtained from Eqs. (8) and (9) in relation to the centroidal axis of the beam cross section (
iy15 

). 16 
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where the equations for the determination of the strain components are provided in Appendix A3. Finally, the curvature 1 

( ( )cr ) and flexural bending moment ( ( )crM ) of the prestressed strengthened beams at the concrete crack initiation 2 

can be determined by using Eqs. (10) and (11), where the ( )cd  and ( )cdM  are considered null for the non-prestressed 3 

beam (Figure 2a).   4 
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5.2. Postcracking Stage 7 

The steel yield initiation point corresponds to the stage where the strain in the longitudinal tensile steel reinforcement 8 

( ( )y

sb ) reaches its yield strength (
sy sy sf E  ). The steel decompression point should be introduced as an initial 9 

condition for the steel yield initiation instant. Accordingly, to determine the strain distribution of the cross section at 10 

the steel yield initiation point, the strain profile of the cross section at the steel decompression instant should be added 11 

to the corresponding strain values of the cross section due to the bending moment after this decompression point 12 

(Figure 2b).      13 

The strain profile of the cross section due to the bending moment between the steel decompression and steel yield 14 

initiation points can be obtained adopting the proportional strain distribution to the distance from the neutral axis depth 15 

( ( )y

bc ) by considering the strain value in the longitudinal tensile steel bars ( ( )y

sb ) [25]. According to the principles of 16 

static equilibrium, a quadratic equation is obtained to calculate the neutral axis depth ( ( )y

bc ) at the steel yield initiation 17 

stage due to the bending moment after the steel decompression point (Eq. (12)) (see Appendix A4). 18 
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The increment of curvature ( ( )y

b ) and flexural capacity ( ( )y

bM ) corresponding to the bending moment between the 2 

steel decompression and yield initiation points can be determined by Eqs. (13) and (14), respectively, with regard to 3 

the neutral axis depth ( ( )y

bc ). 4 
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Finally, the curvature ( ( )y ) and flexural bending moment ( ( )yM ) of the prestressed strengthened beams at the steel 7 

yield initiation point are determined using Eqs. (15) to (16), where the ( )sd  and ( )sdM  are considered null for the 8 

non-prestressed strengthened beam (Figure 2b). 9 
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5.3. Postyielding Stage 12 

The ultimate flexural capacity of the strengthened beams is controlled by adopting three types of failure modes, 13 

namely, yielding of the steel bars in tension followed by either concrete crushing or rupture of the CFRP reinforcement 14 

(known as conventional flexural failure modes), and delamination of the concrete cover.  15 

5.3.1. Conventional flexural failure modes 16 

The concrete crushing is assumed to occur when the compressive strain on the concrete top fiber of the cross section 17 

reaches its maximum usable strain ( 0.003cu   according to the ACI-440.2R [1]), while the strengthened beams is 18 



assumed to experience the rupture of the CFRP reinforcement when the ultimate tensile strain in the CFRP is achieved 1 

(
fu ).    2 

To assess the prevailing failure mode in the strengthened beams at the ultimate stage, a critical percentage of CFRP 3 

reinforcement (
( )cri

f ) can be determined assuming simultaneous tension and compression failures to detect the 4 

appropriate failure mode (Appendix A5). If the CFRP ratio exceeds the critical value, failure will be due to the concrete 5 

crushing, otherwise failure will be caused by rupture of the CFRP reinforcement. The critical area (
( )cri

fA ) and the 6 

corresponding percentage (
( )cri

f ) for the CFRP reinforcement can be determined from: 7 
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Concrete Crushing 9 

Concrete crushing will prevail at ultimate stage when the CFRP ratio exceeds the critical percentage. From the 10 

equilibrium of the internal forces results a quadratic equation that determines the neutral axis depth ( ( )u

ccc ) at failure 11 

(Appendix A5): 12 

( ) 2 ( ). . 0u u
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The curvature ( ( )u

cc ) and ultimate flexural capacity ( ( )u

ccM ) are obtained from the following equations (Appendix A5): 16 
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Rupture of CFRP Reinforcement 2 

The equilibrium of the internal forces at the cross section, when the rupture of the CFRP reinforcement occurs, can be 3 

derived adopting strain compatibility, resulting in a cubic equation, whose solution leads the depth of the neutral axis 4 

at ultimate stage ( ( )u

rcc ) (Appendix A5): 5 
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Accordingly, the curvature ( ( )u

rc ) and ultimate flexural capacity ( ( )u

rcM ) regarding the neutral axis depth level ( ( )u

rcc ) 9 

at CFRP failure is determined as follows (Appendix A5):  10 
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5.3.2. Concrete cover delamination 13 

Concrete cover delamination, also designated by rip-off, is initiated by forming an in-plane shear crack at the 14 

extremities of the CFRP reinforcement due to high strain gradient caused by the abrupt termination of the CFRP. This 15 

crack is propagated along the depth of the concrete cover of the beam up to attain the tensile steel reinforcement level, 16 

and then progresses horizontally along this level due to the resistance offered by this reinforcement to the propagation 17 

of the crack through it, as well as the higher percentage of voids just below this reinforcement [15, 18]. Subsequently, 18 



separation of the concrete cover along the longitudinal tensile steel bars occurs in the shear span of the beam, which 1 

can compromise the flexural strengthening effectiveness of this technique if it occurs prematurely. Furthermore, the 2 

susceptibility to the concrete cover delamination in the NSM CFRP strengthened beams is influenced by some 3 

variables, such as the concrete strength class, reinforcement ratio of existing longitudinal steel bars, number and 4 

diameter of the bars composing this reinforcement, the relative position between the longitudinal steel and CFRP 5 

reinforcements, number of CFRP reinforcements, and distance between the consecutive CFRPs [27].  6 

The present section aims to propose a new methodology to predict the ultimate flexural capacity of a RC beam 7 

strengthened with NSM CFRP laminates failing by concrete cover delamination. For this purpose, the concrete cover 8 

delamination is assumed to occur when the principal tensile stress transferred to the surrounding concrete at the 9 

extremity of the longitudinal CFRP laminate attains the concrete tensile strength ( '0.56ct cf f  [26]). The present 10 

approach, for the tensile fracture surface of this surrounding concrete, was inspired on the work of Bianco et al. (2014) 11 

that proposed a semi-pyramidal shape for modeling the concrete resisting contribution during the pullout process of 12 

