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Abstract

Let R be a unital ∗-ring. In this paper, we give several characterizations for
the pseudo core and dual pseudo core inverses of an element by units in R.
Moreover, their relations with ∗-DMP are obtained. As a special case, the
existence criteria for EP elements (∗-DMP with index 1) are given. Then, the
double commutant property of hybrid (b, c)-inverses is considered. Finally,
the relations of the inverse along an element and the hybrid (b, c)-inverse,
the (dual) pseudo core inverses and the hybrid (b, c)-inverse are investigated.
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1. Introduction

Since Moore-Penrose inverses and Drazin inverses were introduced, there
comes up lots of generalized inverses. For instance, ∗-DMP [14], DMP in-
verses [10], Core-EP inverses [11], m-EP matrices [9] the inverse along an
element [12], hybrid (b, c)-inverses [3], (dual) core inverses [1, 17] and so on.
Many papers [2, 6, 13, 19, 21] devoted to the study of these types of gener-
alized inverses. Recently, Gao and Chen [7] introduced the notions of (dual)
pseudo core inverses in a ring, as extensions of (dual) core inverses.
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In this paper, we aim to investigate ∗-DMP, (dual) pseudo core inverses
and hybrid (b, c)-inverses. The paper is organized as follows. In Section 2,
we give the definitions, notations and basic properties of several generalized
inverses. In Section 3, we derive an existence criterion of the pseudo core and
dual pseudo core inverses of an element, extending the corresponding results
of core and dual core inverses. Pseudo core inverses are further studied using
a direct sum of ideals and annihilators. Also, both the pseudo core and dual
pseudo core inverses of an element with its ∗-DMP inverses are considered. In
Section 4, {1,3}-inverses, {1,4}-inverses and pseudo core inverses are further
studied by the direct sum of ideals and annihilators. In Section 5, we prove
that the hybrid (b, c)-inverse shares the generalized double commutant prop-
erty, and a is invertible along d if and only if it is hybrid (d, d)-invertible.
As an immediate application, the generalized double commutant property
of the inverse along an element is given, extending the double commutant
property of Mary in [12]. Furthermore, it is shown in a ring that a is pseudo
core invertible if and only if there exists some positive integer n such that
a is hybrid (an, (an)∗)-invertible. Finally, the generalized double commutant
property of the pseudo core inverse is given.

2. Preliminaries

In this section, we mainly introduce some notations, and give some fun-
damental results of generalized inverses, which will be useful in the sequent
sections.

Let R be a unital ring. An element a ∈ R is (von Neumann) regular if
there exists an x ∈ R such that a = axa. Such an x is called an inner inverse
or {1}-inverse of a, and is denoted by a−.

Definition 2.1. [5] Let R be a unital ring. An element a ∈ R is said to have
a Drazin inverse if there exists an element b ∈ R and a nonnegative integer
k such that

(i) ak = ak+1b, (ii) bab = b, (iii) ab = ba.

The element b satisfying the above conditions (i)−(iii) is unique if it exists,
and is denoted by aD. The smallest nonnegative integer k is called the Drazin
index of a and is denoted by ind(a).

2



We call a ∈ R group invertible if it is Drazin invertible and ind(a) = 1.
Also, the group inverse of a is unique and is denoted by a#. Moreover, a ∈ R
is group invertible if and only if a ∈ a2R ∩ Ra2. In this case, a# = ax2 =
yax = y2a, where x, y ∈ R satisfy a = a2x = ya2. By RD, R# we denote the
sets of all Drazin invertible, group invertible elements in R, respectively.

In what follows, we assume that R is a unital ∗-ring, i.e. a ring with unity
1 and an involution ∗ satisfying (x∗)∗ = x, (xy)∗ = y∗x∗ and (x+y)∗ = x∗+y∗

for all x, y ∈ R.

Definition 2.2. [15] Let a ∈ R. An element a ∈ R is called Moore-Penrose
invertible if there exists an element x ∈ R such that the following four equa-
tions hold

(i) axa = a, (ii) xax = x, (iii) (ax)∗ = ax, (iv) (xa)∗ = xa.

The element x satisfying the equations (i)−(iv) is called a Moore-Penrose
inverse of a. Such an x is unique if it exists, and is denoted by a†.

