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1 Introduction

The Standard Model (SM) of particle physics has turned out to be highly successful in
describing phenomena from low energies up to the TeV scale. The Higgs boson, which was
discovered in 2012 [1, 2] has been the last missing particle predicted by the SM. After this
discovery, the particle physics community is eager to discover new phenomena that would imply
physics beyond the SM. This expectation rests mainly on two pillars with strong experimental



support: the observation of non-baryonic dark matter as well as neutrino masses and neutrino
oscillations. The elementary particle responsible for dark matter would be neutral and stable
and, to be consistent with structure formation, it must behave as cold dark matter.

A model, addressing both problems, is the so-called scotogenic model [3, 4]. This model
features three neutral fermions and an additional scalar SU(2), doublet beside the usual SM
particles. It is assumed that all additional particles are odd with respect to a postulated Zs
symmetry in contrast to the SM particles which are even. In this way, one obtains a dark
matter (DM) candidate and neutrino masses are generated at the one-loop level. After the
first works on minimal scotogenic realisation [4-8], more complex models have emerged in
recent years, studied mainly at the level of dark matter phenomenology and lepton flavour
violating (LFV) observables [5, 9-13] but also for studies of future colliders, e.g. a muon
collider [14]. In ref. [15] a systematic classification of scotogenic models has been presented.
One of these models received particular attention [16, 17], the so-called ‘T'1-2-A’ model,
where the SM is extended by a scalar doublet, a scalar singlet, a fermionic Dirac doublet,
and a fermionic singlet. There was also the hope that this model could also explain possible
deviations in the anomalous magnetic moment of the muon a, [18-20]. However, it has
then been shown in ref. [21] that one needs an additional singlet fermion to consistently
explain DM, neutrino data and a, while at the same time being consistent with bounds
from the non-observation of flavour violation in the charged lepton sector. In ref. [21] a
Markov Chain Monte Carlo (MCMC) study of this extended model was performed to classify
various regions in the parameter space of phenomenological interest which then triggered
additional DM studies [22]. In ref. [21] some parameters were restricted by hand to get a
faster convergence of the MCMC runs.

In recent years, Artificial Intelligence (AI) and Machine Learning (ML) have gained
considerable interest and traction to solve many data- and computational-intensive tasks
in High Energy Physics (HEP) [23], becoming part of the computational toolset of HEP
researchers. While the main application of AI/ML to HEP has been leverage the large
amounts of data collected by experiments, recent developments have shown that AI/ML
can almost trivialise scanning highly constrained multidimensional Beyond the Standard
Model (BSM) parameter spaces.

Early attempts at using AI/ML for BSM studies have relied on supervised [24-30] and
generative [31, 32] methods that rely on amassing a large amount of valid points before
being of any practical use. This is particularly relevant if the calculation of observables is
time intensive e.g. of order of seconds. A more promising alternative was presented by us in
ref. [33], where AI/ML black-box search algorithms were shown to quickly converge to the
subregion of BSM parameter spaces that are phenomenologically viable without any prior
requirements of data collection and annotation. This methodology has since been expanded
to include a novelty reward to boost exploration [34] and also to find points that maximise
the likelihood against experimental data [35]. Finally, in refs. [36, 37] it has been adapted
with an explicit ranking methodology to address the presence of multiple constraints, which
is also one of the focuses of this work.

In this paper, we use AI/ML search algorithms to explore the highly constrained parameter
space of a scotogenic model that provides an explanation for the muon anomalous magnetic
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Table 1. Beyond the Standard Model states of the model. All fields are colourless and are odd under
a Zo symmetry, while the Standard Model fields are even.

moment, neutrino data, Higgs mass, dark matter relic density, all while agreeing with bounds
from searches for charged lepton flavour violation and from dark matter direct detection,
as well as self-consistency requirements such as perturbativity of the underlying couplings.
Our study presented in this work expands on the original [21], where a Monte Carlo Markov
Chain scan was performed, by expanding the size of the parameter and assessing the impact
of different choices of parametrisations for the neutrino data, in order to increase the scan
coverage and generality. Such increase in the problem complexity is only possible to tackle
due to the high exploration capabilities of the AI/ML search algorithms employed, which
in turn will allow us to find new phenomenological realisations and consequences of the
model that were overlooked in the first study.

This paper is organised as follows: we briefly summarize the main features of the model
in section 2. We then present our scan strategy in section 3. The corresponding scan results
are presented in section 4 whereas the novel phenomenological aspects are discussed in
section 5. Finally, we draw our conclusions in section 6. Moreover we collect supplementary
material in the appendices.

2 Model

In this section, we briefly describe the model introduced in ref. [21] to define the parameter
space and to present the relevant features that will be discussed later. The model is an
extension of the ‘T'1-2-A’ scotogenic model [16, 17] to which we add an extra fermion singlet.
The states beyond the SM are presented in table 1, where all new states are odd under a
Z5 symmetry while the SM states are Zs-even, allowing for a stable DM candidate while
neutrino masses are generated at one-loop level. The additional singlet allows for a rank
three neutrino mass matrix implying all neutrino masses to be non-vanishing. Additionally,
the presence of this new singlet fermion allows for a greater freedom in the couplings between
new and SM states, which is leveraged to explain the anomalous magnetic moment of the
muon while preventing too large branching ratios for charged lepton flavour violating decays.

2.1 The scalar sector

From table 1 we see that the scalar sector of the model is extended beyond the SM Higgs
field, H, to include an additional real singlet S, and a SU(2) doublet 1. Their charges are
given in table 1. As the SM Higgs acquires a vacuum expectation value (VEV), triggering
the electroweak symmetry breaking (EWSB), the doublets components can be represented



in the basis

G+ nt
H=1, 0.4 ;01" T=\ 0,40 (2.1)
ﬁ[v—l—h + iG] ﬁ[n + i A]
where hY is the SM Higgs boson, G and G* are the would-be Goldstone bosons, and
v =/2(H) =~ 246 GeV the SM Higgs field VEV. Furthermore, n° and A° are C'P-even and
CP-odd neutral scalars, and n™ is a charged scalar. We emphasise that S and 1 do not

obtain a VEV due to (and preserving) the assumed Zs symmetry.
The scalar potential is given by

1 1
Vicatar = Mg [ H[* + M| H|* + SM3S® + JXasS* + My {nl” + Aay|n|*
1 1
b IS IHP + ExsySPlaft + 3, lnf' 1P+ X, 22)
1
+ 5)\;; [(H?fr)2 + h.c.} + c»z{SHnJr + h.c.} ,

where first two terms relate to the SM Higgs doublet, H, which below the symmetric phase
set the Higgs boson mass mio = —2M?% = 2\gv?, which is experimentally measured at
mypo =~ 125 GeV. Furthermore, we assume for simplicity that )\’n’ and « are real.

From the potential, one can immediately infer that the mass matrix of the neutral scalars
in the basis {S,7°, A°} after EWSB is

Mg + %02)\5 v 0
./\/135 = va Mg + S0P 0 . (2.3)
0 0 M7 + 5v°Aa

Here we have defined A\r 4 = )\77+)\;7i/\g. The mass eigenstates are obtained by a basis rotation
T T
(¢(1)a ¢(2)a AO) = Uq5 (Sv 770a AO) ) (24)
where Mgo < Mygo.

2.2 The fermion sector

As for the fermions, the Lagrangian for the additional states listed in table 1 reads

. 1— 1

Lieomion = 1(T;0" D W5 + 5zfjaﬂaqu) — S M, FiF;
— My U Vy — y1; U HE, — yo; U H F (2.5)
— gk WyL,S — g’ﬁﬂjnLij — ghen¥, + hec.

with ¢, 7 = 1,2 running over the two new singlet states and k£ = 1, 2, 3 running over the family
indices. Lj and ef denote the left-handed and right-handed SM leptons, respectively. We
also have introduced the notation ¢ = ioad* for ¢ = H,n. Without loss of generality, we
work in a basis where Mp,, = 0 and we impose |M;| < |Ms|, where we have simplified the
notation by setting M; = Mp,, for ¢ = 1,2. Finally, we adopt the phase convention in which
the components of the fermion SU(2);, doublets read W1 = (¥, ¥;) and ¥y = (U5, —Y).



After EWSB, we obtain a massive charged Dirac particle U with a mass My, alongside
four neutral Majorana fermions. The mass matrix for the neutral fermions, arranged in
the basis {Fy, Fp, 9, U9}, is expressed as

M, 0 %yn %ym
0 M,

Moo — vz 2 5 Y22 (2.6)

X %yn %ym 0 My |
%ym %ym My 0

which can be diagonalised by a unitary matrix, U,, which defines the eigenmass basis
{x%:x3, X8, x4} via

diag(mxg, My, mxg,mxg) = UX./\/lXoU;1 , (2.7)

and where we will use the convention m,o < m,o for i < j.
i J

2.3 Neutrino masses

The main novel feature of the model presented in ref. [21] and summarised herein is the
existence of a second singlet fermion. This extra degree of freedom allows for a rank three
neutrino mass matrix implying that all three active neutrinos are massive. After EWSB, in
the mass eigenbases a Majorana mass term is generated at the one-loop level via the diagram

2
V; —»—6/—\0«— Vj = 7]0 (MV)ji Vi, (28)
0
Xk
and the neutrino mass matrix, M,, can be expressed as
M, =6"MLG. (2.9)

where the matrix G contains the couplings defined in eq. (2.5) ordered as

9 9% 9%
9= |9k 95 95 | - (2.10)

9k, 9y 9F,
and M7, is a 3 x 3 symmetric matrix encoding the loop function and the neural scalar and
fermion mixings, cf. eqs. (2.4) and (2.7). The corresponding formula is given in section A.
Although the entries for the neutrino mass matrix can be computed using the parameters listed
in the Langrangian eq. (2.5), one could also use the so-called Casas-Ibarra parametrisation [38,
39] in which the couplings in eq. (2.10) are obtained in terms of the neutrino data [40, 41], see
ref. [21] for details. In section 3.4 we will discuss these two realisations of the parameter space

of the model, which we will explore in detail in our scans in section 4, which methodology
we discuss in the next section.
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Figure 1. Feynman diagrams depicting the main contributions to the anomalous magnetic moment
of the muon (when i = j = 2) and LFV decays (when ¢ > j). Diagram on the left is ~ « gy gr while
diagram on the right is ~ y; gr gr. The V boson line represents the couplings to the SU(2) x U(1)y
gauge bosons.

