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Abstract

Let R be a unital x-ring. In this paper, we give several characterizations for
the pseudo core and dual pseudo core inverses of an element by units in R.
Moreover, their relations with *-DMP are obtained. As a special case, the
existence criteria for EP elements (x-DMP with index 1) are given. Then, the
double commutant property of hybrid (b, c¢)-inverses is considered. Finally,
the relations of the inverse along an element and the hybrid (b, ¢)-inverse,
the (dual) pseudo core inverses and the hybrid (b, ¢)-inverse are investigated.
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1. Introduction

Since Moore-Penrose inverses and Drazin inverses were introduced, there
comes up lots of generalized inverses. For instance, x-DMP [14], DMP in-
verses [10], Core-EP inverses [11], m-EP matrices [9] the inverse along an
element [12], hybrid (b, ¢)-inverses [3], (dual) core inverses [1, 17] and so on.
Many papers [2, 6, 13, 19, 21] devoted to the study of these types of gener-
alized inverses. Recently, Gao and Chen [7] introduced the notions of (dual)
pseudo core inverses in a ring, as extensions of (dual) core inverses.
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In this paper, we aim to investigate *-DMP, (dual) pseudo core inverses
and hybrid (b, ¢)-inverses. The paper is organized as follows. In Section 2,
we give the definitions, notations and basic properties of several generalized
inverses. In Section 3, we derive an existence criterion of the pseudo core and
dual pseudo core inverses of an element, extending the corresponding results
of core and dual core inverses. Pseudo core inverses are further studied using
a direct sum of ideals and annihilators. Also, both the pseudo core and dual
pseudo core inverses of an element with its *-DMP inverses are considered. In
Section 4, {1,3}-inverses, {1,4}-inverses and pseudo core inverses are further
studied by the direct sum of ideals and annihilators. In Section 5, we prove
that the hybrid (b, ¢)-inverse shares the generalized double commutant prop-
erty, and a is invertible along d if and only if it is hybrid (d, d)-invertible.
As an immediate application, the generalized double commutant property
of the inverse along an element is given, extending the double commutant
property of Mary in [12]. Furthermore, it is shown in a ring that a is pseudo
core invertible if and only if there exists some positive integer n such that
a is hybrid (a™, (a™)*)-invertible. Finally, the generalized double commutant
property of the pseudo core inverse is given.

2. Preliminaries

In this section, we mainly introduce some notations, and give some fun-
damental results of generalized inverses, which will be useful in the sequent
sections.

Let R be a unital ring. An element a € R is (von Neumann) regular if
there exists an x € R such that a = aza. Such an z is called an inner inverse
or {1}-inverse of a, and is denoted by a~.

Definition 2.1. [5] Let R be a unital ring. An element a € R is said to have
a Drazin inverse if there exists an element b € R and a nonnegative integer
k such that

(i) a* = a*1b, (ii) bab = b, (iii) ab = ba.

The element b satisfying the above conditions (i)—(iii) is unique if it exists,
and is denoted by a”. The smallest nonnegative integer k is called the Drazin
index of a and is denoted by ind(a).



We call a € R group invertible if it is Drazin invertible and ind(a) = 1.
Also, the group inverse of a is unique and is denoted by a*. Moreover, a € R
is group invertible if and only if a € a2R N Ra?. In this case, a” = ax?® =
yax = y*a, where x,y € R satisfy a = o’z = ya®. By R, R¥ we denote the
sets of all Drazin invertible, group invertible elements in R, respectively.

In what follows, we assume that R is a unital x-ring, i.e. a ring with unity
1 and an involution * satisfying (z*)* = z, (zy)* = y*z* and (z+y)* = 2*+y*
for all z,y € R.

Definition 2.2. [15] Let a € R. An element a € R is called Moore-Penrose
invertible if there exists an element x € R such that the following four equa-
tions hold

(i) ara =a, (ii) zar =z, (i) (az)* =az, (iv) (za)* = za.

The element x satisfying the equations (1)—(iv) is called a Moore-Penrose
inverse of a. Such an x is unique if it exists, and is denoted by al.