NSM FRP reinforcement bridging a shear failure crack in the context of the use of these composite materials and 13 

technique for the shear strengthening of RC beams [28]. Hence, in the current analytical model, the semi-pyramidal 14 

configuration was adopted for the concrete tensile fracture surface at the extremities of each CFRP laminate applied 15 

for flexural strengthening, as represented in Figure 5a.  16 

The dimensions of this tensile fracture surface of the surrounding concrete (assumed by simplification as having a 17 

semi-pyramid format) are supposed to be limited by some restrictions to consider the influence of the aforementioned 18 

variables on the susceptibility of concrete cover delamination, and also simplify the model. These restrictions of the 19 

semi-pyramid on the beam’s tensile surface aim to avoid interaction between the concrete fracture surfaces of 20 

consecutive CFRP laminates. On the other hand, due to the possibility of occurring a weak plan just beneath the tensile 21 

steel bars, the thickness of the semi-pyramid is limited to the concrete cover thickness (
cc ) (Figure 5c).  22 

Accordingly, the semi-pyramidal concrete fracture surface is assumed to be extended until the base area of the semi-23 

pyramid (rectangular shape) reaches a boundary limit. This boundary limit is defined when the short side of the 24 

rectangular base achieves the length of 
cc (Figure 5c), while the long side of this rectangular should be limited to25 

'min ( ;2 )f fs s  for the CFRP laminates near the beam edge (side-laminates) and fs  for the mid-laminates (Figure 5b). 26 



However, considering that 
fs  is in general higher than 40 mm (Barros and Kotynia 2008) and the angle   formed 1 

by the principal generatrices of the semi-pyramid with the CFRP longitudinal axis (Figures 5b and 5c) is presumed to 2 

be in the interval of 10 to 35 degrees (Bianco et al. 2014), the above boundary limit on the beam’s tensile surface 3 

seems to be experimentally supported.  4 

According to the base area and   of the semi-pyramid of the concrete fracture surface (Figures 5a and 5c), the height 5 

of the semi-pyramid can be defined as the resisting bond length (
rbL ), where the slip between the CFRP laminate and 6 

surrounding concrete is neglected along this length to calculate the resistance of the concrete fracture surface. The 7 

resistance of the concrete fracture surface for each CFRP laminate (
cfF ) can be determined by considering the concrete 8 

tensile strength (
ctf ). Accordingly, the ultimate flexural capacity of a strengthened beam developing a concrete cover 9 

delamination failure mode ( ( )u

ccdM ) can be determined using the maximum applicable force to all the CFRP laminates 10 

at the end section of 
rbL  (section A-A in Figures 5b and 5c).  11 

The implementation of the proposed methodology to predict the concrete cover delamination as prevailing failure 12 

mode comprises the following steps (Figure 6): 1) providing the input parameters; 2) determination of the resisting 13 

bond length (
rbL ); 3) evaluation of the tensile strength of CFRP ( fuF ), maximum value of the force transferable 14 

through the resisting bond length (
rbF ), and concrete tensile fracture capacity (

cfF ) for each CFRP laminate; 4) 15 

assessment the possibility of the concrete tensile fracture at the end of the CFRP laminate considering the 16 

characteristics of bond conditions and the CFRP tensile strength; 5) determination of ultimate flexural capacity of the 17 

strengthened beam adopting concrete cover delamination failure; 6) evaluation the possibility of occurrence of the 18 

concrete cover delamination in comparison to the conventional prevailing failure modes including concrete crushing 19 

and rupture of the CFRP far from its extremities.  20 

1) Input parameter 21 

The input parameters include: concrete cover thickness 
cc , angle   between principal generatrices of the semi-22 

pyramidal fracture surface and the CFRP longitudinal axis, number of the longitudinal CFRP laminates N , distance 23 



between two adjacent CFRP laminates 
fs , distance between the beam edge and the nearest CFRP laminate 

'

fs , 1 

thickness 
fa  and width 

fb  of laminate’s cross section, and values of local bond stress-slip relationship: maximum 2 

shear stress 
max  and maximum slip 

max  (Figure 5). 3 

2) Resisting bond length 
rbL  4 

The resisting bond length (
rbL ) at each extremity of the CFRP laminate can be calculated as follows: 5 

 
tan

c
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c
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   (24) 6 

3) Tensile strength of CFRP 
fuF , concrete tensile fracture capacity 

cfF , and resisting bond force 
rbF  7 

Tensile strength of the CFRP laminate can be determined by Eq. (25). It should be noted that in the case of a round 8 

CFRP bar, its cross section is converted to an equivalent square cross sectional area. 9 

 . .fu f f fuF a b f   (25) 10 

The concrete tensile fracture capacity (
cfF ) of each CFRP laminate, adopting a semi-pyramidal fracture surface, can 11 

be determined considering the tensile resistance of concrete on the slant area of the semi-pyramid. It was evidenced 12 

that the concrete tensile resistance of the slant area is equivalent to simply multiplying the base area of semi-pyramid 13 

times the concrete tensile strength (Bianco 2008 [29]). Hence, for the current study, Eq. (26) is proposed to determine 14 

the concrete tensile fracture capacity (
cfF ) corresponding to each CFRP laminate. 15 

  'min 2. .tan ; 2. ; . .cf rb f f c ctF L s s c f   (26) 16 

The maximum value of the force (
rbF ) that can be transferable through the resisting bond length (

rbL ) by the CFRP 17 

laminate can be obtained by Eq. (27) adopting an idealized local bond-slip relationship with a single softening branch 18 

as shown in Figure 5d (Bianco et al. 2014). 19 
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and 
cA  is the cross sectional area of the surrounding concrete that provides confinement to each CFRP laminate, and 3 

for side-laminates and mid-laminates can be obtained by Eqs. ((27)-c) and ((27)-d), respectively.  4 

 'min 2. ; .c f f cA s s c                                              (27)-c 5 

.c f cA s c                                                           (27)-d 6 

The maximum bond force (
rbF ) for the resisting bond length (

rbL ) should be limited to the maximum debonding 7 

resistance (
rbeF ) and its corresponding effective resisting bond length (

rbeL ) given in Eq. (28) (Bianco et al. 2014).  8 
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4) Assessment the possibility of concrete tensile fracture 10 

This step of the algorithm aims to check which of the three types of failure modes occurs, namely, rupture of the 11 

CFRP, interfacial debonding failure, or concrete tensile fracture when the tensile force is applied to the CFRP laminate 12 

at the end section of resisting bond length (section A-A in Figure 5). In fact, the concrete tensile fracture can occur 13 

when the concrete tensile fracture capacity (
cfF ) corresponding to the CFRP laminate is a lower than the minimum of 14 

the tensile strength of the CFRP ( fuF ) and the resisting bond force (
rbF ). Otherwise, by increasing the applied force 15 

to the CFRP laminate at the section A-A represented in Figure 5, either the rupture of the CFRP or interfacial 16 

debonding failure would occur before the concrete tensile fracture (Figure 6). 17 

5) Ultimate flexural capacity of the strengthened beam failed by concrete cover delamination  18 



The effective concrete tensile fracture capacity (
cfeF ) of the CFRP laminates can be determined by summing the 1 

concrete tensile fracture capacity (
cfF ) of all the CFRP laminates flexurally applied on the tensile face of the beam 2 