2.4 aE‘SM and LFV observables

In general, BSM contributions to anomalous magnetic moment can be written as one-loop
decays in the form l; — [jv when ¢ = j, while if i > j we get contributions to charged LE'V
processes. These contributions can be represented by an effective operator cglm“” PRl FH,
where cp is the corresponding Wilson coefficient (again, when ¢ = j, we get contributions
to anomalous magnetic moment, and when ¢ > j we get contributions to charged LFV
processes), and it comes from the effective operator O.p = (Lo**er)H B*¥ defined in ref. [42],
before EWSB.

In the model studied in this work, the addition of heavy fermion and scalars presented

in table 1 opens new possibilities for decays of the form I; — [;7v at the one-loop level. The

BSM
I

the form of the diagrams presented in figure 1. The diagram on the left depends on gg and

main new contributions to the anomalous magnetic moment of the muon (a;>"') come in
« and the diagram on the right depends on gr and ¥y, and all of these couplings affect the
neutrino masses as well, as shown in eq. (2.9), eq. (2.10).

One of the main challenges in finding viable solutions in this scotogenic model parameter
space, and an appropriate motivation to apply our methodology later introduced in section 3,
comes from the interplay between the constraints coming from the neutrino sector, the
anomalous magnetic moment of the muon and the charged LFV decays, in particular the highly
constrained p — ey with an upper limit to its branching ratio of 4.2 x 107! [43]. Although
we need a significant contribution to the magnetic moment of the muon to accommodate the
experimental value of aE’SM = (2514£59) x 10711 [19, 20], at the same time these contributions
are likely to be correlated to the generation of neutrino masses at one-loop level through
the couplings gv, gr, @ and y; o with additional correlation with the strongly constrained
charged LF'V processes.

While the constraint coming from aESM pushes glz;k and/or g3 together with g% to larger
absolute values, through the diagrams in figure 1 for ¢ = j = 2, these parameters are also
pushed to the opposite direction by the LFV decays constraints, in the same diagrams



in figure 1 for ¢ # j. At the same time, the sizeable value for neutrino mixings pushes g}}k
and/or g4 to a similar scale across all flavours, i.e., gll;k ~ g%k ~ g%k and/or gi, ~ g3 ~ g3.
This tension is an important aspect of this model which motivates the development of
an adjustment to our methodology where we introduce a hierarchy in the constraints, as
discussed later in section 3.6.

3 Scan strategy and methodology

In this section we discuss the Al scan methodology and the two formulations of the parameter
space, with and without Casas-Ibarra parametrisation.

3.1 The black-box optimisation methodology

We make use of the AI black-box optimisation methodology introduced in ref. [33], and
expanded in ref. [34], with the goal of enhancing the exploratory capacity when scanning
the parameter space P. The method relies on exploiting the valuable information of how
far a given point 6 € P is from being valid. This information can be conveniently encoded
in a constraint function, C, defined as

C(0) = max (0, —O + Opg, O — Ouyg), (3.1)

where O is the predicted value for the observable considered and O and Oyg are the
experimental (or theoretical, when applied) lower and upper bounds, respectively, for the
observable considered. The desired outcome for this strategy occurs when the predicted value
for the observable O is in agreement with the constraint considered for . This corresponds
to when C(0O) is minimum, that is

C(O) =0 «<— OLB < O < OUB- (3.2)

And so, our goal is to find the set V of valid points in the parameter space which
can be defined as

V={0":0cP, 6 =argminC()}, (3.3)

where arg min is the value of the argument that minimises the function. This way, eq. (3.3)
successfully reframes the validation task as an optimisation problem in which finding the valid
points #* in the parameter space P is equivalent to minimising C'(). It is exactly this change
in approach that allows us to leverage the power of Al optimisation algorithms to tackle the
challenging task of scanning highly constrained multidimensional BSM parameter spaces. In
previous work [33], we showcased how four different classes of Al search algorithms perform
the exploration task, exhibiting different trade-off between exploration and exploitation.
In this work we want to assess whether a multi-objective approach, where the algorithm
searches for promising points by populating a Pareto front drawn from all the constraints,
is better suited for the task than a single-objective search, where all the constraints are
aggregated into a single value to be minimised. To this effect, we will compare the Covariance
Matrix Adaptation Evolution Strategy (CMA-ES) [44], the fastest converging algorithm
in ref. [33] that excels at single objective optimisation problems, with the Non-dominated
Sorting Genetic Algorithm-IIT (NSGA-III) [45, 46], the state-of-the-art multi-objective genetic
algorithm, which we present next.



3.2 Single-objective optimisation with the Covariance Matrix Adaptation
Evolution Strategy (CMA-ES)

When facing multiple constraints, one can simply take the constraint function C(#) of a
parameter space point 8 as the sum of the constraint functions for each observables associated
which each constraint, that is

C(0) = C(O1) AC(O2) A... AC(O,) = i C(Oy), (3.4)
k

where n is total number of constraints considered. This scenario corresponds to a single
objective optimisation problem where there is an implied assumption that all the objectives
(C(Ok)) are independent of each other and contribute equally to the total cost function, and
it was the scenario previously considered in refs. [33, 34].

In previous applications of the black box optimisation methodology for BSM parameter
spaces scans [33, 34], CMA-ES has shown to excel at eagerly exploiting the constraints to
quickly converge to valid regions of the parameter space, i.e. to quickly minimise eq. (3.4).
CMA-ES is an evolutionary algorithm, which means it is a population-based algorithm in
which an initial population of proposed solutions is iteratively adapted following a selection
criterion according to a fitness value associated to each individual. Individuals with the best
fitness are selected to generate a new population (the offspring) for the next iteration. The
process iterates until either the minimum or some other stopping criterion has been reached.
In the context of this work, a population is a set of individual points {6y} in the parameter
space each with an associated fitness value given by eq. (3.4).

In CMA-ES, at each iteration (generation) g, the population is sampled according to
a multivariate normal distribution given by

09D @ 4 e @ON(0,C9D) fori=1,... A (3.5)

where ) is the population size, m(9) is the mean of the distribution at generation g, o9 is a
scaling factor, called step size, at generation g, and N(0,C (9)) describes a multivariate normal
distribution with mean 0 and covariance matrix C\9) at generation g. At each generation g,
the individuals Hl(gﬂ) are ranked according to their fitness values, given by the constraint
function C (91(9 Jrl)). Then, the set of i best fitted individuals are used to derive the mean
m(9t1) | covariance matrix C9TY) and step size oY for the next generation g + 1.

The fact that CMAE-ES traverses the parameter space using only highly localised
information can potentially lead to two problems: stagnation at local minima and reduced
capacity to explore the whole parameter space. The first problem is mitigated by the fact
that CMA-ES can dynamically increase its step size o9, if it is getting stuck in a local
minima. This is in fact one of the reasons why such a localised algorithm is so powerful at
finding global minima. The second shortcoming is specific for our needs as we are looking not
only for the global minima of eq. (3.4), but the region defined by eq. (3.3). This challenge
was successfully tackled in ref. [34] where CMA-ES was enhanced with a novelty detection
algorithm to force the exploration to map the global minima region.



3.3 Multi-objective optimisation with the Non-dominated Sorting Genetic
Algorithm-ITI (NSGA-III)

The single-objective approach presented above assumes that all the objectives are independent
of each other and contribute equally to the total cost function. Although this assumption
can make the optimisation process simpler and more straightforward, in the context of BSM
observables, the objectives are often correlated or, in the worst case, they can conflict with
one other, making the optimisation task more challenging and more prone to get stuck
at local minima.

The multi-objective optimisation approach addresses the problem of conflicting objectives
by considering each objective independently, that is

C(0) = C(O1) AC(O) A ... AC(Oy) = (C(O1),C(O3),...,C(O)). (3.6)

This way, solutions which improve one objective while simultaneously worsening another
are treated as equally viable. In such cases, in terms of the multi-objective optimisation
terminology, we would say that one solution does not dominate over the other. It is then
said that one solution 64 dominates over another solution fp if 84 improves at least one
objective over g without worsening any other objective, that is

Vi € {1, e ,n}, C(OZ(QA)) < 0(01(93)) and Jj € Oq,...,0,

(3.7)
such that C(0;(04)) < C(O;(0B)),

where n is the number of objectives. When transitioning from a solution fp to a solution
04 where 04 dominates over fp it is called a Pareto improvement. And so, a solution is
considered Pareto optimal if no Pareto improvement can be made. The set of Pareto optimal
solutions is called the Pareto optimal front or non-dominated front.