We call a to be {1, 3}-invertible if = satisfies the equations (i) and (iii) in
Definition 2.2. Such an x is called a {1, 3}-inverse of a, and is denoted by
a3, Similarly, a is {1,4}-invertible if x satisfies the equations (i) and (iv).
Such an z is called a {1, 4}-inverse of a, and is denoted by a¥). By Rf, R(3)
and R we denote the sets of all Moore-Penrose invertible, {1,3}-invertible
and {1,4}-invertible elements in R, respectively.

It is known [22] that @ € RM?) if and only if a € Ra*a. If a = ya*a for
some y € R, then y* is a {1,3}-inverse of a. Dually, a € R if and only if
a € aa*R. If a = aa*z for some x € R, then z* is a {1,4}-inverse of a. It is
well known that a € R' if and only if a € aa*R N Ra*a.

Definition 2.3. [7] Leta € R. We call a pseudo core invertible if there exist
x € R and a positive integer n such that

(i) za™™ = a™, (i) az? =z, (iii) (az)* = ax.

The element x satisfying the above conditions is called a pseudo core inverse
of a. It is unique if it exists, and is denoted by a®. The smallest positive
integer n is called the pseudo core index of a, and is denoted by 1(a).



The dual pseudo core inverse of a, when exists, is defined as the unique
ap such that a™lap = a™, (ap)*a = ap and (apa)* = apa for some
positive integer m. In this case, the smallest positive integer m satisfying
the conditions above is called the dual pseudo core index of a, and is denoted
by I'(a). We denote by R®, Ry the sets of all pseudo core invertible, dual
pseudo core invertible elements in R, respectively.

3. Characterizations for (dual) pseudo core inverses by units

We begin with some lemmas, which play an important role in the sequel.
As usual, the symbol R~ denotes the set of all invertible elements of R.

Lemma 3.1. Let a,b € R. Then
(i) If 1+ abe R, then so is 1+ ba and (1+ba)™' =1 —b(1 + ab) ta.
(ii) Ifab—1 € R, then so is ba — 1 and (ba —1)™' = b(ab—1)"ta — 1.

The two formulae in Lemma 3.1 above are well known as Jacobson’s
Lemma.

Lemma 3.2. Let a € R be reqular and let k be a positive integer. Then the
following conditions are equivalent:

(i) a € R*.

(ii) a is regular and w = a* — 1 +aa~ € R~

(iii) a is regular and v =a* —1+a"a € R~*.

(iv) a is regular and s = a* +1 —aa™ € R71.

(v) a is reqular and t = a* +1—a"a € R7%.

In this case, a” = x=ta®*~1y=!, where x € {u, s} and y € {v,t}.

ProoF. It follows from Lemma 3.1 that (ii) < (iii) and (iv) < (v). Also,
(i) < (iv) was proved in [2]. Similarly, we can get (i) < (ii). O

We next give the existence criterion of the Drazin inverse of an element
in rings, which is essentially the same as [16, p. 107].

Recall that @ € RP with ind(a) = n if and only if n is the smallest
positive integer such that a" € R#. Moreover, a” = a"1(a™)#. Taking
k = 1 in Lemma 3.2, one can get that " € R¥ if and only if a” is regular
and a" e € R! if and only if " is regular and a" & f € R™!, where
e=1—a"(a")” and f =1 — (a")"a™. Hence, we have



Lemma 3.3. Let a € R. Then the following conditions are equivalent:

(i) a € RP with ind(a) = n.

(ii) n is the smallest positive integer such that a™ is reqular and u =
a"+1—a"(a")” € R,

(iii) n is the smallest positive integer such that a" is reqular and v =
a®+1—(a")"a" € R7%.

(iv) m is the smallest positive integer such that a™ is regular and uw =
a” —1+a"(a")” € R7L.

