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Abstract 

The metric of type-N Robinson-Trautman space-times is generated by a real function P 
satisfying certain field equations. Canonical forms forP are obtained under the assumption 
that at least one curvature collineation exists. In order to give an example of the improper 
subgroup structure of a group of curvature collineations all the curvature collineations are 
determined for the space-times corresponding to one of the two canonical forms. 

w Introduction 

A vector field ~ is said to generate a curvature collineation [ 1 ] if  along the 
integral curves of  ~ the Riemann tensor remains invariant, i.e., if 

s R~t~,8 = 0 (1) 

where s denotes the Lie derivative along ~. The set of  linearly independent solu- 
tions ~ , . . . ,  ~ to the above equation form an r-parameter invariance group. For  

I r 
empty  space-times the Ricci tensor vanishes and equation (1) becomes 

s C ~ t ~  = 0 (2) 

This is an integrability condit ion for the equation 

s  = ~ g ~  (3) 

which defines a conformal mot ion  (q~ is a real function). Hence any field ~ satis- 
fying (3) also satisfies (2): a conformal mot ion of  an empty  space-time is a spe- 
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cial curvature collineation. Other special curvature collineations are homothetic 
and Killing motions, corresponding to ~b = const and r = 0, respectively. 

Following Ref. 2 a necessary condition for ~ to generate a curvature collinea- 
tion of an empty space-time is given by 

hap = �89 if the space-time is not of Petrov type N 

hap = �89162 + al~l~, if the space-time is of Petrov type N (4) 

( h ~  = Z g ~ )  

Here ~b and ot are real functions and l is the unique (in direction) principal vector 
of the Weyl tensor. Therefore the only empty space-times that can admit a proper 
curvature collineation, i.e., a collineation which does not satisfy (3), are of Petrov 
type N. The curvature collineations for the plane-fronted gravitational waves 
have been found by Collinson [2] and Mclntosh and Halford [3].2 The present 
authors have shown, by explicit calculation, that type-N empty space-times with 
twisting geodesic rays do not admit a proper curvature collination [4]. Hall [5] 
has also derived the result in an elegant manner, his method depending on the 
fact that the metric tensor of such space-times is uniquely determined (up to a 
constant scaling factor) by the curvature tensor [6]. Here the only other type-N 
empty space-times, namely, those having diverging hypersurface orthogonal geo- 
desic rays (Robinson-Trautman space-times [7]) are considered. 

With the coordinate functions (x 1 , x 2, x 3, x 4) -= (u, r, ~', ~') and the tetrad 
given in [8] and [9] the metric of the type-N Robinson-Trautman space-times 
can be written in terms of a real function P independent of r and satisfying the 
field equation 

UO = - 4 P  2 ~ ( logP)  a~a~ (5) 

where U ~ is a real function of u alone. The metric is invariant under the trans- 
formation 

u' = s(u), 

r '  : r i d  ~ (u)] -1 

~" = h (~'), 

Under this transformation 

\dul I 

ds l" l,~ = 

=(ds~-lna 
n'a ~du] 

dh dh -lma 
m'~ = ~ d~ 

uo{ds~2 
and U~ = ~du] 

2 Addit ional  work has been done by  Katzin and Levine [ 11 ] and Aichelburg [ 12 ]. 

(6) 
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In Section 2 the following is proved: 

Theorem. The type-N Robinson-Trautman space-times which admit at least 
one curvature collineation are characterized by the existence of appropriate co- 
ordinate systems in which the function P takes either the canonical form 

log e(u,  ~-, ~) = ~h,(u) + -(hi(u) (7) 

or the canonical form 

P(u, ~, "() = e G(u) ah(u + ~)-h(u + -() § bh(u + ~) + b-h(u + ~) + k 
[h'(u + ~)h'(u + ~-)] ,/2 (8) 

where a, b, k are constants, a and b being real, and h' = dh/d(u + ~), etc. In both 
cases the empty space field equations are satisfied. 

It is also shown in passing that 

Corollary. A conformal motion of a Robinson-Trautman type-N space-time 
is necessarily homothetic. 