(Eq. 29). 3 
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   (29) 4 

The flexural capacity ( ( )Lrb

ccdM ) of the strengthened beam at the end section of resisting bond length (section A-A in 5 

Figure 5) can be obtained by Eq. (30) using the effective concrete tensile fracture capacity (
cfeF ) of the CFRP 6 

laminates, where the beam’s cross section is supposed to be located between the concrete cracking and steel yield 7 

initiation phases (postcracking stage). Otherwise, for the section located in the postyielding stage, the contribution of 8 

concrete in compression should be simulated by a rectangular compressive stress block (Eq. (1)), and the compressive 9 

and tensile strains in the longitudinal top and bottom steel bars, respectively, should be limited by its yield strength (10 

sy sy sf E  ). 11 

        2 ' ' '
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where the strains of the components along the cross section can be determined adopting the proportional strain 13 

distribution to the distance from the neutral axis depth (
ccdc ) by considering the average tensile strain in the CFRP 14 

laminates (
, ( . . . )f ccd cfe f f fF N a b E  ).  15 

According to the principles of static equilibrium and proportionality of the strain distribution along the cross section, 16 

the neutral axis depth (
ccdc ) can be obtained using a quadratic equation represented in Eq. (31).   17 
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  (31)-b 1 

As a final point, the ultimate flexural capacity ( ( )u

ccdM ) of the NSM CFRP strengthened beam adopting the concrete 2 

cover delamination as prevailing failure mode is determined by Eq. (32) according to the bending moment distribution 3 

along the beam length (Figure 5a). 4 
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  (32) 5 

where 
sb  is the distance between the support and the point load (shear span) and 

ubL  is the unbonded length of the 6 

CFRP at each extremity of the laminate (shown in Figure 5). 7 

6) Prevailing failure mode of the NSM CFRP strengthened beam 8 

Occurrence of the concrete cover delamination of the strengthened beam can be expected when the corresponding 9 

ultimate flexural capacity ( ( )u

ccdM ) is lower than the ultimate flexural capacity of the prevailing conventional flexural 10 

failure mode obtained from section 5.3.1 ( ( ) ( ) ( )min( ; )u u u

ccd cc rcM M M ) (Figure 6). On the other hand, the concrete cover 11 

delamination failure can occur after yielding of the longitudinal tensile steel bars when ( )u

ccdM  is higher than the flexural 12 

capacity of the beam at the steel yield initiation point ( ( )yM , Eq. (16)), otherwise, the strengthened beam experiences 13 

the concrete cover delamination before the tensile steel yielding. 14 

 15 

6. Force-Deflection Relationship 16 

The force-deflection relationship of the beams is predicted by using the moment-curvature response at the governing 17 

stages derived from the proposed analytical model. For this purpose, it is assumed a linear curvature variation between 18 

the beam’s sections corresponding to the governing stages. Accordingly, a simply supported beam is divided in distinct 19 

regions along the length corresponding to these governing stages, namely, precracking, postcracking and postyielding 20 

regions, as shown in Figure 7. The mid-span deflection of the beam is estimated by summing the deflection of each 21 



region (
i ) in one-half of the beam length ( 2L ) (Figure 8) [25]. The deflection of the each region can be determined 1 

by integrating the function, ( )x , that defines the curvature along the length of this region:  2 
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     (33) 3 

where x  is a variable along this region, and 
iL  and 

1iL 
 are the distances of the section boundaries of this region to 4 

the support.  5 

The negative camber (upward deflection) ( ( )cid ) of the prestressed strengthened beam can be obtained by considering 6 

the constant curvature variation due to the effective negative bending moment (
( ). . .ci

epre ef f fM E A e ) at both 7 

extremities of the bonded length of CFRP reinforcement (
bL ), as shown in Figure 8a: 8 
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    (34) 9 

where 
( )ci
e  is the effective initial negative curvature by considering the effective negative bending moment, and 

ucrI  10 

is the moment of inertia of the uncracked section (Appendix A1). 11 

The mid-span deflection of the beam at the concrete crack initiation is calculated adopting the curvature variation 12 

along the length of the beam (see Figure 8b) by using Eq. (35). The mid-span deflection corresponding to the concrete 13 

and steel decompression points can also be obtained by substituting ( )cd  and ( )sd  into Eq. (35) instead of ( )cr , 14 

respectively. 15 

 
/2( )

( ) 2 ( ) ( ) ( )
(0 ) ( /2)

0

( ). . . .
s

s s

s

b Lcr
cr cr cr cr

b b L
s b

d x dx x dx
b


  

 
       (35) 16 

To predict the mid-span deflection at the steel yield initiation stage, the beam length should be divided into the 17 

precracking and postcracking regions (Figure 7). In the precracking region, the bending moment is less than the crack 18 

initiation moment ( ( )crM ), while the bending moment within the postcracking region is limited to the steel yield 19 



initiation moment ( ( )yM ). The mid-span deflection of the beam can be determined by Eq. (36) assuming a linear 1 

variation of the curvature between the governing sections, as represented in Figure 8c. 2 
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  (36) 3 

where ( )y

crL  is the length of the precracking region at the steel yield initiation stage (Figure 7 and 8c).  4 

The mid-span deflection of the beam at the ultimate stage can be determined by dividing the beam length in three 5 

regions (precracking, postcracking, and postyielding), by considering the trilinear moment-curvature relationship 6 

represented in Figure 7. The maximum bending moment within the precracking and postcracking regions are limited 7 

by the crack initiation ( ( )crM ) and steel yield initiation ( ( )yM ) bending moments, while the ultimate flexural moment 8 

of the beam limits the bending moment in the postyielding region. According to the linear variation of the curvature 9 

in the three regions of the governing stages, as shown in Figure 8d, Eq. (37) can be considered to calculate the mid-10 

span deflection of the beam corresponding to its flexural capacity.  11 
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where ( )u

crL  is the length of the precracking region, and 
( )u

yL  is the distance of ( )y  from the support along the beam 13 

length at ultimate stage. 14 

It is worth to note that the load ( P ) corresponding to the flexural bending moment at the governing stages for the 15 

simply supported beams under four-point loading configuration can be computed by using Eq. (38). 16 
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  (38) 17 

where 
La  is the loading span represented in Figure 3. 18 



 1 

7. Assessment of Predictive Performance of the Analytical Approach  2 

7.1. Conventional flexural failure modes 3 

To assess the predictive performance of the proposed analytical model, it is applied on the prediction of the force-4 

deflection relationship of the beams forming three experimental programs conducted by Rezazadeh et al. [13], Badawi 5 

and Soudki [11], and El-Hacha and Gaafar [12]. These experimental programs are composed of RC beams 6 

strengthened with prestressed NSM CFRP reinforcement failed by conventional flexural failure modes, and included 7 

an unstrengthened RC beam serving as a control beam, as well as a strengthened beam with a non-prestressed NSM 8 

