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1. Introduction

A higher-dimensional automaton (HDA) is a precubical set with an initial state, a set of final states, and a labeling on
1-cubes such that opposite edges of 2-cubes have the same label [8,14]. Intuitively, an HDA may be seen as an ordinary
automaton, or a labeled transition system, equipped with two- and higher-dimensional cubes representing independence or
concurrency of actions. If two actions a and b are independent in a state of an HDA, meaning that they may be executed
sequentially or simultaneously without any relevant difference, then this is indicated by a square linking the two execution
sequences ab and ba:

Similarly, the independence or concurrency of n actions is represented by an n-dimensional cube. It has been shown in [8]
that HDAs are a very expressive model of concurrency.

An important category of HDAs is the one of symmetric HDAs, i.e., HDAs with symmetric underlying precubical sets. The
construction of HDAs from other models of concurrency often yields symmetric HDAs (see, e.g., [6,8-10]). In a symmetric
HDA, the independence of n distinct actions is modeled by one n-dimensional cube for each permutation of the actions
instead of possibly just one single n-cube. This is both an advantage and a disadvantage of symmetric HDAs: while it is
undoubtedly convenient to model concurrency without the need for ordering actions in a more or less arbitrary way, the
redundancy in the representation of independence makes symmetric HDAs inevitably enormous in size.
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Ordinary and symmetric HDAs are related by an adjunction: a symmetric HDA is, in particular, an HDA, and conversely,
every HDA Q freely generates a symmetric HDA SQ. The HDAs Q and SQ have isomorphic underlying transition systems,
and n transitions are independent in Q if and only if the corresponding transitions are independent in SQ. This strongly
suggests that @ and SQ are semantically equivalent HDAs, and the purpose of this paper is to establish that this is indeed
the case in a strong sense, namely with respect to hereditary history-preserving bisimulation (as defined in [8]). This result
implies as a consequence that, up to hereditary history-preserving bisimilarity, ordinary and symmetric HDAs are equally
expressive models of concurrency.

2. Precubical sets and HDAs

This section briefly recalls the definitions of precubical set and higher-dimensional automaton. For more details, expla-
nations, and examples, the reader is referred to, e.g., [2,5,8,11].

Precubical sets

A precubical set is a graded set P = (Py)n>0 With face maps
d: Py — Ppy (n>0,k=0,1,i=1,....,n)
satisfying the cubical identities
did; =d_jdf (k.1=0.1,i<}).

If x € Py, we say that x is of degree or dimension n. The elements of degree n are called the n-cubes of P. The elements of
degree 0 are also called the vertices of P, and the 1-cubes are also called the edges of P. A face dg.‘x is called a front face of
x if k=0, and it is called a back face of x if k = 1. The cubical identities dé‘d’j = d’jildi.‘ guarantee that the faces of a cube
intersect each other as they should:

ddx=d%9%  dix  dlddx=d%!x

0 1
dix dyx

dfdix =d}dfx didjx=djd]x

The ith starting edge of a cube x of degree n > 0 is the edge

v—=gd0...40 40 0
eix=dy---di_;di ;---dpx.

In the particular case of a 2-cube, we have ejx = dg_ix:

A morphism of precubical sets is a morphism of graded sets that is compatible with the face maps. The category of
precubical sets can be seen as the presheaf category of functors [1°° — Set where [ is the small subcategory of the
category of topological spaces whose objects are the standard n-cubes [0, 1]" (n > 0) and whose nonidentity morphisms
are composites of the coface maps 6;‘: [0,1]" — [0,1]""! (ke {0,1}, n>0,ie{1,...,n+ 1}) given by Bg‘(ul,...,un) =
(u1,...,uji_1, k,uj..., up).

Higher-dimensional automata

Throughout this paper, let X be an alphabet. A higher-dimensional automaton (HDA) over X is a tuple

Q=(P,I,F,2)

where P is a precubical set, I € Py is a vertex, called the initial state, F C Pp is a (possibly empty) set of final states,
and A: Py — X is a map, called the labeling function, such that A(d?x) = A(d}x) for all x € P and i € {1, 2} [8]. Higher-
dimensional automata form a category, in which a morphism from an HDA Q = (P, I, F, 1) to an HDA Q' = (P',I', F', X)) is
a morphism of precubical sets f: P — P’ such that f(I) =1, f(F) C F’, and A'(f(x)) = A(x) for all x € Py.
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3. The precubical set of permutations

It is well known that the family of symmetric groups can be given the structure of a skew-simplicial or crossed simplicial
group [3,12]. This implies that it also can be given the structure of a precubical set. In this section, we describe this structure
and prove a number of basic facts about it. Recall that the symmetric group S, is the set of permutations of {1,...,n} with
composition as multiplication. Here we understand that {1,...,0} = and that Sy = {idy}.

The maps |i and *1i

For an integer i, we define the maps |i and 4i on integers by

m¥i = =7 and mh={" .V
m—1, m>i m+1, m>i.

Note that m"¥i =m and, for m i, m¥i" = m. Note also that for i < j,

m, m<i,
mbi—mdi=1 =t m_1, i<m<j,
m—2, m>j.

