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Resumo

O principal objetivo desta tese é o estudo de misturas gasosas multicomponentes – sistemas gasosos

com três ou mais espécies misturadas ao nível molecular – e a dedução de modelos macroscópicos da

mecânica de fluidos a partir de uma descrição cinética das partículas que constituem a mistura. Mais

especificamente, consideram-se equações cinéticas de tipo Boltzmann que descrevem a evolução de

misturas quimicamente reativas, com estrutura monatómica ou poliatómica, que participam numa reação

química reversível de tipo bi-molecular e deduzem-se, no limite hidrodinâmico, modelos macroscópicos

que descrevem como as espécies se propagam no espaço devido ao processo de difusão e como se

transformam quimicamente devido ao processo de reação. Para obter estes modelos macroscópicos,

diferentes regimes de adimensionamento das equações cinéticas são considerados, correspondendo a

diferentes regimes químicos. O primeiro regime descreve um estado físico em que as colisões mecânicas

são dominantes relativamente à reação química, enquanto o segundo regime corresponde a um estado

em que as colisões mecânicas e reativas têm a mesma relevância na evolução. No primeiro regime, obtém-

se, como limite hidrodinâmico das equações cinéticas, um sistema de reação-difusão em que o processo

de difusão é modelado pelas equações de Maxwell-Stefan. No segundo regime, obtêm-se as equações

de Maxwell-Stefan reativas, com termos adicionais que descrevem a difusão das espécies reativas. As

propriedades matemáticas dos modelos cinéticos considerados, relacionadas com as leis de conservação,

o equilíbrio termodinâmico, o teorema H e as taxas de produção química, que são fundamentais para a

análise desenvolvida nesta tese, são estabelecidas e estudadas rigorosamente.

Palavras-chave: Equações de Boltzmann para misturas de gases, Limites hidrodinâmicos, Equações de

Maxwell-Stefan, Teoria cinética e de transporte de gases, Dinâmica de gases rarefeita, Misturas de gases

reativos.

v



Abstract

The purpose of this thesis is to study multicomponent gaseous mixtures – systems composed of three or

more species mixed at a molecular level – and derive macroscopic models of fluid mechanics from a kinetic

description of particles that constitute themixture. Specifically, this thesis considers Boltzmann-type kinetic

equations that model the evolution of reactive monatomic and polyatomic gaseous mixtures participating

in a bi-molecular reversible chemical reaction and derive, in the hydrodynamic limit, macroscopic models

that describe how the species spread in space due to diffusion and how the species are transformed into

each other as a result of the chemical reaction. To obtain these macroscopic models, different scalings

of the Boltzmann-type kinetic equations, which correspond to different chemical regimes, are considered.

The first regime describes a physical situation in which mechanical collisions are dominant with respect to

chemical reaction, whereas the other regime corresponds to a situation in which mechanical and reactive

collisions are of the same relevance in the evolution. In the former regime, reaction-diffusion systems

where the diffusion process is modelled by the Maxwell-Stefan equations are obtained as hydrodynamic

limits of the scaled kinetic equations, while in the latter regime, the reactive Maxwell-Stefan equations, with

additional terms describing the diffusion of the reactive species, are obtained. Moreover, the mathematical

properties of the considered kinetic models related to the conservation laws, thermodynamic equilibrium,

H-theorem, and chemical production rates, which are fundamental for the analysis developed in this

thesis, are stated and studied in detail.

Keywords: Boltzmann equations for gas mixtures, Hydrodynamic limits, Maxwell-Stefan equations, Ki-

netic and transport theory of gases, Rarefied gas dynamics, Reactive gas mixtures.
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i Given in Chapter 4 184
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Chapter 1

Introduction

This thesis deals with the problem of deriving macroscopic models of fluid mechanics from a microscopic

description of the particles that makes up the fluid. This type of problem is referred to as the problem of

hydrodynamic limits.

The question of hydrodynamic limits was formulated as a mathematical problem by David Hilbert in

his famous sixth problem titled “Mathematical Treatment of the Axioms of Physics”. This problem was one

of the twenty-three mathematics problems Hilbert posed in 1900. Also, it was one of the ten problems

he presented at the international congress of mathematicians, which held in Paris, that same year. In

Hilbert’s exact words [65]:

“The investigations on the foundations of geometry suggest the problem: To treat in the same manner, by

means of axioms, those physical sciences in which mathematics plays an important part; in the first rank

are the theory of probabilities and mechanics. As to the axioms of the theory of probabilities, it seems

to me desirable that their logical investigation should be accompanied by a rigorous and satisfactory

development of the method of mean values in mathematical physics, and in particular in the kinetic theory

of gases. Important investigations by physicists on the foundations of mechanics are at hand; I refer to

the writings of Mach, Hertz, Boltzmann and Volkmann. It is therefore very desirable that the discussion

of the foundations of mechanics be taken up by mathematicians also. Thus Boltzmann’s work on the

principles of mechanics suggests the problem of developing mathematically the limiting processes, there

merely indicated, which lead from the atomistic view to the laws of motion of continua.”

In the mathematical formulation of Hilbert’s sixth problem, the term “atomistic view” nowadays can

lead to at least three very different theories. These theories are as follows.

1. Molecular dynamics: this is the N-body problem of classical mechanics with elastic collisions, in

which for simplicity, the bodies are assumed to be spherical and possessing equal mass [79].

2. Interacting particle systems: these are spatio-temporal stochastic processes used to describe the

evolution of particles under some kind of interaction between the particles [81].

3. The kinetic theory: this is based on the concept that all measurable macroscopic quantities (“ob-

servables”) can be expressed in terms of microscopic averages [72].

1



The subject of hydrodynamic limits deals with the formal or rigorous derivation of macroscopic models

from a microscopic (i.e., atomistic) description of matter. More precisely, from either molecular dynamics,

interacting particle systems, or the kinetic theory. These microscopic descriptions are either deterministic,

stochastic, or statistical.

The deterministic microscopic description of matter involves the use of Newton’s second law of motion1

[104] to obtain the equation of motion of each particle (or molecule) in the system under consideration.

More precisely, if one assumes that the particles (endowed with their position vector xi(t) and velocity

vector vi(t), where i = 1, · · · ,N , with N the number of molecules in the system) are mass points

obeying the laws of classical mechanics (that is, neglecting quantum and relativistic effects) and that the

laws of interaction between the particles are perfectly known, then the equation of motion of each particle is

obtained by applying Newton’s second law of motion. In three dimensions, the equation of motion for each

particle consist of 6 first order ordinary differential equations in 6 unknowns constituting the components

of the two vectors (xi,vi). The time evolution of the system can then be computed by solving the resulting

6N ordinary differential equations in 6N unknowns which corresponds to the components of the 2N
vectors (xi,vi). A prerequisite for this computation is the knowledge of the 6N initial conditions xi(0),

vi(0), which describe the initial state of the system. However, solving this initial value problem for a

system comprising of many particles say, N ' 1025: which is the number of molecules in one metre

cubed of a gas at standard temperature and pressure2 is a hopeless task, see [34] page two for reasons.

A typical example of the deterministic microscopic description of matter is molecular dynamics.

The stochastic description of matter deals with a system made up of finitely or infinitely many particles

[81]. The system is such that, in the absence of interaction between the particles, it would evolve according

to independent finite or countable state Markov chains. On the other hand, when the particles interact,

the evolution of an individual particle is no longer Markovian. However, the global configuration (i.e., the

system as a whole) evolves according to a Markov process. This Markov process is a large and complex

one, and it differs in many aspects from processes like Brownian motion on Euclidean spaces, which had

a lot of influence on the development of the standard Markov process theory. Consequently, while there

are some connections with the Markov process, there is a substantial difference from it too. Interacting

particle systems are typical examples of stochastic microscopic description of matter.

The statistical description of matter utilises the concept of probability instead of certainty, see, for

example, [34]. More precisely, in this approach, a given particle will not have a definite position and

velocity, but only different probabilities of having different positions and velocities. This type of description

makes sense only if the system under consideration is made up of a very large number of particles so that

it can be treated as a continuum. Furthermore, this approach uses the notion of probability distribution

1Newton’s second law of motion states that “The change in motion is proportional to the motive force impressed and is
made in the direction of the right line in which that force is impressed.” Mathematically, this law can be written as F = ma,
where F is the acting force, m represents mass and a represents acceleration.

2The number of molecules N in a volume v = 1.00m3 of a gas at standard temperature T = 273.15K and pressure
p = 105Pa can be computed using the ideal gas law : pv = NkBT , where kB = 1.38 × 10−23J/K is the Boltzmann

constant. Therefore N =
pv

kBT
=

105 × 1

273.15× 1.38× 10−23
= 2.65× 1025

2



function3 (also known as the number density) to describe the evolution of the particles in the system. There

are two slightly different ways to view the distribution function : it can be seen as an approximation of the

true density of the particles in phase space (on a scale which is much larger than the typical distance

between particles), or it can reflect the lack of knowledge of the true positions of particles. The kinetic

theory is a typical example of statistical microscopic description of matter.

In this thesis, the focus is on the derivation of macroscopic models of fluid mechanics from a statistical

description of matter, more precisely, from the kinetic theory. For the derivation of macroscopic models

from molecular dynamics (i.e., from the deterministic microscopic description of matter), see, for example,

[88] for the formal derivation of the Euler system of equations for compressible fluids. For general meth-

ods that allow one to deduce macroscopic models of interacting particle systems from their underlying

stochastic dynamics, see [73].

The method of hydrodynamic limits studied here provides an alternative approach to the classical

method used to derive macroscopic models of fluid mechanics, such as the classical Euler equations

[51] and the Navier-Stokes equations [89, 106] of fluid dynamics. These equations were from inception

obtained by applying Newton’s second law of motion to infinitely small elements of volume in a fluid,

see, for example, chapter one of [78]. Indeed, all hydrodynamic models can be obtained in this way.

However, despite the universality of this approach, it has one crucial disadvantage, namely, the fact that

transport coefficients and equations of state are obtained either from phenomenological arguments or

from experimental data, and they are not related to microscopic data resulting from molecular interactions.

On the other hand, in the method of hydrodynamic limits, transport coefficients and equations of state are

obtained in terms of parameters of the kinetic model.

This thesis is organised as follows. In chapter 2, a brief introduction of the kinetic theory is given and

kinetic models for multi-species non-reactive and reactive systems, respectively, are presented together

with the properties of the models that are important for the work developed in this thesis. Chapter 3, deals

with the continuum physics derivation of macroscopic diffusion models from multi-species mixtures. This

is followed by showing how macroscopic models can be derived from the kinetic theory and the problems

studied in this thesis. The main contributions of this thesis to the subject of hydrodynamic limits are given

chapters 4, 5 and 6. More precisely, in Chapter 4, the derivation of an isothermal diffusion model where

the diffusion process is modelled by the Maxwell-Stefan equations is treated. In chapter 5, an extension

of the Maxwell-Stefan equations which is referred to as the reactive Maxwell-Stefan equations is obtained.

Chapter 6, deals with the derivation of a non-isothermal diffusion model where the diffusion process is

again modelled by the Maxwell-Stefan equations. Chapter 7 is dedicated to conclusions and some future

perspectives. Finally, an appendix is included where some technical computations are given.

3This represents the density of particles in the system which at a given time say t are located at position say x and have
velocity v

3



Chapter 2

Kinetic Theory

The Kinetic theory is a branch of non-equilibrium statistical physics. It dates back to the works of: Daniel

Bernoulli, John Herapath, John James Waterston, James Prescott Joule, Karl Krönig, Rudolf Clausius, and

James Clerk Maxwell, who are considered as the founding fathers of what is, referred to as “Elementary

Kinetic Theory”. The foundations of the modern kinetic theory were laid by James Clerk Maxwell [83,

84, 85], who proposed a general transport equation for arbitrary macroscopic quantities (“observables”)

associated with microscopic averages. This transport equation relates the time evolution of macroscopic

quantities with transport of particles, collision between particles and action due to external forces. In 1872,

Ludwig Eduard Boltzmann [19, 20] reformulated Maxwell’s equation in terms of a single integro-differential

equation, which represents the evolution of a probability distribution function.

The goal of kinetic theory is the modelling of any system composed of a large number of particles,

such as a gas (fluid) or plasma, from a microscopic point of view. The state of the system is, described

using the concept of a distribution function in the particle phase space. This phase space is composed

of macroscopic variables, like time t and position in physical space x, as well as microscopic variables

c, which describe the state of the particles. If one assumes that the particles obey the laws of classical

mechanics (i.e., non-relativistic and non-quantum), then c will be the velocity components, and in this case,

we simply write v instead of c. However, extra microscopic variables should be added if one would want to

take into account non-translational degrees of freedom of the particles: internal energy, spin variables, etc.,

as it happens when dealing with polyatomic gases. Furthermore, suppose that the system is contained in

a bounded or unbounded domain say, Ω̄ ⊂ Rdim(x) and observed over a time interval say, [0,∞), then

the distribution function is a non-negative function f(t,x, c) with (t,x, c) ∈ R+ × Ω̄× Rdim(c).

In what follows, the case where the microscopic variables which describe the state of the particles

are the velocity variables v will be considered. Therefore, the distribution function to be considered is

of the form f ≡ f(t,x,v). Furthermore, we will work in three dimensional space so that (t,x,v) ∈
R+ × Ω× R3, where Ω ⊂ R3.

The function f is not directly observable however, it allows one to compute measurable macroscopic

quantities, such as mass density, macroscopic velocity, temperature, pressure tensor, stress tensor, in-

ternal energy density, heat flux, etc. In addition, for any fixed time t ≥ 0, the quantity f(t,x,v) dx dv

represents the density (number) of particles in an infinitesimal volume element dx dv centred at (x,v).
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This number changes in time as a result of transport and collisions between the particles.

2.1 Transport Equations and Particle Interactions

In this section, we will consider a system of S ≥ 2 species composed of a large number of particles and

describe how the distribution functions fi(t,x,vi) with i ≤ 1 ≤ S change in time due to free transport

and collisions.

2.1.1 Transport Equations

In the absence of collisions between the particles and the walls of the domain Ω, the particles in the

system move in straight lines with constant velocity vi, as dictated by Newton’s first law of motion1 [104].

If one assumes that each particle of mass mi is subject to an external force F , which is independent of

the velocity of each particle vi, that is, F := F (t,x), and that this force may be due to gravity or electric

fields, but not magnetic, then the translational motion (i.e., the equation of motion) of the distribution

functions fi = f(t,x,vi) can be obtained by any of the following two methods.

• This method involves following the motion of an ensemble of particles in a volume element of

phase space spanned by the position and velocity of the particles. More precisely, if one considers

a collection of particles which at time t have positions and velocities in the range dx dvi nearx and

vi. Then at an infinitesimal time t̄ = t + dt later, these collection of particles will have positions

and velocities in the range dx̄ dv̄i near x̄ = x+vi dt and v̄i = vi+
1
mi
F dt as a result of their

motion under the influence of the force F . See, for example, [40, 66, 67, 94, 99, 111] for more

details.

• This method involves following the motion of an ensemble of particles through a fixed volume in the

phase space spanned by the position and velocity of the particles. More precisely, if one considers

a control volume dx dvi in the phase space, containing a collection of particles with a given range

of particles positions and velocities between x and x+dx, vi and vi+dvi. Then the number of

particles in the control volume dx dvi of the phase space changes as the positions and velocities

of the particles change. The net accumulation of particles in this range in time dt is given by
∂fi
∂t
dx dvi dt. This change in the number of particles within the control volume is due to the

number of particles entering and leaving this range dx dvi due to random motion of the particles.

See, for example, [99, 109] for more details.

Either of the above methods lead to the following linear transport equations for the species

∂fi
∂t

+ vi ·
∂fi
∂x

+ F · ∂fi
∂v

= 0, i = 1, 2, . . . , S. (2.1.1)

1Newton’s first law of motion states that “Every body perseveres in its state of being at rest or of moving uniformly straight
forward except insofar as it is compelled to change its state by forces impressed.”
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The equations defined in (2.1.1) above are sometimes called the Vlasov equation [1, 2, 3].

In the absence of external forces equation (2.1.1) reduces to the free transport equation:

∂fi
∂t

+ vi ·
∂fi
∂x

= 0, i = 1, 2, . . . , S. (2.1.2)

Remark 2.1.1. In this thesis, we will neglect the effects due to external forces. Therefore, in

what follows, we will use equation (2.1.2) to describe how the distribution functions change

due to free streaming.

2.1.2 Particle Interactions

An approximation to the rate of change of the distribution functions fi = fi(t,x,vi) due to particle

interactions can be obtained using the following assumptions.

(i) Only binary collisions are considered: this means that collisions involving more than two particles

are neglected. These binary collisions occur between particles of the same species as well as

between particles of different species.

(ii) Interactions between the particles and the walls of the domain Ω are neglected.

(iii) Collisions between the particles are elastic: this means that mass, momentum and energy are

conserved in the collision process.

(iv) Collisions are localised both in time and space: this means that the typical duration and impact

parameter of the interacting processes are negligible when compared to the typical time and space

scales of the description, respectively.

(v) The collisions are microreversible: this means that the microscopic dynamics are time reversible or

in other words, the probability that the velocities of the colliding pair before collision (pre-collision

velocites) are changed into the velocities after collision (post-collision velocites) is the same as the

probability that post-collision velocites are changed into pre-collision velocites.

(vi) The velocities of the two particles which are about to collide are uncorrelated before their interaction,

but becomes correlated after collision: this means that particles that have already collided are

expected not to re-collide in future.

(vii) The effects of external forces on the magnitude of the collision cross-section are neglected.

2.1.3 Collision Operator

Using assumptions (i) to (vii) above, a mathematical expression for the rate at which the distribution

functions fi changes as a result of collision between the particles is given by:

Q(fi, fi∗) +
S∑

j=1
j ̸=i

Q(fi, fj). (2.1.3)
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The term Q(fi, fi∗) above describe collisions between particles of the same species and the subscript i

and i∗ are used to distinguish their velocities. This term will be referred to as the mono-species collision

operator and is defined as follows:

Q(fi, fi∗) =

∫
R3

∫
S2

[
f ′
if

′
i∗ − fifi∗

]
Bi(vi − vi∗,ω)dω dvi∗. (2.1.4)

The term Q(fi, fj) given in equation (2.1.3) above describe collisions between particles of different

species. This term will be referred to as the bi-species collision operator and it is defined as follows:

Q(fi, fj) =

∫
R3

∫
S2

[
f ′
if

′
j − fifj

]
Bij(vi − vj,ω) dω dvj. (2.1.5)

In equations (2.1.4) and (2.1.5) above, the following notations have been used:

f ′
i = f(t,x,v′

i), f ′
i∗ = f(t,x,v′

i∗), f ′
j = f(t,x,v′

j)

fi = f(t,x,vi), fi∗ = f(t,x,vi∗), fj = f(t,x,vj),
(2.1.6)

where vi,vi∗,vj are the pre-collision velocities and v′
i,v

′
i∗,v

′
j are the post-collision velocities. Further-

more, Bi(vi − vi∗,ω) and Bij(vi − vj,ω) with ω ∈ S2 are non-negative functions called the mono-

species and bi-species collision kernels, respectively. The mono-species and bi-species collision kernel

depends on |vi − vi∗| and |vi − vj|, respectively, together with the cosine of the deviation angles. More
specifically,

Bi(vi − vi∗,ω) = B̄i(|vi − vi∗| , cos θ), where cos θ =
〈

vi − vi∗

|vi − vi∗|
,ω

〉
, (2.1.7)

Bij(vi − vj,ω) = B̄ij(|vi − vj| , cos θ) where cos θ =
〈

vi − vj

|vi − vj|
, ω

〉
. (2.1.8)

The integrals on the right-hand sides of the mono-species and bi-species collision operators are called

the mono-species and bi-species collision integrals, respectively. In addition, notice that the structure of

the collision operators reflect the assumptions from which they were derived. In particular, the quadratic

nature of the operators is a consequence of assumption (i). The fact that there is no term describing the

interactions between the particles and walls of the domain Ω is a consequence of assumption (ii). As we

shall see later, the form of the post-collision velocities is a consequence of assumption (iii). The fact that

the time and space variables t, x, respectively, appear as parameters is a consequence of assumption

(iv). Assumption (v) (i.e., microreversibility) implies the particular structure of the collision kernels. The

appearance of the products f ′
if

′
i∗, f

′
if

′
j , fifi∗ and f

′
if

′
j is a consequence of assumption (vi). Finally, the

absence of a force term in the definition of the collision kernels is a consequence of assumption (vii).

The collision operators represent the net rate at which collisions increase of decrease the number

of particles entering the phase volume. It can be split into the gain and loss terms. In particular, the

mono-species collision operator can be split as follows:

Q(fi, fi∗) = Q(fi, fi∗)
+ −Q(fi, fi∗)

−,
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where

Q(fi, fi∗)
+ =

∫
R3

∫
S2
f ′
if

′
i∗Bi(vi − vi∗,ω)dω dvi∗,

Q(fi, fi∗)
− =

∫
R3

∫
S2
fifi∗Bi(vi − vi∗,ω)dω dvi∗.

The termQ(fi, fi∗)
+ is a gain term. It measures the number of particles of velocity vi which are created

due to collision between particles of velocities v′
i and v

′
i∗. Alternatively, one can think of it as the rate at

which particles with velocity vi are injected into a volume element dx dvi of phase space about (x,vi)

as a result of binary encounters with other particles. The term Q(fi, fi∗)
− is a loss term. It counts all

collisions in which a given particle of velocity vi collides with another particle of velocity vi∗, resulting in

a change in its velocity, thus leading to a loss of particles of velocity vi. Alternatively, one can think of it

as the rate at which particles with velocity vi are ejected from a volume element dx dvi of phase space

about (x,vi) as a result of binary encounters with other particles.

Similarly, the bi-species collision operator can be split as follows:

Q(fi, fj) = Q(fi, fj)
+ −Q(fi, fj)

−,

where

Q(fi, fj)
+ =

∫
R3

∫
S2
f ′
if

′
j Bij(vi − vj,ω)dω dvj,

Q(fi, fj)
− =

∫
R3

∫
S2
fifj Bij(vi − vj,ω)dω dvj.

2.2 Non-Reactive Multi-Species System

This section considers a non-reactive multi-species system composed of a large number of particles. The

equations which describe how the distribution functions change as a result of free streaming and collisions,

are presented together with some useful properties that are consequences of the form of the collision

operators. Furthermore, the macroscopic quantities associated with the distribution functions are given.

Finally, the fundamental hydrodynamic or macroscopic equations of continuity, momentum balance, and

energy balance associated with these equations will be derived.

2.2.1 Kinetic Equations for Non-Reactive Mixture of Monatomic Gases

Consider a multi-species system composed of S ≥ 2 different monatomic2 gases. For each species Ai

with i = 1, 2, . . . , S, letmi be the atomic mass and fi = f(t,x,vi) ≥ 0 the distribution function. The

functions fi with i = 1, 2, . . . , S represent the density of particles of the species which at time t ≥ 0 are

located at position x ∈ R3 and have velocity vi ∈ R3. The equations that describe how the distribution

2Endowed with only translational degrees of freedom. In other words internal energy states of the molecules that are
associated with the rotational, vibrational, electronic and nuclei states are not taken into account.
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functions fi change as a result of free streaming and collisions are, obtained by putting together equations

(2.1.2) and (2.1.3) to obtain:

∂fi
∂t

+ vi ·
∂fi
∂x

= Q(fi, fi∗) +
S∑

j=1
j ̸=i

Q(fi, fj), i = 1, 2, . . . , S. (2.2.1)

The equations given in equation (2.2.1) above are mostly called the Boltzmann equation [34, 56, 59, 75,

66, 86, 99]. However, in recognition of the fact that the equation by Boltzmann was a reformulation of the

equation by Maxwell, in this thesis, they will be called the Maxwell-Boltzmann equations3 (MBEs).

From assumption (iii) given in section 2.1.2, we have that the conservation laws of linear momentum

and kinetic energy for mono-species collisions are respectively, given by the flowing equations:

mivi +mivi∗ = miv
′
i +mv′

i∗, (2.2.2)

1

2
mi(vi)

2 +
1

2
mi(vi∗)

2 =
1

2
mi(v

′
i)
2 +

1

2
mi(v

′
i∗)

2. (2.2.3)

Similarly, the conservation laws of linear momentum and kinetic for bi-species collisions are respectively

given by:

mivi +mjvj = miv
′
i +mjv

′
j, (2.2.4)

1

2
mi(vi)

2 +
1

2
mj(vj)

2 =
1

2
mi(v

′
i)
2 +

1

2
mj(v

′
j)

2, (2.2.5)

Now let us show that the form of the post-collision velocities is a consequence of assumption (iii) given in

section 2.1.2. More precisely, that the form of the mono-species and bi-species post-collision velocities are

consequences of the conservation laws given in equations (2.2.2), (2.2.3) and (2.2.4), (2.2.5), respectively.

To obtain the explicit form of the post-collision velocities for mono-species collisions v′
i,v

′
i∗, observe that

dividing both sides of equation (2.2.2) by mi and multiplying both sides of equation (2.2.3) by 2
mi

, the

conservation laws of linear momentum and kinetic energy reduces to:

vi + vi∗ = v′
i + v′

i∗, (2.2.6)

(vi)
2 + (vi∗)

2 = (v′
i)
2 + (v′

i∗)
2, (2.2.7)

respectively. Equations (2.2.6) and (2.2.7) impose four constraints on the six variables v′
i,v

′
i∗ (since we

are in three dimensional space, i.e., R3). Consequently, there are two degrees of freedom. If we write

v′
i = vi + a(vi,vi∗,ω)ω,

v′
i∗ = vi∗ − a(vi,vi∗,ω)ω,

(2.2.8)

where a(vi,vi∗,ω) is a scalar function to be determined with |ω| = 1, then adding both equations of

(2.2.8) gives the conservation of linear momentum (2.2.6). Next we force the conservation of energy as

3Boltzmann [19], equation (12). Maxwell [83], equations (3) and (73). These equations by Maxwell had inferred the equation
of transfer (obtained by multiplying the MBEs by an arbitrary function of velocity and integrating over the velocity space) directly
from considerations regarding molecular interactions.
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in (2.2.7). To do this, observe that from equation (2.2.8), one has that:

(v′
i)
2 = (vi)

2 + 2a(vi,vi∗,ω)vi · ω +
(
a(vi,vi∗,ω)

)2
,

(v′
i∗)

2 = (vi∗)
2 − 2a(vi,vi∗,ω)vi∗ · ω +

(
a(vi,vi∗,ω)

)2
,

where use have been made of the fact that ω · ω = 1. Therefore, adding the previous equations gives:

(v′
i)
2 + (v′

i∗)
2 = (vi)

2 + (vi∗)
2 + 2

(
a(vi,vi∗,ω)

)2
+ 2a(vi,vi∗,ω)

(
vi · ω − vi∗ · ω

)
.

From the mono-species conservation of kinetic energy given in equation (2.2.7), we have that the previous

equation reduces to:

2
(
a(vi,vi∗,ω)

)2
+ 2a(vi,vi∗,ω)

(
vi · ω − vi∗ · ω

)
= 0.

Dividing both sides of the previous equation by two and factorising, we obtain:

a(vi,vi∗,ω)
(
a(vi,vi∗,ω) + (vi − vi∗) · ω

)
= 0.

Therefore, either a(vi,vi∗,ω) = 0 or

a(vi,vi∗,ω) + (vi − vi∗) · ω = 0. (2.2.9)

Subtracting (vi − vi∗) · ω from both sides of equation (2.2.9), we obtain:

a(vi,vi∗,ω) = −(vi − vi∗) · ω.

Hence, as long as a(vi,vi∗,ω) 6= 0, the mono-species post-collision velocities are given by:

v′
i = vi −

(
(vi − vi∗) · ω

)
ω, (2.2.10)

v′
i∗ = vi∗ +

(
(vi − vi∗) · ω

)
ω. (2.2.11)

Now let us obtain the expressions for the bi-species post-collision velocities v′
i and v

′
j . To do this, observe

that the bi-species conservation laws of linear momentum (2.2.4) and kinetic energy (2.2.5) gives a system

of four scalar equations in six unknowns (because we are in R3). Therefore, there are two degrees of

freedom. If we write

v′
i = vi +

a(vi,vj,ω)

mi

ω, (2.2.12)

v′
j = vj −

a(vi,vj,ω)

mj

ω, (2.2.13)

where a(vi,vj,ω) is a scalar function to be determined with |ω| = 1, then multiplying equation (2.2.12)

by mi, equation (2.2.13) by mj and adding the resulting two equations, we automatically satisfy the

conservation of linear momentum given in equation (2.2.4). Now observe that
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1

2
mi(v

′
i)
2 =

1

2
mi(vi)

2 + a(vi,vj,ω)vi · ω +
1

2mi

(
a(vi,vj,ω)

)2
,

1

2
mj(v

′
j)

2 =
1

2
mj(vj)

2 − a(vi,vj,ω)vj · ω +
1

2mj

(
a(vi,vj,ω)

)2
,

where use have been made of the fact that ω · ω = 1. Therefore, adding the previous equations gives:

1

2
mi(v

′
i)
2 +

1

2
mj(v

′
j)

2 =
1

2
mi(vi)

2 + a(vi,vj,ω)vi · ω +
1

2mi

(
a(vi,vj,ω)

)2
+

1

2
mj(vj)

2 − a(vi,vj,ω)vj · ω +
1

2mj

(
a(vi,vj,ω)

)2
.

From the bi-species conservation of kinetic energy given in equation (2.2.5), the previous equation reduces

to:

a(vi,vj,ω)vi · ω − a(vi,vj,ω)vj · ω +
1

2mi

(
a(vi,vj,ω)

)2
+

1

2mj

(
a(vi,vj,ω)

)2
= 0.

Multiplying both sides of the previous equation by 2mimj and factorising gives:

a(vi,vj,ω)

(
2mimj(vi − vj) · ω +

(
a(vi,vj,ω)

)
(mi +mj)

)
= 0.

Therefore, either a(vi,vj,ω) = 0 or

2mimj(vi − vj) · ω +
(
a(vi,vj,ω)

)
(mi +mj) = 0. (2.2.14)

Equation (2.2.14) implies that:

(
a(vi,vj,ω)

)
(mi +mj) = −2mimj(vi − vj) · ω.

Dividing both sides of the previous equation bymi +mj , we obtain:(
a(vi,vj,ω)

)
= −2µij(vi − vj) · ω, where µij =

mimj

mi +mj

. (2.2.15)

Hence for a(vi,vj,ω) 6= 0, the bi-species post-collision velocities are given by:

v′
i = vi −

2µij

mi

(
(vi − vj) · ω

)
ω, (2.2.16)

v′
j = vj +

2µij

mj

(
(vi − vj) · ω

)
ω. (2.2.17)

2.2.2 Properties of the Mono-Species Collision Operator

In this subsection, the properties of the mono-species collision operator will be presented. Each property

is given in the form of a lemma, a proposition, or a corollary. Also, a complete step by step proof of

those properties that are consider to be very important for the work developed in this thesis will be given.
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Furthermore, for clarity in the computations involving the collision integral, the distribution functions will

be written with the velocity argument only. More precisely, the following notations will be used:

f(t,x,v′
i) = f(v′

i), f(t,x,v
′
i∗) = f(v′

i∗), f(t,x,vi) = f(vi), f(t,x,vi∗) = f(vi∗).

Lemma 2.2.1. Let f(vi) and φ(vi) be sufficiently smooth functions which are small at

infinity. Then,∫
R3

Q(fi, fi∗)φ(vi)dvi=
1

4

∫
R3

∫
R3

∫
S2

[
f(v′

i)f(v
′
i∗)− f(vi)f(vi∗)

]
×
(
φ(vi)+φ(vi∗)−φ(v′

i)−φ(v′
i∗)
)
Bi(vi−vi∗,ω)dωdvi∗dvi.

(2.2.18)

Proof. Multiplying both sides of the mono-species collision operator given in equation (2.1.4) by φ(vi)

and then integrate the resulting equation over vi ∈ R3, we obtain:∫
R3

Q(fi, fi∗)φ(vi)dvi

=

∫
R3

∫
R3

∫
S2

[
f(v′

i)f(v
′
i∗)− f(vi)f(vi∗)

]
φ(vi)Bi(vi − vi∗,ω)dωdvi∗dvi. (2.2.19)

Switch vi and vi∗ in equation (2.2.19) above. The cross-section or collision kernel is invariant with the

switching of vi and vi∗, that is,

Bi(vi − vi∗,ω) = B̄i(|vi − vi∗|, cos θ) = B̄i(|vi∗ − vi|, cos θ) = Bi(vi∗ − vi,ω). (2.2.20)

Also, the switching of vi and vi∗ implies:

v′
i=vi−

(
(vi−vi∗)·ω

)
ω → vi∗−

(
(vi∗−vi)·ω

)
ω=vi∗+

(
(vi−vi∗)·ω

)
ω=v′

i∗,

v′
i∗=vi∗+

(
(vi−vi∗)·ω

)
ω → vi+

(
(vi∗−vi)·ω

)
ω=vi−

(
(vi−vi∗)·ω

)
ω=v′

i.
(2.2.21)

Therefore, equation (2.2.19) becomes:∫
R3

Q(fi, fi∗)φ(vi)dvi

=

∫
R3

∫
R3

∫
S2

[
f(v′

i)f(v
′
i∗)− f(vi)f(vi∗)

]
φ(vi∗)Bi(vi − vi∗,ω)dωdvi∗dvi. (2.2.22)

Next, we use the change of variables (vi,vi∗) → (v′
i,v

′
i∗) in equation (2.2.19) to obtain:∫

R3

Q(fi, fi∗)φ(vi)dvi =

∫
R3

∫
R3

∫
S2

[
f(v′

i)f(v
′
i∗)− f

(
vi(v

′
i,v

′
i∗)
)
f
(
vi∗(v

′
i,v

′
i∗)
)]

× φ
(
vi(v

′
i,v

′
i∗)
)
|J |Bi(v

′
i − v′

i∗,ω)dωdv′
i∗dv

′
i,

(2.2.23)

where |J | is the Jacobian determinant of the transformation (vi,vi∗) → (v′
i,v

′
i∗). In the sequel, it will

be shown that the absolute value of |J | is unity. Furthermore, observe that
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|vi − vi∗|2 = 2|vi|2 + 2|vi∗|2 − |vi + vi∗|2 = |v′
i − v′

i∗|
2
,

where use have been made of the conservation laws of linear momentum and kinetic energy given in

equations (2.2.6) and (2.2.7) in the first equality to obtain the last equality. Therefore, the collision kernel

is invariant under the change of variables, i.e.,

B(vi − vi∗,ω) = B(|vi − vi∗|, cos θ) = B(|v′
i − v′

i∗|, cos θ) = Bi(v
′
i − v′

i∗,ω). (2.2.24)

Hence we can rewrite equation (2.2.23) as given below:∫
R3

Q(fi, fi∗)φ(vi)dvi =

∫
R3

∫
R3

∫
S2

[
f(v′

i)f(v
′
i∗)− f

(
vi(v

′
i,v

′
i∗)
)
f
(
vi∗(v

′
i,v

′
i∗)
)]

× φ
(
vi(v

′
i,v

′
i∗)
)
Bi(vi − vi∗,ω)dωdv′

i∗dv
′
i.

(2.2.25)

Observe that subtracting equation (2.2.11) from equation (2.2.10) and then take the scalar product of the

resulting equation with ω, we obtain:(
v′
i − v′

i∗
)
· ω = (vi − vi∗) · ω − 2

(
(vi − vi∗) · ω

)
ω · ω = −(vi − vi∗) · ω, (2.2.26)

where ω · ω = 1 was used in the first equality to obtain the last equality of the previous equation. Also,

inverting equations (2.2.10) and (2.2.11) yield:

vi = v′
i +
(
(vi − vi∗) · ω

)
ω,

vi∗ = v′
i∗ −

(
(vi − vi∗) · ω

)
ω.

(2.2.27)

Using equation (2.2.26) we can write equation (2.2.27) as follows:

vi = v′
i +
(
(vi − vi∗) · ω

)
ω = v′

i −
(
(v′

i − v′
i∗) · ω

)
ω ≡ vi(v

′
i,v

′
i∗).

vi∗ = v′
i∗ −

(
(vi − vi∗) · ω

)
ω = v′

i∗ +
(
(v′

i − v′
i∗) · ω

)
ω ≡ vi∗(v

′
i,v

′
i∗).

(2.2.28)

Substituting the expressions for vi(v
′
i,v

′
i∗) and vi∗(v

′
i,v

′
i∗) above into equation (2.2.25) and rename

(v′
i,v

′
i∗) to (vi,vi∗), we obtain:∫

R3

Q(fi, fi∗)φ(vi)dvi

=

∫
R3

∫
R3

∫
S2

[
f(vi)f(vi∗)− f

(
vi −

(
(vi − vi∗) · ω

)
ω
)
f
(
vi∗ +

(
(vi − vi∗) · ω

)
ω
)]

× φ
(
vi −

(
(vi − vi∗) · ω

)
ω
)
Bi(vi − vi∗,ω) dω dvi∗ dvi.

Using equations (2.2.10) and (2.2.11), we can rewrite the previous equation as:∫
R3

Q(fi, fi∗)φ(vi)dvi

= −
∫
R3

∫
R3

∫
S2

[
f(v′

i)f(v
′
i∗)− f(vi)f(vi∗)

]
φ(v′

i)Bi(vi − vi∗,ω)dω dvi∗ dvi. (2.2.29)
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Finally, switching vi and vi∗ in equation (2.2.29) above and then use equation (2.2.21) in the resulting

equation gives:∫
R3

Q(fi, fi∗)φ(vi)dvi

= −
∫
R3

∫
R3

∫
S2

[
f(v′

i)f(v
′
i∗)− f(vi)f(vi∗)

]
φ(v′

i∗)Bi(vi − vi∗,ω)dω dvi∗ dvi. (2.2.30)

Summing equations (2.2.19), (2.2.22), (2.2.29) and (2.2.29), then divide both sides of the resulting

equation by 4 gives equation (2.2.18).

Lemma 2.2.2. The Jacobian matrix J of the transformation (vi,vi∗) → (v′
i,v

′
i∗) is such that

its determinant, denoted by |J |, satisfies |J | = 1.

Proof. The Jacobian matrix J is a 6 × 6 matrix which can be given in terms of four 3 × 3 blocks as

follows:

J =


∂v′

i

∂vi

∂v′
i∗

∂vi

∂v′
i

∂vi∗

∂v′
i∗

∂vi∗

 =

I − ω ⊗ ω ω ⊗ ω

−ω ⊗ ω I + ω ⊗ ω

 ,
where v′

i = vi −
(
(vi − vi∗) ·ω

)
ω, v′

i∗ = vi∗ +
(
(vi − vi∗) ·ω

)
ω, I is a 3× 3 identity matrix and

⊗ is the tensor product. In order to evaluate det(J), we add the fourth column to the first column, add

the fifth column to the second column, and add the sixth column to the third column to obtain:

|J | = det

 I ω ⊗ ω

I I + ω ⊗ ω

 .
Next subtract the first row from the fourth row, the second row from the fifth row, and the third row from

the sixth row to obtain:

|J | = det

 I ω ⊗ ω

0 I

 .
Thus the determinant of the previous matrix is

|J | = det

 I ω ⊗ ω

0 I

 = 1.

Lemma 2.2.3. Let f(vi) and φ(vi) be sufficiently smooth functions which are small at

infinity. Then∫
R3

Q(fi, fi∗)φ(vi)dvi
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=

∫
R3

∫
R3

∫
S2

[
f(v′

i)f(v
′
i∗)− f(vi)f(vi∗)

]
φ(vi)Bi(vi − vi∗,ω) dω dvi∗ dvi

=

∫
R3

∫
R3

∫
S2

f(vi)f(vi∗)
(
φ(v′

i)− φ(vi)
)
Bi(vi − vi∗,ω) dω dvi∗ dvi (2.2.31)

=
1

2

∫
R3

∫
R3

∫
S2

f(vi)f(vi∗)
(
φ(v′

i) + φ(v′
i∗)− φ(vi)− φ(vi∗)

)
×Bi(vi − vi∗,ω) dω dvi∗ dvi.

Proof. The first equation of (2.2.31) is the definition. It is obtained by multiplying both sides of equation

(2.1.4) by φ(vi) and integrating the resulting equation over vi ∈ R3. Observe that it can be rewritten as

given below:∫
R3

Q(fi, fi∗)φ(vi)dvi =

∫
R3

∫
R3

∫
S2

f(v′
i)f(v

′
i∗)φ(vi)Bi(vi − vi∗,ω)dω dvi∗ dvi

−
∫
R3

∫
R3

∫
S2

f(vi)f(vi∗)φ(vi)Bi(vi − vi∗,ω)dω dvi∗ dvi.

(2.2.32)

Using the change the variables (vi,vi∗) → (v′
i,v

′
i∗) together with the fact that the Jacobian of the

transformation is unity (see Lemma 2.2.2), we can write the first term on the right-hand side of equation

(2.2.32) as given below:∫
R3

∫
R3

∫
S2

f(v′
i)f(v

′
i∗)φ(vi(v

′
i,v

′
i∗))Bi(v

′
i − v′

i∗,ω)dω dv′
i∗ dv

′
i.

Using the expression for vi(v
′
i,v

′
i∗) given in equation (2.2.28)1 and equation (2.2.24), we can rewrite the

previous equation as given below:∫
R3

∫
R3

∫
S2

f(v′
i)f(v

′
i∗)φ

(
v′
i −
(
(v′

i − v′
i∗) · ω

)
ω
)
Bi(vi − vi∗,ω)dω dv′

i∗ dv
′
i.

Renaming (v′
i,v

′
i∗) to (vi,v∗) in the previous equation, we obtain:∫

R3

∫
R3

∫
S2

f(vi)f(vi∗)φ
(
vi −

(
(vi − vi∗) · ω

)
ω
)
Bi(vi − vi∗,ω)dω dvi∗ dvi.

Using (2.2.10), we obtain that:

φ
(
v −

(
(v − v∗) · ω

)
ω
)
= φ(v′).

Thus the previous integral becomes:∫
R3

∫
R3

∫
S2

f(vi)f(vi∗)φ(v
′
i)Bi(vi − vi∗,ω)dω dvi∗ dvi. (2.2.33)

Replacing the first term on the right-hand side of equation (2.2.32) with equation(2.2.33) and summing

the two terms on the right-hand side of the resulting equation gives the second equation of (2.2.31).

Finally, switching vi and vi∗ in the second equation of (2.2.31) and then use equations (2.2.21)1,
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(2.2.20), we obtain:∫
R3

Q(fi, fi∗)φ(vi)dvi =

∫
R3

∫
R3

∫
S2

f(vi)f(vi∗)
(
φ(v′

i∗)− φ(vi∗)
)

Bi(vi − vi∗,ω)dω dvi∗ dvi. (2.2.34)

Adding equation (2.2.34) to the second equation of (2.2.31) and then divide both sides of the resulting

equation by 2 gives the last equation of (2.2.31). This completes the proof.

Corollary 2.2.4. Let f(vi) and φ(vi) be sufficiently smooth functions which are small at

infinity. Then, ∫
R3

Q(fi, fi∗)mi dvi = 0,∫
R3

Q(fi, fi∗)mi vi dvi = 0,∫
R3

Q(fi, fi∗)
1

2
mi(vi)

2 dvi = 0.

(2.2.35)

Proof. Setting φ(vi) = mi, φ(vi) = mivi and φ(vi) =
1

2
mi(vi)

2, respectively, in (2.2.18), one has

that

φ(vi) + φ(vi∗)− φ(v′
i)− φ(v′

i∗) = 0 (2.2.36)

by virtue of the conservation laws of mass, linear momentum and kinetic energy, respectively. More

precisely,
mi +mi −mi −mi = 0,

mivi +mivi∗ −miv
′
i −miv

′
i∗ = 0,

1

2
mi(vi)

2 +
1

2
mi(vi∗)

2 − 1

2
mi(v

′
i)
2 − 1

2
mi(v

′
i∗)

2 = 0.

(2.2.37)

Definition 2.2.5. Ameasurable function φ(vi) defined almost everywhere inR3 that satisfies

equation (2.2.36), where v′
i(vi,vi∗,ω) and v′

i∗(vi,vi∗,ω) are as defined in equations (2.2.10)

and (2.2.11), respectively, is called a collision (summation) invariant.

Since mass mi, linear momentum mivi and kinetic energy 1
2
mi(vi)

2 satisfy equation (2.2.36) as

shown in equation (2.2.37), they are collision invariants.

Remark 2.2.6. The term on the right-hand side of equation (2.2.18) and those on the right-

hand side of the equation (2.2.31) are often referred to as the weak formulation (or weak

form) of the collision integral. These weak forms allow the manipulation of the collision

integral in problems of basic character despite its complicated form. From the mathematical

point of view, these weak formulations are very interesting because they may be well defined

in situations where the collision integral itself is not.
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Proposition 2.2.7. A continuous function φ(vi) is a collision invariant if and only if there

exist scalar functions a, c ∈ R and a vector function b ∈ R3 such that

φ(vi) = a+ b · vi + c (vi)
2. (2.2.38)

Proof. See, for example, [8, 35, 37, 60] for the proof of the above proposition.

Proposition 2.2.8. Let the distribution function f(vi) be positive and rapidly decaying at

infinity. If we assume that the collision kernel Bi(vi − vi∗,ω) is strictly positive almost

everywhere, then ∫
R3

Q(fi, fi∗) log f(vi)dvi ≤ 0.

Moreover, the following three properties are equivalent:

(i) ∫
R3

Q(fi, fi∗) log fi(vi)dvi = 0,

for all vi ∈ R3,

(ii)

Q(fi, fi∗) = 0,

(iii) f(vi) is a Maxwellian distribution, that is, there exist ni(t,x) > 0, Ti(t,x) > 0 and

ui(t,x) ∈ R3 such that

f(vi) = ni

(
mi

2πkBTi

) 3
2

exp
(
− mi(vi − ui)

2

2kBTi

)
. (2.2.39)

Proof. The proof of this proposition is standard. It can be found for example, in [58]

2.2.3 Properties of the Bi-Species Collision Operator

In this subsection, the properties of the bi-species collision operator will be presented. Each property will

be given in the form of a lemma, a proposition or a corollary. Also, because of the importance of these

properties especially in relation to hydrodynamics, a complete step by step proof of these properties will be

given. Furthermore, for clarity in the computations involving the collision integral, the distribution functions

will be written with the velocity argument only. More precisely, for i, j = 1, 2, . . . , S with i 6= j, the

following notations for the distribution functions will be used:

f(t,x,v′
i) = f(v′

i), f(t,x,v
′
j) = f(v′

j), f(t,x,vi) = f(vi), f(t,x,vj) = f(vj).

Lemma 2.2.9. Let f(vi) and φ(vi) be sufficiently smooth functions which are small at

infinity. Then

17



∫
R3

Q(fi, fj)φ(vi) dvi =
1

2

∫
R3

∫
R3

∫
S2

[
f(v′

i)f(v
′
j)− f(vi)f(vj)

]
×
(
φ(vi)− φ(v′

i)
)
Bij(vi − vj,ω) dω dvj dvi. (2.2.40)

Proof. Multiplying both sides of equation (2.1.5) by φ(vi) and then integrate the resulting equation over

vi ∈ R3 gives:∫
R3

Q(fi, fj)φ(vi) dvi

=

∫
R3

∫
R3

∫
S2

[
f(v′

i)f(v
′
j)− f(vi)f(vj)

]
φ(vi)Bij(vi − vj,ω)dω dvj dvi. (2.2.41)

Using the change the variables (vi,vj) → (v′
i,v

′
j) together with the fact that the determinant of the

Jacobian of this transformation is one (see Lemma 2.2.2 with i∗ replaced by j), we can write equation

(2.2.41) as follows:∫
R3

Q(fi, fj)φ(vi) dvi=

∫
R3

∫
R3

∫
S2

[
f(v′

i)f(v
′
j)− f

(
vi(v

′
i,v

′
j)
)
f
(
vj(v

′
i,v

′
j)
)]

× φ
(
vi(v

′
i,v

′
j)
)
Bij(v

′
i − v′

j,ω) dω dv′
j dv

′
i.

(2.2.42)

Moreover, subtracting equation (2.2.17) from equation (2.2.16) gives:

v′
i − v′

j = vi − vj −

(
2mimj

(mi +mj)mi

+
2mimj

(mi +mj)mj

)(
(vi − vj) · ω

)
ω

= vi − vj − 2
(
(vi − vj) · ω

)
ω.

Taking the inner product with ω, we obtain:

(v′
i − v′

j) · ω = −(vi − vj) · ω. (2.2.43)

Therefore,

(v′
i − v′

j) = −(vi − vj) =⇒
∣∣v′

i − v′
j

∣∣ = |vi − vj| .

Thus,

Bij(vi − vj,ω) = B̄ij(|vi − vj|, cos θ) = B̄ij(|v′
i − v′

j|, cos θ) = Bij(v
′
i − v′

j,ω). (2.2.44)

Thus we can rewrite equation (2.2.42) as follows:∫
R3

Q(fi, fj)φ(vi) dvi=

∫
R3

∫
R3

∫
S2

[
f(v′

i)f(v
′
j)− f

(
vi(v

′
i,v

′
j)
)
f
(
vj(v

′
i,v

′
j)
)]

× φ
(
vi(v

′
i,v

′
j)
)
Bij(vi − vj,ω) dω dv′

j dv
′
i.

(2.2.45)

Inverting equations (2.2.16) and (2.2.17), we obtain:
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vi = v′
i +

2µij

mi

(
(vi − vj) · ω

)
ω,

vj = v′
j −

2µij

mj

(
(vi − vj) · ω

)
ω.

(2.2.46)

Using equation (2.2.43), we can write equation (2.2.46) as follows:

vi = v′
i +

2µij

mi

(
(vi − vj) · ω

)
ω = v′

i −
2µij

mi

(
(v′

i − v′
j) · ω

)
ω ≡ vi(v

′
i,v

′
j),

vj = v′
j −

2µij

mj

(
(vi − vj) · ω

)
ω = v′

j +
2µij

mj

(
(v′

i − v′
j) · ω

)
ω ≡ vj(v

′
i,v

′
j).

(2.2.47)

Substituting the expressions for vi(v
′
i,v

′
j) and vi(v

′
i,v

′
j) given in equation (2.2.47) above into equation

(2.2.45), we obtain:∫
R3

Q(fi, fj)φ(vi) dvi

=

∫
R3

∫
R3

∫
S2

[
f(v′

i)f(v
′
j)−f

(
v′
i−

2µij

mi

(
(v′

i−v′
j)·ω

)
ω

)
f

(
v′
j+

2µij

mj

(
(v′

i−v′
j)·ω

)
ω

)]

× φ

((
v′
i −

2µij

mi

(
(v′

i − v′
j) · ω

)
ω

))
Bij(vi − vj,ω) dω dv′

j dv
′
i. (2.2.48)

Now rename (v′
i,v

′
j) to (vi,vj) in equation (2.2.48) to obtain:∫

R3

Q(fi, fj)φ(vi) dvi

=

∫
R3

∫
R3

∫
S2

[
f(vi)f(vj)−f

(
vi−

2µij

mi

(
(vi−vj)·ω

)
ω

)
f

(
vj+

2µij

mj

(
(vi−vj)·ω

)
ω

)]

× φ

((
vi −

2µij

mi

(
(vi − vj) · ω

)
ω

))
Bij(vi − vj,ω) dω dvj dvi. (2.2.49)

Using equations (2.2.16) and (2.2.17), we can rewrite equation (2.2.49) as follows:∫
R3

Q(fi, fj)φ(vi) dvi

= −
∫
R3

∫
R3

∫
S2

[
f(v′

i)f(v
′
j)− f(vi)f(vj)

]
φ(v′

i)Bij(vi − vj,ω) dω dvj dvi. (2.2.50)

Adding equations (2.2.41), (2.2.50) and then divide the resulting equation by 2 gives equation (2.2.40).

Therefore, the proof is complete.

Lemma 2.2.10. Let f(vj) and φ(vj) be sufficiently smooth functions which are small at

infinity. Then∫
R3

Q(fj, fi)φ(vj) dvj =
1

2

∫
R3

∫
R3

∫
S2

[
f(v′

i)f(v
′
j)− f(vi)f(vj)

]
×
(
φ(vj)− φ(v′

j)
)
Bij(vi − vj,ω)dω dvj dvi (2.2.51)
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Proof. Switch i and j in equation (2.1.5), then multiply the resulting equation by φ(vj) and integrate

over vj ∈ R3 to obtain:∫
R3

Q(fj, fi)φ(vj) dvj

=

∫
R3

∫
R3

∫
S2

[
f(v′

j)f(v
′
i)− f(vj)f(vi)

]
φ(vj)B(vj − vi,ω) dω dvi dvj (2.2.52)

Observe that:

Bij(vj − vi,ω) = B̄ij(|vj − vi|, cos θ) = B̄ij(|vi − vj|, cos θ) = Bij(vi − vj,ω).

Therefore, we can rewrite equation (2.2.52) as given below:∫
R3

Q(fj, fi)φ(vj) dvj

=

∫
R3

∫
R3

∫
S2

[
f(v′

i)f(v
′
j)− f(vi)f(vj)

]
φ(vj)Bij(vi − vj,ω) dω dvj dvi. (2.2.53)

Using the change of variables (vi,vj) → (v′
i,v

′
j) together with the fact that the determinant of the

Jacobian of this transformation is unity (see Lemma 2.2.2 with i∗ replaced by j), we can rewrite equation
(2.2.53) as follows:∫

R3

Q(fj, fi)φ(vj) dvj =

∫
R3

∫
R3

∫
S2

[
f(v′

i)f(v
′
j)− f

(
vi(v

′
i,v

′
j)
)
f
(
vj(v

′
i,v

′
j)
)]

× φ
(
vj(v

′
i,v

′
j)
)
Bij(v

′
i − v′

j,ω) dω dv′
j dv

′
i.

Using equation (2.2.44) for the collision kernel and the expressions for vi(v
′
i,v

′
j), vi(v

′
i,v

′
j) given in

equation (2.2.47), the previous equation becomes:∫
R3

Q(fj, fi)φ(vj) dvj

=

∫
R3

∫
R3

∫
S2

[
f(v′

i)f(v
′
j)−f

(
v′
i−

2µij

mi

(
(v′

i−v′
j) · ω

)
ω

)
f

(
v′
j+

2µij

mj

(
(v′

i−v′
j) · ω

)
ω

)]

× φ

((
v′
j +

2µij

mj

(
(v′

i − v′
j) · ω

)
ω

))
Bij(vi − vj,ω) dω dv′

j dv
′
i. (2.2.54)

Now rename (v′
i,v

′
j) to (vi,vj) in equation (2.2.54) above to obtain:∫

R3

Q(fj, fi)φ(vj) dvj

=

∫
R3

∫
R3

∫
S2

[
f(vi)f(vj)−f

(
vi−

2µij

mi

(
(vi−vj) · ω

)
ω

)
f

(
vj+

2µij

mj

(
(vi−vj) · ω

)
ω

)]

× φ

((
vj +

2µij

mj

(
(vi − vj) · ω

)
ω

))
Bij(vi − vj,ω) dω dvj dvi. (2.2.55)
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Using equations (2.2.16) and (2.2.17), we can rewrite equation (2.2.55) as given below:∫
R3

Q(fj, fi)φ(vj)dvj

= −
∫
R3

∫
R3

∫
S2

[
f(v′

i)f(v
′
j)− f(vi)f(vj)

]
φ(v′

j)Bij(vi − vj,ω) dω dvj dvi. (2.2.56)

Adding equations (2.2.53), (2.2.56) and then divide the resulting equation by 2 gives equation (2.2.51).

Therefore, the proof is complete.

Corollary 2.2.11. Let φ(vi) and φ(vj) with i, j = 1, 2, . . . , S, i 6= j, be functions such that∫
R3

Q(fi, fj)φ(vi) dvi and
∫
R3

Q(fj, fi)φ(vj) dvj

make sense. Then∫
R3

Q(fi, fj)φ(vi) dvi +

∫
R3

Q(fj, fi)φ(vj) dvj

= −1

2

∫
R3

∫
R3

∫
S2

[
f(v′

i)f(v
′
j)−f(vi)f(vj)

](
φ(v′

i)+φ(v
′
j)−φ(vi)−φ(vj)

)
×Bij(vi − vj,ω) dω dvj dvi.

(2.2.57)

Proof. It is enough to add equations (2.2.40) and (2.2.51) of Lemmas 2.2.9 and 2.2.10.

Corollary 2.2.12. Let f(vi), f(vj), φ(vi) and φ(vj) be sufficiently smooth functions which

are small at infinity. Then∫
R3

Q(fi, fj)mi dvi = 0, (2.2.58)∫
R3

Q(fi, fj)mivi dvi +

∫
R3

Q(fj, fj)mjvj dvj = 0 (2.2.59)∫
R3

Q(fi, fj)
1

2
mi(vi)

2dvi +

∫
R3

Q(fj, fi)
1

2
mj(vj)

2dvj = 0. (2.2.60)

Proof. Settingφ(vi) = mi in equation (2.2.40) gives (2.2.58). Settingφ(vi) = mivi, φ(vj) = mjvj

and φ(vi) =
1

2
mi(vi)

2, φ(vj) =
1

2
mj(vj)

2, in equation (2.2.57), we obtain equations (2.2.59) and

(2.2.60), respectively, by virtue of the conservation laws of linear momentum (2.2.4) and kinetic energy

(2.2.5), respectively.

Proposition 2.2.13. Let the distribution functions f(vi) with i = 1, 2, . . . , S be positive and

rapidly decaying at infinity. If one assumes that the collision kernels Bij(vi − vj,ω) with

i, j = 1, 2, . . . , S, i 6= j, are strictly positive almost everywhere, then

S∑
i=1

S∑
j=1
j ̸=i

∫
R3

Q(fi, fj) log fi(vi) dvi ≤ 0.
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Moreover, the following three properties are equivalent:

(i) for all vi ∈ R3

S∑
i=1

S∑
j=1
j ̸=i

∫
R3

Q(fi, fj) log f(vi) dvi = 0,

(ii) for i, j = 1, 2, . . . , S with i 6= j
Q(fi, fj) = 0,

(iii) there exist ni(t,x) ≥ 0 with i = 1, 2, . . . , S, u(t,x) ∈ R3 and T (t,x) > 0 such that

f(vi) = ni

(
mi

2πkBT

) 3
2

exp
(
− mi(vi − u)2

2kBT

)
. (2.2.61)

Proof. Using equation (2.2.57) with φ(vi) = log f(vi), φ(vj) = log f(vj), we obtain:

S∑
i=1

S∑
j=1
j ̸=i

∫
R3

Q(fi, fj) log f(vi) dvi = −1

2

S∑
i=1

S∑
j=1
j ̸=i

∫
R3

∫
R3

∫
S2

[
f(v′

i)f(v
′
j)− f(vi)f(vj)

]

× log
(
f(v′

i)f(v
′
j)

f(vi)f(vj)

)
Bij(vi−vj,ω) dω dvj dvi. (2.2.62)

Observe that each of the integrand in the summation of integrals in the previous equation is of the form

(a− b) log
a

b
B̄, (2.2.63)

where in each case

a = f(v′
i)f(v

′
j), b = f(vi)f(vj) and B̄ = Bij(vi − vj,ω).

If a > b, then both (a − b) and log
a

b
are positive. If a < b, then both (a − b) and log

a

b
are negative.

Observe that, in both cases (i.e., a > b and a < b), equation (2.2.63) is positive, since by assumption

Bij(vi − vj,ω) is strictly positive almost everywhere. Therefore, the integrand of each of the integral in

summation of integrals given in equation (2.2.62) is always positive. Thus
S∑

i=1

S∑
j=1
j ̸=i

∫
R3

Q(fi, fj) log fi(vi) dvi ≤ 0,

as required. Furthermore, observe that since equation (2.2.63) is positive, equation (2.2.62) reduces to:

S∑
i=1

S∑
j=1
j ̸=i

∫
R3

Q(fi, fj) log fi(vi) dvi = 0 (2.2.64)

if and only if
f(v′

i)f(v
′
j) = f(vi)f(vj).
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The previous equation accounts for the the equivalence between (i) and (ii).

Now let us prove that (i) implies (iii). Suppose that (i) holds, this implies that f(v′
i)f(v

′
j) =

f(vi)f(vj). Therefore, there existni(t,x) ≥ 0with i = 1, 2, . . . , S,ui(t,x) ∈ R3 and Ti(t,x) > 0

such that

f(vi) = ni

(
mi

2πkBTi

) 3
2

exp
(
− mi(vi − ui)

2

2kBTi

)
,

see Lemma 3.4 of [58]. It remains to show that ui = uj = u and Ti = Tj = T . To do this, observe

that f(v′
i)f(v

′
j) = f(vi)f(vj) implies that:

mi(v
′
i − ui)

2

2kBTi
+
mj(v

′
j − uj)

2

2kBTj
=
mi(vi − ui)

2

2kBTi
+
mj(vj − uj)

2

2kBTj
.