NSGA-III is a genetic multi-objective optimisation algorithm. Genetic algorithms are a
family of evolutionary algorithms where each individual in a population corresponds to a
unique genetic representation of the candidate solution to the optimisation problem. At each
generation, the best fitted individuals are selected (selection process) to undergo a crossover
(mating) process where a new pair of solutions is created by combining the genetic information
(genes) of two parent solutions. After crossover, the generated individuals undergo mutation
processes in which each gene has a probability to randomly change its values. This process is
repeated iteratively until a stop criterion is fulfilled, typically when either convergence or
a maximum number of generations is reached. In our context, the genetic representation
(genes) of a solution € corresponds to the values of its parameters.

The selection procedure for NSGA-IIT leverages the idea of non-dominated fronts as
follows: given a parent population P; with size N at the ith generation of the algorithm, an
offspring population @; of size N is produced via crossover and mutation. The population
for the next generation is selected from the combined population R; = P; U Q; of size 2N.
Each individual from R; is sorted into non-dominated fronts according to an iterative process
as follows: first, the non-dominated front F} from R; is identified and designated rank 1.
Then, the individuals in F} are set aside and the non-dominated front F3 for the remaining
individuals R; \ F} is determined and assigned rank 2. This process is repeated until all
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Figure 2. Tllustration depicting the scheme for constructing the reference directions (r;, as blue lines)
from the reference points (red points) in NSGA-III, and how points in the constraint space (p;, as
green) are assigned to a reference direction.

individuals in R; are assigned a rank and the parents for the next generation P,y are selected
according to this ranking. In the context of our work, convergence is achieved when the first
non-dominated front collapses to the origin of the objective space.

Since the population size is fixed at each generation, in most cases the last rank will exceed
the population size N and thus there must be a criterion to select a subset of individuals from
the last non-dominated front to fill in the remaining available slots of selected individuals
for the next generation. NSGA-III uses previously assigned reference points in the objective
space as means of preserving a diversity of solutions in the last non-dominated front. Each
individual in the last non-dominated front is associated with the closest reference direction
which is defined as the line that connects the origin of the objective space and the reference
point, as shown in figure 2. And so, the individuals from the last non-dominated front are
selected according to the criterion of maximizing the diversity in reference directions. This
construction forces the algorithm to try to preserve a global picture of the parameter space
across each generation by maintaining diversity in the reference directions which in turn
is likely to also maintain diversity in the parameter space (since the functions which are
being optimised, the constraint functions C' from eq. (3.1), work as maps from the parameter
space to the objective space. And so, diversity in the objective space often means diversity
in the parameter space.).

3.4 The parameter space and constraints

As explained in section 2, there are two ways of parametrising the parameter space of the
mode: with and without Casas-Ibarra (CI) parametrisation. With CI parametrisation, the

,10,



Parameter Interval Parametrisation Mapping

b [0.1, 0.3] Both linear

A4S, A [1078, 1] Both log
Asns Ass Any Ay A +[1078, 1] Both symlog
a (GeV) +[1, 104 Both symlog

Mg, M7 (GeV?) 5 x [10°, 0 Both linear
My, My (GeV) [100, 2000] Both linear
My (GeV) [700, 2000] Both linear
R(yi;), (4,5 =1,2) +[1078, 3] Both symlog
S(yij), (i, =1,2) +[1078, 3] Both symlog
R(gk), (k=1,2,3) +[1078, 3] Both symlog
S(gh), (k=1,2,3) +[1078, 3] Both symlog
R(gk), (k=1,2,3) +[1078, 3] Non CI symlog
J(gh), (k=1,2,3) +[1078, 3] Non CI symlog
m(gjgj),, kE=1,2,3), (j=1,2) +[1078, 3] Non CI symlog
%(gé@]), (k=1,2,3), (j =1,2) +[1078, 3] Non CI symlog

My, [10716, 10~10] CI log
M, [\/m2, +6.82x 10725, | /m2, +8.04 x 10-2] C1 linear
Mg [\/m3, +2.435 x 1021, /m2, + 2,508 x 10-21] CI linear
PMNS [31.27, 35.86]1%5 CI linear
PMNS [8.20, 8.93]155 CI linear
OLMNS [40.1, 51.7] 155 CI linear
dcp [120, 369]1%5 CI linear
ROV, (k=1,2,3) [0, 27] CI linear
3R, (k=1,2,3) +[1078, 3] CI symlog

Table 2. Parameters used as inputs for the scans for both parametrisation and their mapping from
the box parameter space to the physical parameter space, see section 3.5 for details.

neutrino data are inputs, and the Lagrangian parameters related to their origin, i.e. gff, and
gfﬂj, are constrained by perturbativity. Without CI parametrisation, the parameter space is
defined by the Lagrangian parameters, which have to fit neutrino data. CI parametrisation
simplifies the search for phenomenologically viable regions of the parameter space by reducing
the effective dimensionality of the parameter space to the submanifolds where the model is in
agreement with neutrino data. In this work, we will explore both parametrisations of the
model as to assess whether our methodology is capable of mapping the phenomenologically
viable region without the need for simplifications such as using the CI parametrisation.

The parameters used as inputs for the scans for both parametrisations with their allowed
ranges as well as the prior mapping are shown in table 2. We notice that “symlog” refers
to the symmetric log transformation, which allows to map from a single [0, 1] interval to
the intended range with a logarithmic scale while keeping track of the sign, which would
not be possible under a single log transformation.
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3.4.1 Non Casas-Ibarra
We now define the parameter space P for the scotogenic model without the CI parametrisation.
This parametrisation of the model is read directly from the Lagrangian, and we have
P = {6 = {)\Hu A4S7 )\4777 AS”’ )‘Sa >‘777 Ai?’ )‘;7/)

a)M§7M37M17M27M\I’7 (38)

Yiss 9h 998} 10 € S}
where S is comprised by the parameter intervals shown in table 2 which together define the
non-CI case, and 4, j = {1,2} runs through the new singlet fermions, F;, and k = {1,2,3}
runs through the SM family indices. In this case, neutrino data is not used as an input but
rather constrain the parameters listed above, as shown later in table 3.
3.4.2 Casas-Ibarra parametrisation
In the CI parametrisation [38, 39] we express the couplings in eq. (2.10) in terms of neutrino
oscillation data [40, 41] according to

—~1/2 %
G =UL D, RDY? Upys (3.9)

where Dy, is the diagonal matrix defined by

Dy, =UF M UL, (3.10)

and D, is the diagonal matrix containing the neutrino mass eigenvalues. Finally, Upyng is
the usual unitary matrix relating neutrino flavours to their mass eigenstates, assuming that
the charged leptons are already in their mass eigenbasis.

Moreover, as even a precise knowledge of all the parameters and observables in M and
M, does not univocally define G, the extra degrees of freedom are encoded in the complex
orthogonal 3 x 3 matrix R, parametrised as

C2C3 —C183 — S152C3 51583 — C152€3
R =|cys3 cic3 — 515083 —S1c3 — 15283 | » (3.11)
S92 51C2 C1C2

depending on three complex angles 6; with s; = sin6; and ¢; = /1 — s2. Note the importance
of these degrees of freedom since they modify the flavour structure of the Yukawa matrix.
The latter is of great relevance when considering charged lepton flavour violation and the
anomalous magnetic moment, as we will show in the next sections.

The parameter space under the CI parametrisation, Pcy, is then defined as

Por = {c1 = { A, Aas, Ay Asns As An Ay Ay,
o, Mg, M2, My, M, My, (3.12)

k PMNS R
yij7gR7ka70qr 75CP79k} :HCIGSCI}y
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where Scr is comprised by the relevant parameter intervals shown in table 2 which together
define the CI case, and 4,j = {1,2} and k,q,r = {1,2,3} with ¢ # r.

With the CI parametrisation, the couplings gfyj and gﬁ, are derivable from neutrino data
instead of input parameters. In addition to the common constraints, for the CI we need to
constrain these couplings to retain perturbativity, as shown in table 3.

3.4.3 Constraints

In table 3 we list the common constraints to both parameterisations. These constraints

include measure observables, such as the Higgs boson mass, my, the BSM contribution to

BSM
1

as well as upper limits on lepton flavour changing charged currents and spin-independent

the muon anomalous magnetic moment, a , and the dark matter relic density, Qparh?,
DM cross-section bounds set by the LZ experiment.

For the Higgs boson mass and the dark matter relic density, the theoretical uncertainties
are far greater than the measured quantities, and as such we increase the range of allowed

E’SM we take the combined uncertainty from

values based on refs. [47-49]. Whereas, for a
experimental results and the SM prediction. The allowed ranges for neutrino sector observables
represent the 30 experimental uncertainty for normal ordering among the neutrino masses [50].
For the LZ experimental bounds on the dark matter (DM) spin-independent cross-section,
we used their 95% confidence limits in the DM mass vs. spin-independent cross-section
plane [51, 52]. From these limits, we fit a spline that allows us to determine whether a given
DM mass value lies above (excluded) or below (allowed) the exclusion boundary. The distance
to this boundary is incorporated into the total C' function in the same way as other constraints.