We remark that the maps |i and 1i are used to define the coface and codegeneracy maps in the simplex category, which
plays an important role in the theory of simplicial sets (see, e.g., [7,13]).

The face maps of S
Forn>1,0€S,,ie{l,...,n}, and k € {0, 1}, we define the permutation di.‘e € Sp—1 (using one-line notation) by
" . ) 1. . 1. . )
do = @MY oY - 00 i) - DY 0T + DY - amY.

Thus, d*6(j) =61 @) and, more explicitly,

03j), i< 9*1(1'), 0(j) <1,
o e -1, <67, 6() > i,
GOD=V oG 11, =070, 0G+1) <i.

G+ =1, j=0713(), 0(j+1)>i.
Note that by definition, d?@ = d}@. We may therefore simplify the notation by setting
dig =d%0 =d}6.

By the next proposition, the face maps turn the graded set S into a precubical set. Although this precubical set has only one
vertex and one edge, it is very large: S, has n! elements. Computationally, each element of degree n > 2 may be interpreted
as representing a simultaneous execution of n copies of the action given by the only element of S.

Proposition 3.1. For 1 <i < j <n,d;d;j0 =d;_1d;6.

Proof. Set
i 67 <671, i 6 <671,
‘ij, o1y =01y M S‘ii, 6=(0) > 67 (j).

Since it/ =i, we have i =09~ (i))¥/ and therefore
didj6 =d; (@)Y - 007 () —DY 00O (H+DY - omY)
=@M e T - DY e )+ DYV
9(9—1(5)_1)i1ii 9(9—1(5)_|_1)¢J'¢i g(n)ijii)_
Since j¥ = j—1, we have j —1=0("1(j))* and therefore
dj_1dif =d;_1 (0¥ - 00710 — )Y 007 D+ DY - am)Y)
=@M 0T ) = DT e )+ DI
< 007 H(s) = DT 90 (s) + YT L gV,

Since m¥/H = m4iVi=1 we have didj0 =dj_1d;6. O
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Being a group in each degree, the precubical set S is also an algebraic object. Regarding the compatibility of the precu-
bical and the algebraic structures of S, we have the following proposition:

Proposition 3.2. Letn > 1andi € {1,...,n}. Then

(1) diidg1,... oy =id1,.. .01
(2) di(o - 0) =dio -ds—1;y0 forall 0,0 € Sp;
(3) di®) ' =dg-14;,0~" forall 6 € Sp.

Proof. (1) follows immediately from the definition of d;idyq,... n}.
(2) Let je{1,...,n—1}. Since j107 @70 £ 9=1(5=1(i)), we have (j1"' @ ') £ 5=1(i) and therefore
107 (o (o T Do T (W) g i10T (0T (0)
0(j 1(s—1 ) 1 1 o(j 1(p—1 ).
Hence
—djo (0(j107 @ Wylo D)y
— U(@(jwfl(Gfl(i)))ifffl(i)Tff*l(i))li
—o(p(jt @y
= (o .9)(jT(0‘9)71(i))U
=di(o - 0)(j)-
(3) By (1) and (2),

Permutations and face conditions

We will show in Proposition 3.4 below that if two permutations of the same degree have a common face, there exists a
permutation that has both of them as faces. The proof requires the following lemma:

Lemma 3.3. Consider permutations o,6 € S, (n > 1), and leti € {1, ..., n} such that dio = d;0 and o~ (i) =6~ 1(i). Then o = 6.
Proof. By definition,

dic =@M - o@ ) -D o@ O+ DY - o
and

did =@M - 007 - DY @) + DY - amt).

Since dio =d;f and o ~1(i) =6~1(i), we have o (j)*' =0(j)* for all j # o ~1(i)=071(i). For these j, o (j) #i#6(j) and
therefore o (j) = o (j)¥'1 = 0(j)¥1 = 0(j). Since o (o ~1(i)) =i =08~ (i), we have o (j) =0(j) forall je{1,...,n}. O

Proposition 3.4. Consider permutations o, B € Sp (n > 1), and let r < s be integers such that d,o = ds. Then there exists a per-

mutation 6 € Sy, such that d.0 = B and ds 10 = o If a1 (r) < B~1(s), & may be chosen such that 61 (r) < 6~ 1(s + 1). If
a~1(r) = B~1(s), 6 may be chosen such that 6=1(r) > 6~ 1(s + 1).

Proof. (i) Suppose that oo~1(r) < 8~1(s). Set

0=@MD" - g '®-D"r g ten™ - pm™.
Then d.60 = B. Since r <s+1,

dydsy160 = dsd6 = dsf = dyar.
Since = (r) < B~1(s), we have @~ 1(r) =60~ (r) <6~ (s + 1) and therefore

(ds10) 7' () =dg-1(s41y0 ') =0"" (N ="' ().
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By Lemma 3.3, it follows that ds4 16 = «.
(i) If @~ 1(r) = B~1(s), a similar argument shows that

0= a7 - DT s+ 1 aB )T e

has the required properties. O

Cubical identities and permutations

The cubical identities d{,‘d’j = d’j_1di.< of precubical sets can be generalized using permutations. This is done after the next
lemma.