Using equations (2.2.16) and (2.2.17), we can rewrite the previous equation as follows:

mi

2kBTi

(
vi −

2µij

mi

(
(vi − vj) · ω

)
ω − ui

)2

+
mj

2kBTj

(
vj +

2µij

mj

(
(vi − vj) · ω

)
ω − uj

)2

=
mi(vi − ui)

2

2kBTi
+
mj(vj − uj)

2

2kBTj
. (2.2.65)

Observe that

mi

2kBTi

(
vi −

2µij

mi

(
(vi − vj) · ω

)
ω − ui

)2

=
mi(vi)

2

2kBTi
− 2µij

kBTi
(ω ·vi)

2+
2µij

kBTi
(ω ·vj)(ω ·vi)−

mi

kBTi
(ui ·vi) (2.2.66)

+
mi

2kBTi

(
2µij

mi

(
(vi−vj)·ω

))2
+

2µij

kBTi
(ω · vi)(ω · ui)−

2µij

kBTi
(ω ·vj)(ω ·ui)+

mi(ui)
2

2kBTi
,

mj

2kBTj

(
vj +

2µij

mj

(
(vi − vj) · ω

)
ω − uj

)2

=
mj(vj)

2

2kBTj
+

2µij

kBTj
(ω · vi)(ω · vj)−

2µij

kBTj
(ω · vj)

2 − mj

kBTj
(uj · vj) (2.2.67)

+
mj

2kBTj

(
2µij

mj

(
(vi−vj)·ω

))2
− 2µij

kBTj
(ω ·vi)(ω ·uj)+

2µij

kBTj
(ω ·vj)(ω ·uj)+

mj(uj)
2

2kBTj
,

and

mi(vi − ui)
2

2kBTi
+
mj(vj − uj)

2

2kBTj

=
mi(vi)

2

2kBTi
− mi

kBTi
(ui · vi) +

mi(ui)
2

2kBTi
+
mj(vj)

2

2kBTj
− mj

kBTj
(uj · vj)+

mj(uj)
2

2kBTj
. (2.2.68)

Therefore, substituting Eqs. (2.2.66), (2.2.67) and (2.2.68) into Eq. (2.2.65) gives:

mi(vi)
2

2kBTi
− 2µij

kBTi
(ω ·vi)

2+
2µij

kB
(ω ·vj)

(
(ω ·vi)

Ti
+

(ω ·vi)

Tj

)
− mi

kBTi
(ui ·vi)
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+
mi

2kBTi

(
2µij

mi

(
(vi − vj) · ω

))2

+
2µij

kB
(ω · vi)

(
(ω · ui)

Ti
− (ω · uj)

Tj

)
− 2µij

kBTi
(ω · vj)(ω · ui) +

mi(ui)
2

2kBTi
+
mj(vj)

2

2kBTj
− 2µij

kBTj
(ω · vj)

2 − mj

kBTj
(uj · vj)

+
mj

2kBTj

(
2µij

mj

(
(vi − vj)·ω

))2

+
2µij

kBTj
(ω · vj)(ω · uj) +

mj(uj)
2

2kBTj

=
mi(vi)

2

2kBTi
− mi

kBTi
(ui · vi) +

mi(ui)
2

2kBTi
+
mj(vj)

2

2kBTj
− mj

kBTj
(uj · vj) +

mj(uj)
2

2kBTj
.

Equating terms with coefficients
2µij

kB
(ω · vi), we obtain

ω · ui

Ti
− ω · uj

Tj
= ω ·

(
ui

Ti
− uj

Tj

)
= 0,

which is only possible if ui = uj and Ti = Tj since ω 6= 0.

Finally, let us prove that (iii) implies (i). This can be done by inspection: for instance one can

observe that if fi is a Maxwellian distribution, then log(fi), is a linear combination of 1,vi and (vi)
2, so

that

log f(v′
i) + log f(v′

j)− log f(vi)− log f(vj) = 0.

Therefore, as a consequence of Proposition 2.2.7, there exists constants a, b1, b2, b3 and c such that the

following equation holds:

f(vi) = exp(a+ b1v1i + b2v2i + b3v3i + c(vi)
2).

Setting

a = log

(
ni

(
mi

2πkBTi

) 3
2

)
− mi(ui)

2

2kBTi
bl =

miu
l
i

kBTi
, l = 1, 2, 3, c = − mi

2kBTi
,

for ni > 0, Ti > 0 and ui ∈ R3 gives equation (2.2.39). This completes the proof.

2.2.4 Macroscopic Quantities

Here, the macroscopic quantities associated with the distribution functions will be given.

2.2.4.1 Number Density

The number density of the species is denoted by ni(t,x). It is obtained by integrating the distribution

functions over all possible velocities. More specifically,

ni(t,x) =

∫
R3

fi dvi, i = 1, 2, . . . , S. (2.2.69)
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2.2.4.2 Mass Density

The mass density of the species is denoted by ϱi(t,x). It is obtained by multiplying the distribution

functions bymi and integrating over all possible velocities. More specifically,

ϱi(t,x) =

∫
R3

mifi dvi, i = 1, 2, . . . , S. (2.2.70)

Because of the probabilistic meaning of the distribution function, the mass density is the expected mass

per unit volume at (t,x) or the product of the molecular mass mi by the probability density of finding a

molecule at (t,x).

2.2.4.3 Bulk Velocity

The bulk velocity of the species is what can be directly perceived of the molecular motion by means of

macroscopic observations. It is denoted by ui(t,x) and is defined as given below:

ui(t,x) =

∫
R3

mivifi dvi∫
R3

mifi dvi

=
1

ϱi(t,x)

∫
R3

mivifi dvi, i = 1, 2, . . . , S, (2.2.71)

2.2.4.4 Momentum Density

The momentum density of the species is also referred to as the mass flow. It is obtained by multiplying

the bulk velocity ui by the mass density ϱi. More precisely,

ϱi(t,x)ui(t,x) =

∫
R3

mivifi dvi, i = 1, 2, . . . , S. (2.2.72)

Remark 2.2.14. The velocity of each molecule vi(t,x) can be split into the sum of the bulk

velocity ui(t,x) and a velocity which we shall denote with ξi(t,x), that is,

vi = ui + ξi =⇒ dξi = dvi. (2.2.73)

The velocity ξi describes the random deviation of the molecular velocity from the ordered

motion with the bulk velocity. It is usually called the peculiar velocity or random velocity

and is equal to the velocity of each molecule vi when the bulk velocity ui = 0. Furthermore,

observe that ∫
R3

miξifidξi = 0, (2.2.74)

where use has been made of equations (2.2.70) and (2.2.72).

2.2.4.5 Momentum Flow

The momentum flow of the species is given by:
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∫
R3

mivi(vifi) dvi=

∫
R3

mi(vi ⊗ vi)fi dvi, i=1, 2, . . . S.

Using equation (2.2.73), we can rewrite the previous equation as given below:∫
R3

mi(vi ⊗ vi)fi dvi = (ui ⊗ ui)

∫
R3

mifi dvi + 2ui⊗
∫
R3

miξifi dvi +

∫
R3

mi(ξi ⊗ ξi)fi dξi.

Using equation (2.2.70) for the first term and equation (2.2.74) for the second term on the right-hand

side of the previous equation, we obtain:∫
R3

mi(vi ⊗ vi)fi dvi = ϱi(ui ⊗ ui) +

∫
R3

mi(ξi ⊗ ξi)fi dξi︸ ︷︷ ︸
P i

. (2.2.75)

Thus the momentum flow decomposes into two components. The first term on the right-hand side of equa-

tion (2.2.75) is the macroscopic momentum flow and the second term is the pressure tensor. Furthermore,

when the pressure tensor is expressed with a minus sign, it is referred to as the stress tensor.

2.2.4.6 Energy Density

The energy density of the species is obtained by multiplying the distribution functions by the kinetic energy
1
2
mi(vi) and then integrate the resulting expression over all possible velocities to obtain:∫

R3

1

2
mi(vi)

2fi dvi =
1

2

∫
R3

mi(vi)
2fi dvi, i = 1, 2, . . . , S.

Using equation (2.2.73), we can rewrite the energy density as given below:

1

2

∫
R3

mi(vi)
2fi dξi =

1

2
(ui)

2

∫
R3

mifi dξi + ui ·
∫
R3

miξifi dvi +
1

2

∫
R3

mi(ξi)
2fi dξi.

Using equation (2.2.70) for the first term and equation (2.2.74) for the second term on the right-hand

side of the previous equation, we obtain:

1

2

∫
R3

mi(vi)
2fi dvi =

1

2
(ui)

2ϱi +
1

2

∫
R3

mi(ξi)
2fi dξi. (2.2.76)

The first term on the right-hand side of equation (2.2.76) is the kinetic energy density. The second term

is ascribed to the internal energy density and is denoted by ϱiei. Therefore, equation (2.2.76) can be

rewritten as:

1

2

∫
R3

mi(vi)
2fi dvi =

1

2
ϱi(ui)

2 + ϱiei, where ϱiei =
1

2

∫
R3

mi(ξi)
2fi dξi. (2.2.77)

Remark 2.2.15. Comparing the internal energy density (i.e., ϱiei defined in equation (2.2.77)

above) and the pressure tensor P i given in equation (2.2.75), we see that the internal energy
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density is related to the trace or spur of the pressure tensor. More precisely, we obtain:

ϱiei =
1

2
trP i

Furthermore, the trace of the pressure tensor divided by 3 is usually associated with the

pressure of a gas. Therefore, if we denoted the pressure of a gas by pi, we obtain:

pi(t,x) =
1

3
trP i =

2

3
ϱiei. (2.2.78)

2.2.4.7 Temperature

The temperature of the species is denoted by Ti. It can be obtained using the fact that the equation of

state of an ideal gas is given by pi = ϱikBTi, where kB is the Boltzmann constant. From the equation

of state, one has that the expression for temperature can be obtained in terms of the distribution function

as follows:

Ti(t,x) =
pi
ϱikB

=
2

3
ϱiei

1

ϱikB
=

1

3ϱikB

∫
R3

mi(ξi)
2fi dξi, i = 1, 2, . . . , S. (2.2.79)

2.2.4.8 Energy Flow

The energy flow of the species is obtained by multiplying the distribution functions by vi

(
1
2
mi(vi)

2
)
and

integrating the resulting expression over all possible velocities, i.e.,∫
R3

vi

(1
2
mi(vi)

2fi

)
dvi =

1

2

∫
R3

mi(vi)
2vifi dvi, i = 1, 2, . . . , S.

Using equation (2.2.73), we obtain:

1

2

∫
R3

mi(vi)
2vifi dvi

=
1

2
ui(ui)

2

∫
R3

mifi dξi︸ ︷︷ ︸
ϱi

+ui

(
ui ·

∫
R3

miξifi dξi︸ ︷︷ ︸
0

)
+ ui

1

2

∫
R3

mi(ξi)
2fi dξi︸ ︷︷ ︸

ϱiei

+
1

2
(ui)

2

∫
R3

miξifi dξi︸ ︷︷ ︸
0

+ui ·
∫
R3

mi(ξi ⊗ ξi)fi dξi︸ ︷︷ ︸
P i

+
1

2

∫
R3

miξi(ξi)
2fi dξi.

where use have been made of equations (2.2.70), (2.2.74), (2.2.77) and (2.2.75). Therefore,

1

2

∫
R3

mi(vi)
2vifi dvi =

1

2
ϱiui(ui)

2 + uiϱiei + ui · P i +
1

2

∫
R3

miξi(ξi)
2fi dξi. (2.2.80)

The first two terms on the right-hand side of the previous equation is the energy flow due to macroscopic

convection. The third term can be interpreted macroscopically as the work done by the pressure tensor in

unit time. The last term is the heat flux vector and will be denoted by qi. Thus equation (2.2.80) can be

rewritten as:
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1

2

∫
R3

mi(vi)
2vifi dvi =

(
1

2
(ui)

2 + ei

)
ϱiui + ui · P i + qi. (2.2.81)

2.2.5 Macroscopic Equations for the Multi-Species System

Macroscopic equations like the equations of continuity, motion and energy balance for the species can

be derived from the MBEs (2.2.1) without determining the actual form of the distribution functions. To

see this, we multiply the MBEs given in equation (2.2.1) by an arbitrary function of the microscopic state

of the particles, say φ(vi) and integrate the resulting equations over all possible values of the velocity

component, to obtain:∫
R3

∂fi
∂t
φ(vi)dvi +

∫
R3

vi ·
∂fi
∂x

φ(vi)dvi

=

∫
R3

Q(fi, fi∗)φ(vi)dvi +
S∑

j=1
j ̸=i

∫
R3

Q(fi, fj)φ(vi)dvi, i = 1, 2, . . . , S. (2.2.82)

Equation (2.2.82) above is called the transfer equation or equation of transfer4. Using Leibniz integral

rule, more precisely, the Leibniz rule for differentiation under the integral sign, we can rewrite the first and

second terms of the left-hand side of equation (2.2.82) as follows:∫
R3

∂fi
∂t
φ(vi)dvi =

∂

∂t

∫
R3

fiφ(vi)dvi (2.2.83)∫
R3

vi ·
∂fi
∂x

φ(vi)dvi =
∂

∂x

∫
R3

vfiφ(vi)dvi. (2.2.84)

Therefore, equation (2.2.82) can be rewritten as given below:

∂

∂t

∫
R3

fiφ(vi)dvi +
∂

∂x

∫
R3

vfiφ(vi)dvi

=

∫
R3

Q(fi, fi∗)φ(vi)dvi +
S∑

j=1
j ̸=i

∫
R3

Q(fi, fj)φ(vi)dvi (2.2.85)

Setting φ(vi) = mi in equation (2.2.85), we obtain for i = 1, 2, . . . , S:

∂

∂t

∫
R3

mifidvi +
∂

∂x

∫
R3

mivifidvi =

∫
R3

miQ(fi, fi∗)dvi +
S∑

j=1
j ̸=i

∫
R3

miQ(fi, fj)dvi

4Indeed, it was the equation of transfer rather than the MBEs, that Maxwell inferred, for an arbitrary function of the velocity
variable alone. The requirement that the distribution functions fi shall satisfy the equation of transfer for this arbitrary function
of the velocity variable may be weaker mathematically than the condition that it satisfies the MBEs itself. Furthermore, a more
general relation known as the Enskog’s equation of transfer is obtained when the arbitrary function is not a function of the
velocity variable alone.
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Using equations (2.2.70) and (2.2.72), respectively, for the fist and second integrals on the left-hand side

of the previous equation, we obtain:

∂ϱi
∂t

+
∂

∂x
(ϱiui) =

∫
R3

miQ(fi, fi∗)dvi +
S∑

j=1
j ̸=i

∫
R3

miQ(fi, fj)dvi, i = 1, 2, . . . , S. (2.2.86)

Setting φ(vi) = mivi in equation (2.2.85), we obtain for i = 1, 2, . . . , S:

∂

∂t

∫
R3

mivifidvi+
∂

∂x

∫
R3

mi(vi⊗vi)fidvi=

∫
R3

miviQ(fi, fi∗)dvi+
S∑

j=1
j ̸=i

∫
R3

miviQ(fi, fj)dvi.

Using equations (2.2.72) and (2.2.75), respectively, for the first and second integrals on the left-hand side

of the previous equation, we obtain for i = 1, 2, . . . , S:

∂

∂t
(ϱiui+

∂

∂x

(
ϱi(ui⊗ui)+P i

)
=

∫
R3

miviQ(fi, fi∗)dvi+
S∑

j=1
j ̸=i

∫
R3

miviQ(fi, fj)dvi. (2.2.87)

Setting φ(vi) =
1

2
mi(vi)

2 in equation (2.2.85), we obtain for i = 1, 2, . . . , S :

∂

∂t

1

2

∫
R3

mi(vi)
2fidvi +

∂

∂x

1

2

∫
R3

mivi(vi)
2fidvi

=
1

2

∫
R3

mi(vi)
2Q(fi, fi∗)dvi +

1

2

S∑
j=1
j ̸=i

∫
R3

mi(vi)
2Q(fi, fj)dvi.

Using equations (2.2.77) and (2.2.81), respectively, for the first and second integrals on the left-hand side

of the previous equation, we obtain:

∂

∂t

(
1

2
ϱi(ui)

2 + ϱiei

)
+

∂

∂x

[(
1

2
(ui)

2 + ei

)
ϱiui + ui · P i + qi

]
=

1

2

∫
R3

mi(vi)
2Q(fi, fi∗)dvi

1

2

S∑
j=1
j ̸=i

∫
R3

mi(vi)
2Q(fi, fj)dvi, i = 1, 2, . . . , S. (2.2.88)

The Equations given in (2.2.86), (2.2.87) and (2.2.88) are the continuity, momentum balance and energy

balance equations, respectively.

Proposition 2.2.16. Let fi with i = 1, 2, · · · , S be solutions of the MBEs (2.2.1) that are

continuous almost everywhere in (t,x) ∈ R+×R3 and with compact support on R3
vi
. Then

the local conservation of mass, momentum and energy hold and they are, respectively,

given by:
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∂ϱi
∂t

+
∂

∂x
(ϱiui) = 0, i = 1, 2, . . . , S,

S∑
i=1

∂

∂t
(ϱiui) +

S∑
i=1

∂

∂x
(ϱi(ui ⊗ ui) + P i) = 0,

S∑
i=1

∂

∂t

(
1

2
ϱi(ui)

2 + ϱiei

)
+

S∑
i=1

∂

∂x

[(
1

2
(ui)

2 + ei

)
ϱiui + ui · P i + qi

]
= 0,

(2.2.89)

Proof. The conservation of mass (i.e., the first equation of (2.2.89)) is obtained by using the first equation

of (2.2.35) and equation (2.2.58), respectively for the first and second integrals on the right-hand side of

equation (2.2.86).

The conservation of linear momentum for the mixture (i.e., the second equation of (2.2.89)) is obtained

by using the second equation of (2.2.35) and equation (2.2.59), respectively, for the first and second

integrals on the right-hand side of equation (2.2.87), and then sum the resulting equation over i.

The conservation of energy for the mixture (i.e., the third equation of (2.2.89)) is obtained by using the

third equation of (2.2.35) and equation (2.2.60), respectively, for the first and second integrals on the

right-hand side of equation (2.2.88), and then sum the resulting equation over i.

2.3 Reactive System of Monatomic Gases

This section studies a chemically reactive multi-species system of monatomic gases. A kinetic model that

describe how the species distribution functions change due to free streaming and collisions is presented.

This kinetic model is known in the literature as the “Simple Reacting Sphere” (SRS) kinetic model and it

is one of the two kinetic models whose hydrodynamic limits will be studied.

2.3.1 The Simple Reacting Sphere Kinetic Model

The SRS kinetic model is based on the kinetic theory of simple reacting spheres proposed by Marron in [82],

but was developed by Xystris, Dahler and Qin in [42, 96, 112]. Some aspects of the mathematical analysis

of the SRS kinetic model have been investigated, see, for example, [33, 61, 92, 93]. Here, we introduce

the model and briefly describe some of its properties that will be needed for the analysis developed in

this thesis. The presentation of the kinetic model in this chapter follows [5]. Other details about the SRS

kinetic model can be found in the references quoted above.

To describe the SRS kinetic model, we consider a mixture of four monatomic like gases: A1, A2, A3

and A4. These gases participate in a bi-molecular reversible chemical reaction of type:

A1 + A2 ⇌ A3 + A4. (2.3.1)

Equation (2.3.1) above means that species A1, A2 react to produce species A3, A4 and conversely,

species A3, A4 also react to produce species A1, A2. More specifically, species A1, A2 are reactants,

while species A3, A4 are products of the forward chemical reaction and vice versa for the backward or

reverse chemical reaction. The species A1, A2 and A3, A4 are called the reactive species or the reactive
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pairs. Furthermore, let mi be the mass, di the diameter, Ei the formation or chemical binding energy

and ζi the activation energy of the species Ai with i = 1, 2, 3, 4. Conservation of mass holds for the

chemical reaction (2.3.1) and is given by:

m1 +m2 = m3 +m4. =M∗. (2.3.2)

The reaction heat denoted byQR, is given by the difference between the formation energies of the products

of the forward reaction and those of the reactants. More specifically, the reaction heat can be written

mathematically as:
QR = E3 + E4 − E1 − E2. (2.3.3)

This means that the forward reaction

A1 + A2 → A3 + A4

is exothermic if QR < 0, otherwise, it is endothermic. In addition, ζi is such that

ζ1 = ζ2, ζ3 = ζ4 and ζ3 = ζ1 −QR. (2.3.4)

2.3.1.1 Collision Dynamics

Particles in the mixture undergo binary elastic and reactive collisions, both of which are of hard sphere

type and obeying the chemical law described by equation (2.3.1). Elastic collisions take place between

particles of the same species, as well as between particles of different species. These elastic collisions

result in changes in the velocities of the colliding pair. The cross-sections of an elastic collision between

particles of species Ai and As is defined as:

σ2
is =

1

4
(di + ds)

2, i, s = 1, 2, 3, 4. (2.3.5)

Now let vi and vs be the pre-collision velocities, while v′
i and v′

s are the post-collision velocities. The

conservation laws of linear momentum and kinetic energy for elastic collisions between particles of different

species are, respectively, given by:

mivi +msvs = miv
′
i +msv

′
s, (2.3.6)

1

2
mi(vi)

2 +
1

2
ms(vs)

2 =
1

2
mi(v

′
i)
2 +

1

2
ms(v

′
s)

2, (2.3.7)

while that of same species collisions are given in equations (2.2.2) and (2.2.3), respectively. Using equa-

tions (2.3.6) and (2.3.7) above and following the steps used to obtain equations (2.2.16) and (2.2.17), we

obtain the post-collision velocities in terms of the pre-collision velocities as given below:

v′
i = vi − 2

µis

mi

ϵ 〈ϵ,vi − vs〉 , (2.3.8)

v′
s = vs + 2

µis

ms

ϵ 〈ϵ,vi − vs〉 . (2.3.9)
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In equations (2.3.8) and (2.3.9), µis is the reduced mass defined in equation (2.2.15), but with j replaced

by s. The term ϵ is a unit vector directed along the line joining the centre of the two spheres at the moment

of impact, i.e., ϵ ∈ S+ =
{
ϵ ∈ R3 : ‖ϵ‖ = 1, 〈ϵ,vi − vs〉 > 0

}
. Moreover, 〈·, ·〉 represents the

inner product in R3 and ‖ · ‖ is the norm induced by this inner product.

Remark 2.3.1. Note that if we use spherical coordinates with θ ∈ [0, π/2] as the polar angle

between vi − vs and ϵ, while ϕ ∈ [0, 2π[ is the azimuth angle in the plane orthogonal to

vi − vs, then ϵ is such that: ϵ = (sin θ cosϕ, sin θ sinϕ, cos θ). Also, 〈ϵ,vi − vs〉 = V∗ cos θ,

where V∗ = ‖vi − vs‖ = |vi − vs| is the norm of the relative velocity before collision.

Concerning reactive collisions, a collision between the particles of speciesAi andAj with pre-collision

velocities vi and vj , respectively, will result in a chemical reaction if the kinetic energy associated with the

relative motion of the colliding pair, along the line of their centres is greater than or equal to the activation

energy, that is,
1

2
µij 〈ϵ,vi − vj〉2 ≥ ζi. (2.3.10)

These reactive collisions result in: changes in the velocities of the colliding pair, rearrangement of masses,

redistribution of formation energies and transformation of the reactants into products . If Ak and Al

represent the products of the forward chemical reaction with post-collision velocities v◦
k and v◦

l , respec-

tively, then the conservation laws of linear momentum and total energy (kinetic plus binding) for reactive

collisions are, respectively, given by

mivi +mjvj = mkvk
◦ +mlvl

◦, (2.3.11)

Ei +
1

2
mi(vi)

2 + Ej +
1

2
mj(vj)

2 = Ek +
1

2
mk(v◦k)

2 + El +
1

2
ml(v

◦
l )

2, (2.3.12)

where the indices are such that (i, j, k, l)∈{(1, 2, 3, 4), (2, 1, 4, 3), (3, 4, 1, 2), (4, 3, 2, 1)}. From now

on, if nothing is said about the indices or subscripts (i, j, k, l), we assume that they are as introduced

above.

Remark 2.3.2. From the condition for a reactive collision to occur (2.3.10), we have that

〈ϵ,vi − vj〉 ≥

√
2ζi
µij

.

Using the definitions of the unit vector ϵ and relative velocity norm V ∗ = ‖vi − vj‖ before

the collision, we obtain

V ∗ ≥

√
2ζi
µij

= Ξij, (2.3.13)

where Ξij is the threshold relative velocity required to assure that the collision will be of

reactive type. □

The reactive cross-sections for the forward and reverse chemical reactions is defined in terms of their
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threshold relative velocities by:

σ′2
12 =

 β12σ
2
12, 〈ϵ,v1 − v2〉 ≥ Ξ12,

0, 〈ϵ,v1 − v2〉 < Ξ12,
σ′2
34 =

 β34σ
2
34, 〈ϵ,v3 − v4〉 ≥ Ξ34,

0, 〈ϵ,v3 − v4〉 < Ξ34,
(2.3.14)

where the coefficients β12 and β34 play the role of steric factors. These steric factors are such that

0 ≤ β12, β34 ≤ 1 .

The post-collision velocities for the forward chemical reaction A1 + A2 → A3 + A4 are given by:

v◦
3 =

1

M∗

[
m1v1 +m2v2 +m4

√
µ12

µ34

{
(v1 − v2)− ϵ 〈ϵ, (v1 − v2)〉+ ϵω−}] ,

v◦
4 =

1

M∗

[
m1v1 +m2v2 −m3

√
µ12

µ34

{
(v1 − v2)− ϵ 〈ϵ, (v1 − v2)〉+ ϵω−}] , (2.3.15)

where ω− =
√

(〈ϵ, (v1 − v2)〉)2 − 2QR/µ12.

Analogously, the post-collision velocities for the reverse chemical reactionA3+A4 → A1+A2 are given

by:

v◦
1 =

1

M∗

[
m3v3 +m4v4 +m2

√
µ34

µ12

{
(v3 − v4)− ϵ 〈ϵ, (v3 − v4)〉+ ϵω+

}]
,

v◦
2 =

1

M∗

[
m3v3 +m4v4 −m1

√
µ34

µ12

{
(v3 − v4)− ϵ 〈ϵ, (v3 − v4)〉+ ϵω+

}]
,

(2.3.16)

where ω+ =
√

(〈ϵ, (v3 − v4)〉)2 + 2QR/µ34.

To conclude this subsection, let me recall some properties about the dynamics of the reactive collisions.

These properties are given in the form of lemmas.

Lemma 2.3.3. For a reactive collision, the following properties hold:

1

2
µij(vi − vj)

2 =
1

2
µkl(v

◦
k − v◦

l )
2 +QR, (2.3.17)

µij (〈ϵ,vi − vj〉)2 = µkl (〈ϵ,v◦
k − v◦

l 〉)
2 + 2QR, (2.3.18)

1

2
µij (〈ϵ,vi − vj〉)2 − ζi =

1

2
µkl (〈ϵ,v◦

k − v◦
l 〉)

2 − ζk, (2.3.19)

〈ϵ,vi − vj〉 =
(
µkl

µij

) 1
2

ω+. (2.3.20)

Proof. To prove equation (2.3.17), we use the conservation of total energy for reactive collisions given in

equation (2.3.12), but written in a slightly different form as follow:

1

2
mi(vi)

2 +
1

2
mj(vj)

2 =
1

2
mk(v

◦
k)

2 +
1

2
ml(v

◦
l )

2 + Ek + El − Ei − Ej.

Using equation (2.3.3), we can rewrite the previous equation as:
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1

2
mi(vi)

2 +
1

2
mj(vj)

2 =
1

2
mk(v

◦
k)

2 +
1

2
ml(v

◦
l )

2 +QR.

Multiplying both sides of the previous equation bymi +mj = mk +ml =M , we obtain:(
1

2
mi(vi)

2 +
1

2
mj(vj)

2

)
(mi +mj) =

(
1

2
mk(v

◦
k)

2 +
1

2
ml(v

◦
l )

2

)
(mk +ml) +MQR.

Expanding, we obtain:

1

2
m2

i (vi)
2 +

1

2
mimj(vi)

2 +
1

2
mimj(vj)

2 +
1

2
m2

j(vj)
2

=
1

2
m2

k(v
◦
k)

2 +
1

2
mkml(v

◦
k)

2 +
1

2
mkml(v

◦
l )

2 +
1

2
m2

l (v
◦
l )

2 +MQR.

The previous equation can equivalently be written as

1

2
(mivi +mjvj)

2 −mimj(vi · vj) +
1

2
mimj(vi)

2 +
1

2
mimj(vj)

2

=
1

2
(mkv

◦
k +mlv

◦
l )

2 −mkml(v
◦
k · v◦

l ) +
1

2
mkml(v

◦
k)

2 +
1

2
mkml(v

◦
l )

2 +MQR.

Applying the conservation of momentum given in equation (2.3.11) and then factorising, we obtain that

the previous equation reduces to:

mimj

(
1

2
(vi)

2 − (vi · vj) +
1

2
(vj)

2

)
= mkml

(
1

2
(v◦

k)
2 − (v◦

k · v◦
l ) +

1

2
(v◦

l )
2

)
+MQR.

The previous equation can be rewritten as:

1

2
mimj (vi − vj)

2 =
1

2
mkml (v

◦
k − v◦

l )
2 +MQR.

Dividing both sides of the previous equation by M and using the definition of reduced mass given in

equation (2.2.15), we obtain equation (2.3.17).

To prove equation (2.3.18), we use the fact that the pre-collision and post-collision relative velocities

can be split into the tangential and normal components as given below

vi−vj=〈ϵ′,vi − vj〉 ϵ′+〈ϵ,vi − vj〉 ϵ, v◦
k−v◦

l =〈ϵ′,v◦
k − v◦

l 〉 ϵ′+〈ϵ,v◦
k − v◦

l 〉 ϵ, (2.3.21)

where ϵ′ is the unit tangent vector perpendicular to the unit normal vector ϵ. Substituting equation (2.3.21)

into equation (2.3.17) and multiplying the resulting equation by 2, we obtain:

µij(〈ϵ′,vi − vj〉 ϵ′ + 〈ϵ,vi − vj〉 ϵ)2 = µkl(〈ϵ′,v◦
k − v◦

l 〉 ϵ′ + 〈ϵ,v◦
k − v◦

l 〉 ϵ)2 + 2QR.

Expanding, we obtain:

µij

(
(〈ϵ′,vi − vj〉)2 + 2 〈ϵ′,vi − vj〉 〈ϵ,vi − vj〉 ϵ′ · ϵ+ (〈ϵ,vi − vj〉)2

)
= µkl

(
(〈ϵ′,v◦

k − v◦
l 〉)2 + 2 〈ϵ′,v◦

k − v◦
l 〉 〈ϵ,v◦

k − v◦
l 〉 ϵ′ · ϵ+ (〈ϵ,v◦

k − v◦
l 〉)2
)
+ 2QR.
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since ϵ′ is perpendicular to ϵ (i.e., ϵ′ · ϵ = 0), we have that the above equation reduces to:

µij

(
(〈ϵ′,vi − vj〉)2 + (〈ϵ,vi − vj〉)2

)
= µkl

(
(〈ϵ′,v◦

k − v◦
l 〉)2 + (〈ϵ,v◦

k − v◦
l 〉)2
)
+ 2QR.

Expanding the previous equation, we obtain:

µij(〈ϵ′,vi−vj〉)2+µij(〈ϵ,vi−vj〉)2=µkl(〈ϵ′,v◦
k−v◦

l 〉)2+µkl(〈ϵ,v◦
k−v◦

l 〉)2+2QR. (2.3.22)

Using the fact that in a hard sphere collision, the tangential component of the relative velocity remains

unchanged, see [36] page 2, we obtain:

µij(〈ϵ′,vi − vj〉)2 = µkl(〈ϵ′,v◦
k − v◦

l 〉)2.

Therefore, equation (2.3.22) reduces to equation (2.3.18).

To prove equation (2.3.19), we substitute equation (2.3.4)3 rewritten as QR = ζi − ζk into equation

(2.3.18) and then divide the resulting equation by 2 to obtain:

1

2
µij(〈ϵ,vi − vj〉)2 =

1

2
µkl(〈ϵ,v◦

k − v◦
l 〉)2 + ζi − ζk.

Subtracting ζi from both sides of the previous equation gives equation (2.3.19).

To prove equation (2.3.20), we divide both sides of equation (2.3.18) by µij to obtain:

(〈ϵ,vi − vj〉)2 =
µkl

µij

(〈ϵ,v◦
k − v◦

l 〉)
2 +

2QR

µij

=
µkl

µij

(
(〈ϵ,v◦

k − v◦
l 〉)

2 +
2QR

µkl

)
.

Taking square root of both sides gives the desired result. Thus the proof is complete.

Lemma 2.3.4. For a fixed vector ϵ, the Jacobians of the transformations (vi,vj) 7→ (v◦
k,v

◦
l )

and (vk,vl) 7→ (v◦
i ,v

◦
j) are, respectively, given by(
µkl

µij

)3
2 〈ϵ,v◦

k − v◦
l 〉

ω+
and

(
µij

µkl

)3
2 〈ϵ,vi − vj〉

ω− . (2.3.23)

Proof. For the proof of this lemma, see Lemma 4.2.3 pages 93 to 94 of [33].

2.3.1.2 SRS Kinetic Equations

The state of the reactive mixture is described by the distribution functions fi(t,x,vi), with i = 1, 2, 3, 4

and (t,x,vi) ∈ R+×Ω×R3. These distribution functions represent the density of particles of species

Ai, expressed in moles, which at time t are located at position x and have velocity vi. The functions fi
are related to the molar concentrations ci as given below:

ci(t,x) =

∫
R3

fi(t,x,vi) dvi, t ≥ 0, x ∈ Ω, i = 1, 2, 3, 4. (2.3.24)
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In absence of external forces, the SRS kinetic equations, that is, the Maxwell-Boltzmann type equations for

a reactive multi-species mixture of monatomic like gases are given by

∂fi
∂t

+ vi ·
∂fi
∂x

= JE
i + JR

i , in R+ × Ω× R3, for i = 1, 2, 3, 4, (2.3.25)

where JE
i is the elastic collision operator and JR

i is the reactive collision operator. These collision operators

are defined as follows:

JE
i = σ2

ii

∫
R3

∫
S2+

[
fi

′f ′
i∗ − fifi∗

]
〈ϵ,vi − vi∗〉 dϵ dvi∗

+
4∑

s=1
s ̸=i

σ2
is

∫
R3

∫
S2+

[fi
′f ′

s − fifs] 〈ϵ,vi − vs〉 dϵ dvs

− βijσ
2
ij

∫
R3

∫
S2+

[fi
′fj

′ − fifj] Θ (〈ϵ,vi − vj〉 − Ξij) 〈ϵ,vi − vj〉 dϵ dvj,

(2.3.26)

JR
i = βijσ

2
ij

∫
R3

∫
S2+

[(
µij

µkl

)2
f ◦
kf

◦
l − fifj

]
Θ(〈ϵ,vi − vj〉 − Ξij) 〈ϵ,vi − vj〉 dϵ dvj. (2.3.27)

In Eqs. (2.3.26) and (2.3.27) above, fi, fi∗, f ′
i , f

′
i∗ are as given in Eq. (2.1.6), while

fj=f(t,x,vj), fs=f(t,x,vs), f
′
j=f(t,x,v

′
j), f

′
s=f(t,x,v

′
s), fk

◦=f(t,x,v◦
k), fl

◦=f(t,x,v◦
l ).

Furthermore, Θ is a Heaviside step function, defined at x ∈ R by:

Θ(x) =

{
1, x ≥ 0,

0, x < 0.
(2.3.28)

Equations (2.3.25) together with (2.3.26) and (2.3.27) constitute the SRS kinetic system.

In equation (2.3.26), the first term on the right-hand side represent collisions involving particles of the

same species and the indices i and i∗ are used to distinguish their velocities. This term is the standard

collision integral for a single gas (mono-species). It will be denoted by JmE
i . The second term on the

right-hand side of equation (2.3.26) describes elastic collisions between particles of different species (bi-

species) and it will be denoted by J bE
i . The last term on the right-hand side of equation (2.3.26) singles

out those pre-collision states that are energetic enough to result in chemical reaction. This term prevents

the double counting of these collisions in the elastic and reactive operators. It will be denoted by J b∗E
ij .

Accordingly, in what follows, for i = 1, 2, 3, 4, we will sometimes write

JE
i = JmE

i + J bE
i − J b∗E

ij , (2.3.29)

with the following notations:

JmE
i = σ2

ii

∫
R3

∫
S2+

[
fi

′f ′
i∗ − fifi∗

]
〈ϵ,vi − vi∗〉 dϵ dvi∗ , (2.3.30)
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J bE
i =

4∑
s=1
s ̸=i

σ2
is

∫
R3

∫
S2+

[fi
′fs

′ − fifs] 〈ϵ,vi − vs〉 dϵdvs︸ ︷︷ ︸
Qis

, (2.3.31)

J b∗E
ij = βijσ

2
ij

∫
R3

∫
S2+

[fi
′fj

′ − fifj] Θ (〈ϵ,vi − vj〉 − Ξij) 〈ϵ,vi − vj〉 dϵ dvj. (2.3.32)

The following proposition provides an alternative form of writing the sum of the elastic collision operator

JE
i and the reactive collision operator JR

i , which is very useful to interpret the collision dynamics of the

model, in particular, the role of the operator J b∗E
ij .

Proposition 2.3.5. The sum of the elastic collision operator given in equation (2.3.29) and

reactive collision operator given in equation (2.3.27) can be written as:

JE
i +JR

i = σ2
ii

∫
R3

∫
S2+

[
f ′
if

′
i∗ − fifi∗

]
〈ϵ,vi − vi∗〉 dϵ dvi∗

+ σ2
ik

∫
R3

∫
S2+

[fi
′f ′

k − fifk] 〈ϵ,vi − vk〉 dϵdvk

+ σ2
il

∫
R3

∫
S2+

[f ′
if

′
l − fifl] 〈ϵ,vi − vl〉 dϵdvl

+ σ2
ij

∫
R3

∫
S2+

[fi
′fj

′ − fifj] Θ (Ξij − 〈ϵ,vi − vj〉) 〈ϵ,vi − vj〉 dϵdvj

+(1−βij)σ2
ij

∫
R3

∫
S2+
[fi

′fj
′ − fifj]Θ (〈ϵ,vi − vj〉 − Ξij)〈ϵ,vi − vj〉 dϵdvj

+βijσ
2
ij

∫
R3

∫
S2+

[(
µij

µkl

)2
f ◦
kf

◦
l −fifj

]
Θ(〈ϵ,vi−vj〉−Ξij)〈ϵ,vi−vj〉 dϵdvj,

(2.3.33)

where (i, j, k, l) ∈ {(1, 2, 3, 4), (2, 1, 4, 3), (3, 4, 1, 2), (4, 3, 2, 1)} .

Proof. Setting i = 1 in equations (2.3.29) and (2.3.27), respectively and then take the sum of the

resulting equations, we obtain:

JE
1 +JR

1 =σ2
11

∫
R3

∫
S2+

[
f1

′f ′
1∗ − f1f1∗

]
〈ϵ,v1 − v1∗〉 dϵ dv1∗

+ σ2
12

∫
R3

∫
S2+

[
f

′

1f2
′ − f1f2

]
〈ϵ,v1 − v2〉 dϵdv2

+ σ2
13

∫
R3

∫
S2+

[
f

′

1f3
′ − f1f3

]
〈ϵ,v1 − v3〉 dϵdv3

+ σ2
14

∫
R3

∫
S2+

[
f

′

1f4
′ − f1f4

]
〈ϵ,v1 − v4〉 dϵdv4

− β12σ
2
12

∫
R3

∫
S2+

[
f

′

1f2
′ − f1f2

]
Θ(〈ϵ,v1 − v2〉 − Ξ12) 〈ϵ,v1 − v2〉 dϵdv2

+ β12σ
2
12

∫
R3

∫
S2+

[(
µ12

µ34

)2

f ◦
3 f

◦
4 − f1f2

]
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×Θ(〈ϵ,v1 − v2〉 − Ξ12) 〈ϵ,v1 − v2〉 dϵ dv2. (2.3.34)

The second and fifth terms on the right-hand side of equation (2.3.34) above can be combined to give:

σ2
12

∫
R3

∫
S2+

[
f

′

1f2
′ − f1f2

]
〈ϵ,v1 − v2〉

(
1− β12Θ(〈ϵ,v1 − v2〉 − Ξ12)

)
dϵ dv2. (2.3.35)

Using the identity Θ(x) + Θ(−x) = 1, we can rewrite expression (2.3.35) as:

σ2
12

∫
R3

∫
S2+

(
Θ(〈ϵ,v1 − v2〉 − Ξ12)+Θ (Ξ12 − 〈ϵ,v1 − v2〉)−β12Θ(〈ϵ,v1 − v2〉 − Ξ12)

)
×
[
f

′

1f2
′ − f1f2

]
〈ϵ,v1 − v2〉 dϵ dv2.

Factorising the previous expression, we obtain:

σ2
12

∫
R3

∫
S2+

(
Θ(Ξ12 − 〈ϵ,v1 − v2〉) + (1− β12)Θ (〈ϵ,v1 − v2〉 − Ξ12)

)
×
[
f

′

1f2
′ − f1f2

]
〈ϵ,v1 − v2〉 dϵ dv2.

Expanding the previous expression, we obtain:

σ2
12

∫
R3

∫
S2+

[
f

′

1f2
′ − f1f2

]
Θ(Ξ12 − 〈ϵ,v1 − v2〉) 〈ϵ,v1 − v2〉 dϵ dv2

+ σ2
12(1− β12)

∫
R3

∫
S2+

[
f

′

1f2
′ − f1f2

]
Θ(〈ϵ,v1 − v2〉 − Ξ12) 〈ϵ,v1 − v2〉 dϵ dv2.

(2.3.36)

Substituting expression (2.3.36) into equation (2.3.34) and rearranging gives:

JE
1 + JR

1 = σ2
11

∫
R3

∫
S2+

[
f1

′f ′
1∗ − f1f1∗

]
〈ϵ,v1 − v1∗〉 dϵ dv1∗

+ σ2
13

∫
R3

∫
S2+

[
f

′

1f3
′ − f1f3

]
〈ϵ,v1 − v3〉 dϵdv3

+ σ2
14

∫
R3

∫
S2+

[
f

′

1f4
′ − f1f4

]
〈ϵ,v1 − v4〉 dϵdv4

+ σ2
12

∫
R3

∫
S2+

[
f

′

1f2
′ − f1f2

]
Θ(Ξ12 − 〈ϵ,v1 − v2〉) 〈ϵ,v1 − v2〉 dϵdv2

+ σ2
12(1− β12)

∫
R3

∫
S2+

[
f

′

1f2
′ − f1f2

]
Θ(〈ϵ,v1 − v2〉 − Ξ12) 〈ϵ,v1 − v2〉 dϵdv2

+ β12σ
2
12

∫
R3

∫
S2+

[(
µ12

µ34

)2
f ◦
3 f

◦
4 − f1f2

]
Θ(〈ϵ,v1 − v2〉 − Ξ12) 〈ϵ,v1 − v2〉 dϵ dv2.

Similar computations can be done for i = 2, 3, 4, respectively.
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The last three terms on the right-hand side of equation (2.3.33) are associated to collisions between

the reactive species Ai and Aj . The first of these terms with σ2
ij in front of it is related to collisions

between speciesAi and Aj with insufficient amount of energy to produce a chemical reaction. Therefore,

it is governed by elastic collision dynamics. The last two terms correspond to collisions between species

Ai and Aj with sufficient amount of energy to produce a chemical reaction. However, only a fraction

βij of such collisions results in a chemical reaction (last term) and produces species Ak and Al. The

remaining fraction (1−βij) corresponds to collisions that are also governed by elastic collision dynamics

(second to the last term).

Remark 2.3.6. Observe that by setting βij equal to zero, the collision operators J b∗E
ij and

JR
i vanish, see equations (2.3.27) and (2.3.32). This corresponds to a situation in which the

chemical reaction is turned off and we recover from the SRS model the hard-spheres model

for a non-reactive mixture. Moreover, by setting βij equal to one in J b∗E
ij and JR

i , all collisions

with sufficient amount of energy to produce a chemical reaction will result, in a reactive

collision. However, this is not the case in general because it is well known in chemistry [116]

that besides the activation energy barrier, the relative orientation of the molecules at the

instant of collision is very important for the occurrence of a chemical reaction. This means

that only collisions with sufficient amount of energy and correct orientation will result in a

chemical reaction. Accordingly, in this thesis the case in which βij ∈ ]0, 1[ will be considered.

This guarantee that chemical reaction occur ( i.e., βij > 0), but some collisions between the

reactive species will not result in a chemical reaction due to improper collision orientation

(i.e., βij < 1), even if they have enough energy to react chemically. □

2.3.2 Properties of the Collision Operators for the SRS Model

In this subsection, a review of some of the properties of the elastic and reactive collision integrals of

SRS kinetic model will be given. These properties will be presented in form of lemmas, corollaries and

propositions. Furthermore, for clarity in the manipulations that follow, the distribution functions will be

written with the velocity arguments only.

Lemma 2.3.7. Given the mono-species elastic collision operator JmE
i defined in equation

(2.3.30), let φ(vi) be a sufficiently smooth test function. Then, the weak form of JmE
i for

each of the species in the reactive mixture is given by:∫
R3

JmE
i φ(vi) dvi =

1

4
σ2
ii

∫
R3

∫
R3

∫
S2+

[f(v′
i)f(v

′
i∗)− f(vi)f(vi∗)] 〈ϵ,vi − vi∗〉

× [φ(vi) + φ(vi∗)− φ(v′
i)− φ(v′

i∗)] dϵ dvi∗dvi. (2.3.37)

Proof. The proof of this lemma is similar or equivalent to that of Lemma 2.2.1 with dω andB(vi−vi∗,ω)

replaced by dϵ and σ2
ii 〈ϵ,vi − vi∗〉, respectively.
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Lemma 2.3.8. Given the bi-species elastic collision operator J bE
i defined in equation (2.3.31)

as a sum of several contributions of Qis, let φ(vi) be a sufficiently smooth test function.

Then, for each i, s = 1, 2, 3, 4 with i 6= s, we have that:∫
R3

Qisφ(vi)dvi=σ
2
is

∫
R3

∫
R3

∫
S2+
f(vi)f(vs) [φ(v

′
i)−φ(vi)] 〈ϵ,vi−vs〉 dϵ dvs dvi. (2.3.38)

Proof. Multiplying Qis given in Eq. (2.3.31) by φ(vi) and integrating over vi ∈ R3 gives:∫
R3

Qisφ(vi)dvi = σ2
is

∫
R3

∫
R3

∫
S2+

[f(v′
i)f(v

′
s)− f(vi)f(vs)]φ(vi) 〈ϵ,vi − vs〉 dϵ dvs dvi.

The previous equation can be rewritten as given below:∫
R3

Qisφ(vi)dvi = σ2
is

∫
R3

∫
R3

∫
S2+
f(v′

i)f(v
′
s)φ(vi) 〈ϵ,vi − vs〉 dϵ dvs dvi

− σ2
is

∫
R3

∫
R3

∫
S2+
f(vi)f(vs)φ(vi) 〈ϵ,vi − vs〉 dϵ dvs dvs.

(2.3.39)

Using the change the variables (vi,vs) → (v′
i,v

′
s) together with the fact that the Jacobian of this

transformation is unity (this can be shown following similar steps as those used to prove Lemma 2.2.2),

we can write the first term on the right-hand side of equation (2.3.39) as given below:

σ2
is

∫
R3

∫
R3

∫
S2+
f(v′

i)f(v
′
s)φ
(
vi(v

′
i,v

′
s)
)
〈ϵ,v′

i − v′
s〉 dϵ dv′

s dv
′
i. (2.3.40)

Observe that subtracting equation (2.3.9) from equation (2.3.8) gives:

v′
i − v′

s = vi − vs −
(
2

mims

(mi +ms)mi

+ 2
mims

(mi +ms)ms

)
ϵ 〈ϵ,vi − vs〉

= vi − vs − 2ϵ 〈ϵ,vi − vs〉 .

Taking the inner product with ϵ, we obtain:

(v′
i − v′

s) · ϵ = (vi − vs) · ϵ− 2 〈ϵ,vi − vs〉 ϵ · ϵ = −(vi − vs) · ϵ, (2.3.41)

where use have been made of the facts that ϵ · ϵ = 1 and 2 〈ϵ,vi − vs〉 = 2(vi − vs) · ϵ in the first
equality of the previous equation to obtain the last equality. Therefore,

v′
i − v′

s = −(vi − vs) ⇐⇒ |v′
i − v′

s| = |vi − vs| (2.3.42)

Furthermore, inverting equations (2.3.8) and (2.3.9), we obtain:

vi = v′
i + 2

µis

mi

ϵ 〈ϵ,vi − vs〉

vs = v′
s − 2

µis

ms

ϵ 〈ϵ,vi − vs〉 .
(2.3.43)
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Observe that equation (2.3.41) can be rewritten as given below:

〈ϵ,v′
i − v′

s〉 = −〈ϵ,vi − vs〉 .

Thus, we can write equation (2.3.43) as given below:

vi = v′
i + 2

µis

mi

ϵ 〈ϵ,vi − vs〉 = v′
i − 2

µis

mi

ϵ 〈ϵ,v′
i − v′

s〉 ≡ vi(v
′
i,v

′
s) (2.3.44)

vs = v′
s − 2

µis

ms

ϵ 〈ϵ,vi − vs〉 = v′
s + 2

µis

ms

ϵ 〈ϵ,v′
i − v′

s〉 ≡ vs(v
′
i,v

′
s). (2.3.45)

Using equations (2.3.42) and (2.3.44), we can rewrite expression (2.3.40) as follows:

σ2
is

∫
R3

∫
R3

∫
S2+
f(v′

i)f(v
′
s)φ

(
v′
i − 2

µis

mi

ϵ 〈ϵ,v′
i − v′

s〉
)
〈ϵ,vi − vs〉 dϵ dv′

s dv
′
i.

Renaming (v′
i,v

′
s) to (vi,vs) in the previous integral, we obtain:

σ2
is

∫
R3

∫
R3

∫
S2+
f(vi)f(vs)φ

(
vi − 2

µis

mi

ϵ 〈ϵ,vi − vs〉
)
〈ϵ,vi − vs〉 dϵ dvs dvi. (2.3.46)

Using equation (2.3.8), we obtain that

φ

(
vi − 2

µis

mi

ϵ 〈ϵ,vi − vs〉
)

= φ(v′
i).

Therefore, the integral given in (2.3.46) becomes:

σ2
is

∫
R3

∫
R3

∫
S2+
f(vi)f(vs)φ(v

′
i) 〈ϵ,vi − vs〉 dϵ dvs dvi. (2.3.47)

Replacing the first term on the right-hand side of equation (2.3.39) with expression (2.3.47) and then,

take the sum of the two terms on the right-hand side of the resulting equation gives equation (2.3.38).

Therefore, the proof is complete.

Remark 2.3.9. Interchanging i and s in the definition ofQis given in equation (2.3.31) for the

bi-species elastic collision operator J bE
i and following the steps used in the proof of Lemma

2.3.8 above, one obtains:∫
R3

Qsiφ(vs)dvs=σ
2
is

∫
R3

∫
R3

∫
S2+
f(vi)f(vs) [φ(v

′
s)−φ(vs)] 〈ϵ,vi−vs〉 dϵ dvs dvi. (2.3.48)

Lemma 2.3.10. Given the bi-species elastic collision operator J b∗E
ij defined in equation

(2.3.32), let φ(vi) be a sufficiently smooth test function. If we assume that βij = βji,

then for (i, j) ∈ {(1, 2), (2, 1), (3, 4), (4, 3)}, we have that:∫
R3

J b∗E
ij φ(vi) dvi = βijσ

2
ij

∫
R3

∫
R3

∫
S2+
f(vi)f(vj) [φ(v

′
i)− φ(vi)]
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×Θ(〈ϵ,vi − vj〉 − Ξij) 〈ϵ,vi − vj〉 dϵ dvj dvi. (2.3.49)

Proof. Multiplying both sides of equation (2.3.32) by φ(vi) and integrating the resulting equation over

vi ∈ R3 gives:∫
R3

J b∗E
ij φ(vi) dvi = βijσ

2
ij

∫
R3

∫
R3

∫
S2+

[
f(v′

i)f(v
′
j)− f(vi)f(vj)

]
φ(vi)

×Θ(〈ϵ,vi − vj〉 − Ξij) 〈ϵ,vi − vj〉 dϵ dvj dvi.

The previous equation can be rewritten as given below:∫
R3

J b∗E
ij φ(vi) dvi

=βijσ
2
ij

∫
R3

∫
R3

∫
S2+
f(v′

i)f(v
′
j)φ(vi)Θ (〈ϵ,vi−vj〉−Ξij)〈ϵ,vi−vj〉 dϵ dvj dvi

−βijσ2
ij

∫
R3

∫
R3

∫
S2+
f(vi)f(vj)φ(vi)Θ (〈ϵ,vi−vj〉−Ξij)〈ϵ,vi−vj〉 dϵ dvj dvi.

(2.3.50)

Using the change the variables (vi,vj) → (v′
i,v

′
j) together with the fact that the Jacobian of the

transformation is unity (this can be shown following similar steps as those used to prove Lemma 2.2.2),

we can write the first term on the right-hand side of the previous equation as given below:

βijσ
2
ij

∫
R3

∫
R3

∫
S2+
f(v′

i)f(v
′
j)φ
(
vi(v

′
i,v

′
j)
)
Θ
(〈
ϵ,v′

i − v′
j

〉
− Ξij

) 〈
ϵ,v′

i − v′
j

〉
dϵ dv′

j dv
′
i.

Using equations (2.3.42) and (2.3.44) with s replaced by j, we can rewrite the previous equation as:

βijσ
2
ij

∫
R3

∫
R3

∫
S2+
f(v′

i)f(v
′
j)φ

(
v′
i − 2

µij

mi

ϵ
〈
ϵ,v′

i − v′
j

〉)
×Θ(〈ϵ,vi − vj〉 − Ξij) 〈ϵ,vi − vj〉 dϵ dv′

j dv
′
i.

Renaming (v′
i,v

′
j) to (vi,vj) in the previous integral, we obtain:

βijσ
2
ij

∫
R3

∫
R3

∫
S2+
f(vi)f(vj)φ

(
vi − 2

µij

mi

ϵ 〈ϵ,vi − vj〉
)

×Θ(〈ϵ,vi − vj〉 − Ξij) 〈ϵ,vi − vj〉 dϵ dvj dvi.

Using equation (2.3.8) with s replaced by j, we obtain that

φ

(
vi − 2

µij

mi

ϵ 〈ϵ,vi − vj〉
)

= φ(v′
i).

Therefore, the previous integral becomes:

βijσ
2
ij

∫
R3

∫
R3

∫
S2+
f(vi)f(vj)φ(v

′
i)Θ (〈ϵ,vi − vj〉 − Ξij) 〈ϵ,vi − vj〉 dϵ dvj dvi. (2.3.51)
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Replacing the first term on the right-hand side of equation (2.3.50) with expression (2.3.51) and then, take

the sum of the two terms on the right-hand side of the resulting equation gives equation (2.3.49). This

completes the the proof.

Remark 2.3.11. Interchanging i and j in the definition of the bi-species elastic collision

operator J b∗E
ij given in equation (2.3.32) and following the steps used in the proof of Lemma

2.3.10 above, one obtains:∫
R3

J b∗E
ji φ(vj) dvj = βijσ

2
ij

∫
R3

∫
R3

∫
S2+
f(vi)f(vj)

[
φ(v′

j)− φ(vj)
]

×Θ(〈ϵ,vi − vj〉 − Ξij) 〈ϵ,vi − vj〉 dϵ dvj dvi. (2.3.52)

Lemma 2.3.12. Given the reactive collision operator JR
i defined in equation (2.3.27), let

φ(vi) be a sufficiently smooth test function. If we assume that

βij = βji and β12σ
2
12 = β34σ

2
34,

then
4∑

i=1

∫
R3

JR
i φi(vi)dvi=β12σ

2
12

∫
R3

∫
R3

∫
S2+

[(
µ12

µ34

)2
f ◦
3 f

◦
4−f1f2

]
[φ1+φ2−φ◦

3−φ◦
4]

×Θ(〈ϵ,v1 − v2〉 − Ξ12) 〈ϵ,v1 − v2〉 dϵ dv2 dv1

=β34σ
2
34

∫
R3

∫
R3

∫
S2+

[(
µ34

µ12

)2
f ◦
1 f

◦
2−f3f4

]
[φ3+φ4−φ◦

1−φ◦
2]

×Θ(〈ϵ,v3 − v4〉 − Ξ34) 〈ϵ,v3 − v4〉 dϵ dv4 dv3.

(2.3.53)

Proof. The proof of this lemma is given in Proposition 4.3.2 page 100 of [33].

2.3.3 Conservation Equations

The conservation equations of the SRS model are obtained by using the properties of the collision operators

stated in subsection 2.3.2. Their proofs are rather standard and follow the same line as in [33, 61, 92, 93].

Corollary 2.3.13. The mono-species elastic collision operator given in equation (2.3.30) is

such that ∫
R3

JmE
i


mi

mivi

1
2
mi(vi)

2

 dvi = 0, i = 1, 2, 3, 4. (2.3.54)

Proof. Setting φ(vi) = mi, φ(vi) = mivi and φ(vi) =
1
2
mi(vi)

2, respectively, in equation (2.3.37),

one has that

φ(vi) + φ(vi∗)− φ(v′
i)− φ(v′

i∗) = 0,
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by virtue of the conservation laws of mass, linear momentum and kinetic energy, see the first second and

third equations of (2.2.37), respectively.

Corollary 2.3.14. Let Qis and J b∗E
ij be as defined in equations (2.3.31) and (2.3.32), respec-

tively. Then ∫
R3

miQis dvi = 0, (2.3.55)∫
R3

miJ
b∗E
ij dvi = 0, (2.3.56)∫

R3

Qis

(
mivi

1
2
mi(vi)

2

)
dvi +

∫
R3

Qsi

(
msvs

1
2
ms(vs)

2

)
dvs = 0, (2.3.57)

∫
R3

J b∗E
ij

(
mivi

1
2
mi(vi)

2

)
dvi +

∫
R3

J b∗E
ji

(
mjvj

1
2
mj(vj)

2

)
dvj = 0. (2.3.58)

Proof. Setting φ(vi) = mi in equations (2.3.38) and (2.3.49), respectively, one has that

φ(v′
i)− φ(vi) = 0

by virtue of the fact thatmi −mi = 0. Thus equations (2.3.55) and (2.3.56) are proven.

To prove equation (2.3.57), we add equations (2.3.38) and (2.3.48) to obtain:∫
R3

Qisφ(vi)dvi +

∫
R3

Qsiφ(vs)dvs

= σ2
is

∫
R3

∫
R3

∫
S2+
f(vi)f(vs) [φ(v

′
i) + φ(v′

s)− φ(vi)− φ(vs)] 〈ϵ,vi − vs〉 dϵ dvs dvi.

Setting φ(vi)=mivi, φ(vs)=msvs and φ(vi)=
1
2
mi(vi)

2, φ(vs)=
1
2
ms(vs)

2, respectively, in the

previous equation one has that

φ(v′
i) + φ(v′

s)− φ(vi)− φ(vs) = 0

by virtue of the conservation of linear momentum given in equation (2.3.6) and the conservation of kinetic

energy given in equation (2.3.7), respectively. Thus equation (2.3.57) is proven.

To prove equation (2.3.58), we add equations (2.3.49) and (2.3.52) to obtain:∫
R3

J b∗E
ij φ(vi) dvi +

∫
R3

J b∗E
ji φ(vj) dvj

= βijσ
2
ij

∫
R3

∫
R3

∫
S2+
f(vi)f(vj)

[
φ(v′

i) + φ(v′
j)− φ(vi)− φ(vj)

]
×Θ(〈ϵ,vi − vj〉 − Ξij) 〈ϵ,vi − vj〉 dϵ dvj dvi.

Setting φ(vi) = mivi, φ(vj) = mjvj and φ(vi) =
1
2
mi(vi)

2, φ(vj) =
1
2
mj(vj)

2, respectively, in
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the previous equation one has that

φ(v′
i) + φ(v′

s)− φ(vi)− φ(vs) = 0

by virtue of the conservation of linear momentum given in equation (2.3.6) and the conservation of kinetic

energy given in equation (2.3.7), respectively, with s replaced by j. Thus equation (2.3.58) is proven and

the proof is complete.

Corollary 2.3.15. For i = 1, 2, 3, 4, the reactive collision operator given in (2.3.27) satisfy the

following property∫
R3

JR
1 dv1 =

∫
R3

JR
2 dv2 = −

∫
R3

JR
3 dv3 = −

∫
R3

JR
4 dv4. (2.3.59)

Proof. Let φ =
(
φ(v1), φ(v2), φ(v3), φ(v4)

)
, then setting

φ = (1, 0, 0, 0), φ = (0, 1, 0, 0), φ = (0, 0, 1, 0), φ = (0, 0, 0, 1),

respectively, in equation (2.3.53) gives the desired result.

Corollary 2.3.15 above assures the correct exchange rates for the species in the chemical reaction de-

scribed in (2.3.1).

Corollary 2.3.16. The elastic and reactive collision operators are such that

4∑
i=1

∫
R3

φ(vi)
(
JE
i + JR

i

)
dvi = 0, (2.3.60)

Proof. This is an immediate consequence of corollaries 2.3.13, 2.3.14 and Lemma 2.3.12.

Corollary 2.3.16 indicates that, at least formally, the SRSmodel possesses seven independent macroscopic

conservation laws, for the total number of particles of the reactant-product pairs of the formA1-A3,A1-A4

and A2-A3, the three momentum components and the total energy of the mixture.

2.3.4 Equilibrium Solutions and H-Theorem

The equilibrium solutions of the SRS system are characterised as follows.

Definition 2.3.17. The equilibrium solutions of the SRS kinetic equations given in equation

(2.3.25) are distribution functions fi(t,x,vi) such that the collision operators JE
i and JR

i

given in equations (2.3.26) and (2.3.27) satisfy

JE
i + JR

i = 0, i = 1, . . . , 4. (2.3.61)
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Proposition 2.3.18. If the coefficients βij and the reactive cross-sections are such that

βij = βji and β12σ2
12 = β34σ

2
34, then the following statements are equivalent

(a) fi = ci

(
mi

2πkBT

) 3
2

exp
(
−mi(vi − u)2

2kBT

)
, i = 1, . . . , 4,

with

c1c2 =

(
µ12

µ34

)1/2
c3c4 exp

(
QR

kBT

)
; (2.3.62)

(b) JE
i = 0 and JR

i = 0, i = 1, . . . , 4;

(c)
4∑

i=1

∫
R3

[
JE
i + JR

i

]
log
(
fi
µij

)
dv = 0,

where

ci := ci(t,x) =

∫
R3

fi(t,x,vi)dvi, i = 1, . . . , 4, (2.3.63a)

u := u(t,x) =

4∑
i=1

∫
R3

mivifi(t,x,vi)dvi

4∑
i=1

∫
R3

mifi(t,x,vi)dvi

, (2.3.63b)

T := T (t,x) =

1

3k

4∑
i=1

∫
R3

mi(vi − u)2fi(t,x,vi)dvi

4∑
i=1

ci(t,x)

. (2.3.63c)

Proof. The proof of this proposition is given in Proposition 4.5.1 pages 108-112 of [33].