We call a to be {1, 3}-invertible if x satisfies the equations (i) and (iii) in
Definition 2.2. Such an x is called a {1, 3}-inverse of a, and is denoted by
a(1,3). Similarly, a is {1, 4}-invertible if x satisfies the equations (i) and (iv).
Such an x is called a {1, 4}-inverse of a, and is denoted by a(1,4). By R†, R(1,3)

and R(1,4) we denote the sets of all Moore-Penrose invertible, {1,3}-invertible
and {1,4}-invertible elements in R, respectively.

It is known [22] that a ∈ R(1,3) if and only if a ∈ Ra∗a. If a = ya∗a for
some y ∈ R, then y∗ is a {1,3}-inverse of a. Dually, a ∈ R(1,4) if and only if
a ∈ aa∗R. If a = aa∗x for some x ∈ R, then x∗ is a {1,4}-inverse of a. It is
well known that a ∈ R† if and only if a ∈ aa∗R ∩Ra∗a.

Definition 2.3. [7] Let a ∈ R. We call a pseudo core invertible if there exist
x ∈ R and a positive integer n such that

(i) xan+1 = an, (ii) ax2 = x, (iii) (ax)∗ = ax.

The element x satisfying the above conditions is called a pseudo core inverse
of a. It is unique if it exists, and is denoted by aD©. The smallest positive
integer n is called the pseudo core index of a, and is denoted by I(a).
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The dual pseudo core inverse of a, when exists, is defined as the unique
aD© such that am+1aD© = am, (aD©)

2a = aD© and (aD©a)
∗ = aD©a for some

positive integer m. In this case, the smallest positive integer m satisfying
the conditions above is called the dual pseudo core index of a, and is denoted
by I′(a). We denote by RD©, RD© the sets of all pseudo core invertible, dual
pseudo core invertible elements in R, respectively.

3. Characterizations for (dual) pseudo core inverses by units

We begin with some lemmas, which play an important role in the sequel.
As usual, the symbol R−1 denotes the set of all invertible elements of R.

Lemma 3.1. Let a, b ∈ R. Then
(i) If 1 + ab ∈ R−1, then so is 1 + ba and (1 + ba)−1 = 1− b(1 + ab)−1a.
(ii) If ab− 1 ∈ R−1, then so is ba− 1 and (ba− 1)−1 = b(ab− 1)−1a− 1.

The two formulae in Lemma 3.1 above are well known as Jacobson’s
Lemma.

Lemma 3.2. Let a ∈ R be regular and let k be a positive integer. Then the
following conditions are equivalent:

(i) a ∈ R#.
(ii) a is regular and u = ak − 1 + aa− ∈ R−1.
(iii) a is regular and v = ak − 1 + a−a ∈ R−1.
(iv) a is regular and s = ak + 1− aa− ∈ R−1.
(v) a is regular and t = ak + 1− a−a ∈ R−1.
In this case, a# = x−1a2k−1y−1, where x ∈ {u, s} and y ∈ {v, t}.

Proof. It follows from Lemma 3.1 that (ii) ⇔ (iii) and (iv) ⇔ (v). Also,
(i) ⇔ (iv) was proved in [2]. Similarly, we can get (i) ⇔ (ii). �

We next give the existence criterion of the Drazin inverse of an element
in rings, which is essentially the same as [16, p. 107].

Recall that a ∈ RD with ind(a) = n if and only if n is the smallest
positive integer such that an ∈ R#. Moreover, aD = an−1(an)#. Taking
k = 1 in Lemma 3.2, one can get that an ∈ R# if and only if an is regular
and an ± e ∈ R−1 if and only if an is regular and an ± f ∈ R−1, where
e = 1− an(an)− and f = 1− (an)−an. Hence, we have
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Lemma 3.3. Let a ∈ R. Then the following conditions are equivalent:
(i) a ∈ RD with ind(a) = n.
(ii) n is the smallest positive integer such that an is regular and u =

an + 1− an(an)− ∈ R−1.
(iii) n is the smallest positive integer such that an is regular and v =

an + 1− (an)−an ∈ R−1.
(iv) n is the smallest positive integer such that an is regular and u =

an − 1 + an(an)− ∈ R−1.
(v) n is the smallest positive integer such that an is regular and v =

an − 1 + (an)−an ∈ R−1.

Lemma 3.4. [20, Theorem 2.3] Let a ∈ R be regular. Then
(i) a ∈ R†.
(ii) u = aa∗ + 1− aa− is left or right invertible.
(iii) u′ = aa∗ − 1 + aa− is left or right invertible.
(iv) v = a∗a+ 1− a−a is left or right invertible.
(v) v = a∗a− 1 + a−a is left or right invertible.
In this case, a† = (u−1l a)∗ = ((u′l)

−1a)∗ = (v−1r a)∗ = ((v′r)
−1a)∗, where

u−1l , v−1r denote a left inverse of u, a right inverse of v, respectively.