Lemma 3.5. Consider a permutation § € S, (n > 2), and let 1 <i < j < n. If dp(j0(i) < 6(j), then dp(;6(i) = (i) and
do0(j — 1) =0(j) — 1. Else dg(j»0 (i) =0(i) — 1 and dg;y0 (j — 1) = 6(j).

Proof. We will suppose that dg(;,6 (i) < 6(j). The other case is analogous. Since i < j = 0~-1(6(j)), we have dg(j0 (i) =0(i) or
dg(j0 (i) =0 (i) — 1. If we had dy ;0 (i) = 6(i) — 1, we would have 0(i) > 6(j) and thus dy ;0 (i) > 6(j). Hence dg(;,6 (i) = 0(i).
Since j—1>i=0"10(@) and 0(j —1+1) =6(j) > do(j0 (i) = 0(i), we have dg0(j —1)=0(j) —1. O

Proposition 3.6. Let P be a precubical set,and letn >2,1<i< j<n,k,1€{0,1}, x € Py, and 6 € S,,. Then

: k 1 _ Al k .
(1) i, 00 %)% = Dy 0G-1) %60 %
.e k 1 _ Al k

(i) dig.6y-11) %91 ()% = Dgi0)-1 -1y Bo-1 )
Proof. (i) If dg(;,6 (i) < 0(j), then, by Lemma 3.5,

k l _ 4l k _ 4l k
aoiio %X = dacj—19d, 0% = Ddy0(-1)Fa ) X-
If dg(;y0(i) > 6(j), then, again by Lemma 3.5,

1 k ol k _ gk 1
day (-1 30X = o dd, 0 6)+1% = ddy 5 0000y X-

dk

d 10X = d

(ii) By Proposition 3.2 and (i), d¥ d

—_ Ak
d;6)~1(0) =44

I I _ 4l I k
61 * =, 010 %01 (¥ = a0 671G do-1-ne1@p* B
Remark 3.7. By Proposition 3.6, one may consider a second structure of precubical set on S where the face maps are defined

by 3,."9 =dp(i)0. By Proposition 3.2, the map 6 — 6~ is an isomorphism between the two precubical sets of permutations.

4. Symmetric precubical sets and HDAs

A symmetric HDA is an HDA with symmetric underlying precubical set. Intuitively, this means that the independence
or concurrency of n actions is modeled not by just one n-cube but by one n-cube for each permutation of the actions.
Symmetric precubical sets are usually defined as presheaves on a suitable category of cubes (see, e.g., [6,9]). Here we define
them equivalently as precubical sets with a crossed action of the precubical set S consisting of the symmetric groups. We
also define free symmetric precubical sets and HDAs, which are central to our work in the following sections.

Crossed actions

A crossed action of S on a precubical set P is a morphism of graded sets S x P — P, (8, x) — 6 - x satisfying the following
three conditions:

1. For all n>0 and x € P,,
id-x=x.
2. Foralln>0,0,0 €S, and x € Py,

(0-0)-x=0-(0-X).
3.Foralln>1,60€eS,,xeP,,ie{l,...,n}, and k €{0, 1},

K i
di (6 -x)=d;0 - dg,l(i)x.
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The terminology reflects an analogy with actions of crossed simplicial groups [3]. The multiplication S x S — S is a crossed
action of S on itself. An example of a precubical set that does not admit a crossed action of S is the precubical square
consisting of a 2-cube x and its edges and vertices. Indeed, if the precubical square admitted a crossed action of S, one
would have 7 - x = x for the transposition T = (2 1) because x is the only element of degree 2. But then one would also
have

dx=d%t -x)=dit-d°_, , x=id - dIx = dx

T1(D)

which is not the case.
Symmetric precubical sets

A symmetric precubical set is a precubical set P equipped with a crossed action of S on P. For example, S is a symmetric
precubical set with respect to the multiplication S x S — S. On the other hand, as we have seen above, the precubical
square cannot be given the structure of a symmetric precubical set.

Symmetric precubical sets form a category, in which the morphisms are morphisms of precubical sets that are compatible
with the crossed actions. We remark that the category of symmetric precubical sets is isomorphic to the presheaf category
set™s” where Os is the subcategory of the category of topological spaces whose objects are the standard n-cubes [0, 1]" (n >
0) and whose morphisms are composites of the coface maps 6,1‘ defined in Section 2 and the permutation maps tg: [0, 1]" —
[0,1]" (n>0, 6 € Sy) given by to(uy, ..., up) = (Ueq) - -, Uom))-

Recall that the ith starting edge of a cube x of degree n> 1 of a precubical set is the edge e;x=d9---d?_;d? , ---djx.
For the starting edges of cubes in a symmetric precubical set, we have the following formula:

Proposition 4.1. Let P be a symmetric precubical set, and let x € P,, and 6 € S, (n > 1). Then for each i € {1,...,n}, e;(6 - x) =
€g—1 (i)X.

Proof. We proceed by induction. For n = 1, there is nothing to show. If n =2,

e -x)= dg_i(e -x) =d3_;0 - dg,la_i)x =id- dg,la_i)x =eg-13j)X.