Condition (2.3.62) represents the so called mass action law for the SRS kinetic model.

2.4 Reactive System of Polyatomic Gases

In this section, the kinetic model for a reactive multi-species mixture of polyatomic gases with a continuous

structure of internal energy, proposed in [45] is presented. This kinetic model is the second model whose

hydrodynamic limits will be studied. The presentation is restricted to: a brief description of the kinetic

model, the central aspects of the collision dynamics, the kinetic equations, the properties of the collision

operators that will be needed in our analysis, the conservation laws, the equilibrium states and the H-

theorem.
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2.4.1 Kinetic Model for a Reactive Polyatomic Gas Mixture

We consider a quaternary ployatomic gaseous mixture whose species are denoted byAi with i = 1, 2, 3, 4.

The species are endowed with a continuous structure of internal energy Ii. Furthermore, they participate

in the bi-molecular reversible chemical reaction of type described in equation (2.3.1) and satisfy equation

(2.3.3).

2.4.1.1 Collision Dynamics and Borgnakke-Larsen Procedure

The particles of the species in the mixture undergo binary collisions, either of elastic or reactive type.

Elastic collisions can occur between particles of the same species (mono-species elastic collisions), and

also between particles of different species (bi-species elastic collisions). The mono-species and bi-species

elastic collisions result in changes in the velocities and internal energies of the colliding pair, but do not

modify the species and consequently do not modify the molecular masses of the colliding particles. If

we denote the velocities and internal energies of the colliding pair, say Ai, Aj before the collision by

vi, vj and Ii, Ij , respectively and denote their values after the collision by v′
i, v

′
j and I

′
i, I

′
j , then the

conservation laws of linear momentum and total energy (kinetic and internal energy) for elastic collisions

are given by:

mivi +mjvj = miv
′
i +mjv

′
j, (2.4.1)

1

2
mi(vi)

2 + Ii +
1

2
mj(vj)

2 + Ij =
1

2
mi(v

′
i)
2 + I ′i +

1

2
mj(v

′
j)

2 + I ′j. (2.4.2)

In equations (2.4.1) and (2.4.2) above, i 6= j represents bi-species collisions and i = j represents mono-

species collisions. In the latter case, the indices i and i∗ is used to distinguish the velocities and internal

energies of the two colliding pair.

On the other hand, reactive collisions occur between particles of species A1, A2 or A3, A4 following

the reaction law (2.3.1). These reactive collisions result not just in changes in the velocities and internal

energies of the colliding pair, but also they result in the transformation of the reactants into products of

the reaction. Consequently, they imply a rearrangement of mass and a redistribution of chemical bind-

ing energy. If Ai, Aj and Ak, Al represent the reactants and products of the chemical reaction, with

(i, j, k, l) ∈
(
(1, 2, 3, 4), (2, 1, 4, 3)

)
and (i, j, k, l) ∈

(
3, 4, 1, 2), (4, 3, 2, 1)

)
for the forward and

backward or reverse chemical reactions respectively, then the conservation laws of mass, linear momen-

tum and total energy (kinetic, internal and chemical binding energies) for reactive collisions are given by:

mi +mj = mk +ml =M (2.4.3)

mivi +mjvj = mkv
′
k +mlv

′
l, (2.4.4)

1

2
mi(vi)

2+Ii+Ei+
1

2
mj(vj)

2+Ij+ Ej=
1

2
mk(v

′
k)

2+I ′k+Ek+
1

2
ml(v

′
l)
2+I ′l+El. (2.4.5)

Equation (2.4.5) can be written in an equivalent form as

1

2
mi(vi)

2 + Ii +
1

2
mj(vj)

2 + Ij −
QR

2
=

1

2
mk(v

′
k)

2 + I ′k +
1

2
ml(v

′
l)
2 + I ′l +

QR

2
, (2.4.5a)
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where QR has been defined in (2.3.3).

As usual in kinetic theory, the post-collision velocities are expressed in terms of the pre-collision veloc-

ities. The corresponding expressions for both elastic and reactive post-collision velocities are derived from

the conservation laws (2.4.1),(2.4.2) and (2.4.4),(2.4.5), respectively. In order to give the expressions for

the post-collision velocities, we start by describing the Borgnakke-Larsen procedure [22]. Such procedure

is based on the re-partition of the total energy of the colliding pair into kinetic and internal energies.

Let us consider first elastic collisions. To obtain the post-collision velocities, we first compute the total

energy E of the colliding pair in the centre of mass reference frame. To do this, we define the centre of

mass velocity X∗ and the relative velocity V ∗, before the collision by

X∗ =
mivi +mjvj

mi +mj

, (2.4.6)

V ∗ = vj − vi. (2.4.7)

From equations (2.4.6) and (2.4.7) above, we have that

X∗(mi +mj) = mivi +mjvj, (2.4.8)

vj = V ∗ + vi, (2.4.9)

respectively. Using equations (2.4.8) and (2.4.9), we can write vi and vj in terms ofX
∗ and V ∗. To do

this, observe that substituting equation (2.4.9) into equation (2.4.8) gives:

X∗(mi +mj) = mivi +mj(V
∗ + vi) = (mi +mj)vi +mjV

∗.

Dividing both side of the previous equation bymi +mj , we obtain:

X∗ = vi +
mjV

∗

mi +mj

.

Therefore,
vi = X∗ − mjV

∗

mi +mj

. (2.4.10)

Furthermore, substituting equation (2.4.10) into equation (2.4.9), we obtain:

vj = V ∗ +X∗ − mjV
∗

mi +mj

=
(mi +mj)V

∗ + (mi +mj)X
∗ −mjV

∗

mi +mj

= X∗ +
miV

∗

mi +mj

. (2.4.11)

Using equations (2.4.10) and (2.4.11) above, we obtain:

mi(vi)
2 = mi

(
X∗ − mjV

∗

mi +mj

)2

= mi

{
X∗2 − 2

mj

mi +mj

V ∗ ·X∗ +
m2

j

(mi +mj)2
V ∗2
}
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mj(vj)
2 = mj

(
X∗ +

miV
∗

mi +mj

)2

= mj

{
X∗2 + 2

mi

mi +mj

V ∗ ·X∗ +
m2

i

(mi +mj)2
V ∗2
}
,

respectively, where X∗ = ||X∗|| = |X∗| and V ∗ = ||V ∗|| = |V ∗| = |vj − vi|. Therefore,

mi(vi)
2 +mj(vj)

2 = miX
∗2 +

mim
2
j

(mi +mj)2
V ∗2 +mjX

∗2 +
mjm

2
i

(mi +mj)2
V ∗2

= (mi +mj)X
∗2 +

µij

mi +mj

V ∗2(mi +mj)

= (mi +mj)X
∗2 + µijV

∗2. (2.4.12)

Similarly, letX∗′ and V ∗′ be the centre of mass velocity and relative velocity, respectively after the elastic

collision, where

X∗′ =
miv

′
i +mjv

′
j

mi +mj

, (2.4.13)

V ∗′ = v′
j − v′

i (2.4.14)

Following the steps used to obtain equations (2.4.10) and (2.4.11), we obtain:

v′
i = X∗′ − mj

mi +mj

V ∗′ (2.4.15)

v′
j = X∗′ +

miV
∗′

mi +mj

. (2.4.16)

Furthermore, Observe that using equation (2.4.1), we can rewrite equation (2.4.13) as follows:

X∗′ =
miv

′
i +mjv

′
j

mi +mj

=
mivi +mjvj

mi +mj

= X∗. (2.4.17)

Therefore, we can rewrite v′
i and v

′
j given in equations (2.4.15) and (2.4.16), respectively as given below:

v′
i = X∗ − mj

mi +mj

V ∗′ ,

v′
j = X∗ +

mi

mi +mj

V ∗′ .
(2.4.18)

Using equation (2.4.18) above, we obtain:

mi(v
′
i)
2 = mi

(
X∗ − mjV

∗′

mi +mj

)2

= mi

{
X∗2 − 2

mj

mi +mj

V ∗′ ·X∗ +
m2

j

(mi +mj)2
V ∗′2

}
,

mj(v
′
j)

2 = mj

(
X∗ +

miV
∗′

mi +mj

)2

= mj

{
X∗2 + 2

mi

mi +mj

V ∗′ ·X∗ +
m2

i

(mi +mj)2
V ∗′2

}
,

where V ∗′ = ||V ∗′|| = |V ∗′ | = |v′
j − v′

i| = |v′
i − v′

j|. Therefore, following the steps used to obtain
equation (2.4.12), we obtain:

mi(v
′
i)
2 +mj(v

′
j)

2 = (mi +mj)X
∗2 + µijV

∗′2. (2.4.19)
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Multiplying both sides of equations (2.4.12) and (2.4.19) by 1
2
and substituting the resulting equations into

equation (2.4.2) gives:

1

2
(mi +mj)X

∗2 +
1

2
µijV

∗2 + Ii + Ij =
1

2
(mi +mj)X

∗2 +
1

2
µijV

∗′2 + I ′i + I ′j.

Subtracting 1
2
(mi +mj)X

∗2 from both sides of the previous equation, we obtain that the total energy E
for elastic collisions in the centre of mass reference frame is given by:

E =
1

2
µij|vi − vj|2 + Ii + Ij =

1

2
µij|v′

i − v′
j|2 + I ′i + I ′j. (2.4.20)

Next we introduce a parameterR ∈ [0, 1] and attribute the portionsRE and (1−R)E of the total energy

to the kinetic and internal energies, respectively, of the outgoing pair:

1

2
µij|v′

i − v′
j|2 = RE (2.4.21)

I ′i + I ′j = (1−R)E . (2.4.22)

Equation (2.4.21) can be parameterized by a unit vector ω ∈ S2 to obtain:

v′
i − v′

j =

√
2RE
µij

Tω

[
vi − vj

|vi − vj|

]
, (2.4.23)

where Tω[x] = x− 2(ω · x)ω is the symmetry with respect to the plane {ω}⊥.
Furthermore, we introduce another parameter, r ∈ [0, 1] and allocate the portions r(1 − R)E , (1 −
r)(1−R)E of the internal energy to the internal energies of each outgoing particle, that is:

I ′i = r(1−R)E and I ′j = (1− r)(1−R)E .

From the conservation of momentum for elastic collision given in equation (2.4.1), we obtain:

mjv
′
j = mivi +mjvj −miv

′
i,

miv
′
i = mivi +mjvj −mjv

′
j.

(2.4.24)

Dividing both sides of the first equation of (2.4.24) bymj and the second bymi gives:

v′
j =

mivi +mjvj −miv
′
i

mj

. (2.4.25)

v′
i =

mivi +mjvj −mjv
′
j

mi

. (2.4.26)

Substituting equation (2.4.25) into equation (2.4.23), we obtain:

v′
i −

mivi +mjvj −miv
′
i

mj

=

√
2RE
µij

Tω

[
vi − vj

|vi − vj|

]
.
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Multiplying both sides bymj , we obtain:

mjv
′
i − (mivi +mjvj −miv

′
i) = mj

√
2RE
µij

Tω

[
vi − vj

|vi − vj|

]
.

Rearranging, we obtain:

(mj +mi)v
′
i = mivi +mjvj +mj

√
2RE
µij

Tω

[
vi − vj

|vi − vj|

]
. (2.4.27)

Similarly, substituting equation (2.4.26) into equation (2.4.23), then multiply both sides of the resulting

equation bymi and rearrange, we obtain:

(mj +mi)v
′
j = mivi +mjvj −mi

√
2RE
µij

Tω

[
vi − vj

|vi − vj|

]
. (2.4.28)

Dividing both sides of equations (2.4.27) and (2.4.28) bymi+mj , we obtain that the elastic post-collision

velocities for bi-species collisions can be written in terms of pre-collision velocities as given below:

v′
i =

mivi +mjvj

mi +mj

+
mj

mi +mj

√
2RE
µij

Tω

[
vi − vj

|vi − vj|

]
,

v′
j =

mivi +mjvj

mi +mj

− mi

mi +mj

√
2RE
µij

Tω

[
vi − vj

|vi − vj|

]
.

(2.4.29)

Remark 2.4.1. In the particular case of mono-species elastic collisions, the molecular masses

are equal, that is, mi = mj. Furthermore, in order to distinguish the velocities of the col-

liding pair, we set j = i∗ in equation (2.4.29) above. Therefore, the post-collision velocities

for mono-species collisions can be written in terms of the pre-collision velocities as given

below:
v′
i =

vi + vi∗

2
+

√
RE
mi

Tω

[
vi − vi∗

|vi − vi∗|

]
,

v′
i∗ =

vi + vi∗

2
−
√
RE
mi

Tω

[
vi − vi∗

|vi − vi∗|

]
.

(2.4.30)

□
Now let us consider reactive collisions. To obtain the post-collision velocities, we first compute the

total energy E∗ of the colliding pair in the centre of mass reference frame. To do this, let

X =
mkv

′
k +mlv

′
l

mk +ml

, (2.4.31)

be the centre of mass velocity after reactive collision and

V = v′
l − v′

k (2.4.32)

the relative velocity after reactive collision. From equation (2.4.32) above, we have that
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v′
l = V + v′

k. (2.4.33)

Following the steps used to obtain equations (2.4.10) and (2.4.11), we obtain:

v′
k = X − mlV

mk +ml

(2.4.34)

v′
l = X +

mkV

mk +ml

. (2.4.35)

Using equations (2.4.34) and (2.4.35), we obtain:

mk(v
′
k)

2 = mk

(
X − mlV

mk +ml

)2

= mk

{
X2 − 2

ml

mk +ml

V ·X +
m2

l

(mk +ml)2
V 2

}
,

ml(v
′
l)
2 = ml

(
X +

mkV

mk +ml

)2

= mk

{
X2 + 2

mk

mk +ml

V ·X +
m2

k

(mk +ml)2
V 2

}
,

where X = ||X|| = |X| and V = ||V || = |V | = |v′
l − v′

k| = |v′
k − v′

l|. Therefore, following the
steps used to obtain equation (2.4.12), we obtain:

mk(v
′
k)

2 +ml(v
′
l)
2 = (mk +ml)X

2 + µklV
2. (2.4.36)

Observe that using equations (2.4.3) and (2.4.4), we can rewrite equation (2.4.31) as follows:

X =
mkv

′
k +mlv

′
l

mk +ml

=
mivi +mjvj

mi +mj

= X∗. (2.4.37)

From equation (2.4.37) above, we have that X = |X|= |X∗|=X∗. Therefore, equation (2.4.36) can

be rewritten as
mk(v

′
k)

2 +ml(v
′
l)
2 = (mk +ml)X

∗2 + µklV
2.

Using the conservation of mass for reactive collisions given in equation (2.4.3), we have that the previous

equation can be written as:

mk(v
′
k)

2 +ml(v
′
l)
2 = (mi +mj)X

∗2 + µklV
2. (2.4.38)

Multiplying both sides of equation (2.4.12) and (2.4.38) by 1
2
and substituting the resulting equations into

equation (2.4.5a), we obtain:

1

2
(mi +mj)X

∗2 +
1

2
µijV

∗2 + Ii + Ij −
QR

2
=

1

2
(mi +mj)X

∗2 +
1

2
µklV

2 + I ′k + I ′l +
QR

2
.

Subtracting 1
2
(mi + mj)X

∗2 from both sides of the previous equation we obtain that the total energy

(kinetic, internal and chemical binding energies) E∗ for reactive collisions in the centre of mass reference

frame is given by:

E∗ =
1

2
µij|vi − vj|2 + Ii + Ij −

QR

2
=

1

2
µkl|v′

k − v′
l|2 + I ′k + I ′l +

QR

2
. (2.4.39)

To obtain the post-collision velocities for the forward chemical reaction, that is, for
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(i, j, k, l) ∈
(
(1, 2, 3, 4)(2, 1, 3, 4)

)
,

we write equation (2.4.39) as given below:

E∗ =
1

2
µ12|v1 − v2|2 + I1 + I2 −

QR

2
=

1

2
µ34|v′

3 − v′
4|2 + I ′3 + I ′4 +

QR

2
. (2.4.40)

Next, we introduce the parameters R, r ∈ [0, 1] and assume the following re-partition of the total energy

for reactive collisions E∗ into kinetic and internal energies of the outgoing particles:
1

2
µ34|v′

3 − v′
4|2 = RE∗ − QR

6
, (2.4.41)

I ′3 + I ′4 = (1−R)E∗ − QR

3
, (2.4.42)

with
I ′3 = r(1−R)E∗ − QR

6
, I ′4 = (1− r)(1−R)E∗ − QR

6
, (2.4.43)

Equation (2.4.41) can be parameterized by a unit vector ω ∈ S2 as given below:

v′
3 − v′

4 =

√
2

µ34

(
RE∗ − QR

6

)1/2

Tω

[
v1 − v2

|v1 − v2|

]
. (2.4.44)

Using equation (2.4.44) together with the conservation law of linear momentum given in equation (2.4.4)

with (i, j, k, l) ∈ (1, 2, 3, 4), and then following similar procedures as those used to obtain equation

(2.4.29), one obtains that the reactive post-collision velocities for the forward chemical reaction can be

expressed in terms of pre-collision velocities as given in the following equation:

v′
3 =

m1v1 +m2v2

m1 +m2

+
m4

m3 +m4

√
2

µ34

(
RE∗ − QR

6

)1/2

Tω

[
v1 − v2

|v1 − v2|

]
,

v′
4 =

m1v1 +m2v2

m1 +m2

− m3

m3 +m4

√
2

µ34

(
RE∗ − QR

6

)1/2

Tω

[
v1 − v2

|v1 − v2|

]
.

(2.4.45)

Analogously, to obtain the post-collision velocities for the backward chemical reaction, that is for (i, j, k, l) ∈(
3, 4, 1, 2), (4, 3, 2, 1)

)
, we write equation (2.4.39) as follows:

E∗ =
1

2
µ34|v3 − v4|2 + I3 + I4 +

QR

2
=

1

2
µ12|v′

1 − v′
2|2 + I ′1 + I ′2 −

QR

2
. (2.4.46)

Then, as before, we assume the following re-partition of the total energy for reactive collisions E∗ into

kinetic and internal energies of the outgoing particles, namely

1

2
µ12|v′

1 − v′
2|2 = RE∗ +

QR

6
, (2.4.47)

I ′1 + I ′2 = (1−R)E∗ +
QR

3
, (2.4.48)

with
I ′1 = r(1−R)E∗ +

QR

6
, I ′2 = (1− r)(1−R)E∗ +

QR

6
. (2.4.49)
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Equation (2.4.47) can be parameterized by a unit vector ω ∈ S2 as given below:

v′
1 − v′

2 =

√
2

µ12

(
RE∗ +

QR

6

)1/2

Tω

[
v3 − v4

|v3 − v4|

]
. (2.4.50)

Using equation (2.4.50) together with the conservation law of linear momentum (2.4.4) with (i, j, k, l) ∈
(3, 4, 1, 2) and following similar procedures as those used to obtain (2.4.29), we can express the reactive

post-collision velocities for the backward chemical reaction in terms of pre-collision velocities as:

v′
1 =

m3v3 +m4v4

m3 +m4

+
m2

m1 +m2

√
2

µ12

(
RE∗ +

QR

6

)1/2

Tω

[
v3 − v4

|v3 − v4|

]
,

v′
2 =

m3v3 +m4v4

m3 +m4

− m1

m1 +m2

√
2

µ12

(
RE∗ +

QR

6

)1/2

Tω

[
v3 − v4

|v3 − v4|

]
.

(2.4.51)

For other details on the collision dynamics, the reader is referred to [45].

2.4.1.2 Kinetic Equations for the Reactive Polyatomic Mixture

For each species Ai, with i = 1, 2, 3, 4, let

fi = fi(t,x,v, I) with (t,x,v, I) ∈ R3 × Ω ⊂ R3 × R3 × [0,+∞[.

be the distribution function. For sake of simplicity, in many cases the dependence of each distribution

function on t and x will be omitted. More precisely, fi(t,x,v, I) will be written as fi(v, I).

An important aspect of the present description is that the moments of each distribution function fi,

are defined in L1
(
φi(I)dIdv

)
. In particular, the number density ni, mass density ϱi, mean velocity ui

and temperature Ti of each species are respectively given by:

ni(t,x) =

∫
R3

∫ +∞

0

fi(t,x,v, I)φi(I) dI dv, (2.4.52)

ϱi(t,x) = mini(t,x), (2.4.53)

ui(t,x) =
1

ni(t,x)

∫
R3

∫ +∞

0

vfi(t,x,v, I)φi(I) dI dv, (2.4.54)

Ti(t,x) =
1

3kBni(t,x)

∫
R3

∫ +∞

0

mi(v − ui(t,x))
2fi(t,x,v, I)φi(I) dI dv. (2.4.55)

In the absence of external forces, the time-space evolution of the distribution functions fi(v, I), with

i = 1, . . . , 4, is given by the following Maxwell-Boltzmann type system of equations:

∂fi
∂t

+ v · ∇xfi =
4∑

j=1

Qe
ij(fi, fj) +Qreact

i , i = 1, . . . , 4. (2.4.56)

In equation (2.4.56) above, when i 6= j, the notation Qe
ij represents the bi-species elastic collision

operator. It is associated to collisions between one particle of constituent i and another one of constituent j.
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However, when i = j, it reduces to the mono-species elastic collision operator Qe
ii. Moreover, Qreact

i

represents the reactive collision operator. The operators Qe
ij and Q

react
i are defined as follows.

Qe
ij(fi, fj) =

∫
R3

∫ +∞

0

∫ 1

0

∫ 1

0

∫
S2

[
fi(v

′
i, I

′
i)fj(v

′
j, I

′
j)− fi(v, I)fj(vj, Ij)

]
×Bij(v,vj, I, Ij, R, r,ω)(1−R) |v − vj|−1 φi(I)

−1 dω dr dR dIj dvj,

(2.4.57)

for i 6=j, where Bij are suitable cross-sections. Furthermore, v′
i, v

′
j , I

′
i and I

′
j are given by:

v′
i =

miv +mjvj

mi +mj

+
mj

mi +mj

√
2RE
µij

Tω

[
v − vj

|v − vj|

]
,

v′
j =

miv +mjvj

mi +mj

− mi

mi +mj

√
2RE
µij

Tω

[
v − vj

|v − vj|

]
,

I ′i =

(
1

2
µij|v − vj|2 + I + Ij

)
r(1−R),

I ′j =

(
1

2
µij|v − vj|2 + I + Ij

)
(1− r)(1−R).

In the case of mono-species elastic collisions, that is replacing the subscript j of the velocity variable with

i∗, the operators have the following structure:

Qe
ii(fi, fi)=

∫
R3

∫ +∞

0

∫ 1

0

∫ 1

0

∫
S2

[
fi(v

′
i, I

′
i)fi(v

′
i∗ , I

′
i∗)− fi(v, I)fi(vi∗ , Ii∗)

]
×Bii(v,vi∗ , I, Ii∗ , R, r,ω)(1−R) |v − vi∗ |

−1 φi(I)
−1dωdrdRdIi∗dvi∗ ,

(2.4.58)

where Bii are suitable cross-sections and v′
i, v

′
i∗ , I

′
i and Ii∗ are given as defined below:

v′
i =

v + vi∗

2
+

√
RE
mi

Tω

[
v − vi∗

|v − vi∗|

]
,

v′
i∗ =

v + vi∗

2
−
√
RE
mi

Tω

[
v − vi∗

|v − vi∗ |

]
,

I ′i =
(mi

4
|v − vi∗|2 + I + Ii∗

)
r(1−R),

I ′i∗ =
(mi

4
|v − vi∗|2 + I + Ii∗

)
(1− r)(1−R).

The reactive collision operators are defined in a more involved way. To give their forms, we consider for

some suitable sets Fi the Heaviside-like function

Hi(ξ) =

{
1, ξ ∈ Fi

0, ξ /∈ Fi,
i = 1, . . . , 4,

and let Breact : R3 × R3 × R+ × R+ × [0, 1]2 × S2 → R+ be a suitable cross-section.

Let us first treat the case of the forward reaction. To do this, we define the total energy

E∗
1 =

1

2
µ12|v − v2|2 + I + I2 −

QR

2
,
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the reactive post-collision velocities and internal energies

v′
3 =

m1v +m2v2

m1 +m2

+
m4

m3 +m4

√
2

µ34

(
RE∗

1 −
QR

6

)1/2

Tω

[
v − v2

|v − v2|

]
,

v′
4 =

m1v +m2v2

m1 +m2

− m3

m3 +m4

√
2

µ34

(
RE∗

1 −
QR

6

)1/2

Tω

[
v − v2

|v − v2|

]
,

I ′3 = r(1−R)E∗
1 −

QR

6
,

I ′4 = (1− r)(1−R)E∗
1 −

QR

6
,

as well as the admissible set

F1 =

{
(I, I2, r, R,v,v2) : I ≥ QR

6
, I2 ≥

QR

6
, RE∗

1 ≥ QR

6
,

µ12

2
|v − v2|2 ≥

QR

6
, (1−R)rE∗

1 ≥ QR

6
, (1−R)(1− r)E∗

1 ≥ QR

6

}
.

The first collision operator describing the forward chemical reaction is hence:

Qreact
1 (v, I)=

∫
R3

∫ +∞

0

∫ 1

0

∫ 1

0

∫
S2

[(
m1m2

m3m4

)3

f3(v
′
3, I

′
3)f4(v

′
4, I

′
4)−f1(v, I)f2(v2, I2)

]
×H1(I, I2, r, R,v,v2)B

react(v,v2, I, I2, R, r,ω)(m1m2)
−2

× |v − v2|−1 (1−R)φ1(I)
−1 dω dr dR dI2 dv2.

(2.4.59)

The structure of Qreact
2 is similar and to obtain it, we define the total energy

E∗
2 =

1

2
µ12|v − v1|2 + I + I1 −

QR

2
,

the reactive post-collision velocities and internal energies

v′
3 =

m1v1 +m2v

m1 +m2

+
m4

m3 +m4

√
2

µ34

(
RE∗

2 −
QR

6

)1/2

Tω

[
v1 − v

|v1 − v|

]
,

v′
4 =

m1v1 +m2v

m1 +m2

− m3

m3 +m4

√
2

µ34

(
RE∗

2 −
QR

6

)1/2

Tω

[
v1 − v

|v1 − v|

]
,

I ′3 = r(1−R)E∗
2 −

QR

6
,

I ′4 = (1− r)(1−R)E∗
2 −

QR

6
,

as well as the admissible set

F2=

{
(I, I1, r, R,v,v1) : I ≥ QR

6
, I1 ≥

QR

6
, RE∗

2 ≥ QR

6
,

µ12

2
|v − v1|2 ≥

QR

6
, (1−R)rE∗

2 ≥ QR

6
, (1−R)(1− r)E∗

2 ≥ QR

6

}
.

The collision operator Qreact
2 describing the forward chemical reaction is hence:
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Qreact
2 (v, I)=

∫
R3

∫ +∞

0

∫ 1

0

∫ 1

0

∫
S2

[(
m1m2

m3m4

)3

f3(v
′
3, I

′
3)f4(v

′
4, I

′
4)−f2(v, I)f1(v1, I1)

]
×H2(I, I1, r, R,v,v1)B

react(v,v1, I, I1, R, r,ω) (m1m2)
−2

× |v − v1|−1 (1−R)φ2(I)
−1 dω dr dR dI1 dv1.

(2.4.60)

In the case of the backward chemical reaction, we have to treat two cases. To do this, let

E∗
3 =

1

2
µ34|v − v4|2 + I + I4 +

QR

2

be the total energy. Then, as before, we write the reactive post collision velocities and internal energies,

respectively as given below:

v′
1 =

m3v +m4v4

m3 +m4

+
m2

m1 +m2

√
2

µ12

(
RE∗

3 +
QR

6

)1/2

Tω

[
v − v4

|v − v4|

]
,

v′
2 =

m3v +m4v4

m3 +m4

− m1

m1 +m2

√
2

µ12

(
RE∗

3 +
QR

6

)1/2

Tω

[
v − v4

|v − v4|

]
,

I ′1 = r(1−R)E∗
3 +

QR

6
,

I ′2 = (1− r)(1−R)E∗
3 +

QR

6
.

The admissible set F3 is

F3=
{
(I4, r, R,v4) : I4 ≥ 0, v4 ∈ R3, r, R ∈ [0, 1]

}
.

Hence the reactive collision operator Qreact
3 describing the backward reaction is given by:

Qreact
3 (v, I)=

∫
R3

∫ +∞

0

∫ 1

0

∫ 1

0

∫
S2

[(
m3m4

m1m2

)3

f1(v
′
1, I

′
1)f2(v

′
2, I

′
2)− f3(v, I)f4(v4, I4)

]
×H3(I4, r, R,v4)B

react(v,v4, I, I4, R, r, ω) (m3m4)
−2

× |v − v4|−1 (1−R)φ3(I)
−1 dω dr dR dI4 dv4.

(2.4.61)

We conclude the description of the reactive collision operators by defining Qreact
4 . Let

E∗
4 =

1

2
µ34|v − v3|2 + I + I3 +

QR

2

be the total energy. Then, as before, we write the reactive post collision velocities and internal energies,

respectively as given below:

v′
1 =

m3v3 +m4v

m3 +m4

+
m2

m1 +m2

√
2

µ12

(
RE∗

4 +
QR

6

)1/2

Tω

[
v3 − v

|v3 − v|

]
, (2.4.62)

v′
2 =

m3v3 +m4v

m3 +m4

− m1

m1 +m2

√
2

µ12

(
RE∗

4 +
QR

6

)1/2

Tω

[
v3 − v

|v3 − v|

]
. (2.4.63)

I ′1 = r(1−R)E∗
4 +

QR

6
, (2.4.64)
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I ′2 = (1− r)(1−R)E∗
4 +

QR

6
. (2.4.65)

The admissible set F4 is

F4 =
{
(I3, r, R,v3) : I3 ≥ 0, v3 ∈ R3, r, R ∈ [0, 1]

}
.

Hence the reactive collision operator Qreact
4 describing the backward reaction is given by:

Qreact
4 (v, I)=

∫
R3

∫ +∞

0

∫ 1

0

∫ 1

0

∫
S2

[(
m3m4

m1m2

)3

f1(v
′
1, I

′
1)f2(v

′
2, I

′
2)−f4(v, I)f3(v3, I3)

]
×H4(I3, r, R,v3)B

react(v,v3, I, I3, R, r, ω) (m3m4)
−2

× |v − v3|−1 (1−R)φ4(I)
−1 dω dr dR dI3 dv3.

(2.4.66)

2.4.2 Properties of the Collision Operators

In this subsection, a review of some of the properties of the collision operators given in [45] will be given.

These properties will be used later in the analysis of the kinetic model. In particular, in the study of the

hydrodynamic limits.

Lemma 2.4.2. Let ψ : R3 × [0,+∞) → R be a function such that the weak formulation∫
R3

∫ +∞

0

Qe
iiψ(v, I)φi(I)dIdv

makes sense. Then∫
R3

∫ +∞

0

Qe
iiψ(v, I)φi(I)dIdv

=− 1

4

∫
R3

∫
R3

∫ +∞

0

∫ +∞

0

∫ 1

0

∫ 1

0

∫
S2

[
fi(v

′
i, I

′
i)fi(v

′
i∗ , I

′
i∗)− fi(v, I)fi(vi∗ , Ii∗)

]
[
ψ(v′

i, I
′
i) + ψ(v′

i∗ , I
′
i∗)− ψ(v, I)− ψ(vi∗ , Ii∗)

]
Bii(v,vi∗ , I, Ii∗ , R, r, ω)

× (1−R) |v − vi∗ |
−1 dω dr dR dIi∗ dI dvi∗ dv.

(2.4.67)

Proof. See Lemma 2, page 223 of [45].

Lemma 2.4.3. Let j 6= i and ψ : R3 × [0,+∞) → R be a function such that the formulas∫
R3

∫ +∞

0

Qe
ijψ(v, I)φi(I)dIdv∫

R3

∫ +∞

0

Qe
jiψ(vj, Ij)φj(Ij)dIjdvj

make sense. Then
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∫
R3

∫ +∞

0

Qe
ijψ(v, I)φi(I)dIdv

= −1

2

∫
R3

∫
R3

∫ +∞

0

∫ +∞

0

∫ 1

0

∫ 1

0

∫
S2

[
fi(v

′
i, I

′
i)fj(v

′
j, I

′
j)−fi(v, I)fj(vj, Ij)

]
×
[
ψ(v′

i, I
′
i)−ψ(v, I)

]
Bij(v,vj, I, Ij, R, r, ω)(1−R)|v−vj|−1dωdrdRdIjdIdvjdv

(2.4.68)

and∫
R3

∫ +∞

0

Qe
ijψ(v, I)φi(I)dIdv +

∫
R3

∫ +∞

0

Qe
jiψ(vj, Ij)φj(Ij)dIjdvj

= −1

2

∫
R3

∫
R3

∫ +∞

0

∫ +∞

0

∫ 1

0

∫ 1

0

∫
S2

[
fi(v

′
i, I

′
i)fj(v

′
j, I

′
j)− fi(v, I)fj(vj, Ij)

]
×
[
ψ(v′

i, I
′
i) + ψ(v′

j, I
′
j)− ψ(v, I)− ψ(vj, Ij)

]
Bij(v,vj, I, Ij, R, r, ω)

× (1−R) |v − vj|−1 dω dr dR dIj dIdvj dv.

(2.4.69)

Proof. See Lemma 3, page 224 of [45].

Lemma 2.4.4. Let ψ : R3 × [0,+∞) → R be a function such that for all i = 1, 2, 3, 4, the

formula ∫
R3

∫ +∞

0

Qreact
i ψ(v, I)φi(I)dIdv

makes sense. Additionally, ifBreact(vi,vj, Ii, Ij, R, r, ω) for (i, j, k, l) ∈
{
(1, 2, 3, 4), (2,1,4,3)

}
is equal to Breact(vi,vj, Ii, Ij, R, r, ω) for (i, j, k, l)∈

{
(3,4,1,2), (4,3,2,1)

}
, then

4∑
i=1

∫
R3

∫ +∞

0

Qreact
i ψ(v, I)φi(I)dIdv

=−
∫
R3

∫
R3

∫ +∞

0

∫ +∞

0

∫ 1

0

∫ 1

0

∫
S2

[
fk(v

′
k, I

′
k)fl(v

′
l, I

′
l)

(mkml)3
− fi(vi, Ii)fj(vj, Ij)

(mimj)3

]
×
[
ψ(v′

k, I
′
k) + ψ(v′

l, I
′
l)− ψ(vi, Ii)− ψ(vj, Ij)

]
HiB

react(vi,vj, Ii, Ij, R, r, ω)

×mimj(1−R) |vi − vj|−1 dω dr dR dIj dIidvj dvi.

(2.4.70)

Proof. See Lemma 5, page 229 of [45].

2.4.3 Conservation Laws and Chemical Rates

The conservation laws of the model are obtained from the properties stated in lemmas 2.4.2, 2.4.3

and 2.4.4 of subsection 2.4.2.

Lemma 2.4.5. Consider the functions Ψ(v, I) defined by Ψ = (1, 0, 1, 0), Ψ = (1, 0, 0, 1),

Ψ=(0, 1, 1, 0) and also Ψ(v, I) such that Ψ=(ψ1, ψ2, ψ3, ψ4), with ψi = mivx1 or mivx2 or

mivx3, as well as Ψ=(ψ1, ψ2, ψ3, ψ4), with ψi =
1
2
mi(v)

2 + I + Ei. Then,
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4∑
i=1

∫
R3

∫ +∞

0

( 4∑
j=1

Qe
ij +Qreact

i

)
ψi(v, I)φi(I) dI dv = 0. (2.4.71)

Proof. This is an immediate consequences of lemmas 2.4.2, 2.4.3 and 2.4.4. See equations (22), (27),

(28), (45), pages 224, 225, 226, 231 of [45].

Property (2.4.71) indicates that elastic and reactive collision operators are consistent with the conservation

of physical quantities, namely partial number densities n1+n3, n1+n4, n2+n3, momentum and total

energy of the whole mixture (kinetic, internal and chemical binding).

Lemma 2.4.6. The reactive collision operators are such that∫
R3

∫ +∞

0

Qreact
1 φ1(I1) dI1 dv1 =

∫
R3

∫ +∞

0

Qreact
2 φ2(I2) dI2 dv2

= −
∫
R3

∫ +∞

0

Qreact
3 φ3(I3) dI3 dv3

= −
∫
R3

∫ +∞

0

Qreact
4 φ4(I4) dI4 dv4.

(2.4.72)

Proof. Let φ =
(
φ(v1), φ(v2), φ(v3), φ(v4)

)
then setting

φ = (1, 0, 0, 0), φ = (0, 1, 0, 0), φ = (0, 0, 1, 0), φ = (0, 0, 0, 1),

respectively, in equation (2.4.70) with

(i, j, k, l) ∈
(
(1, 2, 3, 4), (2, 1, 4, 3), (3, 4, 1, 2), (4, 3, 2, 1)

)
gives the desired result.

The property of the reactive collision operator given in equation (2.4.72) indicate that reactive collision

terms assure the correct chemical exchange rates for the considered chemical reaction (2.3.1).

2.4.4 Equilibrium state and H-Theorem

In paper [45], the equilibrium solutions of the kinetic equations given in equation (2.4.56) were studied

in two steps. In the first step, the mechanical equilibrium associated to the mono-species and bi-species

elastic collision operators were considered. In the second step, the chemical equilibrium associated to the

reactive collision operator was considered.

The mechanical equilibrium is defined by distribution functions fi(v, I), with i = 1, . . . , 4, such that

Qe
ij(fi, fj) = 0, i, j = 1, . . . , 4. (2.4.73)

Assuming that the mechanical equilibrium is reached, the chemical equilibrium is then defined in pa-

per [45] by distribution functions satisfying, besides conditions (2.4.73), the further condition
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Qreact
i = 0, i = 1, . . . , 4. (2.4.74)

The following proposition summarises theH-theorems stated in paper [45] and characterises the equilib-

rium states of the model.

Proposition 2.4.7. Let Bij(v,vj, I, Ij, R, r, ω) and Breact(v,vj, I, Ij, R, r, ω) be strictly pos-

itive almost everywhere and let the distribution functions fi be non-negative for all i =

1, . . . , 4 such that the collision operators Qe
ij and Q

react
i are well defined.

1. Concerning the mechanical equilibrium, the following properties are equivalent.

(a) Qe
ij(fi, fj) = 0 for all i, j = 1, . . . , 4, v ∈ R3, I ∈ R+;

(b)
4∑

i,j=1

∫
R3

∫ +∞

0

Qe
ij(fi, fj) log

(
fi(v, I)

m3
i

)
φi(I) dIdv = 0;

(c) There exist ni ≥ 0, i = 1, . . . , 4, u ∈ R3 and T > 0 such that fi(v, I) =

M(ni,u, T ), where

M(ni,u, T ) =
ni(t,x)

qi(T (t,x))

(
mi

2πkBT (t,x)

)3/2

(2.4.75)

× exp
(
−mi(v − u(t,x))2

2kBT (t,x)
− I

kBT (t,x)

)
and

qi(T (t,x)) =

∫ +∞

0

φi(I) exp
(
− I

kBT (t,x)

)
dI, (2.4.76)

i.e. fi are Maxwellian distributions.

2. Assuming that the mechanical equilibrium is reached, that is, the distribution func-

tions fi are given by equation (2.4.75), then the following three properties related to

chemical equilibrium are equivalent

(a) Qreact
i = 0 for all i = 1, . . . , 4, v ∈ R3, I ∈ R+;

(b)
4∑

i=1

∫
R3

∫ +∞

0

Qreact
i log

(
fi(v, I)

m3
i

)
φi(I) dIdv = 0;

(c) The following mass action law holds

n1n2

n3n4

=

(
m1m2

m3m4

)3/2
q1(T )q2(T )

q3(T )q4(T )
exp
(
QR

kBT

)
. (2.4.77)

Proof. See Propositions 1 and 2, pages 231–233 of [45]
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Chapter 3

Diffusion in Multicomponent Mixtures
This chapter, deals with the continuum physics approach to multicomponent diffusion. Specifically, the

continuum physics derivation of two different diffusion and reaction-diffusion models will be presented.

Furthermore, an introduce of how to derive hydrodynamic models from the Maxwell-Boltzmann equations

for reactive mixtures will be given. Finally, the types of diffusion problems to be studied in this thesis will

be described.

3.1 The Continuum Physics Approach to Diffusion Modelling

in Multicomponent Fluids

Consider a multi-species reactive gaseous mixture of four speciesAi with i = 1, 2, 3, 4, participating in a

chemical reaction of type described by the chemical equation (2.3.1). The starting point for the derivation

of diffusion models in continuum physics is the mass balance equations for the species.

3.1.1 Mass Balance Equation

For each species Ai, let ϱi(t,x) ≥ 0 be the mass density, ui(t,x) the mean or average velocity and

ri(t,x) the production rate of mass density due to the chemical reaction, where x ∈ Ω and t > 0. The

mass balance equation for each constituent in the reactive mixture reads:

∂ϱi
∂t

+
∂

∂x
(ϱiui) = ri, i = 1, 2, 3, 4 x ∈ Ω, t > 0. (3.1.1)

Due to the type of chemical reaction (2.3.1), the rate of production of the species satisfy the condition

4∑
i=1

ri = 0, (3.1.2)

which results in the conservation of total mass.

For a molar based description of the reactive mixture (see, for example [46]), one has to introduce for

each species Ai the molar massMi and define the following quantities:

ci(t,x) =
ϱi
Mi

, (molar concentration) (3.1.3)
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Ji(t,x) =
ri
Mi

, (rate of production of the molar concentration) (3.1.4)

υi(t,x) =
ci
c
, (mole fraction) (3.1.5)

J i(t,x) = ci(ui − u), (molar diffusion flux) (3.1.6)

N i(t,x) = ciui. (molar flux) (3.1.7)

In equation (3.1.5), c := c(t,x) is the molar concentration of the mixture, while in equation (3.1.6)

u := u(t,x) is the molar average velocity of the mixture. The quantities c and u are defined as given

below:

c(t,x) =
4∑

i=1

ci, x ∈ Ω, t > 0 (3.1.8)

u(t,x) =
4∑

i=1

υiui =
4∑

i=1

ci
c
ui =

1

c

4∑
i=1

ciui x ∈ Ω, t > 0. (3.1.9)

Observe that multiplying both sides of the molar average velocity of the mixture u, that is, equation (3.1.9)

by the molar concentration of the mixture c we obtain:

cu =
4∑

i=1

ciui. (3.1.10)

Summing the molar diffusion flux over all species and using equations (3.1.8), (3.1.10), we obtain the

following constraint:

4∑
i=1

J i =
4∑

i=1

(ciui − ciu) =
4∑

i=1

ciui − u
4∑

i=1

ci = cu− cu = 0. (3.1.11)

Multiplying both sides of equations (3.1.3) and (3.1.4) byMi, we obtain:

Mici = ϱi, MiJi = ri, (3.1.12)

respectively. Substituting both equations of (3.1.12) into equation (3.1.1), we obtain:

∂

∂t
(Mici) +

∂

∂x
(Miciui) =MiJi, i = 1, 2, 3, 4 x ∈ Ω, t > 0.

SinceMi is independent of x and t, we can rewrite the previous equation as given below:

Mi
∂ci
∂t

+Mi
∂

∂x
(ciui) =MiJi, i = 1, 2, 3, 4 x ∈ Ω, t > 0.

Dividing both sides of the previous equation byMi gives:

∂ci
∂t

+
∂

∂x
(ciui) = Ji, i = 1, 2, 3, 4 x ∈ Ω, t > 0. (3.1.13)

Using equation (3.1.7), we can rewrite equation (3.1.13) above as follows:
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∂ci
∂t

+
∂N i

∂x
= Ji, i = 1, 2, 3, 4 x ∈ Ω, t > 0. (3.1.14)

Furthermore, using equation (3.1.6) together with the fact that

J i = ci(ui − u) = ciui − ciu ⇐⇒ ciui = J i + ciu, (3.1.15)

we can rewrite equation (3.1.13) as given below:

∂ci
∂t

+
∂

∂x
(J i + ciu) = Ji, i = 1, 2, 3, 4 x ∈ Ω, t > 0. (3.1.16)

To obtain diffusion and reaction-diffusion models from equation (3.1.14), one needs to derive a relationship

between the species concentrations and the molar fluxes of the species. Similarly, to obtain diffusion and

reaction-diffusion models from equation (3.1.16), one needs to derive a relationship between the species

concentrations and molar diffusion fluxes of the species. The type of diffusion and reaction-diffusion

models obtained in both cases will depend on the derived relationship between the concentration and flux.

Here, the constitutive relations derived by Fick and the one derived independently by Maxwell and Stefan

called the Maxwell-Stefan (MS) equations will be presented.

3.1.2 Description of Diffusion by Fick

The most classical theory of diffusion goes back to Fick [52, 53]. He postulated a linear dependence of

flux and concentration gradient. Therefore, if one considers a multicomponent mixture of four species Ai

with i = 1, 2, 3, 4, then Fick’s law of diffusion in terms of the molar diffusion flux J i and the molar flux

N i are given mathematically as follows:

J i = −Di
∂ci
∂x

, i = 1, 2, 3, 4, (3.1.17)

N i = −D̄i
∂ci
∂x

, i = 1, 2, 3, 4, (3.1.18)

where Di > 0 and D̄i > 0 are the respective Fick’s diffusivities of the species.

3.1.3 The Maxwell-Stefan Equations

The MS equations is based of the principle that the driving force of each species in the multicomponent

mixture is in local equilibrium with the total friction force. Following the description of [107], and using the

notations of this thesis, the MS equations in terms of the molar diffusion flux J i read:

di = −
4∑

s=1
s ̸=i

csJ i − ciJ s

cDis

, x ∈ Ω, t > 0, i = 1, 2, 3, 4. (3.1.19)

In equation (3.1.19) above, the terms Dis are the binary diffusion coefficients known as the MS diffusiv-

ities. They are such that Dis = Dsi > 0. The terms di represent the diffusion driving forces and are
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given by the chemical potential of the species. The chemical potential generally depend on the species

concentration ci, temperature T and pressure p of the mixture.

To obtain the MS equations in terms of the molar fluxN i, we use the fact that the molar fluxN i and

the molar diffusion flux J i given in equations (3.1.7) and (3.1.6), respectively, are related by the following

formula:
N i = J i + ciu ⇐⇒ J i = N i − ciu. (3.1.20)

More precisely, using equation (3.1.20), observe that

csJ i − ciJ s=cs(N i − ciu)− ci(N s − csu)=csN i − csciu− ciN s + csciu=csN i−ciN s.

Therefore,

di = −
4∑

s=1
s ̸=i

csN i − ciN s

cDis

, x ∈ Ω, t > 0, i = 1, 2, 3, 4. (3.1.21)

Furthermore, the MS equations are linearly dependent. More precisely, there are exactly 3 independent

quantities of type (3.1.19) and (3.1.21). This linear dependence can be seen if one sum the respective

equations over all species.

3.2 Multicomponent Diffusion and Reaction-Diffusion Models

In this section, multicomponent diffusion and reaction-diffusion models, where the diffusion processes is

modelled by the Fick’s constitutive relation and the MS equations, respectively, are given.

3.2.1 Multicomponent Diffusion Models

Multicomponent diffusion models are obtained in the absence of chemical reaction. To achieve this, we

put together the balance equations (3.1.14), (3.1.16) with their right-hand sides equal to zero and the

constitutive relations (3.1.17), (3.1.18), (3.1.19), (3.1.21).

A multicomponent diffusion model where the diffusion process is modelled by Fick’s law, defined in

terms of the molar fluxN i, is obtained by putting together equation (3.1.14) with the right-hand side equal

to zero and equation (3.1.18):

∂ci
∂t

+
∂N i

∂x
= 0, i = 1, 2, 3, 4 x ∈ Ω, t > 0,

N i = −D̄i
∂ci
∂x

.

(3.2.1)

Therefore,
∂ci
∂t

− ∂

∂x

(
D̄i
∂ci
∂x

)
= 0, i = 1, 2, 3, 4 x ∈ Ω, t > 0.

A multicomponent diffusion models where the diffusion processes is described by Fick’s law, defined

in terms of the molar diffusive flux J i, is obtained by putting together equation (3.1.16) with the right-hand
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side equal to zero and equation (3.1.17), then neglect convective effects. More precisely, putting together

equations (3.1.16) with the right-hand side equal to zero and (3.1.17), we obtain:

∂ci
∂t

+
∂

∂x
(J i + ciu) = 0, i = 1, 2, 3, 4 x ∈ Ω, t > 0,

J i = −Di
∂ci
∂x

.

(3.2.2)

Neglecting convective effects implies that

∂

∂x
(ciu) = 0. (3.2.3)

Therefore,
∂ci
∂t

+
∂J i

∂x
= 0, i = 1, 2, 3, 4 x ∈ Ω, t > 0,

J i = −Di
∂ci
∂x

.

(3.2.4)

Equation (3.2.4) above can equivalently be written as:

∂ci
∂t

− ∂

∂x

(
Di
∂ci
∂x

)
= 0, i = 1, 2, 3, 4 x ∈ Ω, t > 0.

A multicomponent diffusion model where the diffusion process is modelled by the MS equations,

defined in terms of the molar fluxN i, is obtained by putting together equation (3.1.14) with the right-hand

side equal to zero and equation (3.1.21):

∂ci
∂t

+
∂N i

∂x
= 0, x ∈ Ω, t > 0, i = 1, 2, 3, 4,

di = −
4∑

s=1
s ̸=i

csN i − ciN s

cDis

.
(3.2.5)

A multicomponent diffusion model where the diffusion process is modelled by the MS equations,

defined in terms of the molar diffusion flux J i, is obtained by putting together equation (3.1.16) with the

right-hand side equal to zero and equation (3.1.19):

∂ci
∂t

+
∂

∂x
(J i + ciui) = 0, x ∈ Ω, t > 0, i = 1, 2, 3, 4,

di = −
4∑

s=1
s ̸=i

csJ i − ciJ s

cDis

,
(3.2.6)

Using equation (3.2.3), we obtain:

∂ci
∂t

+
∂J i

∂x
= 0, x ∈ Ω, t > 0, i = 1, 2, 3, 4,

di = −
4∑

s=1
s ̸=i

csJ i − ciJ s

cDis

.
(3.2.7)
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3.2.2 Multicomponent Reaction-Diffusion Models

To obtain multicomponent reaction-diffusion models, we put together the balance equations (3.1.14),

(3.1.16) and the constitutive relations (3.1.17), (3.1.18), (3.1.19), (3.1.21).

A multicomponent reaction-diffusion model where the diffusion process is modelled by Fick’s law,

defined in terms of the molar flux N i, is obtained by putting together equations (3.1.14) and (3.1.18):

∂ci
∂t

+
∂N i

∂x
= Ji, i = 1, 2, 3, 4 x ∈ Ω, t > 0,

N i = −D̄i
∂ci
∂x

.

(3.2.8)

Equation (3.2.8) above can be rewritten as:

∂ci
∂t

− ∂

∂x

(
D̄i
∂ci
∂x

)
= Ji, i = 1, 2, 3, 4 x ∈ Ω, t > 0.

A multicomponent reaction-diffusion models where the diffusion processes is modelled by Fick’s law,

defined in terms of the molar diffusive flux J i, is obtained by putting together equations (3.1.16) and

(3.1.17), then neglect convective effects. More precisely, putting together equations (3.1.16) and (3.1.17)

gives:
∂ci
∂t

+
∂

∂x
(J i + ciu) = Ji, i = 1, 2, 3, 4 x ∈ Ω, t > 0,

J i = −Di
∂ci
∂x

.

(3.2.9)

Using equation (3.2.3), we obtain:

∂ci
∂t

+
∂J i

∂x
= Ji, i = 1, 2, 3, 4 x ∈ Ω, t > 0,

J i = −Di
∂ci
∂x

.

(3.2.10)

Therefore,
∂ci
∂t

− ∂

∂x

(
Di
∂ci
∂x

)
= Ji, i = 1, 2, 3, 4 x ∈ Ω, t > 0.

A multicomponent reaction-diffusion model where the diffusion process is modelled by the MS equa-

tions, defined in terms of the molar fluxN i, is obtained by putting together equations (3.1.14) and (3.1.21):

∂ci
∂t

+
∂N i

∂x
= Ji, x ∈ Ω, t > 0, i = 1, 2, 3, 4,

di = −
4∑

s=1
s ̸=i

csN i − ciN s

cDis

.
(3.2.11)

A multicomponent diffusion model where the diffusion process is modelled by the MS equations,

defined in terms of the molar diffusion flux J i, is obtained by putting together equations (3.1.16) and

(3.1.19):
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∂ci
∂t

+
∂

∂x
(J i + ciui) = Ji, x ∈ Ω, t > 0, i = 1, 2, 3, 4,

di = −
4∑

s=1
s ̸=i

csJ i − ciJ s

cDis

,
(3.2.12)

Using equation (3.2.3), we obtain:

∂ci
∂t

+
∂J i

∂x
= Ji, x ∈ Ω, t > 0, i = 1, 2, 3, 4,

di = −
4∑

s=1
s ̸=i

csJ i − ciJ s

cDis

.
(3.2.13)

Equations (3.2.2) and (3.2.9) can be rewritten as:

∂ci
∂t

− ∂

∂x

(
D̄i
∂ci
∂x

)
+

∂

∂x
(ciu) = 0, i = 1, 2, 3, 4 x ∈ Ω, t > 0,

∂ci
∂t

− ∂

∂x

(
Di
∂ci
∂x

)
+

∂

∂x
(ciu) = Ji, i = 1, 2, 3, 4 x ∈ Ω, t > 0.

These equations are reaction-convection-diffusion models. They are not well posed unless a choice of u

is made. This can be achieved by solving for u via the Cauchy momentum equation.

Equations (3.2.5), (3.2.7), (3.2.11) and (3.2.13) are not closed. This is because of the linear depen-

dence of the MS equations and the fact that di depends on ci, T and p. More precisely, there are seven

equations in ten unknowns (ci,J i, p, T ) or (ci,N i, p, T ). To obtain closed system of equations for

the variables (ci,J i, p, T ) one has to add to equations (3.2.7) and (3.2.13) the constraint (3.1.11), an

equation for the temperature of the mixture and the equation of state for the pressure. To obtain closed

system of equations for the variables (ci,N i, p, T ) one has to add to equations (3.2.5) and (3.2.11)

an equation for the temperature of the mixture, the equation of state for the pressure and the following

constraint which signifies equimolar diffusion:

4∑
i=1

N i = 0. (3.2.14)

Equations (3.2.6) and (3.2.12) are not closed. This is because in addition to the linear dependence

of the MS equations and the fact that di depends on ci, T and p, a choice has to be made for u. More

precisely, there are seven equations in thirteen unknowns (ci,J i, p, T,u). To obtain a closed system

of equations for the variables (ci,J i, p, T,u), one has to add to equations (3.2.6) and (3.2.12) the

constraint (3.1.11), an equation for the temperature of the mixture an equation for the convective velocity

and the equation of state for the pressure.

The equation for the temperature of the mixture mentioned above can be the energy balance equation

for the mixture. The equation for the convective velocity mentioned above can be the momentum balance

equation for the mixture. In the case of an ideal gas, the equation of state for the pressure mentioned

above is given by:
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p = cRT, where R is the universal gas constant.

Remark 3.2.1. In the special case of isobaric1 and isothermal2 conditions, di in the MS equa-

tions depends only on ci. Therefore, in this case, the closed system of diffusion equations

for the unknowns (ci,N i) and (ci,J i) are:

∂ci
∂t

+
∂N i

∂x
= 0, x ∈ Ω, t > 0, i = 1, 2, 3, 4,

d̄i = −
4∑

s=1
s ̸=i

csN i − ciN s

cDis

,

4∑
i=1

N i = 0,

(3.2.15)

and
∂ci
∂t

+
∂J i

∂x
= 0, x ∈ Ω, t > 0, i = 1, 2, 3, 4,

d̄i = −
4∑

s=1
s ̸=i

csJ i − ciJ s

cDis

,

4∑
i=1

J i = 0,

(3.2.16)

respectively, where d̄i is a function ci only.

The closed system of reaction-diffusion equations for the unknowns (ci,N i) and (ci,J i)

are:
∂ci
∂t

+
∂N i

∂x
= Ji, x ∈ Ω, t > 0, i = 1, 2, 3, 4,

d̄i = −
4∑

s=1
s ̸=i

csN i − ciN s

cDis

,

4∑
i=1

N i = 0,

(3.2.17)

and
∂ci
∂t

+
∂J i

∂x
= Ji, x ∈ Ω, t > 0, i = 1, 2, 3, 4,

d̄i = −
4∑

s=1
s ̸=i

csJ i − ciJ s

cDis

,

4∑
i=1

J i = 0,

(3.2.18)

respectively, where d̄i is a function ci only.
1Constant total or mixture pressure.
2Constant temperature. More precisely, uniform in space and constant in time mixture temperature.
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In the case of isobaric condition only. More precisely, constant mixture pressure and non-

isothermal condition, the closed system of diffusion equations for the unknowns (ci,N i, T )

and (ci,J i, T ) are obtained by adding the conservation of energy equation to the following

equations:
∂ci
∂t

+
∂N i

∂x
= 0, x ∈ Ω, t > 0, i = 1, 2, 3, 4,

d̂i = −
4∑

s=1
s ̸=i

csN i − ciN s

cDis

,

4∑
i=1

N i = 0,

(3.2.19)

and
∂ci
∂t

+
∂J i

∂x
= 0, x ∈ Ω, t > 0, i = 1, 2, 3, 4,

d̂i = −
4∑

s=1
s ̸=i

csJ i − ciJ s

cDis

,

4∑
i=1

J i = 0,

(3.2.20)

respectively, where d̂i is a function of ci and T .

The closed system of non-isothermal reaction-diffusion models for the unknowns (ci,N i, T )

and (ci,J i, T ) are obtained by adding the energy balance equation for the mixture to the

following equations:

∂ci
∂t

+
∂N i

∂x
= Ji, x ∈ Ω, t > 0, i = 1, 2, 3, 4,

d̂i = −
4∑

s=1
s ̸=i

csN i − ciN s

cDis

,

4∑
i=1

N i = 0,

(3.2.21)

and
∂ci
∂t

+
∂J i

∂x
= Ji, x ∈ Ω, t > 0, i = 1, 2, 3, 4,

d̂i = −
4∑

s=1
s ̸=i

csJ i − ciJ s

cDis

,

4∑
i=1

J i = 0,

(3.2.22)

respectively, where d̂i is a function of ci and T .
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3.3 Derivation of Hydrodynamic Models from Kinetic Theory

Consider a system of Maxwell-Boltzmann type equations that describe a reactive multicomponent gaseous

mixture. In order to pass from the Maxwell-Boltzmann description of the reactive gaseous mixture, which

holds on a microscopic time and space scales to a hydrodynamic description, holding on a macroscopic

time and space scales, it is usually convenient to measure all quantities in terms of characteristic values.

This is followed by scaling time and space in terms of macroscopic units. Consequently, one obtains a

dimensionless parameter which is of considerable importance in the derivation of hydrodynamic models

from the kinetic theory. This dimensionless parameter is called the Knudsen number and is denoted by

Kn. The Knudsen number appears naturally when the MBEs are written in dimensionless form.

Definition 3.3.1. The Knudsen number is the ration of mean free path to the macroscopic

length scale, that is,

Kn =
mean free path

macroscopic length scale
.

3.3.1 The Dimensionless Maxwell-Boltzmann Type Equations for Reactive

Multi-Species Mixtures

The starting point for the derivation of macroscopic (hydrodynamic) models from the Maxwell-Boltzmann

type equations is the scaled or dimensionless Maxwell-Boltzmann type kinetic equations. To write the

Maxwell-Boltzmann type kinetic equations for the reactive multi-species mixture of monatomic gases given

in equation (2.3.25) in dimensionless form, we need to first choosemacroscopic scales for the independent

variables t,x, and vi. In particular, let us choose τ for time,L for length and T0 for reference temperature.

These macroscopic scales define two macroscopic velocity scales. The first is the speed at which some

macroscopic portion of the gas is transported through a distance L in a time τ . This speed is denoted by

u0 and is given by:

u0 =
L

τ
. (3.3.1)

The second is the thermal speed of the molecules. This speed will be denoted by c0 and it is defined as

given below:

c0 =

√
5

3

kBT0
m

,

where kB is the Boltzmann constant, mi is the molecular mass of the species. The quantity c0 is the

speed of sound in a monatomic gas at temperature T0.