CFRP reinforcement. The level of the prestress force applied to the CFRP reinforcement was 20%, 30% and 40% of 9 

its nominal tensile strength in series 1 of the tested beams [13], 40% and 60% in series 2 [11], and 20%, 40% and 60% 10 

in series 3 [12].  11 

The data defining the geometry and reinforcement details of the three series of the experimental programs is included 12 

in Table 1. All beams were simply supported, and were monotonically tested under four-point loading. It is worth to 13 

note that the shear reinforcement ratio and spacing of the stirrups in all the RC beams were designed to avoid the shear 14 

failure. The average values of the main properties for concrete, longitudinal steel bars and CFRP elements are indicated 15 

in Table 2, where the nominal properties of the CFRP reinforcement were supplied by manufacturer. The used epoxy 16 

adhesive provided a proper bond in all cases and, therefore, the analytical formulation previously described is 17 

applicable. 18 

Two types of failure modes of the tested beams were experimentally observed: concrete crushing; rupture of the CFRP 19 

reinforcement (both after yielding of the tensile steel reinforcement). The prevailing failure modes of the beams at the 20 

maximum capacity were analytically predicted similar to the ones experienced experimentally (using the critical 21 

percentage of the CFRP reinforcement (Eq. 17)), except in the case of the non-prestressed strengthened beam in series 22 

3 (see Table 5). This can be attributed to the value of the compressive strain experimentally observed on the top fiber 23 

of concrete (0.0039 [12]) at the CFRP failure, which is higher than the analytical limit assumed for concrete crushing 24 

(0.003). The load versus mid-span deflection relationship obtained analytically and registered experimentally for the 25 

all beams of series 1, 2, and 3 is compared in the Figure 9, 10, and 11, respectively. A good predictive performance 26 



of the proposed analytical model is achieved for all the tested beams. Tables 3, 4, and 5 compares the values obtained 1 

analytically and registered experimentally for the governing stages of the flexural response of the beams, and also 2 

include the short-term prestress loss, initial camber, and prevailing conventional failure mode.   3 

In order to evaluate the efficiency of the proposed simplified analytical approach (formed by a trilinear response), the 4 

moment-curvature relationship ( M  ) of the non-prestressed and 40% prestressed strengthened beams of the series 5 

3 obtained with this approach is compared to the one determined by using a sectional analysis software developed at 6 

University of Minho (DOCROS-Design Of CROss Sections). DOCROS assumes that a plane section remains plane 7 

after deformation and perfect bond exists between distinct materials. According to DOCROS, a cross section is divided 8 

in horizontal layers, and the thickness and width of each layer is user-defined and depend on the cross-section 9 

geometry. DOCROS can analyze sections of irregular shape and size, composed of different types of materials 10 

subjected to an axial force and variable curvature. Composite layers are used when more than one material exist at 11 

same depth of the cross section. Each layer can have an initial non-null stress in order to simulate a prestress effect. 12 

DOCROS has a wide database of constitutive laws for the simulation of monotonic and cyclic behavior of cement 13 

based materials, polymer based materials and steel bars. More detailed information about DOCROS can be found in 14 

[30]. 15 

In the analysis carried out with DOCROS, the cross section of the non-prestressed and 40% prestressed strengthened 16 

beams of the series 3 was discretized in horizontal layers of 1 mm thick. Moreover, in the case of the prestressed 17 

section, an initial prestrain was applied to the layers corresponding to the CFRP reinforcement in order to simulate the 18 

prestress effect. 19 

The behavior of concrete in uniaxial compression was simulated by the stress-strain relationship proposed by CEB-20 

FIP model code [31], while the behavior of concrete in tension was assumed linear up to its tensile strength and the 21 

post-cracking residual strength was neglected in order to provide a more realistic comparison with the analytical 22 

approach as described by the diagram represented in Figure 12a [7]. To simulate both tension and compression 23 

behavior of the steel bars, the stress-strain relationship represented in Figure 12b was used [7]. The tensile behavior 24 

of the CFRP reinforcement was assumed linear up to its ultimate tensile strength.  25 



In Figure 13, the predictive performance of the proposed analytical approach in terms of moment-curvature and neutral 1 

axis-curvature relationships is assessed by comparing the results obtained experimentally and numerically (DOCROS) 2 

for the non-prestressed and 40% prestressed strengthened beams of the series 3. This figure evidences a good 3 

predictive performance for the proposed simplified analytical approach. It should be noted that the experimental 4 

moment-curvature and neutral axis-curvature relationships of the analyzed beams were determined by using the strains 5 

of components along the mid-span cross section of the aforementioned beams reported by [12]. 6 

To evaluate the level of accuracy of the proposed analytical approach on the prediction of force-deflection using the 7 

M   relationship, the mid-span deflection of the non-prestressed and 40% prestressed strengthened beams of the 8 

series 3 was analytically and numerically obtained using the proposed analytical approach and Def-DOCROS 9 

software. For this purpose, the M   relationship obtained in section 5 by using the analytical and numerical 10 

approaches was used. According to Def-DOCROS software, a statically determinate beam is discretized in Euler-11 

Bernoulli beam elements of 2 nodes. The updated flexural stiffness of each element is determined from the M   12 

relationship of the cross section representative of the element by using a matrix displacement approach described 13 

elsewhere [30]. The experimental, analytical, and numerical force-deflection relationships for the aforementioned 14 

beams are compared in Figures 13e and 13f, where it is visible that the proposed analytical approach has high level of 15 

predictive performance accuracy.                 16 

7.2. Concrete cover delamination failure mode 17 

The proposed methodology for the prediction of the ultimate flexural capacity of the NSM CFRP strengthened beams 18 

with concrete cover delamination failure, was applied to six NSM CFRP strengthened beams tested by Sharaky et al. 19 

[32], Sharaky [33], Al-Mahmoud et al. [34], Barros and Fortes [7] and Barros et al. [35]. The support and loading 20 

configuration of the tested beams are schematically represented in Figures 3 and 5a. The geometry, steel and CFRP 21 

reinforcement details of the strengthened beams are described in Table 6. Moreover, the main material properties of 22 

the tested beams are represented in Table 7. The shear reinforcement ratio and spacing of stirrups were adopted for all 23 

the beams in order to avoid the shear failure.   24 

The parameters of local bond-slip relationship for all the tested beams were adopted similar to the corresponding 25 

values considered by [28]: 
max 20.1MPa   and 

max 7.12mm  . On the other side, the angle ( ) between the CFRP 26 



longitudinal axis and generatrices of the concrete fracture surface (semi-pyramid) for all the investigated beams was 1 

found equal to 35o by considering the best ultimate flexural capacity for the strengthened beams by using a back 2 

analysis of the experimental data. Moreover, this value of   was adopted considering the recommended range by 3 