The last two equalities hold because S = {id} and {1,2}\ {6~'()} = {613 —i)}.
Suppose that n > 2. Consider first the case i < n. By the inductive hypothesis,

ei(6 - x) = eidy (0 - x) = e;(dnf - dg 1 X) = €(g,0) 1) dg1 gy X-
Since i <n,

0-1(i), 011 <071 (),

. N .
(@)™ (1) =dp1 ) (l)_{e‘](i)—l, 60=1(0) > 6~ ().

Hence

0
e,' (9 . X) == e(dne)—l(i)dg—l (H)X

- eo-1ydg1 X 07 (D <071 (),
69—1(i>_1d2_1(,1)x, 67131 > 67 1(n)

0 0 0 0 0 1y 1
= do ) 671~ 1d9 1+ e édO w0 1(’)<9 1(n),
dicdg gy g da gy x0TI =07 M)
_ A0 0 0 0
=d; "'dG*](i)f1d9*1(i)+] - dOx
=€971(i)x.

Suppose now that i =n. By the inductive hypothesis,

en(6 - x) =en_1dy_1(6-x)
=ep—1(dp—106 - dgfl(n—l)x)

_ 0

=e(d,_10)- (-1 41 (n_1)X-

We have
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dn10)'n—1) =dg1_1)0 (1 —1)

e, 07T <6 T —1),
1l -1, ') >60"1n—1).

Hence

0
en(0 - X) =€, 1671 n-1)g-1(n_1)X

ety 1y 67 M <67 (=1,
egfl(n),ldg,l(n_”x, 0~ 1) >6"1n-1)

= 69—1 (n)x. O
Free symmetric precubical sets

Let P be a precubical set. The free symmetric precubical set generated by P is the symmetric precubical set SP defined by

e SPp=5,x Py (n>0);
o di(6.)=(dif.dj_,;x) M=1.0€Sn.x€Pn.1<i<nke{0,1);
e 0-(0,X)=(0-0,x) (n>0,0,0¢€Sy,xe Py).

The fact that SP is a symmetric precubical set follows from Propositions 3.2 and 3.6. Indeed, by Proposition 3.6, for i < j,

k 4l k !
did;(0.x) =d{(dj6.d, ;X)
k I
= (didj0.d g 9,15 dp-1(jyX)
I !
= (dj-10i6. d(g )11y dp-1 )
I k
= dj_] (diev de—l (,‘)X)
=d;_,df(0.x).
Moreover, by Proposition 3.2,
k k
di(o - (0,%)=d;j(0-6,x)
k
= (di(0 - 0),d(; 5 13)%)
= (diO’ . da—l(i)e, dgq (a—l(,'))x)

K
=d;o - (dg—l(i)ev défl(afl(i))x)

=dio -d’;_l(i)(e,x).

The free symmetric precubical set is functorial. Given a morphism of precubical set f: P — Q, Sf: SP — SQ is the
graded map defined by (0, x) — (8, f(x)). The free symmetric precubical set SP is freely generated by the precubical set P
in the same sense as a free abelian group is freely generated by a basis: it has the universal property that every morphism
of symmetric precubical sets SP — Z is determined by what it is doing on the basis precubical set P. More formally, we
have the following proposition:

Proposition 4.2. The functor S from the category of precubical sets to the category of symmetric precubical sets is left adjoint to the
forgetful functor.

Proof. Let P be a precubical set, and let Z be a symmetric precubical set. The adjunct of a morphism of precubical sets
f: P — Z is the morphism of symmetric precubical sets f: SP — Z given by f(#,x) =60 - f(x). The adjunct of a morphism

of symmetric precubical sets g: SP — Z is the morphism of precubical sets §: P — Z given by g(x) = g(id,x). O

The starting edges of cubes in a free symmetric precubical set are related as follows to the starting edges of cubes in the
generating precubical set:

Proposition 4.3. Let P be a precubical set, and let (6, x) € SPn (n > 1). Then for eachi € {1, ..., n}, €i(8, x) = (id, eg-1;X).
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Proof. By Proposition 4.1,
ei(0,x) =ei(0 - (id, x)) = eg-1; (id, X).

A simple inductive argument shows that dif; dfr’ (id, x) = (id, dﬁ] ~~~df:x). In particular, ej(id, x) = (id, e;x). Thus, e;(8,x) =
(ld, 69—] (,-)X). O

Symmetric HDAs

A symmetric HDA is an HDA Q = (P, I, F, 1) equipped with a crossed action of S on P. Symmetric HDAs form a category,
in which the morphisms are morphisms of HDAs that also are morphisms of symmetric precubical sets. The free symmetric
HDA generated by an HDA Q = (P, I, F, 1) is the symmetric HDA SO = (SP, (id, I), So x F, u) where u(id, x) = A(x) (x € P1)
and the crossed action is the one of SP. The difference between the HDAs Q and SQ lies in the higher-dimensional
structure: for each n-cube x in Q, there exist n! n-cubes in SQ, all representing the independence of the same n actions as
X. The assignment Q — SQ defines a functor from the category of HDAs to the category of symmetric HDAs, which is left
adjoint to the forgetful functor.