Now, with the macroscopic scales τ , L and c0, one can define the dimensionless time, space, velocity,

number density and cross-section, respectively, as given below:

t̂=
t

τ
, x̂=

x

L
, v̂i=

vi

c0
, f̂i(t̂, x̂, v̂i)=

L3c30
N

f(t,x,vi) ⇐⇒ N

L3c30
f̂i(t̂, x̂, v̂i)=fi(t,x,vi)

σ̂2
ij〈ϵ, c0v̂i − c0v̂s〉=

σ2
ij

πr2
〈ϵ, c0vi − c0vs〉 ⇐⇒ σ2

ij 〈ϵ, c0vi − c0vs〉= σ̂2
ij 〈ϵ, c0v̂i − c0v̂s〉 πr2,
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where r is the molecular radius and N the total number of particles in a volume L3. Observe that

∂fi
∂t

=
∂

∂t̂

(
N

L3c30
f̂i

)
· ∂t̂
∂t

=
N

L3c30

∂f̂i

∂t̂
· ∂t̂
∂t

=
N

L3c30

∂f̂i

∂t̂
· 1
τ
=

N

τL3c30

∂f̂i

∂t̂
, (3.3.2)

vi ·
∂fi
∂x

= c0v̂i ·
∂

∂x̂

(
N

L3c30
f̂i

)
· ∂x̂
∂x

=
c0N

L3c30
v̂i ·

∂f̂i
∂x̂

· 1
L

=
N

L4c20
v̂i ·

∂f̂i
∂x̂

, (3.3.3)

JmE
i =

N2

L6c60
σ̂2
iiπr

2

∫
R3

∫
S2+

[
f̂i

′
f̂i∗

′
− f̂if̂i∗

]
〈ϵ, c0v̂i − c0v̂i∗〉 c30 dϵ dv̂i∗

=
N2

L6c60
σ̂2
iiπr

2

∫
R3

∫
S2+

[
f̂i

′
f̂i∗

′
− f̂if̂i∗

]
〈ϵ, v̂i − v̂i∗〉 c40 dϵ dv̂i∗

=
N2

L6c20
σ̂2
iiπr

2ĴmE
i , (3.3.4)

where

dvi∗ = dvxi∗dv
y
i∗dv

z
i∗ = c0 dv̂

x
i∗c0 dv̂

y
i∗c0 dv̂

z
i∗ = c30 dv̂s

have been used to obtain the first equality of equation (3.3.4) and

〈ϵ, c0v̂i − c0v̂s〉 = c0 〈ϵ, v̂i − v̂s〉 , ⇐⇒ 〈ϵ, c0v̂i − c0v̂s〉 c30 = 〈ϵ, v̂i − v̂s〉 c40.

to obtain the second equality of equation (3.3.4). Similarly,

J bE
i =

N2

L6c20
πr2Ĵ bE

i , (3.3.5)

J b∗E
i =

N2

L6c20
πr2Ĵ b∗E

i

′
(3.3.6)

JR
i =

N2

L6c20
πr2ĴR

i . (3.3.7)

Substituting equations (3.3.2), (3.3.3), (3.3.4), (3.3.5), (3.3.6) and (3.3.7) into equation (2.3.25), we

obtain for i = 1, 2, 3, 4:

N

τL3c30

∂f̂i

∂t̂
+

N

L4c20
v̂i ·

∂f̂i
∂x̂

=
N2

L6c20
πr2ĴmE

i +
N2

L6c20
πr2Ĵ bE

i − N2

L6c20
πr2Ĵ b∗E

i +
N2

L6c20
πr2ĴR

i ,

Multiplying both sides of the previous equation by L4c20
N

, we obtain:

L

τc0

∂f̂i

∂t̂
+ v̂i ·

∂f̂i
∂x̂

=
N

L2
πr2ĴmE

i +
N

L2
πr2Ĵ bE

i − N

L2
πr2Ĵ b∗E

i +
N

L2
πr2ĴR

i . (3.3.8)

The mean free path which is the average distance travelled by the particles between two successive colli-

sions is given by:

mean free path =
L3

Nπr2
,

see [103] for a mathematical justification of the above formula.
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Observe that the factor multiplying the collision operators can be written as:

L× Nπr2

L3
=

L

mean free path
=

1

Kn
.

Since the reactive and non-reactive collisions may be characterised by different mean free paths, this

implies two different Knudsen numbers. It is not restrictive to write them as

Kne = αp and Knr = αq

whereKne denotes the Knudsen number for non-reactive collisions,Knr denotes the Knudsen number

for collisions with sufficient energy to result in a chemical reaction and p, q are real numbers. Therefore,

we can rewrite equation (3.3.8) as follows:

L

τc0

∂f̂i

∂t̂
+ v̂i ·

∂f̂i
∂x̂

=
1

αp
ĴmE
i +

1

αp
Ĵ bE
i − 1

αq
Ĵ b∗E
i +

1

αq
ĴR
i , i = 1, 2, 3, 4. (3.3.9)

The factor multiplying the time derivative is another dimensionless parameter called the kinetic Strouhal

number, it is denoted by St. Thus equation (3.3.9) can be rewritten as:

St
∂f̂i

∂t̂
+ v̂i ·

∂f̂i
∂x̂

=
1

αp
ĴmE
i +

1

αp
Ĵ bE
i − 1

αq
Ĵ b∗E
i +

1

αq
ĴR
i , i = 1, 2, 3, 4. (3.3.10)

Furthermore, there is some arbitrariness in the way the time, length and and temperatures scales were

chosen. However, it is known, see for example, [101] that if these scales are chosen in manner that

is consistent with: the geometry of the domain containing the gaseous mixture, the time necessary to

observe significant motion of the gas and the distribution function at time equal to zero, then the ratio

L/τ corresponds to the bulk velocity u0 of the flow. As a result, the Strouhal number becomes the Mach

number, which is often denoted byMa and is defined as follows:

Ma =
u0

c0
.

If one assumes that the March number is such that

St =Ma = α � 1,

then equation (3.3.10) becomes:

α
∂f̂i

∂t̂
+ v̂i ·

∂f̂i
∂x̂

=
1

αp
ĴmE
i +

1

αp
Ĵ bE
i − 1

αq
Ĵ b∗E
i +

1

αq
ĴR
i , i = 1, 2, 3, 4. (3.3.11)

Removing the hats for simplicity and adding a superscript α to the distribution functions, as well as to the

collision operators, we can rewrite equation (3.3.11) as given below:

α
∂fα

i

∂t
+ vi ·

∂fα
i

∂x
=

1

αp
JαmE
i +

1

αp
JαbE
i − 1

αq
Jαb∗E
i +

1

αq
JαR
i , i = 1, 2, 3, 4, (3.3.12)
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where

JαmE
i = σ2

ii

∫
R3

∫
S2+

[
fα′

i f
α′

i∗ − fα
i f

α
i∗

]
〈ϵ,vi − vi∗〉 dϵ dvi∗, (3.3.13)

JαbE
i =

4∑
s=1
s ̸=i

σ2
is

∫
R3

∫
S2+

[
fα′

i f
α′

s − fα
i f

α
s

]
〈ϵ,vi − vs〉 dϵdvs︸ ︷︷ ︸

Qis

, (3.3.14)

Jαb∗E
ij = βijσ

2
ij

∫
R3

∫
S2+

[
fi

α′
fα′

j − fα
i f

α
j

]
Θ(〈ϵ,vi − vj〉 − Ξij) 〈ϵ,vi − vj〉 dϵ dvj, (3.3.15)

JαR
i =βijσ

2
ij

∫
R3

∫
S2+

[(
µij

µkl

)2

fα◦
k fα◦

l −fα
i f

α
j

]
Θ(〈ϵ,vi−vj〉−Ξij) 〈ϵ,vi−vj〉 dϵ dvj, (3.3.16)

are the scaled collision operators and fα
i , f

α
i∗ f

α
j , f

α
s , f

α′
i fα′

i∗ , f
α′
j fα′

s , fα◦
k , fα◦

l are the scaled distri-

bution functions.

The equations given in (3.3.12) together with equations (3.3.13) (3.3.14), (3.3.15) and (3.3.16) are the

dimensionless or scaled SRS kinetic equations.

Remark 3.3.2. If the reactive mean free path for the SRS kinetic model is defined as

reactive mean free path =
L3

πr2βijN
,

one has that the elastic and reactive Knudsen numbers are related by

Knr

Kne

=
αq

αp
=

1

βij
⇐⇒ Knr =

Kne

βij
.

Therefore, in the case, the scaled J b∗E
ij and JR

i becomes:

J̃αb∗E
ij = σ2

ij

∫
R3

∫
S2+

[
fi

α′
fα′

j − fα
i f

α
j

]
Θ(〈ϵ,vi − vj〉 − Ξij) 〈ϵ,vi − vj〉 dϵ dvj, (3.3.17)

J̃αR
i =σ2

ij

∫
R3

∫
S2+

[(
µij

µkl

)2

fα◦
k fα◦

l −fα
i f

α
j

]
Θ(〈ϵ,vi−vj〉−Ξij) 〈ϵ,vi−vj〉 dϵ dvj. (3.3.18)

□
Similarly, the kinetic equations for polyatomic gaseous mixture with a continuous structure of internal

energy given in equation (2.4.56) can be written in dimensionless form as:

ε
∂f ε

i

∂t
+ v · ∇xf

ε
i =

1

εp

4∑
j=1

Qe
ij(f

ε
i , f

ε
j ) +

1

εq
Qreact

i , i = 1, . . . , 4. (3.3.19)

where

Qe
ij(f

ε
i , f

ε
j )=

∫
R3

∫ +∞

0

∫ 1

0

∫ 1

0

∫
S2

[
f ε
i (v

′
i, I

′
i)f

ε
j (v

′
j, I

′
j)− f ε

i (vi, Ii)f
ε
j (vj, Ij)

]
×Bij(vi,vj, I, Ij, R, r,ω)(1−R) |vi−vj|−1 φi(I)

−1 dω dr dR dIj dvj,

(3.3.20)
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Qreact
i (vi, Ii)=

∫
R3

∫ +∞

0

∫ 1

0

∫ 1

0

∫
S2

[(
mimj

mkml

)3

f ε
k(v

′
k, I

′
k)f

ε
l (v

′
l, I

′
l)−f ε

i (vi, Ii)f
ε
j (vj, Ij)

]
×HiB

react(vi,vj, Ii, Ij, R, r,ω)(mimj)
−2 |vi − vj|−1

× (1−R)φ1(I)
−1 dω dr dR dIj dvj. (3.3.21)

are the scaled collision operators and

f ε
k(v

′
k, I

′
k), f ε

l (v
′
l, I

′
l), f ε

i (v
′
i, I

′
i), f ε

j (v
′
j, I

′
j)

are the scaled distribution functions with

(i, j, k, l)∈{(1, 2, 3, 4), (2, 1, 4, 3), (3, 4, 1, 2), (4, 3, 2, 1)} .

Here, the notations εp and εq have been used in order to distinguish the elastic and reactive Knudsen

numbers for the polyatomic mixture from that of the monatomic mixture.

Remark 3.3.3. All hydrodynamic limits of the Maxwell-Boltzmann equation are analogous

to situations where the Knudsen number Kn is such that

Kn� 1.

This means that the Knudsen number governs the transition from the kinetic theory of gases,

more precisely from the Maxwell-Boltzmann equation to hydrodynamic models. Also, in the

context of hydrodynamics limits, there is no universal prescription for the Strouhal number.

This is because different hydrodynamic regimes can be obtained from the scaled Maxwell-

Boltzmann equation with an appropriate choice of the Strouhal number.

In addition, the scaled kinetic equations (3.3.12) and (3.3.19) can be used to study dif-

ferent hydrodynamic regimes. This can be done by choosing appropriate values for the

parameters p and q to describe the physical situation under consideration.

3.3.2 Methods for Deriving Hydrodynamic Models from Kinetic Theory

There are three methods to derive macroscopic models from the scaled MBEs. The first is the Hilbert

expansion method which was developed by David Hilbert [64]. The second method is the Chapman-

Enskog method which was developed independently by Chapman [38, 39] and Enskog [48, 49]. The

third is referred to as the moment method. The moment method was developed by Grad [60] and was

extended to a more general framework by Levermore [80]. In this thesis, the interest is on the derivation of

hydrodynamic models from the scaled kinetic equations (3.3.12) and (3.3.19) using the moment method.

The moment method consists of passing to the limit as the Knudsen number vanishes in the macro-

scopic equations (i.e., equations obtained by multiplying the dimensionless MBEs by a text function of
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velocity space and integrating the resulting equation over all possible velocities) that are satisfied by well-

behaved solutions of the MBEs.

3.4 The Derivation of Multicomponent Diffusion Models from

Kinetic Theory

The derivation of reaction-diffusion models from the kinetic theory of chemically reactive gaseous mixtures

is the objective of this thesis. More precisely, this thesis is focused on the derivation of reaction-diffusion

models where the diffusion process is modelled by the MS equations as hydrodynamics limits of the

MBEs for reactive multi-species mixtures. This is because the direct proportionality between flux and

concentration gradient postulated by Fick is sometimes too simplistic and cannot be used to describe

non-typical diffusion phenomena like osmotic diffusion, uphill or reverse diffusion and diffusion barrier

observed experimentally in multi-species mixtures, see, for example [47, 77]. Specifically, this thesis is

focused on:

1. The derivation a of reaction-diffusion model of type given in equation (3.2.18) as a hydrodynamic

limit of the SRS kinetic equations.

2. The derivation of a reaction-diffusion model of type given in equation (3.2.22) as a hydrodynamic

limit of the kinetic equations for a reactive mixture of polyatomic gases with a continuous structure

of internal energy.

3. The derivation of extensions to the MS equations in the forms:

d̄i = −
4∑

s=1
s ̸=i

csJ i − ciJ s

cDis

+ Āi, x ∈ Ω, t > 0, i = 1, 2, 3, 4, (3.4.1)

and

d̂i = −
4∑

s=1
s ̸=i

csJ i − ciJ s

cDis

+ Âi, x ∈ Ω, t > 0, i = 1, 2, 3, 4, (3.4.2)

as a hydrodynamic limit of the SRS kinetic equations. In equations (3.4.1) and (3.4.2) the terms

Āi and Âi with i = 1, 2, 3, 4 are additional diffusion term resulting from chemical interactions

whose explicit forms will be obtained.
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Chapter 4

From the simple reacting sphere kinetic

model to the reaction-diffusion system of

Maxwell-Stefan type

This chapter contain the results published in COMMUN. MATH SCI. 2019,

in collaboration with Patrícia Gonçalves and Ana Jacinta Soares.

4.1 Introduction

The description and modelling of chemically reactive mixtures is a topic of great importance due to many

engineering applications related, for example, to chemical industry and biotechnology [55, 107, 110].

In particular, a proper description of diffusion phenomena in multicomponent mixtures, with or without

chemical reactions, is crucial in many simulations and design processes used by chemical engineers

[77]. In this context, the MS equations are used by many applied and experimental researchers to model

and predict diffusion as well as mass transfer processes in multicomponent mixtures [107, 43, 110]. In

fact, it is well known that the MS equations are adequate to describe non-typical diffusion that appear

as a consequence of some thermodynamic non-idealities, by introducing the chemical potential gradients

as driving forces [77, 110]. When a multicomponent mixture with chemical reaction is considered, a

hydrodynamic system which consists of the continuity equations for the constituents in the mixture and

the MS equations, can be used to describe diffusion of the constituents and how their concentrations

change as a consequence of the chemical reaction.

Despite the practical interest and applications of the MS equations in the modelling of multicompo-

nent mixtures with or without chemical reaction, not much is known about the mathematical analysis

of these equations. Rigorous results have been published over the past few years, see, for example,

[23, 26, 28, 29, 63, 68, 71]. In particular, [28, 29, 68] dealt with the formal derivation of hydrodynamic

systems of MS type from a kinetic (mesoscopic) system of MBEs for non-reactive multicomponent mixture

and obtained explicit expressions for the diffusion coefficients in terms of the kinetic model parameters.

These hydrodynamic systems consist of the MS equations coupled with the continuity equations for the
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species. They were obtained using the well established line of research initiated by Golse and co-workers

[9, 10, 11] on the transition from kinetic Maxwell-Boltzmann models to hydrodynamic equations of fluid

mechanics. In close connection with these works, but considering chemically reactive mixtures, the papers

[13, 14, 15] dealt with the derivation of macroscopic reaction-diffusion equations from a system of reactive

MBEs. In these papers, using an appropriate scaling of the reactive MBEs and assuming different types of

molecular interactions, the evolution equations for the species number densities were explicitly derived in

the asymptotic limit of small Knudsen number. Moreover, the convergence from the reactive MBEs to the

reaction-diffusion system was proven and discussed in [13, 14]. Reaction-diffusion equations for chemi-

cally reactive mixtures were also derived in [97, 98, 113], starting from kinetic equations of Fokker-Planck

type. Various scalings were considered in view of analysing the interactions between transport processes

and chemical reactions.

In this chapter, the interest is on the limiting process that leads from the SRS kinetic model described

in section 2.3 to a reaction-diffusion system of MS type. This is achieved by, considering a scaling of the

SRS kinetic equations for which elastic collisions are dominant and reactive collisions are less frequent.

By assuming isothermal condition, the reaction-diffusion system of MS type is formally derived form the

evolution of the number density and momentum balance of the species, in the limit as the scaling param-

eter vanishes. The formal derivation of these equations from a Maxwell-Boltzmann type kinetic model is

the main contribution of this chapter. To the best of my knowledge, this is the first attempt in this direction.

The isothermal condition assumption is met by assuming that the chemical reaction is slow enough to

allow the surroundings to continuously compensate for the balance of reaction heat between the reactants

and products [23, 24, 25, 63, 114, 115]. The reaction-diffusion system obtained in this chapter is similar

to the one given in equation (3.2.18) and those studied in [23, 24, 25]. If the isothermal assumption is

disregarded, the evolution equation for the temperature of the mixture should be considered. In this case,

the reaction-diffusion system will be similar to that given in equation (3.2.22) and the one obtained in [69]

for a non-reactive mixture.

After this introduction, the remaining part of this chapter is organised as follows. In section 4.2, the

scaling of the SRS kinetic equations which corresponds to the chemical regime to be studied is presented.

This is followed by the assumptions needed to derive a reaction-diffusion system with the diffusion process

modelled by the MS equations, as a hydrodynamic limit of the scaled SRS kinetic equations. In section

4.3, the concentration balance equations for the species in the reactive mixture is obtained. In section 4.4,

the momentum balance equations for the species in the reactive mixture is obtained. The macroscopic

isothermal equations and their formal diffusive asymptotics towards the reaction-diffusion system of MS

type are studied in section 4.5, Finally, the conclusions are given in section 4.6.

4.2 Scaled Kinetic Equations and Assumptions

In this section, the scaling of the kinetic equations to be studied will be introduced. This scaling corresponds

to a physical situation where the dominant role in the evolution of the species is played by mechanical

interactions, while chemical reactions are assumed to be very slow. Furthermore, the relevant assumptions
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needed to obtain the result presented in this chapter will be given.

4.2.1 Scaled Kinetic Equation

The starting point for the derivation of the reaction-diffusion system of MS type from the SRS kinetic

equations given in equation (2.3.25), is an appropriately scaled SRS kinetic equations that describe the

chemical regime under consideration. In this chapter, the interest is on the chemical regime of dominant

elastic collisions and slow chemical reactions. More precisely, the chemical reactions are assumed to be

slow enough to allow the surroundings to continually compensate for the balance of reaction heat between

the reactants and products. This regime corresponds to a physical situation in which the elastic mean

free path is shorter than the reactive mean free path. To this aim, in order to adapt the scaled SRS kinetic

equations given in equation (3.3.12) to the chemical regime considered in this chapter, we set p = 1 and

q = −1 in equation (3.3.12) to obtain:

α
∂fα

i

∂t
+ vi ·

∂fα
i

∂x
=

1

α
JαmE
i +

1

α
JαbE
i − αJ̃αb∗E

ij + αJ̃αR
i , i = 1, 2, 3, 4, (4.2.1)

where JαmE
i , JαbE

i , J̃αb∗E
ij and J̃αR

i are, as defined in (3.3.13), (3.3.14), (3.3.17) and (3.3.18), respec-

tively.

Equations (4.2.1) emphasise that JαmE
i and JαbE

i (i.e., the mono-species and bi-species elastic

operators) are associated to predominant effects, whereas the reactive operator J̃αR
i and the elastic

correction term J̃αb∗E
ij are associated to rare effects.

Remark 4.2.1. The properties of the collision operators for the SRS kinetic model given in

subsection 2.3.2 and the conservation laws given in subsection 2.3.3 are still valid for the

scaled collision operators given in equations (3.3.13), (3.3.14), (3.3.15), (3.3.16), (3.3.17) and

(3.3.18). □

4.2.2 Assumptions

Besides the chemical regime of slow chemical reaction, the central assumptions required to derive the

reaction-diffusion system of MS type from the scaled equations (4.2.1) are:

(a) The initial conditions are local Maxwellian functions centred at the mean (average) velocity of the

species.

(b) The evolution of the system leaves the distribution functions in the local Maxwellian state.

(c) The bulk velocity of the mixture is small and goes to zero as α → 0.

(d) The evolution of the mixture is considered under isothermal condition.

Assumption (d) implies that the temperature T of the mixture is uniform in space and constant in time. It

is compatible with the physical situation of slow chemical reaction and signifies that the chemical process
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takes place at a rate slow enough to allow the surroundings to continuously compensate for the balance of

reaction heat between the reactants and products (see [114]). Assumption (c) allows one to neglect con-

vective effects and describe a physical system governed by diffusion and chemical reaction. Assumptions

(a) and (b) correspond to the physical situation in which the system evolves not far away from the local

Maxwellian equilibrium.

From assumption (a) above, following the advice given in [58, 57] forMa = O(α), the initial conditions

for equation (4.2.1) are distribution functions of the following form

f
α(in)
i (x,vi) = c

α(in)
i (x)

(
mi

2πkBT

)3
2

exp

(
−
mi

(
vi−αuα(in)

i (x)
)2

2kBT

)
, x ∈ Ω, vi ∈ R3, (4.2.2)

for i = 1, 2, 3, 4, where T > 0 is constant (isothermal condition), cα(in)i : Ω → R+, and u
α(in)
i : Ω →

R3. From assumption (b), the distribution functions at time t > 0 are local Maxwellians centred at the

mean velocity of the species:

fα
i (t,x,vi) = cαi (t,x)

(
mi

2πkBT

)3
2

exp

(
−
mi

(
vi−αuα

i (t,x)
)2

2kBT

)
, x ∈ Ω, vi ∈ R3, (4.2.3)

for i = 1, . . . 4, where cαi : R+ × Ω → R+ and uα
i : R+ × Ω → R3.

An important step in the passage from a kinetic model to hydrodynamic equations is the explicit

computation of the integral contributions appearing in the kinetic equations. When a reactive mixture is

involved, the computations can be very intricate, essentially because of the redistribution of masses and

energies among the constituents. Having this in mind, the distribution functions given in equation (4.2.3)

will be approximated by expanding to obtain a first order corrections to the Maxwellian distributions. In

particular,

fα
i (t,x,vi) ≈Mα

i (t,x,vi)

(
1 +

αmivi · uα
i (t,x)

kBT

)
, (4.2.4)

with
Mα

i (t,x,vi) = cαi (t,x)

(
mi

2πkBT

)3
2

exp
(
−mi(vi)

2

2kBT

)
. (4.2.5)

Expressions (4.2.4) will be used in sections 4.3 and 4.4 for the explicit computation of the integral contri-

butions. As stated in [95], pg.147, first-order corrections to the Maxwellian distributions as those given by

(4.2.4) were first used by J. Stefan to capture the diffusion effects in a mixture of gases.

4.3 Concentration Balance Equations

The balance equations for the species concentration can formally be derived from the scaled SRS equations

given in equation (4.2.1), by integrating over the velocity space.

Lemma 4.3.1. The concentration balance equations for the species in the reactive mixture

can be written as
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∂cαi
∂t

+
∂

∂x
(cαi u

α
i ) = Ji, i = 1, . . . , 4, (4.3.1)

with Ji being the reaction rate of the i-th species whose form is given below:

Ji = σ2
ij

(
2πµij

kBT

)1
2

[(
µij

µkl

)1
2

cαk c
α
l exp

(
QR

kBT

)
− cαi c

α
j

]

×

[
2kBT

µij

Γ(2, z∗i )−
(
Ξij

c0

)2

Γ(1, z∗i )

]
, (4.3.2)

where the terms Γ(1, z∗i ), Γ(2, z
∗
i ) are the incomplete Euler gamma functions:

Γ(η, x) =

∫ ∞

x

tη−1e−tdt (4.3.3)

with
x = z∗i =

µij

2kBT

(
Ξij

c0

)2

, (4.3.4)

η = 1 and η = 2, respectively. Moreover, for i = 1, . . . , 4, Ji = λiJ1, where λ1 = λ2 = 1

and λ3 = λ4 = −1.

Proof. Integrating both sides of the scaled SRS kinetic equations given in equation (4.2.1) with respect to

vi ∈ R3, gives:

α

∫
R3

∂fα
i

∂t
dvi +

∫
R3

vi ·
∂fα

i

∂x
dvi

=
1

α

∫
R3

JαmE
i dvi +

1

α

∫
R3

JαbE
i dvi − α

∫
R3

J̃αb∗E
ij dvi + α

∫
R3

J̃αR
i dvi,

Applying the Leibniz integral rule to the two terms on the left-hand side of the previous equation, we obtain:

α
∂

∂t

(∫
R3

fα
i dvi

)
+

∂

∂x

(∫
R3

vif
α
i dvi

)
=

1

α

∫
R3

JαmE
i dvi +

1

α

∫
R3

JαbE
i dvi − α

∫
R3

J̃αb∗E
ij dvi + α

∫
R3

J̃αR
i dvi. (4.3.5)

Using the definition of the distribution functions given in equation (4.2.3), the first integral on the left-hand

side of the previous equation can be written as follows:∫
R3

fα
i dvi = cαi

(
mi

2πkBT

)3
2
∫
R3

exp

(
−
mi

(
vi − αuα

i

)2
2kBT

)
dvi. (4.3.6)

Introducing the peculiar velocity

ξi = vi − αuα
i ⇐⇒ vi = ξi + αuα

i and dvi = dξi, (4.3.7)

we can rewrite equation (4.3.6) as follows:
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∫
R3

fα
i dvi = cαi

(
mi

2πkBT

)3
2
∫
R3

exp

(
− mi(ξi)

2

2kBT

)
dξi.

Writing the previous equation in spherical coordinates and integrating gives:∫
R3

fα
i dvi = cαi

(
mi

2πkBT

)3
2
∫ ∞

0

∫ π

0

∫ 2π

0

exp

(
− mi(ξi)

2

2kBT

)
ξ2i sin θ dϕ dθ dξi

= cαi

(
mi

2πkBT

)3
2
∫ ∞

0

ξ2i exp

(
− mi(ξi)

2

2kBT

)
dξi

∫ π

0

sin θ dθ︸ ︷︷ ︸
2

∫ 2π

0

dϕ︸ ︷︷ ︸
2π

= cαi

(
mi

2πkBT

)3
2

4π

∫ ∞

0

ξ2i exp

(
− mi(ξi)

2

2kBT

)
dξi,

where ξ2i = ξi · ξi = |ξi|2. Using the integral representation of gamma function defined as given below:∫ ∞

0

xne−ηx2

dx =
1

2
Γ

(
n+ 1

2

)(
1

η

)n+1
2

, (4.3.8)

we obtain that∫ ∞

0

ξ2i exp

(
− mi(ξi)

2

2kBT

)
dξi =

1

2
Γ

(
2 + 1

2

)(
2kBT

mi

) 2+1
2

=
1

2

√
π

2

(
2kBT

mi

) 3
2

.

Therefore, ∫
R3

fα
i dvi = cαi

(
mi

2πkBT

)3
2

4π
1

2

√
π

2

(
2kBT

mi

) 3
2

= cαi

(
mi

2πkBT

)3
2
(
2πkBT

mi

) 3
2

= cαi . (4.3.9)

Using Eq. (4.2.3), the second integral on the left-hand side of Eq. (4.3.5) can be written as:∫
R3

vif
α
i dvi = cαi

(
mi

2πkBT

)3
2
∫
R3

vi exp

(
−
mi

(
vi−αuα

i

)2
2kBT

)
dvi.

Using equation (4.3.7), the previous equation can be written as follows:∫
R3

vif
α
i dvi = cαi

(
mi

2πkBT

)3
2
∫
R3

(ξi + αuα
i ) exp

(
− mi(ξi)

2

2kBT

)
dξi

=cαi

(
mi

2πkBT

)3
2
[∫

R3

ξi exp

(
− mi(ξi)

2

2kBT

)
dξi+αu

α
i

∫
R3

exp

(
− mi(ξi)

2

2kBT

)
dξi

]
.

Using the fact that any vector can be written in terms of a unit vector, we have that ξi can be written as

ξi = ξiv⃗, where ξi=‖ξi‖= |ξi| and v⃗ is a unit vector. Thus the first integral in the last equality of the
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previous equation can be written in spherical coordinates and evaluated as given below:∫
R3

ξiv⃗ exp

(
− mi(ξi)

2

2kBT

)
dξi

=

∫ ∞

0

∫ π

0

∫ 2π

0

ξi(x̂ sin θ cosϕ+ŷ sin θ sinϕ+ẑ cos θ) exp

(
−mi(ξi)

2

2kBT

)
ξ2i sin θdϕdθdξi

=

∫ ∞

0

ξ3i exp

(
− mi(ξi)

2

2kBT

)
dξi

(
x̂

∫ π

0

sin2 θdθ︸ ︷︷ ︸
π
2

∫ 2π

0

cosϕdϕ︸ ︷︷ ︸
0

+ŷ

∫ π

0

sin2 θdθ︸ ︷︷ ︸
π
2

∫ 2π

0

sinϕdϕ︸ ︷︷ ︸
0

+ ẑ

∫ π

0

cos θ sin θdθ︸ ︷︷ ︸
0

∫ 2π

0

dϕ︸ ︷︷ ︸
2π

)
,

where x̂, ŷ, ẑ are the Cartesian unit vectors in R3. The integral in ξi can be evaluated using the integral

representation of gamma function given in Eq. (4.3.8) as given below:∫ ∞

0

ξ3i exp

(
− mi(ξi)

2

2kBT

)
dξi =

1

2
Γ

(
3 + 1

2

)(
2kBT

mi

) 3+1
2

=
1

2
Γ(2)

(
2kBT

mi

)2

=
1

2

(
2kBT

mi

)2

.

Therefore,∫
R3

ξ exp

(
− mi(ξi)

2

2kBT

)
dξi =

1

2

(
2kBT

mi

)2[
x̂
(π
2
× 0
)
+ ŷ

(π
2
× 0
)
+ ẑ(0× 2π)

]
= 0. (4.3.10)

Hence ∫
R3

vif
α
i dvi = cαi

(
mi

2πkBT

)3
2
[
0+ αuα

i

∫
R3

exp

(
− mi(ξi)

2

2kBT

)
dξi

]

= αuα
i c

α
i

(
mi

2πkBT

)3
2
∫
R3

exp

(
− mi(ξi)

2

2kBT

)
dξi

= αuα
i c

α
i

(
mi

2πkBT

)3
2
∫
R3

exp

(
−
mi

(
vi − αuα

i

)2
2kBT

)
dvi

= αuα
i

∫
R3

fα
i dvi,

where use have been made of equations (4.3.7) and (4.3.6) to obtain the third and fourth equalities,

respectively, of the previous equation. Using equation (4.3.9), we obtain:∫
R3

vif
α
i dvi = αcαi u

α
i . (4.3.11)

Substituting equations (4.3.9) and (4.3.11) into equation (4.3.5), we obtain:
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α
∂cαi
∂t

+α
∂

∂x
(cαi u

α
i )=

1

α

∫
R3

JαmE
i dvi+

1

α

∫
R3

JαbE
i dvi−α

∫
R3

J̃αb∗E
ij dvi+α

∫
R3

J̃αR
i dvi. (4.3.12)

Since the properties of the scaled collision operators are similar to their un-scaled version, using the first

equation of (2.3.54) given in Corollary 2.3.13 with mi = 1 for the first term on the right-hand side of

equation (4.3.12), equations (2.3.55) and (2.3.56) of Corollary 2.3.14 with mi = 1 for the second and

third terms on the right-hand side, we obtain:

α
∂cαi
∂t

+ α
∂

∂x
(cαi u

α
i ) = α

∫
R3

J̃αR
i dvi.

Dividing both sides by α, we obtain

∂cαi
∂t

+
∂

∂x
(cαi u

α
i ) =

∫
R3

J̃αR
i dvi. (4.3.13)

Now let us derive an explicit expression for the integral on the right-hand side of equation (4.3.13). To do

this, we replace the distribution functions by their approximations given in equation (4.2.4). For sake of

simplicity, the approximations are written in the form:

fα
i ≈Mα

i

(
1 + ai · vi

)
, i = 1, 2, 3, 4, with ai =

αmiu
α
i

kBT
. (4.3.14)

Using equation (4.3.14), one obtains the following equations:

fα
i f

α
j =Mα

iM
α
j

(
1 + ai · vi + aj · vj + (ai · vi)(aj · vj)

)
, (4.3.15)(

µij

µkl

)2

fα◦
k fα◦

l =

(
µij

µkl

)2

Mα◦
k Mα◦

l

(
1 + ak · v◦

k + al · v◦
l + (ak · v◦

k)(al · v◦
l )
)
. (4.3.16)

Therefore,(
µij

µkl

)2

fα◦
k fα◦

l − fα
i f

α
j =

(
µij

µkl

)2

Mα◦
k Mα◦

l

(
1 + ak · v◦

k + al · v◦
l + (ak · v◦

k)(al · v◦
l )
)

−Mα
i M

α
j

(
1 + ai · vi + aj · vj + (ai · vi)(aj · vj)

)
.

Expanding, rearranging and neglecting the terms of order α2, that is, the terms with coefficients (ak ·
v◦
k)(al · v◦

l ) and (ai · vi)(aj · vj), we obtain:(
µij

µkl

)2

fα◦
k fα◦

l − fα
i f

α
j =

[(
µij

µkl

)2

Mα◦
k Mα◦

l −Mα
i M

α
j

]
+

[(
µij

µkl

)2

Mα◦
k Mα◦

l

× (ak ·v◦
k + al ·v◦

l )−Mα
i M

α
j (ai ·vi + aj ·vj)

]
.

(4.3.17)

Substituting the previous equation into the scaled reactive collision operator J̃αR
i given in equation (3.3.18),

we can write the integral appearing on the right-hand side of equation (4.3.13) as the sum of the following

three terms:
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D = σ2
ij

∫
R3

∫
R3

∫
S2+

[(
µij

µkl

)2

Mα◦
k Mα◦

l −Mα
i M

α
j

]
×Θ

(〈
ϵ, c0vi − c0vj

〉
− Ξij

)
〈ϵ,vi − vj〉 dϵdvjdvi,

Ē = σ2
ij

∫
R3

∫
R3

∫
S2+

(
µij

µkl

)2

Mα◦
k Mα◦

l

(
ak · v◦

k + al · v◦
l

)
×Θ

(〈
ϵ, c0vi − c0vj

〉
− Ξij

)
〈ϵ,vi − vj〉 dϵdvjdvi,

F = −σ2
ij

∫
R3

∫
R3

∫
S2+
Mα

i M
α
j

(
ai · vi + aj · vj

)
×Θ

(〈
ϵ, c0vi − c0vj

〉
− Ξij

)
〈ϵ,vi − vj〉 dϵdvjdvi.

(4.3.18)

Now let us evaluate the integrals D, Ē and F starting with D. Using equation (4.2.5), observe that(
µij

µkl

)2

Mα◦
k Mα◦

l −Mα
i M

α
j

=

(
µij

µkl

)2

cαk c
α
l

(mkml)
3
2

(2πkBT )3
exp
(
−mk(v

◦
k)

2 +ml(v
◦
l )

2

2kBT

)
− cαi c

α
j

(mimj)
3
2

(2πkBT )3
exp
(
−mi(vi)

2 +mj(vj)
2

2kBT

)
=

[(
µij

µkl

)2

cαk c
α
l

(mkml)
3
2

(2πkBT )3
exp
(
−mk(v

◦
k)

2 +ml(v
◦
l )

2 −mi(vi)
2 −mj(vj)

2

2kBT

)
− cαi c

α
j

(mimj)
3
2

(2πkBT )3

]
exp
(
−mi(vi)

2 +mj(vj)
2

2kBT

)
.

Using the conservation of total energy given in equation (2.3.12), we have that

exp
(
− mk(v

◦
k)

2 +ml(v
◦
l )

2 −mi(vi)
2 −mj(vj)

2

2kBT

)
= exp

(
QR

kBT

)
,

where QR is as defined in equation (2.3.3). Therefore,(
µij

µkl

)2

Mα◦
k Mα◦

l −Mα
i M

α
j

=

[(
µij

µkl

)2

cαk c
α
l

(mkml)
3
2

(2πkBT )3
exp
(
QR

kBT

)
− cαi c

α
j

(mimj)
3
2

(2πkBT )3

]
× exp

(
−mi(vi)

2 +mj(vj)
2

2kBT

)

=

[(
mimj

mkml

)2

cαk c
α
l

(mkml)
3
2

(2πkBT )3
exp
(
QR

kBT

)
− cαi c

α
j

(mimj)
3
2

(2πkBT )3

]

× exp
(
−mi(vi)

2+mj(vj)
2

2kBT

)
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=
1

(2πkBT )3

[
(mimj)

2

(mkml)
1
2

cαk c
α
l exp

(
QR

kBT

)
− cαi c

α
j (mimj)

3
2

]

× exp
(
− mi(vi)

2 +mj(vj)
2

2kBT

)
=

(mimj)
3
2

(2πkBT )3

[
(mimj)

1
2

(mkml)
1
2

cαk c
α
l exp

(
QR

kBT

)
−cαi cαj

]
exp
(
− mi(vi)

2+mj(vj)
2

2kBT

)

=
(mimj)

3
2

(2πkBT )3

[(
µij

µkl

) 1
2

cαk c
α
l exp

(
QR

kBT

)
−cαi cαj

]
exp
(
− mi(vi)

2 +mj(vj)
2

2kBT

)
, (4.3.19)

where

µij =
mimj

mi +mj

, µkl =
mkml

mk +ml

and mi +mj = mk +ml =M

have been used to obtain equation (4.3.19). Substituting equation (4.3.19) into the integral D given in

equation (4.3.18), we obtain:

D= σ2
ij

(mimj)
3
2

(2πkBT )3

[(
µij

µkl

) 1
2

cαk c
α
l exp

(
QR

kBT

)
− cαi c

α
j

]

×
∫
R3

∫
R3

∫
S2+

exp
(
−mi(vi)

2 +mj(vj)
2

2kBT

)
Θ
(〈
ϵ, c0vi−c0vj

〉
−Ξij

)
〈ϵ,vi−vj〉 dϵdvjdvi.

Observe that∫
S2+

Θ(〈ϵ, c0vi − c0vj〉 − Ξij) 〈ϵ,vi − vj〉 dϵ

= Θ

(
V ∗ − Ξij

c0

)∫ arccos
(

Ξij
c0V

∗

)
0

∫ 2π

0

V ∗cosθ sinθ dϕ dθ

= 2πV ∗Θ

(
V ∗ − Ξij

c0

)∫ arccos
(

Ξij
c0V

∗

)
0

cosθ sinθ dθ

= 2πV ∗Θ

(
V ∗ − Ξij

c0

)[
−cos

2θ

2

]arccos( Ξij
c0V

∗

)
0

= πV ∗Θ

(
V ∗ − Ξij

c0

)[
−
(

Ξij

c0V ∗

)2

+ 1

]

= πV ∗Θ

(
V ∗ − Ξij

c0

)[
1−

(
Ξij

c0V ∗

)2
]
, (4.3.20)

where equation (2.4.7) have been used together with the fact that V ∗ = |vj−vi| = |vi−vj|. Therefore,

D = σ2
ij

(mimj)
3
2

(2πkBT )3

[(
µij

µkl

) 1
2

cαk c
α
l exp

(
QR

kBT

)
− cαi c

α
j

]

× π

∫
R3

∫
R3

exp
(
− mi(vi)

2 +mj(vj)
2

2kBT

)
V ∗Θ

(
V ∗ − Ξij

c0

)[
1−

(
Ξij

c0V ∗

)2
]
dvjdvi.
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It is convenient to transform the above six fold integral from vi and vj to the centre of mass velocity

X∗ and relative velocity V ∗ defined as given in equations (2.4.6) and (2.4.7), respectively. Now using

equation (2.4.12) with mi + mj = M together with the fact that the Jacobian of the transformation

(vi,vj)→ (X∗,V ∗) has absolute value 1, which implies that

dvidvj = dX∗dV ∗, (4.3.21)

we can rewrite the integral D as follows:

D = σ2
ij

(mimj)
3
2

(2πkBT )3

[(
µij

µkl

) 1
2

cαk c
α
l exp

(
QR

kBT

)
− cαi c

α
j

]

× π

∫
R3

∫
R3

exp
(
− MX∗2 + µijV

∗2

2kBT

)
V ∗Θ

(
V ∗ − Ξij

c0

)[
1−

(
Ξij

c0V ∗

)2
]
dX∗dV ∗

= σ2
ij

(mimj)
3
2

(2πkBT )3

[(
µij

µkl

) 1
2

cαk c
α
l exp

(
QR

kBT

)
− cαi c

α
j

]
π

×
∫
R3

exp
(
−MX∗2

2kBT

)
dX∗

∫
R3

exp
(
−µijV

∗2

2kBT

)
V ∗Θ

(
V ∗ − Ξij

c0

)[
1−

(
Ξij

c0V ∗

)2
]
dV ∗.

Integrating the first integral in the last equality in the previous equation in spherical coordinates gives:∫
R3

exp
(
− MX∗2

2kBT

)
dX∗ =

∫ ∞

0

∫ π

0

∫ 2π

0

exp
(
− MX∗2

2kBT

)
X∗2 sin θ dϕ dθ dX∗

= 2π

∫ ∞

0

∫ π

0

exp
(
− MX∗2

2kBT

)
X∗2 sin θ dθ dX∗

= 4π

∫ ∞

0

exp
(
− MX∗2

2kBT

)
X∗2 dX∗.

Using the integral representation of gamma function given in equation (4.3.8) with n = 2 and η =(
M

2kBT

)
gives: ∫

R3

exp
(
− MX∗2

2kBT

)
dX∗ = 4π

1

2
Γ

(
3

2

)(
2kBT

M

) 3
2

= 2π ×
√
π

2

(
2kBT

M

) 3
2

=

(
2πkBT

M

) 3
2

. (4.3.22)

Therefore, the integral D reduces to:

D = σ2
ij

(mimj)
3
2

(2πkBT )3

[(
µij

µkl

) 1
2

cαk c
α
l exp

(
QR

kBT

)
− cαi c

α
j

]
π

(
2πkBT

M

) 3
2

×
∫
R3

exp
(
− µijV

∗2

2kBT

)
V ∗Θ

(
V ∗ − Ξij

c0

)[
1−

(
Ξij

c0V ∗

)2
]
dV ∗
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= σ2
ij

(mimj)
3
2

(2πkBT )3

[(
µij

µkl

) 1
2

cαk c
α
l exp

(
QR

kBT

)
− cαi c

α
j

]
π

(
2πkBT

M

) 3
2

[ ∫
R3

exp
(
− µijV

∗2

2kBT

)
V ∗Θ

(
V ∗ − Ξij

c0

)
dV ∗

−
∫
R3

exp
(
− µijV

∗2

2kBT

)
V ∗Θ

(
V ∗ − Ξij

c0

)(
Ξij

c0V ∗

)2

dV ∗
]
.

Integrating the first integral in the last equality of the previous equation in spherical coordinates gives:∫
R3

exp
(
− µijV

∗2

2kBT

)
V ∗Θ

(
V ∗ − Ξij

c0

)
dV ∗

=

∫ ∞

0

∫ π

0

∫ 2π

0

exp
(
− µijV

∗2

2kBT

)
V ∗Θ

(
V ∗ − Ξij

c0

)
V ∗2 sin θ dϕ dθ dV ∗

=

∫ ∞

0

exp
(
− µijV

∗2

2kBT

)
V ∗Θ

(
V ∗ − Ξij

c0

)
V ∗2 dV ∗

∫ π

0

sin θ dθ︸ ︷︷ ︸
2

∫ 2π

0

dϕ︸ ︷︷ ︸
2π

= 4π

∫ ∞

V ∗≥
Ξij
c0

V ∗3 exp
(
− µijV

∗2

2kBT

)
dV ∗.

Let

z
1
2 = V ∗

(
µij

2kBT

) 1
2

⇐⇒ z =

(
µijV

∗2

2kBT

)
. (4.3.23)

Therefore,

V ∗ = z
1
2

(
2kBT

µij

) 1
2

⇐⇒ V ∗3 = z
3
2

(
2kBT

µij

) 3
2

,

dV ∗

dz
=

1

2
z−

1
2

(
2kBT

µij

) 1
2

⇐⇒ dV ∗ =
1

2z
1
2

(
2kBT

µij

) 1
2

dz. (4.3.24)

With the change of variable given in equation (4.3.23), the condition V ∗ ≥ Ξij

c0
becomes

z
1
2

(
2kBT

µij

) 1
2

≥ Ξij

c0
⇐⇒ z

1
2 ≥ Ξij

c0

(
µij

2kBT

) 1
2

⇐⇒ z ≥
(
Ξij

c0

)2
µij

2kBT
= z∗i . (4.3.25)

Thus∫
R3

exp
(
− µijV

∗2

2kBT

)
V ∗Θ

(
V ∗−Ξij

c0

)
dV ∗=4π

∫ ∞

z∗i

z
3
2

(
2kBT

µij

) 3
2

exp(−z) 1

2z
1
2

(
2kBT

µij

) 1
2

dz

= 2π

(
2kBT

µij

)2 ∫ ∞

z∗i

z exp(−z)dz.

Using the incomplete Euler gamma function given in equation (4.3.3) with η− 1 = 1, i.e., η = 2 gives:∫
R3

exp
(
− µijV

∗2

2kBT

)
V ∗Θ

(
V ∗ − Ξij

c0

)
dV ∗ = 2π

(
2kBT

µij

)2

Γ(2, z∗i ).
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Therefore, the integral D reduces to:

D = σ2
ij

(mimj)
3
2

(2πkBT )3

[(
µij

µkl

) 1
2

cαk c
α
l exp

(
QR

kBT

)
− cαi c

α
j

]
π

(
2πkBT

M

) 3
2

[
2π

(
2kBT

µij

)2

Γ(2, z∗i )−
∫
R3

exp
(
− µijV

∗2

2kBT

)
V ∗Θ

(
V ∗ − Ξij

c0

)(
Ξij

c0V ∗

)2

dV ∗
]
.

Integrating the integral on the right-hand side of the previous equation in spherical coordinates gives:∫
R3

exp
(
− µijV

∗2

2kBT

)
V ∗Θ

(
V ∗ − Ξij

c0

)(
Ξij

c0V ∗

)2

dV ∗

=

∫ ∞

0

∫ π

0

∫ 2π

0

exp
(
− µijV

∗2

2kBT

)
V ∗Θ

(
V ∗ − Ξij

c0

)(
Ξij

c0V ∗

)2

V ∗2 sin θ dϕdθ dV ∗

=

∫ ∞

0

exp
(
− µijV

∗2

2kBT

)
V ∗Θ

(
V ∗ − Ξij

c0

)(
Ξij

c0V ∗

)2

V ∗2dV ∗
∫ π

0

sin θ dθ︸ ︷︷ ︸
2

∫ 2π

0

dϕ︸ ︷︷ ︸
2π

= 4π

(
Ξij

c0

)2 ∫ ∞

V ∗≥
Ξij
c0

V ∗ exp
(
− µijV

∗2

2kBT

)
dV ∗.

Using the change of variable given in equation (4.3.23) together with equations (4.3.24) and (4.3.25), we

have that the previous equation can be rewritten as:∫
R3

exp
(
− µijV

∗2

2kBT

)
V ∗Θ

(
V ∗ − Ξij

c0

)(
Ξij

c0V ∗

)2

dV ∗

= 4π

(
Ξij

c0

)2 ∫ ∞

z∗i

z
1
2

(
2kBT

µij

) 1
2

exp(−z) 1

2z
1
2

(
2kBT

µij

) 1
2

dz

= 2π

(
Ξij

c0

)2(
2kBT

µij

)∫ ∞

z∗i

exp(−z) dz.

Using the incomplete Euler gamma function given in equation (4.3.3) with η− 1 = 0, i.e., η = 1, gives:∫
R3

exp
(
− µijV

∗2

2kBT

)
V ∗Θ

(
V ∗ − Ξij

c0

)(
Ξij

c0V ∗

)2

dV ∗ = 2π

(
Ξij

c0

)2(
2kBT

µij

)
Γ(1, z∗i ).

Therefore, the integral D reduces to:

D = σ2
ij

(mimj)
3
2

(2πkBT )3

[(
µij

µkl

) 1
2

cαk c
α
l exp

(
QR

kBT

)
− cαi c

α
j

]
π

(
2πkBT

M

) 3
2

[
2π

(
2kBT

µij

)2

Γ(2, z∗i )− 2π

(
Ξij

c0

)2(
2kBT

µij

)
Γ(1, z∗i )

]
= σ2

ij

(mimj)
3
2

(2πkBT )3
2π2

(
2πkBT

M

) 3
2
(
2kBT

µij

)[(
µij

µkl

) 1
2

cαk c
α
l exp

(
QR

kBT

)
−cαi cαj

]
[(

2kBT

µij

)
Γ(2, z∗i )−

(
Ξij

c0

)2

Γ(1, z∗i )

]
.
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Observe that

σ2
ij

(mimj)
3
2

(2πkBT )3
2π2

(
2πkBT

M

) 3
2
(
2kBT

µij

)
= σ2

ij

1

(2πkBT )
3
2

2π2

(
mimj

mi +mj

) 3
2
(
2kBT

µij

)
= σ2

ij2π

(
µij

2πkBT

) 3
2
(
2πkBT

µij

)
= σ2

ij

(
2πµij

kBT

) 1
2

.

Thus

D = σ2
ij

(
2πµij

kBT

) 1
2

[(
µij

µkl

) 1
2

cαk c
α
l exp

(
QR

kBT

)
− cαi c

α
j

]

×
[(

2kBT

µij

)
Γ(2, z∗i )−

(
Ξij

c0

)2

Γ(1, z∗i )

]
. (4.3.26)

Following similar steps as those used to obtain equation (4.3.26) above, one obtains that the integrals Ē
and F given in equation (4.3.18) both vanish. For the evaluation of the integrals Ē and F , see Appendix

A Section A.1 and Section A.2, respectively. Therefore,∫
R3

J̃αR
i dvi = σ2

ij

(
2πµij

kBT

) 1
2

[(
µij

µkl

) 1
2

cαk c
α
l exp

(
QR

kBT

)
−cαi cαj

]

×
[(

2kBT

µij

)
Γ(2, z∗i )−

(
Ξij

c0

)2

Γ(1, z∗i )

]
. (4.3.27)

Finally, the fact that Ji = λiJ1, where λ1 = λ2 = 1 and λ3 = λ4 = −1 is an immediate

consequence of Corollary 2.3.15 about the reactive collision operators.

Remark 4.3.2. (a) The reaction rate Ji given in equation (4.3.2) can be written in an equiv-

alent form, as a phenomenological law for the chemical reaction (2.3.1):

Ji = −λi
(
kf c

α
1 c

α
2 − kb c

α
3 c

α
4

)
, i = 1, . . . , 4, (4.3.28)

with kf and kb being the forward and backward rate constants given, respectively, by

kf = σ2
12

√
8πkBT

µ12

exp
(
− ζ1
kBT

)
and kb = σ2

34

√
8πkBT

µ34

exp
(
− ζ3
kBT

)
, (4.3.29)

Equation (4.3.28) expresses the reaction rate in the form used, in general, in physical appli-

cations, see [74].

(b) The reaction rate Ji given in equation (4.3.2) differs from the corresponding one obtained

in [13], see equation (42) of [13]. This is essentially because the cross-sections of the SRS

kinetic model are of hard-sphere type and the integral over S2
+ was explicitly evaluated, see,

equation (4.3.20), whereas the cross-sections of the kinetic model studied in [13] are of

Maxwell molecules type and the integral over S2 was not explicitly evaluated. Moreover, the
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exponent 1/2, instead of 3/2 as in [13], is a consequence of the fact that the exponent of

the term
(
µij/µkl

)
in the reactive collision operator JαR

i is 2, see equation (3.3.16), while in

[13] it is 3.

4.4 Momentum Balance Equations

The momentum balance equations for the species in the reactive mixture can formally be derived from

the scaled SRS kinetic equations given in equation (4.2.1). This is achieved by multiplying the scaled

kinetic equations by the molecular velocity vi and then integrate the resulting equations over all possible

velocities.

Lemma 4.4.1. The momentum balance equation for each of the species in the reactive

mixture is given by

α2 ∂

∂t
(cαi u

α
i ) +

kBT

mi

∂cαi
∂x

+ α2 ∂

∂x
(cαi u

α
i ⊗ uα

i ) = Oi − Pi +Qi, (4.4.1)

where

Oi =
32

9

4∑
s=1
s ̸=i

σ2
is

ms

mi +ms

(
2πkBT

µis

)1
2

cαi c
α
s

(
uα

s − uα
i

)
, (4.4.2)

Pi = α2σ2
ij

8
√
πmj

9M

µij

kBT
cαi c

α
j (u

α
j −uα

i )

[(
2kBT

µij

)3
2

Γ(3, z∗i )−
(
Ξij

c0

)3

Γ

(
3

2
, z∗i

)]
(4.4.3)

Qi = α2σ2
ijc

α
k c

α
l

1

M

{[
2

(
2πkBT

µkl

) 1
2
(
mkΓ (2, zi∗) +

2

3
mlΓ(3, zi∗)

)

−
(
Ξkl

c0

)2(
2πµkl

kBT

) 1
2
(
mkΓ(1, zi∗) +

2

3
mlΓ(2, zi∗)

)]
uα

k

+

[
2

(
2πkBT

µkl

) 1
2
(
mkΓ (2, zi∗) +

2

3
mlΓ(3, zi∗)

)

−
(
Ξkl

c0

)2(
2πµkl

kBT

) 1
2
(
mkΓ(1, zi∗) +

2

3
mlΓ(2, zi∗)

)]
uα

l

}

− α2σ2
ijc

α
i c

α
j

1

M

{[
2

(
2πkBT

µij

) 1
2
{
miΓ (2, z∗i ) +

2

3
mjΓ(3, z

∗
i )

}

+

(
Ξij

c0

)2(
2πµij

kBT

) 1
2
(
miΓ(1, z

∗
i ) +

2

3
mjΓ(2, z

∗
i )

)]
uα

i

−

[
2

(
2πkBT

µij

) 1
2
{
miΓ (2, z∗i ) +

2

3
mjΓ(3, z

∗
i )

}

+

(
Ξij

c0

)2(
2πµij

kBT

) 1
2
(
miΓ(1, z

∗
i ) +

2

3
mjΓ(2, z

∗
i )

)]
uα

j

}
.

(4.4.4)
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Proof. Multiplying both sides of the scaled SRS kintetic equations given in equation (4.2.1) by vi and

then integrate the resulting equation with respect vi ∈ R3, we obtain:

α

∫
R3

vi
∂fα

i

∂t
dvi +

∫
R3

(vi ⊗ vi)
∂fα

i

∂x
dvi

=
1

α

∫
R3

viJ
αmE
i dvi +

1

α

∫
R3

viJ
αbE
i dvi − α

∫
R3

viJ̃
αb∗E
ij dvi + α

∫
R3

viJ̃
αR
i dvi.

Using the Leibniz rule for differentiation under the integral sign for the two terms on the left-hand side of

the previous equation, we obtain:

α
∂

∂t

(∫
R3

vif
α
i dvi

)
︸ ︷︷ ︸

cαi u
α
i see (4.3.11)

+
∂

∂x

(∫
R3

(vi ⊗ vi)f
α
i dvi

)

=
1

α

∫
R3

viJ
αmE
i dvi +

1

α

∫
R3

viJ
αbE
i dvi︸ ︷︷ ︸

Oi

−α

∫
R3

viJ̃
αb∗E
ij dvi︸ ︷︷ ︸

Pi

+α

∫
R3

viJ̃
αR
i dvi︸ ︷︷ ︸

Qi

. (4.4.5)

Using the definition of the distribution functions given in equation (4.2.3), we can write the second integral

on the left-hand side of the previous equation as follows:∫
R3

(vi ⊗ vi)f
α
i dvi = cαi

(
mi

2πkBT

)3
2
∫
R3

(vi ⊗ vi) exp

(
−
mi

(
vi − αuα

i

)2
2kBT

)
dvi.

Using equation (4.3.7), we obtain:∫
R3

(vi ⊗ vi)f
α
i dvi = cαi

(
mi

2πkBT

)3
2
∫
R3

(
(ξi + αuα

i )⊗ (ξi + αuα
i )
)
exp

(
−
mi

(
ξi
)2

2kBT

)
dξi.

Observe that

(ξi + αuα
i )⊗ (ξi + αuα

i ) = ξi ⊗ (ξi + αuα
i ) + αuα

i ⊗ (ξi + αuα
i )

= ξi ⊗ ξi + 2α(ξi ⊗ uα
i ) + α2(uα

i ⊗ uα
i ). (4.4.6)

Therefore,∫
R3

(vi ⊗ vi)f
α
i dvi = cαi

(
mi

2πkBT

)3
2
∫
R3

(
ξi ⊗ ξi + 2α(ξi ⊗ uα

i ) + α2(uα
i ⊗ uα

i )
)

× exp

(
−
mi

(
ξi
)2

2kBT

)
dξi.

Expanding the previous equation gives:∫
R3

(vi ⊗ vi)f
α
i dvi = cαi

(
mi

2πkBT

)3
2
∫
R3

(ξi ⊗ ξi) exp

(
− mi(ξi)

2

2kBT

)
dξi
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+ cαi

(
mi

2πkBT

)3
2

2αuα
i ⊗

∫
R3

ξi exp

(
− mi(ξi)

2

2kBT

)
dξi︸ ︷︷ ︸

0 see (4.3.10)

+ cαi

(
mi

2πkBT

)3
2

α2(uα
i ⊗ uα

i )

∫
R3

exp

(
− mi(ξi)

2

2kBT

)
dξi.

The third term on the right-hand side of the previous equation can be written as

α2(uα
i ⊗ uα

i )c
α
i

(
mi

2πkBT

)3
2
∫
R3

exp

(
− mi(ξi)

2

2kBT

)
dξi = α2(uα

i ⊗ uα
i )

∫
R3

fα
i dvi︸ ︷︷ ︸

cαi see (4.3.9)

.

Therefore,∫
R3

(vi ⊗ vi)f
α
i dvi = cαi

(
mi

2πkBT

)3
2
∫
R3

(ξi ⊗ ξi) exp

(
− mi(ξi)

2

2kBT

)
dξi + α2cαi (u

α
i ⊗ uα

i ).

The integral on the right-hand side of the previous equation can be written as∫
R3

(ξi ⊗ ξi) exp

(
− mi(ξi)

2

2kBT

)
dξi =

1

3
I
∫
R3

(ξi)
2 exp

(
− mi(ξi)

2

2kBT

)
dξi,

where I is an identity tensor. Writing the previous equation in spherical coordinates and integrating gives:∫
R3

(ξi ⊗ ξi) exp

(
− mi(ξi)

2

2kBT

)
dξi=

1

3
I
∫ ∞

0

∫ π

0

∫ 2π

0

(ξi)
2 exp

(
− mi(ξi)

2

2kBT

)
ξ2i sin θ dϕ dθ dξi

=
1

3
I
∫ ∞

0

ξ4i exp

(
− mi(ξi)

2

2kBT

)
dξi

∫ π

0

sin θ dθ︸ ︷︷ ︸
2

∫ 2π

0

dϕ︸ ︷︷ ︸
2π

=
4π

3
I
∫ ∞

0

ξ4i exp

(
− mi(ξi)

2

2kBT

)
dξi.

Using the integral representation of gamma function given in equation (4.3.8), we obtain:∫
R3

(ξi ⊗ ξi) exp

(
− mi(ξi)

2

2kBT

)
dξi =

4π

3
I
1

2
Γ

(
5

2

)(
2kBT

mi

) 5
2

=
4π

3
I
1

2

3
√
π

4

(
2kBT

mi

) 5
2

= I
1

2

(
2πkBT

mi

) 3
2 2kBT

mi

= I
(
2πkBT

mi

) 3
2 kBT

mi

.

Thus
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∫
R3

(vi ⊗ vi)f
α
i dvi = cαi

(
mi

2πkBT

)3
2

I
(
2πkBT

mi

) 3
2 kBT

mi

+ α2cαi (u
α
i ⊗ uα

i )

= cαi
kBT

mi

+ α2cαi (u
α
i ⊗ uα

i ). (4.4.7)

Substituting equation (4.4.7) into equation (4.4.5), we obtain:

α
∂

∂t
(cαi u

α
i ) +

∂

∂x

(
cαi
kBT

mi

+ α2cαi (u
α
i ⊗ uα

i )

)
=

1

α

∫
R3

viJ
αmE
i dvi +

1

α

∫
R3

viJ
αbE
i dvi︸ ︷︷ ︸

Oi

−α

∫
R3

viJ̃
αb∗E
ij dvi︸ ︷︷ ︸

Pi

+α

∫
R3

viJ̃
αR
i dvi︸ ︷︷ ︸

Qi

. (4.4.8)

Since the properties of the scaled collision operators are similar to their un-scaled version, the first integral

on the right-hand side of equation (4.4.8) vanishes, that is,∫
R3

viJ
αmE
i dvi = 0. (4.4.9)

See the second equation of (2.3.54) withmi = 1.

