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Abstract. Neural Ordinary Differential Equations (Neural ODEs) have
been used to model natural systems because of their continuous dynam-
ics. However, for meaningful predictions, it is critical to accurately
extract from the data the underlying rules or laws governing these sys-
tems. To overcome the limitations of commonly used penalty methods,
we propose a filter-based approach for Neural ODEs that uses a filter
methodology to ensure convergence to a feasible and optimal solution
for constrained natural systems. The proposed filter methodology pri-
oritises feasible solutions followed by infeasible and non-dominated solu-
tions. The proposed algorithm provides explicit control over the param-
eter optimisation process, increases the interpretability of the model,
and improves the overall performance. We validate the proposed filter-
based Neural ODE approach by modelling two different constrained nat-
ural systems. Experimental results show that the models trained by
our method provide robust generalisation and satisfy the imposed con-
straints. Our findings indicate that the proposed method represents a
promising approach for incorporating prior knowledge constraints into
Neural ODE models.

Keywords: Neural ODE - Natural systems * Filter method - Prior
knowledge + Interpretability

1 Introduction

Natural systems such as physical, biological, and chemical systems, are often
complex and present challenges for predicting their behaviour in transient and
dynamic environments. In general, mathematical models that describe the inter-
actions between variables in a system are given by ordinary differential equations
(ODEs). However, natural systems are characterised by complex and non-linear
relationships between variables that make it difficult to identify their complete
underlying dynamics. Therefore, building mathematical models is a difficult task,
which leads to models lacking robustness and predictive accuracy [7].
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Recently, neural networks (NNs) have been used successfully in modelling
these systems due to their ability to capture complex non-linear relationships
(and patterns) from data [1,7]. Nevertheless, NNs lack the ability to explicitly
perceive/incorporate temporal dependencies. To address this limitation, Chen
et al. recently proposed the Neural ODE architecture. The Neural ODEs model
a continuous-time function (ODE) such that the solution curve closely fits the
data [3]. However, natural systems may follow strict rules or constraints (known
a priori) that are not verified by the final solution, when solving the governing
equations using common numerical methods or common NNs. If the models used
to describe these systems do not incorporate these constraints, they may violate
the governing laws and may not accurately predict responses to perturbations,
leading to incorrect and unmeaningful predictions.

Since NNs are black-box models, there is no guarantee that they can effec-
tively extract the underlying dynamics of a natural system from the training
data. This largely depends on the quantity and quality of the training data, and
even in the best of cases, there is no guarantee that the exact governing laws
are learned by the model [9]. To address this issue, various strategies have been
proposed to introduce constraints into NNs [13]. A popular approach involves
the introduction of a penalty term, defined by a constraint violation measure,
and a fixed penalty parameter (p > 0), in the loss function. This technique
was inspired by well-established penalty methods from non-linear programming
[8]. This approach has already been used to incorporate prior knowledge con-
straints into NNs and Neural ODEs [2,12,14]. However, penalty methods require
the choice of an additional hyperparameter i to enforce the constraints. The
value of u is highly dependent on the specific problem at hand and can signifi-
cantly affect the convergence rate and quality of the solution, making its choice
a tedious and challenging process, that requires experimentation [8]. In the lit-
erature, there are other methods to handle constrained problems that avoid the
drawbacks associated with penalty methods. Fletcher et al. [8] proposed the filter
method that reformulates the constrained problem as a bi-objective optimisation
problem. Thus, minimising the constraint violation measure and the objective
function simultaneously [8]. In this work, we propose a filter-based Neural ODE
approach for modelling natural systems with prior knowledge constraints.

The present paper is structured as follows. Section 2 provides fundamental
concepts, including Neural ODEs, penalty methods and filter methods. Section 3
presents the proposed filter-based Neural ODE method. Section4 presents the
results on the performance of the proposed method, in which we perform a range
of numerical experiments by modelling two natural systems, namely, the world
population growth and the evolution of a chemical reaction. The paper ends with
the conclusions and some ideas of future research, in Sect. 5.

2 Background

This section provides the background required to comprehend the proposed
filter-based Neural ODE method. Thus, we present a brief description of the
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Neural ODE architecture and techniques for handling constraints of optimisation
problems.