5. Cube paths

Throughout this section, let @ = (P, I, F, 1) denote an HDA. A cube path in Q is a sequence of cubes and face maps

dA ko ks km

n:xolx]ixZﬁ...ﬂxm

such that xo = I and the following conditions hold for all j € {1,...,m} (cf. [8]):

J
23 kp=j
p=1
e Xx;eP j
=23 kp
p=1
j—kj
eije{l,....j—kj—23% kp}
p=1

kj
) dij Xj—kj = Xj—1+k;

By the last condition, after the initial state, each cube in a cube path either is a face of its predecessor or has its predecessor
as a face. The role of the first three conditions is to guarantee that the last condition makes sense. For the second condition
to be meaningful, the first has to hold. Note that the first condition implies that k; =0 and hence that j —kj e {1,...,m}
for all j. Given the second condition, it is clear that the third has to be fulfilled. The second condition can be understood as
follows: A cube path starts in the initial state, which has degree 0. At each subsequent cube, the degree either increases or
decreases by 1. So if at xj, the degree has decreased r times and increased j —r times, x; must have degree j — 2r. Since

J
the degree decreases at x, exactly when k, =1, we have r = 21 kp.
p:
g s fm
Given a cube path 7w = xg—1x1 —2xp, = ... “mx,. we refer to m as the length of = and write end(r) for x,;,. We write
7 — 7’ if w extends to a cube path 7’. A cube path in Q represents a partial execution of the concurrent system modeled
by Q. An example of a cube path is indicated by the thick arrows in the following very simple HDA:

If the 2-cube in this HDA is x, with dgx the upper horizontal edge and d}x the right vertical edge, the depicted cube path is
0 0 1
d%a9x L a9x 2 x gl x,
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booge s g
The split trace of a cube path 7w = xg-1x; —2x,—= ... - x. is the sequence

split-trace(r) = (A (ej; X1—k,)> k1), - . ., (A (@i Xm—k,,)> Km))

(see [8]). The split trace is the sequence of actions starting (with second component 0) and terminating (with second
component 1) along the cube path. The split trace of the cube path in the example above is the sequence

(@, 0), (b, 0), (a,1)).

This cube path describes thus an (incomplete) execution of the system modeled by the HDA where first a starts, then b
starts, and finally a terminates.

Definition 5.1 ([8]). Two cube paths

&1 4R km a1 a2 am
iq in i 1 dr2 dy
T =Xg—-X1—%~ - X and y—yo_yl__my

of the same length m > 2 are said to be ¢-adjacent (1 <{ <m), denoted 7 & y,ifxj=yjforall j#4¢ kj=qjandij=r;
for all j#¢, ¢4 1, and one of the following conditions holds:

(1) ke =qev1 =ker1 =qe=0and ig=rep1 <igp1=r¢+1
(i) q¢ =ker1 =qer1=k¢=0and rg =igy1 <Tgp1 =i¢+1
(iii) ke =qe+1 =0, key1 =qe=1,and ig =rp41 <ig1=T¢ + 1
(iv) q¢ =ke+1 =0, qer1 =ke=1,and rp =igy1 <rep1=1ig+1

V) ke=qer1=0,kep1=qe=1,and ig =rg1 +1> i1 =1y
(vi) e =ke+1 =0, qey1 =ke=1,and ry =igp1 + 1> 1011 =1¢

(vii) ke =qer1 =kep1 =qe=1and ig =rp41 + 1> ig11 =Ty
(viii) q¢ =ker1 =qer1 =ke=1and rp =igp1 +1>T1e41 =1y

For example, the cube path considered above and the cube path
0 1 0
d%a9x L d0x L dl d0x Ll x
with split trace ((a,0), (a, 1), (b,0)) are 2-adjacent, satisfying condition (v). Note that ¢-adjacency is defined in [8] in a

symmetric way using four conditions corresponding to our conditions (i), (vii), (iii), and (v). Applying these conditions to
both paths, one obtains the eight conditions above.

Cube paths in SO and the map ¢

Consider a cube path
’_‘1 "‘2 Ifm
7 = (0o, X0) == (61, X1) —% - - - =™ (O, Xim)

in SQ. Then, depending on the value of k;, either (8}, x;) is a face of (8;_1,xj_1) or vice versa. Therefore also either x; is a
face of xj_q or vice versa, which suggests that 7 induces a cube path in Q. This indeed turns out to be the case: we may
define the cube path induced by m by setting

k1 ko

=l Gy Gl Gy d:Tl (im)
_ 1 —k, 12 im
Let us check that ¢ () satisfies the conditions to be a cube path in Q. Since (6p, Xo) = (id, I), we have xy = I. Since for all
j J—kj
je{l,...om}, 23 ky <j, (6j,x) €S i xP i wdje{l,...,j—kj—2 > kp} and
p=1 =23 kp j=2 > kp p=1
p=1 p=1
d: 0; dkj . _dkf 0: . = (9; ,
( 1j jfkjw Oj—lk(lj)xjfk]) - lj ( jfkjs X]*kj) - ( ]71+kj7xj7]+kj)»
—J
J—kj
we also have for all j e {1,...,m}, x; € P Oj—k; €S ki Gj’jkj(ij) ef{l,....,j—kj—2> kp}, and
J=2 3 kp j—kj=2 Y kp p=1
p=1 p=1
dl(;j.;lk (ij)xj*"i =Xj-1+k;- Hence ¢ (1) is indeed a cube path in Q.
ik