(v) n is the smallest positive integer such that a™ is reqular and v =
a®— 1+ (a")"a™ € R,

Lemma 3.4. [20, Theorem 2.3| Let a € R be regular. Then
(i) a € R'.
(ii) u = aa* + 1 —aa™ is left or right invertible.
(ili) ' = aa* — 1+ aa™ is left or right invertible.
(iv) v=a*a+ 1 —a"a is left or right invertible.
(v) v=a*a— 1+ a a is left or right invertible.
In this case, a' = (u;/'a)* = ((u))"ta)* = (v;la)* = ((v.)"ta)*, where

u;t, vt denote a left inverse of u, a right inverse of v, respectively.

Lemma 3.5. [21, Theorem 3.12] Let a € R. Then a € R' if and only if
a € aa*aR if and only if a € Raa*a. In particular, if a = aa*ax or a = yaa*a
for some x,y € R, then a' = (az)* = (ya)*.

Lemma 3.6. [7, Theorem 2.3] Let a € R. Then a € R® with I(a) = m
if and only if a € RP with ind(a) = m and a" € R whenever n > m.
Moreover, a® = a”a"(a™)1?).

Similarly, we can show that a € Rp with I'(a) = m if and only if a €
RP with ind(a) = m and a® € R whenever n > m. Moreover, ap =
(a™)IDanaP .

One can get from [7] that if a € R® N Ry then I(a) = I'(a) = ind(a). It is
well known that a € R if and only if a € R N RMY . Hence, we claim that
a € R® N Ry with I(a) = I'(a) = n if and only if @ € RP with ind(a) = n
and a" € R

We hence get the following characterizations for both pseudo core invert-
ible and dual pseudo core invertible elements in a *-ring.



Theorem 3.7. Let a € R. Then the following conditions are equivalent:

(i) a € R® N Ry, with I(a) = I'(a) = n.

(ii) n is the smallest positive integer such that a™ is reqular and u =
a*(a")*a" +1—a"(a™)” € R7%.

iii) n is the smallest positive integer such that a™ is reqular and u' =
(a")*a* +1— (a™)"a™ € R~
iv) n is the smallest positive integer such that a™ s reqular and v =
a")*+1—a"(a")” € R
V) n is the smallest positive integer such that a™ is reqular and v =
a"(a")*a" +1— (a")"a" € R7%.

(
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a"(a")*a™ —1+a™(a")” € R7%.

vu) n is the smallest positive integer such that a™ is reqular and s’ =

(a™)*a® — 1+ (a")"a™ € R

viil) n is the smallest positive integer such that a™ is reqular and t =

a*(a™)*a" — 1+ (a")"a" € R

ix) n is the smallest positive integer such that a™ is reqular and t' =
"*—1+a"(a")” € R

In this case, CL© =g lu—la (an)* and ap = (,U—ICLQn)*aQn 1( ) nt— )

CL

Proor. It follows from Lemma 3.1 above that (ii) < (iii), (iv) < (v), (vi)
& (vil), and (viii) < (ix). Next, it is sufficient to prove (i) < (i) < (iv) <
(vi) < (viid).

(i) = (ii) As a € R® N Ry with I(a) = I'(a) = n & a € RP with
ind(a) = n and a® € R', then, by Lemma 3.3, n is the smallest positive
integer such that a™ is regular and a™ + 1 — a™(a")~ € R™!. Since a" € RT,
we have a"(a")*+1—a"(a")” € R~! by Lemma 3.4. Again, applying Lemma
3.1, it follows a™(a™)*a"(a™)” + 1 — a™(a")” € R™'. So, (a"(a")*a™(a"™)” +
1—a"(a®)")(a" +1—a"(a")") =a"(a")*a" +1—a"(a")" =u e R

(ii) = (iv) Since v = a™(a")*a™ + 1 — a™(a™)” € R, we have v/ =
(a™)*a® +1 — (a")"a” € R™' and @™/ = a"(a")*a®, and consequently

= a"(a")*a®(v/)7! € a"(a™)*a"R. By Lemma 3.5, it gives a® € R' and
= (a**(v/)~1)*, which in turn implies a"(a")* + 1 — a"(a")” € R~! by
Lemma 3.4. Hence, by Lemma 3.1, a"(a")*a"(a™)” + 1 — a"(a")” € R~%
As a" +1 —a™(a")” = (a"(a")*a"(a")” + 1 — a"(a")")'u € R, then
a®(a")” +1—a"(a")” € R™'. So, (a®"(a")” + 1 a™(a™)”)(a"(a™)* —i— 1—
a"(a")")=ve R

(iv) = (vi) and (vi) = (ix) By a similar proof of (ii) = (iv).