2.1 Neural ODEs

Consider a time series that describes a natural system, X = (x1,x2,...,ZN),
where each x; is a d dimensional vector at time step i (¢ = 1,...,N). Let
Y = (y1,Y5,---,Yn) be the corresponding ground-truth output time series,
where each y, is a d* dimensional response vector at time step 7. Let Y =
(91,9, ---,Uy) be the output response generated by a NN model, where each
Y, is a d* dimensional output response vector at time step 1.

When modelling time series with NNs, the prediction ¢, at each time step
1 is seen as the output of a discrete sequence of layers. Consequently, the NN
adjusts a function that maps the input to the output vector, by passing the
output of each layer to the next consecutively. This process requires regularly
sampled training data, and predictions are only defined in time steps with the
same frequency as that used for training [11].

Chen et al. [3] introduced the Neural ODE, an architecture that adjusts a
continuous-time function fy whose dynamics is defined by a NN. Predictions
are obtained by solving an Initial Value Problem (IVP) with initial condition
(yq,to), given by the data vector at the first time step of the training sequence.
The ODE is discretised and solved in the time interval (¢o,?) using a numerical
solver [3]:

{9:}1,....f = ODESolve(fo,yq, [to, tf]),

with 9, the solution at an arbitrary time step ¢;, and t; the last time step of the
training data. To optimise the parameters @ of a Neural ODE, the Adjoint Sen-
sitivity method is used instead of the traditional backpropagation, for avoiding
the high memory cost and additional numerical errors [3].

2.2 Techniques for Handling Constraints

A natural system with prior knowledge constraints can be formulated as a con-
strained optimisation problem. In general, the mathematical formulation of the
problem is

minimize  1(0)

0 € R™

subject to ¢;(0) =0, i€e¢, (1)
01(9)307 .] S yA

where [ and ¢; are the real-valued objective and constraint functions, on a subset
of R" (i € e UZ), with ¢ and Z the index sets of inequality and equality
constraints, respectively. The set of points that satisfy all the constraints define
the feasible set S = {0 € R™ : ¢;(0) =0, i € ¢; ¢;(0)<0,i € T}.
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In the literature, there exist many approaches for solving constrained optimi-
sation problems. The most popular methods are penalty methods that transform
constrained problems into unconstrained ones by minimising a penalty function.
The penalty function is defined by the objective function plus additional penalty
terms (constraint violation measures) multiplied by a positive penalty parameter
p. The goal of the penalty terms is to penalise the objective function [ when a
trial solution @ is infeasible, i.e., when 6 ¢ S. The mathematical formulation of
the unconstrained problem is

minimize 1(0) + nP(0), (2)
where P(6) is the penalty term and p > 0 is the penalty parameter.

The penalty parameter aims to balance the objective function [ and con-
straints violation P. However, the choice of an appropriate initial value and the
subsequent tuning of its values, during the iterative process, are critical since the
performance of the algorithm is affected by their values. In some cases, the opti-
mal solution of problem (2) can only be achieved when the penalty parameter
goes to infinity. With exact penalty functions, there exists a positive threshold
p* such that for all g > p*, the optimal solution of the problem (1) is an optimal
solution of the penalty function (unconstrained problem) [10].

The most widely used penalty functions are the quadratic penalty function,
the L1 exact penalty function, and the augmented Lagrangian function [10].
For exact penalty and augmented Lagrangian functions, there exists a positive
threshold such that any penalty parameter above it guarantees the unconstrained
penalty function has the same optimal solutions as the original constrained prob-
lem. However, selecting and adjusting the penalty parameter during iterations
is crucial for performance. If the parameter u is too small, the penalty function
may become unbounded below, causing the iterates to diverge even if a solution
exists. Practical implementations should include mechanisms to increase p (and
reset the starting point if necessary) when constraint violations decrease too
slowly or divergence is observed. In practice, the initial value of y often requires
problem-specific knowledge, experimentation, and fine-tuning [10].

To avoid the drawbacks of penalty methods, Fletcher et al. [8] proposed the
filter method, which uses the domination concept of multi-objective optimisa-
tion. The filter method keeps the two goals separately, minimising the objective
function [ and the constraint violations P,

méréi]éggze (P(6),1(8)). (3)

The filter method accepts a trial point  as a new point if the pair (P(0),1(8))
is not dominated by any previous pair (P(0,,),((0,,)) generated by the algo-
rithm. According to [8] we have the following:

1. A pair (P(6,,),1(0,,)) dominates another pair (P(8;),1(6;)) if both
P(0,,) < P(0;) and 1(6,,) <1(6;),

with at least one inequality being strict.
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2. A filter F is a list of pairs (P(0,,),((0.,)) such that no pair dominates another
pair. _ _ _

3. A point 0 is accepted by the filter if its pair (P(0),1(8)) is not dominated by
any pair in the filter.

4. When a point 0 is accepted by the filter, all dominated points are removed
from the filter.

The filter method exhibits slightly stronger convergence properties when an
envelope is added to the filter [4]. According to [4], the acceptability criterion is
modified by imposing a sufficient decrease condition.