[28] (10o-35o).  4 

The ultimate flexural capacity obtained analytically and registered experimentally for all the tested beams is compared 5 

in Table 8, where it can be confirmed that the ultimate flexural capacity of the strengthened beams when failing by 6 

the concrete cover delamination was analytically predicted less than the one corresponding to the prevailing 7 

conventional flexural failure modes ( ( ) ( ) ( )min( ; )u u u

ccd cc rcP P P ). Table 8 also indicates the comparison between the 8 

concrete tensile fracture capacity (
cfF ) with the tensile strength of CFRP (

fuF ) and resisting bond force (
rbF ) 9 

corresponding to the resisting bond length (
rbL ) for each CFRP laminate. A good predictive performance of the 10 

analytical approach in terms of the ultimate flexural capacity of the strengthened beams when failing by concrete 11 

cover delamination is evidenced by considering the ratio between the analytical and experimental flexural capacity of 12 

the tested beams ( ( ) ( )expu u

ccd ccdP P ), where this ratio was found between [0.83-1.13] for all the tested beams.  13 

 14 

8. Conclusions 15 

 In the current study, an analytical approach was developed based on the strain compatibility and principles of static 16 

equilibrium to predict the moment-curvature and load-deflection relationships of simply supported beams 17 

strengthened with prestressed CFRP reinforcement that can be applied according to the EBR or NSM techniques. 18 

The presented formulation assumes that the moment-curvature response of a beam’s cross section can be simulated 19 

by a trilinear diagram defining precracking, postcracking, and postyielding stages. Two further stages are proposed, 20 

namely: concrete and steel decompression stages, to assess the initial effects of the prestress force applied by the 21 

CFRP reinforcement. A linear variation is assumed for the curvature along the beam length between the sections 22 

corresponding to the governing stages of the beam’s response in order to simplify the calculation of the beam’s 23 

deflection. The flexural capacity of the strengthened beams according to either EBR or NSM techniques is 24 

predicted adopting two types of failure modes, comprising yielding of the steel bars in tension followed by either 25 

concrete crushing or rupture of the CFRP reinforcement. 26 



 In the case of the NSM technique, a design framework methodology is proposed to obtain the ultimate flexural 1 

capacity of the NSM CFRP strengthened beams when failing by concrete cover delamination. Concrete cover 2 

delamination is predicted by assessing the possibility of occurring the concrete tensile fracture at the extremities 3 

of the CFRP reinforcement in comparison with debonding and rupture of the CFRP failure modes. Finally, the 4 

concrete cover delamination is adopted as prevailing failure of the strengthened beams when its ultimate flexural 5 

capacity is less than the one corresponding to the occurrence of the conventional flexural failure modes (concrete 6 

crushing or rupture of the CFRP reinforcement).  7 

 The results of three experimental programs composed of RC beams strengthened with prestressed NSM CFRP 8 

reinforcement, failed by conventional flexural failure modes, were compared with the ones obtained by the 9 

proposed analytical approach, and a good predictive performance was determined. Moreover, the results in terms 10 

of moment-curvature and force-deflection relationships obtained with the proposed model and by using a computer 11 

package (DOCROS and Def-DOCROS software) based on a cross section layer model were compared. The results 12 

showed that the proposed analytical approach can accurately simulate the effect of the prestress force on the 13 

flexural behavior of the NSM CFRP strengthened beam (by introducing the concrete and steel decompression 14 

points as an initial condition to the concrete cracking and steel yielding initiation points of the non-prestressed 15 

strengthened beam) compared to the use of a cross section layer model.  16 

 On the other hand, the predictive performance of the proposed methodology for concrete cover delamination failure 17 

was evaluated by considering the ultimate load carrying capacity of six NSM CFRP strengthened beams failed 18 

according to this failure mode. The proposed formulation provided a good estimate of the ultimate load carrying 19 

capacity for concrete cover delamination as prevailing failure mode, resulting the ratio of the analytical and 20 

experimental flexural capacity of the tested beams of a mean value and a standard deviation of 0.99 and 0.10, 21 

respectively. According to this proposed methodology, by increasing the unbonded length of the CFRP 22 

reinforcement at its extremities, the resistance to the occurrence of concrete cover delamination can decrease, while 23 

a higher concrete tensile strength and also, a higher concrete cover depth below the tensile steel bars can increase 24 

this resistance. On the other side, this resistance is influenced by the distance between the two adjacent CFRPs, as 25 

well as distance between the lateral face of the beam’s cross section and the nearest CFRP. Accordingly, by 26 

adopting a strengthening configuration for consecutive NSM CFRPs according to minimizing the interaction of 27 



the concrete tensile fracture of the adjacent CFRPs can provide the maximum resistance to the occurrence of 1 

concrete cover delamination.  2 
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 Notations 10 

The following symbols are used in this paper: 11 

Af = area of CFRP reinforcement, mm2. 

Agroove = area of groove for NSM technique, mm2. 

As = area of tensile steel bars, mm2. 

A’
s = area of compressive steel bars, mm2. 

af = thickness of CFRP laminate, mm. 

aL = loading span, mm. 

b = width of beam, mm. 

bf = width of CFRP laminate, mm. 

bs = shear span, mm. 

c = depth of neutral axis from top fiber of concrete at critical point, mm. 

cc = concrete cover for the bottom face of the beam, mm. 

ccri = depth of neutral axis from top fiber of concrete at critical CFRP reinforcement ratio, mm. 

ds = distance from centroid of tensile steel bars to top fiber of concrete, mm. 

d'
s = distance from centroid of compressive steel bars to top fiber of concrete, mm. 



df = distance from centroid of CFRP reinforcement to top fiber of concrete, mm. 

e = eccentricity of prestress force to centroidal axis of cross section, mm. 

Ec = initial Young’s modulus of concrete, MPa. 

Ef = Young’s modulus of CFRP, MPa. 

Es = Young’s modulus of longitudinal steel bars, MPa. 

f’c = specified compressive strength of concrete, MPa. 

fct = splitting tensile strength of concrete, MPa. 

fr = flexural tensile strength of concrete, MPa. 

Fcf = resistance of the concrete fracture surface for each CFRP laminate, N. 

Ffu = tensile strength of CFRP, N. 

Fpre = prestress force applied to CFRP reinforcement, N. 

Frb = maximum value of the force transferable through the resisting bond length, N. 

fsy = yield strength of longitudinal tensile steel bar, MPa. 

h = height of beam, mm. 

Iucr = moment of inertia of uncracked section of beam, mm4. 

L = beam span, mm. 

Lb = bonded length of CFRP reinforcement, mm. 

Lrb = resisting bond length, mm. 

Mepre = effective negative bending moment due to prestress force, N-mm. 