Lemma 3.5. [21, Theorem 3.12] Let a ∈ R. Then a ∈ R† if and only if
a ∈ aa∗aR if and only if a ∈ Raa∗a. In particular, if a = aa∗ax or a = yaa∗a
for some x, y ∈ R, then a† = (ax)∗ = (ya)∗.

Lemma 3.6. [7, Theorem 2.3] Let a ∈ R. Then a ∈ RD© with I(a) = m
if and only if a ∈ RD with ind(a) = m and an ∈ R(1,3) whenever n ≥ m.
Moreover, aD© = aDan(an)(1,3).

Similarly, we can show that a ∈ RD© with I′(a) = m if and only if a ∈
RD with ind(a) = m and an ∈ R(1,4) whenever n ≥ m. Moreover, aD© =
(an)(1,4)anaD.

One can get from [7] that if a ∈ RD©∩RD© then I(a) = I′(a) = ind(a). It is
well known that a ∈ R† if and only if a ∈ R(1,3)∩R(1,4). Hence, we claim that
a ∈ RD© ∩ RD© with I(a) = I′(a) = n if and only if a ∈ RD with ind(a) = n
and an ∈ R†.

We hence get the following characterizations for both pseudo core invert-
ible and dual pseudo core invertible elements in a ∗-ring.
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Theorem 3.7. Let a ∈ R. Then the following conditions are equivalent:
(i) a ∈ RD© ∩RD© with I(a) = I ′(a) = n.
(ii) n is the smallest positive integer such that an is regular and u =

an(an)∗an + 1− an(an)− ∈ R−1.
(iii) n is the smallest positive integer such that an is regular and u′ =

(an)∗a2n + 1− (an)−an ∈ R−1.
(iv) n is the smallest positive integer such that an is regular and v =

a2n(an)∗ + 1− an(an)− ∈ R−1.
(v) n is the smallest positive integer such that an is regular and v′ =

an(an)∗an + 1− (an)−an ∈ R−1.
(vi) n is the smallest positive integer such that an is regular and s =

an(an)∗an − 1 + an(an)− ∈ R−1.
(vii) n is the smallest positive integer such that an is regular and s′ =

(an)∗a2n − 1 + (an)−an ∈ R−1.
(viii) n is the smallest positive integer such that an is regular and t =

an(an)∗an − 1 + (an)−an ∈ R−1.
(ix) n is the smallest positive integer such that an is regular and t′ =

a2n(an)∗ − 1 + an(an)− ∈ R−1.
In this case, aD© = an−1u−1an(an)∗ and aD© = (v−1a2n)∗a2n−1(an)∗ant−1.

Proof. It follows from Lemma 3.1 above that (ii) ⇔ (iii), (iv) ⇔ (v), (vi)
⇔ (vii), and (viii) ⇔ (ix). Next, it is sufficient to prove (i) ⇔ (ii) ⇔ (iv) ⇔
(vi) ⇔ (viii).

(i) ⇒ (ii) As a ∈ RD© ∩ RD© with I(a) = I′(a) = n ⇔ a ∈ RD with
ind(a) = n and an ∈ R†, then, by Lemma 3.3, n is the smallest positive
integer such that an is regular and an + 1 − an(an)− ∈ R−1. Since an ∈ R†,
we have an(an)∗+1−an(an)− ∈ R−1 by Lemma 3.4. Again, applying Lemma
3.1, it follows an(an)∗an(an)− + 1 − an(an)− ∈ R−1. So, (an(an)∗an(an)− +
1− an(an)−)(an + 1− an(an)−) = an(an)∗an + 1− an(an)− = u ∈ R−1.

(ii) ⇒ (iv) Since u = an(an)∗an + 1 − an(an)− ∈ R−1, we have u′ =
(an)∗a2n + 1 − (an)−an ∈ R−1 and anu′ = an(an)∗a2n, and consequently
an = an(an)∗a2n(u′)−1 ∈ an(an)∗anR. By Lemma 3.5, it gives an ∈ R† and
(an)† = (a2n(u′)−1)∗, which in turn implies an(an)∗ + 1 − an(an)− ∈ R−1 by
Lemma 3.4. Hence, by Lemma 3.1, an(an)∗an(an)− + 1 − an(an)− ∈ R−1.
As an + 1 − an(an)− = (an(an)∗an(an)− + 1 − an(an)−)−1u ∈ R−1, then
a2n(an)− + 1 − an(an)− ∈ R−1. So, (a2n(an)− + 1 − an(an)−)(an(an)∗ + 1 −
an(an)−) = v ∈ R−1.