This last result generalizes a result given in Ref. 10. In Section 3 the class of 
space times generated by P given by (7) is considered. All the curvature collinea- 
tions are determined for such space-times together with the (improper) sub- 
groups of Killing and homothetic motions. An example of the nonexistence of 
improper subgroups is given. 

w Canonical Forms for the Metric 

For the null tetrad referred to in the previous section, equations (2) and (5) 
give, after some simplification, 

D~I = 0 (9a) 

6~3 = -2a~a (9b) 

8~, = 0 (9c) 

D~2+A~l+f~a+6~a=2(la+3")~,-20~2+2a~a+2gt-~a (9e) 

D~3 = -P~a  (9f) 

~l A $ 4  - ~ a 8 5 4  + [ A ~ l  - D ~ 2  - 28~3 + 2~1 (/~ + 3') - P~2] $ 4  = 0 (9g)  

together with equations determining $ and a 

a = 2(A~2 - v~a- b-~-a) (9h) 

4~ = 2(D~2 + A~,) (9i) 
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Equations (9a-g) are now integrated to determine P under the assumption 
that at least one curvature collineation exists. The null tetrad components of the 
vector field ~ generating the collineation are also found. The last two equations 
than give the functions r and ~ for such a collineation. 

Equations (9a) and (9c) imply that gl is a function ofralone. From (9f) and 
(9b) the r dependence of gs is obtained: 

rF o 
~3- p (10) 

where fo  is an arbitrary function independent of r and ~-. The r dependence of 
~2 is obtained from (9 0 and used in (9g) to give 

~2 = - U ~  +g~ (11) 

where 

2(aF~ a~ 0F~  +/jl gO = ~1 + + a~- 

and 

a(logP) 
- - -  (~1r ~ + 2r 0 ~1 

au 

3(logP) 4 F  o a(logP) _ 4ff o a(logP) 
au a~- a~- 

aF ~ a(log P).] _ ~)~b4 ~ 
2 ~ + 2 F  ~ ~" J 2F~ a~ 

(12) 

=0  

(the dot denotes the derivative with respect to u). Equation (9d) then gives that 
F ~ is a function o f  ~ alone and also the equation 

ag~ + ~1 a2(l~ = 0 (14) 
a~ aua~- 

To complete the integration we assume that the space-time admits at least one 
curvature collineation, ~ being the corresponding vector field, and then use the 
transformation leaving the form of the metric invariant to adapt the null tetrad 
to the assumed collineation. As ~2 and ~3 depend on F ~ and ~1, these two func- 
tions have to be analyzed and several cases arise. 

Case 1. If ~x and F ~ vanish for all values o fu  and ~', respectively, then from 
(10), (11), and (12) it follows that ~1 = ~z = ~3 = 0, i.e., no curvature collinea- 
tion exists. 

Case 2. Suppose that F ~ vanishes for all values of ~" and 3u1:~1 (ul) =~ 0. 
As ~x has been assumed to be well behaved ~1 does not vanish in some neighbor- 
hood of u 1- In such a neighborhood equations (12) and (14) yield 
a 2 (log P)/aua~ = 0 and the space-time is fiat. 

Case 3. Suppose that ~1 vanishes for all values o fu  and 3~'1: F~ =~ 0. 
Again F ~ is assumed to be well behaved so that it does not vanish in some neigh- 
borhood of ~'1. Using (6) in that neighborhood it is possible to set F~ ") = i, the 

(13) 
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freedom left in the transformation being 

u = s(u), r -- r (u , = g" + const 

(15) 
ds =[ds~ -I m,~ =m e 

w i t h P '  =P(ds/du) -1 and U ~ = U~ 2. Asg  ~ is real, (14) gives t h a t g  ~ is a 
function o f u  alone. Integrating (12) with ~1 = 0 and F ~ = i gives 

log P(u, ~, ~) = (~ - ~) G(u) + log f(u, ~ + ~) (16) 

where G(u) = -g~ The field equation (6) becomes 

e-2(~'-~)GuO = - 4 f  2 32 ( l~  
3(~. + ~)2 (17) 

As U ~ and G are functions o f u  only, this equatign implies that either U~ = 0 
or U~ 4= 0 and G(u) = O. 