The map ¢ will play a fundamental role in the proof of our main result in the next section. The remainder of this section
is devoted to the behavior of ¢ with respect to adjacency.
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Proposition 5.2. Consider cube paths

di d2?  ghm
7 = (0o, X0) = (01, X1) =% - - - =2 (O, Xm)

and

92 qm

dr 2 g
y = (00, Yo)—+ (01, y1) =% -+ "™ (Om, Ym)

in SQ such that <£> y.Then ¢ () <£> dY).

Proof. By our hypothesis, (0}, xj) = (0, y;) for all j#¢, kj=q;j and ij=r; for all j#¢,£+ 1, and one of the conditions
of Definition 5.1 holds. In all cases, x; = y; for all j# ¢ and k; =q; and Gf_lkj (ij) = O’j:lqj (rj) for all j#¢£,£4 1. We will
suppose that condition 5.1(i) holds, i.e.,

k[ =(¢+1 :ke+1 =(q¢ = 0 and l'g =T¢+1 < l'[+1 =T¢+ 1.

The arguments in the remaining situations are analogous. We have

_ g0 — 0
(O, x) =dj, Ors1, Xe1) = (i, Oe41, d%l] (s 01
and therefore
0 (i0) = (@i 04~ () = dyr 002 G0
o5 G =0 (e, 0,1 Ge) <0, (iet),

B [ 0,160 —1=0 Y (e — 1, 613G > 0, (leg).

Since qey1 =0, (0¢, yo) =Y, (0041, Yerr) = (dr,,, 0011, d°

L Ye+1) =(di,00+1,d°_, . x¢41) and therefore
01 (Tet1) ¢

Oty Gio)
oy ) =i fe4) " e = D =dyor 00 (e — 1)

_ { O (e, Oy ) <0 o).
Opr1Cer1) — 1, 0, (eg1) > 0, (o).

If o, (res1) =0, (i) <6, (i¢41), we obtain
0, (i) =0 Y (revr) <0, (i) =07 (o) +1,

which shows that ¢ (1) and ¢ (y) satisfy condition 5.1(i). If ‘7/3111 (re+1) = 9/;31 (ig) > 9[431 (i¢+1), we obtain
o, ') =0, (1) <o o) =6, () + 1,

which shows that ¢ () and ¢ (y) satisfy condition 5.1(ii). Consequently, ¢ () & o(y). O

As a partial converse to Proposition 5.2, we have the following result:

Proposition 5.3. Consider cube paths

d’_‘l dk2 km
1 1 i
7T = (0o, X0) - (01, X1) == - - - =2 (Om, Xm)

and

gl ?2 d‘lm
y = (00, yo)—+(01, y1) =% -+ = (Om, Ym)

in SQ such that (6;,x;) = (0j,y;j) forall j# £, kj=qjandij=rjforall j#¢,£+ 1, and ¢ () N ¢(y).Then & Y.

Proof. Since the cube paths ¢(;r) and ¢(y) are ¢-adjacent, they satisfy one of the conditions of Definition 5.1. We will
suppose that condition (i) holds. The arguments in the remaining situations are analogous. So our hypothesis is that k, =
qeyr =kepr =qe=0and 0, ' (ip) = 0, (re1) < 07,4 (ie11) = 0, ' (re) + 1. We have
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re=00(0; (1)) = dro,, 004103 (Ges1) — 1)

—1 . . .
_ ) G101 (1)) =leg1, Tep1 <Tetrs
41— 1, ipr1>Tea

and

i0 =000, (i) =di,,, 004103 (res1)

1 .
_ { Op410, 1 (e1)) =Te1,  Tep1 <ligta,
ret1 — 1, To41 > ig41.

Hence either 1y =ip41 <r1¢41 =i¢+1 or ig =r¢y1 <igy1 =r¢+ 1, which shows that 7 and y satisfy either condition 5.1(ii)
. . ¢
or condition 5.1(i). Thus 7w <— y. O

The last result of this section is Proposition 5.5, which establishes an adjacency lifting property of ¢. For the proof, we
will need the following lemma:

km a1 42 qam
2 ...