(iv) ⇒ (vi) and (vi) ⇒ (ix) By a similar proof of (ii) ⇒ (iv).
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(ix) ⇒ (i) We have an = (t′)−1a2n(an)∗an, and by Lemma 3.5, an ∈ R†.
So, an(an)∗ − 1 + an(an)− ∈ R−1. As a2n(an)− + 1− an(an)− = t′(an(an)∗ −
1 + an(an)−)−1 ∈ R−1, then, by Lemma 3.1, an + 1 − an(an)− ∈ R−1. It
follows from Lemma 3.3 that a ∈ RD with ind(a) = n, which together with
an ∈ R† imply a ∈ RD© ∩RD© with I(a) = I′(a) = ind(a) = n.

Note the fact that a ∈ RD with ind(a) = n if and only if n is the small-
est positive integer such that an ∈ R#. As uan = an(an)∗a2n, then an =
u−1an(an)∗a2n, which together with an ∈ R# give (an)# = (u−1an(an)∗)2an.
Thus, aD = an−1(u−1an(an)∗)2an.

Therefore, we have

aD© = aDan(an)(1,3) = an−1(u−1an(an)∗)2anan(an)(1,3)

= an−1u−1an(an)∗u−1an(an)∗a2n(an)(1,3) = an−1u−1an(an)∗an(an)(1,3)

= an−1u−1an(an)∗(an(an)(1,3))∗ = an−1u−1an(an(an)(1,3)an)∗

= an−1u−1an(an)∗.

Dually, by aD = a2n−1((an)∗ant−1)2 and (an)(1,4) = (v−1a2n)∗, we obtain
aD© = (an)(1,4)anaD = (an)(1,4)anan−1(an)∗ant−1 = (v−1a2n)∗a2n−1(an)∗ant−1.
�

Set n = 1 in Definition 2.3, the pseudo core inverse with I(a) = 1 is
just the core inverse. Analogously, the dual core inverse is the dual pseudo
core inverse with I′(a) = 1. They are denoted by the unique a#© and a#©,
respectively. We denote by R#© and R#© the sets of all core invertible and
dual core invertible elements in R, respectively.

Set I(a) = I′(a) = n = 1 in Theorem 3.7. Then aD© = (an)(1,4)anan−1(an)∗ant−1

can be reduced to a#© = a∗at−1 Indeed, a(1,4)aa∗at−1 = (a(1,4)a)∗a∗at−1 =
(aa(1,4)a)∗at−1 = a∗at−1. Hence, we have

Corollary 3.8. [2, Theorem 5.6] Let a ∈ R be regular. Then the following
conditions are equivalent:

(i) a ∈ R#© ∩R#©.
(ii) u = aa∗a+ 1− aa− ∈ R−1.
(iii)u′ = a∗a2 + 1− a−a ∈ R−1.
(iv) v = a2a∗ + 1− aa− ∈ R−1.
(v) v′ = aa∗a+ 1− a−a ∈ R−1.
(vi) s = aa∗a− 1 + aa− ∈ R−1.
(vii) s′ = a∗a2 − 1 + a−a ∈ R−1.
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(viii) t = aa∗a− 1 + a−a ∈ R−1.
(ix) t′ = a2a∗ − 1 + aa− ∈ R−1.
In this case, a#© = u−1aa∗ and a#© = a∗at−1.

An element a ∈ R is called ∗-DMP with index n (see [14, Definition 6])
if n is the smallest positive integer such that (an)# and (an)† both exist and
(an)# = (an)†. In particular, the ∗-DMP with index 1 is well known as EP
elements, i.e. ∗-gMP invertible elements (see [14, Definition 1]).

Note that a ∈ R#© ∩R#© if and only if a ∈ R# ∩R†. Then we have

Proposition 3.9. Let a ∈ R. Then a ∈ RD© ∩ RD© with I(a) = I ′(a) = n if
and only if n is the smallest positive integer such that an ∈ R#© ∩R#©.

We remark that ∗-DMP of index n is in the intersection of pseudo core
inverse and dual pseudo core inverse of a, where I(a) = I′(a) = n. It would
be of interest to give conditions for a ∈ RD©∩RD© to be ∗-DMP? The following
theorem gives their equivalence. Herein, a lemma is given.