(ix) = (i) We have a" (t') La?"(a")*a", and by Lemma 3.5, a™ € RY.
So, a®(a")* — 1+ a"(a")” € R7'. As a®"(a™)” + 1 —a"(a™)” = t/(a™(a")* —
1+ a™(a®)")"! € R7!, then, by Lemma 3.1, a” + 1 — a™(a™)” € R™. Tt
follows from Lemma 3.3 that a € R” with ind(a) = n, which together with
a™ € R" imply a € R® N Ry, with I(a) = I'(a) = ind(a) =

Note the fact that a € RP with ind(a) = n if and only if n is the small-
est positive integer such that a" € R*. As ua™ = a™(a")*a®", then a" =
u~la"(a")*a®", which together with a™ € R* give (a™)# = (u"'a"(a")*)%a".
Thus, a? = a" Y (u=ta"(a™)*)%a".

Therefore, we have

o _ an—l(u—lan(a ) )2anan(an)(1,3)
*uflan<an)*a2n(a )(1,3) _ anfluflan(an)*an(an>(1,3)

u - a™(a")
u—lan(an)*(an an)(l,?,))* N 1u—1an(an(an)(1,3)an)*
u - a™(a")

a

Dually, by a” = o>~ '((a")*a™~1)? and (a™)*? = (v™1a?")*, we obtain
ap = (an)(lA)anaD _ (an)(l 4)anan l(an)*antfl — (?J 1a2n)*a2n71(an>*ant71.

O

Set n = 1 in Definition 2.3, the pseudo core inverse with I(a) = 1 is
just the core inverse. Analogously, the dual core inverse is the dual pseudo
core inverse with I'(a) = 1. They are denoted by the unique a® and ag,
respectively. We denote by R® and Rg the sets of all core invertible and
dual core invertible elements in R, respectively.

Set I(a) = I'(a) = n = 1in Theorem 3.7. Then ap = (a™)*¥a"a" ! (a™ )*a”t_l
can be reduced to ag = a*at™' Indeed, a*Yaa*at™' = (a (14)a) *at ™!
(aaa)*at~! = a*at~!. Hence, we have

Corollary 3.8. [2, Theorem 5.6] Let a € R be regular. Then the following
conditions are equivalent:
(i) a € R®? N Rg.
i) u=aa*a+1—aa” € R°%.
iii)u' =a*a®* +1—-a"ae€ R
iv) v=ad’a*+1—aa” € R,
v) v =ad*a+1—aa€ R
vi) s=aa*a—1+aa” € R7!.
vil) & =a*a®* —1+a a€ R

o~~~



(viii) t =aa*a—1+a a€ R7L
(ix) ' = a*a* —1+aa” € R
In this case, a® = u=taa* and ag = a*at™.

An element a € R is called *-DMP with index n (see [14, Definition 6])
if n is the smallest positive integer such that (a”)# and (a™)' both exist and
(a™)# = (a™)'. In particular, the *-DMP with index 1 is well known as EP
elements, i.e. *-gMP invertible elements (see [14, Definition 1]).

Note that a € R® N Ry if and only if a € R N RT. Then we have

Proposition 3.9. Let a € R. Then a € R® N Ry with I(a) = I'(a) = n if
and only if n is the smallest positive integer such that a”™ € R® N Rg,.

We remark that *-DMP of index n is in the intersection of pseudo core
inverse and dual pseudo core inverse of a, where I(a) = I'(a) = n. It would
be of interest to give conditions for a € RPN R to be *-DMP? The following
theorem gives their equivalence. Herein, a lemma is given.