To evaluate the integral Oi given in equation (4.4.8), we substitute equation (3.3.14) into the integral

Oi and use equation (2.3.38) of Lemma 2.3.8 with φ(vi) = vi to obtain:

Oi =
1

α

4∑
s=1
s ̸=i

σ2
is

∫
R3

∫
R3

∫
S2+

(
v′
i − vi

)
fα
i f

α
s 〈ϵ,vi − vs〉 dϵ dvs dvi

since the properties of the scaled collision operators are similar to their un-scaled version. Observe that

from the definition of elastic post-collision velocity given in equation (2.3.8), we can write:

v′
i − vi = −2µis

mi

〈ϵ,vi − vs〉 ϵ

= − 2mims

(mi +ms)mi

‖vi − vs‖ cos θ
vi − vs

‖vi − vs‖

=
2ms

mi +ms

(vs − vi) cos θ. (4.4.10)

Therefore,

Oi =
1

α

4∑
s=1
s ̸=i

σ2
is

∫
R3

∫
R3

∫
S2+

2ms

mi +ms

(vs − vi) cos θfα
i f

α
s 〈ϵ,vi − vs〉 dϵ dvs dvi

=
1

α

4∑
s=1
s ̸=i

σ2
is

2ms

mi +ms

∫
R3

∫
R3

∫ π

0

∫ 2π

0

(vs − vi) cos θfα
i f

α
s ‖vi−vs‖ cos θ sin θdϕdθdvsdvi

=
1

α

4∑
s=1
s ̸=i

σ2
is

2ms

mi +ms

∫
R3

∫
R3

(vs − vi)f
α
i f

α
s ‖vi−vs‖ dvs dvi

∫ π

0

sin θ cos2 θdθ︸ ︷︷ ︸
1
3

∫ 2π

0

dϕ︸ ︷︷ ︸
2π
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=
4π

3α

4∑
s=1
s ̸=i

σ2
is

ms

mi +ms

∫
R3

∫
R3

(vs − vi)f
α
i f

α
s ‖vi−vs‖ dvs dvi.

Substituting equation (4.3.15) with j replaced by s into the last equality of the previous equation, then

expand the resulting equation and neglect the terms of order α2, that is, the term with coefficient (ai ·
vi)(aj · vj), we obtain:

Oi =
4π

3α

4∑
s=1
s ̸=i

σ2
is

ms

mi +ms

∫
R3

∫
R3

(vs − vi)M
α
i M

α
s ‖vi−vs‖ dvs dvi

+
4π

3α

4∑
s=1
s ̸=i

σ2
is

ms

mi +ms

∫
R3

∫
R3

(vs − vi)M
α
i M

α
s (ai · vi) ‖vi−vs‖ dvs dvi

+
4π

3α

4∑
s=1
s ̸=i

σ2
is

ms

mi +ms

∫
R3

∫
R3

(vs − vi)M
α
i M

α
s (as · vs) ‖vi−vs‖ dvs dvi

=
4π

3α

4∑
s=1
s ̸=i

σ2
is

ms

mi +ms

cαi c
α
s

(mims)
3
2

(2πkBT )3

∫
R3

∫
R3

(vs − vi) exp

(
− mi(vi)

2 +ms(vs)
2

2kBT

)

× ‖vi−vs‖ dvs dvi

+
4π

3α

4∑
s=1
s ̸=i

σ2
is

ms

mi +ms

cαi c
α
s

(mims)
3
2

(2πkBT )3

∫
R3

∫
R3

(vs − vi) exp

(
− mi(vi)

2 +ms(vs)
2

2kBT

)

× (ai · vi) ‖vi−vs‖ dvs dvi

+
4π

3α

4∑
s=1
s ̸=i

σ2
is

ms

mi +ms

cαi c
α
s

(mims)
3
2

(2πkBT )3

∫
R3

∫
R3

(vs − vi) exp

(
− mi(vi)

2 +ms(vs)
2

2kBT

)

× (as · vs) ‖vi−vs‖ dvs dvi.

It will be convenient to transform the above six fold integrals to the centre of mass velocity

X∗ =
mivi +msvs

mi +ms

, (4.4.11)

and relative velocity
V ∗ = vs − vi. (4.4.12)

Following the steps used to obtain equations (2.4.10), (2.4.11) and (2.4.12), we obtain:

vi = X∗ −
msV ∗

mi +ms

, (4.4.13)

vs = X∗ +
miV ∗

mi +ms

, (4.4.14)

mi(vi)
2 +ms(vs)

2 = (mi +ms)X
2
∗ + µisV

2
∗ , (4.4.15)
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respectively, where X∗ = ||X∗|| = |X∗| and V∗ = ||V ∗|| = |V ∗| = |vs − vi| = |vi − vs|.
Using equations (4.4.12), (4.4.13), (4.4.14) and (4.4.15) together with the fact that the Jacobian of the

transformation (vi,vs) → (X∗,V ∗) has absolute value of unity, which implies that

dvi dvs = dX∗ dV ∗, (4.4.16)

we can rewrite the integral Oi as follows:

Oi =
4π

3α

4∑
s=1
s̸=i

σ2
is

ms

mi +ms

cαi c
α
s

(mims)
3
2

(2πkBT )3

∫
R3

∫
R3

V ∗ exp

(
− MisX

2
∗ + µisV

2
∗

2kBT

)
V∗ dX∗ dV ∗

+
4π

3α

4∑
s=1
s ̸=i

σ2
is

ms

mi +ms

cαi c
α
s

(mims)
3
2

(2πkBT )3

×
∫
R3

∫
R3

V ∗ exp

(
− MisX

2
∗ + µisV

2
∗

2kBT

)
ai ·

(
X∗ −

msV ∗

Mis

)
V∗ dX∗ dV ∗

+
4π

3α

4∑
s=1
s ̸=i

σ2
is

ms

mi +ms

cαi c
α
s

(mims)
3
2

(2πkBT )3

×
∫
R3

∫
R3

V ∗ exp

(
− MisX

2
∗ + µisV

2
∗

2kBT

)
as ·

(
X∗ +

miV ∗

Mis

)
V∗ dX∗ dV ∗,

where the notationmi +ms =Mis have been used. Expanding the previous equation gives:

Oi =
4π

3α

4∑
s=1
s ̸=i

σ2
is

ms

mi +ms

cαi c
α
s

(mims)
3
2

(2πkBT )3

×
∫
R3

exp

(
− MisX

2
∗

2kBT

)
dX∗

∫
R3

V ∗ exp

(
− µisV∗

2

2kBT

)
V∗ dV ∗

+
4π

3α

4∑
s=1
s̸=i

σ2
is

ms

mi +ms

cαi c
α
s

(mims)
3
2

(2πkBT )3

×
∫
R3

(ai ·X∗) exp

(
− MisX∗

2

2kBT

)
dX∗

∫
R3

V ∗ exp

(
− µisV∗

2

2kBT

)
V∗ dV ∗

− 4π

3α

4∑
s=1
s ̸=i

σ2
is

ms

mi +ms

cαi c
α
s

(mims)
3
2

(2πkBT )3

×
∫
R3

exp

(
− MisX∗

2

2kBT

)
dX∗

ms

Mis

∫
R3

V ∗(ai · V ∗) exp

(
− µisV∗

2

2kBT

)
V∗ dV ∗

+
4π

3α

4∑
s=1
s̸=i

σ2
is

ms

mi +ms

cαi c
α
s

(mims)
3
2

(2πkBT )3
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×
∫
R3

(as ·X∗) exp

(
− MisX∗

2

2kBT

)
dX∗

∫
R3

V ∗ exp

(
− µisV∗

2

2kBT

)
V∗ dV ∗

+
4π

3α

4∑
s=1
s ̸=i

σ2
is

ms

mi +ms

cαi c
α
s

(mims)
3
2

(2πkBT )3

×
∫
R3

exp

(
− MisX∗

2

2kBT

)
dX∗

mi

Mis

∫
R3

V ∗(as · V ∗) exp

(
− µisV∗

2

2kBT

)
V∗ dV ∗.

Rearranging, we obtain:

Oi =
4π

3α

4∑
s=1
s ̸=i

σ2
is

ms

mi +ms

cαi c
α
s

(mims)
3
2

(2πkBT )3{∫
R3

exp

(
− MisX∗

2

2kBT

)
dX∗︸ ︷︷ ︸

Z1

∫
R3

V ∗ exp

(
− µisV∗

2

2kBT

)
V∗ dV ∗︸ ︷︷ ︸

Z2

+ (ai + as) ·
∫
R3

X∗ exp

(
− MisX∗

2

2kBT

)
dX∗︸ ︷︷ ︸

Z3

(∫
R3

V ∗ exp

(
− µisV∗

2

2kBT

)
V∗ dV ∗

)
︸ ︷︷ ︸

Z2

+

∫
R3

exp

(
− MisX∗

2

2kBT

)
dX∗︸ ︷︷ ︸

Z1

mi

Mis

∫
R3

V ∗(as · V ∗) exp

(
− µisV∗

2

2kBT

)
V∗ dV ∗︸ ︷︷ ︸

Z4

−
∫
R3

exp

(
− MisX

2
∗

2kBT

)
dX∗︸ ︷︷ ︸

Z1

ms

Mis

∫
R3

V ∗(ai · V ∗) exp

(
− µisV∗

2

2kBT

)
V∗ dV ∗︸ ︷︷ ︸

Z5

}
.

The integral Z1 is similar to the integral evaluated in equation (4.3.22). Therefore following similar proce-

dure, one has that ∫
R3

exp

(
− MisX∗

2

2kBT

)
dX∗ =

(
2πkBT

Mis

) 3
2

. (4.4.17)

The integral Z2 can be written as∫
R3

V ∗ exp

(
− µisV∗

2

2kBT

)
V∗ dV ∗ =

∫
R3

V∗v⃗ exp

(
− µisV

2
∗

2kBT

)
V∗ dV ∗,

where the fact that any vectorV ∗ can be written in terms of a unit vector asV ∗ = V∗v⃗, with V∗ = ‖V ∗‖
and v⃗ a unit vector have been used. Writing the previous integral in spherical coordinates and evaluating

gives:∫
R3

V∗v⃗ exp

(
− µisV∗

2

2kBT

)
V∗ dV ∗
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=

∫ ∞

0

∫ π

0

∫ 2π

0

V 2
∗ (x̂ sin θ cosϕ+ ŷ sin θ sinϕ+ ẑ cos θ) exp

(
− µisV∗

2

2kBT

)
V 2
∗ sin θdϕdθdV∗

=

∫ ∞

0

V 4
∗ exp

(
− µisV∗

2

2kBT

)
dV∗

(
x̂

∫ π

0

sin2 θdθ︸ ︷︷ ︸
π
2

∫ 2π

0

cosϕdϕ︸ ︷︷ ︸
0

+ŷ

∫ π

0

sin2 θdθ︸ ︷︷ ︸
π
2

∫ 2π

0

sinϕdϕ︸ ︷︷ ︸
0

+ ẑ

∫ π

0

cos θ sin θ︸ ︷︷ ︸
0

+

∫ 2π

0

dϕ︸ ︷︷ ︸
2π

)
,

where x̂, ŷ, ẑ are the Cartesian unit vectors in R3. The integral in V∗ can be evaluated using the integral

representation of gamma function given in Eq. (4.3.8) as given below:∫ ∞

0

V 4
∗ exp

(
− µisV∗

2

2kBT

)
dV∗ =

1

2
Γ

(
5

2

)(
2kBT

µis

)5
2

=
1

2

3
√
π

4

(
2kBT

µis

)5
2

=
3
√
π

8

(
2kBT

µis

)5
2

. (4.4.18)

Therefore,∫
R3

V ∗ exp

(
− µisV∗

2

2kBT

)
V∗ dV ∗ =

3
√
π

8

(
2kBT

µis

) 5
2 [
x̂(0) + ŷ(0) + ẑ(0)

]
= 0. (4.4.19)

The integral Z3 is similar to the integral evaluated in equation (4.3.10). Therefore, following similar steps,

one has that ∫
R3

X∗ exp

(
− MisX∗

2

2kBT

)
dX∗ = 0. (4.4.20)

The integral Z4 can be written as∫
R3

V ∗(as · V ∗) exp

(
− µisV∗

2

2kBT

)
V∗ dV ∗ =

∫
R3

V∗v⃗(asV∗ cos θ) exp

(
− µisV∗

2

2kBT

)
V∗ dV ∗

= as

∫
R3

V∗v⃗ exp

(
− µisV∗

2

2kBT

)
V 2
∗ cos θ dV ∗,

where the fact that any vectorV ∗ can be written in terms of a unit vector asV ∗ = V∗v⃗, with V∗ = ‖V ∗‖,
v⃗ a unit vector and as = ||as|| = |as| have been used. Writing the previous integral in spherical

coordinates and integrating, gives:

as

∫
R3

V∗v⃗ exp

(
− µisV∗

2

2kBT

)
V 2
∗ cos θ dV ∗

= as

∫ ∞

0

∫ π

0

∫ 2π

0

V∗(x̂ sin θ cosϕ+ ŷ sin θ sinϕ+ ẑ cos θ) exp

(
− µisV

2
∗

2kBT

)
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× V 2
∗ cos θV 2

∗ sin θ dϕ dθ dV∗

= as

∫ ∞

0

V 5
∗ exp

(
− µisV∗

2

2kBT

)
dV∗

(
x̂

∫ π

0

sin2 θ cos θ dθ︸ ︷︷ ︸
0

∫ 2π

0

cosϕ dϕ︸ ︷︷ ︸
0

+ ŷ

∫ π

0

sin2 θ cos θ dθ︸ ︷︷ ︸
0

∫ 2π

0

sinϕdϕ︸ ︷︷ ︸
0

+ẑ

∫ π

0

sin θ cos2 θ dθ︸ ︷︷ ︸
2
3

∫ 2π

0

dϕ︸ ︷︷ ︸
2π

)
,

where x̂, ŷ, ẑ are the Cartesian unit vectors in R3. The integral in V∗ above can be evaluated using the
integral representation of gamma function given in equation (4.3.8) as given below:∫ ∞

0

V 5
∗ exp

(
− µisV∗

2

2kBT

)
dV∗ =

1

2
Γ(3)

(
2kBT

µis

)3

=
1

2
2!

(
2kBT

µis

)3

=

(
2kBT

µis

)3

. (4.4.21)

Therefore,∫
R3

V ∗(as · V ∗) exp

(
− µisV∗

2

2kBT

)
V∗ dV ∗=as

(
2kBT

µis

)3

ẑ
4π

3
=as

4π

3

(
2kBT

µis

)3

. (4.4.22)

Similarly, following the same steps as those used in the evaluation of the integral Z4, we obtain that the

integral Z5 is given by:∫
R3

V ∗(ai · V ∗) exp
(
−µisV

2
∗

2kBT

)
V∗dV ∗ = ai

4π

3

(
2kBT

µis

)3

. (4.4.23)

Now substituting equations (4.4.17), (4.4.19), (4.4.20), (4.4.22) and (4.4.23) into Oi gives:

Oi =
4π

3α

4∑
s=1
s ̸=i

σ2
is

ms

mi +ms

cαi c
α
s

(mims)
3
2

(2πkBT )3

{(
2πkBT

Mis

) 3
2

× 0+
(
(ai + as) · 0

)
0

+

(
2πkBT

Mis

) 3
2 mi

Mis

as
4π

3

(
2kBT

µis

)3

−
(
2πkBT

Mis

) 3
2 ms

Mis

ai
4π

3

(
2kBT

µis

)3
}

=
4π

3α

4∑
s=1
s ̸=i

σ2
is

ms

mi +ms

cαi c
α
s

(mims)
3
2

(2πkBT )3

{(
2πkBT

Mis

) 3
2 mi

Mis

as
4π

3

(
2kBT

µis

)3

−
(
2πkBT

Mis

) 3
2 ms

Mis

ai
4π

3

(
2kBT

µis

)3
}

=
16π2

9α

4∑
s=1
s ̸=i

σ2
is

ms

mi+ms

cαi c
α
s

(mims)
3
2

(2πkBT )3

(
2πkBT

Mis

)3
2
(
2kBT

µis

)3
{
mi

Mis

αmsu
α
s

kBT
− ms

Mis

αmiu
α
i

kBT

}

=
16π2

9

4∑
s=1
s ̸=i

σ2
is

ms

mi+ms

cαi c
α
s

(mims)
3
2

(2πkBT )3

(
2πkBT

Mis

)3
2
(
2kBT

µis

)3
{
µisu

α
s

kBT
−µisu

α
i

kBT

}
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=
16π2

9

4∑
s=1
s ̸=i

σ2
is

ms

mi+ms

cαi c
α
s

(mims)
3
2

(2πkBT )3

(
2πkBT

Mis

)3
2
(
2kBT

µis

)3
µis

kBT
(uα

s − uα
i ),

where the definition of ai given in equation (4.3.14) have been used and as is similarly defined. Observe

that

16π2

9

4∑
s=1
s ̸=i

σ2
is

ms

mi+ms

cαi c
α
s

(mims)
3
2

(2πkBT )3

(
2πkBT

Mis

)3
2
(
2kBT

µis

)3
µis

kBT

=
16

9

4∑
s=1
s ̸=i

σ2
is

ms

mi+ms

cαi c
α
s

1

(2πkBT )
3
2

(
mims

Mis

)3
2
(
2πkBT

µis

)2(
2kBT

µis

)
µis

kBT

=
32

9

4∑
s=1
s ̸=i

σ2
is

ms

mi+ms

cαi c
α
s

(
µis

2πkBT

)3
2
(
2πkBT

µis

)2

=
32

9

4∑
s=1
s ̸=i

σ2
is

ms

mi+ms

cαi c
α
s

(
2πkBT

µis

) 1
2

.

Therefore,

Oi =
32

9

4∑
s=1
s ̸=i

σ2
is

ms

mi+ms

(
2πkBT

µis

) 1
2

cαi c
α
s (u

α
s − uα

i ) (4.4.24)

Next let us evaluate the third integral on the right-hand side of equation (4.4.8). To do this, we substitute

equation (3.3.17) into the integral Pi and use equation (2.3.49) of Lemma 2.3.10 with φ(vi) = vi to

obtain:

Pi = ασ2
ij

∫
R3

∫
R3

∫
S2+
(v′

i − vi)f
α
i f

α
j Θ(〈ϵ,vi − vj〉 − Ξij) 〈ϵ,vi − vj〉 dϵ dvj dvi,

since the properties of the scaled collision operators are similar to their un-scaled version. Substituting

equation (4.3.15) into the previous equation, expanding and neglecting the term of order α2, that is, the

term with coefficient (ai · vi)(aj · vj) gives:

Pi=ασ
2
ij

∫
R3

∫
R3

∫
S2+
(v′

i−vi)M
α
i M

α
j Θ(〈ϵ,vi−vj〉 − Ξij) 〈ϵ,vi−vj〉 dϵdvjdvi

+ ασ2
ij

∫
R3

∫
R3

∫
S2+
(v′

i − vi)M
α
i M

α
j (ai · vi)

×Θ(〈ϵ,vi − vj〉 − Ξij) 〈ϵ,vi − vj〉 dϵ dvj dvi

+ ασ2
ij

∫
R3

∫
R3

∫
S2+
(v′

i − vi)M
α
i M

α
j (aj · vj)

×Θ(〈ϵ,vi − vj〉 − Ξij) 〈ϵ,vi − vj〉 dϵ dvj dvi.

(4.4.25)

Using equation (4.4.10) with s replaced by j, we obtain:
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Pi = ασ2
ij

2mj

mi +mj

∫
R3

∫
R3

∫
S2+
(vj − vi) cos θMα

i M
α
j

×Θ(〈ϵ,vi−vj〉 − Ξij) 〈ϵ,vi − vj〉 dϵ dvj dvi

= ασ2
ij

2mj

mi +mj

∫
R3

∫
R3

∫
S2+
(vj − vi) cos θMα

i M
α
j (ai · vi)

×Θ(〈ϵ,vi − vj〉 − Ξij) 〈ϵ,vi − vj〉 dϵdvj dvi

= ασ2
ij

2mj

mi +mj

∫
R3

∫
R3

∫
S2+
(vj − vi) cos θMα

i M
α
j (as · vs)

×Θ(〈ϵ,vi − vj〉 − Ξij) 〈ϵ,vi − vj〉 dϵdvj dvi.

Observe that∫
S2+

cos θΘ(〈ϵ, c0vi − c0vj〉 − Ξij) 〈ϵ,vi − vj〉 dϵ

=

∫
S2+

cos θΘ(c0 ‖vi − vj‖ cos θ − Ξij) ‖vi − vj‖ cos θ dϵ

=

∫ π
2

0

∫ 2π

0

cos θΘ(c0 ‖vi − vj‖ cos θ − Ξij) ‖vi − vj‖ cos θ sin θ dϕ dθ

= 2π

∫ π
2

0

Θ(c0 ‖vi − vj‖ cos θ − Ξij) ‖vi − vj‖ cos2 θ sin θ dθ

= 2π

∫ arccos

(
Ξij

c0‖vi−vj‖

)

0

Θ

(
‖vi − vj‖ −

Ξij

c0

)
‖vi − vj‖ cos2 θ sin θ dθ

= 2πΘ

(
‖vi − vj‖ −

Ξij

c0

)
‖vi − vj‖

∫ arccos

(
Ξij

c0‖vi−vj‖

)

0

cos2 θ sin θ dθ

= 2πΘ

(
‖vi − vj‖ −

Ξij

c0

)
‖vi − vj‖

[
−cos

3θ

3

]arccos( Ξij

c0‖vi−vj‖

)

0

=
2π

3
Θ

(
‖vi − vj‖ −

Ξij

c0

)
‖vi − vj‖

[
1−

(
Ξij

c0 ‖vi − vj‖

)3
]
. (4.4.26)

Substituting equation (4.4.26) into the integral Pi above and using equation (2.4.7) together with the fact

that

‖vi − vj‖ = ‖−(vj − vi)‖ = | − 1| ‖vj − vi‖ = ‖V ∗‖ = V ∗, (4.4.27)

we obtain that the integral Pi can be written as given below:

Pi = ασ2
ij

4πmj

3(mi +mj)

∫
R3

∫
R3

V ∗Mα
i M

α
j Θ

(
V ∗ − Ξij

c0

)
V ∗

[
1−

(
Ξij

c0V ∗

)3
]
dvj dvi

+ ασ2
ij

4πmj

3(mi+mj)

∫
R3

∫
R3

V ∗Mα
iM

α
j (ai ·vi)Θ

(
V ∗−Ξij

c0

)
V ∗

[
1−
(

Ξij

c0V ∗

)3
]
dvj dvi
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+ ασ2
ij

4πmj

3(mi+mj)

∫
R3

∫
R3

V ∗Mα
iM

α
j (aj ·vj)Θ

(
V ∗−Ξij

c0

)
V ∗

[
1−
(

Ξij

c0V ∗

)3
]
dvj dvi

= ασ2
ij

4πmj

3(mi +mj)

(mimj)
3
2

(2πkBT )3
cαi c

α
j

∫
R3

∫
R3

V ∗ exp

(
− mi(vi)

2 +mj(vj)
2

2kBT

)

×Θ

(
V ∗ − Ξij

c0

)
V ∗

[
1−

(
Ξij

c0V ∗

)3
]
dvj dvi

+ ασ2
ij

4πmj

3(mi+mj)

(mimj)
3
2

(2πkBT )3
cαi c

α
j

∫
R3

∫
R3

V ∗ exp

(
− mi(vi)

2+mj(vj)
2

2kBT

)
(ai · vi)

×Θ

(
V ∗ − Ξij

c0

)
V ∗

[
1−

(
Ξij

c0V ∗

)3
]
dvj dvi

+ ασ2
ij

4πmj

3(mi +mj)

(mimj)
3
2

(2πkBT )3
cαi c

α
j

∫
R3

∫
R3

V ∗ exp

(
− mi(vi)

2 +mj(vj)
2

2kBT

)
(aj · vj)

×Θ

(
V ∗ − Ξij

c0

)
V ∗

[
1−
(

Ξij

c0V ∗

)3
]
dvj dvi.

Next we transform the above six fold integrals from vi and vj to the centre of mass velocity X∗ and

relative velocity V ∗, respectively given in equations (2.4.6) and (2.4.7). To do this, we use equations

(2.4.10), (2.4.11) and (2.4.12) with (mi+mj)=M together with equation (4.3.21), and obtain:

Pi = ασ2
ij

4πmj

3(mi +mj)

(mimj)
3
2

(2πkBT )3
cαi c

α
j

∫
R3

∫
R3

V ∗ exp

(
− MX∗2 + µijV

∗2

2kBT

)

×Θ

(
V ∗ − Ξij

c0

)
V ∗

[
1−

(
Ξij

c0V ∗

)3
]
dX∗dV ∗

+ ασ2
ij

4πmj

3(mi +mj)

(mimj)
3
2

(2πkBT )3
cαi c

α
j

∫
R3

∫
R3

V ∗ exp

(
− MX∗2 + µijV

∗2

2kBT

)

× ai ·
(
X∗−mjV

∗

M

)
Θ

(
V ∗−Ξij

c0

)
V ∗

[
1−
(

Ξij

c0V ∗

)3
]
dX∗dV ∗

+ ασ2
ij

4πmj

3(mi +mj)

(mimj)
3
2

(2πkBT )3
cαi c

α
j

∫
R3

∫
R3

V ∗ exp

(
− MX∗2 + µijV

∗2

2kBT

)

× aj ·
(
X∗+

miV
∗

M

)
Θ

(
V ∗−Ξij

c0

)
V ∗

[
1−
(

Ξij

c0V ∗

)3
]
dX∗dV ∗

= ασ2
ij

4πmj

3(mi +mj)

(mimj)
3
2

(2πkBT )3
cαi c

α
j

∫
R3

∫
R3

V ∗ exp

(
− MX∗2 + µijV

∗2

2kBT

)

×Θ

(
V ∗ − Ξij

c0

)
V ∗dX∗dV ∗

− ασ2
ij

4πmj

3(mi +mj)

(mimj)
3
2

(2πkBT )3
cαi c

α
j

∫
R3

∫
R3

V ∗ exp

(
− MX∗2 + µijV

∗2

2kBT

)
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×Θ

(
V ∗ − Ξij

c0

)
V ∗
(

Ξij

c0V ∗

)3

dX∗dV ∗

+ ασ2
ij

4πmj

3(mi +mj)

(mimj)
3
2

(2πkBT )3
cαi c

α
j

∫
R3

∫
R3

V ∗ exp

(
− MX∗2 + µijV

∗2

2kBT

)

× ai ·
(
X∗ − mjV

∗

M

)
Θ

(
V ∗ − Ξij

c0

)
V ∗dX∗dV ∗

− ασ2
ij

4πmj

3(mi +mj)

(mimj)
3
2

(2πkBT )3
cαi c

α
j

∫
R3

∫
R3

V ∗ exp

(
− MX∗2 + µijV

∗2

2kBT

)

× ai ·
(
X∗ − mjV

∗

M

)
Θ

(
V ∗ − Ξij

c0

)
V ∗
(

Ξij

c0V ∗

)3

dX∗dV ∗

+ ασ2
ij

4πmj

3(mi +mj)

(mimj)
3
2

(2πkBT )3
cαi c

α
j

∫
R3

∫
R3

V ∗ exp

(
− MX∗2 + µijV

∗2

2kBT

)

× aj ·
(
X∗ +

miV
∗

M

)
Θ

(
V ∗ − Ξij

c0

)
V ∗dX∗dV ∗

− ασ2
ij

4πmj

3(mi +mj)

(mimj)
3
2

(2πkBT )3
cαi c

α
j

∫
R3

∫
R3

V ∗ exp

(
− MX∗2 + µijV

∗2

2kBT

)

× aj ·
(
X∗ +

miV
∗

M

)
Θ

(
V ∗ − Ξij

c0

)
V ∗
(

Ξij

c0V ∗

)3

dX∗dV ∗.

Expanding gives:

Pi = ασ2
ij

4πmj

3(mi +mj)

(mimj)
3
2

(2πkBT )3
cαi c

α
j

∫
R3

∫
R3

V ∗ exp

(
− MX∗2 + µijV

∗2

2kBT

)

×Θ

(
V ∗ − Ξij

c0

)
V ∗dX∗dV ∗

− ασ2
ij

4πmj

3(mi +mj)

(mimj)
3
2

(2πkBT )3
cαi c

α
j

∫
R3

∫
R3

V ∗ exp

(
− MX∗2 + µijV

∗2

2kBT

)

×Θ

(
V ∗ − Ξij

c0

)
V ∗
(

Ξij

c0V ∗

)3

dX∗dV ∗

+ ασ2
ij

4πmj

3(mi +mj)

(mimj)
3
2

(2πkBT )3
cαi c

α
j

∫
R3

∫
R3

V ∗ exp

(
− MX∗2 + µijV

∗2

2kBT

)

× (ai ·X∗)Θ

(
V ∗ − Ξij

c0

)
V ∗dX∗dV ∗

− ασ2
ij

4πmj

3(mi +mj)

mj

M

(mimj)
3
2

(2πkBT )3
cαi c

α
j

∫
R3

∫
R3

V ∗ exp

(
− MX∗2 + µijV

∗2

2kBT

)

× (ai · V ∗)Θ

(
V ∗ − Ξij

c0

)
V ∗dX∗dV ∗

− ασ2
ij

4πmj

3(mi +mj)

(mimj)
3
2

(2πkBT )3
cαi c

α
j

∫
R3

∫
R3

V ∗ exp

(
− MX∗2 + µijV

∗2

2kBT

)
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× (ai ·X∗)Θ

(
V ∗ − Ξij

c0

)
V ∗
(

Ξij

c0V ∗

)3

dX∗dV ∗

+ ασ2
ij

4πmj

3(mi +mj)

mj

M

(mimj)
3
2

(2πkBT )3
cαi c

α
j

∫
R3

∫
R3

V ∗ exp

(
− MX∗2 + µijV

∗2

2kBT

)

× (ai · V ∗)Θ

(
V ∗ − Ξij

c0

)
V ∗
(

Ξij

c0V ∗

)3

dX∗dV ∗

+ ασ2
ij

4πmj

3(mi +mj)

(mimj)
3
2

(2πkBT )3
cαi c

α
j

∫
R3

∫
R3

V ∗ exp

(
− MX∗2 + µijV

∗2

2kBT

)

× (aj ·X∗)Θ

(
V ∗ − Ξij

c0

)
V ∗dX∗dV ∗

+ ασ2
ij

4πmj

3(mi +mj)

mi

M

(mimj)
3
2

(2πkBT )3
cαi c

α
j

∫
R3

∫
R3

V ∗ exp

(
− MX∗2 + µijV

∗2

2kBT

)

× (aj · V ∗)Θ

(
V ∗ − Ξij

c0

)
V ∗dX∗dV ∗

− ασ2
ij

4πmj

3(mi +mj)

(mimj)
3
2

(2πkBT )3
cαi c

α
j

∫
R3

∫
R3

V ∗ exp

(
− MX∗2 + µijV

∗2

2kBT

)

× (aj ·X∗)Θ

(
V ∗ − Ξij

c0

)
V ∗
(

Ξij

c0V ∗

)3

dX∗dV ∗

− ασ2
ij

4πmj

3(mi +mj)

mi

M

(mimj)
3
2

(2πkBT )3
cαi c

α
j

∫
R3

∫
R3

V ∗ exp

(
− MX∗2 + µijV

∗2

2kBT

)

× (aj · V ∗)Θ

(
V ∗ − Ξij

c0

)
V ∗
(

Ξij

c0V ∗

)3

dX∗dV ∗.

The integral Pi above can equivalently be written as follows:

Pi = ασ2
ij

4πmj

3(mi +mj)

(mimj)
3
2

(2πkBT )3
cαi c

α
j{∫

R3

exp

(
− MX∗2

2kBT

)
dX∗

∫
R3

V ∗ exp

(
− µijV

∗2

2kBT

)
Θ

(
V ∗ − Ξij

c0

)
V ∗dV ∗

︸ ︷︷ ︸
Y1

−
∫
R3

exp

(
− MX∗2

2kBT

)
dX∗

∫
R3

V ∗ exp

(
− µijV

∗2

2kBT

)
Θ

(
V ∗ − Ξij

c0

)
V ∗
(

Ξij

c0V ∗

)3

dV ∗

︸ ︷︷ ︸
Y2

+ ai ·
∫
R3

X∗ exp

(
− MX∗2

2kBT

)
dX∗

∫
R3

V ∗ exp

(
− µijV

∗2

2kBT

)
Θ

(
V ∗ − Ξij

c0

)
V ∗dV ∗

︸ ︷︷ ︸
Y1

−
∫
R3

exp

(
− MX∗2

2kBT

)
dX∗ mj

M

∫
R3

V ∗ exp

(
− µijV

∗2

2kBT

)
(ai · V ∗)Θ

(
V ∗ − Ξij

c0

)
V ∗dV ∗

︸ ︷︷ ︸
Y3
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−ai ·
∫
R3

X∗ exp

(
− MX∗2

2kBT

)
dX∗

∫
R3

V ∗exp

(
−µijV

∗2

2kBT

)
Θ

(
V ∗−Ξij

c0

)
V ∗
(

Ξij

c0V ∗

)3

dV ∗

︸ ︷︷ ︸
Y2

+

∫
R3

exp

(
−MX∗2

2kBT

)
dX∗ mj

M

∫
R3

V ∗ exp

(
−µijV

∗2

2kBT

)
(ai ·V ∗)Θ

(
V ∗−Ξij

c0

)
V ∗
(

Ξij

c0V ∗

)3
dV ∗

︸ ︷︷ ︸
Y4

+ aj ·
∫
R3

X∗ exp

(
− MX∗2

2kBT

)
dX∗

∫
R3

V ∗ exp

(
− µijV

∗2

2kBT

)
Θ

(
V ∗ − Ξij

c0

)
V ∗dV ∗

︸ ︷︷ ︸
Y1

+

∫
R3

exp

(
− MX∗2

2kBT

)
dX∗ mi

M

∫
R3

V ∗ exp

(
− µijV

∗2

2kBT

)
(aj · V ∗)Θ

(
V ∗ − Ξij

c0

)
V ∗dV ∗

︸ ︷︷ ︸
Y5

−aj ·
∫
R3

X∗ exp

(
−MX∗2

2kBT

)
dX∗

∫
R3

V ∗ exp

(
−µijV

∗2

2kBT

)
Θ

(
V ∗−Ξij

c0

)
V ∗
(

Ξij

c0V ∗

)3

dV ∗

︸ ︷︷ ︸
Y2

−
∫
R3

exp

(
−MX∗2

2kBT

)
dX∗mi

M

∫
R3

V ∗exp

(
−µijV

∗2

2kBT

)
(aj ·V ∗)Θ

(
V ∗−Ξij

c0

)
V ∗
(

Ξij

c0V ∗

)3
dV ∗

︸ ︷︷ ︸
Y6

}
.

The value of the last integrals in X∗ on the right-hand side of the previous equation is given in equation

(4.3.22). The second to the last integral in X∗ on the right-hand side of the previous equation is similar

to that given in equation (4.4.20). Therefore,∫
R3

exp

(
−MX∗2

2kBT

)
dX∗ =

(
2πkBT

M

) 3
2

and
∫
R3

X∗ exp

(
−MX∗2

2kBT

)
dX∗ = 0. (4.4.28)

Now let us evaluate the integrals in V ∗. Using the fact that any vector V ∗ can be written in terms of a

unit vector as V ∗ = V∗v⃗, with V∗ = ‖V ∗‖ and v⃗ a unit vector, the integrals in V ∗ can be evaluated in

spherical coordinates as given below. The integral Y1 is evaluated as follows:∫
R3

V ∗ exp
(
−µijV

∗2

2kBT

)
Θ

(
V ∗ − Ξij

c0

)
V ∗ dV ∗

=

∫
R3

V ∗v⃗ exp
(
−µijV

∗2

2kBT

)
V ∗Θ

(
V ∗ − Ξij

c0

)
dV ∗

=

∫ ∞

0

∫ π

0

∫ 2π

0

V ∗2 {x̂ sin θ cosϕ+ ŷ sin θ sinϕ+ ẑ cos θ}

× exp
(
−µijV

∗2

2kBT

)
Θ

(
V ∗ − Ξij

c0

)
V ∗2 sin θ dϕ dθ dV ∗

=

∫ ∞

V ∗≥
Ξij
c0

V ∗4 exp
(
−µijV

∗2

2kBT

)
dV ∗

(
x̂

∫ π

0

sin2 θ dθ︸ ︷︷ ︸
π
2

∫ 2π

0

cosϕ dϕ︸ ︷︷ ︸
0
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+ ŷ

∫ π

0

sin2 θ dθ︸ ︷︷ ︸
π
2

∫ 2π

0

sinϕ dϕ︸ ︷︷ ︸
0

+ẑ

∫ π

0

sin θ cos θ dθ︸ ︷︷ ︸
0

∫ 2π

0

dϕ︸ ︷︷ ︸
2π

)
,

where x̂, ŷ, ẑ are the Cartesian unit vectors in R3. The integral in V ∗ can be evaluated using the change

of variables given in equation (4.3.23) together equations (4.3.24) and (4.3.25), to obtain:∫ ∞

V ∗≥
Ξij
c0

V ∗4 exp
(
−µijV

∗2

2kBT

)
dV ∗ =

∫ ∞

z∗i

z2
(
2kBT

µij

)2

exp(−z) 1

2z
1
2

(
2kBT

µij

) 1
2

dz

=
1

2

(
2kBT

µij

) 5
2
∫ ∞

z∗i

z
3
2 exp(−z)dz.

Using the incomplete Euler gamma function (4.3.3) with η − 1 = 3
2
, i.e., η = 5

2
, we obtain:∫ ∞

V ∗≥
Ξij
c0

V ∗4 exp
(
−µijV

∗2

2kBT

)
dV ∗ =

1

2

(
2kBT

µij

) 5
2

Γ

(
5

2
, z∗i

)
. (4.4.29)

Therefore, ∫
R3

V ∗ exp
(
−µijV

∗2

2kBT

)
Θ

(
V ∗ − Ξij

c0

)
V ∗ dV ∗

=
1

2

(
2kBT

µij

) 5
2

Γ

(
5

2
, z∗i

)[
x̂(0) + ŷ(0) + ẑ(0)

]
=

1

2

(
2kBT

µij

) 5
2

Γ

(
5

2
, z∗i

)
× 0

= 0. (4.4.30)

The integral Y2 is evaluated as given below:∫
R3

V ∗ exp

(
− µijV

∗2

2kBT

)
Θ

(
V ∗ − Ξij

c0

)
V ∗
(

Ξij

c0V ∗

)3

dV ∗

=

∫
R3

V ∗v⃗ exp

(
− µijV

∗2

2kBT

)
Θ

(
V ∗ − Ξij

c0

)
V ∗
(

Ξij

c0V ∗

)3

dV ∗

=

∫ ∞

0

∫ π

0

∫ 2π

0

V ∗ {x̂ sin θ cosϕ+ ŷ sin θ sinϕ+ ẑ cos θ}

× exp
(
−µijV

∗2

2kBT

)
Θ

(
V ∗ −Ξij

c0

)
V ∗
(

Ξij

c0V ∗

)3

V ∗2 sin θ dϕ dθdV

=

(
Ξij

c0

)3 ∫ ∞

V ∗≥
Ξij
c0

V ∗ exp
(
−µijV

∗2

2kBT

)
dV ∗

(
x̂

∫ π

0

sin2 θ dθ︸ ︷︷ ︸
π
2

∫ 2π

0

cosϕ dϕ︸ ︷︷ ︸
0

+ ŷ

∫ π

0

sin2 θ dθ︸ ︷︷ ︸
π
2

∫ 2π

0

sinϕ dϕ︸ ︷︷ ︸
0

+ẑ

∫ π

0

sin θ cos θ dθ︸ ︷︷ ︸
0

∫ 2π

0

dϕ︸ ︷︷ ︸
2π

)
,
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where x̂, ŷ, ẑ are the Cartesian unit vectors in R3. The integral in V ∗ can be evaluated using the change

of variables given in equation (4.3.23) together equations (4.3.24) and (4.3.25), to obtain:∫ ∞

V ∗≥
Ξij
c0

V ∗ exp
(
−µijV

∗2

2kBT

)
dV ∗ =

∫ ∞

z∗i

z
1
2

(
2kBT

µij

) 1
2

exp(−z) 1

2z
1
2

(
2kBT

µij

) 1
2

dz

=
1

2

(
2kBT

µij

)∫ ∞

z∗i

exp(−z) dz.

Using the incomplete Euler gamma function given in equation (4.3.3) with η − 1 = 0, i.e., η = 1, we

obtain: ∫ ∞

V ∗≥
Ξij
c0

V ∗ exp
(
−µijV

∗2

2kBT

)
dV ∗ =

1

2

(
2kBT

µij

)
Γ
(
1, z∗i

)
. (4.4.31)

Therefore, ∫
R3

V ∗ exp

(
− µijV

∗2

2kBT

)
Θ

(
V ∗ − Ξij

c0

)
V ∗
(

Ξij

c0V ∗

)3

dV ∗

=
1

2

(
Ξij

c0

)3(
2kBT

µij

)
Γ
(
1, z∗i

)[
x̂(0) + ŷ(0) + ẑ(0)

]
=

1

2

(
Ξij

c0

)3(
2kBT

µij

)
Γ
(
1, z∗i

)
× 0

= 0. (4.4.32)

The integral Y3 can be evaluated as given below:∫
R3

V ∗ exp

(
− µijV

∗2

2kBT

)
(ai · V ∗)Θ

(
V ∗ − Ξij

c0

)
V ∗dV ∗

=

∫
R3

V ∗v⃗ exp

(
− µijV

∗2

2kBT

)
(aiV

∗ cos θ)Θ
(
V ∗ − Ξij

c0

)
V ∗dV ∗

=

∫ ∞

0

∫ π

0

∫ 2π

0

V ∗ {x̂ sin θ cosϕ+ ŷ sin θ sinϕ+ ẑ cos θ} exp
(
−µijV

2

2kBT

)
× (aiV

∗ cos θ)V ∗Θ

(
V ∗ − Ξij

c0

)
V ∗2 sin θ dϕ dθ dV ∗

= ai

∫ ∞

V ∗≥
Ξij
c0

V ∗5 exp
(
−µijV

∗2

2kBT

)
dV ∗

(
x̂

∫ π

0

sin2 θ cos θdθ︸ ︷︷ ︸
0

∫ 2π

0

cosϕdϕ︸ ︷︷ ︸
0

+ ŷ

∫ π

0

sin2 θ cos θ dθ︸ ︷︷ ︸
0

∫ 2π

0

sinϕ dϕ︸ ︷︷ ︸
0

+ẑ

∫ π

0

sin θ cos2 θdθ︸ ︷︷ ︸
2
3

∫ 2π

0

dϕ︸ ︷︷ ︸
2π

)
,

where x̂, ŷ, ẑ are the Cartesian unit vectors in R3 and ai = ||ai|| = |ai|. The integral in V ∗ can

be evaluated using the change of variables given in equation (4.3.23) together equations (4.3.24) and

(4.3.25), as given below:
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∫ ∞

V ∗≥
Ξij
c0

V ∗5 exp
(
−µijV

∗2

2kBT

)
dV ∗ =

∫ ∞

z∗i

z
5
2

(
2kBT

µij

) 5
2

exp(−z) 1

2z
1
2

(
2kBT

µij

) 1
2

dz

=
1

2

(
2kBT

µij

)3 ∫ ∞

z∗i

z2 exp(−z) dz.

Using the incomplete Euler gamma function given in equation (4.3.3) with η − 1 = 2, i.e., η = 3, we

obtain: ∫ ∞

V ∗≥
Ξij
c0

V ∗5 exp
(
−µijV

∗2

2kBT

)
dV ∗ =

1

2

(
2kBT

µij

)3

Γ
(
3, z∗i

)
. (4.4.33)

Therefore, ∫
R3

V ∗ exp

(
− µijV

∗2

2kBT

)
(ai · V ∗)Θ

(
V ∗ − Ξij

c0

)
V ∗dV ∗

= ai
1

2

(
2kBT

µij

)3

Γ
(
3, z∗i

)[
x̂(0× 0) + ŷ(0× 0) + ẑ

(2
3
× 2π

)]
= ai

1

2

(
2kBT

µij

)3

Γ
(
3, z∗i

)
ẑ
(4π
3

)
= ai

2π

3

(
2kBT

µij

)3

Γ
(
3, z∗i

)
. (4.4.34)

The integral Y4 can be evaluated as given below:∫
R3

V ∗ exp

(
− µijV

∗2

2kBT

)
(ai · V ∗)Θ

(
V ∗ − Ξij

c0

)
V ∗
(

Ξij

c0V ∗

)3

dV ∗

=

∫
R3

V ∗v⃗ exp

(
− µijV

∗2

2kBT

)
(aiV

∗ cos θ)Θ
(
V ∗ − Ξij

c0

)
V ∗
(

Ξij

c0V ∗

)3

dV ∗

=

∫ ∞

0

∫ π

0

∫ 2π

0

V ∗ {x̂ sin θ cosϕ+ ŷ sin θ sinϕ+ ẑ cos θ} exp
(
−µijV

2

2kBT

)
× (aiV

∗ cos θ)Θ
(
V ∗ − Ξij

c0

)
V ∗
(

Ξij

c0V ∗

)3

V ∗2 sin θ dϕ dθ dV ∗

= ai

(
Ξij

c0

)3 ∫ ∞

V ∗≥
Ξij
c0

V ∗2 exp
(
−µijV

∗2

2kBT

)
dV ∗

(∫ π

0

sin2 θ cos θ dθ︸ ︷︷ ︸
0

∫ 2π

0

cosϕ dϕ︸ ︷︷ ︸
0

+ ŷ

∫ π

0

sin2 θ cos θ dθ︸ ︷︷ ︸
0

∫ 2π

0

sinϕ dϕ︸ ︷︷ ︸
0

+ẑ

∫ π

0

sin θ cos2 θdθ︸ ︷︷ ︸
2
3

∫ 2π

0

dϕ︸ ︷︷ ︸
2π

)
.

where x̂, ŷ, ẑ are the Cartesian unit vectors in R3 and ai = ||ai|| = |ai|. The integral in V ∗ can

be evaluated using the change of variables given in equation (4.3.23) together equations (4.3.24) and

(4.3.25), as given below:
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∫ ∞

V ∗≥
Ξij
c0

V ∗2 exp
(
−µijV

∗2

2kBT

)
dV ∗ =

∫ ∞

z∗
z

(
2kBT

µij

)
exp(−z) 1

2z
1
2

(
2kBT

µij

) 1
2

dz

=
1

2

(
2kBT

µij

) 3
2
∫ ∞

z∗
z

1
2 exp(−z) dz.

Using the incomplete Euler gamma function given in equation (4.3.3) with η−1= 1
2
, i.e., η= 3

2
, we obtain:∫ ∞

V ∗≥
Ξij
c0

V ∗2 exp
(
−µijV

∗2

2kBT

)
dV ∗ =

1

2

(
2kBT

µij

) 3
2

Γ

(
3

2
, z∗i

)
. (4.4.35)

Therefore,∫
R3

V ∗ exp

(
− µijV

∗2

2kBT

)
(ai · V ∗)Θ

(
V ∗ − Ξij

c0

)
V ∗
(

Ξij

c0V ∗

)3

dV ∗

= ai

(
Ξij

c0

)3
1

2

(
2kBT

µij

) 3
2

Γ

(
3

2
, z∗i

)[
x̂(0× 0) + ŷ(0× 0) + ẑ

(2
3
× 2π

)]
= ai

(
Ξij

c0

)3
1

2

(
2kBT

µij

) 3
2

Γ

(
3

2
, z∗i

)
ẑ
(4π
3

)
= ai

2π

3

(
Ξij

c0

)3(
2kBT

µij

) 3
2

Γ

(
3

2
, z∗i

)
. (4.4.36)

The integrals Y5 and Y6 are similar to the integrals Y3 and Y4, respectively. More precisely, replacing ai

with aj in the integrals Y3 and Y4, one obtains the integrals Y5 and Y6, respectively. Therefore, following

exactly the same procedures as those used in the the computation of the integrals Y3 and Y4, respectively,

we obtain:∫
R3

V ∗exp

(
− µijV

∗2

2kBT

)
(aj ·V ∗)Θ

(
V ∗−Ξij

c0

)
V ∗dV ∗=aj

2π

3

(
2kBT

µij

)3

Γ
(
3, z∗i

)
, (4.4.37)

∫
R3

V ∗ exp

(
− µijV

∗2

2kBT

)
(aj · V ∗)Θ

(
V ∗ − Ξij

c0

)
V ∗
(

Ξij

c0V ∗

)3

dV ∗

= aj
2π

3

(
Ξij

c0

)3(
2kBT

µij

) 3
2

Γ

(
3

2
, z∗i

)
. (4.4.38)

Substituting Eqs. (4.4.28), (4.4.30), (4.4.32), (4.4.34), (4.4.36), (4.4.37) and (4.4.38) into Pi gives:

Pi = ασ2
ij

4πmj

3(mi +mj)

(mimj)
3
2

(2πkBT )3
cαi c

α
j{

−
(
2πkBT

M

)3
2 mj

M
ai

2π

3

(
2kBT

µij

)3

Γ(3, z∗i )+

(
2πkBT

M

)3
2mj

M
ai

(
Ξij

c0

)3
2π

3

(
2kBT

µij

)3
2

Γ

(
3

2
, z∗i

)

+

(
2πkBT

M

)3
2mi

M
aj
2π

3

(
2kBT

µij

)3

Γ(3, z∗i )−
(
2πkBT

M

)3
2mi

M
aj

(
Ξij

c0

)3
2π

3

(
2kBT

µij

)3
2

Γ

(
3

2
, z∗i

)}
.

Factorising, we obtain:
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Pi = ασ2
ij

8π2mj

9(mi +mj)

(mimj)
3
2

(2πkBT )3
cαi c

α
j

(
2πkBT

M

)3
2
(
2kBT

µij

)3

Γ(3, z∗i )

{
mi

M
aj −

mj

M
ai

}
+α

8π2σ2
ijmj

9(mi+mj)

(mimj)
3
2

(2πkBT )3
cαi c

α
j

(
2πkBT

M

)3
2
(
Ξij

c0

)3(
2kBT

µij

)3
2

Γ

(
3

2
, z∗i

){
mj

M
ai−

mi

M
aj

}
= ασ2

ij

8π2mj

9(mi+mj)

(
1

2πkBT

)3
2

cαi c
α
j

(
mimj

M

)3
2
(
2kBT

µij

)3

Γ(3, z∗i )

{
mi

M
aj −

mj

M
ai

}
+α

8π2σ2
ijmj

9(mi+mj)

(
1

2πkBT

)3
2

cαi c
α
j

(
mimj

M

)3
2
(
Ξij

c0

)3(
2kBT

µij

)3
2

Γ

(
3

2
, z∗i

){
mj

M
ai−

mi

M
aj

}
= ασ2

ij

8mj

9(mi+mj)

(
µij

2πkBT

)3
2

cαi c
α
j

(
2πkBT

µij

)2(
2kBT

µij

)
Γ(3, z∗i )

{
µijαu

α
j

kBT
−µijαu

α
i

kBT

}
+α

8
√
πσ2

ijmj

9(mi+mj)

(
µij

2πkBT

)3
2

cαi c
α
j

(
Ξij

c0

)3(
2πkBT

µij

)3
2

Γ

(
3

2
, z∗i

){
µijαu

α
i

kBT
−
µijαu

α
j

kBT

}
,

where the definition of ai given in equation (4.3.14) have been used and as is similarly defined. The

previous equation can be rewritten as:

Pi = α2σ2
ij

8
√
πmj

9(mi+mj)
cαi c

α
j

(
2kBT

µij

)1
2
(
2kBT

µij

)
Γ(3, z∗i )

µij

kBT
(uα

j − uα
i )

− α2σ2
ij

8
√
πmj

9(mi+mj)
cαi c

α
j

(
Ξij

c0

)3

Γ

(
3

2
, z∗i

)
µij

kBT
(uα

j − uα
i )

= α2σ2
ij

8
√
πmj

9M
cαi c

α
j

(
2kBT

µij

)3
2

Γ(3, z∗i )
µij

kBT
(uα

j − uα
i )

− α2σ2
ij

8
√
πmj

9M
cαi c

α
j

(
Ξij

c0

)3

Γ

(
3

2
, z∗i

)
µij

kBT
(uα

j − uα
i ).

Therefore,

Pi=α
2σ2

ij

8
√
πmj

9M
cαi c

α
j

µij

kBT
(uα

j − uα
i )

[(
2kBT

µij

)3
2

Γ(3, z∗i )−
(
Ξij

c0

)3

Γ

(
3

2
, z∗i

)]
. (4.4.39)

Finally, let us evaluate the last integral on the right-hand side of equation (4.4.8). To do this, we substitute

the definition of J̃αR
i given in equation (3.3.18) into the integral Qi. Then using equation (4.3.17) and

expanding, we obtain that the integral Qi can be written as follows:

Qi = ασ2
ij

∫
R3

∫
R3

∫
S2+

vi

[(
µij

µkl

)2

Mα◦
k Mα◦

l −Mα
i M

α
j

]
×Θ

(
〈ϵ, c0vi − c0vj〉 − Ξij

)
〈ϵ,vi − vj〉 dϵdvjdvi

Q(1)
i

(4.4.40)

+ασ2
ij

∫
R3

∫
R3

∫
S2+
vi

[(
µij

µkl

)2

Mα◦
k M

α◦
l (ak ·v◦

k+al ·v◦
l )−Mα

i M
α
j (ai ·vi+aj ·vj)

]
×Θ

(
〈ϵ, c0vi−c0vj〉−Ξij

)
〈ϵ,vi − vj〉 dϵdvjdvi

Q(2)
i
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The integral Q(1)
i vanishes upon evaluation. That is

Q(1)
i = 0, (4.4.41)

see Appendix A section A.3 for the details of the computation. Let us now evaluate the integral Q(2)
i .

Expanding it, we obtain:

Q(2)
i = ασ2

ij

∫
R3

∫
R3

∫
S2+

vi

(
µij

µkl

)2

Mα◦
k Mα◦

l (ak · v◦
k)

×Θ
(
〈ϵ, c0vi − c0vj〉 − Ξij

)
〈ϵ,vi − vj〉 dϵdvjdvi

R1

+ ασ2
ij

∫
R3

∫
R3

∫
S2+

vi

(
µij

µkl

)2

Mα◦
k Mα◦

l (al · v◦
l )

×Θ
(
〈ϵ, c0vi − c0vj〉 − Ξij

)
〈ϵ,vi − vj〉 dϵdvjdvi

R2

−ασ2
ij

∫
R3

∫
R3

∫
S2+

viM
α
i M

α
j (ai · vi)Θ

(
〈ϵ, c0vi − c0vj〉 − Ξij

)
〈ϵ,vi − vj〉 dϵdvjdvi︸ ︷︷ ︸

R3

−ασ2
ij

∫
R3

∫
R3

∫
S2+

viM
α
i M

α
j (aj · vj)Θ

(
〈ϵ, c0vi − c0vj〉 − Ξij

)
〈ϵ,vi − vj〉 dϵdvjdvi︸ ︷︷ ︸

R4

.

It will be convenient to transform the integrals R1 and R2 from (vi,vj) to (v◦
k,v

◦
l ). To do this, we use

the fact that the Jacobian of this transformation is(
µkl

µij

) 3
2 〈ϵ,v◦

k − v◦
l 〉

ω+
, (4.4.42)

see equation (2.3.23)1. This implies that

dvi dvj =

(
µkl

µij

) 3
2 〈ϵ,v◦

k − v◦
l 〉

ω+
dv◦

k dv
◦
l . (4.4.43)

Now using equation (4.4.43) above together with equation (2.3.20), we obtain that the integrals R1 and

R2 can be rewritten as follows:

R1 = ασ2
ij

∫
R3

∫
R3

∫
S2+

v◦
k

(
µij

µkl

)2

Mα◦
k Mα◦

l (ak · v◦
k)Θ (〈ϵ, c0v◦

k − c0v
◦
l 〉 − Ξkl)

×
(
µkl

µij

)1
2

ω+

(
µkl

µij

)3
2 〈ϵ,v◦

k − v◦
l 〉

ω+
dϵ dv◦

k dv
◦
l

= ασ2
ij

∫
R3

∫
R3

∫
S2+

v◦
kM

α◦
k Mα◦

l (ak · v◦
k)

×Θ(〈ϵ, c0v◦
k − c0v

◦
l 〉 − Ξkl) 〈ϵ,v◦

k − v◦
l 〉 dϵ dv◦

k dv
◦
l ,

R2 = ασ2
ij

∫
R3

∫
R3

∫
S2+

v◦
k

(
µij

µkl

)2

Mα◦
k Mα◦

l (al · v◦
l )Θ (〈ϵ, c0v◦

k − c0v
◦
l 〉 − Ξkl)

111



×
(
µkl

µij

)1
2

ω+

(
µkl

µij

)3
2 〈ϵ,v◦

k − v◦
l 〉

ω+
dϵ dv◦

k dv
◦
l

= ασ2
ij

∫
R3

∫
R3

∫
S2+

v◦
kM

α◦
k Mα◦

l (al · v◦
l )

×Θ(〈ϵ, c0v◦
k − c0v

◦
l 〉 − Ξkl) 〈ϵ,v◦

k − v◦
l 〉 dϵ dv◦

k dv
◦
l .

Therefore, the integral Q(2)
i can be rewritten as given below:

Q(2)
i =ασ2

ij

∫
R3

∫
R3

∫
S2+

v◦
kM

α◦
k M

α◦
l (ak ·v◦

k)Θ (〈ϵ, c0v◦
k−c0v◦

l 〉−Ξkl) 〈ϵ,v◦
k−v◦

l 〉 dϵ dv◦
k dv

◦
l︸ ︷︷ ︸

R1

+ασ2
ij

∫
R3

∫
R3

∫
S2+
v◦
kM

α◦
k M

α◦
l (al ·v◦

l )Θ (〈ϵ, c0v◦
k−c0v◦

l 〉−Ξkl) 〈ϵ,v◦
k−v◦

l 〉 dϵ dv◦
k dv

◦
l︸ ︷︷ ︸

R2

− ασ2
ij

∫
R3

∫
R3

∫
S2+

viM
α
i M

α
j (ai ·vi)Θ

(
〈ϵ, c0vi−c0vj〉−Ξij

)
〈ϵ,vi − vj〉 dϵdvj dvi︸ ︷︷ ︸

R3

− ασ2
ij

∫
R3

∫
R3

∫
S2+

viM
α
i M

α
j (aj ·vj)Θ

(
〈ϵ, c0vi−c0vj〉−Ξij

)
〈ϵ,vi − vj〉 dϵdvj dvi︸ ︷︷ ︸

R4

.

The integralsR1,R2 R3 andR4 above are similar to the second and third terms on the right-hand side

of equation (4.4.25). Therefore, using similar steps as those used in their computation, we obtain:

Q(2)
i =2α2σ2

ij

1

M
cαk c

α
l u

α
k

(
2πkBT

µkl

) 1
2
[
mkΓ

(
2, zi∗

)
+

2ml

3
Γ(3, zi∗)

]
−α2σ2

ij

1

M
cαk c

α
l u

α
k

(
2πµkl

kBT

) 1
2
(
Ξkl

c0

)2 [
mkΓ(1, zi∗) +

2ml

3
Γ
(
2, zi∗

)]
R1

+2α2σ2
ij

1

M
cαk c

α
l mlu

α
l

(
2πkBT

µkl

) 1
2
[
Γ
(
2, zi∗

)
− 2

3
Γ(3, zi∗)

]
−α2σ2

ij

1

M
cαk c

α
l ml u

α
l

(
Ξkl

c0

)2(
2πµkl

kBT

) 1
2
[
Γ(1, zi∗)−

2

3
Γ
(
2, zi∗

)]
R2

−2α2σ2
ijc

α
i c

α
j

1

M
uα

i

(
2πkBT

µij

) 1
2
[
miΓ

(
2, z∗i

)
+

2

3
mjΓ(3, z

∗
i )

]
+α2σ2

ijc
α
i c

α
j

1

M
uα

i

(
Ξij

c0

)2(
2πµij

kBT

) 1
2
[
miΓ(1, z

∗
i ) +

2

3
mjΓ

(
2, z∗i

)]
R3

−2α2σ2
ijc

α
i c

α
jmiu

α
j

(
2πkBT

µij

) 1
2 1

M

[
Γ
(
2, z∗i

)
− 2

3
Γ(3, z∗i )

]
+α2 σ2

ijc
α
i c

α
jmi u

α
j

(
Ξij

c0

)2(
2πµij

kBT

) 1
2 1

M

[
Γ(1, z∗i )−

2

3
Γ
(
2, z∗i

)]
,

R4

(4.4.44)
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whereM and z∗i are as defined equations (2.4.3) and (4.3.25), respectively, while

zi∗ =
µkl

2kBT

(
Ξkl

c0

)2

. (4.4.45)

Therefore, putting together equations (4.4.41) and (4.4.44) gives:

Qi = 0 +Q(2)
i = Q(2)

i . (4.4.46)

Substituting equations (4.4.9), (4.4.24), (4.4.39) and (4.4.46) into equation (4.4.8) gives the desired result.

Therefore the proof is complete.

4.5 Macroscopic Equations and Formal Asymptotics

The main result of this chapter is given in this in this section. In particular, using equation (4.3.1) given

in Lemma 4.3.1 and equation (4.4.1) given in Lemma 4.4.1, the reaction-diffusion system of MS type is

formally derived as the hydrodynamic asymptotic limit of the scaled SRS kinetic system given in equation

(4.2.1). The connection between the two systems is based on the fact that the scaled Maxwellians given in

equation (4.2.3) solve the scaled kinetic equations if the macroscopic parameters cαi andu
α
i characterising

such Maxwellians solve the approximate equations (4.3.1) and (4.4.1). The conclusion is obtained by taking

the limit as α → 0 together with an assumption that the parameters cαi , u
α
i converge point-wise to ci,

ui, for t ≥ 0 and x ∈ Ω.

Theorem 4.5.1. (i) Given the scaled SRS kinetic equations defined in equation (4.2.1) ac-

companied by the boundary condition

ν · J i = 0, x ∈ ∂Ω, t > 0, i = 1, 2, 3, 4. (4.5.1)

The Maxwellians defined in equation (4.2.3) are solutions of the initial boundary value prob-

lem for the scaled SRS kinetic equations (4.2.1) with initial conditions (4.2.2) if for i = 1, 2, 3, 4,

the parameters cαi and uα
i solve the approximate system

∂cαi
∂t

+
∂

∂x
(cαi u

α
i ) = Ji,

α2 ∂

∂t
(cαi u

α
i ) +

kBT

mi

∂cαi
∂x

+ α2 ∂

∂x
(cαi u

α
i ⊗ uα

i ) = Oi − Pi +Qi,

(4.5.2)

where the reaction rate Ji is defined in equation (4.3.2) and the production terms Oi, Pi

and Qi are defined in equations (4.4.2), (4.4.3) and (4.4.4), respectively.