Lemma 3.10. [14, Proposition 2] Let a ∈ R. Then
(i) If aR = a∗R, then a ∈ R# if and only if a ∈ R†. In this case, a# = a†.
(ii) If a# = a†, then aR = a∗R.

Theorem 3.11. Let a ∈ R. Then the following conditions are equivalent:
(i) a ∈ RD© ∩RD© with I(a) = I ′(a) = n and aaD = (aaD)∗.
(ii) a is ∗-DMP with index n.

Proof. (i) ⇒ (ii) As a ∈ RD© ∩ RD© with I(a) = n, then a ∈ RD with
ind(a) = n and n is the smallest positive integer such that an ∈ R#.

It is well known that aaD = (aaD)n = (aD)nan. Since an = aaDan =
(aaD)∗an = ((aaD)n)∗an = (an)∗((aD)n)∗an, we have anR ⊆ (an)∗R. Also,
note that an = an((aDa)n)∗ = an((aD)n)∗(an)∗. Then, applying the involu-
tion ∗ on the equality above, we get (an)∗R ⊆ anR. So, anR = (an)∗R.

As (an)# exists, then by Lemma 3.10(i), an ∈ R† and (an)† = (an)#, i.e.
a is ∗-DMP with index n.

(ii) ⇒ (i) As a is ∗-DMP with index n, then n is the smallest positive
integer such that (an)# = (an)†, and by Proposition 3.9, a ∈ RD© ∩ RD©
with I(a) = I ′(a) = n. Note that aD = an−1(an)# = an−1(an)†. Then,
aaD = an(an)† = (aaD)∗. �
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Corollary 3.12. Let a ∈ R. Then the following conditions are equivalent:
(i) a ∈ R#© ∩R#© and aa# = (aa#)∗.
(ii) a is EP.

Applying Lemmas 3.4 and 3.10, we present characterizations of EP ele-
ments by one-sided invertibility.

Corollary 3.13. Let a ∈ R be regular. Then the following conditions are
equivalent:

(i) a is EP.
(ii) aR = a∗R and u = aa∗ + 1− aa− is left or right invertible.
(iii) aR = a∗R and u′ = aa∗ − 1 + aa− is left or right invertible.
(iv) aR = a∗R and v = a∗a+ 1− a−a is left or right invertible.
(v) aR = a∗R and v = a∗a− 1 + a−a is left or right invertible.

4. Characterizations for (dual) pseudo core inverses by direct sums

In this section, we aim to derive the characterization for (dual) pseudo
core inverses of a ∈ R.

By the symbols 0a = {x ∈ R : xa = 0} and a0 = {y ∈ R : ay = 0}
we denote the sets of all left annihilators and right annihilators of a in R,
respectively. Hartwig [8] derived that a ∈ R# if and only if R = aR ⊕ a0 if
and only if R = Ra ⊕ 0a. Inspired by Hartwig’s results, we give existence
criteria for the Drazin inverse of a in R.

Proposition 4.1. Let a ∈ R. Then the following conditions are equivalent:
(i) a ∈ RD.
(ii) R = anR⊕ (an)0, for some positive integer n.
(iii) R = Ran ⊕ 0(an), for some positive integer n.
In this case, aD = a2n−1b2, where b ∈ R and c ∈ (an)0 satisfy 1 = anb+ c.

Proof. (i) ⇒ (ii) As a ∈ RD, then there exists a positive integer n such
that an = an+1aD, which gives an(1− aaD) = 0, i.e. 1− aaD ∈ (an)0. Then
for any r ∈ R, we have r = (aaD + 1 − aaD)r = aaDr + (1 − aaD)r =
an(aD)nr + (1 − aaD)r ∈ anR + (an)0. We next show anR ∩ (an)0 = 0.
Given any b ∈ anR ∩ (an)0, then b = anx for some x ∈ R and anb = 0.
Hence, b = anx = an+1aDx = aaDanx = (aaD)nb = (aD)nanb = 0. So,
R = anR⊕ (an)0 for some positive integer n.
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(ii) ⇒ (i) Note that R = anR ⊕ (an)0 for some positive integer n. Then
there exists some b ∈ R and c ∈ (an)0 such that 1 = anb+c, and consequently
a2n = a2nban, i.e. an(an − anban) = 0. So, an = anban since an − anban ∈
anR ∩ (an)0 = 0. Moreover, we claim (an)0 ⊆ (anb)0. Indeed, for any
s = (an)0, it follows a2nbs = ans = 0 and hence anbs ∈ anR ∩ (an)0 = 0.
So, s ∈ (anb)0. As an − ba2n ∈ (an)0 ⊆ (anb)0, then anb2a2n = anban = an,
which together with an = a2nb imply an ∈ R# and (an)# = anb2. Therefore,
a ∈ RD with aD = a2n−1b2.