M = flexural moment of beam, N-mm. 

N = number of the longitudinal CFRP laminates. 

N.A. = neutral axis of beam. 

nf = modular ratio of CFRP laminate to concrete, Ef /Ec. 

ns = modular ratio of steel reinforcement to concrete, Es/Ec. 

P = external load of beam at critical point, N. 

sf = spacing of the two adjacent CFRP laminates, mm. 

s’f = distance between the laminate and the nearest beam edge, mm. 

yi = distance between top fiber of concrete to centroidal axis of uncracked cross section, mm. 



α = angle between axis and generatrices of the concrete fracture surface (semi-pyramid). 

α1 = multiplier on f’c to determine intensity of an equivalent rectangular stress distribution. 

β1 = ratio of depth of equivalent rectangular stress block to the depth of neutral axis. 

δmax = maximum slip of local bond stress-slip relationship, mm. 

εc = strain level in concrete, mm/mm. 

ε’c = strain of unconfined concrete corresponding to f’c, mm/mm. 

εcc = strain at top extreme fiber of concrete at critical point, mm/mm. 

εct = strain at bottom extreme fiber of concrete at critical point, mm/mm. 

εcu = maximum compressive strain in concrete which is 0.003. 

εef = effective tensile strain of CFRP reinforcement at critical point, mm/mm. 

εfu = ultimate tensile strain of CFRP reinforcement, mm/mm. 

εlf = short-term prestrain loss in CFRP reinforcement, mm/mm. 

εfp = prestrain in CFRP reinforcement, mm/mm. 

εs = strain in longitudinal tensile steel bar at critical point, mm/mm. 

ε'
s = strain in longitudinal compressive steel bar at critical point, mm/mm. 

εsy = strain in longitudinal tensile steel bars corresponding to its yield strength, mm/mm. 

ρf
(cri) = critical percentage of CFRP reinforcement, mm2/mm.mm. 

τmax = maximum shear stress of local bond stress-slip relationship, MPa. 

χ = curvature of beam at critical point. 
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Distance from the centroidal axis of beam cross section (
iy ) and moment of inertia of uncracked section (

ucrI ) can be 3 

obtained as follows: 4 
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where 
grooveA  is area of the groove for NSM technique, 

sn  and 
fn are the modular ratio of steel and CFRP 2 

reinforcement to concrete, respectively.  3 

Tensile strain at the top fiber ( ( )ci

cc ) and compressive strain at the bottom fiber ( ( )ci

ct ) of concrete are: 4 
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In fact, due to the short-term prestrain loss in the CFRP reinforcement (
( )ci

ef  obtained from Eq. (4)) after the release 7 

of the prestress force, effective prestress force ( ( ). .ci

epre f ef fF E A ) should be used in Eqs. (A1)-c and (A1)-d instead 8 

of the applied prestress force ( . .pre f fp fF E A ), while the effect of this short-term prestrain loss was neglected to 9 

determine the tensile strain at the top fiber and compressive strain at the bottom fiber of concrete in order to simplify 10 

the calculation procedure.  11 

Strains in the compressive and tensile steel bars can be obtained by: 12 
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 15 

It should also be noted that Eqs. (A1)-c - (A2)-b are derived by assuming no cracking occurs after the release of the 16 

prestress force (Figures 3 and 14) [25].   17 
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Strains in the constituent materials along the depth of the cross section (longitudinal top ( '

s ) and bottom (
s ) steel 1 

bars, CFRP reinforcement (
f ), and bottom fiber of concrete (

ct )) at concrete decompression (cd) and steel 2 

decompression (sd) points are: 3 
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Effective tensile strains for the prestressed CFRP reinforcements are as follows: 10 

 ( ) ( )cd cd

ef fp f    (A5)-a 11 

 ( ) ( )sd sd

ef fp f     (A5)-b 12 

Both concrete and steel decompression points are assumed to occur before the concrete crack initiation point by 13 

considering an uncracked section (Figures 3 and 15).  14 
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Strain components of the longitudinal steel bars in compression (
 ' cr

sb ) and in tension (
 cr

sb ), and CFRP 1 

reinforcement (
 r

fb

c
 ) can be obtained by: 2 
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Uncracked section was assumed to determine Eqs. (A6)-a - (A6)-d (Figures 2a and 3). 6 

Appendix A4  7 

By adopting the principles of static equilibrium at the steel yield initiation point (Figure 2b): 8 
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where compressive strains at the top fiber of concrete (
 y

ccb ) and longitudinal top steel bars (
 ' y

sb ), and tensile strain 10 

in the CFRP reinforcement (
 y

fb ) can be obtained by:    11 
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The equations represented in this section are determined by assuming a cracked section, and also the resistance of  15 
concrete in tension is neglected (Figures 2b and 3) [25].  16 
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The critical percentage of CFRP reinforcement ( ( )cri

f ) can be determined assuming simultaneous tension and 1 

compression failures (Figure 16a): 2 

 
' ( ) ' '( ) ( )

1 1. . . . . . . . . 0cri cri cri

c s s s s sy f fu ff c b A E A f A E         (A9) 3 

where the neural axis depth ( ( )cric ) and strain components in the longitudinal top (
 ' cri

s ) and bottom (
 cri

s ) steel 4 

bars at simultaneous tension and compression failures are: 5 
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The equations of this section are derived by assuming a cracked section, and also the resistance of concrete in tension 9 

is neglected (Figures 3 and 16a) [25]. 10 

Concrete Crushing  11 

From the strain profile of the cross section when the concrete crushing occurs (Figure 16b): 12 
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where compressive strains in the longitudinal top steel bars (
 '

,

u

s cc ), and tensile strain in the CFRP reinforcement (14 

 
,

u

fb cc ) can be obtained from the following equations: 15 
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Rupture of CFRP Reinforcement  18 



The equilibrium of the internal forces, when the rupture of the CFRP reinforcement occurs, results in the following 1 

equation (Figure 16c):  2 
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where compressive strains at the top fiber of concrete (
 

,

u

cc rc ) and in the longitudinal top steel bars (
 '

,

u

s rc ), and 4 

tensile strain in the CFRP reinforcement (
 

,

u

fb rc ) can be obtained by: 5 
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Table 1: Geometry and reinforcement details of the beam series [11-13] 1 

Beam 

series 

N

o. 