One advantage of our methodology, is that the upper limits can be implemented using the
C'(0) function instead of the one-sided Normal usually used in MCMC scans, which implicitly
imprints these as likelihoods that impact the MCMC posterior probability estimation when
conceptually these limits should act as a prior in such scans.

3.5 Implementation details

For the computation of physical observables, the modified ‘T1-2-A’ scotogenic model was first
implemented in SARAH-4.14.5 [53] to generate the computational routines for SPheno [54, 55]
and micromegas-5.3.41 [56, 57]. We use SPheno to compute all the observables except for
the DM relic density, Qparh?, for which we use micromegas. For each parametrisation, the
parameter space is defined by the set of relevant parameters in table 2 and constrained by
the bounds on the relevant observable in table 3. For the CI parametrisation we have 41
real parameters, while for the non-CI we have 46. The apparent mismatch in parameter
count has to do with unphysical phases in the neutrino sector which are unspecified in the
CI parametrisation but can appear in the non-CI case. We notice that we are allowing for
a much larger parameter space than that considered in ref. [21] as we want to perform a
minimal bias scan that goes beyond the one produced before to map the whole parameter
space and uncover novel phenomenology that could have been missed.

The sampling of the optimisation algorithms is performed in the 46 (41) dimensional
box space (Ppox) for the non-CI (CI) with size of length one, i.e,

Pbox = {Qbox € RNa 0< 9(1) < 1} ) (313)

box
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Observable Allowed Values Parametrisation
m, [124.25,126.25] GeV Both
apSM [74, 428] x 10711 Both
Qpmh? [0.11, 0.13] Both
BR(u~ — e ) <4.2x10713 Both
BR(r™ — e 7) <33x1078 Both
BR(7~ — p™7) <42x1078 Both
BR(u~ — e"ete) <1.0x10712 Both
BR(t™ — e ete) <27x1078 Both
BR(7™ — p~ptp™) <21x1078 Both
BR(7~ = e putu) <2.7x1078 Both
BR(7™ — uete) <1.8x1078 Both
BR(t™ = pu"etu™) <1.7x1078 Both
BR(t™ — utee™) <1.5x1078 Both
BR(r™ — e m) <80x1078 Both
BR(7~ — e n) <9.2x1078 Both
BR(r~ — e 1) <1.6x1077 Both
BR(t™ — p~m) <1.1x1077 Both
BR(7~ = u™n) <6.5x 1078 Both
BR(7™ = u™7') <13x107"7 Both
CR,,_,0(Ti) <4.3x 10712 Both
CR,—¢(PDb) <43 x 10711 Both
CR,—c(Au) <7.0x10713 Both
BR(Z° — e*puT) <75x1077 Both
BR(Z° — e*7T) <5.0x 1076 Both
BR(Z° — p*rT) <6.5x1076 Both
oiM LZ bounds Both
Am3, [6.82, 8.04] x 10~%eV? Non CI
Am3, [2.435, 2.598] x 10~3eV? Non CI
sin? (012) [0.269, 0.343] Non CI
sin? (6;3) [0.02032, 0.02410] Non CI
sin? (6a3) 0.415, 0.616] Non CI
dcp [120, 369] x 2% Non CI
gk |, (k= 1,2,3), (j = 1,2) 0, 4] cI
lg%|, (k=1,2,3) [0, 4] CI

Table 3. Ranges for the observable constraints considered for each parametrisation. We use theoretical

uncertainties when those are greater than experimental ones, see text for details.
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where N is the dimensionality of the parameter space. Each point in the box space is uniquely
mapped into a single point in the physical parameter space. We also appropriately allow
for different kinds of mapping between the sampling box parameter space and the physical
parameter space according to table 2. This choice allows the optimisation algorithms to
better address the different orders of magnitude allowed for each parameter in the parameter
space. This is akin to priors in global fits, but we must note that our methodology does
not provide a statistical interpretable result, and so these “priors” should only be seen as
a way of facilitating the convergence of the search algorithm.

One of the goals of our work is to introduce the use of multi-objective optimisation
algorithms (using NSGA-III) to scan the parameter space of the model and compare it
with a single-objective approach (using CMA-ES). Here, both algorithms have the goal of
minimising a constraint function C(#) given by eq. (3.1). In order to prevent constraints
which produce nominally large values, e.g. consider the different nominal orders of magnitude

E’SM and my, to dominate the total constraint function for CMA-ES, eq. (3.4),

between a
we perform a scaling in two steps. First, we scale each one of the different contributions

C(Oy) to the total constraint function C(#) as
C(O) = logo(1 4+ C(Oy)). (3.14)

While this step helps set the nominal scales of all quantities to similar values, its main benefit
is to allow the introduction of a “numerical infinity” for points which produce unphysical
results for observables without producing overflows.! This will be of special importance when
we develop a hierarchical approach to the loss function in section 3.6 where some constraints
are conditionally forced to this “numerical infinity”. Afterwards, each contribution C(Oy) to
the total constraint function is rescaled to the range [0, 1] across the generation population.
This rescaling ensures that, within each generation, no single constraint dominates the total
cost due to differing numerical scales, enabling a fair comparison of candidates across all
constraints.? The NSGA-III algorithm performs this rescaling step automatically to guarantee
an equal distribution of Pareto optimal candidates in its Pareto front.

One problem that naturally arises in our methodology is that of runs where the black-box
algorithm gets stuck in a local minima away from the desired global minima that defines a valid
point. To address this, we have implemented early stopping criteria to stop non-promising
runs to save computational resources and time for more promising runs. For the CMA-ES
runs, we monitored the number of generations without finding a good point, not improving on
the average total number of satisfied constraints, and the observed minimum of the constraint
function eq. (3.4). For these we set a patience of 1000, 1000, and 100 respectively, which have

!By using the log, the maximum value a constraint can now take would be the log of the maximum number
allowed at a given floating point precision. For a 64 bit computer, the maximum floating point number is
around O(10%°®), while its log is > 700.

2As a result, the scaled values act as implicitly ranking the candidates by overall constraint satisfaction. This
ranking-based behaviour was first observed in ref. [34] while studying a highly constrained 3HDM model, where
CMA-ES successfully converged to the viable region. We argue that this emergent ranking from normalised
constraint values is what allows the single-objective approach to remain effective even when handling many
constraints, which would otherwise lead to convergence issues due to local minima. A complementary approach
that uses explicit ranking was explored in [36].
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to be all jointly triggered in order to stop the run. On the other hand, a priori, NSGA-III runs
would not have a similar value to monitor for early stopping since, due to its multi-objective
nature, its constraint function is multi-dimensional eq. (3.6). This setback is addressed when
we introduce runs with hierarchy among the constraints as discussed later in section 3.6.
Nevertheless, we set a maximum number of 2000 generations for each NSGA-III run.

We implemented CMA-ES using the cmaes 0.10.0 [58], while NSGA-IIIT was implemented
using deap 1.3.3 [59].

3.5.1 Hyperparameters

Here we briefly discuss the hyperparameters present in each optimisation algorithm used.
CMA-ES main hyperparameters are the population size at the first generation (we used the
default from the cmaes implementation), the maximum number of generations (we used 1000)
and the step size at the first generation, i.e. ¢(® from eq. (3.5) (we used 1.0).

For NSGA-III the hyperparameters are the population size, the maximum number of
generations and a set of parameters related to the processes of crossover and mutation.
Although there are some freedom in the choice of these hyperparameters, there exist some
guiding principles to be consider. The population size should be large enough to properly
populate each reference direction in order to allow for enough diversity in the population
and sufficiently cover the parameter space. Being so, the population size should be, in
principle, comparable to the number of reference points. However, it should be noted that
the typical method for generating reference points [60] is such that the number of reference
points grows exponentially with the number of dimensions in the objective space. In this
work we use the method in [60], however, the reference points can also be provided by the
user, when deemed appropriate.

While CMA-ES is not largely dependent on hyperparameter choices and should perform
reasonably well out of the box with default settings, NSGA-III can in principle be sensitive
to the choice of hyperparameters. In order to investigate if this hypothesis holds for our
implementation, we conducted a preliminary study using optuna 3.2.0 [61] with the goal
of optimising the algorithm performance with respect to the hyperparameters values. The
hyperparameters and their optimal values are given in table 4.

3.6 Hierarchical constraints

Motivated by the tension between the anomalous magnetic moment of the muon, neutrino
masses, and the charged LFV decays, as discussed in section 2.4, we performed preliminary
runs for CMA-ES and NSGA-III to assess the performance of the algorithms when faced
with this tension. The results showed a suboptimal convergence rate (~ 10% convergence
rate for CMA-ES and =~ 75% convergence rate with convergence after 1000 generations on
average for NSGA-III). Nevertheless, we deem NSGA-III to be computationally expensive
since: (i) it requires on average ten times more evaluations before convergence compared
to CMA-ES; (ii) it fails to converge for around 25% of the runs despite a large maximum
number of allowed generations.