Lemma 3.10. [14, Proposition 2| Let a € R. Then
(i) IfaR = a*R, then a € R* if and only if a € R'. In this case, a¥ = a'.
(ii) If a* = af, then aR = a*R.

Theorem 3.11. Let a € R. Then the following conditions are equivalent:
(i) a € R° N Ry with I(a) = I'(a) =n and aa® = (aaP)*.
(i) a is *-DMP with indez n.

PROOF. (i) = (ii) As a € R® N Ry with I(a) = n, then a € RP with
ind(a) = n and n is the smallest positive integer such that a™ € R¥.

It is well known that aa” = (aa?)* = (aP)"a™. Since a" = aala™ =
(aaP)*a™ = ((aa®)")*a™ = (a™)*((aP)™)*a™, we have a"R C (a")*R. Also,
note that a" = a"((a”a)")* = a"((a”)")*(a™)*. Then, applying the involu-
tion * on the equality above, we get (a")*R C a"R. So, a"R = (a")*R.

As (a™)* exists, then by Lemma 3.10(i), a® € R' and (a®)" = (a™)#, i.e.
a is *-DMP with index n.

(ii)) = (i) As a is *DMP with index n, then n is the smallest positive
integer such that (a")# = (™), and by Proposition 3.9, a € R® N Ry
with I(a) = I'(a) = n. Note that a” = a"}(a")# = a" '(a")". Then,
aa? = a"(a™)' = (aaP)*. O

D



Corollary 3.12. Let a € R. Then the following conditions are equivalent:
(i) @ € R? N Ry and aa® = (aa®)*.
(ii) a is EP.

Applying Lemmas 3.4 and 3.10, we present characterizations of EP ele-
ments by one-sided invertibility.

Corollary 3.13. Let a € R be regular. Then the following conditions are
equivalent:

(i) a is EP.

(ii) aR = a*R and uw = aa* + 1 —aa™ is left or right invertible.

(ili) aR = a*R and v = aa* — 1+ aa™ is left or right invertible.

(iv) aR =a*R and v = a*a+ 1 — a~a is left or right invertible.

(v) aR=a*R and v = a*a — 1 + a~a is left or right invertible.

4. Characterizations for (dual) pseudo core inverses by direct sums

In this section, we aim to derive the characterization for (dual) pseudo
core inverses of a € R.

By the symbols %a = {z € R : za = 0} and «* = {y € R : ay = 0}
we denote the sets of all left annihilators and right annihilators of a in R,
respectively. Hartwig [8] derived that a € R* if and only if R = aR @ a° if
and only if R = Ra ® %a. Inspired by Hartwig’s results, we give existence
criteria for the Drazin inverse of a in R.

Proposition 4.1. Let a € R. Then the following conditions are equivalent:
(i) a € RP.
(i) R =a"R & (a™)°, for some positive integer n.
(iii) R = Ra™ @ °(a™), for some positive integer n.
In this case, a” = a®"71b%, where b € R and ¢ € (a™)? satisfy 1 = a"b+c.

PROOF. (i) = (ii) As a € RP, then there exists a positive integer n such
that a" = a"™a”, which gives a"(1 — aa”) =0, i.e. 1 —aa” € (a™)?. Then
for any r € R, we have r = (aa” + 1 — aa®)r = aaP’r + (1 — aa?)r
a™(a?)'r + (1 — aa®)r € a"R + (a")°. We next show a"R N (a")° =
Given any b € a"R N (a™)°, then b = a"x for some x € R and a"b = 0.
Hence, b = a"x = a""'a”z = aa’ax = (aa®)"b = (a”)"a"b = 0. So,

R=a"R & (a™)" for some positive integer n.

oo



(i) = (i) Note that R = a"R @ (a™)® for some positive integer n. Then
there exists some b € R and ¢ € (a")° such that 1 = a"b+c¢, and consequently
a®" = a®"ba", i.e. a™(a™ — a"ba™) = 0. So, a™ = a"ba" since a" — a"ba™ €
a"R N (a®)® = 0. Moreover, we claim (a")? C (a"b)°. Indeed, for any
s = (a™)?, it follows a**bs = a"s = 0 and hence a"bs € a"R N (a")? = 0.
So, s € (a™)?. As a™ — ba®" € (a™)? C (a"b)?, then a"b?a®" = a"ba™ = a™,
which together with a™ = a*b imply a™ € R* and (a™)# = a"b?. Therefore,
a € RP with aP = a®"~1b%

(i) < (iii) It is similar to the proof of (i) < (ii). O

We next give characterizations for {1,3}-inverses and {1,4}-inverses of a”
in R, where k is a positive integer.