A trial point 0 is acceptable to the filter if, for all pairs (P(0,,),1(0,,)) in the
filter, the following condition holds

P(0) < (1—B)P(8,) or 1(6) <1(6,,) — BP(6)

with 3 € (0,1). In practise, 3 = 107° is commonly used.
If the constraint violation reaches a sufficiently small value, only a sufficient
reduction is imposed on function [

1(0) <1(8) —aA
where « is the step size and A > 0 tends to zero throughout the iterative process.

In the following section, we describe how our algorithm integrates some ideas
from the filter methodology.

3 Filter-Based Neural ODE Method

Our method follows the ideas of the filter methodology, optimising the con-
straints violation P and the objective function [ simultaneously. As mentioned
above, the goal of our method is to incorporate prior knowledge, in the form of
constraints, into Neural ODE models. The use of the filter methodology aims
to guarantee sufficient progress towards feasible and optimal solutions of con-
strained natural systems.

In the context of the bi-objective problem (3), to extend the Neural ODE in
the sense that both P and [ are to be minimised, two optimisers are used. One
optimiser to miminise P and other to minimise [, both with respect to 6. Thus,
instead of computing a single update of NN parameters during each iteration, as
in traditional NN training, our algorithm performs two independent parameter
computations.

The filter-based Neural ODE algorithm generates, at the current iteration,
two trial points. The trial point 0, generated by the optimiser when minimis-
ing [, and the trial 6p when minimising P. Then, the corresponding pairs
(P(6,),1(6))), (P(8p),1(6p)) are evaluated and the filter is updated.

In our filter method, the identification of infeasible non-dominated points is
based only on the dominance criterion. It also imposes an upper bound Pyax_on
the acceptable constraint violation, i.e., whenever P(6) > Pp.x the point 6 is
not accepted by the filter. Moreover, feasible points are not added to the filter to
prevent the ‘blocking entries’ problem from occurring (in particular, of infeasible
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points that are very close to the feasibility region). Note that, if a feasible point
0" was added to the filter, any infeasible point 8’ near to the feasibility region
and with value of 1(8") greater than the value of (%), would be rejected.

Furthermore, whenever the number of points in the filter exceeds a maximum
number N, .. allowed, the filter is resized by keeping the Ny, pairs with lower
P values and the upper bound Py, is updated by

Prax = vmax{P(60,,), for all (P(0,,),1(0,,)) in the filter}

where v > 1.
For selecting between both trial points, the filter-based Neural ODE algo-
rithm uses the following definition of preference point:

Definition 1. The rules to define the preference point are the following:

— if both trial points are feasible, the trial point with the lowest | value is selected
for the next point;

— if one trial point is feasible and the other is infeasible, the feasible point is
selected;

— if both trial points are infeasible and non-dominated, the trial point with lowest
P wvalue is selected;

— if both trial points are infeasible and only one is non-dominated, the non-
dominated 1s selected;

— if both trial points are infeasible and dominated, the current point is kept.

4 Experimental Evaluation

To analyse the performance of the proposed filter-based Neural ODE method,
two natural systems defined by two synthetic datasets were used. For each
dataset, three distinct tasks were performed to test and validate the models
trained with the proposed method: (a) reconstruction of the data (the same
data for training and testing); (b) extrapolation to a longer time horizon (test-
ing in a larger time interval); (c) completion (higher sampling frequency in the
test set). The reconstruction task assesses how well the models could capture the
underlying dynamics of the system and reproduce the observed data. The extrap-
olation task evaluates the models’ ability to capture the long-term behaviour of
the system and make accurate predictions for future time points. The objec-
tive of the completion task is evaluating the models’ ability to handle datasets
with missing or incomplete data, which is commonly encountered in real-life
scenarios. The objective is to assess how well the models can fill in the missing
data and accurately complete the time series at the higher sampling frequency.
The evaluation was performed by computing the Mean Squared Error (MSE)
and constraints violation P. As a baseline, we also evaluated the performance
of "traditional” Neural ODEs as proposed in [3]. In our experiments, the loss
function [ is the MSE and the constraints violation P is defined by