Furthermore, analysis of converging runs for NSGA-IIT shows that, in most cases, the
algorithm is able to quickly converge to accommodate a large portion of the constraints
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Hyperparameter Value Description Algorithm

o) 1.0 Initial step size CMA-ES
N 1000  Maximum number of generations ~ CMA-ES
N 2000  Maximum number of generations ~ NSGA-III
7 400 Population size NSGA-III

Py 0.9 Crossover probability NSGA-III
Nex 30 Crossover crowding factor NSGA-III

Pt 0.5 Mutation probability NSGA-III

Nmut 40 Mutation crowding factor NSGA-III

Ping N:;m Independent mutation probability NSGA-III

Table 4. CMA-ES and NSGA-III hyperparameters and their choice of values. Pyq refers to the
independent probability of mutation for each parameter in a given mutated individual in a population
and Ngjy is the number of dimensions in the parameter space, meaning each mutated individual
will have 4 of its parameters mutated, in average. For the CI parametrisation, from eq. (3.12),
Naim(0¢c1) = 41, and for the non CI parametrisation, from eq. (3.8), Ngim () = 46.

(=~ 70%) while getting stuck at a non-global minimum in CLBSM. At this point, in order to

try to escape the local minimum, the algorithm seems to start to slowly converge to the

BSM
ay

able to escape the local minimum, it is then able to recover the convergence to the remaining

constraint at the cost of losing convergence in other constraints. If the algorithm is

constraints and eventually converge to the global minimum. This slow process is caused
by the tension discussed in section 2.4 and is the reason NSGA-III takes a large number
of generations to fully converge.

To address this suboptimal behaviour, we introduce a hierarchy in the objective space
by setting

C(0) > o0, for O#a™ if C(a;™M) >0, (3.15)

where C'is the constraint function defined in eq. (3.1). This forces the algorithm converge to
the aESM constraint first and thus avoids the local minima discussed above. This idea can
be similarly applied for any objective space where a black-box search algorithm gets stuck
at a local minima in one or more particularly difficult objectives.

In preliminary runs of a hierarchical NSGA-III (h-NSGA-III) we observed a change in the

BSM
i

behaviour of the algorithm, being now able to quickly converge the a constraint and then

BSM
“w

converge the remaining constraints while retaining the a convergence across all individuals

in the population in each generation. This behaviour change has the added benefit that, since

E’SM constraint is maintained throughout each generation, the

now the satisfaction of the a
average number of constraints satisfied grows monotonically with the generation number for
converging runs, while for non-converging runs it does not. This distinction turns the average
number of constraints satisfied in each generation into a good metric to assess the overall
convergence rate of the run. In turn, this allows us to monitor this metric for early stop
criteria for h-NSGA-III and thus, non-promising runs, which are likely to be stuck in local

minima, can be safely stopped early before reaching the maximum number of generations
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allowed, saving computational time which can in turn be allocated to more promising runs.
For this we set a patience of 300 generations without improvement to trigger the early stop.
In this way, we solve one of the challenges of identifying NSGA-III runs that get stuck at
local minima which was discussed in section 3.5. After this adjustment with the early stop
criteria for h-NSGA-III, we observe a convergence rate of & 50%, while it takes on average
500 generations to converge. This means h-NSGA-III converges with less evaluations, on
average, than NSGA-III, given that for h-NSGA-III, the ~ 50% non-converging runs are
stopped before reaching the maximum number of generations allowed (2000), overall leading
to more successfully converged runs for the same computational budget.

Similarly, for the CMA-ES, we also developed the hierarchy-driven ansatz. The main
benefit of hierarchical CMA-ES (h-CMA-ES) over the original counterpart was the convergence
rate, which improved greatly from 10% to 40%. Since CMA-ES (and h-CMA-ES) is a single-
objective algorithm, it is naturally endowed with a global convergence metric given by the
total loss function, as discussed in section 3.5, to be used to trigger an early stop. Therefore,
no new improvements over this were gained from its hierarchical variation in the same way
that NSGA-IIT benefited. However, a four-fold increase in the number of converged runs
greatly improves the overall efficiency of CMA-ES. This vast increase in convergence is
likely evidence that CMA-ES also suffers from a similar local minima problem as NSGA-III;
however, for CMA-ES this issue is harder to identify as it is hidden in its single objective loss
function. In addition, we observe better coverage of the parameter space for both hierarchical
algorithms, as discussed in section 4.

4 Scan results

In this section, we present the results of our analysis. Here we focus our discussion on the
hierarchical algorithm scans, since those are the ones with the most interesting results. We will
also compare them to those of ref. [21] which used a Markov Chain Monte Carlo (MCMC).?
In ref. [21] the Casas-Ibarra parametrisation was augmented to include ggr such that not only

E’SM constraint. This

neutrino data could be included right from the start, but also the a
has been done in such a way that the y;; couplings were kept very small, implying that the
second diagram of figure 1 did not contribute to this observable. In this way, values for the

gr couplings could be chosen such that the aESM

constraint is fulfilled, while respecting at
the same time the constraints due to the LE'V decays. Although this procedure allows us to
find valid points with interesting phenomenology more easily in relatively short time, it does
obviously not cover the complete parameter space, missing potential new phenomenological
realisations. One aim of the present study is to find additional valid regions in parameter
space which is made possible by the overall fast convergence of the hierarchical scans discussed
in the previous section. This clearly demonstrates that the proposed algorithms have great
exploratory capacity. We begin the discussion with the results of the parameters and proceed

with the discussion of the phenomenologically relevant observables.

30ne of the present authors is also author of ref. [21].
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Figure 3. Absolute values for the components of the couplings g, (upper left and upper right) and
gw (lower left and lower right) resulting from h-CMA-ES (left) and h-CMA-ES-CI (right) scans. The
box shows the region which encompasses the distribution obtained from MCMC in ref. [21].

4.1 Parameters

As discussed in sections 2.3 and 2.4, the main parameters of interest are the couplings gr,,
9Fys 9, 9R, Yij and a as these have relevant contributions to the neutrinos masses, the
anomalous magnetic moment of the muon, and the LFV decays. The resulting distributions
of gr, and gy are shown in figure 3 and figure 4 for the h-CMA-ES and h-NSGA-III scans,
respectively, with and without the CI parametrisation. As can be seen, there are notable
differences in the scans, whether CI parametrisation has been used or not. These differences
arise mainly from numerical issues related to the CI: in eq. (3.9) quantities spanning different
orders of magnitude are multiplied and summed. In our numerical procedure, we check if we
can re-obtain the input for the CI using the calculated couplings and we dismiss points for
which this fails within the required relative numerical precision, which typically is 1072, This
has led to numerical problems in finding regions of small couplings using the CI.

Moreover, the results of CI scans seem to indicate a correlation among |gs|, |92, |95
and to some extent also between |gf. |, [¢%, |, [¢2, | as indicated by the colour gradients. In
contrast, this is not realised in the non-CI scans for the |g3| > 1073 subregion. This is likely
due to the numerical precision imposed on the CI operations, which will bias towards the
couplings being roughly of the same order of magnitude.
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Figure 4. Absolute values for the components of the couplings g, (upper left and upper right) and
gw (lower left and lower right) resulting from h-NSGA-III (left) and h-NSGA-III-CI (right) scans. The
box shows the region which encompasses distribution obtained from MCMC in ref. [21].

Furthermore, figures 5 and 6 show that h-NSGA-III is able to find valid points with large
|yij| couplings (~ 1), small |a| (< 10GeV) and |gr| > |gy|. In this part of the parameter
space the right diagram of figure 1 gives the dominating contribution for a, and the LE'V
decays. Likewise, the algorithm also finds parameter regions where the left diagram gives
the dominant contribution to these observables: small |y;;| couplings (< 1071), large |a
(2 100GeV) and |gr| < |gw|.- These two scenarios can have interesting implications for the
phenomenology of DM as discussed in the following.

4.2 Dark matter

The model studied in this work features three potential dark matter candidates: the lightest
neutral scalar ¢, the lightest neutral fermion x{ and the pseudoscalar A. The actual
DM particle is the lightest of these states for a given set of parameters. EWSB induces
mixing between the SU(2)y singlet and doublet neutral states in, both, the scalar sector
(eq. (2.4)) and the fermion sector (eq. (2.7)), see section 2. The composition of the DM
candidate — whether it is predominantly singlet-like or doublet-like — depends on the extent
of this mixing. For scalar DM, the singlet contribution of the mixing is given by |Ug 11>
while for fermionic DM it is given by the sum |Uy 11|*> + |Uy 12|>. This determines to which
extent gauge boson contributions are important for dark matter annihilation. For example,
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Figure 5. Trilinear coupling correlation with absolute values for the second component of the
couplings gy and gr (upper left and upper right) and the absolute value of gg and gg, couplings
(lower left and lower right) resulting from h-NSGA-IIT (left) and h-NSGA-III-CI (right) scans. The
box show region which encompass distribution obtained from MCMC in ref. [21].
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Figure 6. Trilinear coupling correlation with the absolute value of y11, y12 couplings resulting
from h-NSGA-IIT (left) and h-NSGA-ITI-CI (right) scans. The box show region which encompass
distribution obtained from MCMC in ref. [21].
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Figure 7. DM nature and mass for valid points found by h-NSGA-III scans. On the left not using CI
parametrization and on the right using CI parametrization. The bin corresponding to the pseudoscalar
DM was artificially enhanced to help visualization.

a DM candidate from a fermionic SU(2); doublet should have a mass of about 1.1 TeV if
gauge interactions dominate dark matter annihilation. Moreover, the DM particle will be
in the decay product of every Zs-odd particle produced. Its nature will also impact the
corresponding decay chains that will be discussed in section 5.