4 dv :
Lemma 5.4. Consider cube paths w = (6g, X0) —L (61, X1) 2 - - - (O, X)) in SQ and p = yq diy1 2 ...2my.in Q such that

1G9 & p. Then

J
(i) forall je{l,....m}, 23 qp < j;
p=1
(ii) for j#¢, (05, y;) €SP ;
j-2 thhv
P

Jj—4q;
(iii) for j# £, 0+ 1,ije{l,....j—q; =2 > qp};
p=1

(iv) for j# €€+ 1,di Oj—q;. ¥i-q)) = Oj-11q;: Vi-14q))-

Proof Statement (i) follows because p is a cube path. Since ¢ () & p, we have k; =q; forall j#¢,£4+1 and x; = y; and

Z ky = Z qp for all j# £. Since 7 is a cube path, this implies (ii). Since j—qj=j—kj#£and j—1+q;=j—14+kj#L
p=1 p=1
for all j#¢,¢+ 1, (iii) and (iv) follow as well. O

k1 ka k q q
d: d; ~m ) drl rz qm
Proposition 5.5. Let 7 = (0g, Xg) —- (01, X1) —% - - - (6, Xm) be a cube path in SQ, and let p = yo—L+y1 % --- oy Ym be a cube

path in Q such that ¢ (7r) N p. Then there exists a cube path y in SQ such that ¢ (y) = p and N Y.

Proof. Since ¢ () N p, we have xj =y; for all j# ¢ and k; =q; for all j# ¢,£+ 1. By Proposition 5.3, it is therefore
enough to construct a cube path

q2 qm

— 00, y0 S (o1, y % . B8 (G, y)

such that o; =0; forall j#¢,sj=i; forall j#¢,£41, and ¢(y) = p. In order to start the construction of y, we set o = 6;
for j# ¢ and s; =1ij for j#¢,£4 1, as required. It is then clear that (00, yo) = (id, I). Moreover, since j—qj=j—kj #¢

for j #4¢, ¢+ 1, the fact that ¢ () N p implies that aj’_lqj (sj) = 1 k (ij) =rj for j#¢,£+ 1. Therefore, by Lemma 5.4, to

finish the construction of y, it remains to define the permutation oy € S~ ,  and to check that with s, = 0y_g, (r¢) and

=23 qp
p=1

Se+1 = Or1-qus; (Teg1), one has d¥f (0v—q,, Ye—q,) = (Oe—14q, Ye—1+q,) and dg-H (Ors1—qps1s Ver1-gons) = (Ottqrars Yeraesr)-
By our hypothesis, ¢(;r) and p satisfy one of the conditions of Definition 5.1. We will only consider conditions 5.1(i),

(iii), and (iv). In each of the remaining situations, the arguments are analogous to those used in one of these three cases.
Suppose first that ¢(w) and p satisfy condition 5.1(i). Then k; = q¢+1 = ke+1 = q¢ = 0 and 9[1(1';3) =T <

-1 . . . . .
01 ler1) =1+ 1. In this situation, we set oy = dg,,,(rp,1)004+1 = doyy1(res1)Te+1. SinCE Opy1 € S 1 and reyq €

+1-2 3" qp
p=1
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e+l
{1,...,£+1 —2p21 qp}, o¢ is a well-defined element of Sl , f o We compute d?m (Oe+1, Yer1) = d2l+](rl+])(ae+ls Yer1) =
= - P

p=1
(dai+](rl+])0'[+l,d,q[+1y[+]) = (o0y, y¢) and, using Proposition 3.6,

d? (o¢. ye) = ds,00.d ¥0) = (doyrp0e. d ye)

0 0

o (s0) o (o)
= (ddg/Z+1 (res) e 04001 (o) Oe15 d(r)e ye)

= (ddezﬂ(rz+1>91+1(re+1—1)d9z+1(re+l)95+l Y1)
= (dd9£+1(r£+1)95+1(r5+1)d9l+1 e+ Dbet1, Ye-1)

= (ddieﬂ

= (doy(rps1)005 Ye—1) = (di,0¢, Y1) = (0e—1, Ye—1) = (Te—1, Ye—1)-

Ops1(resn) Dipir 00415 Y1)

Suppose now that ¢ () and p satisfy condition 5.1(iii). Then ky = q¢+1 =0, key1 = q¢ = 1, and 0[1@) =Tp41 <
0[1(1'@“) =r¢+ 1. Set 0¢ =dg,,(r,4)0c+1. As before, o is a well-defined element of S( , i . Since rp > 11 = [1(1'[),
p=1 o
we have

Oe(re +1) =igy1, ig41 <1y,

Se=6p_1(r¢) =d;,0(r¢) =
¢ =00 =dicbere) {95(W+1)—1=ie+1—1, fgr1 > ig.

. —1,:
Since re4q1 <6, " (ig41), we have

O¢(re+1) = e, ig <igy1,

Seq1 =0p11(re41) =djp 0¢(res1) = . .
o Oe(re1) —1=ipg—1, ipg>ips1.

Thus either sy =iy11 <ig =Sgy1+ 1 0r ig =Sp41 <igy1 =S¢+ 1. In the first situation,

ds,0¢-1 =dj, 01 =dj,,,d;,00 =di,_1di, 00 =ds, 10011 =g, 1 (rpsr)00+1 = O¢.

In the second situation,

ds,0¢-1 =dj, ;1001 =dj,,,—1d;,0¢ =d;,dj, 00 = ds, 0011 =doy, (14 1) 001 = 0.