(i) ⇔ (iii) It is similar to the proof of (i) ⇔ (ii). �

We next give characterizations for {1,3}-inverses and {1,4}-inverses of ak
in R, where k is a positive integer.

Proposition 4.2. Let a ∈ R and let n be a positive integer. Then an ∈ R(1,3)

if and only if R = R(an)∗ ⊕ 0(an).

Proposition 4.3. Let a ∈ R and let n be a positive integer. Then an ∈ R(1,4)

if and only if R = (an)∗R⊕ (an)0.

Applying Propositions 4.1 and 4.2, we obtain characterizations for the
pseudo core inverse of an element.

Theorem 4.4. Let a ∈ R. Then the following conditions are equivalent:
(i) a ∈ RD©.
(ii) R = Ran ⊕ 0(an) = R(an)∗ ⊕ 0(an), for some positive integer n.
(iii) R = anR⊕ (an)0 = R(an)∗ ⊕ 0(an), for some positive integer n.
In this case, aD© = a2n−1b2ans∗, where b, s ∈ R, c ∈ (an)0 and t ∈ 0(an)

satisfy 1 = anb+ c = s(an)∗ + t.

Dually, we can give the characterization of the dual pseudo core inverse.

Theorem 4.5. Let a ∈ R. Then the following conditions are equivalent:
(i) a ∈ RD©.
(ii) R = Ran ⊕ 0(an) = (an)∗R⊕ (an)0, for some positive integer n.
(iii) R = anR⊕ (an)0 = (an)∗R⊕ (an)0, for some positive integer n.
In this case, aD© = q∗a3n−1g2, where g, q ∈ R and h, r ∈ (an)0 satisfy

1 = ang + h = (an)∗q + r.

We combine Theorems 4.4 and 4.5 to obtain the following existence crite-
rion of both pseudo core invertible and dual pseudo core invertible elements.
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Corollary 4.6. Let a ∈ R. Then the following conditions are equivalent:
(i) a ∈ RD© ∩RD©.
(ii) R = Ran⊕ 0(an) = (an)∗R⊕(an)0 = R(an)∗⊕ 0(an), for some positive

integer n.
(iii) R = anR⊕(an)0 = (an)∗R⊕(an)0 = R(an)∗⊕0(an), for some positive

integer n.

We next give brief characterizations for the pseudo core and dual pseudo
core inverses by the direct sum of ideals and annihilators in a ring.

Theorem 4.7. Let a ∈ R. Then the following conditions are equivalent:
(i) a ∈ RD© ∩RD©.
(ii) R = anR⊕ (an)0 = (an)∗anR⊕ (an)0, for some positive integer n.
(iii) R = anR⊕ (an)0 = Ran(an)∗ ⊕ 0an, for some positive integer n.
(iv) R = Ran ⊕ 0(an) = Ran(an)∗ ⊕ 0an, for some positive integer n.
(v) R = Ran ⊕ 0(an) = Ran(an)∗ ⊕ 0an, for some positive integer n.

Proof. It is sufficient to prove (i)⇔ (ii)⇔ (iii). The rest follows by noting
that a ∈ RD ⇔ R = Ran ⊕ 0(an), for some positive integer n.

(i)⇒ (ii) Suppose a ∈ RD©∩RD© with I(a) = I′(a) = n. Then a ∈ RD with
ind(a) = n and an ∈ R†. As a ∈ RD with ind(a) = n, then, by Proposition
4.1, R = anR⊕ (an)0.

It follows from Lemma 3.5 that an ∈ R† implies an = an(an)∗anx for some
x ∈ R. Set s := 1−(an)∗anx. Then 1 = (an)∗anx+s ∈ (an)∗anR+(an)0. We
next show (an)∗anR∩(an)0 = 0. Let t ∈ (an)∗anR∩(an)0. Then there is y ∈ R
such that t = (an)∗any = (an(an)†an)∗any = (an)†an(an)∗any = (an)†ant = 0
since ant = 0. Thus, R = (an)∗anR⊕ (an)0.