We focus the discussion of the results on the viable points obtained by h-NSGA-III,
as these are the most interesting ones, encompassing a more phenomenologically diverse
set of solutions that satisfy all the constraints. The results of the remaining scans are
provided in section B and serve as a complement to the findings presented here. The values
of the DM mass obtained from the h-NSGA-III scans are shown in figure 7 for both scalar
and fermionic DM, with and without CI parametrisation. For fermionic DM, h-NSGA-III
frequently finds mpy = m,o ~ 1100 GeV (without CI) and mpy = myo ~ 250 GeV (with CI).
In contrast, scalar DM solutions show no strong preference for a specific mass value. This
phenomenological realisation of light fermionic DM is a novel aspect of this study compared to
the findings in ref. [21]. Moreover, the algorithm even finds a single point with pseudoscalar
DM, which is another new result for this study. It has a mass of about 1.2 TeV, and the
masses of the neutral and charged scalars are the SU(2), doublet are also close. In addition,
this point features a doublet-like pair of neutral and charged fermions with a mass of about
1.28 TeV which in turn helps getting the correct DM relic density.

While the distribution of DM mass per DM type presented in figure 7 hints to different
DM realisations, it is important to emphasize that the algorithms used in this work are
not designed to produce statistically meaningful probability distributions. Therefore, these
results should be interpreted as reflecting the relative “ease” with which each type of solution
is found by the algorithm, rather than how likely or probable (in the posterior language)
they are. In section 4.3, we will also see that we can perform a novelty detection scan that
can produce smooth distributions filling seemingly empty regions of mass distributions or
cross sections for direct dark matter detection.

For fermionic DM, h-NSGA-III results for the mixing with singlet and doublet states
are presented in figure 8 plotted against the DM and the heavy charged fermion masses.
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Figure 8. Mixing and mass split of fermionic DM for h-NSGA-III. Top: without CI parametrization,
bottom: with CI parametrization. On the right: fermionic DM mass plotted against charged fermion
state and colour coded by the singlet amount of the DM fermion.

We see fermionic DM predominantly doublet-like for h-NSGA-III, while for h-NSGA-III CI,
singlet-like fermionic DM is more frequently found. This can be explained by h-NSGA-III CI
more easily finding solutions with high | gﬁfﬂl! > 1072 (see figure 4) which yields a sufficiently
large cross section for singlet-like fermionic DM as to satisfy the constraint for the DM
relic density. In case of heavy fermionic DM one has in general only a small mass splitting.
Doublet-like DM with masses above about 1TeV are only slightly lighter than the charged
fermion with a mass splitting of about 1 GeV.

In contrast, for light DM we have only singlet-like DM with a considerable mass splitting
which is a consequence of our lower bound on My. Using the mass insertion technique [62]
we find in case of the BSM contributions to a, that the ratio of the left diagram versus
the right diagram in figure 1 is given by

(hohoet) (- s "
MgMgM@ = M%kM\%

We see from figure 9 that scenarios with heavy DM are associated with lower values of |y;|
(< 107%), and therefore higher values of o (> 100 GeV), cf. figure 6. In turn, this implies
that in general the left diagram in figure 1 dominates over the right one. In contrast, the
scenarios with light fermionic DM are in the region with large |yi| (~ 1), corresponding to
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Figure 9. Mass difference between charged heavy fermion and fermionic DM plotted against the
vector of the absolute value of y11, y12 and colour coded by the amount of mixing between DM and
the singlet neutral heavy fermions (top) and DM mass (bottom).

small |a] (< 10GeV), cf. figure 6, implying that the right diagram dominates in general. In
both cases, the extent of the dominance depends on the ratios |gg /g7, |-

However, one must keep in mind that points with m,+ < 900GeV and considerable
mass difference between the charged fermionic state and the singlet fermionic state DM
(Mgt — myo 2 250 GeV) are likely excluded by charginos and neutralinos searches at the LHC
through the decay x* — x{ W7 [63]. This particular region of this scotogenic parameter
space is therefore essentially excluded. The full extent depends on the mixing in the neutral
fermionic sector as well as on hierarchy of the fermionic to the scalar sector as this impacts
the possible decay chains; see also the discussion in section 5. Therefore, the inclusion of this
additional constraint would require a detailed reinterpretation of the LHC analysis, which
is outside the scope of this study. Finally, we also note the algorithm found fermionic DM
with high mixing between singlet and doublet states (i.e., |Uy.11|> + |Uy.12/* & 0.5), another
novel result for this model. While only a few points have been found during this scan, we
will revisit them in section 4.3 where we will explore the parameter space around them.

The spin-independent fermionic DM cross section for h-NSGA-III is shown in figure 10.
The algorithm was able to find fermionic DM with cross section above the neutrino floor
and even extremely close to the LZ upper bound. These kind of solutions fall outside
the parameter space considered in [21]. This was only possible by allowing for a wider
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Figure 10. spin-independent cross section for fermionic DM for h-NSGA-III plotted against the DM
mass and colour coded by the amount of mixing between DM and the singlet neutral heavy fermions.
Left: without CI parametrization. Right: with CI parametrization.

parameter space, which considerably raises the challenge of performing a throughout scan.
This finding demonstrates the power of the methodology presented in this work at finding
novel phenomenological realisations.

Regarding scalar DM, our results show no new insights when compared to the findings
in ref. [21]. The results for scalar DM can be seen in section C.

4.3 Novelty detection scan

So far we have shown how the methodologies developed for this scan produce a more complete
picture of the phenomenological realisation of the scotogenic model studied in this work.
Of particular interest, we have uncovered new regions in the DM parameter space that
had been overlooked by previous studies. In this section, we go further to explore the
DM phenomenology, by implementing the ideas developed in ref. [34], where CMA-ES was
enhanced with additional exploration capabilities. This is achieved by incorporating a nowvelty
detection reward into the total loss function. We base this part of the study on CMA-ES
instead of NSGA-III because, although CMA-ES employs a more localised search approach,
it has a lower computational footprint due to its smaller population size, allowing for a faster
exploration. Additionally, we will also seed some of the new runs with points of interest by
initializing the mean of the CMA-ES multivariate Gaussian to a point that already satisfies
all constraints. This approach was shown to find regions beyond the ones found after the
initial convergence [34], allowing a more complete picture of the model and uncovering new
phenomenological realisations and predictions. In this work, it will allow us to further explore
around regions of interest in the parameter or phenomenological spaces that were highlighted
in section 4, namely the novel fermionic dark matter realisation where the cross-section falls
between the LZ bounds and the neutrino floor identified in figure 10,* and in pseudoscalar DM.

“However, one should take note that this region is essentially Higgsino/Singlino DM which is known from
SUSY that it should be filled and therefore it should have been covered in ref. [21].
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The novelty reward is implemented as follows. First, we modify the total single-objective
loss function eq. (3.4) by adding 1 when a point is invalid:

. 1+C(0) if C(a)ig | w3

0 if C'(6)

This ensures that the loss function remains zero if and only if a point is valid while breaking
continuity between valid and invalid points. Next, we introduce the novelty reward as a
“density penalty”, p(6),

Cr(0) = C(9) +p(0) (4.3)
which measures the similarity of a new point, #, to the valid points already found. To
prevent interference with the constraint component of the loss function, C'(6), the density
penalty is normalised to unity, ensuring 0 < p(f) < 1. This normalisation prevents the
introduction of new local minima that would arise in inviable regions if p(f) > C(6). °
Additionally, we compute the penalty only for valid points, as its purpose is to encourage
further exploration of viable regions once CMA-ES has converged.® This mechanism effectively
“pushes” CMA-ES into unexplored areas of the parameter space post-convergence, helping
to map contiguous valid regions.”

In high-dimensional spaces, density estimation, which we want to compute to use as the
penalty p(), is particularly challenging due to the “curse of dimensionality,” which affects
most traditional machine learning methods. In ref. [34], a simple histogram-based method
was employed, which we also use in this current work. Despite its susceptibility to the “curse
of dimensionality”, this approach significantly improved CMA-ES’s exploration capabilities.
This method, known as the Histogram-Based Outlier Score (HBOS), was originally introduced
in ref. [64] in the context of signal-agnostic new physics searches at colliders.

For this study we chose to use novelty detection to further explore around the more
interesting points presented in section 4. These are found by h-NSGA-IIT CI with fermionic
DM, with a considerable amount of mixing with singlet and doublet states and a spin-
independent DM cross section close to the LZ experimental upper bound. Additionally, we
enforce the density penalty to be computed in the observable subspace encompassing the
DM mass, the amount of DM mixing with singlet-doublet states, and the spin-independent
DM cross section.®

The starting step size 0(®) = 3 x 1072 (eq. (3.5)) was used for CMA-ES in this scan,
this choice is to force the algorithm to explore locally around the points which are used as

°A point, 6, is valid if and only if C'((§) = 0 irrespective of the density penalty. Cr(6) is what is given
to CMA-ES to explore and is very unlikely to be 0, as that would require the point to both be valid and a
complete novelty, which is seldom the case.

5 Alternatively, one could leave C'(#) unchanged and define the penalty as 1 for invalid points and 0 < p(f) < 1
for valid points, leading to the same final loss function eq. (4.3).

"While this methodology maps the valid region around a CMA-ES convergence region, it may not capture
the entire valid parameter space, which could consist of multiple disjoint regions. However, multiple CMA-ES
runs from different starting points could identify all viable disconnected subregions.