Suppose that U~ = 0. Then, from (17), 02(logf)/O(~" + ~-)2 = 0 and 
logf (u ,  ~, ~) = (~ + ~)f l  (u) +f2(u), where f l  and f2 are real functions of  u. Sub- 
stituting into (2) yields 

log P(u,  ~', ~)  = ~hl(u) + ~'hl(u) (18) 

the transformation (15) having been used to set f2(u)  = 0. The freedom left in 
the transformation is now u '  = u + const, ~" = ~" + const. With this form forP ,  it 
is found that ~4 ~ = -8p2hl  h~. Therefore the condition for the space time to be 
nonflat is hi (u) 4= 0. With the previous results equation (13) is found to be iden- 
tically satisfied so that (18) gives a canonical form for the function P generating 
the metric of  type-N Robinson-Trautman space-time admitting at least one cur- 
vature collineation. It is important  to stress that P satisfies the empty  space field 
equations. The null tetrad components of  the vector field ~ are obtained from 
(10), (11), and (12), are given by 

gl =0 ,  ~2 = 4i(hl  - ha)r, ~a =ir/P 

Equations (9h) and (9i) then give 

~b = 8 i (h l  - h i )  and a = 4i(/~1 - / z l ) r  (19) 

The condition for a to be nonzero, i.e., for the collineation to be a proper one, 
is E 1 (U) - ]~1 (U) ~ 0. 

Suppose that U~ --/= O. Then G(u) = 0 and from (16) the coordinate 
~" - ~-is cyclic. Therefore ~ is a Killing vector, i.e., no proper collineation exists. 

Case 4. Suppose that ~1 (ul)  ~ 0 and F~ 4 :0  for some value ua and fa 
of  u and ~', respectively. As in the previous cases it is possible to find neighbor- 
hoods o f u i  and ~'1 in which ~l and F ~ do not vanish. Considering the points 
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with coordinates u and ~" in such neighborhoods the transformation (7) can be 
used to set ~a (u) = 1 and F~ ") = �89 The freedom left in the transformation is 
u' = u + const, ~" = ~" + const. Equations (12) and (14) yield 

02 (log P) a 2 (log P)  02 (log P)  
- 0  

The general form for the function P satisfying this equation is 

P(u, ~, ( )  = emU)f(u + ~ , .  + -() 

with G and f real functions. The field equation (6) is satisfied provided that 

f2  32(l~ = k 

0(u + ~ )a( .  + ~-) 
where k is a real constant. Therefore f i s  given by 

f ( u  + ~, u + ~) = ah(u + f ) h (u  + ~) + bh(u + ~) + bh(u + -~) + k 

[h'(u + ~) fi'(u + ~)l 1/2 

With the previous results the remaining equation (13) is found to be identically 
satisfied, k r 0 being the condition for the space-time to be nonflat. Therefore 
the function P given by 

P(u, ~,-~) = e c(u) ah(u + ~)fi(u + ~) + -bh(u + ~) + bfi(u + "() + k 
Ih'(u + ~)h'(u + ~-)11/2 

generates a subclass of type-N Robinson-Trautman space-times admitting at least 
one curvature collineation. The vector field ~ associated with the collineation has 
null tetrad components given by 

~ 1 = 1  

~2 = 4ke 2a + G - ahh' + ahh' + bh' + bh' + 1 h" 1 -h" 
a h h + b h + b - h + k  2 h' 2 h' 

r 
~3 = 2P 

The functions r and a are obtained from (9h) and (90. After some simplification 
they become 

q~ = 4G and a = 2G"r  (20) 

Therefore, provided that G is not a constant function, the collineation is a 
proper one. 