So, R = anR⊕ (an)0 = (an)∗anR⊕ (an)0, for some positive integer n.
(ii) ⇒ (i) It is obvious that a ∈ RD by Proposition 4.1. Since R =

(an)∗anR⊕ (an)0, we have anR = an(an)∗anR and hence an ∈ R† by Lemma
3.5. As a ∈ RD and an ∈ R† ⇔ an ∈ R(1,3) ∩ R(1,4), then, by Lemma 3.6,
a ∈ RD© ∩RD©.

(i) ⇔ (iii) It is analogous to the proof of (i) ⇔ (ii) by noting an ∈ R† ⇔
an ∈ Ran(an)∗an. �
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5. Relations with other types of generalized inverses and its prop-
erty

Let a, d ∈ R. Following [12], an element a is called invertible along d if
there exists some y ∈ R such that yay = y, yR = dR and Ry = Rd. Such a
y is called the inverse of a along d. It is unique, and is denoted by a‖d.

In 2012, Drazin [3] introduced a class of outer generalized inverses called
hybrid (b, c)-inverses. Let a, b, c ∈ R and let r0 = {x ∈ R : rx = 0} denote
all right annihilators of r ∈ R. An element a is called hybrid (b, c)-invertible
if there exists an element y ∈ R such that yay = y, yR = bR and y0 = c0.
Such a y is unique if it exists, and is called the hybrid (b, c)-inverse of a.
More results on hybrid (b, c)-inverses can be referred to [18].

Lemma 5.1. (see e.g. [17]) Let b, y ∈ R. Then
(i) If yR = bR, then 0y = 0b.
(ii) If Ry = Rb, then y0 = b0.

For any a, d ∈ R, by Lemma 5.1 above, if a is invertible along d, then it
is hybrid (d, d)-invertible. We next illustrate that the converse also holds.

Proposition 5.2. Let a, d ∈ R. Then a is invertible along d if and only if a
is hybrid (d, d)-invertible. Moreover, the inverse of a along d coincides with
the hybrid (d, d)-inverse of a.

Proof. We only need prove the “if” part.
Let y ∈ R be the hybrid (d, d)-inverse of a. Then yay = y, and conse-

quently 1 − ay ∈ y0 ⊆ d0. So, Rd = Rday ⊆ Ry. Since yR = dR, we have
y = dr for some r ∈ R. Hence, y = yay = dray. Also, yR = dR gives d = ys
for some s ∈ R. So, Multiplying y = dray by s on the right yields d = drad.
Hence, d is regular, which combines with d0 ⊆ y0 to conclude Ry ⊆ Rd. So,
Ry = Rd and y is the inverse of a along d. �

Drazin [4] showed that the (b, c)-inverse shares the generalized double
commutant property. We next shows that the hybrid (b, c)-inverse also sat-
isfies this property.

Theorem 5.3. Let ai, bi, ci, yi ∈ R and let yi be the hybrid (bi, ci)-inverse of
ai (i = 1, 2). Then for any x ∈ R, xa1 = a2x, xb1 = b2x and xc1 = c2x imply
xy1 = y2x.

12



Proof. Since y2 is the hybrid (b2, c2)-inverse of a2, it follows y2R = b2R.
Then there exists some z ∈ R such that b2 = y2z, which together with
y2a2y2 = y2 gives y2a2b2 = b2. Thus, we have xb1 = b2x = y2a2b2x = y2a2xb1,
which implies x− y2a2x ∈ 0b1. Note that y1R = b1R. Then, by Lemma 5.1,
0y1 =

0b1. So, x− y2a2x ∈ 0y1, and hence xy1 = y2a2xy1.
Note that y1a1y1 = y1 concludes 1 − a1y1 ∈ y01 = c01. Then c1 = c1a1y1

and c2x = xc1 = xc1a1y1 = c2xa1y1 = c2a2xy1. Consequently, x − a2xy1 ∈
c02 = y02, i.e. y2x = y2a2xy1.

Therefore, xy1 = y2x. �

Applying Proposition 5.2 and Theorem 5.3, we have the following corol-
laries.

Corollary 5.4. Let a1, a2, d, x ∈ R with xa1 = a2x and xd = dx. If a
‖d
1 and

a
‖d
2 exist, then xa

‖d
1 = a

‖d
2 x.

Corollary 5.5. Let a, d1, d2, x ∈ R with xa = ax and xd1 = d2x. If a
‖d1 and

a‖d2 exist, then xa‖d1 = a‖d2x.

In particular, if we take a1 = a2 or d1 = d2 in the above corollaries,
then we get the classical double commutant property of the inverse along an
element.