P(6) = 3 Y IO + 5 Y- (max(0.c:(6)

1€€ A<V
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Table1 and Table2 show, for each dataset, the average value of the MSE
(MSE,.,) and the average value of the constraints violation (P,,4), obtained in
three independent runs, as well as the standard deviation (std). In the experi-
ments we set kpnax = 10000, v = 10, Ppax = 100, Npax = 20 for the filter-based
Neural ODEs. Both architectures used Adam with learning rate 1e — 5 and 1000
iterations were done to train Neural ODE.

4.1 World Population Growth

The World Population Growth (WPG) dataset can be downloaded from Kaggle
and has two features namely, time-step ¢ and population P(t). It is characterised
by having an upper bound constraint, the carrying capacity, P(f) < 12 that
is satisfied by all data points and should be satisfied by the adjusted models
[6]. The WPG dataset was modelled using both Neural ODE and filter-based
Neural ODE, employing the same neural network (NN) architecture and training
conditions. The NN architecture consists of four hidden layers: a linear layer with
50 neurons, followed by a hyperbolic tangent (tanh) activation function, another
linear layer with 50 neurons, and finally an Exponential Linear Unit (ELU)
activation function. The input and output layers of the NN consist of a single
neuron each.

The ground-truth and predicted curves are plotted in Fig.1 and Fig. 2, for
each task, obtained by the best model.

Table 1. Neural ODE and filter-based Neural ODE performance on WPG dataset.

Experiment Neural ODE Filter-based Neural ODE

MSEqvg £ std Pavg £ std MSEqvg £ std Povg £ std
Reconstruction|0.18672 + 0.1534 |0.07766 + 0.05142/0.01769 + 0.021050.0014 + 0.00196
Extrapolation [0.12771 + 0.07157/0.15453 + 0.05251/0.00225 + 0.000570.00854 + 0.00311
Completion  |0.04292 + 0.02959/0.02805 £ 0.01166/0.00238 + 0.00037/0.00012 £+ 0.00011

Models trained using our method show lower MSE values and lower violation
values P, Table 1. We can conclude that the upper bound limit was successfully
introduced into the adjusted filter-based Neural ODE models, while Neural ODE
models were not capable of achieving this, Figs. 1 and 2. The superior predictive
capabilities of our method can be seen in the extrapolation task, which highlights
its remarkable capacity to generalise beyond the training data to unseen future
time horizons. Note that although the extrapolation task is conceptually more
challenging as the model predicts unseen time-steps, it yielded the best MSE
value for the filter-based Neural ODE in our experiments. By examining the
data dynamics shown in Fig. 2, it becomes evident that the extrapolation points
closely adhere to the upper bound limit constraint. This clearly demonstrates
the advantage of explicitly incorporating the constraint into the model.
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It is noteworthy that the filter-based Neural ODE exhibits lower MSE values
compared to the standard Neural ODE, which may seem counter-intuitive at
first. One might expect the Neural ODE to yield the lowest MSE values since it
focuses solely on minimising the objective function, while the filter-based Neural
ODE tackles the more challenging task of minimising the objective function while
satisfying the constraints. However, the explicit incorporation of constraints in
the filter-based Neural ODE introduces additional information from the training
data, providing a shortcut for learning the system dynamics. This constraint-
aware approach enables the model to not only achieve lower constraint violations,
as anticipated, but also better fit the observed data. Furthermore, the prefer-
ence point strategy contributes to directing the search for optimal parameters
in a more controlled manner. Unlike traditional neural network training used
by Neural ODEs, this strategy prevents the solutions from deteriorating over
time, while the Adam optimiser introduces an element of randomness in the
optimisation process.
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Fig. 1. Plot of the real (dashed line) and predicted (solid line) curves, for the WPG,
on different tasks trained with a Neural ODE: (a) Reconstruction; (b) Extrapolation;
(c) Completion.
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Fig. 2. Plot of the real (dashed line) and predicted (solid line) curves, for the WPG, on
different tasks trained with the filter-based Neural ODE method: (a) Reconstruction;
(b) Extrapolation; (c) Completion.
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4.2 Chemical Reaction