(ii) Moreover, in the limit as α → 0, the system of equations (4.5.2) reduces to
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

∂ci
∂t

+
∂J i

∂x
= σ2

ij

(
2πµij

kBT

)1
2

[(
µij

µkl

)1
2

ck cl exp
(
QR

kBT

)
− ci cj

]

×

[
2kBT

µij

Γ(2, z∗i )−
(
Ξij

c0

)2
Γ(1, z∗i )

]
,

∂ci
∂x

=
32

9

4∑
s=1
s ̸=i

σ2
is

(
2πµij

kBT

)1
2 (
ciJ s − csJ i

)
,

(4.5.3)

whose unknowns are the concentrations ci and the molar diffusion fluxes J i.

Proof. The statement in item (i) follows from Lemma 4.3.1 and Lemma 4.4.1.

Concerning item (ii), we define the molar diffusion flux in this case as:

Jα
i = cαi (u

α
i − uα) ⇐⇒ cαi u

α
i = Jα

i + cαi u
α (4.5.4)

where

uα := uα(t,x) =

4∑
i=1

∫
R3

mivif
α
i (t,x,vi)dvi

4∑
i=1

∫
R3

mif
α
i (t,x,vi)dvi

(4.5.5)

Substituting equation (4.5.4) into equation (4.5.2) and then let α → 0 in the resulting equation, and

assume that the limits

ci = lim
α→0

cαi , J i = lim
α→0

Jα
i , u = lim

α→0
uα,

exist pointwise for any t > 0, x ∈ Ω, as well as using assumption (c) given in subsection 4.2.2 which

implies that ∂
∂x
(ciu) = 0, we obtain system (4.5.3).

Observe that summing the first and second equations of equation (4.5.3) over all species, we obtain

that c is uniform in space and constant in time. Therefore, the second equation of the system of equations

(4.5.3) can be rewritten as
∂ci
∂x

=
1

c

4∑
s=1
s̸=i

ciJ s − csJ i

Dis

, (4.5.6)

where
Dis =

9

32

(
kBT

2πµis

)1
2 1

c σ2
is

(4.5.7)

are the diffusion coefficients, i.e, the Maxwell-Stefan diffusion coefficients.

Consequently, for i = 1, 2, 3, 4, putting together equation (4.5.3) with the second equation replaced by

equation (4.5.6), the constraint law given in equation (3.1.11) which in this case translates to

4∑
i=1

miJ i = 0
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and the boundary conditions given in equation (4.5.1) for the diffusive fluxes J i, we obtain:

∂ci
∂t

+
∂J i

∂x
= Ji, x ∈ Ω, t > 0,

∂ci
∂x

= −1

c

4∑
s=1
s ̸=i

csJ i − ciJ s

Dis

, x ∈ Ω, t > 0,

4∑
i=1

miJ i = 0, x ∈ Ω, t > 0,

ν · J i = 0, x ∈ ∂Ω, t > 0.

(4.5.8)

The System of equations given in equation (4.5.8) constitutes a boundary value problem referred to as the

reaction-diffusion system of Maxwell-Stefan type.

Remark 4.5.2. It is important to underline that the expansion of the distribution function

given in equation (4.2.4) was used for the explicit computation of the integrals appearing on

the right-hand side of the concentration and momentum balance equations (see equations

(4.3.1), (4.4.1) respectively). In addition, the terms of α2 neglected in the computation of the

production terms in the mass and momentum balance equations would not have affected

the result obtained. This is because they would vanish in the limit as α → 0.

Furthermore, note that a system of Maxwell-Stefan type with the same general structure as

the one in equation (4.5.3) can be derived from the SRS kinetic model if we do not use the

expansion of the distribution function given in equation (4.2.4). □

4.6 Conclusion

In this chapter, a reaction-diffusion system where the diffusion process is modelled by the MS equations

was formally derived as the hydrodynamic limit of the SRS kinetic model. This derivation was achieved by

considering a scaling of the SRS kinetic equations in which elastic collisions play a dominant role in the

evolution of the species while chemical reactions are slow.

An important aspect in the computations presented in this chapter is the fact that a first order correction

to the Maxwellian distribution was used for the computation of both the elastic and reactive production

terms. Moreover, the first order correction to the Maxwellian distribution used coincides with the one used

by Stefan in his celebrated work from 1872 to derive the diffusion coefficients in a mixture of gases.

In the quoted literature about the hydrodynamic limits of kinetic models for reactive mixtures, the

derivation of the reaction-diffusion system of MS type had not yet been considered. The work developed

in this chapter provides the first result in this direction. Therefore, the work developed in this chapter

complements the works developed in [26, 28, 29, 68] in the context of non-reactive mixtures.

Still in connection with the works developed in [26, 28, 29, 68] for non-reactive mixtures, it worth

mentioning that when the chemical reaction is turn off in the SRS kinetic model (i.e., if the mixture is
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made up of four non-reactive species), the limiting system of equations (4.5.8) reduces to the Maxwell-

Stefan diffusion system for hard sphere cross-sections obtained in [4], but forN non-reactive species and

is similar to the one in [28] for N non-reactive species with Maxwellian molecules.

The fact that a reactive mixture was analysed in this chapter allows for the consideration of many

interesting problems concerning the derivation of the MS equations from reactive Maxwell-Boltzmann type

equations. Among the most interesting problems, are the following.

The first problem is the introduction of chemical potentials as the main agent in the definition of the

driving forces of the MS equations and then study the passage to hydrodynamic limit by removing the

isothermal assumption. This will certainly lead to a very rich setting from the physical and mathematical

point of view.

The second problem concerns the possibility of studying different time scales associated to the chem-

ical reaction. In particular, studying different chemical regimes and obtaining the influence of chemical

reaction in the limiting MS equations. This problem has be studied in [7] and will be presented in Chapter

5.

In fact, the scaling of slow chemical reaction studied in this chapter is the sole reason why the limit

equations for the momentum of the species do not include contributions from the reactive pair with suffi-

cient amount of energy to produce a chemical reaction. This can be seen from equation (4.4.1) of Lemma

4.4.1, where clearly they are contributions from collisions with enough energy to produce a chemical

reaction, but they are of order of α2, due to the scaling, and hence go to zero in the limit as α → 0.

Additionally, when studying different time scales associated to the chemical reaction, especially those

chemical regimes in which reactive collisions are treated on a par with elastic ones, the SRS model results

to be appropriate because of the inclusion of the correction term in the elastic operator. This correction

term as mentioned before singles out those pre-collision states that are energetic enough to result in

a chemical reaction, therefore preventing double counting of these collisions in the elastic and reactive

operators. In this sense, the correction term leads to non anomalous results.

Finally, since it is well known that physically meaningful chemical processes often involve gases with

polyatomic structure, it will be useful to extend the present analysis to polyatomic models. This problem

will be addressed in chapter 6.
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Chapter 5

On the formal derivation of the reactive

Maxwell-Stefan equations from the kinetic

theory

This chapter contain the results published in EPL, 2020,

in collaboration with Patrícia Gonçalves and Ana Jacinta Soares.

5.1 Introduction

The equations nowadays referred to as the Maxwell-Stefan (MS) equations were first derived from the kinetic

theory of gases by Maxwell in his renown work [83], where a binary mixture of non-reactive gases was

considered. Few years later, Stefan presented in [105] a continuum mechanical derivation of the same

equations, but valid for a mixture of several non-reactive species. The MS equations have successfully been

used by many applied and experimental researchers to model diffusion in multicomponent mixtures [77].

This is because they provide a more consistent and complete approach than the standard description of

diffusion given by Fick in [52, 53]. In fact, the MS equations can be used to describe non-typical diffusion

phenomena like osmotic diffusion, uphill or reverse diffusion and diffusion barrier observed experimentally

in multi-species mixtures, [30, 47, 77].

Several contributions have been made at the level of both the mathematical analysis [26, 32, 70, 71]

and numerical studies [26, 50, 54] of MS type diffusion models. Furthermore, several works have been

published about the derivation of the MS equations from the MBEs for non-reactive mixtures, under a

diffusive scaling, see for example, [29, 69]. In these papers, the MS equations were obtained through the

passage from the kinetic dynamics, in a proper scaling, to the hydrodynamic limit. More precisely, the MS

equations were obtained from the momentum balance equation of the species, in the limit, as the scaling

parameter tends to zero. In the same spirit, chemically reactive mixtures of monatomic and polyatomic

gases have been considered in [5, 6], under isothermal and non-isothermal conditions, respectively. In

both papers, a chemical regime, in which mechanical collisions are dominant and chemical reactions
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are less frequent, was considered. The corresponding MS equations have been derived from the species

momentum balance equations, in the hydrodynamic limit, but they do not contain diffusion terms resulting

from chemical interactions.

The aim of this chapter is the formidable task of extending the approach of [5, 6] and derive the MS

equations in a regime, where chemical interactions between the species play a relevant role and influences

the dynamics of the reactive mixture. To this end, the SRS kinetic model given in [93] and described in

section 2.3 will be considered for the derivation presented in this chapter. The starting point of this deriva-

tion is a scaling of the kinetic equations in which both mechanical collisions and chemical reactions have

comparable relaxation times. The MS equations obtained from the momentum balance equations of the

species in the hydrodynamic limit, contain additional diffusion terms resulting from chemical interactions.

For this reason, the present extension will be referred to as the reactive MS equations. As a particular

case, the isothermal reactive MS equations is obtained when the temperature of the mixture is constant

in time and uniform in space.

The rest of this chapter is organised as follows. In the next section, the main results of this chapter

is presented. In section 5.3, the scaling of kinetic equations to be studied is introduced. This will be

followed by the assumptions that will be needed to obtain the results presented in this chapter and some

properties of the collision operators which are consequences of one of the assumptions. In section 5.4,

the momentum balance equations for the species are obtained. In section 5.5, the prove the main results

of this chapter is given. The last section is dedicated to the conclusions about the results obtained and

some discussion about new perspectives in connection with the reactive MS equations.

5.2 The main results

Let Ω ⊂ R3 be an open bounded domain with regular boundary. Consider a reactive mixture of four

monatomic-like gases, A1, A2, A3 and A4, participating in the bi-molecular reversible chemical reaction

described in equation (2.3.1) that evolves in Ω. This reactive mixture is described by the SRS kinetic

model given in section 2.3. Furthermore, let the temperature and the molar average velocity of the mixture:

T = T (t,x) and u = u(t,x), respectively be as defined in equations (2.3.63c) and (2.3.63b). For

each species Ai, with i = 1, 2, 3, 4, let ui = ui(t,x) be the molar average velocity, mi the molecular

mass, ci = ci(t,x) the molar concentration defined as given in equation (2.3.63a) and J i = J i(t,x)

the molar diffusion flux defined as given in equation (3.1.6).

The scaling of the SRS kinetic model considered in this chapter describes a physical situation in which

both mechanical collisions and chemical reactions have comparable relaxation times, which are much

smaller than the characteristic times of the flow. By passing to the corresponding hydrodynamic limit

under isothermal and non-isothermal conditions, respectively, the reactive MS equations are deduced from

the momentum balance equations of the species with explicit expressions for the diffusion coefficients.

The main results of this chapter are presented in the theorem and corollary given below.

Theorem 5.2.1. The non-isothermal reactive MS equations are given by
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∂

∂x
(ciT ) = −

4∑
s=1
s̸=i

(
csJ i − ciJ s

Dis

)
+
cjJ i − ciJ j

Dij

+
clJk

Dk

+
ckJ l

Dl

− cjJ i

Di

− ciJ j

Dj

, (5.2.1)

where Dis, Dij, Dk, Dl, Di, Dj are diffusion coefficients respectively defined as follows:

Dis =
9

32σ2
is

(
kB

2πµisT

) 1
2

Dij =
9k2BT

8
√
πσ2

ijβijµij

[(
2kBT
µij

) 3
2
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(
Ξij

c0

)3
Γ
(
3
2
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)]
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{
σ2
ijβijmk
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2
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µkl

) 1
2
(
mkΓ (2, zi∗) +

2
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)
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(
Ξkl

c0

)2(
2πµkl

kBT

) 1
2
(
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2

3
mlΓ(2, zi∗)
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MkB
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ijβijµkl
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2
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2πkBT

µkl

) 1
2
(
Γ (2, zi∗)−

2

3
Γ(3, zi∗)

)
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Ξkl

c0

)2(
2πµkl

kBT

) 1
2
(
Γ(1, zi∗)−

2

3
Γ(2, zi∗)

)]}−1

kB,

Di =

{
σ2
ijβijmi

[
2

(
2πkBT

µij

) 1
2
(
miΓ (2, z∗i ) +

2

3
mjΓ(3, z

∗
i )

)

−
(
Ξij

c0

)2(
2πµij

kBT

) 1
2
(
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∗
i ) +

2

3
mjΓ(2, z

∗
i )

)]}−1

MkB,

Dj =

{
σ2
ijβijµij

[
2

(
2πkBT

µij

) 1
2
(
Γ (2, z∗i )−

2

3
Γ(3, z∗i )

)

−
(
Ξij

c0

)2(
2πµij

kBT

) 1
2
(
Γ(1, z∗i )−

2

3
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kB,

with Γ(., .) the incomplete Euler gamma function defined as given in equation (4.3.3), zi∗,

z∗i and M are as defined in equations (4.3.4), (4.4.45) and (2.4.3), respectively.

The following corollary is an immediate consequence of Theorem 5.2.1 above.

Corollary 5.2.2. If the mixture temperature T is constant in time and uniform in space,

then the isothermal reactive MS equations are given by

∂ci
∂x

= −
4∑

s=1
s ̸=i

(
csJ i − ciJ s

Dis

)
+

(
cjJ i − ciJ j

)
Dij

+
clJk

Dk

+
ckJ l

Dl

− cjJ i

Di

− ciJ j

Dj

, (5.2.2)

where Dis = TDis, Dij = TDij, Dk = TDk, Dl = TDl, Di = TDi and Dj = TDj, with the

coefficients Dis, Dij, Dk, Dl, Di and Dj given as in Theorem 5.2.1.
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5.3 Scaled Equations Assumptions and Properties

In this section, the scaling of the SRS kinetic equations to be considered in this chapter will be presented.

Furthermore, the assumptions and the properties of the collision operators that will be useful to prove the

main results of this chapter (that is, Theorem 5.2.1 and Corollary 5.2.2) will be given.

5.3.1 Scaled Kinetic Equations

In the previous chapter, a scaling of the SRS kinetic equations that describe a physical situation where the

dominant role in the evolution of the species is played by mechanical interactions, while chemical reactions

are assumed to be slow thus resulting to isothermal condition was considered.

In this chapter, a scaling that describe a physical situation where both mechanical collisions and

chemical reactions have comparable relaxation times, which are much smaller than the characteristic

times of the flow will be considered. This scaling is achieved by setting p = q = 1 in equation (3.3.12) to

obtain:

α
∂fα

i

∂t
+ vi ·

∂fα
i

∂x
=

1

α
JαmE
i +

1

α
JαbE
i − 1

α
Jαb∗E
i +

1

α
JαR
i , i = 1, 2, 3, 4, (5.3.1)

The equations given in equation (5.3.1) above defines a regime in which both mechanical and reactive

interactions are of the same relevance. In this regime, as we shall see, the MS equations obtained contain

terms associated with the effects of the chemical reaction.

The aim is to derive from the momentum balance equations of the species, the reactive MS equations

in the hydrodynamic limit for α → 0. The starting point of this derivation is the kinetic formulation of the

transport equations for the species, given by

α

∫
R3

φi
∂fα

i

∂t
dvi +

∫
R3

φivi ·
∂fα

i

∂x
dvi

=
1

α

∫
R3

φiJ
αmE
i dvi +

1

α

∫
R3

φiJ
αbE
i dvi −

1

α

∫
R3

φiJ
αb∗E
ij dvi +

1

α

∫
R3

φiJ
αR
i dvi, (5.3.2)

for i = 1, 2, 3, 4, where φi is a weight function of the species velocities. Equation (5.3.2) above was

obtained by multiplying equation (5.3.1) by φi and integrating the resulting equation with respect to

5.3.2 Assumptions

Besides the scaling regime of comparable relaxation times for both elastic and reactive collisions, the

central assumptions that will be used to derive the reactive MS equations from the scaled kinetic equations

given in equation (5.3.1) are the following.

(a) The bulk velocity of the mixture is small and goes to zero as the scaling parameter α goes to 0.
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(b) The distribution functions are local Maxwellians centred at the species average velocity αui, with

species temperature T + αTα
i , such that, for i = 1, 2, 3, 4,

fα
i (t,x,vi) = cαi (t,x)

(
mi

2πkB
(
T (t,x) + αTα

i (t,x)
))3

2

× exp

(
−

mi

(
vi − αuα

i (t,x)
)2

2kB
(
T (t,x) + αTα

i (t,x)
)), (5.3.3)

where x ∈ Ω,vi ∈ R3, t ∈ R+ and cαi , T, T
α
i : R+ × Ω → R+, uα

i : R+ × Ω → R3.

Assumption (a) above implies that convective effects are negligible, whereas diffusion and chemical reac-

tion are relevant. Assumption (b) above indicates that the system evolves not far away from equilibrium.

The Taylor expansion of equation (5.3.3) around equilibrium will be crucial for the explicit computation of

the elastic and reactive production terms that appear in the momentum balance equation of the species.

5.3.3 Some Consequences of the Assumptions

In this subsection, some properties of the collision operators that will be used in the analysis of the

scaled kinetic equations given in equation (5.3.1) is given. These properties of the collision operators are

consequences of assumption (b) above.

Proposition 5.3.1. If the distribution functions are as given in equation (5.3.3), then the

following properties holds:

(a) fα′

i f
α′

j − fα
i f

α
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i M
α
j

[
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j

kBT 2

(
mi(v

′
i)
2

2
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2

2

)]
+O(α2),

(5.3.4)

(b)
(
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fα◦
k fα◦
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(5.3.5)

whereMα
i is as given in equation (4.2.5) andMα

j ,M
α◦
k ,Mα◦

l are similarly defined. Further-

more,

aij =
mi(u

α
i − uα

j )

kBT
, ai =

miu
α
i

kBT
, bi =

miT
α
i (vi)

2

2kBT 2
. (5.3.6)
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Proof. Observe that
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Taylor expanding the above exponentials with respect to α gives:

exp
(
− mi(vi)

2

2kB(T + αTα
i )

)
= exp

(
−mi(vi)

2

2kBT

)
+ α

miT
α
i (vi)

2

2kBT 2
exp
(
−mi(vi)

2

2kBT

)
+ α2mi(T

α
i )

2(vi)
2

8k2BT
4

exp
(
−mi(vi)

2

2kBT

)
(mi(vi)

2 − 4kBT ) +O(α3)

= exp
(
−mi(vi)

2

2kBT

)(
1 + α

miT
α
i (vi)

2

2kBT 2
+O(α2)

)
,

exp
(

miαu
α
i · vi

kB(T + αTα
i )

)
= 1 + α

miu
α
i · vi

kBT
+ α2miu

α
i · vi(miu

α
i · vi − 2Tα

i kB)

2k2BT
2

+O(α3),

exp
(
− mi(αu

α
i )

2

2kB(T + αTα
i )

)
= 1− α2mi(u

α
i )

2

2kBT
+ α3mi(u

α
i )

2Tα
i

2kBT 2
+O(α4).

Therefore,

exp
(
−mi(vi − αuα

i )
2

2kB(T + αTα
i )

)
= exp

(
−mi(vi)

2

2kBT

)(
1 + α

miu
α
i · vi

kBT
+ α

miT
α
i (vi)

2

2kBT 2
+O(α2)

)
. (5.3.7)

Also, Taylor expanding the term with exponent 3
2
in equation (5.3.3) with respect to α gives:(
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Taking the product of equations (5.3.7) and (5.3.8) gives:(
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Therefore, the distribution functions given in equation (5.3.3) can be written as follows:
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whereMα
i is as defined in equation (4.2.5).

Equation (5.3.9) will be referred to as the expanded form of the distribution function. Similarly, expansion

like the one given in equation (5.3.9) can be obtained for the distribution functions fα
j , f

α′
i , fα′

j , fα◦
k and

fα◦
l .

To prove part (a), observe that using the expanded form of the distribution functions gives:
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Using the conservation of kinetic energy for elastic collisions given in equation (2.3.7) with s replaced by

j, we obtain:
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Therefore, equation (5.3.11) can be rewritten as follows:
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(5.3.13)

Using equations (5.3.10) and (5.3.13), we can write
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Putting together terms of the same order in α gives:
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+
miT

α
i (v

′
i)
2

2kBT 2
− miT

α
i (vi)

2

2kBT 2

+
mj(u

α
j · v′

j)

kBT
−
mj(u

α
j · vj)

kBT
+
mjT

α
j (v

′
j)

2

2kBT 2
−
mjT

α
j (vj)

2

2kBT 2

)
+O(α2)

=αMα
i M

α
j

[
miu

α
i · (v′

i−vi)

kBT
+
mju

α
j · (v′

j−vj)

kBT
+

Tα
i

kBT 2

(
mi(v

′
i)
2

2
−mi(vi)

2

2

)
+

Tα
j

kBT 2

(
mj(v

′
j)

2

2
− mj(vj)

2

2

)]
+O(α2).

Using the conservation laws of linear momentum and kinetic energy for elastic collisions given in equations

(2.3.6) and (2.3.7), respectively with s replaced by j, but rewritten as:

mi(v
′
i − vi) = −mj(v

′
j − vj),

1

2
mi(v

′
i)
2 − 1

2
mi(vi)

2 =
1

2
mj(vj)

2 − 1

2
mj(v

′
j)

2,

we obtain:

fα′

i f
α′

j −fα
i f

α
j =αMα

i M
α
j

[
miu

α
i · (v′

i−vi)

kBT
−
miu

α
j · (v′

i−vi)

kBT
+

Tα
i

kBT 2

(
mi(v

′
i)
2

2
−mi(vi)

2

2

)
−

Tα
j

kBT 2

(
mi(v

′
i)
2

2
− mi(vi)

2

2

)]
+O(α2)

=αMα
i M

α
j

[
mi(v

′
i−vi) · (uα

i −uα
j )

kBT
+
Tα
i −Tα

j

kBT 2

(
mi(v

′
i)
2

2
−mi(vi)

2

2

)
+O(α2).

Thus part (a) is proven.

To prove part (b), observe that using the expanded form of the distribution functions gives :

fα◦
k fα◦

l =Mα◦
k Mα◦

l

(
1 + α

mk(u
α
k · v◦

k)

kBT
+ α

mkT
α
k (v

◦
k)

2

2kBT 2
+ α

ml(u
α
l · v◦

l )

kBT

+ α
mlT

α
l (v

◦
l )

2

2kBT 2
− α

3Tα
k

2T
− α

3Tα
l

2T
+O(α2)

)
.

(5.3.14)

Using equations (5.3.14) and (5.3.10), we can write(
µij

µkl

)2

fα◦
k fα◦

l − fα
i f

α
j =

(
µij

µkl

)2

Mα◦
k Mα◦

l

(
1 + α

mk(u
α
k · v◦

k)

kBT
+ α

mkT
α
k (v

◦
k)

2

2kBT 2

+ α
ml(u

α
l · v◦

l )

kBT
+ α

mlT
α
l (v

◦
l )

2

2kBT 2
− α

3Tα
k

2T
− α

3Tα
l

2T
+O(α2)

)
−Mα

i M
α
j

(
1 + α

mi(u
α
i · vi)

kBT
+ α

miT
α
i (vi)

2

2kBT 2
+ α

mj(u
α
j · vj)

kBT
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+ α
mjT

α
j (vj)

2

2kBT 2
− α

3Tα
i

2T
− α

3Tα
j

2T
+O(α2)

)
.

Putting together terms of the same order in α gives:(
µij

µkl

)2

fα◦
k fα◦

l − fα
i f

α
j

=

(
µij

µkl

)2

Mα◦
k Mα◦

l −Mα
i M

α
j + α

(
µij

µkl

)2

Mα◦
k Mα◦

l

(
mk(u

α
k · v◦

k)

kBT
+
ml(u

α
l · v◦

l )

kBT

+
mkT

α
k (v

◦
k)

2

2kBT 2
+
mlT

α
l (v

◦
l )

2

2kBT 2
− 3

2T
(Tα

k +T
α
l )

)
− αMα

i M
α
j

(
mi(u

α
i ·vi)

kBT
+
mj(u

α
j ·vj)

kBT

+
miT

α
i (vi)

2

2kBT 2
+
mjT

α
j (vj)

2

2kBT 2
− 3

2T
(Tα

i + Tα
j )

)
+O(α2).

Thus part (b) is proven and the proof is complete.

5.4 Momentum balance equations

In this section, the momentum balance equations for the species in the reactive mixture will be derived

from the scaled kinetic equations given in equation (5.3.1). This result is presented in the following lemma.

Lemma 5.4.1. The momentum balance equation for each species in the reactive mixture is

given by

α2mi
∂

∂t
(cαi u

α
i ) + kB

∂

∂x

(
cαi (T+αT

α
i )
)
+ α2mi

∂

∂x

(
cαi (u

α
i ⊗ uα

i )
)
= Õi − P̃i + Q̃i, (5.4.1)

where

Õi = miOi +O(α) (5.4.2)

P̃i =
miβij
α2

Pi +O(α), (5.4.3)

Q̃i =
mkβij
α2

(R1 +R2) +
miβij
α2

(R3 +R4) +O(α) (5.4.4)

with Oi, Pi, R1, R2, R3 and R4 defined as given in, equations (4.4.2), (4.4.3) and (4.4.44),

respectively.

Proof. Setting φi = mivi in equation (5.3.2), we obtain the momentum balance equation for each

species, in the form given below:

α

∫
R3

mivi
∂fα

i

∂t
dvi +

∫
R3

mi(vi ⊗ vi)
∂fα

i

∂x
dvi

=
1

α

∫
R3

miviJ
αmE
i dvi +

1

α

∫
R3

miviJ
αbE
i dvi −

1

α

∫
R3

miviJ
αb∗E
ij dvi +

1

α

∫
R3

miviJ
αR
i dvi.
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Using the Leibniz rule for differentiation under the integral sign for the two terms on the left-hand side of

the previous equation, we obtain:

α
∂

∂t

(∫
R3

mivif
α
i dvi

)
+

∂

∂x

(∫
R3

mi(vi ⊗ vi)f
α
i dvi

)
=

1

α

∫
R3

miviJ
αmE
i dvi︸ ︷︷ ︸

Ñi

+
1

α

∫
R3

miviJ
αbE
i dvi︸ ︷︷ ︸

Õi

− 1

α

∫
R3

miviJ
αb∗E
ij dvi︸ ︷︷ ︸

P̃i

+
1

α

∫
R3

miviJ
αR
i dvi︸ ︷︷ ︸

Q̃i

. (5.4.5)

Using the definition of the distribution function given in equation (5.3.3), we can write the first integral on

the left-hand side of equation (5.4.5) as given below:∫
R3

mivif
α
i dvi = cαi

(
mi

2πkB(T + αTα
i )

)3
2
∫
R3

mivi exp

(
−
mi

(
vi − αuα

i

)2
2kB(T + αTα

i )

)
dvi,

We can rewrite the previous integral using equation (4.3.7) as given below:∫
R3

mivif
α
i dvi = cαi

(
mi

2πkB(T + αTα
i )

)3
2
∫
R3

mi(ξi + αuα
i ) exp

(
− mi(ξi)

2

2kB(T + αTα
i )

)
dξi

= cαi

(
mi

2πkB(T + αTα
i )

)3
2
[
mi

∫
R3

ξi exp

(
− mi(ξi)

2

2kB(T + αTα
i )

)
dξi

+ αmiu
α
i

∫
R3

exp

(
− mi(ξi)

2

2kB(T + αTα
i )

)
dξi

]
.

Using the fact that any vector can be written in terms of a unit vector, we have that ξi can be written as

ξi = ξiv⃗, where ξi = ‖ξi‖ = |ξi| and v⃗ is a unit vector. Thus the first integral in the last equality of

the previous equation can be written as given below:∫
R3

ξi exp

(
− mi(ξi)

2

2kB(T + αTα
i )

)
dξi =

∫
R3

ξiv⃗ exp

(
− mi(ξi)

2

2kB(T + αTα
i )

)
dξi.

Writing the integral on the right-hand side of the previous equation in spherical coordinates and integrating

gives: ∫
R3

ξiv⃗ exp

(
− mi(ξi)

2

2kB(T + αTα
i )

)
dξi

=

∫ ∞

0

∫ π

0

∫ 2π

0

ξi(x̂ sin θ cosϕ+ ŷ sin θ sinϕ+ ẑ cos θ)

× exp

(
− mi(ξi)

2

2kB(T + αTα
i )

)
ξ2i sin θ dϕ dθ dξi
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=

∫ ∞

0

ξ3i exp

(
− mi(ξi)

2

2kB(T + αTα
i )

)
dξi

(
x̂

∫ π

0

sin2 θ dθ︸ ︷︷ ︸
π
2

∫ 2π

0

cosϕ dϕ︸ ︷︷ ︸
0

+ ŷ

∫ π

0

sin2 θ dθ︸ ︷︷ ︸
π
2

∫ 2π

0

sinϕ dϕ︸ ︷︷ ︸
0

+ẑ

∫ π

0

cos θ sin θ dθ︸ ︷︷ ︸
0

∫ 2π

0

dϕ︸ ︷︷ ︸
2π

)
,

where x̂, ŷ, ẑ are the Cartesian unit vectors in R3. The integral in ξi can be evaluated using the integral

representation of gamma given in equation (4.3.8) as given below:∫ ∞

0

ξ3i exp

(
− mi(ξi)

2

2kB(T + αTα
i )

)
dξi=

1

2
Γ(2)

(
2kB(T + αTα

i )

mi

)2

=
1

2
1!

(
2kB(T + αTα

i )

mi

)2

.

Therefore,∫
R3

ξi exp

(
− mi(ξi)

2

2kB(T + αTα
i )

)
dξi =

1

2

(
2kB(T + αTα

i )

mi

)2[
x̂(0) + ŷ(0) + ẑ(0)

]
=

1

2

(
2kB(T + αTα

i )

mi

)2

× 0

= 0. (5.4.6)

Hence∫
R3

mivif
α
i dvi =c

α
i

(
mi

2πkB(T + αTα
i )

)3
2
[
0+ αmiu

α
i

∫
R3

exp

(
− mi(ξi)

2

2kB(T + αTα
i )

)
dξi

]
.

Writing the integral on the right-hand side of the previous equation in spherical coordinates and integrating

gives:∫
R3

exp

(
− mi(ξi)

2

2kB(T + αTα
i )

)
dξi =

∫ ∞

0

∫ π

0

∫ 2π

0

exp

(
− mi(ξi)

2

2kB(T + αTα
i )

)
ξ2i sin θdϕdθdξi

=

∫ ∞

0

ξ2i exp

(
− mi(ξi)

2

2kB(T + αTα
i )

)
dξi

∫ π

0

sin θdθ︸ ︷︷ ︸
2

∫ 2π

0

dϕ︸ ︷︷ ︸
2π

= 4π

∫ ∞

0

ξ2i exp

(
− mi(ξi)

2

2kB(T + αTα
i )

)
dξi.

Using the integral representation of gamma function given in equation (4.3.8), we obtain:∫ ∞

0

ξ2i exp

(
− mi(ξi)

2

2kB(T + αTα
i )

)
dξi=

1

2
Γ

(
3

2

)(
2kB(T + αTα

i )

mi

) 3
2

=
1

2

√
π

2

(
2kB(T + αTα

i )

mi

) 3
2

.
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Therefore, ∫
R3

exp

(
− mi(ξi)

2

2kB(T + αTα
i )

)
dξi = 4π

√
π

4

(
2kB(T + αTα

i )

mi

)3
2

=

(
2πkB(T + αTα

i )

mi

)3
2

. (5.4.7)

Hence ∫
R3

mivif
α
i dvi = cαi

(
mi

2πkB(T + αTα
i )

)3
2
[
0+ αmiu

α
i

(
2πkB(T + αTα

i )

mi

) 3
2
]

= αmic
α
i u

α
i . (5.4.8)

Using the definition of the distribution function given in equation (5.3.3), we can write the second integral

on the left-hand side of equation (5.4.5) as given below:∫
R3

mi(vi⊗vi)f
α
i dvi=c

α
i

(
mi

2πkB(T + αTα
i )

)3
2
∫
R3

mi(vi⊗vi) exp

(
−
mi

(
vi − αuα

i

)2
2kB(T + αTα

i )

)
dvi.

Using equation (4.3.7) gives:

∫
R3

mi(vi ⊗ vi)f
α
i dvi = cαi

(
mi

2πkB(T + αTα
i )

)3
2
∫
R3

mi

(
(ξi + αuα

i )⊗ (ξi + αuα
i )
)

× exp

(
− mi(ξi)

2

2kB(T + αTα
i )

)
dvi.

Using equation (4.4.6), we can rewrite the previous equation as

∫
R3

mi(vi⊗vi)f
α
i dvi=c

α
i

(
mi

2πkB(T + αTα
i )

)3
2
∫
R3

mi

(
ξi⊗ξi+2α(ξi⊗uα

i )+α
2(uα

i ⊗uα
i )
)

× exp

(
− mi(ξi)

2

2kB(T + αTα
i )

)
dξi.

Expanding, we obtain:∫
R3

mi(vi ⊗ vi)f
α
i dvi=c

α
i

(
mi

2πkB(T+αTα
i )

)3
2

mi

∫
R3

(ξi ⊗ ξi) exp

(
− mi(ξi)

2

2kB(T+αTα
i )

)
dξi

+cαi

(
mi

2πkB(T+αTα
i )

)3
2

2miαu
α
i ⊗
∫
R3

ξi exp

(
− mi(ξi)

2

2kB(T+αTα
i )

)
dξi

+cαi

(
mi

2πkB(T+αTα
i )

)3
2

miα
2(uα

i ⊗uα
i )

∫
R3

exp

(
− mi(ξi)

2

2kB(T+αTα
i )

)
dξi.

The second and third integrals on the right-hand side of the previous equation are the same as those
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whose values are given in equations (5.4.6) and (5.4.7), respectively. Therefore,∫
R3

mi(vi ⊗ vi)f
α
i =cαi

(
mi

2πkB(T+αTα
i )

)3
2

mi

∫
R3

(ξi ⊗ ξi) exp

(
− mi(ξi)

2

2kB(T+αTα
i )

)
dξi

+cαi

(
mi

2πkB(T+αTα
i )

)3
2

2miαu
α
i ⊗ 0+miα

2cαi (u
α
i ⊗uα

i )

=cαi

(
mi

2πkB(T+αTα
i )

)3
2

mi

∫
R3

(ξi ⊗ ξi) exp

(
− mi(ξi)

2

2kB(T+αTα
i )

)
dξi

+miα
2cαi (u

α
i ⊗uα

i ).

Now let us evaluate the integral on the right-hand side of the last equality of the previous equation. To do

this, observe that∫
R3

(ξi ⊗ ξi) exp

(
− mi(ξi)

2

2kB(T+αTα
i )

)
dξi =

1

3
I
∫
R3

(ξi)
2 exp

(
− mi(ξi)

2

2kB(T+αTα
i )

)
dξi,

where I is an identity tensor. Writing the previous equation in spherical coordinates and integrating, we

obtain:∫
R3

(ξi ⊗ ξi) exp

(
− mi(ξi)

2

2kB(T + αTα
i )

)
dξi

=
1

3
I
∫ ∞

0

∫ π

0

∫ 2π

0

(ξi)
2 exp

(
− mi(ξi)

2

2kB(T + αTα
i )

)
ξ2i sin θ dϕ dθ dξi

=
1

3
I
∫ ∞

0

ξ4i exp

(
− mi(ξi)

2

2kB(T + αTα
i )

)
dξi

∫ π

0

sin θ dθ︸ ︷︷ ︸
2

∫ 2π

0

dϕ︸ ︷︷ ︸
2π

=
4π

3
I
∫ ∞

0

ξ4i exp

(
− mi(ξi)

2

2kB(T+αTα
i )

)
dξi.

Using the integral representation of gamma function given in equation (4.3.8), we obtain:

∫
R3

(ξi ⊗ ξi) exp

(
− mi(ξi)

2

2kB(T + αTα
i )

)
dξi =

4π

3
I
1

2
Γ

(
5

2

)(
2kB(T + αTα

i )

mi

) 5
2

=
4π

3
I
1

2

3
√
π

4

(
2kB(T + αTα

i )

mi

) 5
2

= I
1

2

(
2πkB(T + αTα

i

mi

) 3
2 2kB(T + αTα

i )

mi

= I
(
2πkB(T + αTα

i

mi

) 3
2 kB(T + αTα

i )

mi

. (5.4.9)

Thus,
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∫
R3

mi(vi ⊗ vi)f
α
i = cαi

(
mi

2πkB(T + αTα
i )

)3
2

miI
(
2πkB(T + αTα

i )

mi

) 3
2 kB(T + αTα

i )

mi

+miα
2cαi (u

α
i ⊗uα

i )

= cαi kB(T + αTα
i ) +miα

2cαi (u
α
i ⊗ uα

i ). (5.4.10)

Substituting equations (5.4.8) and (5.4.10) into equation (5.4.5), we obtain:

αmi
∂

∂t
(cαi u

α
i ) +

∂

∂x

(
cαi kB(T + αTα

i ) +miα
2cαi (u

α
i ⊗ uα

i )
)

=
1

α

∫
R3

miviJ
αmE
i dvi︸ ︷︷ ︸

Ñi

+
1

α

∫
R3

miviJ
αbE
i dvi︸ ︷︷ ︸

Õi

− 1

α

∫
R3

miviJ
αb∗E
ij dvi︸ ︷︷ ︸

P̃i

+
1

α

∫
R3

miviJ
αR
i dvi︸ ︷︷ ︸

Q̃i

. (5.4.11)

Since the properties of the scaled collision operators are similar to their un-scaled version, the first integral

on the right-hand side of equation (5.4.11) above vanishes. To see this, we use the weak form of the

mono-species collision operator given in equation (2.3.37), but with φ(vi) = mivi. Then applying the

conservation of linear momentum for single species (mono-species) collisions given in equation (2.2.2) to

the resulting equation gives the desired result. Thus equation (5.4.11) reduces to:

αmi
∂

∂t
(cαi u

α
i ) +

∂

∂x

(
cαi kB(T + αTα

i ) +miα
2cαi (u

α
i ⊗uα

i )
)

=
1

α

∫
R3

miviJ
αbE
i dvi︸ ︷︷ ︸

Ōi

− 1

α

∫
R3

miviJ
αb∗E
ij dvi︸ ︷︷ ︸

P̄i

+
1

α

∫
R3

miviJ
αR
i dvi︸ ︷︷ ︸

Q̄i

. (5.4.12)

Substituting equation (5.3.4) with the subscript j replaced by s into the definition of the bi-species collision

operator JαbE
i given in equation (3.3.14) and expanding, we obtain that the integral Õi can be written as:

Õi = α

4∑
s=1
s ̸=i

σ2
is

∫
R3

∫
R3

∫
S2+
miviM

α
i M

α
s

(
ais · (v′

i − vi)
)
〈ϵ,vi − vs〉 dϵ dvs dvi

︸ ︷︷ ︸
Õ(1)

i

+
α

kBT 2

4∑
s=1
s ̸=i

σ2
is(T

α
i −Tα

s )

∫
R3

∫
R3

∫
S2+
miviM

α
i M

α
s

mi

2

(
(v′

i)
2−(vi)

2
)
〈ϵ,vi−vs〉 dϵdvsdvi

︸ ︷︷ ︸
Õ(2)

i

+O(α2). (5.4.13)

First let us evaluate the integral Õ(1)
i . To do this, we substitute equation (4.4.10) into it to obtain:
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Õ(1)
i = α

4∑
s=1
s ̸=i

σ2
is2µis

∫
R3

∫
R3

∫
S2+
viM

α
i M

α
s

(
ais · (vs − vi) cos θ

)
〈ϵ,vi − vs〉 dϵ dvs dvi

= α
4∑

s=1
s ̸=i

σ2
is2µis

∫
R3

∫
R3

∫
S2+

viM
α
i M

α
s

(
ais · (vs − vi)

)
cos θ ‖vi − vs‖ cos θ dϵ dvs dvi

=α
4∑

s=1
s ̸=i

σ2
is2µis

∫
R3

∫
R3

viM
α
i M

α
s

(
ais · (vs−vi)

)
‖vi−vs‖ dvsdvi

∫ π
2

0

cos2 θ sin θdθ︸ ︷︷ ︸
1
3

∫ 2π

0

dϕ︸ ︷︷ ︸
2π

= α
4∑

s=1
s ̸=i

σ2
is

4πµis

3

∫
R3

∫
R3

viM
α
i M

α
s

(
ais · (vs − vi)

)
‖vi − vs‖ dvs dvi

= α

4∑
s=1
s ̸=i

σ2
is

4πµis

3

(mims)
3
2

(2πkBT )3
cαi c

α
s

∫
R3

∫
R3

vi exp

(
− mi(vi)

2+ms(vs)
2

2kBT

)

×
(
ais · (vs − vi)

)
‖vi − vs‖ dvsdvi.

It will be convenient to transform the above six fold integral from vi and vs to the centre of mass velocity

X∗ and relative velocity V ∗ given in equations (4.4.11) and (4.4.12), respectively. Therefore, using

equations (4.4.13), (4.4.14), (4.4.15) withmi +ms =Mis and (4.4.16), we can rewrite Õ(1)
i as follows:

Õ(1)
i = α

4∑
s=1
s ̸=i

σ2
is

4πµis

3

(mims)
3
2

(2πkBT )3
cαi c

α
s

×
∫
R3

∫
R3

(
X∗−

msV ∗

Mis

)
exp

(
− MisX

2
∗ + µisV

2
∗

2kBT

)
(ais · V ∗) ‖−V ∗‖ dX∗ dV ∗

= α
4∑

s=1
s ̸=i

σ2
is

4πµis

3

(mims)
3
2

(2πkBT )3
cαi c

α
s

×
∫
R3

∫
R3

(
X∗ −

msV ∗

Mis

)
exp

(
− MisX∗

2 + µisV∗
2

2kBT

)
(ais · V ∗)V∗dX∗ dV ∗

= α
4∑

s=1
s ̸=i

σ2
is

4πµis

3

(mims)
3
2

(2πkBT )3
cαi c

α
s

×
∫
R3

∫
R3

X∗ exp

(
− MisX∗

2 + µisV∗
2

2kBT

)
(ais · V ∗)V∗ dX∗ dV ∗

− α

4∑
s=1
s ̸=i

σ2
is

4πµis

3

(mims)
3
2

(2πkBT )3
cαi c

α
s

ms

Mis

×
∫
R3

∫
R3

V ∗ exp

(
− MisX∗

2 + µisV∗
2

2kBT

)
(ais · V ∗)V∗ dX∗ dV ∗
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= α
4∑

s=1
s ̸=i

σ2
is

4πµis

3

(mims)
3
2

(2πkBT )3
cαi c

α
s

×
∫
R3

X∗ exp

(
− MisX∗

2

2kBT

)
dX∗

∫
R3

exp

(
− µisV∗

2

2kBT

)
V∗

(
ais · V ∗

)
dV ∗︸ ︷︷ ︸

C

− α
4∑

s=1
s ̸=i

σ2
is

4πµis

3

(mims)
3
2

(2πkBT )3
cαi c

α
s

ms

Mis

×
∫
R3

exp

(
− MisX∗

2

2kBT

)
dX∗

∫
R3

V ∗ exp

(
− µisV∗

2

2kBT

)
V∗

(
ais · V ∗

)
dV ∗︸ ︷︷ ︸

D

,

where the fact that V ∗=vs − vi which implies that vi − vs = −V ∗ and ‖−V ∗‖ = | − 1| ‖V ∗‖ =

1 ‖V ∗‖ = V∗ have been used.

The values of the first and second integrals inX∗ on the right-hand side of the last equality of the previous

equation are given in equations (4.4.20) and (4.4.17), respectively. The integral C can be written in

spherical coordinates and evaluated as given below:

C =

∫ ∞

0

∫ π

0

∫ 2π

0

exp

(
− µisV∗

2

2kBT

)
V∗

(
aisV∗ cos θ

)
V 2
∗ sin θ dϕ dθ dV∗

= ais

∫ ∞

0

V 4
∗ exp

(
− µisV∗

2

2kBT

)
dV∗

∫ π

0

cos θ sin θ dθ︸ ︷︷ ︸
0

∫ 2π

0

dϕ︸ ︷︷ ︸
2π

,

where ais = ‖ais‖. The value of the integral in V∗ above is given in Eq. (4.4.18) therefore,

C =
3
√
π

8

(
2kBT

µis

) 5
2

× 0× 2π = 0. (5.4.14)

The integral D is similar to the integral given in equation (4.4.23) with ai replaced by ais. Therefore,∫
R3

V ∗(ais · V ∗) exp
(
−µisV

2
∗

2kBT

)
V∗ dV ∗ = ais

4π

3

(
2kBT

µis

)3

. (5.4.15)

Substituting equations (4.4.17), (4.4.20), (5.4.14) and (5.4.15) into Õ(1)
i , we obtain:

Õ(1)
i = α

4∑
s=1
s ̸=i

σ2
is

4πµis

3

(mims)
3
2

(2πkBT )3
cαi c

α
s (0× 0)

− α

4∑
s=1
s ̸=i

σ2
is

4πµis

3

(mims)
3
2

(2πkBT )3
cαi c

α
s

ms

Mis

(
2πkBT

Mis

) 3
2

ais
4π

3

(
2kBT

µis

)3
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= −α
4∑

s=1
s ̸=i

σ2
is

4πµis

3

(mims)
3
2

(2πkBT )3
cαi c

α
s

ms

Mis

(
2πkBT

Mis

) 3
2 4πmi

3kBT

(
2kBT

µis

)3

(uα
i − uα

s )

= −α
4∑

s=1
s ̸=i

σ2
is

16π2µismi

9kBT

(
µis

2πkBT

) 3
2

cαi c
α
s

ms

Mis

(
2kBT

µis

)3

(uα
i − uα

s )

= −α
4∑

s=1
s ̸=i

σ2
is

16µ2
is

9kBT

(
µis

2πkBT

) 3
2

cαi c
α
s

(
2πkBT

µis

)2(
2kBT

µis

)
(uα

i − uα
s )

= −α32
9

4∑
s=1
s ̸=i

σ2
is (2πµiskBT )

1
2 cαi c

α
s (u

α
i − uα

s ), (5.4.16)

where the definition of aij given in equation (5.3.6) have been used with j replaced by s.

The integral Õ(2)
i given in equation (5.4.13) vanishes upon evaluation, that is,

Õ(2)
i = 0, (5.4.17)

see Appendix B section B.1 for details of the computation. Therefore, substituting equations (5.4.16) and

(5.4.17) into equation (5.4.13) we obtain:

Õi = −α32
9

4∑
s=1
s ̸=i

σ2
is (2πµiskBT )

1
2 cαi c

α
s (u

α
i − uα

s ) +O(α2). (5.4.18)

Next, let us evaluate the integral P̃i given in equation (5.4.12). To do this, we substitute equation (5.3.4)

into the definition of Jαb∗E
i given in equation (3.3.15) and expand to obtain:

P̃i = αβijσ
2
ij

∫
R3

∫
R3

∫
S2+
miviM

α
i M

α
j (aij ·(v′

i − vi))

×Θ(〈ϵ, c0vi − c0vj〉 − Ξij) 〈ϵ,vi − vj〉 dϵdvjdvi

 P̃(1)
i

+αβijσ
2
ij

Tα
i − Tα

j

kBT 2

∫
R3

∫
R3

∫
S2+
miviM

α
i M

α
j

mi

2

(
(v′

i)
2 − (vi)

2
)

×Θ
(
〈ϵ, c0vi − c0vj〉 − Ξij

)
〈ϵ,vi − vj〉 dϵdvjdvi

 P̃(2)
i

+O(α2).

(5.4.19)

To evaluate the integral P̃(1)
i , we substitute equation (4.4.10) with s replaced by j into P̃(1)

i and obtain:

P̃(1)
i = αβijσ

2
ij2µij

∫
R3

∫
R3

∫
S2+

viM
α
i M

α
j (aij · (vj − vi) cos θ)

×Θ(〈ϵ, c0vi − c0vj〉 − Ξij) 〈ϵ,vi − vj〉 dϵdvjdvi.

Using equation (4.4.26), we obtain:
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P̃(1)
i = αβijσ

2
ij

4πµij

3

∫
R3

∫
R3

viM
α
i M

α
j (aij · (vj − vi))Θ

(
‖vi − vj‖ −

Ξij

c0

)
× ‖vi − vj‖

[
1−

(
Ξij

c0 ‖vi − vj‖

)3
]
dvjdvi

= αβijσ
2
ij

4πµij

3

(mimj)
3
2

(2πkBT )3
cαi c

α
j

∫
R3

∫
R3

vi exp

(
−mi(vi)

2 +mj(vj)
2

2kBT

)
(aij ·(vj − vi))

×Θ

(
‖vi − vj‖ −

Ξij

c0

)
‖vi − vj‖

[
1−

(
Ξij

c0 ‖vi − vj‖

)3
]
dvjdvi.

It will be convenient to transform the above six fold integral from vi and vj to the centre of mass velocity

X∗ and relative velocity V ∗, given by equations (2.4.6) and (2.4.7), respectively. Therefore, using equa-

tions (2.4.10), (2.4.11) and (2.4.12) together with the fact that the Jacobian of the transformation has abso-

lute value of unity, which implies equation (4.3.21), as well as ‖vi − vj‖ = ‖−V ∗‖ = | − 1| ‖V ∗‖ =

‖V ∗‖ = V ∗, we obtain:

P̃(1)
i = αβijσ

2
ij

4πµij

3

(mimj)
3
2

(2πkBT )3
cαi c

α
j

∫
R3

∫
R3

(
X∗ − mjV

∗

M

)
exp

(
−MX∗2+µijV

∗2

2kBT

)

× (aij ·V ∗)Θ

(
V ∗ − Ξij

c0

)
V ∗

[
1−

(
Ξij

c0V ∗

)3
]
dX∗dV ∗

= αβijσ
2
ij

4πµij

3

(mimj)
3
2

(2πkBT )3
cαi c

α
j

∫
R3

∫
R3

(
X∗ − mjV

∗

M

)
exp

(
− MX∗2 + µijV

∗2

2kBT

)

× (aij · V ∗)Θ

(
V ∗ − Ξij

c0

)
V ∗dX∗dV ∗

− αβijσ
2
ij

4πµij

3

(mimj)
3
2

(2πkBT )3
cαi c

α
j

∫
R3

∫
R3

(
X∗ − mjV

∗

M

)
exp

(
−MX∗2 + µijV

∗2

2kBT

)

× (aij · V ∗)Θ

(
V ∗ − Ξij

c0

)
V ∗
(

Ξij

c0V ∗

)3

dX∗dV ∗

= αβijσ
2
ij

4πµij

3

(mimj)
3
2

(2πkBT )3
cαi c

α
j

×
∫
R3

∫
R3

X∗ exp

(
− MX∗2 + µijV

∗2

2kBT

)
(aij · V ∗)Θ

(
V ∗ − Ξij

c0

)
V ∗dX∗dV ∗

− αβijσ
2
ij

4πµij

3

(mimj)
3
2

(2πkBT )3
cαi c

α
j

mj

M

×
∫
R3

∫
R3

V ∗ exp

(
− MX∗2 + µijV

∗2

2kBT

)
(aij · V ∗)Θ

(
V ∗ − Ξij

c0

)
V ∗dX∗dV ∗

− αβijσ
2
ij

4πµij

3

(mimj)
3
2

(2πkBT )3
cαi c

α
j

∫
R3

∫
R3

X∗ exp

(
− MX∗2 + µijV

∗2

2kBT

)
(aij · V ∗)
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×Θ

(
V ∗ − Ξij

c0

)
V ∗
(

Ξij

c0V ∗

)3

dX∗dV ∗

+ αβijσ
2
ij

4πµij

3

(mimj)
3
2

(2πkBT )3
cαi c

α
j

mj

M

∫
R3

∫
R3

V ∗ exp

(
− MX∗2 + µijV

∗2

2kBT

)
(aij · V ∗)

×Θ

(
V ∗ − Ξij

c0

)
V ∗
(

Ξij

c0V ∗

)3

dX∗dV ∗

= αβijσ
2
ij

4πµij

3

(mimj)
3
2

(2πkBT )3
cαi c

α
j

∫
R3

X∗ exp

(
− MX∗2

2kBT

)
dX∗

×
∫
R3

exp

(
− µijV

∗2

2kBT

)
(aij · V ∗)Θ

(
V ∗ − Ξij

c0

)
V ∗dV ∗

︸ ︷︷ ︸
X1

− αβijσ
2
ij

4πµij

3

(mimj)
3
2

(2πkBT )3
cαi c

α
j

mj

M

∫
R3

exp

(
− MX∗2

2kBT

)
dX∗

×
∫
R3

V ∗ exp

(
− µijV

∗2

2kBT

)
(aij · V ∗)Θ

(
V ∗ − Ξij

c0

)
V ∗dV ∗

︸ ︷︷ ︸
X2

− αβijσ
2
ij

4πµij

3

(mimj)
3
2

(2πkBT )3
cαi c

α
j

∫
R3

X∗ exp

(
− MX∗2

2kBT

)
dX∗

×
∫
R3

exp

(
− µijV

∗2

2kBT

)
(aij · V ∗)Θ

(
V ∗ − Ξij

c0

)
V ∗
(

Ξij

c0V ∗

)3

dV ∗

︸ ︷︷ ︸
X3

+ αβijσ
2
ij

4πµij

3

(mimj)
3
2

(2πkBT )3
cαi c

α
j

mj

M

∫
R3

exp

(
− MX∗2

2kBT

)
dX∗

×
∫
R3

V ∗ exp

(
− µijV

∗2

2kBT

)
(aij ·V ∗)Θ

(
V ∗ − Ξij

c0

)
V ∗
(

Ξij

c0V ∗

)3

dV ∗

︸ ︷︷ ︸
X4

.

The values of the integrals in X∗ on the right-hand side of the last equality of the previous equation are

given in Eq. (4.4.28). Now let us evaluate the integrals X1, X2, X3 and X4.

Writing the integral X1 in spherical coordinates and integrating gives:

X1 =

∫ ∞

0

∫ π

0

∫ 2π

0

exp

(
− µijV

∗2

2kBT

)
(aijV

∗ cos θ)Θ
(
V ∗−Ξij

c0

)
V ∗V ∗2 sin θdϕdθdV ∗

= aij

∫ ∞

V ∗≥
Ξij
c0

∫ π

0

∫ 2π

0

V ∗4 exp

(
− µijV

∗2

2kBT

)
cos θ sin θ dϕ dθ dV ∗

= aij

∫ ∞

V ∗≥
Ξij
c0

V ∗4 exp

(
− µijV

∗2

2kBT

)
dV ∗

∫ π

0

sin θ cos θdθ︸ ︷︷ ︸
0

∫ 2π

0

dϕ︸ ︷︷ ︸
2π

, (5.4.20)
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where aij = ‖aij‖. The value of the integral in V ∗ is given in equation (4.4.29). Therefore,

∫
R3

(aij · V ∗) exp

(
− µijV

∗2

2kBT

)
Θ

(
V ∗−Ξij

c0

)
V ∗dV ∗ = aij

1

2

(
2kBT

µij

)5
2

Γ

(
5

2
, z∗i

)
× 0× 2π

= 0. (5.4.21)

Next we evaluate the integral X2. Observe that it can be rewritten as follows:

X2 =

∫
R3

V ∗v⃗ exp

(
− µijV

∗2

2kBT

)
(aij · V ∗)Θ

(
V ∗ − Ξij

c0

)
V ∗dV ∗

=

∫
R3

V ∗v⃗ exp

(
− µijV

∗2

2kBT

)
(aijV

∗ cos θ)Θ
(
V ∗ − Ξij

c0

)
V ∗dV ∗,

where the fact that any vectorV ∗ can be written in terms of a unit vector asV ∗ = V ∗v⃗, with V ∗ = ‖V ∗‖
and v⃗ a unit vector have been used. Writing the integral in the last equality of the previous equation in

spherical coordinates and integrating gives

X2 =

∫ ∞

0

∫ π

0

∫ 2π

0

V ∗(x̂ sin θ cosϕ+ ŷ sin θ sinϕ+ ẑ cos θ) exp

(
− µijV

∗2

2kBT

)

× (aijV
∗ cos θ)Θ

(
V ∗ − Ξij

c0

)
V ∗V ∗2 sin θ dϕ dθ dV ∗

= aij

∫ ∞

V ∗≥
Ξij
c0

V ∗5 exp

(
− µijV

∗2

2kBT

)
dV ∗

(
x̂

∫ π

0

sin2 θ cos θ dθ︸ ︷︷ ︸
0

∫ 2π

0

cosϕ dϕ︸ ︷︷ ︸
0

+ ŷ

∫ π

0

sin2 θ cos θ dθ︸ ︷︷ ︸
0

∫ 2π

0

sinϕ dϕ︸ ︷︷ ︸
0

+ẑ

∫ π

0

sin θ cos2 θ dθ︸ ︷︷ ︸
2
3

∫ 2π

0

dϕ︸ ︷︷ ︸
2π

)
,

where x̂, ŷ, ẑ are the Cartesian unit vectors in R3. The value of the integral in V ∗ above is given in

equation (4.4.33). Therefore,∫
R3

V ∗ exp

(
− µijV

∗2

2kBT

)
(aij · V ∗)Θ

(
V ∗ − Ξij

c0

)
V ∗dV ∗

= aij

(
2kBT

µij

)3
1

2
Γ(3, z∗i )

[
x̂(0× 0) + ŷ(0× 0) + ẑ

(2
3
× 2π

)]
= aij

(
2kBT

µij

)3
1

2
Γ(3, z∗i )ẑ

(4π
3

)
= aij

2π

3

(
2kBT

µij

)3

Γ(3, z∗i ). (5.4.22)

Now let us evaluate the integral X3. To do this, we write it in spherical coordinates and integrate as given

below:
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X3=

∫ ∞

0

∫ π

0

∫ 2π

0

exp

(
−µijV

∗2

2kBT

)
(aijV

∗ cos θ)Θ
(
V ∗ − Ξij

c0

)
V ∗
(

Ξij

c0V ∗

)3

V ∗2 sin θdϕdθdV ∗

=

(
Ξij

c0

)3

aij

∫ ∞

V ∗≥
Ξij
c0

V ∗ exp

(
−µijV

∗2

2kBT

)
dV ∗

∫ π

0

sin θ cos θdθ︸ ︷︷ ︸
0

∫ 2π

0

dϕ︸ ︷︷ ︸
2π

.