8The fact that the density penalty can be computed in the observable space is one of the strengths of this
methodology, which allows on to search for novel phenomenological realisations of a model that might have
been overlooked before.
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Figure 11. Results for the fermionic DM novelty detection scan. spin-independent cross section for
fermionic DM plotted against the DM mass. Left: points of the h-NGSA-ITI-CI run used as seeds
for the novelty detection scan carried out by h-CMA-ES-CI colour coded by the amount of mixing
between DM and the singlet neutral heavy fermion. Middle: new points obtained from the novelty
detection scan using h-CMA-ES-CI colour coded by mixing. Right: the same as the middle, but colour
coded by the mass difference between DM and the charged heavy fermion.

seeds. The results are presented in figure 11 and show that h-CMA-ES with novelty detection
successfully expanded around the more phenomenological interesting region found by the
NSGA-III scans, mapping the region of DM cross-section between the LZ bounds and the
neutrino floor when the DM mass is around 1TeV, which is where the initial seeds were
located. We also observe that the new points with higher cross section tend to have sizeable
if not even dominant SU(2);, doublet component. Additionally, we notice that h-CMA-ES
seems to have explored mainly the cross section direction as highlighted by the vertical
path patterns. This suggests that it is more difficult for CMA-ES to change the mass of
the DM candidate than it is to change its couplings (this has been hinted to certain extend
in figure 10 as the NSGA-III results produced some clustering around some masses, known as
“schemas” in the genetic algorithm literature). These results suggest a potentially powerful
strategy which leverages the global exploration of NSGA-III and combine it with the fast
local exploitation of CMA-ES, augmented by novelty detection, where potential regions of
phenomenological interest are first identified by NSGA-III, which can be subsequently used
as seeds from where CMA-ES with novel detection can start to further investigate.

Another interesting observation in figure 7 was the possibility of pseudoscalar DM, which
is a novel result of our scan. However, only one converged run yielded pseudoscalar DM,
for which a seeded run would only explore around a single convergence region. To explore
the pseudoscalar DM nature, we re-run h-CMAES from scratch, i.e. without seeds, but with
the added conditions to the total loss function eq. (3.4):

m¢(1) > m go

M0 > M A0 (4.4)
which, cf. egs. (2.3) and (2.6), will force h-CMAES to explicitly look for pseudoscalar DM
solutions. Additionally, we turn on the novelty detection in the DM parameter space plane,

i.e. DM mass and spin-independent direct detection cross-section, once the runs converge
to immediately explore the region instead of performing a seeded run a posteriori as we did
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Figure 12. Results for the pseudoscalar DM novelty detection scan. spin-independent cross section
for fermionic DM plotted against the DM mass and colour coded by mass splitting. Left: mass
splitting between the pseudoscalar DM and lightest neutral scalar. Right: mass splitting between the
pseudoscalar DM and charged scalar.

above. Unsurprisingly, the scan with the new conditions of eq. (4.4) is considerably more
difficult to converge to viable regions of the parameter space, with only 35 out of a 1000 runs
converging. The results are presented in figure 12, where we can see that it is possible to
virtually fill the region mpy € [500, 1000] GeV and ogp € [v floor, LZ bounds| as we did
with the fermionic dark matter. Furthermore, we also found three separate islands of points
where the m 40 and mgo are degenerate within our numerical precision. More importantly,
we see that for most of these points the mass splitting between the pseudoscalar DM and the
lightest neutral scalar and charged scalar is smaller than 1 GeV, leading to the possibility of
distinct collider phenomenology that is further discussed in section 5.

The capacity of the novelty detection runs to fill the (mpn, osr) plane relatively uniformly
highlights another feature of this methodology besides targeted exploration. As discussed
in refs. [33, 34] and in the previous section, the resulting distribution of points obtained by
the search algorithms lack statistical interpretability. However, using the novelty detection
approach seemingly allows one to produce near uniform distributions of a desired quantity,
producing a comprehensive coverage of the phenomenological allowed region. While outside
the scope of this work, this in turn could be revisited in terms of per-point likelihoods in
order to produce a statistical interpretation. Closing the gap between our results and a
statistical interpretation is left to future work.

5 LHC phenomenology

We have seen that there is a wide mass range for fermionic dark matter between 200 GeV
to 1.5 TeV. The main production channels at the LHC will be Drell-Yan processes via the
SU(2)r, components of the fermions. The SU(2), doublets have the same quantum numbers as
higgsinos in supersymmetric models. We can thus infer from ref. [65] the corresponding cross
sections assuming that the corresponding fermions are pure SU(2), states with a common
mass. We list in table 5 the cross sections at 13.6 TeV for the cases My = 800, 1000 and
1200 GeV to give an orientation of the order magnitude. The corresponding cross sections
for /s = 14 TeV are only slightly larger.
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Mass o(x1x9) o(xtx7) o(xlax™) olxlox®™ o

800 0.69 0.76 0.73 2.08 4.26
1000 0.20 0.22 0.20 0.62 1.24
1200 0.06 0.07 0.06 0.20 0.39

Table 5. Total LHC cross sections o(pp — X;) = o(X;) infb for a pure SU(2), doublet fermion at
13.6 TeV assuming near mass degeneracy between the different states, numbers taken from ref. [65].
X7 2x™ is the sum of the cross sections for x9x* + x9x* production.

In scenarios in which the DM is dominantly a doublet-like fermion, one has a small
mass splitting with respect to the charged fermion as discussed in the previous section. The
dominant decay modes will be x* — 7 x{ and x§ — 7x}. We can infer from corresponding
supersymmetric scenarios that the LHC will not be able to discover the corresponding states,
see e.g. ref. [66] and references therein.

In scenarios in which the DM candidate is a neutral singlet-like fermion, the situation
is more diverse. In case of a heavy DM fermion, e.g. above 700 GeV, the mass difference
to the charged fermion is between a few GeV and at most 200 GeV. In case of small mass
differences of about 10 GeV one can still have a sizeable doublet component implying decays
into off-shell vector-bosons

xT = WY and X? — 7% (5.1)

with X? being a doublet like neutral fermion. This will give rise to soft leptons and jets which
are again difficult to detect at the LHC. In case of larger mass differences and sizeable values
for the Yukawa couplings in eq. (2.5) off-shell decays via neutral scalars will become important

xT = lhvx]  and X? — 1Ty (5.2)

ESM implies that muons will dominate this

The requirement of a significant contribution to a
final state. In scenarios in which the mass difference between the doublet-like fermions is
between myy and my, two-body decays into on-shell W- and Z-bosons become important.
However, there is no generic picture and depending on the details of a parameter point
either these 2-body decays or the 3-body decays via scalars dominate and in some cases
they are even of equal importance. In scenarios for even larger mass splittings, the neutral

doublet-like fermion x? can decay as
X5 = hx?, (5.3)
if the corresponding y;; couplings are sizeable, e.g. at least a few times 1072
In the scenarios with singlet-like fermionic DM with masses below 500 GeV one has two

generic scenarios: (i) the additional scalars are heavier than the doublet-like fermions. In
this case, the phenomenology is as described before. (ii) The additional scalars are lighter
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than the doublet-like fermions. In these scenarios one has the following decay possibilities
xT = G — oy (5.4

—1FS = 1fd (5.5

X? — hy Y (5.6

— S — vyl (5.7

— v’ — vy (5.8

— T = 1717 (5.9

Here, we have indicated the doublet- and singlet-like scalars by 1 and S, respectively, and 7°
can be either the scalar or the pseudoscalar component. We again expect that the leptons
in the above states are mainly muons. The resulting phenomenology will depend mainly on
the size of the y;; couplings with respect to the other Yukawa couplings as this determines
the relative importance of the decay channel hy?.

We have seen in the previous section, that several scenarios exist with a small mass
splitting between the pseudoscalar A°, the scalar ¢ and n* implying that the later two can
only decay via off-shell vector-bosons to A° plus either pions or leptons. All of these decay
products are rather soft. Combining this with the fact, that the pseudoscalar dark matter is
always heavier than about 500 GeV as shown in figure 12, that the LHC will not be sensitive.
The reason is that the cross sections are smaller than the ones for higgsinos with the same
mass and the LHC is not sensitive to higgsino dark matter in this mass range if the mass
splitting is of the same size as in our case. The only exceptions are points for which the mass
difference between nt and A° is so small that only the decay nT — eTv A is allowed because
in these cases n* will be collider stable leading to a charged track. The corresponding life
times are above 10™* s. A recent ATLAS study [67] shows that some of the scenarios with
masses in the 500 GeV range might be discoverable in future searches.

This, however, does not imply that these scenarios cannot be discovered because there is
the additional production mechanism via decays of the heavy fermions, e.g.

Yt =ty (5.10)
— ¢ /AT (5.11)
Xy — nElF (5.12)
— ¢1/A% . (5.13)

The details will depend heavily on the scenario, e.g. on the size of the underlying couplings,
the mixing details of the neutral particles, and the mass differences between the fermions and
bosons. The latter are given in figure 13. Most likely, the scenarios are already constrained by
existing LHC analyses for which one has (i) a sizeable mass difference and (i) My < 1.2 TeV.
However, the details require a recast of the recent analysis [67] which is beyond the scope
of this paper.