Proposition 4.2. Leta € R and let n be a positive integer. Then a® € R13)
if and only if R = R(a™)* & °(a™).

Proposition 4.3. Leta € R and let n be a positive integer. Then a™ € RMY
if and only if R = (a")*R & (a™)°.

Applying Propositions 4.1 and 4.2, we obtain characterizations for the
pseudo core inverse of an element.

Theorem 4.4. Let a € R. Then the following conditions are equivalent:

(i) @ € R®.

(ii) R = Ra™ & °(a™) = R(a™)* & °(a"), for some positive integer n.

(iii) R=a"R & (a")® = R(a ) @ 9(a™), for some positive integer n.

In this case, a® = a®"~ 162 , where b,s € R, ¢ € (a™)° and t € °(a")
satisfy 1 = a™b+c = s(a")* +

Dually, we can give the characterization of the dual pseudo core inverse.

Theorem 4.5. Let a € R. Then the following conditions are equivalent:

(i) a € Rp.

(i) R = Ra" & °a") = (a")*R & (a™), for some positive integer n.

(iii) R=a"R& (a")" = ( ) R & (a™)?, for some positive integer n.

In this case, ap = q*a®" g%, where g,q € R and h,r € (a™)? satisfy
l=a"g+h=(a")q+r.

We combine Theorems 4.4 and 4.5 to obtain the following existence crite-
rion of both pseudo core invertible and dual pseudo core invertible elements.

10



Corollary 4.6. Let a € R. Then the following conditions are equivalent:

(i) a € R® N Ry

(i) R = Ra"®°(a™) = (a")*R® (a™)° = R(a™)*®°(a™), for some positive
nteger n.

(iii) R = a"R&(a™)? = (a")*R®(a")? = R(a")*®°(a"), for some positive
mnteger n.

We next give brief characterizations for the pseudo core and dual pseudo
core inverses by the direct sum of ideals and annihilators in a ring.

Theorem 4.7. Let a € R. Then the following conditions are equivalent:
(i) a € R° N Rp.
(i) R=a"R& (a")? = (a")*a"R & (a™)°, for some positive integer n.
(iii) R =a"R & (a™)” = Ra™(a")* @ %a™, for some positive integer n.
(iv) R = Ra™ & °(a™) = Ra™(a™)* & %a™, for some positive integer n.
(v) R= Ra" ®°a") = Ra™(a™)* ® a™, for some positive integer n.

PRrROOF. It is sufficient to prove (i) < (ii) < (iii). The rest follows by noting
that a € R” & R = Ra™ & °(a™), for some positive integer n.

(i) = (ii) Suppose a € RPN Ry, with I(a) = I'(a) = n. Then a € RP with
ind(a) = n and a" € R. As a € RP with ind(a) = n, then, by Proposition
4.1, R=a"R& (a")°.

It follows from Lemma 3.5 that a” € RT implies a™ = a™(a™)*a"z for some
r € R. Set s:=1—(a")*a"x. Then 1 = (a")*a"x+s € (a")*a"R+ (a™)°. We
next show (a")*a"RN(a")® = 0. Let t € (a")*a"RN(a™)’. Then thereisy € R
such that t = (a")*a"y = (a"(a")'a")*a™y = (a")Ta™(a")*a"y = (a")Ta™t = 0
since a"t = 0. Thus, R = (a")*a"R & (a")°.

So, R=a"R® (a")? = (a™)*a"R @ (a™)?, for some positive integer n.