L 

(mm) 

aL 

(mm) 

bs 

(mm) 

b 

(mm) 

h 

(mm) 

d’
s 

(mm) 

ds 

(mm) 

df 

(mm) 

A’
s 

(mm2) 

As 

(mm2) 

Af 

(mm2) 

groove 
size 

(mm2) 

Series 1 
[13]  

5 2200 400 900 150 300 25 265 288 
157.1 
(2φ10) 

157.1 
(2φ10) 

28 

CFRP 
laminate 

(1.4×20) 

144 
6×24 

Series 2 

[11]  
4 3300 1100 1100 152 254 35 220 241.5 

197 

(2φ11.2) 

353.4 

(2φ15) 

70.9 
CFRP bar 

(1φ9.5) 

375 

15×25 

Series 3 

[12] 
5 5000 1000 2000 200 400 35 343 387.5 

200.6 

(2φ11.3) 

603.2 

(3φ16) 

63.6 
CFRP bar 

(1φ9) 

500 

20×25 
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Table 2: Main properties for concrete, steel and CFRP reinforcements [11-13] 1 

Beam series 

concrete Steel reinforcement CFRP reinforcement nominal CFRP properties 

f’c 

(MPa) 

fsy 

(MPa) 

fsu 

(MPa) 

Es 

(GPa) 

ffu 

(MPa) 

Ef 

(GPa) 

ffu(n) 

(MPa) 

Ef(n) 

(GPa) 

Series 1 [13] 32 585 656 208 1922 164 2000 150 

Series 2 [11] 45 440 560 190 1970 136 1970 136 

Series 3 [12] 40 475 - 200 2167 130 2068 124 

 2 

  3 



Table 3: Experimental and analytical values of the governing stages of the flexural response for the RC beams of the 1 
series 1 [13] 2 

RC beams Result 
dci 
 

(mm) 

εlf
ci 
 

(%) 

Pcd  
 

(kN) 

dcd  
 

(mm) 

Psd  
 

(kN) 

dsd  
 

(mm) 

Pcr  
 

(kN) 

dcr  
 

(mm) 

Py
 

 
(kN) 

dy  
 

(mm) 

Pu  
 

(kN) 

du  
 

(mm) 

Failue 
Mode 

Control 
Exper 
Analy 

- - - - - - 
13.81 
17.70 

0.30 
0.37 

49.70 
52.40 

5.87 
5.30 

61.46 
53.64 

45.70 
30.43 

CC 
CC 

Non 

prestressed 

Exper 

Analy 
0 0 0 0 0 0 

17.01 

17.85 

0.35 

0.37 

60.32 

60.24 

5.93 

5.53 

92.97 

86.60 

24.46 

18.11 

RC 

RC 

20% 
prestressed 

Exper 
Analy 

-0.08 
-0.10 

0.40 
1.20 

- 
5.71 

- 
0.11 

7.10 
6.00 

0.17 
0.13 

22.14 
23.59 

0.46 
0.49 

68.69 
66.37 

6.14 
5.41 

94.00 
86.34 

19.36 
13.80 

RC 
RC 

30% 

prestressed 

Exper 

Analy 

-0.18 

-0.15 

1.30 

1.20 

- 

8.20 

- 

0.17 

15.5 

8.60 

0.36 

0.18 

23.04 

26.08 

0.55 

0.54 

72.52 

68.88 

6.52 

5.35 

95.16 

86.10 

16.92 

12.07 

RC 

RC 

40% 
prestressed 

Exper 
Analy 

- 
-0.20 

1.90 
1.20 

- 
10.68 

- 
0.22 

18.10 
11.21 

0.25 
0.24 

25.08 
28.46 

0.47 
0.59 

74.16 
71.48 

5.34 
5.30 

87.45 
85.82 

10.15 
10.42 

RC 
RC 

 dci is initial deflection due to prestressing force; 

 εlf
ci is the short-term losses of the tensile strain of the prestressed laminate after releasing; 

 Pcd is the load at concrete decompression point, and dcd its corresponding deflection; 

 Psd is the load at steel decompression point, and dsd its corresponding deflection; 

 Pcr is the load at cracking initiation, and dcr its corresponding deflection; 

 Py is the load at yield initiation of the longitudinal tensile bars, and dy its corresponding deflection; 

 Pu is the ultimate load, and du its corresponding deflection; 

 CC is concrete crushing, and RC is rupture of CFRP  
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Table 4: Experimental and analytical values of the governing stages of the flexural response for the RC beams of the 1 
series 2 [11] 2 

RC beams Result 
dci 
 

(mm) 

εlf
ci 
 

(%) 

Pcd  
 

(kN) 

dcd  
 

(mm) 

Psd  
 

(kN) 

dsd  
 

(mm) 

Pcr  
 

(kN) 

dcr  
 

(mm) 

Py  
 

(kN) 

dy  
 

(mm) 

Pu  
 

(kN) 

du  
 

(mm) 

Failue 
Mode 

Control 
Exper 

Analy 
- - - - - - 

10.20 

13.13 

1.86 

1.29 

55.10 

55.80 

23.50 

17.60 

64.30 

57.43 

85.30 

95.00 

CC 

CC 

Non 

prestressed 

Exper 

Analy 
0 0 0 0 0 0 

10.92 

12.90 

1.76 

1.14 

69.50 

65.26 

26.03 

18.43 

96.50 

102.23 

65.49 

64.80 

CC 

CC 

40% 

prestressed 

Exper 

Analy 

- 

-1.21 

- 

2.48 

- 

17.85 

- 

1.55 

- 

19.85 

- 

1.73 

30.09 

30.92 

4.34 

2.70 

95.00 

86.38 

25.82 

17.71 

115.25 

113.35 

48.34 

47.13 

RC 

RC 

60% 

prestressed 

Exper 

Analy 

- 

-1.81 

- 

2.48 

- 

26.78 

- 

2.33 

- 

29.78 

- 

2.61 

40.00 

39.85 

5.05 

3.51 

105.00 

96.31 

25.72 

17.70 

112.26 

112.08 

32.89 

32.96 

RC 

RC 
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Table 5: Experimental and analytical values of the governing stages of the flexural response for the RC beams of the 1 
series 3 [12] 2 

RC beams Result 
dci 
 

(mm) 

εlf
ci 
 

(%) 

Pcd  
 

(kN) 

dcd  
 

(mm) 

Psd  
 

(kN) 

dsd  
 

(mm) 

Pcr  
 

(kN) 

dcr  
 

(mm) 

Py  
 

(kN) 

dy  
 

(mm) 

Pu  
 

(kN) 

du  
 

(mm) 