For scalar DM we briefly summarize here the findings of [21] for completeness: at the
LHC only the scenarios in which Mg < 1.2TeV are of interest, as the cross sections for
the scalars are significantly smaller than the ones for the fermions. The corresponding final
states consist of muons and missing transverse energy.
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Figure 13. Charged fermion mass as a function of m 0. Results from pseudoscalar DM novelty
detection scan.

6 Conclusions

In this work we used AI black-box search algorithms proposed in refs. [33, 34] to explore
the parameter space of the scotogenic model first introduced in ref. [21], which is highly
constrained by Higgs mass, anomalous magnetic moment of the muon, DM relic density, DM
spin-independent cross sections for direct searches, neutrino masses and mixing, and LFV
processes. In section 2 we highlight a tension amongst some of those constraints, namely
the anomalous magnetic moment of the muon, neutrino observables and bounds on LFV
decays. To address this, in section 3 we proposed a new approach using multi-objective
optimisation with the NSGA-III algorithm and compared the results with single-objective
optimisation from CMA-ES.

We identify methodological and phenomenological advances as the main outcomes of this
work. For the methodological part, we performed the first multi-objective parameter space
scan and introduce the notion of constraint hierarchy to mitigate the suboptimal convergence
rate caused by opposing tensions between constraints. The methodology introduced here is not
limited to the model at hand and can be applied to any physics case where a multidimensional
parameter space is highly constrained by experimentally data or phenomenological consistency
like avoiding charge and colour breaking minima. With these methodological improvements,
we produced the scan results presented in section 4, where we showed that the algorithms
were very efficient at finding phenomenologically viable solutions with and without the
CI parametrisation. Our results also show a more diverse set of solutions from NSGA-III
compared to CMA-ES, reinforcing the interpretation of [33] that genetic algorithms have a
wider search capacity than CMA-ES, justifying the combination of both algorithms. Moreover,
we successfully used the CMA-ES enhanced by novelty detection methodology introduced
in [34] to further explore around the most phenomenologically interesting points found by
NSGA-III. The results suggest a powerful search strategy which combines the exploration
of NSGA-III with the exploitation of CMA-ES.

The second main contribution of this work is the expansion on the possible dark matter
phenomenological scenarios that was possible to discover due to the methodologies developed
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herein, and which were outside the parameter space considered in the previous study of this
scotogenic parameter space ref. [21]. More precisely, we discovered a far richer fermionic
dark matter phenomenology, where solutions with fermionic DM with cross section above
the neutrino floor and extremely close to the LZ upper bound were found, which were
not accessible in the study conducted previously in ref. [21]. Additionally, we were able
to find singlet fermionic dark matter which the mass is split from the new charged heavy
fermions. Most of these points yield a light dark matter, m 0 < 500 GeV, which are likely
excluded by collider searches if Mg < 1TeV. Some points included heavier dark matter, at
M0 ~ 1TeV, that remain out of reach of collider bounds. We then used these points as
seeds for a novelty detection scan to paint a complete picture of the fermionic dark matter
phenomenology and were able to find fermionic dark matter with any cross-section between
the LZ bounds and the neutrino floor for that mass range. Interestingly, the points found
can have any amount of mixing between the singlet and doublet states, providing a rich
and heterogeneous description of the fermionic dark matter candidate realisation. Finally,
we perform an explicitly guided scan for pseudoscalar DM, a possibility that was unknown
before this work and that was discovered by our initial scans. In this last focused scan, we
found many solutions with pseudoscalar DM, yielding DM masses and spin-independent
cross-sections similar to the previous scans, painting a larger picture of the possible viable
DM realisations of this scotogenic model.

Another interesting observation worth mentioning is that the efficiency and coverage
of our methodology are largely unaffected by whether we parametrise the model using the
CI parametrisation or not. This stands as a favourable feature of our methodology, as it
shows that one does not need to rely on such parametrisations, which in our case we have
found that can imprint certain patterns in the results due to the numerical precision of the
associated mathematical operations.

In conclusion, we were able to expand on the possible phenomenological realisations of
the scotogenic model first presented in ref. [21] by exploring its highly constrained multidimen-
sional parameter space using a combination of multi-objective and single objective black-box
search algorithms with novelty detection. One of the main features of our methodology is its
versatility, and we aim to use it to tackle even more challenging multi-objective problems,
such as SMEFT studies.

Note added. We note that shortly after the conclusion of this work, the Muon g-2 Theory
Initiative has released an updated lattice result for the SM prediction for the muon anomalous

magnetic moment [68]. These new results reduce the tension between the SM and experiment

BSM
m

theless, we stress that, although the hierarchical methodology developed in this work was

and thus mitigate the impact of the a constraint in the analysis presented here. Never-

motivated by a tension in the constraints including aESM, this methodology is completely

general and has shown to successfully address the problem of local minima in constraint
spaces. Conceptually, this new methodology can also be used to enforce priors.
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A Neutrino loop functions

The neutrino mass matrix can be written as M, = G MG, where My, is a 3 X 3 symmetric
matrix which encodes the information of the loop function, and the mixing in the neutral
scalar and fermion sectors, defined in egs. (2.4) and (2.7), respectively. For completeness,
we explicitly write the expressions for the components of My,

(Mp)11 = Zb,m i (UD3 (A1)
(Mp)s = 5 Zblm e [(UD3, — U3] (A-2)
(My)ss = - Zbkn o |(UD)3n = U1)3] (A.3)
(Mp)12 = (Mp)a1 = ﬁ kz;bknw;)m(v;mw;)m<U;>2n, (A.4)
(M) = (Mp)s = f Zbkn (UD2k(UD) a6 (U) 10 (U)am (A.5)
(Mp)as = (Mp)sz = 5 kzbzm (U2 [(U)3, — U))5a] (A.6)

where k£ = 1,2,3,4 and n = 1,2,3. Moreover, the loop integrals are encompassed in the
functions

1 M
brn = 1672 m ¢° kmzo [mig log mig - mi% log mi% : (A.7)
Xk
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B All scans

In this section we provide, for completion, the results for the h-CMA-ES and h-NSGA-III
runs that were absent from the main body of text in section 4.

B.1 Parameters

Here we provide the results for the Lagrangian parameters. Results for |gp,| and |gg|
couplings for h-CMA-ES and h-NSGA-III are shown in figure 14 and figure 15, respectively.
Moreover, results for trilinear coupling correlation with |gy|, |g%| and |gr,| are shown

in figure 16. Lastly, the trilinear coupling correlation with |y;;| and |yi2| for h-CMA-ES

results is presented in figure 17.

h-CMA-ES
10(),
10-2
g .
1079 L
—8 \ .
=107 107 10!
1
’9F2’
h-CMA-ES
10[) L e " (,}3; :'".
102
~
=10
10-°
—8 . .
107p=s 105 102 10!
1
’93’

h-CMA-ES CI

102
|9,

105

10!

v oy
gy,

L-CMA-ES CI

P

107 102
|9kl

10!

Figure 14. Absolute values for the components of the couplings gr, (upper left and upper right) and
gr (lower left and lower right) resulting from h-CMA-ES (left) and h-CMA-ES CI (right) scans. The
box shows the region which encompasses the distribution obtained from MCMC in ref. [21].
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Figure 15. Absolute values for the components of the couplings g, (upper left and upper right)
and gr (lower left and lower right) resulting from h-NSGA-III (left) and h-NSGA-III CI (right) scans.
The box shows the region which encompasses the distribution obtained from MCMC in [21].
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Figure 16. Trilinear coupling correlation with absolute values for the second component of the
couplings gy and gr (upper left and upper right) and the absolute value of gg and gp, couplings
(lower left and lower right) resulting from h-CMA-ES (left) and h-CMA-ES CI (right) scans. The box
show region which encompass distribution obtained from MCMC in ref. [21].
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Figure 17. Trilinear coupling correlation with the absolute value of y11, y12 couplings resulting from
h-CMA-ES (left) and h-CMA-ES CI (right) scans. The box show region which encompass distribution
obtained from MCMC in ref. [21].
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B.2 Dark matter

Here, for completion, we present the results for fermionic dark matter obtained by h-CMA-ES
runs. The distribution of DM mass and its nature from h-CMA-ES results is presented
in figure 18. Additionally, the mixing and mass split for fermionic DM and h-CMA-ES
runs is shown in figure 19.
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Figure 18. DM nature and mass for valid points found by h-CMA-ES scans. On the left not using
CI parametrization and on the right using CI parametrization.
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Figure 19. Mixing and mass split of fermionic DM for h-CMA-ES. Top: without CI parametrization,
bottom: with CI parametrization. On the right: fermionic DM mass plotted against charged fermion
state and colour coded by the singlet amount of the DM fermion.
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Figure 20. Mixing and split of scalar DM for h-NSGA-III. Top: without CI parametrization, bottom:
with CI parametrization. On the right: scalar DM mass plotted against charged scalar state and
colour coded by the amount of mixing between DM and the singlet neutral heavy scalar.

C Scalar dark matter results

For scalar DM, results from h-NSGA-III for the mixing with singlet and doublet states are
presented in figure 20 plotted against the DM and the mass of heavy charged scalar. Here,
we see mostly doublet-like (~ 70%) with ~ 30% singlet-like solutions found. The algorithms
did not find DM scalar with high mixing between singlet and doublet states. Solutions for
scalar DM masses are mostly in the interval 500 GeV < mpy = M40 < 1000 GeV.
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