(ii) = (i) It is obvious that a € RP by Proposition 4.1. Since R =
(a™)*a"R @ (a™)°, we have a"R = a"(a")*a" R and hence a" € R' by Lemma
35. Asa € RP and a® € R' & a® € R N RMY | then, by Lemma 3.6,

a € R° N Ry.
(i) < (iii) It is analogous to the proof of (i) < (ii) by noting a" € R <
a" € Ra"(a™)*a™. O

11



5. Relations with other types of generalized inverses and its prop-
erty

Let a,d € R. Following [12], an element a is called invertible along d if
there exists some y € R such that yay =y, yR = dR and Ry = Rd. Such a
y is called the inverse of a along d. It is unique, and is denoted by al?.

In 2012, Drazin [3] introduced a class of outer generalized inverses called
hybrid (b, ¢)-inverses. Let a,b,c € R and let r° = {x € R : rz = 0} denote
all right annihilators of » € R. An element a is called hybrid (b, ¢)-invertible
if there exists an element y € R such that yay = y, yR = bR and y° = .
Such a y is unique if it exists, and is called the hybrid (b, ¢)-inverse of a.

More results on hybrid (b, ¢)-inverses can be referred to [18].

Lemma 5.1. (see e.g. [17]) Let b,y € R. Then
(i) If yR = bR, then %y = °b.
(ii) If Ry = Rb, then y° = 1°.

For any a,d € R, by Lemma 5.1 above, if a is invertible along d, then it
is hybrid (d, d)-invertible. We next illustrate that the converse also holds.

Proposition 5.2. Let a,d € R. Then a is invertible along d if and only if a
is hybrid (d,d)-invertible. Moreover, the inverse of a along d coincides with
the hybrid (d, d)-inverse of a.

ProoOF. We only need prove the “if” part.

Let y € R be the hybrid (d, d)-inverse of a. Then yay = y, and conse-
quently 1 —ay € y° C d°. So, Rd = Rday C Ry. Since yR = dR, we have
y = dr for some r € R. Hence, y = yay = dray. Also, yR = dR gives d = ys
for some s € R. So, Multiplying y = dray by s on the right yields d = drad.
Hence, d is regular, which combines with d° C 4° to conclude Ry C Rd. So,
Ry = Rd and y is the inverse of a along d. 0

Drazin [4] showed that the (b,c)-inverse shares the generalized double
commutant property. We next shows that the hybrid (b, ¢)-inverse also sat-
isfies this property.

Theorem 5.3. Let a;,b;, ¢;,y; € R and let y; be the hybrid (b;, ¢;)-inverse of
a; (1 =1,2). Then for any x € R, xa; = asx, vby = byx and xcy = cox imply
TY1 = Y2 .

12



PROOF. Since g, is the hybrid (b, co)-inverse of aq, it follows yo R = boR.
Then there exists some z € R such that b, = y,z, which together with
Yolola = Yo gives Yoaoby = by. Thus, we have xby = by = ysasbox = yoasxby,
which implies  — y2a02 € %b;. Note that y; R = by R. Then, by Lemma 5.1,
Y1 = %;. So,  — yasx € Yyi, and hence xy; = Y2027, .

Note that y1a1y; = vy, concludes 1 — ayy; € y) = . Then ¢; = cia1y;
and cox = xc1 = TCra1y; = coxaiy; = csasxy,. Consequently, © — asxy; €
0(2) = yS, Le. Y2 = YolaxY1.

Therefore, xy; = yox. O

Applying Proposition 5.2 and Theorem 5.3, we have the following corol-
laries.

Corollary 5.4. Let ay,as,d,x € R with xa; = asx and xd = dx. If a!d and
lld lld lld

a, ezist, then xa; = ay x.
Corollary 5.5. Let a,dy,ds, x € R with xa = ax and xdy = dex. If all® and
al® egist, then zal® = alld2z.

In particular, if we take a; = ao or di = dy in the above corollaries,
then we get the classical double commutant property of the inverse along an
element.