Failue 
Mode 

Control 
Exper 

Analy 
- - - - - - 

12.50 

21.54 

1.30 

1.64 

78.90 

86.90 

25.10 

22.20 

83.80 

89.56 

109.90 

143.60 

CC 

CC 

Non 
prestressed 

Exper 
Analy 

0 0 0 0 0 0 
18.40 
21.45 

1.60 
1.53 

90.20 
94.49 

25.30 
22.15 

136.40 
136.26 

114.50 
88.80 

RC 
CC 

20% 

prestressed 

Exper 

Analy 

-0.50 

-0.47 

6.26 

1.19 

- 

7.59 

- 

0.52 

- 

8.35 

- 

0.60 

22.10 

29.06 

1.50 

2.07 

105.70 

104.46 

27.70 

22.29 

141.00 

140.13 

92.50 

76.50 

RC 

RC 

40% 
prestressed 

Exper 
Analy 

-0.60 
-0.94 

6.03 
1.19 

- 
15.19 

- 
1.10 

- 
16.70 

- 
1.20 

27.90 
36.65 

1.70 
2.61 

114.50 
112.81 

28.60 
22.02 

141.70 
139.45 

79.30 
57.70 

RC 
RC 

60% 

prestressed 

Exper 

Analy 

-1.30 

-1.42 

10.10 

1.19 

- 

22.94 

- 

1.64 

- 

25.22 

- 

1.78 

34.40 

44.40 

2.40 

3.17 

117.70 

121.33 

28.20 

21.87 

134.70 

138.43 

49.70 

40.22 

RC 

RC 
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Table 6: Geometry, steel and CFRP reinforcement details of the tested beams [7, 32-35] 1 

Tested 

beams 

Lb 

(mm) 

Lub 

(mm) 

aL 

(mm) 

bs 

(mm) 

b 

(mm) 

h 

(mm) 

d’
s 

(mm) 

ds 

(mm) 

df 

(mm) 

A’
s 

(mm) 

As 

(mm) 

Af* 

(mm) 

sf 

(mm) 

s’f 

(mm) 

by [32]  2000 200 800 800 160 280 40 240 272  2φ8  2φ12 2bφ8 80 40 

by [33] 2000 200 800 800 160 280 40 240 270  2φ8  2φ12 
1bφ8 & 

2L:1.4x20 
45.5 34.5 

by [34] 2100 350 1200 800 150 280 40 240 274 2φ6  2φ12 2bφ6 88 31 

by [7]-a 1400 50 500 500 100 177 25 152 171 2φ8 3φ6 2L:1.4x10 30 35 

by [7]-b 1400 50 500 500 100 175 25 152 169 2φ8 
2φ6 & 

1φ8 
2L:1.4x10 30 35 

by [35] 800 50 300 300 120 170 21 149 164 2φ6.5 2φ6.5 2L:1.4x10 40 40 

* Two types of CFRP reinforcement were used: CFRP round bar (b) and CFRP laminate (L)  

  2 



Table 7: Main properties for the concrete, steel and CFRP reinforcements [7, 32-35] 1 

Tested beams  

concrete Steel reinforcement 
CFRP 

reinforcement 

f’c 

(MPa) 

fsy 

(MPa) 

fsu 

(MPa) 

Es 

(GPa) 

ffu 

(MPa) 

Ef 

(GPa) 

by [32] and [33]  32 545 624 205 2350 170 

by [34]  37 600 - 210 1875 146 

by [7] 46 730 800 200 2740 159 

by [35] 52 627 765 200 2740 159 
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Table 8: Experimental and analytical values of the ultimate flexural capacity of the tested beams [7, 32-35] 1 

Tested 

beams 

α 

(o) 

Lrb 

(mm) 

Fcf 

(kN) 

Ffu 

(kN) 

Frb 

(kN) 

Fcfe 

(kN) 

Pcc
(u) 

(kN) 

Prc
(u) 

(kN) 

Pccd
(u) 

 (kN) 

( )expu

ccdP  

(kN) 

( )

( )exp

u

ccd

u

ccd

P

P

  

by [32]  35 57.12 10.20 117.79 24.28 20.40 164.30 - 118.75  116.01 1.02 

by [33] 35 57.12 5.80 83.29 21.89 17.40 165.39 - 99.33  118.58 0.83 

by [34] 35 55.70 8.20 52.86 17.72 16.40 - 128.29 102.56 108.12 0.94 

by [7]-a 35 35.70 2.84 36.77 14.67 5.69 88.10 - 84.46 78.50 1.07 

by [7]-b 35 32.84 2.62 36.77 13.51 5.24 94.25 - 93.09 81.91 1.13 

by [35] 35 29.99 3.39 36.77 12.36 6.79 108.80 - 91.47 92.49 0.99 
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 2 

Figure 1: Critical points of the trilinear flexural response of the prestressed strengthened beams 3 
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 1 

Figure 2: Strain profile of the cross section: a) at concrete crack initiation point (cr), b) at steel yield initiation point 2 

(y)   3 



 1 

Figure 3: Definition of the geometry and reinforcement configuration for the analytical model: a) geometry of 2 

strengthened beam, b) reinforcement details in EBR technique, c) reinforcement details in NSM technique 3 
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 1 

Figure 4: a) Compressive stress block for the concrete in compression, b) stress-strain relationship for the steel, c) 2 

stress strain relationship for the CFRP 3 
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 1 

Figure 5: a) Characteristics of the bonded CFRP reinforcement, b) position of the CFRP laminates on the beam’s 2 

tensile surface, c) concrete cover for the beam bottom face and resisting bond length, d) shear stress-slip relationship 3 

of local bond 4 
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 1 

Figure 6: Calculation procedure for concrete cover delamination failure mode 2 
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Figure 7: Distinct regions of the beam 4 
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 1 

Figure 8: Curvature distribution along the beam length at the stages: a) initial camber, b) precracking, c) 2 

postcracking, d) postyielding 3 

 4 

 5 

 6 
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 1 

Figure 9: Analytical prediction of the tested beams of series 1 [13]: a) control and non-prestressed, b) 20% 2 
prestressed, c) 30% prestressed, d) 40% prestressed  3 

  4 



 1 

Figure 10: Analytical prediction of the tested beams of series 2 [11]: a) control, b) non-prestressed, c) 40% 2 
prestressed, d) 60% prestressed  3 
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 1 

Figure 11: Analytical prediction of the tested beams of series 3 [12]: a) control and non-prestressed, b) 20% 2 
prestressed, c) 40% prestressed, d) 60% prestressed 3 
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 1 

 2 

Figure 12: Stress-strain relationship used in DOCROS to simulate: a) concrete, b) steel bars 3 
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 1 

Figure 13: Experimental, analytical, and numerical (by DOCROS and Def-DOCROS) predictions of the beams in 2 
series 3 in terms of moment-curvature: a) non-prestressed, b) 40% prestressed, and neutral axis depth: c) non-3 

prestressed, d) 40% prestressed, and mid-deflection e) non-prestressed, f) 40% prestressed 4 
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 1 

Figure 14: Strain profile of the prestressed section at initial curvature (ci) 2 
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 1 

Figure 15: Strain profile of the cross section: a) at concrete decompression point (cd), b) at steel decompression 2 
point (sd) 3 

  4 



 1 

 2 

 3 

Figure 16: Strain profile of the cross section, a) simultaneous tension and compression failures (cri), b) compression 4 
failure (cc), c) tension failure (rc)  5 
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