The value of the integral in V ∗ above is given in equation (4.4.31). Therefore,

∫
R3

exp

(
− µijV

∗2

2kBT

)
(aij · V ∗)Θ

(
V ∗ − Ξij

c0

)
V ∗
(

Ξij

c0V ∗

)3

dV ∗

=

(
Ξij

c0V

)3

aij
1

2

(
2kBT

µij

)
Γ(1, z∗i )× 0× 2π

= 0. (5.4.23)

Finally, the integral X4 can be rewritten as given below:

X4 =

∫
R3

V ∗v⃗ exp

(
− µijV

∗2

2kBT

)
(aij · V ∗)Θ

(
V ∗ − Ξij

c0

)
V ∗
(

Ξij

c0V ∗

)3

dV ∗

=

∫
R3

V ∗v⃗ exp

(
− µijV

∗2

2kBT

)
(aijV

∗ cos θ)Θ
(
V ∗ − Ξij

c0

)
V ∗
(

Ξij

c0V ∗

)3

dV ∗,

where the fact that any vectorV ∗ can be written in terms of a unit vector asV ∗ = V ∗v⃗, with V ∗ = ‖V ∗‖
and v⃗ a unit vector have been used. Writing the integral X4 in spherical coordinates and integrating, we

obtain:

X4 =

∫ ∞

0

∫ π

0

∫ 2π

0

V ∗(x̂ sin θ cosϕ+ ŷ sin θ sinϕ+ ẑ cos θ) exp

(
− µijV

∗2

2kBT

)

× (aijV
∗ cos θ)Θ

(
V ∗ − Ξij

c0

)
V ∗
(

Ξij

c0V ∗

)3

V ∗2 sin θ dϕ dθ dV ∗

=

(
Ξij

c0

)3

aij

∫ ∞

V ∗≥
Ξij
c0

V ∗2 exp

(
− µijV

∗2

2kBT

)
dV ∗

(
x̂

∫ π

0

sin2 θ cos θ dθ︸ ︷︷ ︸
0

∫ 2π

0

cosϕ dϕ︸ ︷︷ ︸
0

+ ŷ

∫ π

0

sin2 θ cos θ dθ︸ ︷︷ ︸
0

∫ 2π

0

sinϕ dϕ︸ ︷︷ ︸
0

+ẑ

∫ π

0

sin θ cos2 θ dθ︸ ︷︷ ︸
2
3

∫ 2π

0

dϕ︸ ︷︷ ︸
2π

)
,

where x̂, ŷ, ẑ are the Cartesian unit vectors in R3. The value of the integral in V ∗ above is given in

equation (4.4.35). Therefore,

∫
R3

V ∗ exp

(
− µijV

∗2

2kBT

)
(aij · V ∗)Θ

(
V ∗ − Ξij

c0

)
V ∗
(

Ξij

c0V ∗

)3

dV ∗
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=

(
Ξij

c0

)3

aij
1

2

(
2kBT

µij

) 3
2

Γ

(
3

2
, z∗i

)[
x̂(0× 0) + ŷ(0× 0) + ẑ

(2
3
× 2π

)]
=

(
Ξij

c0

)3

aij
1

2

(
2kBT

µij

) 3
2

Γ

(
3

2
, z∗i

)
ẑ
(4π
3

)
=

(
Ξij

c0

)3

aij
2π

3

(
2kBT

µij

) 3
2

Γ

(
3

2
, z∗i

)
. (5.4.24)

Substituting equations (4.4.28), (5.4.21), (5.4.22), (5.4.23) and (5.4.24) into P̃(1)
i gives:

P̃(1)
i = −αβijσ2

ij

4πµij

3

(mimj)
3
2

(2πkBT )3
cαi c

α
j

mj

M

(
2πkBT

M

) 3
2

aij
2π

3

(
2kBT

µij

)3

Γ(3, z∗i )

+ αβijσ
2
ij

4πµij

3

(mimj)
3
2

(2πkBT )3
cαi c

α
j

mj

M

(
2πkBT

M

) 3
2
(
Ξij

c0

)3

aij
2π

3

(
2kBT

µij

) 3
2

Γ

(
3

2
, z∗i

)
= −αβijσ2

ij

4πµij

3

(mimj)
3
2

(2πkBT )3
cαi c

α
j

mj

M

(
2πkBT

M

) 3
2

aij
2π

3

(
2kBT

µij

) 3
2

×
[(

2kBT

µij

) 3
2

Γ(3, z∗i )−
(
Ξij

c0

)3

Γ

(
3

2
, z∗i

)]
= −αβijσ2

ij

8π2µij

9

(
µij

2πkBT

)3
2

cαi c
α
j

mj

M
aij

(
2kBT

µij

) 3
2

×
[(

2kBT

µij

) 3
2

Γ(3, z∗i )−
(
Ξij

c0

)3

Γ

(
3

2
, z∗i

)]
= −αβijσ2

ij

8
√
πµij

9
cαi c

α
j

mj

M

mi(u
α
i −uα

j )

kBT

[(
2kBT

µij

) 3
2

Γ(3, z∗i )−
(
Ξij

c0

)3

Γ

(
3

2
, z∗i

)]
=−αβijσ2

ij

8
√
π

9

µ2
ij

kBT
cαi c

α
j

[(
2kBT

µij

)3
2

Γ(3, z∗i )−
(
Ξij

c0

)3

Γ

(
3

2
, z∗i

)]
(uα

i −uα
j ). (5.4.25)

The integral P̃(2)
i given in equation (5.4.19) vanishes upon evaluation, that is

P̃(2)
i = 0, (5.4.26)

see Appendix B section B.2 for details of the computation. Therefore, substituting equations (5.4.25) and

(5.4.26) into equation (5.4.19), we obtain:

P̃i = −αβijσ2
ij

8
√
π

9

µ2
ij

kBT
cαi c

α
j

×
[(

2kBT

µij

) 3
2

Γ(3, z∗i )−
(
Ξij

c0

)3

Γ

(
3

2
, z∗i

)]
(uα

i − uα
j ) +O(α2). (5.4.27)

Finally, let us evaluate the integral Q̃i given in equation (5.4.12). To do this, we substitute equation (5.3.5)

into the definition of the reactive collision operator JαR
i given in equation (3.3.16) and expand to obtain:
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Q̃i = βijσ
2
ij

∫
R3

∫
R3

∫
S2+
mivi

[(
µij

µkl

)2

Mα◦
k Mα◦

l −Mα
i M

α
j

]
×Θ

(
〈ϵ, c0vi − c0vj〉 − Ξij

)
〈ϵ,vi − vj〉 dϵdvjdvi

 Q̃(1)
i

+αβijσ
2
ij

∫
R3

∫
R3

∫
S2+
mivi

[(
µij

µkl

)2

Mα◦
k M

α◦
l (ak ·v◦

k+al ·v◦
l )−Mα

i M
α
j (ai ·vi+aj ·vj)

]
×Θ

(
〈ϵ, c0vi−c0vj〉−Ξij

)
〈ϵ,vi − vj〉 dϵdvjdvi

 Q̃(2)
i

+ αβijσ
2
ij

∫
R3

∫
R3

∫
S2+
mivi

[(
µij

µkl

)2

Mα◦
k Mα◦

l (bk + bl)−Mα
i M

α
j (bi + bj)

]
×Θ

(
〈ϵ, c0vi − c0vj〉 − Ξij

)
〈ϵ,vi − vj〉 dϵdvjdvi

 Q̃(3)
i

+ αβijσ
2
ij

3

2T

∫
R3

∫
R3

∫
S2+
mivi

[
−
(
µij

µkl

)2

Mα◦
k Mα◦

l (Tα
k +T

α
l ) +Mα

i M
α
j (T

α
i + Tα

j )

]
×Θ

(
〈ϵ, c0vi − c0vj〉 − Ξij

)
〈ϵ,vi − vj〉 dϵdvjdvi

 Q̃(4)
i

+O(α2). (5.4.28)

The integrals Q̃(1)
i , Q̃(3)

i and Q̃(4)
i all vanish upon evaluation. That is,

Q̃(1)
i = 0, Q̃(3)

i = 0, Q̃(4)
i = 0, (5.4.29)

see Appendix B sections B.3, B.4 and B.5, respectively for the details of the computations. Let us now

compute the integral Q̄(2)
i . Expanding it, we obtain:

Q̃(2)
i = αβijσ

2
ij

∫
R3

∫
R3

∫
S2+
mivi

(
µij

µkl

)2

Mα◦
k Mα◦

l (ak · v◦
k)

×Θ
(
〈ϵ, c0vi − c0vj〉 − Ξij

)
〈ϵ,vi − vj〉 dϵdvjdvi

 R̃1

+ αβijσ
2
ij

∫
R3

∫
R3

∫
S2+
mivi

(
µij

µkl

)2

Mα◦
k Mα◦

l (al · v◦
l )

×Θ
(
〈ϵ, c0vi − c0vj〉 − Ξij

)
〈ϵ,vi − vj〉 dϵdvjdvi

 R̃2

− αβijσ
2
ij

∫
R3

∫
R3

∫
S2+
miviM

α
i M

α
j (ai · vi)Θ

(
〈ϵ, c0vi − c0vj〉 − Ξij

)
〈ϵ,vi − vj〉 dϵdvjdvi︸ ︷︷ ︸

R̃3

− αβijσ
2
ij

∫
R3

∫
R3

∫
S2+
miviM

α
i M

α
j (aj · vj)Θ

(
〈ϵ, c0vi − c0vj〉 − Ξij

)
〈ϵ,vi − vj〉 dϵdvjdvi︸ ︷︷ ︸

R̃4

.

It will be convenient to transform the integrals R̃1 and R̃2 from (vi,vj) to (v◦
k,v

◦
l ). To do this, we use

equation (4.4.43) together with equation (2.3.20) and obtain:
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R̃1 = ασ2
ijβij

∫
R3

∫
R3

∫
S2+
mkv

◦
k

(
µij

µkl

)2

Mα◦
k Mα◦

l (ak · v◦
k)Θ (〈ϵ, c0v◦

k − c0v
◦
l 〉 − Ξkl)

×
(
µkl

µij

)1
2

ω+

(
µkl

µij

)3
2 〈ϵ,v◦

k − v◦
l 〉

ω+
dϵ dv◦

k dv
◦
l

=ασ2
ijβij

∫
R3

∫
R3

∫
S2+
mkv

◦
kM

α◦
k M

α◦
l (ak ·v◦

k)Θ (〈ϵ, c0v◦
k−c0v◦

l 〉−Ξkl)〈ϵ,v◦
k−v◦

l 〉 dϵdv◦
kdv

◦
l ,

R̃2 = ασ2
ijβij

∫
R3

∫
R3

∫
S2+
mkv

◦
k

(
µij

µkl

)2

Mα◦
k Mα◦

l (al · v◦
l )Θ (〈ϵ, c0v◦

k − c0v
◦
l 〉 − Ξkl)

×
(
µkl

µij

)1
2

ω+

(
µkl

µij

)3
2 〈ϵ,v◦

k − v◦
l 〉

ω+
dϵ dv◦

k dv
◦
l

=ασ2
ijβij

∫
R3

∫
R3

∫
S2+
mkv

◦
kM

α◦
k M

α◦
l (al ·v◦

l )Θ (〈ϵ, c0v◦
k−c0v◦

l 〉−Ξkl)〈ϵ,v◦
k−v◦

l 〉 dϵdv◦
kdv

◦
l .

Thus the integral Q̃(2)
i can be rewritten as given below:

Q̃(2)
i =ασ2

ijβij

∫
R3

∫
R3

∫
S2+
mkv

◦
kM

α◦
k M

α◦
l (ak ·v◦

k)Θ (〈ϵ, c0v◦
k−c0v◦

l 〉−Ξkl)〈ϵ,v◦
k−v◦

l 〉 dϵ dv◦
k dv

◦
l︸ ︷︷ ︸

R̃1

+ασ2
ijβij

∫
R3

∫
R3

∫
S2+
mkv

◦
kM

α◦
k M

α◦
l (al ·v◦

l )Θ (〈ϵ, c0v◦
k−c0v◦

l 〉−Ξkl) 〈ϵ,v◦
k−v◦

l 〉 dϵdv◦
kdv

◦
l︸ ︷︷ ︸

R̃2

− αβijσ
2
ij

∫
R3

∫
R3

∫
S2+
miviM

α
i M

α
j (ai ·vi)Θ

(
〈ϵ, c0vi−c0vj〉−Ξij

)
〈ϵ,vi − vj〉 dϵdvjdvi︸ ︷︷ ︸

R̃3

− αβijσ
2
ij

∫
R3

∫
R3

∫
S2+
miviM

α
i M

α
j (aj ·vj)Θ

(
〈ϵ, c0vi−c0vj〉−Ξij

)
〈ϵ,vi − vj〉 dϵdvjdvi︸ ︷︷ ︸

R̃4

.

The integrals R̃1, R̃2 R̃3 and R̃4 above are similar to P̄(1)
i given in equation (5.4.19). Therefore, using

similar steps as those used in the computation of P̃(1)
i , we obtain:

Q̃(2)
i =ασ2

ijβij
mk

M
cαk c

α
l u

α
k

(
2πkBT

µkl

) 1
2
[
mkΓ

(
2, zi∗

)
+

2ml

3
Γ(3, zi∗)

]
−ασ2

ijβij
mk

M
cαk c

α
l u

α
k

(
2πµkl

kBT

) 1
2
(
Ξkl

c0

)2 [
mkΓ(1, zi∗) +

2ml

3
Γ
(
2, zi∗

)]
 R̃1

+2ασ2
ijβij

mk

M
cαk c

α
l mlu

α
l

(
2πkBT

µkl

) 1
2
[
Γ
(
2, zi∗

)
− 2

3
Γ(3, zi∗)

]
−ασ2

ij βij
mk

M
cαk c

α
l ml u

α
l

(
Ξkl

c0

)2(
2πµkl

kBT

) 1
2
[
Γ(1, zi∗)−

2

3
Γ
(
2, zi∗

)]
 R̃2
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−2αβijσ
2
ijc

α
i c

α
j

mi

M
uα

i

(
2πkBT

µij

) 1
2
[
miΓ

(
2, z∗i

)
+

2

3
mjΓ(3, z

∗
i )

]
+αβijσ

2
ijc

α
i c

α
j

mi

M
uα

i

(
Ξij

c0

)2(
2πµij

kBT

) 1
2
[
miΓ(1, z

∗
i ) +

2

3
mjΓ

(
2, z∗i

)]
 R̃3

−2αβijσ
2
ijc

α
i c

α
jmiu

α
j

(
2πkBT

µij

) 1
2 mj

M

[
Γ
(
2, z∗i

)
− 2

3
Γ(3, z∗i )

]
+αβijσ

2
ijc

α
i c

α
jmi u

α
j

(
Ξij

c0

)2(
2πµij

kBT

) 1
2 mj

M

[
Γ(1, z∗i )−

2

3
Γ
(
2, z∗i

)]
,

 R̃4 (5.4.30)

where Γ(., .) the incomplete Euler gamma function defined as given in equation (4.3.3), zi∗ , z
∗
i andM

are as defined in equations (4.3.4), (4.4.45) and (2.4.3), respectively.

Substituting equations (5.4.29) and (5.4.30) into equation (5.4.28), we obtain:

Q̃i = 0 + Q̃(2)
i + 0 + 0 +O(α2)

= Q̃(2)
i +O(α2) (5.4.31)

where Q̃(2)
i is as given in equation (5.4.30).

Now substituting equations (5.4.18), (5.4.27) and (5.4.31) into equation (5.4.12) gives the desired

result. Therefore, the proof is complete.

5.5 Formal Asymptotic Analysis

In this section, the formal asymptotic analysis of the momentum balance equations given by equation

(5.4.1) to obtain the reactive Maxwell-Stefan equations will be carried out. More precisely, the proof of

Theorem 5.2.1 will be given.

5.5.1 Proof of the Main Result

The result given in Theorem 5.2.1 is a consequence of Lemma 5.4.1. To prove Theorem 5.2.1, we substi-

tute equation (4.5.4) into equation (5.4.12) and divide both sides of the resulting equation by kB :

α2mi

kB

∂

∂t

(
Jα

i +c
α
i u

α
)
+
∂

∂x

(
cαi (T+αTα

i )
)
+α2mi

kB

∂

∂x

(
cαi (u

α
i ⊗uα

i )
)
=

1

αkB

(
Õi+P̃i+Q̃i

)
,

where uα, Õi, P̃i and Q̃i are as given in equations (4.5.5), (5.4.18), (5.4.27) and (5.4.31), respectively.

Furthermore, observe that similar to equation (4.5.4), one has that

cαku
α
k =Jα

k + c
α
ku

α, cαl u
α
l =Jα

l + cαl u
α, cαsu

α
s =Jα

s + c
α
su

α, cαj u
α
j =Jα

j + cαj u
α. (5.5.1)

Therefore, substituting (4.5.4) and (5.5.1) into equations (5.4.18), (5.4.27) and (5.4.31), one obtains that

the term cαi c
α
s

(
uα

i − uα
s

)
given in equation (5.4.18) becomes:
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cαi c
α
s

(
uα

i − uα
s

)
= cαs

(
Jα

i + cαi u
α
)
− cαi

(
Jα

s + cαsu
α
)

= cαsJ
α
i + cαi c

α
su

α − cαi J
α
s − cαi c

α
su

α

= cαsJ
α
i − cαi J

α
s .

Similarly, the term cαi c
α
j

(
uα

i − uα
j

)
given in (5.4.27) becomes:

cαi c
α
j

(
uα

i − uα
j

)
= cαj J

α
i − cαi J

α
j .

Now taking the limit as α → 0, we obtain:

∂

∂x
(ciT ) =

1

kB

(
Õ∗

i + P̃∗
i + Q̃∗

i

)
, (5.5.2)

where

ci = lim
α→0

cαi , J i = lim
α→0

Jα
i u = lim

α→0
uα = 0

Õ∗
i = lim

α→0
Õi, P̃∗

i = lim
α→0

P̃i, and Q̃∗
i = lim

α→0
Q̃i.

That u vanishes follows from assumption (a) given in subsection 5.3.2. Finally, performing a little algebra

on the terms on the right-hand side of equation (5.5.2) gives the desired result.

5.6 Conclusion and discussion

In this chapter, the non-isothermal and isothermal reactive MS equations given in equations (5.2.1) and

(5.2.2), respectively, were derived from the SRS kinetic model that describe a quaternary mixture of

monatomic ideal gases undergoing a reversible chemical reaction of bi-molecular type. These derivations

are the main results of this chapter. They were obtained thanks to the scaling of the kinetic equations, for

which both mechanical collisions and chemical reactions have comparable relaxation times. The diffusion

coefficients of the non-isothermal and isothermal reactive MS equations have been derived explicitly. With

the exception of the first term on the right-hand side of the reactive MS equations, all other terms are new

and they describe diffusion of the reactive species with enough energy to produce a chemical reaction.

In the general case of non-isothermal evolution, the reactive MS equations given in equation (5.2.1)

should be coupled with the evolution equations for the concentration of the constituents and the energy

conservation equation for the mixture. These equations are obtained by setting φi = 1 and φi =
1
2
mivi + Ei, respectively in equation (5.3.2) and integrating. The resulting system of equations will

describe the evolution of (ci,J i, T ). On the other hand, in the particular case of isothermal evolution,

the reactive MS equations given in equation (5.2.2) should be coupled with the evolution equations for the

concentration of the constituents. The resulting system of equations will describe the evolution of (ci,J i).

Finally, the analysis developed in this chapter can be extended to a reactive mixture of polyatomic

gases and the resulting equations will certainly describe in a more complete way the involved chemical

kinetics.
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Chapter 6

On the Maxwell-Stefan diffusion limit for a

reactive mixture of polyatomic gases in

non-isothermal setting

This chapter contain the results published in Kinet. Relat. Models 2020,

in collaboration with Mazia Bisi, Francesco Salvarani and Ana Jacinta Soares.

6.1 Introduction

Realistic models of multicomponent diffusion phenomena are crucial for many applications in fluid me-

chanics and chemistry. In the case of isothermal non-reactive gaseous mixtures, composed of at least

three different constituents, the diffusive behaviour of the species is well described by the equations intro-

duced by Maxwell and Stefan in [83, 105], which provide a more general and appropriate framework than

the standard Fickian approach [52, 53].

Despite the popularity of Maxwell-Stefan (MS) model and its irreplaceability for many applications

in chemical engineering [76, 77], the mathematical properties of the MS diffusion equations have only

recently been investigated. In particular, the first studies have been devoted to the matrix formulation of

the gradient-flux relationships (see [55] and the references therein). Subsequently, the well-posedness

and the long-time behaviour of the solutions of the MS system (or some variants) have been studied in

[23, 26, 41, 63, 70, 71]. Furthermore, the numerical simulation of the MS system has been the subject of

[21, 26, 54, 87] and the relationships between Fickian diffusion and the MS model have been analysed in

[29, 102]. By following the research line initiated by Bardos, Golse and Levermore in the Nineties – whose

goal was the derivation of the equations of fluid mechanics starting from the Maxwell-Boltzmann equation

[10, 11] – several articles have been published on the formal derivation of isothermal multicomponent MS

type diffusion equations starting from the Maxwell-Boltzmann system for monatomic non-reactive gaseous

mixtures [29, 27, 28, 68]. The case of a reactive mixture described by the SRS kinetic model, which

retains the main features of the reaction mechanism without taking into account the internal degrees of
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freedom of the particles, has been investigated in [5].

However, if one considers gaseous mixtures composed of polyatomic gases, with vibrational and ro-

tational degrees of freedom, the standard monatomic models are no longer valid and the presence of

possible chemical reactions in the mixture can considerably modify the behaviour of the system, making

the model non-isothermal and non-conservative (at the level of the single species). The derivation of the

precise structure of the equations describing the diffusive regime in this situation is – of course – crucial,

and this is precisely the goal of this chapter.

The approach consists in obtaining the macroscopic equations starting from a kinetic system of equa-

tions defined in the phase-space, under a diffusive scaling. The effects of binary interactions between

particles are treated as a simple scattering event involving, at the microscopic scale, only some fundamen-

tal laws (in particular, the conservation of momentum and total energy), without needing supplementary

phenomenological hypotheses. Because of the solidity of the kinetic structure, the main macroscopic

collective features of the system can subsequently be rigorously deduced by means of an appropriate lim-

iting procedure of the kinetic model, rather than heuristically introduced in the macroscopic model. The

result of this approach is a hierarchy of simpler models, which are validated by a precise asymptotic study

considering the order of magnitude of the relevant parameters, and are suitable to be applied in some

particular regime.

In the literature, there is a variety of kinetic models which have been proposed to go beyond the

monatomic and non-reactive setting. Polyatomic non-reactive mixtures have been studied at the kinetic

level, for example, in [17, 18, 31, 44], whereas various kinetic models for polyatomic reactive mixtures

have been derived and studied in [12, 16, 45, 62].

The polyatomic structure of particles may be modelLed by means of a set of discrete internal energy

levels, or through a proper continuous internal energy variable. The basic features of the discrete levels de-

scription may be found in [55], while the state of art of Kinetic and Extended Thermodynamics approaches

with a continuous energy have been summarised in [100].

In this chapter, the kinetic system proposed in [45] and described in section 2.4 will be considered.

This kinetic model is based on the Borgnakke-Larsen procedure [22]. The kinetic model considered in

this chapter have been chosen because of its main features and advantages detailed in [45]. This kinetic

model describe a mixture of reactive polyatomic gases by adding to the usual independent variables of the

phase-space of the system (that is, time t, position x and velocity v) a continuous internal energy variable

I ∈ R+, which governs, together with the kinetic energy, the binary encounters – both of reactive and of

non-reactive type. By carefully choosing a set of measures φi(I)dI , the model is moreover consistent, at

the macroscopic level, with the energy law of any type of polyatomic gas, and it does not need to take into

account a large number of discrete energy levels.

In this chapter, for the sake of clarity, the study is limited to a quaternary mixture of polyatomic gases

in the presence of a reversible chemical reaction of bimolecular type. This framework allows one to work

in the general non-isothermal setting. Furthermore, some assumptions will be made at the kinetic level to

enable the derivation a non-isothermal reaction-diffusion system where the diffusion process is modelled
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by the MS equations as limit equations of the considered kinetic model. More specifically, we will assume

that the bulk velocity of the mixture is small and vanishes in the limit, and also that the distribution

functions are initially local Maxwellians centred at the average velocity of the species and remain with this

structure during the evolution up to an error which vanishes in the limit. The set of equations obtained

in this way include the evolution equations for the chemical species, the MS equations for the diffusive

fluxes and the evolution equation for the temperature of the mixture. Of course, generalisations to more

complicated mixtures with different types of chemical reactions are possible by considering an appropriate

kinetic models and by introducing suitable modifications in the computations of chemical production rates.

With respect to the standard isothermal non-reactive MS system, the equations obtained in this chapter

show some crucial differences. First of all, the continuity equations for the various species, which would

assure the conservation of the molar densities of the species, are replaced by balance equations, whose

right-hand side takes into account the effects of the chemical reactions on the densities of the reactants.

The balance terms, once the equilibrium is reached, guarantee the validity of the law of mass action, which

depends on the internal energy structure of the species, on the temperature of the mixture and on the

reaction heat QR. Moreover, one needs to also take into account the energy balance due to the effects of

the chemical reactions.

In addition, worthy of mention is the fact that the target equations derived here are, up to the best of

my knowledge, the only ones which take into account both the polyatomic structure of the constituents of

the mixtures and the effect of chemical reactions in the non-isothermal setting.

The structure of this chapter is the following. In section 6.2, the scaling of the kinetic equations

to be considered together with the assumptions needed for the derivation of the target equations will be

introduced. In section 6.3, the moments of order zero and one of the scaled kinetic equations together with

the energy balance equation for the mixture are deduced. The limiting diffusive equations for the reactive

mixture are deduced in section 6.4. Finally, the conclusion which summarises the results presented in

this chapter is given in section 6.5.

6.2 Scaled Equations and Assumptions

In this section, the scaling regime of the kinetic equations given in section 2.4, which describes the

evolution of the polyatomic reactive mixture to be studied, is introduced. This will be followed by the

assumptions to be considered at the kinetic level, to derive the non-isothermal reaction-diffusion system

of MS type as the hydrodynamic limit equations of the considered kinetic model.

The evolution domain of the mixture is here represented by an open bounded domain Ω ⊂ R3, with

regular boundary.

6.2.1 Scaling regime

In this chapter, a diffusive scaling regime of the kinetic equations given in equation (2.4.56) for which

elastic collisions are dominant with respect to reactive collisions, is considered. This regime is achieved
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by setting p = 1 and q = −1 in the scaled kinetic equation given in equation (3.3.19). Accordingly,

the starting point of the analysis presented in this chapter is the following scaled Cauchy problem for the

distribution functions f ε
i ,

ε
∂f ε

i

∂t
+ v · ∇xf

ε
i =

1

ε

4∑
j=1

Qe
ij(f

ε
i , f

ε
j ) + εQi

react, i = 1, . . . , 4, (6.2.1)

for (t,x,v, I) ∈ ]0,+∞[×R3× R3× [0,+∞[,

f ε
i (0,x,v, I) = (f in

i )
ε(x,v, I), for (x,v, I) ∈ R3 × R3 × [0,+∞[, (6.2.2)

where the elastic and reactive collision operators Qe
ij(f

ε
i , f

ε
j ) and Qi

react are as defined in equations

(3.3.20) and (3.3.21), respectively.

Remark 6.2.1. Note that the properties of the collision operators stated in subsection 2.4.2,

with the obvious adjustments, are still valid for the scaled collision operators. □

6.2.2 Assumptions

In view of the reaction-diffusion limit to be investigated in this chapter, the following assumptions will be

considered:

(a) The reactive mixture is a non-isothermal system, meaning that the temperature of the mixture is, in

general, not constant in time and non-uniform in space.

(b) The bulk (mean or average) velocity of the mixture is small and goes to zero as the parameter ε

tends to zero.

(c) The initial conditions (f in
i )

ε are Maxwellian functions centred at the species mean velocity εu(in)
i (x)

with species temperature T (in)(x) + εT
(in)
i (x) such that for i = 1, 2, 3, 4:

(f in
i )

ε(x,v, I) = (M in
i )

ε

=
n
ε(in)
i (x)

qi
(
T (in)(x) + εT

ε(in)
i (x)

) ( mi

2πkB
(
T (in)(x) + εT

ε(in)
i (x)

))3/2

× exp

[
−

mi

(
v − εu

ε(in)
i (x)

)2
2kB(T (in)(x) + εT

ε(in)
i (x))

]
(6.2.3)

× exp

[
− I

kB
(
T (in)(x) + εT

ε(in)
i (x)

)]

for some nε(in)
i , T (in), T

ε(in)
i : Ω → R+ and uε(in)

i : Ω → R3.

(d) The time evolution of f ε
i established by the equations given in equation (6.2.1) preserves for any

time t > 0 the initial Maxwellian structure of species distributions; more precisely, the distribution
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functions f ε
i , at time t > 0, are Maxwellians of the following form:

f ε
i (v, I) =

nε
i (t,x)

qi
(
T (t,x) + εT ε

i (t,x)
)( mi

2πkB
(
T (t,x) + εT ε

i (t,x)
))3/2

× exp

[
−

mi

(
v − εuε

i (t,x)
)2

2kB
(
T (t,x) + εT ε

i (t,x)
)] exp[− I

kB
(
T (t,x) + εT ε

i (t,x)
)] (6.2.4)

for some functions nε
i , T

ε
i , T : R+ ×Ω → R+ and uε

i : R+ ×Ω → R3, with i = 1, 2, 3, 4.

Assumptions (c) and (d) are consistent with the fact that the scaled kinetic equations given in equation

(6.2.1) provide, as ε→ 0,
4∑

j=1

Qe
ij(f

ε
i , f

ε
j ) = O(ε) .

Hence the distributions f ε
i should be, as ε→ 0,O(ε) perturbations of collision equilibria of global elastic

scattering operator, which are provided by local Maxwellians sharing the common zero mean velocity and

a common temperature. Therefore, for any time t > 0, the species distributions may be considered to

have the form:

f ε
i (v, I) =M ε

i

(
nε
i (t,x),0, T (t,x)

)(
1 +O(ε)

)
, (6.2.5)

whereM ε
i is an elastic Maxwellian equilibrium state similar to the one defined in equation (2.4.75). Hence,

up to the order O(ε), one can suppose that

f ε
i (v, I) =M ε

i

(
nε
i (t,x), εu

ε
i (t,x), T (t,x) + εT ε

i (t,x)
)

with

lim
ε→0

(
nε
i (t,x), εu

ε
i (t,x), T (t,x) + εT ε

i (t,x)
)
=
(
ni(t,x),0, T (t,x)

)
, (6.2.6)

and

uε
i (t,x) = O(1), T ε

i (t,x) = O(1).

The assumption given in equation (6.2.4) is one of the simplest options to fulfil the property given in

equation (6.2.5), and it will be sufficient to obtain a system of MS type in the asymptotic limit ε→ 0.

6.3 Macroscopic Equations for the Reactive Mixture

In this section, the macroscopic equations that will be used to obtain the target system of equations, is

derived. In particular, we will derive the balance equations for the number density of the species, the

momentum balance equations for the species and the energy balance equation for the mixture, from the

scaled kinetic equations given in equation (6.2.1). As usual in kinetic theory [10, 11, 13, 29, 68, 70],

these equations are obtained by taking appropriate moments of the scaled kinetic equations with respect
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to the velocity v and here also with respect to the internal energy parameter I . The macroscopic equations

obtained in this section will be used in section 6.4 to obtain the non-isothermal reaction-diffusion system

where the diffusion process is modelled by the MS equations. Furthermore, assumptions (d) given in

subsection 6.2.2 play a crucial role in the computations presented in this section.

6.3.1 Preliminaries

In what follows, instead of the unit vector ω ∈ S2 parametrization used to obtain equations (2.4.23) and

(2.4.44) for the elastic and reactive post-collision velocities, we will use the following unit vector σ ∈ S2

parametrization and show how to pass from one to the other.

Proposition 6.3.1. Let

σ = y − 2(ω · y)ω, y =
v − v∗

|v − v∗|
, (6.3.1)

where σ and ω are unit vectors in the sphere S2 and v, v∗ denote the velocities of the

colliding pair of particles. The Jacobian of the transformation from ω to σ is given by

Jω→σ = 4 |ω · y| , ∀y ∈ R3. (6.3.2)

Proof. See [90], page 41.

Remark 6.3.2.

(i) Using the σ-parametrization given in equation (6.3.1), the post-collision velocities

given in equation (2.4.29) for a bi-species elastic collision between a particle of species i

with in-going parameters (v, I) and a particle of species j with parameters (vj, Ij)

can be rewritten as

v′
i =

miv +mjvj

mi +mj

+
mj

mi +mj

√
2RE
µij

σ,

v′
j =

miv +mjvj

mi +mj

− mi

mi +mj

√
2RE
µij

σ.

(6.3.3)

Therefore,

v′
i − v =

mj

mi +mj

V̂
∗
+

mj

mi +mj

√
2RE
µij

σ, (6.3.4)

where

V̂
∗
= vj − v (6.3.5)

is the relative velocity.
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(ii) As a consequence of Proposition 6.3.1, the bi-species elastic and the reactive collision

kernels can be written as follows (see [108]):

Bij(v,vj, I, Ij, R, r,ω)dω = 2 |ω · y|Bij(v,vj, I, Ij, R, r,σ)dσ, (6.3.6)

Breact(v,vj, I, Ij, R, r,ω)dω = 2 |ω · y|Breact(v,vj, I, Ij, R, r,σ)dσ, (6.3.7)

where y = − V̂
∗

|V̂
∗
|
. □

From now on, for brevity the dependencies of distribution functions on velocity and internal energy, will be

skipped, that is, the following notations will be used:

f ε
i = f ε

i (v, I), f
ε
j = f ε

j (vj, Ij), f
ε′

i = f ε
i (v

′
i, I

′
i), f

ε′

j = f ε
j (v

′
j, I

′
j).

Analogously for Maxwellian distributions, its dependence on nε
i ,0, T will be omitted and the following

notationM ε
i =M

ε
i

(
nε
i (t,x),0, T (t,x)

)
, will be used.

Proposition 6.3.3. Using the Taylor expansion with respect to ε of the distribution functions

given in equation (6.2.4), one can write

(a) f ε′

i f
ε′

j − f ε
i f

ε
j =M ε

iM
ε
j

[
ε

(
aij · (v′

i − v)

)
+ ε

(
T ε
i

kBT 2
−

T ε
j

kBT 2

)
×
(
mi(v

′
i)
2

2
− mi(v)

2

2
+ I ′i − I

)
+O(ε2)

]
, (6.3.8)

(b)
(
mimj

mkml

)3

f ε′

k f
ε′

l − f ε
i f

ε
j =

(
mimj

mkml

)3

M ε′

k M
ε′

l −M ε
iM

ε
j + ε

[(
mimj

mkml

)3

× M ε′

k M
ε′

l

(
ak · v′

k +
mkT

ε
k (v

′
k)

2

2kBT 2
+
T ε
k I

′
k

kBT 2
− T ε

k

T

q∗k(T )

kBTqk(T )

−3T ε
k

2T
+ al · v′

l +
mlT

ε
l (v

′
l)
2

2kBT 2
+

T ε
l I

′
l

kBT 2
− T ε

l

T

q∗l (T )

kBTql(T )
− 3T ε

l

2T

)
− M ε

iM
ε
j

(
ai · v +

miT
ε
i (v)

2

2kBT 2
+

T ε
i I

kBT 2
− T ε

i

T

q∗i (T )

kBTqi(T )
− 3T ε

i

2T

+aj · vj+
mjT

ε
j (vj)

2

2kBT 2
+
T ε
j Ij

kBT 2
−
T ε
j

T

q∗j (T )

kBTqj(T )
−

3T ε
j

2T

)]
+O(ε2),

(6.3.9)

where

aij =
mi(u

ε
i − uε

j)

kBT
, ai =

miu
ε
i

kBT
, aj =

mju
ε
j

kBT
, ak =

mku
ε
k

kBT
, al =

mlu
ε
l

kBT
, (6.3.10)

q∗i (T ) =

∫ +∞

0

I φi(I) exp
(
− I

kBT

)
dI, (6.3.11)
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M ε
i :=

nε
i

qi(T )

(
mi

2πkBT

) 3
2

exp
(
−mi(v)

2

2kBT
− I

kBT

)
, (6.3.12)

and M ε
j , M

ε′

k , M
ε′

l are similarly defined.

Proof. Observe that following the same procedures as those used to obtain equations (5.3.7) and (5.3.8),

we obtain:

exp
(
−mi(v − εuε

i )
2

2kB(T + εT ε
i )

)
=exp

(
−mi(v)

2

2kBT

)(
1+ ε

miu
ε
i · v

kBT
+ ε

miT
ε
i (v)

2

2kBT 2
+O(ε2)

)
(6.3.13)

and (
mi

2πkB
(
T + εT ε

i

))3
2

=

(
mi

2πkBT

)3
2
(
1− ε

3Ti
2T

+O(ε2)

)
, (6.3.14)

respectively. Taylor expanding the second exponential in equation (6.2.4) with respect to ε gives:

exp
(
− I

kB(T + εT ε
i )

)
= exp

(
− I

kBT

)
+ ε

T ε
i I

kBT 2
exp
(
− I

kBT

)
+O(ε2)

= exp
(
− I

kBT

)(
1 + ε

T ε
i I

kBT 2
+O(ε2)

)
. (6.3.15)

Taylor expanding the first term on the right-hand side of equation (6.2.4) with respect to ε gives:

nε
i

qi
(
T + εT ε

i

) =
nε
i

qi(T )
− ε

q∗i (T )

kBTqi(T )

T ε
i

T

nε
i

qi(T )
+O(ε2)

=
nε
i

qi(T )

(
1− ε

q∗i (T )

kBTqi(T )

T ε
i

T
+O(ε2)

)
, (6.3.16)

where q∗i (T ) is as defined in equation (6.3.11).

Taking the product of equations (6.3.13), (6.3.14), (6.3.15) and (6.3.16) gives the following expanded form

of the distribution function:

f ε
i =

nε
i

qi(T )

(
mi

2πkBT

) 3
2

exp
(
−mi(v)

2

2kBT
− I

kBT

)
×
[
1 + ε

miv · uε
i

kBT
+ ε

mi(v)
2T ε

i

2kBT 2
+ ε

IT ε
i

kBT 2
− ε

q∗i (T )

kBTqi(T )

T ε
i

T
− ε

3

2

T ε
i

T
+O(ε2)

]
=M ε

i

[
1+ε

miv · uε
i

kBT
+ε

mi(v)
2T ε

i

2kBT 2
+ε

IT ε
i

kBT 2
−ε q∗i (T )

kBTqi(T )

T ε
i

T
−ε3

2

T ε
i

T
+O(ε2)

]
. (6.3.17)

Similarly, expansion like equation (6.3.17) can be obtained for f ε
j , f

ε′
i , f ε′

j , f ε′

k and f ε′

l .

To prove part (a), observe that using the expanded form of the distribution functions, we obtain:

f ε
i f

ε
j =M

ε
iM

ε
j

[
1 + ε

miv · uε
i

kBT
+ ε

mi(v)
2T ε

i

2kBT 2
+ ε

IT ε
i

kBT 2
+ ε

mjvj · uε
j

kBT
+ ε

mj(vj)
2T ε

j

2kBT 2
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+ ε
IjT

ε
j

kBT 2
− ε

q∗i (T )

kBTqi(T )

T ε
i

T
− ε

3

2

T ε
i

T
− ε

q∗j (T )

kBTqj(T )

T ε
j

T
− ε

3

2

T ε
j

T
+O(ε2)

]
(6.3.18)

and

f ε′

i f
ε′

j =M ε′

i M
ε′

j

[
1+ε

miv
′
i · uε

i

kBT
+ε

mi(v
′
i)
2T ε

i

2kBT 2
+ε

I ′iT
ε
i

kBT 2
+ε

mjv
′
j · uε

j

kBT
+ε

mj(v
′
j)

2T ε
j

2kBT 2

+ ε
I ′jT

ε
j

kBT 2
− ε

q∗i (T )

kBTqi(T )

T ε
i

T
− ε

3

2

T ε
i

T
− ε

q∗j (T )

kBTqj(T )

T ε
j

T
− ε

3

2

T ε
j

T
+O(ε2)

]
. (6.3.19)

Furthermore, observe that

M ε′

i M
ε′

j =
nε
i

qi(T )

(
mi

2πkBT

)3
2 nε

j

qj(T )

(
mj

2πkBT

)3
2

exp
(
−
mi(v

′
i)
2 +mj(v

′
j)

2

2kBT
−
I ′i + I ′j
kBT

)
.

Using the conservation of energy for elastic collisions given in equation (2.4.2), we obtain:

M ε′

i M
ε′

j =
nε
i

qi(T )

(
mi

2πkBT

)3
2 nε

j

qj(T )

(
mj

2πkBT

)3
2

exp
(
−mi(v)

2 +mj(vj)
2

2kBT
− I + Ij

kBT

)
=M ε

iM
ε
j .

Therefore,

f ε′

i f
ε′

j − f ε
i f

ε
j

=M ε
iM

ε
j

[
1 + ε

miv
′
i · uε

i

kBT
+ ε

mi(v
′
i)
2T ε

i

2kBT 2
+ ε

I ′iT
ε
i

kBT 2
+ ε

mjv
′
j · uε

j

kBT
+ ε

mj(v
′
j)

2T ε
j

2kBT 2

+ ε
I ′jT

ε
j

kBT 2
− ε

q∗i (T )

kBTqi(T )

T ε
i

T
− ε

3

2

T ε
i

T
− ε

q∗j (T )

kBTqj(T )

T ε
j

T
− ε

3

2

T ε
j

T
+O(ε2)

]
−M ε

iM
ε
j

[
1 + ε

miv · uε
i

kBT
+ ε

mi(v)
2T ε

i

2kBT 2
+ ε

IT ε
i

kBT 2
+ ε

mjvj · uε
j

kBT
+ ε

mj(vj)
2T ε

j

2kBT 2

+ ε
IjT

ε
j

kBT 2
− ε

q∗i (T )

kBTqi(T )

T ε
i

T
− ε

3

2

T ε
i

T
− ε

q∗j (T )

kBTqj(T )

T ε
j

T
− ε

3

2

T ε
j

T
+O(ε2)

]
.

Putting together terms of the same order in ε gives:

f ε′

i f
ε′

j −f ε
i f

ε
j

=

[
M ε

iM
ε
j −M ε

iM
ε
j

]
+ εM ε

iM
ε
j

[
mi(u

ε
i · v′

i)

kBT
− mi(u

ε
i · v)

kBT
+
miT

ε
i (v

′
i)
2

2kBT 2

− miT
ε
i (v)

2

2kBT 2
+

I ′iT
ε
i

kBT 2
− IT ε

i

kBT 2
+
mj(u

ε
j · v′

j)

kBT
−
mj(u

ε
j · vj)

kBT
+
mjT

ε
j (v

′
j)

2

2kBT 2

−
mjT

ε
j (vj)

2

2kBT 2
+
I ′jT

ε
j

kBT 2
−

IjT
ε
j

kBT 2
− q∗i (T )

kBTqi(T )

T ε
i

T
+

q∗i (T )

kBTqi(T )

T ε
i

T

−
q∗j (T )

kBTqj(T )

T ε
j

T
+

q∗j (T )

kBTqj(T )

T ε
j

T
− 3T ε

i

2T
+

3T ε
i

2T
−

3T ε
j

2T
+

3T ε
j

2T

]
+O(ε2)
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= εM ε
iM

ε
j

[
mi(u

ε
i · v′

i)

kBT
− mi(u

ε
i · v)

kBT
+
miT

ε
i (v

′
i)
2

2kBT 2
− miT

ε
i (v)

2

2kBT 2
+

I ′iT
ε
i

kBT 2

− IT ε
i

kBT 2
+
mj(u

ε
j · v′

j)

kBT
−
mj(u

ε
j · vj)

kBT
+
mjT

ε
j (v

′
j)

2

2kBT 2
−
mjT

ε
j (vj)

2

2kBT 2
+
I ′jT

ε
j

kBT 2

−
IjT

ε
j

kBT 2

]
+O(ε2)

= εM ε
iM

ε
j

[
uε

i ·mi(v
′
i − v)

kBT
+
uε

j ·mj(v
′
j − vj)

kBT
+

T ε
i

kBT 2

(
mi(v

′
i)
2

2
−mi(v)

2

2
+I ′i−I

)
+

T ε
j

kBT 2

(
mj(v

′
j)

2

2
− mj(vj)

2

2
+ I ′j − Ij

)]
+O(ε2).

Using the conservation laws of linear momentum given in equation (2.4.1) and kinetic energy given in

equation (2.4.2), for elastic collisions, but rewritten as given below

mi(v
′
i − v) = −mj(v

′
j − vj),

1

2
mi(v

′
i)
2 − 1

2
mi(v)

2 + I ′i − I =
1

2
mj(vj)

2 − 1

2
mj(v

′
j)

2 + Ij − I ′j,

we obtain:

f ε′

i f
ε′

j −f ε
i f

ε
j

= εM ε
iM

ε
j

[
uε

i ·mi(v
′
i − v)

kBT
−
uε

j ·mi(v
′
i − v)

kBT
+

T ε
i

kBT 2

(
mi(v

′
i)
2

2
−mi(v)

2

2
+I ′i−I

)
−

T ε
j

kBT 2

(
mi(v

′
i)
2

2
− mi(v)

2

2
+ I ′i − I

)]
+O(ε2).

= εM ε
iM

ε
j

[
mi(u

ε
i − uε

j)

kBT
· (v′

i − v) +

(
T ε
i

kBT 2
−

T ε
j

kBT 2

)(
mi(v

′
i)
2

2
−mi(v)

2

2
+I ′i−I

)]
+O(ε2)

and part (a) is proven.

To prove part (b), we again use the expanded form of the distribution functions to obtain:(
mimj

mkml

)3

f ε′

k f
ε′

l =

(
mimj

mkml

)3

M ε′

k M
ε′

l

[
1 + ε

mkv
′
k · uε

k

kBT
+ ε

mk(v
′
k)

2T ε
k

2kBT 2
+ ε

I ′kT
ε
k

kBT 2

+ ε
mlv

′
l · uε

l

kBT
+ ε

ml(v
′
l)
2T ε

l

2kBT 2
+ ε

I ′lT
ε
l

kBT 2
− ε

q∗k(T )

kBTqk(T )

T ε
k

T
− ε

3

2

T ε
k

T

− ε
q∗l (T )

kBTql(T )

T ε
l

T
− ε

3

2

T ε
l

T
+O(ε2)

]
.

(6.3.20)

Using equations (6.3.18) and (6.3.20), we obtain:(
mimj

mkml

)3

f ε′

k f
ε′

l − f ε
i f

ε
j =

(
mimj

mkml

)3

M ε′

k M
ε′

l

[
1 + ε

mkv
′
k · uε

k

kBT
+ ε

mk(v
′
k)

2T ε
k

2kBT 2
+ ε

I ′kT
ε
k

kBT 2
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+ε
mlv

′
l · uε

l

kBT
+ ε

ml(v
′
l)
2T ε

l

2kBT 2
+ ε

I ′lT
ε
l

kBT 2
− ε

q∗k(T )

kBTqk(T )

T ε
k

T
− ε

3

2

T ε
k

T

− ε
q∗l (T )

kBTql(T )

T ε
l

T
− ε

3

2

T ε
l

T
+O(ε2)

]
−M ε

iM
ε
j

[
1 + ε

miv · uε
i

kBT

+ ε
mi(v)

2T ε
i

2kBT 2
+ ε

IT ε
i

kBT 2
+ ε

mjvj · uε
j

kBT
+ ε

mj(vj)
2T ε

j

2kBT 2
+ ε

IjT
ε
j

kBT 2

− ε
q∗i (T )

kBTqi(T )

T ε
i

T
− ε

3

2

T ε
i

T
− ε

q∗j (T )

kBTqj(T )

T ε
j

T
− ε

3

2

T ε
j

T
+O(ε2)

]
.

Putting together terms of the same order in ε, we obtain:(
mimj

mkml

)3

f ε′

k f
ε′

l −f ε
i f

ε
j =

(
mimj

mkml

)3

M ε′

k M
ε′

l −M ε
iM

ε
j + ε

(
mimj

mkml

)3

M ε′

k M
ε′

l

[
mkv

′
k · uε

k

kBT

+
mk(v

′
k)

2T ε
k

2kBT 2
+
I ′kT

ε
k

kBT 2
+
mlv

′
l · uε

l

kBT
+
ml(v

′
l)
2T ε

l

2kBT 2
+

I ′lT
ε
l

kBT 2

− q∗k(T )

kBTqk(T )

T ε
k

T
− 3

2

T ε
k

T
− q∗l (T )

kBTql(T )

T ε
l

T
− 3

2

T ε
l

T

]
− εM ε

iM
ε
j

[
miv · uε

i

kBT

+
mi(v)

2T ε
i

2kBT 2
+

IT ε
i

kBT 2
+
mjvj · uε

j

kBT
+
mj(vj)

2T ε
j

2kBT 2
+
IjT

ε
j

kBT 2

− q∗i (T )

kBTqi(T )

T ε
i

T
− 3

2

T ε
i

T
−

q∗j (T )

kBTqj(T )

T ε
j

T

3

2

T ε
j

T

]
+O(ε2)

and part (b) is proven. Therefore, the proof is complete.

Using equation (6.3.8) of Proposition 5.3.1 together with equations (6.3.4) and (6.3.6), we can write the

bi-species elastic collision operator given in (3.3.20) as follows:

Qe
ij(f

ε
i , f

ε
j ) = ε

mj

mi +mj

∫
R3

∫ +∞

0

∫ 1

0

∫ 1

0

∫
S2
(aij · V̂

∗
)M ε

iM
ε
j

×Bij(v,vj, I, Ij, R, r,σ)
2 cos θ(1−R)

V̂ ∗φi(I)
dσ dr dR dIj dvj

+ ε
mj

mi+!mj

aij ·
∫
R3

∫ +∞

0

∫ 1

0

∫ 1

0

∫
S2

√
2RE
µij

σM ε
iM

ε
j (6.3.21)

×Bij(v,vj, I, Ij, R, r,σ)
2 cos θ(1−R)

V̂ ∗φi(I)
dσ dr dR dIj dvj

+ ε

∫
R3

∫ +∞

0

∫ 1

0

∫ 1

0

∫
S2

(
T ε
i

kBT 2
−

T ε
j

kBT 2

)(
mi(v

′
i)
2

2
− mi(v)

2

2
+ I ′i − I

)
M ε

iM
ε
j

×Bij(v,vj, I, Ij, R, r,σ)
2 cos θ(1−R)
V̂ ∗φi(I)

dσ dr dR dIj dvj

+O(ε2),

where |ω · y| = cos θ, V̂ ∗ = |v − vj| = ||V̂
∗
||.

Similarly, using equation (6.3.9) of Proposition 5.3.1 together with equation (6.3.7), we can write the

reactive collision operator given in equation (3.3.21) as follows:
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Qreact
i =

∫
R3

∫ +∞

0

∫ 1

0

∫ 1

0

∫
S2

[(
mimj

mkml

)3

M ε′

k M
ε′

l −M ε
iM

ε
j

]
Hi 2 cos θ(1−R)V̂ ∗−1

×Breact(v,vj, I, Ij, R, r,σ)φi(I)
−1(mimj)

−2 dσdrdRdIjdvj+O(ε),

(6.3.22)

where for the forward and backward reactive collision operators, the indices (i, j, k, l) are such that

(i, j, k, l) ∈ {(1, 2, 3, 4), (2, 1, 4, 3)} and (i, j, k, l) ∈ {(3, 4, 1, 2), (4, 3, 2, 1)}, respectively.

In this chapter, general collision kernels are considered. Consequently, in what follows, both the bi-

species and reactive collision kernels will be split into the product of kinetic and angular collision kernels

(see [108]) as given below:

Bij(v,vj, I, Ij, R, r,σ) = |v − vj|γ Φij(I, Ij, R, r)︸ ︷︷ ︸
kinetic

bij(cos θ)︸ ︷︷ ︸
angular

, (6.3.23)

Breact(v,vj, I, Ij, R, r,σ) = |v − vj|γ Φreact(I, Ij, R, r)︸ ︷︷ ︸
kinetic

breact(cos θ)︸ ︷︷ ︸
angular

, (6.3.24)

where γ is a parameter which is such that γ ≥ 1. This decomposition of the collision kernels is enough

to obtain appropriate expressions for the integral production terms.

6.3.2 Moment of order zero

From the scaled kinetic equations, let us derive the evolution equation for the number density of each

constituent. The result is given in the following lemma.

Lemma 6.3.4. The balance equation for the number density of each constituent in the

reactive mixture can be written in the form

∂ni

∂t
+∇x · (niui) = −λiA, i = 1, 2, 3, 4, (6.3.25)

where
ni = lim

ε→0
nε
i , ui = lim

ε→0
uε

i ,

and
λ1 = λ2 = 1, λ3 = λ4 = −1 (6.3.26)

are stoichiometric coefficients. Moreover, A is the production term defining the chemical

rate of the reactants of the backward chemical reaction. More specifically, A is the formal

limit for ε→ 0 of

Aε=

[(
m3m4

m1m2

)3/2
nε
1n

ε
2

q1(T )q2(T )
exp
(
− QR

kBT

)
− nε

3n
ε
4

q3(T )q4(T )

]

× 4√
π(m3m4)2

(
2kBT

µ34

)(γ−1)/2

Γ

(
γ + 2

2

)∫ +∞

0

∫ +∞

0

∫ 1

0

∫ 1

0

∫
S2
exp
(
−I+I4
kBT

)
× Φreact(I, I4, R, r)b

react(cos θ)cos θ (1−R) dσdrdRdI4dI +O(ε).

(6.3.27)
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Proof. Multiplying the scaled kinetic equations given in equation (6.2.1) by φi(I) and integrating the

resulting equations with respect to v ∈ R3 and I ∈ R+, we obtain:

ε

∫
R3

∫ +∞

0

∂f ε
i

∂t
φi(I)dI dv +

∫
R3

∫ +∞

0

v · ∇xf
ε
i φi(I)dI dv

=
1

ε

4∑
j=1

∫
R3

∫ +∞

0

Qe
ij(f

ε
i , f

ε
j )φi(I)dI dv + ε

∫
R3

∫ +∞

0

Qi
reactφi(I)dI dv,

for i = 1, . . . , 4. Applying the Leibniz integral rule to the two terms on the left-hand side of the previous

equation and splitting the elastic collision operator into the mono-species and the bi-species collision

operators, we obtain:

ε
∂

∂t

(∫
R3

∫ +∞

0

f ε
i φi(I)dI dv

)
+∇x·

(∫
R3

∫ +∞

0

vf ε
i φi(I)dIdv

)
=

1

ε

∫
R3

∫ +∞

0

Qe
ii(f

ε
i , f

ε
i )φi(I)dIdv +

1

ε

4∑
j=1
j ̸=i

∫
R3

∫ +∞

0

Qe
ij(f

ε
i , f

ε
j )φi(I)dIdv

+ ε

∫
R3

∫ +∞

0

Qreact
i φi(I)dIdv. (6.3.28)

Using the definition of the distribution functions given in equation (6.2.4), we can write the first integral on

the left-hand side of equation (6.3.28) above as given below:

∫
R3

∫ +∞

0

f ε
i φi(I)dI dv =

nε
i

qi(T + εT ε
i )

(
mi

2πkB(T + εT ε
i )

)3/2

×
∫
R3

∫ +∞

0

exp

(
− mi(v−εuε

i )
2

2kB(T+εT ε
i )

)
exp

(
− I

kB(T+εT ε
i )

)
φi(I)dI dv

=
nε
i

qi(T + εT ε
i )

(
mi

2πkB(T + εT ε
i )

)3/2

×
∫
R3

exp

(
− mi(v−εuε

i )
2

2kB(T+εT ε
i )

)
dv

∫ +∞

0

φi(I) exp

(
− I

kB(T+εT ε
i )

)
dI.

The second integral in the last equality of the previous equation is given by

qi(T + εT ε
i ) =

∫ +∞

0

φi(I) exp

(
− I

kB(T + εT ε
i )

)
dI. (6.3.29)

Therefore,∫
R3

∫ +∞

0

f ε
i φi(I)dI dv = nε

i

(
mi

2πkB(T + εT ε
i )

)3/2 ∫
R3

exp

(
− mi(v − εuε

i )
2

2kB(T+εT ε
i )

)
dv.
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Introducing the peculiar velocity

ξ = v − εuε
i ⇐⇒ v = ξ + εuε

i and dv = dξ, (6.3.30)

we obtain that

∫
R3

∫ +∞

0

f ε
i φi(I)dI dv = nε

i

(
mi

2πkB(T + εT ε
i )

)3/2 ∫
R3

exp

(
− mi(ξ)

2

2kB(T+εT ε
i )

)
dξ.

The integral on the right-hand side of the previous equation is similar to that whose value is given in

equation (5.4.7). Therefore,

∫
R3

exp

(
− mi(ξ)

2

2kB(T+εT ε
i )

)
dξ =

(
2πkB(T + εT ε

i )

mi

)3
2

. (6.3.31)

Thus

∫
R3

∫ +∞

0

f ε
i φi(I)dI dv = nε

i

(
mi

2πkB(T + εT ε
i )

)3/2(
2πkB(T + εT ε

i )

mi

)3
2

= nε
i . (6.3.32)

The second integral on the left-hand side of equation (6.3.28) can be written as:

∫
R3

∫ +∞

0

vf ε
i φi(I)dIdv=

nε
i

qi(T + εT ε
i )

(
mi

2πkB(T + εT ε
i )

)3/2

×
∫
R3

∫ +∞

0

v exp

(
− mi(v−εuε

i )
2

2kB(T+εT ε
i )

)
exp

(
− I

kB(T+εT ε
i )

)
φi(I)dIdv

=
nε
i

qi(T + εT ε
i )

(
mi

2πkB(T + εT ε
i )

)3/2

×
∫
R3

v exp

(
−mi(v−εuε

i )
2

2kB(T+εT ε
i )

)
dv

∫ +∞

0

φi(I)exp

(
− I

kB(T+εT ε
i )

)
dI.

Using equation (6.3.29), we obtain:

∫
R3

∫ +∞

0

vf ε
i φi(I)dIdv = nε

i

(
mi

2πkB(T + εT ε
i )

)3/2 ∫
R3

v exp

(
−mi(v−εuε

i )
2

2kB(T+εT ε
i )

)
dv. (6.3.33)

Using equation (6.3.30), we can rewrite the integral on the right-hand side of the previous equation as

given below:

∫
R3

v exp

(
− mi(v − εuε

i )
2

2kB(T+εT ε
i )

)
dv =

∫
R3

(ξ + εuε
i ) exp

(
− mi(ξ)

2

2kB(T + εT ε
i )

)
dξ
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=

∫
R3

ξ exp

(
− mi(ξ)

2

2kB(T + εT ε
i )

)
dξ

+ εuε
i

∫
R3

exp

(
− mi(ξ)

2

2kB(T + εT ε
i )

)
dξ.

The first integral on the right-hand side of the last equality in the previous equation is similar to the one

evaluated in equation (5.4.6). Therefore, upon evaluation, one obtains:

∫
R3

ξ exp

(
− mi(ξ)

2

2kB(T + εT ε
i )

)
dξ = 0 (6.3.34)

Thus ∫
R3

v exp

(
−mi(v−εuε

i )
2

2kB(T+εT ε
i )

)
dv = 0+ εuε

i

∫
R3

exp

(
− mi(ξ)

2

2kB(T + εT ε
i )

)
dξ.

The value of integral on the right-hand side of the previous equation is given in equation (6.3.31). Therefore,

∫
R3

v exp

(
−mi(v−εuε

i )
2

2kB(T+εT ε
i )

)
dv = εuε

i

(
2πkB(T + εT ε

i )

mi

)3
2

. (6.3.35)

Substituting equation (6.3.35) into equation (6.3.33) gives:∫
R3

∫ +∞

0

vf ε
i φi(I)dIdv = εnε

iu
ε
i . (6.3.36)

Now substituting equations (6.3.32) and (6.3.36) into equation (6.3.28), we obtain:

ε
∂nε

i

∂t
+ε∇x·(nε

iu
ε
i )=

1

ε

∫
R3

∫ +∞

0

Qe
ii(f

ε
i , f

ε
i )φi(I)dIdv+

1

ε

4∑
j=1
j ̸=i

∫
R3

∫ +∞

0

Qe
ij(f

ε
i , f

ε
j )φi(I)dIdv

+ ε

∫
R3

∫ +∞

0

Qreact
i φi(I)dIdv. (6.3.37)

Since the properties of the scaled collision operators are similar to their un-scaled version, the first and

second integrals on the right-hand side of equation (6.3.37) both vanish. To see this, set ψ(v, I) = 1 in

equations (2.4.67) and (2.4.68), respectively. Therefore, equation (6.3.37) reduces to:

ε
∂nε

i

∂t
+∇x·(εnε

iu
ε
i ) = ε

∫
R3

∫ +∞

0

Qreact
i φi(I)dIdv. (6.3.38)

To evaluate the integral on the right-hand side of equation (6.3.38), we use the more convenient form

of the reactive collision operator Qreact
i given in equation (6.3.22), together with the decomposition of

the reactive collision kernel given in equation (6.3.24) and the conservation of total energy for reactive

collisions given in equation (2.4.5). More precisely, we will compute the production rate for i = 3. To do

this, we set i = 3 in equation (6.3.22). Therefore, the integral on the right-hand side of equation (6.3.38)
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becomes:∫
R3

∫ +∞

0

Qreact
3 (v, I)φ3(I)dIdv

=

∫
R3

∫
R3

∫ +∞

0

∫ +∞

0

∫ 1

0

∫ 1

0

∫
S2

[(
m3m4

m1m2

)3

M ε′

1 M
ε′

2 −M ε
3M

ε
4

]
×Breact(v,v4, I, I4, R, r,σ) (m3m4)

−2Ṽ −12 cos θ(1−R) dσ dr dR dI4 dI dv4dv+O(ε),

where H3(I4, r, R,v4) = 1 and Ṽ = |v − v4| have been used. Using (6.3.24), we obtain:∫
R3

∫ +∞

0

Qreact
3 (v, I)φ3(I)dIdv

=

∫
R3

∫
R3

∫ +∞

0

∫ +∞

0

∫ 1

0

∫ 1

0

∫
S2

[(
m3m4

m1m2

)3

M ε′

1 M
ε′

2 −M ε
3M

ε
4

]
2 cos θ

×Ṽ γ−1Φreact(I, Ij, R, r)b
react(cos θ)(m3m4)

−2(1−R)dσ dr dR dI4 dIdv4dv+O(ε).

Now, using equation (6.3.12), observe that(
m3m4

m1m2

)3

M ε′

1 M
ε′

2 −M ε
3M

ε
4

=

(
m3m4

m1m2

)3
nε
1n

ε
2

q1(T )q2(T )

(m1m2)
3
2

(2πkBT )3
exp
(
−m1(v

′
1)

2 + (v′
2)

2

2kBT
− I ′1 + I ′2

kBT

)
− nε

3n
ε
4

q3(T )q4(T )

(m3m4)
3
2

(2πkBT )3
exp
(
−m3(v)

2 +m4(v4)
2

2kBT
− I + I4

kBT

)
=

[(
m3m4

m1m2

)3

exp
(
−m1(v

′
1)

2 +m2(v
′
2)

2 −m3(v)
2 −m4(v4)

2

2kBT
− I ′1 + I ′2 − I − I4

kBT

)

× nε
1n

ε
2

q1(T )q2(T )

(m1m2)
3
2

(2πkBT )3
− nε

3n
ε
4

q3(T )q4(T )

(m3m4)
3
2

(2πkBT )3

]
exp
(
−m3(v)

2 +m4(v4)
2

2kBT
− I + I4

kBT

)
.