Hence dg, (0¢-1, ye-1) = (ds,0¢-1,d Ye-1) = (00.d},ye1) = (0¢, ye) and dY | (Oes1, YerD) =d) o, Ot Yer1) =

1

oy (se)

(Ao (res)Pe1. A7, Ver1) = (0¢. Vo).
Suppose finally that ¢ () and p satisfy condition 5.1(iv). Then k; =q¢4+1 =1, k¢11 =q¢=0,and r, = 92_4-11 (lg41) <Te41 =

0[_11 (i¢) + 1. We also assume that iy <igp4q1 and leave the analogous case iy > ig41 to the reader. Since d;,6,—1 =6, =

di,,10¢+1 and ee‘jl(ig) > 9[111(1'“1), Proposition 3.4 implies that there exists a permutation oy, €S ,; =S ¢ such
¢ =23 kp =23 qp
p=1 p=1

that d;, 00 = 6¢41, di£+1+104f =6y_1, and O'[l(l'z) > (I[l(l'/z+1 + 1). We have

re= 9[+11 (ie41) = (di,00) '(ig41) = d%—l(il)tf[l (ie+1) =0, Mg + 1)

and

Tey1 = 9[_11 (i) +1= (diz+1+1o'€)_l (i) +1= daz_1(,.m+l)o[] (i+1= U[l(ie)-

Hence s; = oy(r¢) = igr1 + 1 and sgpq = 0¢(re41) = ip. We therefore have d? (¢, y,) = d?MH (0, ye) = (i, 4100,

dgl—l(il+l+])yl) = (Oe-1,d7,y0) = (0e—1,ye-1) and dj, (0¢,yo) = d} (00, y0) = (diﬂe,diﬁ(mw) = Oe+1,dy,,,y0) =
(Oe41, Yer1). O
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6. Hereditary history-preserving bisimilarity

A hereditary history-preserving bisimulation between two HDAs is a relation R between their cube paths such that the
following conditions hold:

)

) If TRp and p & p’, then 3’ with 7w & 7 and 7'Rp’.

) If TRp and w — 7/, then 3p’ with p — p’ and 7'Rp’.

) If TRp and p — p/, then 37’ with m — 7" and 7'Rp’.

) If TRp, then end(7r) is a final state if and only if end(p) is a final state.
) If tRp and 7’/ — 7, then 3p’ with o’ — p and 7'Rp’.

) If 7Rp and p’ — p, then A7’ with 7’ — 7 and 7'Rp’.

Two HDAs are called hhp-bisimilar if there exists a hereditary history-preserving bisimulation between them. Hereditary
history-preserving bisimilarity has been introduced in [8], along with some weaker concepts of bisimilarity for HDAs. Further
notions of bisimilarity for HDAs can be found in [1,4].

The following theorem is the main result of this paper:

Theorem 6.1. Let O be an HDA. Then Q and S Q are hhp-bisimilar.
Proof. Consider the relation R on cube paths of SQ and Q defined by

TRp & p = (1),

where ¢ () is the cube path defined in Section 5. We show that R is a hereditary history-preserving bisimulation. Properties
(1), (5), (7), (8), and (9) are obvious. Property (3) follows from Proposition 5.2. Property (4) follows from Proposition 5.5. It
remains to establish properties (2) and (6).

(2) Let A and pw denote the labeling functions of Q and SO, respectively. By Proposition 4.3, we have

= split-trace(¢ (7)).
k
(6) Consider a cube path 7 in SQ, and suppose that ¢ (1) — p’. We may suppose that p’ = d)(n)d—ry; the general case
follows by induction. Let end(7r) = (@, x), and suppose that (6,x) € S, x Pn. Then end(¢ (7)) = x € P,. Suppose first that
k=1.Then y € Pp_1,7r€{1,...,n},and y :d}x. Since
dy sy 0, %) = (dor 0, dg 19, ¥) = (o0, ¥,

d} 1
we may extend 7 to 7w’/ = 40 (d;me, ¥). We then have ¢ (") = (m) &y = o', e, T'Rp’.
Suppose now that k=0. Then y € Pp4q, 7€ {1,...,n+ 1}, and x:d?y. Define o € Sp4+1 by

o=OEMM o™ .. o= 1o ... om™).
Then o~ 1(1) =r and

dio =@M o)™ ..o gr— DT o) L gm)T1) = 9.
Hence

(0, y) = (d10.d] 4 ;)y) = 0.d7y) = ©.%).

!/

0 0
We may therefore extend 7 to 7’ =nd—1(a, y). Since o~1(1) =r, we have ¢ (') =¢(n)dix= p', ie, T'Rp’.
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If one views symmetric HDAs as HDAs of a particular type, it is natural to define two symmetric HDAs to be hhp-
bisimilar if they are hhp-bisimilar as HDAs. From this point of view, symmetric HDAs are a priori at most as expressive
as ordinary HDAs. Since, by Theorem 6.1, every HDA is hhp-bisimilar to a symmetric one, symmetric HDAs are actually as
expressive as ordinary HDAs. The fact that symmetric HDAs are at least as expressive as ordinary HDAs can also be inferred
from the following corollary of Theorem 6.1:

Corollary 6.2. Two HDAs Q and Q' are hhp-bisimilar if and only if SQ and SQ' are hhp-bisimilar.
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