Corollary 5.6. [12, Theorem 10] Let a, d, x ∈ R with xa = ax and xd = dx.
If a‖d exists, then xa‖d = a‖dx.

We next consider the relations between the pseudo core inverse and the
hybrid (b, c)-inverse in a ring.

Theorem 5.7. Let a, x ∈ R. Then x is the pseudo core inverse of a if and
only if it is the hybrid (an, (an)∗)-inverse of a, for some positive integer n.

Proof. Suppose that x is the pseudo core inverse of a with I(a) = n. Then,
by the definition, we have xan+1 = an, ax2 = x and (ax)∗ = ax.

We next show that x is the hybrid (an, (an)∗)-inverse of a by proving
xax = x, xR = anR and x0 = ((an)∗)0.

(a) Note that x = ax2 = a(ax2)x = a2x3 = · · · = anxn+1. Then xax =
xa(ax2) = xa2x2 = · · · = xan+1xn+1 = (xan+1)xn+1 = anxn+1 = x.

(b) xR = anR since anR = xan+1R ⊆ xR, and xR = anxn+1R ⊆ anR.

13



(c) Let s ∈ x0, i.e. xs = 0. Then (an)∗s = (xan+1)∗s = (an+1)∗x∗s =
(an+1)∗(ax2)∗s = (an+1)∗x∗(ax)∗s = (an+1)∗x∗axs = 0. So, x0 ⊆ ((an)∗)0.

For the converse, as xR = anR, then Rx∗ = R(an)∗, which implies x∗ =
p(an)∗ for some p ∈ R. Thus, for any t ∈ ((an)∗)0, we get, by the equality
(a), xt = xaxt = x(ax)∗t = xx∗a∗t = xp(an)∗a∗t = xpa∗(an)∗t = 0. That is
x0 = ((an)∗)0.

Conversely, let x be the hybrid (an, (an)∗)-inverse of a. Then xax = x,
xR = anR and x0 = ((an)∗)0.

As xR = anR, then an = xb for some b ∈ R. Multiplying xax = x by b
on the right yields xan+1 = an.

Since 1 − ax ∈ x0 = ((an)∗)0, we have (an)∗ = (an)∗ax and hence an =
(ax)∗an. Also, xax = x and xR = anR imply x ∈ anRx. Then there exists
c ∈ R such that x = ancx, and consequently ax = an+1cx = anacx =
(ax)∗anacx = (ax)∗a(ancx) = (ax)∗ax. So, (ax)∗ = ax.

Note that an = (ax)∗an and (ax)∗ = ax. Then an = axan. We have
ax2 = ax(ancx) = (axan)cx = ancx = x.

Therefore, x is the pseudo core inverse of a. �

Remark 5.8. By the proof of Theorem 5.7, we claim that if a ∈ RD© with
I(a) = n, then a is also hybrid (am, (am)∗)-invertible for any positive integer
m ≥ n.

Corollary 5.9. Let a, x ∈ R. Then x is the core inverse of a if and only if
it is the hybrid (a, a∗)-inverse of a.

Dually, we have

Theorem 5.10. Let a, y ∈ R. Then y is the dual pseudo core inverse of a if
and only if it is the hybrid ((an)∗, an)-inverse of a, for some positive integer
n.

On returning to our last argument of the generalized double commutant
property of pseudo core inverses.

Proposition 5.11. Let a1, a2, x ∈ R with xa1 = a2x and xa∗1 = a∗2x. If
a1, a2 ∈ RD©, then xaD©

1 = aD©
2 x.
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Proof. Let a1 ∈ RD© with I(a1) = m and let a2 ∈ RD© with I(a2) = n. By
Theorem 5.7, we know that a1 is (a

m
1 , (a

∗
1)

m)-invertible, and a2 is (a
n
2 , (a

∗
2)

n)-
invertible.

Let k = max{m,n}. Then, from Remark 5.8, ai is (aki , (a
∗
i )

k)-invertible
(i = 1, 2). By induction, we get xak1 = ak2x and x(ak1)

∗ = (ak2)
∗x. It follows

from Theorem 5.3 that xaD©
1 = aD©

2 x. �

Corollary 5.12. [7, Proposition 4.2] Let a, x ∈ R with xa = ax and xa∗ =
a∗x. If a ∈ RD©, then xaD© = aD©x.

Corollary 5.13. [2, Theorem 3.2] Let a1, a2, x ∈ R with xa1 = a2x and
xa∗1 = a∗2x. If a1, a2 ∈ R#©, then xa#©

1 = a#©
2 x.
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