Under the assumption that one curvature collineation exists, from (19) and 
(20) we conclude that if ~ = 0 then ~ is necessarily constant. If more than one 
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collineation exists then the tetrad can be adapted arbitrarily to any of the col- 
lineations so that for the space-times being considered a conformal motion is 
necessarily homothetic, as stated in the corollary in Section 1. 

w The Group of  Curvature Collineations 

We now consider the subclass of space-times characterized by the existence 
of a coordinate system in which the function P generating the metric takes the 
form given in (18), namely, 

log P(u, ~', ~) = ~'hl(U) + ~hl (u) 

Solving equations (9a-9g) with P given above all the collineations admitted by 
such space-times are obtained. The results of the previous sections are used to 
determine the null tetrad components of the curvature collineation vectors in 
the form 

~1 = 2alh11/~l 

~2 = (~1 + ~1 (~'/~1 + ~hl) - 4F~  - 4F~ + 2 F ~  2F~  r 

where 

~a = rF~ 

(21) 

(22) 

(23) 

F~  = al ~ + a2 (24) 

Here al and a2 are complex constants of integration and al satisfies the condition 

hl/~1 
~-1 = h l h l  a~ (25) 

This condition implies that either hlhl/-hl hi is constant or al = 0. The two cor- 
responding cases are now considered separately. 

Case L Suppose that 

hi hi = e2ek (26) 
filh; 

where k is a real constant. Then, from (25) it follows that 

a 1 = t i e  - i k  

ha[ h 1 = eikR (27) 

where rl is a real constant and R is a real function o fu  alone. Substituting these 
results into (21)-(24) three linearly independent curvature collineation vectors 
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generated by the real constants 

i i 
r~, r~ = ~ ( a ~  + ~ ) ,  r3 = ~- (~ - a~)  (28) 

are obtained, namely, 

re- ik~ 
~1 = 2 R ,  ~2 = r [ - 2 e - i k h l ~  - 2ei1'hl  ~+  2 R  + 2(e ik + e - i k ) ] ,  ~3 - p 
1 1 1 

r/ 
~1 = 0, ~2 = 4 i (h l  - h l ) r  ~3 = -fi 
2 2 2 

r 

3 3 3 

From equations (9h, i) we then obtain 

= 4 h ( 2 R  + e itr + e -itc) - 8 a 2 h l  - 8a2hl  (29) 

a = 4 ( r lR  - a2/~1 - ff2hl)r  (30) 

Case IL Suppose that h l h l / h l [ h  is not constant so that al  must be zero. 
From (21)- (24)  it follows that 

~i = 0, ~2 = - 4 r ( a 2 h l  + k-~hl), ~a = a2r lP  

Two curvature collineations are generated by the complex constant a2, the cor- 
responding vectors being ~ and ~ of  case I. From equations (9h, i) we then obtain 

2 3 

= - 8 a 2 h l  - 8ff~hl (31) 

a = -4(a2/~1 + f f2hl ) r  (32) 

w l m p r o p e r  Subgroups  

The existence of  improper subgroups of  the group of curvature collineations 
referred to in the previous section depends on the functions q~ and a, the condi- 
tions for a homothetic mot ion and for a Killing motion being a = 0 and q~ = 0, 
respectively. The two cases considered above are now analyzed separately. 

Case 1. From (29) and (30) it follows that the conditions for the existence 
of homothetic and Killing motions are 

rl/~ - a2/~1 - ff2hl = 0 (33) 

and 

h (2 /~  + eik + e -ilr - 2a2hx - 2ff2hl = 0 (34) 



CURVATURE COLLINEATIONS 669 

respectively. The functions h~ and R for which these equations can be satisfied 
determine those space-times admitting improper subgroups of  the group of cur- 
vature collineation. Two cases arise when (33) is solved: 

(A) Suppose that /~(u) = 0 so that R(u)  = kl u + k2 with kl and k2 arbitrary 
real constants. Then, from (33), q2 ---.a-2 hi [hi. 

(A-I)  Suppose that ( d / d u ) ( h l / h l )  4 = 0 in which case it follows from (28) that 
we must have k 4: 0. Then a2 = 0 and ~ is found to generate a one-parameter sub- 

1 
group of  homothetic  motions.  The additional condition kl  = - �89  ik + e - ik)  is 
the condition for ~ to generate a subgroup of Killing motions, as obtained using 

1 
equation (34). 