Corollary 5.6. [12, Theorem 10| Let a,d,z € R with xa = ax and xd = dzx.
If al? exists, then xal? = al?z.

We next consider the relations between the pseudo core inverse and the
hybrid (b, ¢)-inverse in a ring.

Theorem 5.7. Let a,x € R. Then x is the pseudo core inverse of a if and
only if it is the hybrid (a™, (a™)*)-inverse of a, for some positive integer n.

PROOF. Suppose that z is the pseudo core inverse of a with I(a) = n. Then,
by the definition, we have za"™ = ¢", ax? = z and (ax)* = azx.

We next show that = is the hybrid (a”, (a™)*)-inverse of a by proving
rar =z, tR = a"R and 2° = ((a")*)°.

(a) Note that © = ax? = a(az?)z = a®2® = -+ = a"2"™!. Then zax =
ra(azr?) = va’x? = - - = xa" 2" = (za" )"t = "2 = 2.

(b) zR = a"R since a"R = za"'R C xR, and 2R = a"z""'R C a"R.

13



(c) Let s € 2% i.e. ws = 0. Then (a")*s = (za"™')*s = (a"™)*z*s =
(a"“)*(axQ)*s — (a”“)*x*(ax)*s — (a”“)*m*axs = 0. SO, 330 C ((an)*)o

For the converse, as R = a™R, then Rz* = R(a™)*, which implies z* =
p(a™)* for some p € R. Thus, for any t € ((a™)*)?, we get, by the equality
(a), xt = zazt = x(azx)*t = zx*a*t = xp(a™)*a*t = xpa*(a")*t = 0. That is
$0 — ((an)*)o

Conversely, let = be the hybrid (a”, (a™)*)-inverse of a. Then zazr = =z,
TR =a"R and z° = ((a")*)°.

As R = a"R, then a™ = zb for some b € R. Multiplying zax = = by b
on the right yields za"*! = a”.

Since 1 — az € 2° = ((a™)*)?, we have (a")* = (a™)*ax and hence a" =
(ax)*a™. Also, rar = x and xR = a"R imply « € a"Rx. Then there exists
¢ € R such that * = a"cz, and consequently ax = a""lcx = a"acr =
(azx)*a™acx = (azx)*a(a™cx) = (ax)*az. So, (azx)* = ax.

Note that ¢ = (ax)*a" and (az)* = ax. Then a" = azxa™ We have
ar? = ax(a"cr) = (aza")cr = a"cx = 1.

Therefore, x is the pseudo core inverse of a. O

Remark 5.8. By the proof of Theorem 5.7, we claim that if a € R® with
I(a) = n, then a is also hybrid (a™, (a™)*)-invertible for any positive integer

m > n.

Corollary 5.9. Let a,x € R. Then x is the core inverse of a if and only if
it 1s the hybrid (a,a*)-inverse of a.

Dually, we have
Theorem 5.10. Leta,y € R. Then y is the dual pseudo core inverse of a if
and only if it is the hybrid ((a™)*, a™)-inverse of a, for some positive integer

n.

On returning to our last argument of the generalized double commutant
property of pseudo core inverses.

Proposition 5.11. Let ay,as,x € R with xa; = asxr and zaj = ajx. If
ai,as € R®, then zaP = aw.
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PROOF. Let a; € R® with I(a;) = m and let ay € R® with I(ay) = n. By
Theorem 5.7, we know that a; is (a*, (a])™)-invertible, and ay is (af, (a3)™)-
invertible.

Let k = max{m,n}. Then, from Remark 5.8, a; is (a¥, (a})¥)-invertible
(i = 1,2). By induction, we get xa¥ = a5z and z(a¥)* = (af)*x. It follows
from Theorem 5.3 that zaP = az. U

Corollary 5.12. [7, Proposition 4.2] Let a,z € R with xa = ax and xa* =
a*x. If a € R®, then xa® = a®x.

Corollary 5.13. [2, Theorem 3.2] Let aj,as,2 € R with xa; = asx and

rai = ayx. If a;,as € R®, then xa? = a2x.
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