The Chemical Reaction (CR) dataset can be downloaded from Kaggle has five
features namely, time-step ¢ and the masses of four chemical species A, B, C, D.
It is characterised by having an equality constraint, the conservation of mass,
A(t) + B(t) + C(t) + D(t) = constant that is satisfied by all data points and
should be satisfied by the adjusted models [5]. The CR dataset was modelled
using both Neural ODE and filter-based Neural ODE, employing the same neural
network (NN) architecture and training conditions. The NN architecture consists
of six hidden layers: a linear layer with 50 neurons, followed by a hyperbolic
tangent (tanh) activation function, another linear layer with 64 neurons, and an
Exponential Linear Unit (ELU) activation function. This is followed by another
linear layer with 50 neurons, and tanh activation function. The input and output
layers have 4 neurons each. The ground-truth and predicted curves are plotted
in Fig. 3 and Fig. 4, for each task, obtained by the best model.

Table 2. Neural ODE and filter-based Neural ODE performance on the CR dataset.

Experiment  |[Neural ODE Filter-based Neural ODE

MSEqvq £ std Payg £ std MSEqvg £ std Pavg £ std
Reconstruction|0.00211 + 0.00147|0.00775 £ 0.00669/0.00069 + 0.00074|7.6667e-06 + 5.7927e-06
Extrapolation |0.04114 + 0.0572 |0.01633 £ 0.01644/0.03257 + 0.04591| 0.00703 + 0.00989
Completion 0.0009 + 0.00059/0.00264 + 0.00307/0.00032 + 0.00035|7.6666e-06 + 1.0143e-05

The performance of the models trained using our method shows lower values
of MSE and much lower constraints violation P, Table 2. These indicate that the
models obtained using the filter-based Neural ODE method satisfy the law of the
conservation of mass and fit the data, making its predictions meaningful. Figure 3
and Fig.4 demonstrate the efficacy of the proposed method in comparison to
Neural ODEs. Similar to the results observed in the WPG dataset, the filter-
based Neural ODE demonstrates lower MSE values compared to Neural ODE
in modelling the CR dataset. This behaviour can be attributed to the explicit

Fig. 3. Plot of the real curves (dashed line) and predicted curves (solid line), for the
CR dataset, on different tasks trained with a Neural ODE: (a) Reconstruction; (b)
Extrapolation; (c) Completion.
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Fig. 4. Plot of the real curves (dashed line) and predicted curves (solid line), for the
CR dataset, on different tasks trained with the filter-based Neural ODE method: (a)
Reconstruction; (b) Extrapolation; (¢) Completion.

incorporation of constraints in the filter-based Neural ODE, which introduces
additional information from the training data. Also, the preference point strategy
employed by the filter-based Neural ODE directs the optimisation process in a
way that aims to prevent the deterioration of both the objective function and
constraint violation values. This is a distinct characteristic not present in the
training process of traditional Neural ODEs.

5 Conclusion

In this work, a filter-based Neural ODE method that models natural systems
and incorporates prior knowledge constraints is proposed.

With the filter method, we aim to minimise the constraints violation and
the loss function simultaneously. At each iteration, the filter-based Neural ODE
method generates two independent trial points. One computed by minimising
the loss function and another minimising the constraints violation. The pro-
posed filter-based Neural ODE method prioritises feasible solutions, followed by
infeasible and non-dominated ones.

To assess the effectiveness of the filter-based Neural ODE method, two nat-
ural systems with constraints were modelled and evaluated across three distinct
tasks (reconstruction, extrapolation and completion). Performance was analysed
using the MSE and constraints violation. The results demonstrate that models
trained using our newly proposed method can fit the data and have the ability
to generalise/extrapolate, while accounting for the natural system constraints.

The proposed method allows the explicit introduction of prior knowledge
constraints, crucial when modelling systems that follow governing laws, improv-
ing the interpretability of the models obtained by incorporating domain-specific
knowledge and ensuring that the model adheres to the known constraints of the
system.

The improved fit to the data achieved by the filter-based Neural ODE high-
lights the significance of incorporating domain-specific constraints in the mode
ling process. By leveraging the constraints and utilising the additional infor-
mation they provide, the filter-based Neural ODE can better capture the true
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dynamics of the system. Consequently, it outperforms the standard Neural ODE
in terms of both constraint satisfaction and data fitting, demonstrating the ben-
efits of explicitly considering constraints when modelling complex systems.

The filter-based methodology proposed in our method can be extended to
any NN architecture and it is a promising approach for the integration of prior
knowledge, in the form of constraints into NNs.
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