(A-2) Suppose that (d /du) (h l / l~ l )  = 0, in which case k = 0. An integration 
with respect to u gives h'l 1/~1 = e 2ik3 (k3 is an arbitrary real constant). Then 
ct 2 = e2ik3"a2 and the vectors ~ and ~ cos ka - ~ sin k3 are found to generate a 

1 2 3 

two-parameter subgroup of homothetic motions. From (34) it follows that if 
kl = - 1 those two vectors generate a subgroup of Killing motions and that more 
generally ~ cos ka - ~ sin ka generates a one-parameter subgroup of Killing 

2 3 
motions. 3 

(B) We now assume that /~(u)  4: 0. From equation (33) we obtain 

(35) 

after dividing by/~ (u) and different!ating with respect to u. 
(B-l) Suppose that ( d / d u ) ( h l l R )  = 0, in which case k = 0. Integrating twice 

givesR = kl  + hl lCl ,  with cl a complex constant of  integration and k~ a real con- 
stant of  integration. Then rl = cla2 + b-1 b-2 and the vectors i(cl  - FI) ~ + ~ and 

1 3 

(cl + c-1)~ + ~ are found to generate a two parameter subgroup of  homothetic 
1 2 

motions. From (34) we can conclude that ifk~ = -1 those two vectors gen- 
erate a two-parameter subgroup of  Killing motions and that more generally 
�89 - c l )  ~ + �89 + b-l) ~ generates a one-parameter subgroup of Killing motions. 

2 3 
(B-2) Suppose that (d/du)(h~lR) ~ O. Then, from (35) 

(d /du) (  h~/R ) _ 
a2 = (d /du ) ( t~ l /~ )  a2 (36) 

Two cases can be considered separately. 

3Any r-parameter group of homothetic motions must admit an r - 1 parameter subgroup of 
Killing motions. 
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(B-2-i) Suppose that 

Then 

VAZ AND COLLINSON 

[ (d ldu ) (h , IR)  j -- o du 

(dldu)( ,liT ) _ 
(d ldu)(  ) 

where ka is a real constant, and a2 = ir4 eik3 (#'4 is an arbitrary real constant). In- 
tegrating with respect to u twice yields 

ik4R = e-ik3hl - eik3ha + iks 

where k4 and ks are real constants of integration. Then rl = k4r4 and the vector 
-k4 ~ + ~ cos k3 - ~ sin ka is found to generate a one-parameter subgroup of 

1 2 3 

homothetic motions. From (34) we obtain that k s = - �89 ik + e -ik) is the con- 
dition for this vector to generate a one-parameter subgroup of  Killing motions. 

(B-2-ii) Finally, if 

+ o 
du L(d /du) (h l /R  ) J 

from (36) it follows that a2 = a2 = 0. This case is of interest in that no improper 
subgroup of the three-parameter group of  curvature collineations exists. 

Case 11. From (31) and (32) it follows that, in this case, the equations giv- 
ing the conditions for the existence of  homothetic and Killing motions are 

a2/~1 + ff2hl : 0 (37) 

and 

a~ha + ff2hl = 0 (38) 

respectively. The first equation is used to write 

a2 = -Y2hll/~a (39) 

Two cases can now arise. 
(A) Suppose that (d/du)(ha/l~l) ~ O. Then, from (39), a2 = if2 = 0 and the 

group of curvature collineations does not admit any ~mproper subgroup. 
(B) Suppose that (d/du)(ha/l~a) = 0 so that halhl = e 2ikl, kl  being an arbi- 

trary real constant. Substituting into (39) yields a2 = ir4e ik~, with r 4 an arbitrary 
real constant. The real constants r2 and ra, as defined in the previous section, be- 
come r2 = r4 cos kl and r3 = -r4 sin kl.  The vector ~ cos kl - ~ sin kl in general 

2 3 
generates a one-parameter subgroup of  homothetic motions. From these results, 
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together  with (38), it is found  that  in this case no improper  subgroup of  Killing 
mot ions  can exist. 
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