Using equation (2.4.5), we can rewrite the previous equation as(
m3m4

m1m2

)3

M ε′

1 M
ε′

2 −M ε
3M

ε
4

=

[(
m3m4

m1m2

)3
nε
1n

ε
2

q1(T )q2(T )

(m1m2)
3
2

(2πkBT )3
exp
(
− QR

kBT

)
− nε

3n
ε
4

q3(T )q4(T )

(m3m4)
3
2

(2πkBT )3

]
× exp

(
−m3(v)

2 +m4(v4)
2

2kBT
− I + I4

kBT

)
=

(m3m4)
3
2

(2πkBT )3

[(
m3m4

m1m2

) 3
2 nε

1n
ε
2

q1(T )q2(T )
exp
(
− QR

kBT

)
− nε

3n
ε
4

q3(T )q4(T )

]
× exp

(
−m3(v)

2 +m4(v4)
2

2kBT
− I + I4

kBT

)
,
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where QR is as defined in (2.3.3). Therefore,∫
R3

∫ +∞

0

Qreact
3 (v, I)φ3(I)dIdv

=
(m3m4)

3
2

(2πkBT )3

[(
m3m4

m1m2

) 3
2 nε

1n
ε
2

q1(T )q2(T )
exp
(
− QR

kBT

)
− nε

3n
ε
4

q3(T )q4(T )

]
×
∫
R3

∫
R3

∫ +∞

0

∫ +∞

0

∫ 1

0

∫ 1

0

∫
S2
exp
(
−m3(v)

2 +m3(v4)
2

2kBT
− I3 + I4

kBT

)
× 2 cos θ
(m3m4)2

Ṽ γ−1Φreact(I, Ij, R, r)b
react(cos θ)(1−R)dσ dr dR dI4 dIdv4dv+O(ε).

It will be convenient to transform the integrals in v,v4 to the centre of mass velocity and relative velocity

X̃ =
m3v+m4v4

M34

and Ṽ = v4 − v,

respectively. Consequently, following the steps used to obtain equations (2.4.10), (2.4.11) and (2.4.12),

we obtain:

v = X̃ − m4Ṽ

m3 +m4

, (6.3.39)

v4 = X̃ +
m3Ṽ

m3 +m4

, (6.3.40)

m3(v)
2 +m4(v4)

2 =M34X̃
2 + µ34Ṽ

2, (6.3.41)

respectively, where X̃ = ||X̃||, Ṽ = ||Ṽ ||,M34=m3 +m4 and µ34=
m3m4

m3 +m4

. Also the Jacobian

of this transformation is unity which implies that dvdv4 = dX̃dṼ . Therefore,∫
R3

∫ +∞

0

Qreact
3 (v, I)φ3(I)dIdv

=
(m3m4)

3
2

(2πkBT )3

[(
m3m4

m1m2

) 3
2 nε

1n
ε
2

q1(T )q2(T )
exp
(
− QR

kBT

)
− nε

3n
ε
4

q3(T )q4(T )

]
(6.3.42)

×
∫
R3

∫
R3

∫ +∞

0

∫ +∞

0

∫ 1

0

∫ 1

0

∫
S2
exp
(
−M34X̃

2+µ34Ṽ
2

2kBT

)
exp
(
−I + I4
kBT

)
× 2 cos θ

(m3m4)2
Ṽ γ−1Φreact(I, Ij, R, r)b

react(cos θ)(1−R)dσ dr dR dI4 dIdX̃dṼ +O(ε),

Observe that∫
R3

∫
R3

Ṽ γ−1 exp
(
− M34X̃

2 + µ34Ṽ
2

2kBT

)
dX̃ dṼ

=

∫
R3

exp
(
− M34X̃

2

2kBT

)
dX̃

∫
R3

Ṽ γ−1 exp
(
− µ34Ṽ

2

2kBT

)
dṼ .

(6.3.43)
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The integral in X̃ above is similar to that given in equation (4.4.17). Therefore, following similar steps as

those used in the computation of equation (4.4.17), we obtain:∫
R3

exp
(
− M34X̃

2

2kBT

)
dX̃ =

(
2πkBT

M34

) 3
2

. (6.3.44)

Writing integral in Ṽ above in spherical coordinates and integrating, we obtain:∫
R3

Ṽ γ−1 exp
(
−µ34Ṽ

2

2kBT

)
dṼ =

∫ ∞

0

∫ π

0

∫ 2π

0

Ṽ γ−1 exp
(
−µ34Ṽ

2

2kBT

)
Ṽ 2 sin θ dϕdθ dṼ

=

∫ ∞

0

Ṽ γ+1 exp
(
− µ34Ṽ

2

2kBT

)
dṼ

∫ π

0

sin θ dθ︸ ︷︷ ︸
2

∫ 2π

0

dϕ︸ ︷︷ ︸
2π

= 4π

∫ ∞

0

Ṽ γ+1 exp
(
− µ34Ṽ

2

2kBT

)
dṼ .

Using the integral representation of gamma function given in equation (4.3.8), we obtain:

4π

∫ ∞

0

Ṽ γ+1 exp
(
− µ34Ṽ

2

2kBT

)
dṼ = 4π

1

2
Γ

(
γ + 1 + 1

2

)(
2kBT

µ34

) γ+1+1
2

= 2πΓ

(
γ + 2

2

)(
2kBT

µ34

) γ+2
2

.

Therefore, ∫
R3

Ṽ γ−1 exp
(
− µ34Ṽ

2

2kBT

)
dṼ = 2πΓ

(
γ + 2

2

)(
2kBT

µ34

) γ+2
2

. (6.3.45)

Substituting equations (6.3.44) and (6.3.45) into equation (6.3.43) gives:∫
R3

∫
R3

Ṽ γ−1 exp
(
−M34X̃

2+µ34Ṽ
2

2kBT

)
dX̃ dṼ =

(
2πkBT

M34

)3
2

2πΓ

(
γ+2

2

)(
2kBT

µ34

)γ+2
2

(6.3.46)

Substituting equation (6.3.46) into equation (6.3.42) gives:

Aε=

∫
R3

∫ +∞

0

Qreact
3 (v, I)φ3(I)dIdv

=
(m3m4)

3
2

(2πkBT )3

[(
m3m4

m1m2

) 3
2 nε

1n
ε
2

q1(T )q2(T )
exp
(
− QR

kBT

)
− nε

3n
ε
4

q3(T )q4(T )

](
2πkBT

M34

)3
2

× 2πΓ

(
γ+2

2

)(
2kBT

µ34

)γ+2
2
∫ +∞

0

∫ +∞

0

∫ 1

0

∫ 1

0

∫
S2
exp
(
−I+I4
kBT

)
× 2 cos θ

(m3m4)2
Φreact(I, Ij, R, r)b

react(cos θ)(1−R)dσ dr dR dI4 dI +O(ε).

(6.3.47)

Observe that

(m3m4)
3
2

(2πkBT )3

(
2πkBT

M34

)3
2

2πΓ

(
γ+2

2

)(
2kBT

µ34

)γ+2
2

=
1

(2πkBT )
3
2

(
m3m4

M34

)3
2

2πΓ

(
γ+2

2

)(
2kBT

µ34

)γ+2
2
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=

(
µ34

2kBT

)3
2 2√

π
Γ

(
γ+2

2

)(
2kBT

µ34

)γ+2
2

=
2√
π
Γ

(
γ+2

2

)(
2kBT

µ34

)γ−1
2

. (6.3.48)

Substituting equation (6.3.48) into equation (6.3.47) gives:

Aε=

[(
m3m4

m1m2

)3/2
nε
1n

ε
2

q1(T )q2(T )
exp
(
− QR

kBT

)
− nε

3n
ε
4

q3(T )q4(T )

]

× 4√
π(m3m4)2

(
2kBT

µ34

)γ−1
2

Γ

(
γ + 2

2

)∫ +∞

0

∫ +∞

0

∫ 1

0

∫ 1

0

∫
S2
exp
(
−I + I4
kBT

)
× Φreact(I, I4, R, r)b

react(cos θ)cos θ (1−R) dσdrdRdI4dI +O(ε).

Substituting the previous equation into the right-hand side of equation (6.3.38), then divide both sides of

the resulting equation by ε and finally, taking the limit as ε→ 0 gives the desired result.

6.3.3 Moment of order one

From the scaled kinetic equations, the evolution equation for the momentum of each species in the reactive

mixture, can be derived as stated in the following lemma.

Lemma 6.3.5. (i) The balance equation for the momentum of each constituent in the reac-

tive mixture can be written in the form

∇x(nikBT ) = miBi, i = 1, 2, 3, 4, (6.3.49)

where
ni = lim

ε→0
nε
i , T = lim

ε→0

(
T + εT ε

i

)
,

Bi is the production term associated to the momentum balance of the species, namely the

formal limit for ε→ 0 of

Bε
i =

4∑
j=1
j ̸=i

mj

mi +mj

∫
R3

∫
R3

∫ +∞

0

∫ +∞

0

∫ 1

0

∫ 1

0

∫
S2
(aij · V̂

∗
)vM ε

iM
ε
j V̂

∗γ−1

× 2Φij(I, Ij, R, r)bij(cos θ) cos θ(1−R) dσdrdRdIjdIdvjdv

+
4∑

j=1
j ̸=i

mj

mi +mj

∫
R3

∫
R3

∫ +∞

0

∫ +∞

0

∫ 1

0

∫ 1

0

∫
S2
(aij · σ)v

√
2RE
µij

M ε
iM

ε
j V̂

∗γ−1

× 2Φij(I, Ij, R, r) bij(cos θ) cos θ(1−R) dσdrdRdIjdIdvjdv

+
4∑

j=1
j ̸=i

∫
R3

∫
R3

∫ +∞

0

∫ +∞

0

∫ 1

0

∫ 1

0

∫
S2
v

(
T ε
i

kBT 2
−

T ε
j

kBT 2

)
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×
(
mi(v

′
i)
2

2
− mi(v)

2

2
+ I ′i − I

)
M ε

iM
ε
j V̂

∗γ−1Φij(I, Ij, R, r)

× 2 bij(cos θ) cos θ(1−R) dσdrdRdIjdIdvjdv +O(ε). (6.3.50)

(ii) Moreover, if the angular collision kernel of the elastic bi-species collision kernel is an odd

function of cos θ, then the production term Bi is the formal limit for ε→ 0 of

Bε
i = −

4∑
j=1
j ̸=i

(
mj

mi +mj

)2(
mi

2πkBT

) 3
2
(

mj

2πkBT

)3/2nε
jJ

ε
i − nε

iJ
ε
j

qi(T )qj(T )

× mi

kBT

(
2πkBT

mi +mj

) 3
2 2π

3
Γ

(
γ + 4

2

)(
2kBT

µij

) γ+4
2

×
∫ +∞

0

∫ +∞

0

∫ 1

0

∫ 1

0

∫
S2
exp
(
−I + Ij
kBT

)
× Φij(I, Ij, R, r)2 cos θ(1−R)bij(cos θ) dσdrdRdIjdI +O(ε),

(6.3.51)

where J ε
i denotes the molar diffusion flux of the species given by

J ε
i = nε

i (u
ε
i − uε). (6.3.52)

Proof. (i) Multiplying the scaled kinetic equations given in equation (6.2.1) by vφi(I) and integrating

the resulting equations with respect to v ∈ R3 and I ∈ R+, we obtain:

ε

∫
R3

∫ +∞

0

∂f ε
i

∂t
vφi(I)dIdv +

∫
R3

∫ +∞

0

v · ∇xf
ε
i vφi(I)dIdv

=
1

ε

4∑
j=1

∫
R3

∫ +∞

0

vφi(I)Q
e
ij(f

ε
i , f

ε
j ) dIdv + ε

∫
R3

∫ +∞

0

vφi(I)Q
react
i dIdv .

Applying the Leibniz integral rule to the two terms on the left-hand side of the previous equation and splitting

the elastic collision operator into the mono-species and the bi-species collision operators, we obtain:

ε
∂

∂t

(∫
R3

∫ +∞

0

vf ε
i φi(I)dIdv

)
+∇x·

(∫
R3

∫ +∞

0

(v ⊗ v)f ε
i φi(I)dIdv

)
=

1

ε

∫
R3

∫ +∞

0

vQe
ii(f

ε
i , f

ε
i )φi(I)dIdv +

1

ε

4∑
j=1
j ̸=i

∫
R3

∫ +∞

0

vQe
ij(f

ε
i , f

ε
j )φi(I)dIdv

+ ε

∫
R3

∫ +∞

0

vQreact
i φi(I)dIdv , (6.3.53)

The fist integral on the left-hand side of equation (6.3.53) above has been previously evaluated and its

value is given in equation (6.3.36). The second integral on the left-hand side of the same equation can be

written as:
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∫
R3

∫ +∞

0

(v ⊗ v)f ε
i φi(I)dIdv =

nε
i

qi(T + εT ε
i )

(
mi

2πkB(T + εT ε
i )

)3/2

×
∫
R3

∫ +∞

0

(v ⊗ v) exp

(
− mi(v − εuε

i )
2

2kB(T + εT ε
i )

)

× exp

(
− I

kB(T + εT ε
i )

)
φi(I)dIdv

=
nε
i

qi(T + εT ε
i )

(
mi

2πkB(T + εT ε
i )

)3/2

×
∫
R3

(v ⊗ v) exp

(
− mi(v − εuε

i )
2

2kB(T + εT ε
i )

)
dv

×
∫ +∞

0

φi(I) exp

(
− I

kB(T + εT ε
i )

)
dI.

Using equation (6.3.29), the previous equation reduces to:

∫
R3

∫ +∞

0

(v ⊗ v)f ε
i φi(I)dIdv

= nε
i

(
mi

2πkB(T + εT ε
i )

)3/2 ∫
R3

(v ⊗ v) exp

(
− mi(v − εuε

i )
2

2kB(T + εT ε
i )

)
dv. (6.3.54)

Using equation (6.3.30) together with the fact that

(ξ + εuε
i )⊗ (ξ + εuε

i ) = ξ ⊗ ξ + 2ε(ξ ⊗ uε
i ) + ε2(uε

i ⊗ uε
i ),

we can rewrite equation (6.3.54) as given below:

∫
R3

∫ +∞

0

(v ⊗ v)f ε
i φi(I)dIdv

= nε
i

(
mi

2πkB(T+εT ε
i )

)3/2∫
R3

(
ξ⊗ξ+2ε(ξ⊗uε

i )+ε
2(uε

i ⊗uε
i )
)
exp

(
− mi(ξ)

2

2kB(T+εT ε
i )

)
dξ.

Expanding, we obtain:∫
R3

∫ +∞

0

(v ⊗ v)f ε
i φi(I)dIdv

= nε
i

(
mi

2πkB(T + εT ε
i )

)3/2 ∫
R3

(ξ ⊗ ξ) exp

(
− mi(ξ)

2

2kB(T + εT ε
i )

)
dξ

+ nε
i

(
mi

2πkB(T + εT ε
i )

)3/2

2εuε
i ⊗

∫
R3

ξ exp

(
− mi(ξ)

2

2kB(T + εT ε
i )

)
dξ
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+ nε
i

(
mi

2πkB(T + εT ε
i )

)3/2

ε2(uε
i ⊗ uε

i )

∫
R3

exp

(
− mi(ξ)

2

2kB(T + εT ε
i )

)
dξ.

The second and third integrals on the right-hand side of the previous equation have been previously eval-

uated, see equations (6.3.34) and (6.3.31), respectively for their values. Therefore∫
R3

∫ +∞

0

(v ⊗ v)f ε
i φi(I)dIdv

= nε
i

(
mi

2πkB(T + εT ε
i )

)3/2 ∫
R3

(ξ ⊗ ξ) exp

(
− mi(ξ)

2

2kB(T + εT ε
i )

)
dξ

+ nε
i

(
mi

2πkB(T + εT ε
i )

)3/2

2εuε
i ⊗ 0

+ nε
i

(
mi

2πkB(T + εT ε
i )

)3/2

ε2(uε
i ⊗ uε

i )

(
2πkB(T + εT ε

i )

mi

)3
2

= nε
i

(
mi

2πkB(T + εT ε
i )

)3/2 ∫
R3

(ξ ⊗ ξ) exp

(
− mi(ξ)

2

2kB(T + εT ε
i )

)
dξ

+ ε2nε
i (u

ε
i ⊗ uε

i ).

The integral on the right-hand side of the last equality of the previous equation is similar to that whose

value is given in equation (5.4.9). Therefore, following similar procedures as those used to obtain equation

(5.4.9), we have that:

∫
R3

(ξ ⊗ ξ) exp

(
− mi(ξ)

2

2kB(T + εT ε
i )

)
dξ = I

(
2πkB(T + εT ε

i )

mi

) 3
2 kB(T + εTα

i )

mi

, (6.3.55)

where I is the identity tensor. Thus∫
R3

∫ +∞

0

(v ⊗ v)f ε
i φi(I)dIdv = I

nε
ikB(T + εTα

i )

mi

+ ε2nε
i (u

ε
i ⊗ uε

i )

=
nε
ikB(T + εTα

i )

mi

+ ε2nε
i (u

ε
i ⊗ uε

i ). (6.3.56)

Substituting equations (6.3.36) and (6.3.56) into equation (6.3.53), we obtain:

ε2
∂

∂t
(nε

iu
ε
i ) +∇x·

(
nε
ikB(T + εTα

i )

mi

+ ε2nε
i (u

ε
i ⊗ uε

i )

)
=

1

ε

∫
R3

∫ +∞

0

vQe
ii(f

ε
i , f

ε
i )φi(I)dIdv +

1

ε

4∑
j=1
j ̸=i

∫
R3

∫ +∞

0

vQe
ij(f

ε
i , f

ε
j )φi(I)dIdv

+ ε

∫
R3

∫ +∞

0

vQreact
i φi(I)dIdv , (6.3.57)
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Since the properties of the scaled collision operators are similar to their un-scaled version, the first integral

on the right-hand side of the previous equation vanishes, that is∫
R3

∫ +∞

0

vQe
iiφi(I)dIdv = 0.

This can be seen if one set ψ(v, I) = v in the weak form for the mono-species collision operator given

in equation (2.4.67) and then apply the conservation of momentum for mono-species collision given in

equation (2.2.6). Therefore, equation (6.3.57) reduces to:

ε2
∂

∂t
(nε

iu
ε
i ) +∇x·

(
nε
ikB(T + εTα

i )

mi

+ ε2nε
i (u

ε
i ⊗ uε

i )

)
=

1

ε

4∑
j=1
j ̸=i

∫
R3

∫ +∞

0

vQe
ij(f

ε
i , f

ε
j )φi(I)dIdv + ε

∫
R3

∫ +∞

0

vQreact
i φi(I)dIdv . (6.3.58)

To evaluate the first integral on the right-hand side of equation (6.3.58) above, we use the elastic bi-

species collision operator Qe
ij(f

ε
i , f

ε
j ) in the form given in equation (6.3.21) and the decomposition of

the elastic bi-species kernel indicated in equation (6.3.23) to obtain equation (6.3.50). Upon specifying

Φij(I, Ij, R, r), the integrals with respect to I, Ij, R, r,σ can be evaluated explicitly. The six fold inte-

grals with respect to v,vj can be transformed to the centre of mass velocity and relative velocity, and the

resulting integrals can be evaluated using the integral representation of gamma function given in equation

(4.3.8).

To evaluate the second integral on the right-hand side of equation (6.3.58), we use the form of the reactive

collision operator Qreact
i given in equation (6.3.22) and the decomposition of the reactive kernel given

equation (6.3.24) to obtain:

Cε
i = ε

∫
R3

∫
R3

∫ +∞

0

∫ +∞

0

∫ 1

0

∫ 1

0

∫
S2
v

[(
mimj

mkml

)3

M ε′

k M
ε′

l −M ε
iM

ε
j

]
×Hi2 cos θ V̂ ∗γ−1Φreact(I, Ij, R, r)b

react(cos θ)(mimj)
−2

× (1−R) dσdrdRdIjdIdvjdv +O(ε2).

(6.3.59)

Again, upon specifying Φreact(I, Ij, R, r), the integrals on the right hand side of equation (6.3.59) above

can be computed. Specifically, the integrals with respect to I, Ij, R, r, σ can be evaluated explicitly, while

the six fold integrals with respect to v,vj can be transformed to the centre of mass velocity and relative

velocity, and the resulting integrals can either be evaluated using the integral representation of gamma

function given in equation (4.3.8) or be represented by the incomplete gamma function given in equation

(4.3.3).

Therefore, equation (6.3.58) reduces to:

ε2
∂

∂t
(nε

iu
ε
i ) +∇x·

(
nε
ikB(T + εTα

i )

mi

+ ε2nε
i (u

ε
i ⊗ uε

i )

)
= Bε

i +Cε
i . (6.3.60)

Finally, multiplying both side of equation (6.3.60) by mi and taking the limit as ε → 0, we obtain the

165



balance equation given in (6.3.49) for the momentum of each species, in which the production term Bi

is the formal limit for ε → 0 of the term Bε
i given in equation (6.3.50). That the second term on the

right-hand side of equation (6.3.60) vanishes is because the two terms on the right-hand side of equation

(6.3.59) each contain ε coefficient.

(ii) Using the assumption that the angular collision kernel is an odd function of cos θ, one obtains

that the second term on the right hand side of equation (6.3.50) vanishes. See Appendix C, section C.1

for details of the computation. Transforming the six fold integrals over v and vj in the first and third terms

on the right-hand side of equation (6.3.50) to the centre of mass velocity

X̂
∗
=
miv +mjvj

mi +mj

,

and relative velocity given as in equation (6.3.5), we have that following the steps used to obtain equations

(2.4.10), (2.4.11) and (2.4.12), we obtain:

v = X̂
∗
− mjV̂

∗

mi +mj

, (6.3.61)

vj = X̂
∗
+

miV̂
∗

mi +mj

, (6.3.62)

mi(v)
2 +mj(vj)

2 =MX̂∗2 + µijV̂
∗2, (6.3.63)

where M = mi + mj , X̂∗ = ||X̂
∗
|| = |X̂

∗
| and V̂ ∗ = ||V̂

∗
|| = |V̂

∗
|. Substituting equations

(6.3.61), (6.3.62) and (6.3.63) into the integral given in the third term on the right-hand side of equation

(6.3.50) and evaluating the resulting integrals in X̂
∗
and V̂

∗
using the integral representation of gamma

function given in equation (4.3.8), we obtain that it vanishes. See Appendix C section C.2 for details of the

computation. Furthermore, substituting equations (6.3.61), (6.3.62) and (6.3.63) into the integral given

in the first term on the right-hand side of equation (6.3.50) and using the fact that the Jacobian of the

transformation (v,vj) 7→ (X̂
∗
, V̂

∗
) is unity which implies that dvdvj = dX̂

∗
dV̂

∗
, we obtain that

the integrals over v, vj can be rewritten as:∫
R3

∫
R3

(aij · V̂
∗
)vM ε

iM
ε
j V̂

∗γ−1dvjdv

=
nε
in

ε
j

qiqj

(mimj)
3/2

(2πkBT )3

∫
R3

∫
R3

(aij · V̂
∗
)v exp

(
−mi(vi)

2+mj(vj)
2

2kBT
− I + Ij

kBT

)
× V̂ ∗γ−1dvjdv

=
nε
in

ε
j

qiqj

(mimj)
3/2

(2πkBT )3
exp
(
−I + Ij
kBT

)∫
R3

∫
R3

(aij · V̂
∗
)

(
X̂

∗
− mjV̂

∗

mi +mj

)

× exp

(
−MX̂∗2 + µijV̂

∗2

2kBT

)
V̂ ∗γ−1dV̂

∗
dX̂

∗

=
nε
in

ε
j

qiqj

(mimj)
3/2

(2πkBT )3
exp
(
−I + Ij
kBT

)

166



×

[∫
R3

X̂
∗
exp

(
−MX̂∗2

2kBT

)
dX̂

∗
∫
R3

(aij · V̂
∗
) exp

(
−µijV̂

∗2

2kBT

)
V̂ ∗γ−1dV̂

∗

−
∫
R3

exp

(
−MX̂∗2

2kBT

)
dX̂

∗ mj

mi +mj

∫
R3

V ∗(aij · V̂
∗
) exp

(
−µijV̂

∗2

2kBT

)
V̂ ∗γ−1dV̂

∗
]
. (6.3.64)

The first integral in X̂
∗
on the right-hand side of the last equality of the previous equation is similar to that

given in equation (4.4.20) and the second is similar to that given in equation (4.4.17). Therefore, we have

that∫
R3̂

X
∗
exp

(
−MX̂∗2

2kBT

)
dX̂

∗
=0 and

∫
R3

exp

(
−MX̂∗2

2kBT

)
dX̂

∗
=

(
2πkBT

M

)3
2

. (6.3.65)

The first integral in V̂
∗
appearing in the last equality of equation (6.3.64) can be written in spherical

coordinates and then evaluated as given below:∫
R3

(aij · V̂
∗
) exp

(
−µijV̂

2

2kBT

)
V̂ ∗γ−1dV̂

∗

=

∫
R3

aijV̂
∗ cos θ exp

(
−µijV̂

∗2

2kBT

)
V̂ ∗γ−1dV̂

∗

= aij

∫ ∞

0

∫ π

0

∫ 2π

0

V̂ ∗ cos θ exp

(
−µijV̂

∗2

2kBT

)
V̂ ∗γ−1V̂ ∗2 sin θ dϕ dθ dV̂ ∗

= aij

∫ ∞

0

V̂ ∗γ+2 exp
(
−µijV

∗2

2kBT

)
dV̂ ∗

∫ π

0

sin θ cos θdθ︸ ︷︷ ︸
0

∫ 2π

0

dϕ︸ ︷︷ ︸
2π

,

where use have been made of the fact that aij · V̂
∗
= ‖aij‖ ||V̂

∗
|| cos θ = aijV̂

∗ cos θ. Now using

the integral representation of gamma function given in equation (4.3.8), we obtain:∫ ∞

0

V̂ ∗γ+2 exp

(
−µijV̂

∗2

2kBT

)
dV̂ ∗ =

1

2
Γ

(
γ + 2 + 1

2

)(
2kBT

µij

) γ+2+1
2

=
1

2
Γ

(
γ + 3

2

)(
2kBT

µij

) γ+3
2

.

Therefore,∫
R3

(aij · V̂
∗
) exp

(
−µijV̂

2

2kBT

)
V̂ ∗γ−1dV̂

∗
=

1

2
Γ

(
γ + 3

2

)(
2kBT

µij

) γ+3
2

(0× 2π)

= 0. (6.3.66)

The second integral in V̂
∗
appearing in the last equality of equation (6.3.64) can be evaluated using the

fact that any vector V̂
∗
can be written in terms of a unit vector as: V̂

∗
= V̂ ∗v⃗, where V̂ ∗ = ||V̂

∗
|| and

v⃗ is a unit vector. Therefore,
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∫
R3

(aij · V̂
∗
)V̂

∗
exp

(
−µijV̂

∗2

2kBT

)
V̂ ∗γ−1dV̂

∗
=

∫
R3

(aijV̂
∗cos θ)V̂ ∗v⃗ exp

(
−µijV̂

∗2

2kBT

)
V̂ ∗γ−1dV̂

∗
.

Writing the previous equation in spherical coordinates and integrating gives:∫
R3

(aijV̂
∗ cos θ)V̂ ∗v⃗ exp

(
−µijV̂

∗2

2kBT

)
V̂ ∗γ−1dV̂

∗

=

∫ ∞

0

∫ π

0

∫ 2π

0

(aijV̂
∗ cos θ)V̂ ∗

(
x̂ sin θ cosϕ+ ŷ sin θ sinϕ+ ẑ cos θ

)
V̂ ∗γ−1

× exp

(
−µijV̂

∗2

2kBT

)
V̂ ∗2 sin θ dϕdθdV̂ ∗

= aij x̂

∫ ∞

0

V̂ ∗γ+3 exp

(
−µijV̂

∗2

2kBT

)
dV̂ ∗

∫ π

0

sin2 θ cos θdθ︸ ︷︷ ︸
0

∫ 2π

0

cosϕ dϕ︸ ︷︷ ︸
0

+ aijŷ

∫ ∞

0

V̂ ∗γ+3 exp

(
−µijV̂

∗2

2kBT

)
dV̂ ∗

∫ π

0

sin2 θ cos θdθ︸ ︷︷ ︸
0

∫ 2π

0

sinϕ dϕ︸ ︷︷ ︸
0

+ aijẑ

∫ ∞

0

V̂ ∗γ+3 exp

(
−µijV̂

∗2

2kBT

)
dV̂ ∗

∫ π

0

sin θ cos2 θdθ︸ ︷︷ ︸
2
3

∫ 2π

0

dϕ︸ ︷︷ ︸
2π

.

Using the integral representation of gamma function given in equation (4.3.8), we obtain:

∫ ∞

0

V̂ ∗γ+3 exp

(
−µijV̂

∗2

2kBT

)
dV̂ ∗ =

1

2
Γ

(
γ + 3 + 1

2

)(
2kBT

µij

) γ+3+1
2

=
1

2
Γ

(
γ + 4

2

)(
2kBT

µij

) γ+4
2

.

Therefore,∫
R3

(aij · V̂
∗
)V̂

∗
exp

(
−µijV̂

∗2

2kBT

)
V̂ ∗(γ−1)dV̂

∗

= aij
1

2
Γ

(
γ + 4

2

)(
2kBT

µij

) γ+4
2 [

x̂(0) + ŷ(0) + ẑ
(2
3
× 2π

)]
=

2π

3
aijΓ

(
γ + 4

2

)(
2kBT

µij

)γ+4
2

. (6.3.67)

Substituting equations (6.3.65), (6.3.66) and (6.3.67) into (6.3.64), we obtain:∫
R3

∫
R3

(aij · V̂
∗
)vM ε

iM
ε
j V̂

∗γ−1dvjdv

= −
nε
in

ε
j

qiqj

(mimj)
3/2

(2πkBT )3
exp
(
−I + Ij
kBT

)(
2πkBT

M

) 3
2 mj

mi +mj

2π

3
aijΓ

(
γ + 4

2

)(
2kBT

µij

)γ+4
2

.
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Using the definition of aij given in equation (6.3.10) and setting nε
iu

ε
i = J ε

i + nε
iu

ε, we obtain:

nε
in

ε
j

qiqj
aij =

nε
in

ε
j

qiqj

mi(u
ε
i − uε

j)

kBT

=
mi

kBTqiqj

(
nε
in

ε
ju

ε
i − nε

in
ε
ju

ε
j

)
=

mi

kBTqiqj

(
nε
j(J

ε
i + nε

iu
ε)− nε

i (J
ε
j + nε

ju
ε)
)

=
mi

kBTqiqj

(
nε
jJ

ε
i − nε

iJ
ε
j

)
.

Therefore,∫
R3

∫
R3

(aij · V̂
∗
)vM ε

iM
ε
j V̂

∗γ−1dvjdv

= −(mimj)
3/2

(2πkBT )3
exp
(
−I + Ij
kBT

)(
2πkBT

M

) 3
2

× mj

mi +mj

2π

3
Γ

(
γ + 4

2

)(
2kBT

µij

)γ+4
2 mi

kBT

(
nε
jJ

ε
i − nε

iJ
ε
j

)
qiqj

.

(6.3.68)

Finally, substituting equation (6.3.68) into the first addend in equation (6.3.50) and using the fact that the

second and third addends vanish, we obtain the desired result.

Remark 6.3.6. Observe that the production term Bε
i given in equation (6.3.51) has the

Maxwell-Stefan structure [29, 68]. The remaining integrals involved in equation (6.3.51),

when evaluated, will only contribute to the definition of the diffusion coefficients. □

6.3.4 Conservation of energy

From the scaled equations given in equation (6.2.1), the evolution equation for the energy of the mixture

can be obtained as given in the following lemma.

Lemma 6.3.7. The balance equation for the energy of the reactive mixture can be written

in the form

∂

∂t

[
4∑

i=1

(
3

2
nikBT+ni

q∗i (T )

qi(T )

)]
+∇x·

[
4∑

i=1

(
5

2
nikBT ui+niui

q∗i (T )

qi(T )

)]
=−QRA, (6.3.69)

where

ni = lim
ε→0

nε
i , ui = lim

ε→0
uε

i , T = lim
ε→0

(
T + εT ε

i

)
, (6.3.70)

q∗i (T ) has been defined in equation (6.3.11), and A is the production term defined as in

subsection 6.3.2.

Proof. Multiplying the scaled kinetic equations given in Eq. (6.2.1) by
[
mi(v)

2

2
+ I

]
φi(I) and integrate

the resulting equations with respect to v∈R3, I∈R+, and then sum over the species i = 1, 2, 3, 4, we
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obtain:

ε

4∑
i=1

∫
R3

∫ +∞

0

∂f ε
i

∂t

[
mi(v)

2

2
+I

]
φi(I)dIdv+

4∑
i=1

∫
R3

∫ +∞

0

v·∇xf
ε
i

[
mi(v)

2

2
+I

]
φi(I)dIdv

=
1

ε

4∑
i=1

4∑
j=1

∫
R3

∫ +∞

0

Qe
ij(f

ε
i , f

ε
j )

[
mi(v)

2

2
+I

]
φi(I)dI dv

+ ε
4∑

i=1

∫
R3

∫ +∞

0

Qi
react

[
mi(v)

2

2
+I

]
φi(I)dI dv

Applying the Leibniz integral rule to the two terms on the left-hand side of the previous equation and splitting

the elastic collision operator into the mono-species and the bi-species collision operators, we obtain:

ε
∂

∂t

4∑
i=1

(∫
R3

∫ +∞

0

[
mi(v)

2

2
+ I

]
φi(I)f

ε
i dIdv

)

+∇x·
4∑

i=1

(∫
R3

∫ +∞

0

[
mi(v)

2

2
+ I

]
φi(I)vf

ε
i dIdv

)
= Dε + Eε + F ε, (6.3.71)

where

Dε =
1

ε

4∑
i=1

∫
R3

∫ +∞

0

[
mi(v)

2

2
+ I

]
φi(I)Q

e
ii(f

ε
i , f

ε
i )dIdv,

Eε =
1

ε

4∑
i=1

4∑
j=1
j ̸=i

∫
R3

∫ +∞

0

[
mi(v)

2

2
+ I

]
φi(I)Q

e
ij(f

ε
i , f

ε
j )dIdv,

F ε = ε
4∑

i=1

∫
R3

∫ +∞

0

[
miv

2

2
+ I

]
φi(I)Q

react
i dIdv.

Using the definition of the distribution functions given in equation (6.2.4), the first integral on the left-hand

side of equation (6.3.71) can be written as:∫
R3

∫ +∞

0

[
mi(v)

2

2
+ I

]
φi(I)f

ε
i dIdv

=
nε
i

qi(T + εT ε
i )

(
mi

2πkB(T + εT ε
i )

)3/2

×
∫
R3

∫ +∞

0

[
mi(v)

2

2
+ I

]
exp

(
− mi(v−εuε

i )
2

2kB(T+εT ε
i )

)
exp

(
− I

kB(T+εT ε
i )

)
φi(I)dIdv

=
nε
i

qi(T + εT ε
i )

(
mi

2πkB(T + εT ε
i )

)3/2

×
∫
R3

∫ +∞

0

mi(v)
2

2
exp

(
− mi(v − εuε

i )
2

2kB(T + εT ε
i )

)
exp

(
− I

kB(T + εT ε
i )

)
φi(I)dIdv
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+
nε
i

qi(T + εT ε
i )

(
mi

2πkB(T + εT ε
i )

)3/2

×
∫
R3

∫ +∞

0

I exp

(
− mi(v − εuε

i )
2

2kB(T + εT ε
i )

)
exp

(
− I

kB(T + εT ε
i )

)
φi(I)dIdv

=
nε
i

qi(T + εT ε
i )

(
mi

2πkB(T + εT ε
i )

)3/2

× mi

2

∫
R3

(v)2 exp

(
− mi(v − εuε

i )
2

2kB(T + εT ε
i )

)
dv

∫ +∞

0

exp

(
− I

kB(T + εT ε
i )

)
φi(I)dI

+
nε
i

qi(T + εT ε
i )

(
mi

2πkB(T + εT ε
i )

)3/2

×
∫
R3

exp

(
− mi(v − εuε

i )
2

2kB(T + εT ε
i )

)
dv

∫ +∞

0

I exp

(
− I

kB(T + εT ε
i )

)
φi(I)dI.

Using equation (6.3.29) and the fact that

q∗i (T + εT ε
i ) =

∫ +∞

0

I exp

(
− I

kB(T + εT ε
i )

)
φi(I)dI, (6.3.72)

we obtain:∫
R3

∫ +∞

0

[
mi(v)

2

2
+ I

]
φi(I)f

ε
i dIdv

= nε
i

(
mi

2πkB(T + εT ε
i )

)3/2
mi

2

∫
R3

(v)2 exp

(
− mi(v − εuε

i )
2

2kB(T + εT ε
i )

)
dv

+ nε
i

q∗i (T + εT ε
i )

qi(T + εT ε
i )

(
mi

2πkB(T + εT ε
i )

)3/2 ∫
R3

exp

(
− mi(v − εuε

i )
2

2kB(T + εT ε
i )

)
dv.

Using equation (6.3.30), we can rewrite the previous equation as follows:∫
R3

∫ +∞

0

[
mi(v)

2

2
+ I

]
φi(I)f

ε
i dIdv

= nε
i

(
mi

2πkB(T + εT ε
i )

)3/2
mi

2

∫
R3

(ξ + εuε
i )

2 exp

(
− mi(ξ)

2

2kB(T + εT ε
i )

)
dξ

+ nε
i

q∗i (T + εT ε
i )

qi(T + εT ε
i )

(
mi

2πkB(T + εT ε
i )

)3/2 ∫
R3

exp

(
− mi(ξ)

2

2kB(T + εT ε
i )

)
dξ. (6.3.73)

Observe that

(ξ + εuε
i )

2 = (ξ)2 + 2ε (ξ · uε
i ) + ε2(uε

i )
2. (6.3.74)

Substituting equation (6.3.74) above into the first integral on the right-hand side of equation (6.3.73) and
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equation (6.3.31) which is the value of the second integral on the right-hand side of the same equation,

we obtain:∫
R3

∫ +∞

0

[
mi(v)

2

2
+ I

]
φi(I)f

ε
i dIdv

= nε
i

(
mi

2πkB(T+εT ε
i )

)3/2
mi

2

∫
R3

(
(ξ)2 + 2ε (ξ · uε

i ) + ε2(uε
i )

2
)
exp

(
− mi(ξ)

2

2kB(T+εT ε
i )

)
dξ

+ nε
i

q∗i (T + εT ε
i )

qi(T + εT ε
i )

(
mi

2πkB(T + εT ε
i )

)3/2(
2πkB(T + εT ε

i )

mi

)3
2

= nε
i

(
mi

2πkB(T + εT ε
i )

)3/2
mi

2

∫
R3

(ξ)2 exp

(
− mi(ξ)

2

2kB(T + εT ε
i )

)
dξ

+ nε
i

(
mi

2πkB(T + εT ε
i )

)3/2

miεui ·
∫
R3

ξ exp

(
− mi(ξ)

2

2kB(T + εT ε
i )

)
dξ

+ nε
i

(
mi

2πkB(T + εT ε
i )

)3/2
mi

2
ε2(uε

i )
2

∫
R3

exp

(
− mi(ξ)

2

2kB(T + εT ε
i )

)
dξ

+ nε
i

q∗i (T + εT ε
i )

qi(T + εT ε
i )
. (6.3.75)

The first integral in the last equality of the previous equation can be evaluated in spherical coordinates as

given below:

∫
R3

(ξ)2 exp

(
− mi(ξ)

2

2kB(T + εT ε
i )

)
dξ

=

∫ ∞

0

∫ π

0

∫ 2π

0

(ξ)2 exp

(
− mi(ξ)

2

2kB(T + εT ε
i )

)
(ξ)2 sin θ dϕ dθ dξ

=

∫ ∞

0

ξ4 exp

(
− mi(ξ)

2

2kB(T + εT ε
i )

)
dξ

∫ π

0

sin θ dθ︸ ︷︷ ︸
2

∫ 2π

0

dϕ︸ ︷︷ ︸
2π

= 4π

∫ ∞

0

ξ4 exp

(
− mi(ξ)

2

2kB(T + εT ε
i )

)
dξ.

Using the integral representation of gamma function given in equation (4.3.8), we obtain:∫
R3

(ξ)2 exp

(
− mi(ξ)

2

2kB(T + εT ε
i )

)
dξ = 4π

1

2
Γ

(
5

2

)(
2kB(T + εT ε

i )

mi

)5
2

= 4π
1

2

3
√
π

4

(
2kB(T + εT ε

i )

mi

) 5
2

=

(
2πkB(T + εT ε

i

mi

) 3
2 3kB(T + εT ε

i )

mi

. (6.3.76)
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The value of the second integral in the last equality of equation (6.3.75) is given in equation (6.3.34),

while the value of the last integral is given in equation (6.3.31). Therefore, substituting equations (6.3.31),

(6.3.34) and (6.3.76) into equation (6.3.75) we obtain:∫
R3

∫ +∞

0

[
mi(v)

2

2
+ I

]
φi(I)f

ε
i dIdv

= nε
i

(
mi

2πkB(T + εT ε
i )

)3/2
mi

2

(
2πkB(T + εT ε

i

mi

) 3
2 3kB(T + εTα

i )

mi

+ nε
i

(
mi

2πkB(T + εT ε
i )

)3/2

miεui · 0

+ nε
i

(
mi

2πkB(T + εT ε
i )

)3/2
mi

2
ε2(uε

i )
2

(
2πkB(T + εT ε

i )

mi

)3
2

+ nε
i

q∗i (T + εT ε
i )

qi(T + εT ε
i )
.

Thus∫
R3

∫ +∞

0

[
mi(v)

2

2
+ I

]
φi(I)f

ε
i dIdv

=
3

2
nε
ikB(T + εT ε

i ) + nε
i

mi

2
ε2(uε

i )
2 + nε

i

q∗i (T + εT ε
i )

qi(T + εT ε
i )
. (6.3.77)

The second integral on the left-hand side of equation (6.3.71) can be written as:∫
R3

∫ +∞

0

[
mi(v)

2

2
+ I

]
φi(I)vf

ε
i dIdv

=
nε
i

qi(T + εT ε
i )

(
mi

2πkB(T + εT ε
i )

)3/2

×
∫
R3

∫ +∞

0

v

[
mi(v)

2

2
+ I

]
exp

(
− mi(v−εuε

i )
2

2kB(T+εT ε
i )

)
exp

(
− I

kB(T+εT ε
i )

)
φi(I)dIdv

=
nε
i

qi(T + εT ε
i )

(
mi

2πkB(T + εT ε
i )

)3/2

×
∫
R3

∫ +∞

0

v
mi(v)

2

2
exp

(
− mi(v − εuε

i )
2

2kB(T + εT ε
i )

)
exp

(
− I

kB(T + εT ε
i )

)
φi(I)dIdv

+
nε
i

qi(T + εT ε
i )

(
mi

2πkB(T + εT ε
i )

)3/2

×
∫
R3

∫ +∞

0

vI exp

(
− mi(v − εuε

i )
2

2kB(T + εT ε
i )

)
exp

(
− I

kB(T + εT ε
i )

)
φi(I)dIdv

=
nε
i

qi(T + εT ε
i )

(
mi

2πkB(T + εT ε
i )

)3/2
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× mi

2

∫
R3

v(v)2 exp

(
− mi(v − εuε

i )
2

2kB(T + εT ε
i )

)
dv

∫ +∞

0

exp

(
− I

kB(T + εT ε
i )

)
φi(I)dI

+
nε
i

qi(T + εT ε
i )

(
mi

2πkB(T + εT ε
i )

)3/2

×
∫
R3

v exp

(
− mi(v − εuε

i )
2

2kB(T + εT ε
i )

)
dv

∫ +∞

0

I exp

(
− I

kB(T + εT ε
i )

)
φi(I)dI.

Using equations (6.3.29) and (6.3.72), we obtain:∫
R3

∫ ∞

0

[
mi(v)

2

2
+ I

]
φi(I)vf

ε
i dIdv

= nε
i

(
mi

2πkB(T + εT ε
i )

)3/2
mi

2

∫
R3

v(v)2 exp

(
− mi(v − εuε

i )
2

2kB(T + εT ε
i )

)
dv

+ nε
i

q∗i (T + εT ε
i )

qi(T + εT ε
i )

(
mi

2πkB(T + εT ε
i )

)3/2 ∫
R3

v exp

(
− mi(v − εuε

i )
2

2kB(T + εT ε
i )

)
dv.

The value of the second integral on the right-hand side of the previous equation is given in equation (6.3.35).

Therefore,∫
R3

∫ ∞

0

[
mi(v)

2

2
+ I

]
φi(I)vf

ε
i dIdv

= nε
i

(
mi

2πkB(T + εT ε
i )

)3/2
mi

2

∫
R3

v(v)2 exp

(
− mi(v − εuε

i )
2

2kB(T + εT ε
i )

)
dv

+ nε
i

q∗i (T + εT ε
i )

qi(T + εT ε
i )

(
mi

2πkB(T + εT ε
i )

)3/2

εuε
i

(
2πkB(T + εT ε

i )

mi

)3
2

.

(6.3.78)

Using equation (6.3.30) we can rewrite the integral on the right-hand side of the previous equation as given

below:

∫
R3

v(v)2 exp

(
− mi(v − εuε

i )
2

2kB(T + εT ε
i )

)
dv

=

∫
R3

(ξ + εuε
i )(ξ + εuε

i )
2 exp

(
− mi(ξ)

2

2kB(T + εT ε
i )

)
dξ (6.3.79)

Using (6.3.74), observe that

(ξ+εuε
i )(ξ+εu

ε
i )

2 = (ξ + εuε
i )
(
(ξ)2 + 2ε (ξ · uε

i ) + ε2(uε
i )

2
)

= ξ(ξ)2+2εξ(ξ · uε
i ) + ε2ξ(uε

i )
2+εuε

i (ξ)
2+2ε2uε

i (ξ · uε
i )+ε

3uε
i (u

ε
i )

2.

Substituting the previous equation into the integral of the right-hand side of equation (6.3.79) and expand-

ing the resulting equation gives:
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∫
R3

v(v)2 exp

(
− mi(v − εuε

i )
2

2kB(T + εT ε
i )

)
dv =

∫
R3

ξ(ξ)2 exp

(
− mi(ξ)

2

2kB(T + εT ε
i )

)
dξ

+ 2εuε
i ·
∫
R3

(ξ ⊗ ξ) exp

(
− mi(ξ)

2

2kB(T + εT ε
i )

)
dξ

+ ε2(uε
i )

2

∫
R3

ξ exp

(
− mi(ξ)

2

2kB(T + εT ε
i )

)
dξ

+ εuε
i

∫
R3

(ξ)2 exp

(
− mi(ξ)

2

2kB(T + εT ε
i )

)
dξ

+ (2ε2uε
i )u

ε
i ·
∫
R3

ξ exp

(
− mi(ξ)

2

2kB(T + εT ε
i )

)
dξ

+ ε3uε
i (u

ε
i )

2

∫
R3

exp

(
− mi(ξ)

2

2kB(T + εT ε
i )

)
dξ.

The values of the second, third, fourth, fifth and sixth integrals on the right-hand side of the previous

equation are respectively given in equations (6.3.55), (6.3.34), (6.3.76), (6.3.34) and (6.3.31). Therefore,

∫
R3

v(v)2 exp

(
− mi(v − εuε

i )
2

2kB(T + εT ε
i )

)
dv =

∫
R3

ξ(ξ)2 exp

(
− mi(ξ)

2

2kB(T + εT ε
i )

)
dξ

+ 2εuε
i I
(
2πkB(T+εT

ε
i )

mi

)3
2 kB(T+εT

α
i )

mi

+ ε2(uε
i )

2 × 0

+ εuε
i

(
2πkB(T + εT ε

i

mi

) 3
2 3kB(T + εT ε

i )

mi

+ (2ε2uε
i )u

ε
i · 0

+ ε3uε
i (u

ε
i )

2

(
2πkB(T + εT ε

i )

mi

)3
2

.

(6.3.80)

Using the fact that any vector can be written in terms of a unit vector, we have that ξ can be written as

ξ = ξv⃗, where ξ = ‖ξ‖ = |ξ| and v⃗ is a unit vector. Therefore, the integral on the right-hand side of

the previous equation can be written as given below:∫
R3

ξ(ξ)2 exp

(
− mi(ξ)

2

2kB(T + εT ε
i )

)
dξ =

∫
R3

ξv⃗(ξ2) exp

(
− mi(ξ)

2

2kB(T + εT ε
i )

)
dξ.

Writing the previous integral in spherical coordinates and integrating, we obtain:∫
R3

ξv⃗(ξ2) exp

(
− mi(ξ)

2

2kB(T + εT ε
i )

)
dξ

=

∫ ∞

0

∫ π

0

∫ 2π

0

ξ(x̂ sin θ cosϕ+ ŷ sin θ sinϕ+ ẑ cos θ)ξ2
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× exp

(
− mi(ξ)

2

2kB(T + εT ε
i )

)
ξ2 sin θ dϕ dθ dξ

=

∫ ∞

0

ξ5 exp

(
− mi(ξ)

2

2kB(T + εT ε
i )

)
dξ

(
x̂

∫ π

0

sin2 θ dθ︸ ︷︷ ︸
π
2

∫ 2π

0

cosϕ dϕ︸ ︷︷ ︸
0

+ ŷ

∫ π

0

sin2 θ dθ︸ ︷︷ ︸
π
2

∫ 2π

0

sinϕ dϕ︸ ︷︷ ︸
0

+ẑ

∫ π

0

cos θ sin θ dθ︸ ︷︷ ︸
0

∫ 2π

0

dϕ︸ ︷︷ ︸
2π

)
,

where x̂, ŷ, ẑ are the Cartesian unit vectors in R3. The integral in ξ can be evaluated using the integral

representation of gamma given in equation (4.3.8) as follows:∫ ∞

0

ξ5 exp

(
− mi(ξ)

2

2kB(T + εT ε
i )

)
dξ =

1

2
Γ(3)

(
2kB(T + εT ε

i )

mi

)3

=
1

2
2!

(
2kB(T + εT ε

i )

mi

)3

=

(
2kB(T + εT ε

i )

mi

)3

.

Therefore,∫
R3

ξ(ξ)2 exp

(
− mi(ξ)

2

2kB(T + εT ε
i )

)
dξ

=

(
2kB(T + εT ε

i )

mi

)3[
x̂
(π
2
× 0
)
+ ŷ

(π
2
× 0
)
+ ŷ(0× 2π)

]
=

(
2kB(T + εT ε

i )

mi

)3

× 0

= 0. (6.3.81)

Substituting equation (6.3.81) into equation (6.3.80), we obtain:∫
R3

v(v)2 exp

(
− mi(v − εuε

i )
2

2kB(T + εT ε
i )

)
dv = 2εuε

iI
(
2πkB(T+εT

ε
i )

mi

)3
2 kB(T+εT

α
i )

mi

+ εuε
i

(
2πkB(T + εT ε

i

mi

) 3
2 3kB(T + εT ε

i )

mi

+ ε3uε
i (u

ε
i )

2

(
2πkB(T + εT ε

i )

mi

)3
2

.

(6.3.82)

Substituting equation (6.3.82) into equation (6.3.78), we obtain:∫
R3

∫ ∞

0

[
mi(v)

2

2
+ I

]
φi(I)vf

ε
i dIdv
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= nε
i

(
mi

2πkB(T + εT ε
i )

)3/2
mi

2

(
2εuε

i I
(
2πkB(T+εT

ε
i )

mi

)3
2 kB(T+εT

α
i )

mi

+ εuε
i

(
2πkB(T + εT ε

i

mi

) 3
2 3kB(T + εT ε

i )

mi

+ ε3uε
i (u

ε
i )

2

(
2πkB(T + εT ε

i )

mi

)3
2

)

+ nε
i

q∗i (T + εT ε
i )

qi(T + εT ε
i )

(
mi

2πkB(T + εT ε
i )

)3/2

εuε
i

(
2πkB(T + εT ε

i )

mi

)3
2

.

Therefore,∫
R3

∫ ∞

0

[
mi(v)

2

2
+ I

]
φi(I)vf

ε
i dIdv

= εnε
iu

ε
ikB(T+εT

α
i ) + εnε

iu
ε
i

3kB(T + εT ε
i )

2
+ ε3

mi

2
nε
iu

ε
i (u

ε
i )

2 + εnε
iu

ε
i

q∗i (T + εT ε
i )

qi(T + εT ε
i )

= ε
5

2
nε
iu

ε
ikB(T+εT

α
i ) + ε3

mi

2
nε
iu

ε
i (u

ε
i )

2 + εnε
iu

ε
i

q∗i (T + εT ε
i )

qi(T + εT ε
i )
. (6.3.83)

Substituting equations (6.3.77) and (6.3.83) into equation (6.3.71), we obtain:

ε
∂

∂t

4∑
i=1

(
3

2
nε
ikB(T + εT ε

i ) +
mi

2
ε2nε

i (u
ε
i )

2 + nε
i

q∗i (T + εT ε
i )

qi(T + εT ε
i )

)
(6.3.84)

+∇x·
4∑

i=1

(
ε
5

2
nε
iu

ε
ikB(T+εT

α
i ) + ε3

mi

2
nε
iu

ε
i (u

ε
i )

2 + εnε
iu

ε
i

q∗i (T+εT
ε
i )

qi(T+εT ε
i )

)
=Dε+Eε+F ε,

Since the properties of the scaled collision operators are similar to their un-scaled version, using the weak

forms of the mono-species, bi-species and reactive collision operators given in equations (2.4.67), (2.4.69)

and (2.4.70), respectively, with ψ(v, I) =
[
mi(v)

2

2
+ I

]
, together with the conservation laws of total

energy for mono-species ( i.e., equation (2.4.2) with j replaced by i∗), bi-species given in equation (2.4.2)

and reactive collisions given in equation (2.4.5), respectively, we obtain:

Dε = 0, Eε = 0 and F ε = −εQRA
ε, (6.3.85)

with Aε defined as given in equation (6.3.27). Substituting equation (6.3.85) into (6.3.84) and dividing

both sides by ε, we obtain:

∂

∂t

4∑
i=1

(
3

2
nε
ikB(T + εT ε

i ) +
mi

2
ε2nε

i (u
ε
i ⊗ uε

i ) + nε
i

q∗i (T + εT ε
i )

qi(T + εT ε
i )

)

+∇x·
4∑

i=1

(
5

2
nε
iu

ε
ikB(T+εT

α
i ) + ε2

mi

2
nε
iu

ε
i (u

ε
i )

2 + nε
iu

ε
i

q∗i (T+εT
ε
i )

qi(T+εT ε
i )

)
= −QRA

ε.

Taking the limit as ε → 0 and using equation (6.3.70), we obtain the balance equation for the energy of

the mixture in the form of equation (6.3.69).
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6.4 Limit Equations

In this section a summary of the results obtained in section 6.3 will be given. Also, the limit equations when

the angular collision kernels of both the elastic bi-species and the reactive operators are odd functions of

cos θ will be given. Furthermore, observe that from (6.3.52) one has that nε
iu

ε
i = J ε

i + uε. Due

to assumption (b) given in subsection 6.2.2, in the limit as ε → 0, we have that J i = niui, for all

i = 1, 2, 3, 4. Putting together the balance equations (6.3.25) and (6.3.49) for the number densities and

momentum of the constituents as well as the balance equation (6.3.69) for the total energy of the mixture,

we obtain the following macroscopic system of non-isothermal reaction-diffusion equations,

∂ni

∂t
+∇x·J i = −λiA, i = 1, 2, 3, 4,

∇x

(
nikBT

)
= −

4∑
j=1
j ̸=i

njJ i − niJ j

Dij

, i = 1, 2, 3, 4,

∂

∂t

[
4∑

i=1

ni

(
3

2
kBT +

q∗i (T )

qi(T )

)]
+∇x·

[
4∑

i=1

(
5

2
kBT +

q∗i (T )

qi(T )

)
J i

]
= −QRA,

(6.4.1)

where A is the formal limit for ε → 0 of the production term given in equation (6.3.27). Moreover, Dij ,

for i = 1, 2, 3, 4, and i 6= j, are diffusion coefficients that can be recovered from the production term

Bi which is the formal limit for ε→ 0 of Bε
i given in (6.3.51). The production term A is given by

A =

[(
m3m4

m1m2

)3/2
n1n2

q1(T )q2(T )
exp
(
− QR

kBT

)
− n3n4

q3(T )q4(T )

]
4√

π(m3m4)2

× Γ

(
γ + 2

2

)(
2kBT

µ34

)(γ−1)/2 ∫ +∞

0

∫ +∞

0

∫ 1

0

∫ 1

0

∫
S2
exp
(
−I+I4
kBT

)
× Φreact(I, I4, R, r)b

react(cos θ) cos θ (1−R) dσdrdRdI4dI,

(6.4.2)

and the diffusion coefficients Dij are defined as

1

Dij

=
4

3
√
π
µ

(3−γ)
2

ij (2kBT )
(γ−1)

2
1

qi(T )qj(T )
Γ

(
γ + 4

2

)
×
∫ +∞

0

∫ +∞

0

∫ 1

0

∫ 1

0

∫
S2
exp
(
−I + Ij
kBT

)
Φij(I, Ij, R, r) cos θ(1−R)

× bij(cos θ) dσ dr dR dIj dI .

(6.4.3)

The equations in the second row of (6.4.1) are the MS equations for the reactive mixture of polyatomic

gases considered in this chapter. Upon specifying the kinetic and the angular kernels, the integrals appear-

ing in equations (6.4.2) and (6.4.3) can be evaluated explicitly and detailed expressions for the reactive

production terms A, QRA and the diffusion coefficients Dij can be obtained.
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6.5 Conclusion

In this chapter, a set of non-isothermal reaction-diffusion equations of MS type was derived from a Maxwell-

Boltzmann type kinetic model that describe a chemically reactive gaseous mixture composed of polyatomic

species, which takes into account both the presence of internal energy degrees as well as the chemical

mass transfer among the constituents.

The starting point has been the kinetic model for reactive polyatomic gases proposed by Desvillettes,

Monaco and Salvarani [45], which has been studied here under the standard diffusive scaling.

The form of the limiting equations obtained (see equation (6.4.1)) shows the influence of both the

chemical reaction and the polyatomic structure of the mixture on the evolution of the number densities of

the constituents, as well as on the evolution of the energy of the mixture. Moreover, the evolution equation

of the momentum of each constituent also show the influence of the polyatomic structure of the mixture,

through the diffusion coefficients Dij , but it is not affected by the chemical reaction. This is due to the

fact that the considered chemical regime corresponds to a slow reaction, in which the reactive process, in

comparison with diffusion, has a small effect in the evolution.

Furthermore, it is important to mention that the target equations obtained here take into account the

effect of chemical reactions, which impose to work in the non-isothermal setting. Notice that the sum

over the index i of the right-hand sides of the four (vectorial) equations appearing in the second line of the

system of equations (6.4.1) vanishes. Therefore they do not constitute a set of independent equations for

the fluxes J i.

The limit equations obtained are compatible with the internal energy law of polyatomic gases and the

law of mass action. At the equilibrium, from both equation (6.4.1) and the formulation of the source term

for the species given by equation (6.4.2), the law of mass action reads

n1n2

n3n4

=

(
m1m2

m3m4

)3/2
q1(T )q2(T )

q3(T )q4(T )
exp
(
QR

kBT

)
,

which is exactly the same as in [45].

Of course, all the computations heavily depend on the choice of the functional forms of the weights φi

which can be – in principle – freely chosen, provided that they induce a macroscopic behaviour consistent

with the physical situation under investigation.

In the case of polytropic gases, the weights φi have the form φi(I) = Iαi , where αi = (k−2) ∈ N
and k is the number of atoms of the species i. The special case αi = 0 corresponds to diatomic

molecules [45, 91]. Thanks to this choice of the weights φi one can compute

qi(T ) =

∫ +∞

0

Iαie−I/(kBT )dI = [kBT ]
αi+1(αi!) ,

with the convention 0! = 1, and analogously

q∗i (T ) =

∫ +∞

0

Iαi+1e−I/(kBT )dI = [kBT ]
αi+2(αi + 1)! .
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The model is thus consistent with the energy law of polytropic molecules, which provides a linear depen-

dence on temperature T . More precisely, the total energy at the equilibrium state becomes

4∑
i=1

ni

(
3

2
kBT +

q∗i (T )

qi(T )

)
=

4∑
i=1

ni

(
3

2
+ αi + 1

)
kBT.

Because of the total conservation of mass during the chemical reaction (i.e. α1 + α2 = α3 + α4), we

can conclude that q1(T )q2(T )

q3(T )q4(T )
=

(α1!)(α2!)

(α3!)(α4!)
,

which is a constant and does not depend on the temperature. In particular, it is equal to one as soon as

(α1!)(α2!) = (α3!)(α4!).

Of course, more complicated weights φi should be chosen to reproduce situations with non-polytropic

gases, for which total energy is made up also by exponential functions of the global temperature, as it

occurs for instance in the kinetic description involving a set of discrete internal energies for each gas [17].
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Chapter 7

Conclusion

In this thesis, the hydrodynamic limits of the Maxwell-Boltzmann type equations for reactive multi-species

mixtures of monatomic and polyatomic gases have been studied.

In chapter one, the subject of hydrodynamic limits was introduced. In chapter two, a non-reactive

multicomponent mixture was considered and the MBEs which describe how the mixture is influenced

as a result of free streaming and collisions was obtained. Also the properties of the collision operators

for the non-reactive MBEs were given and the macroscopic equations associated with the MBEs were

presented. Furthermore, the MBEs for reactive multi-species systems was presented. More precisely,

the SRS kinetic model which describe a reactive mixture of monatomic-like gases and a kinetic model

which describe a reactive mixture of polyatomic gases with a continuous structure of internal energy were

presented together with the properties of their collision operators. In chapter three, the continuum physics

description of diffusion in multicomponent mixtures was presented. In particular, diffusion models where

the diffusion processes are modelled by the MS equations and the Fick’s law, respectively, were presented.

This was followed by the description of the kinetic theory approach for deriving hydrodynamic models

and the problems studied in this thesis. Although there were no new contributions to the subject of

hydrodynamic limits in these chapters, however, some of the properties presented in chapter two were

used in chapters four, five and six to obtain the results presented there in.

In chapter four, a reaction-diffusion system of MS type was derived as a hydrodynamic limit of the

SRS kinetic model. This result was achieved by studying a scaling of the kinetic model which correspond

to a situation where the dominant role in the evolution of the species is played by mechanical interac-

tion (non-reactive interactions) and chemical reactions are assumed to be very slow. The scaled kinetic

equations were studied under isothermal condition. The isothermal condition assumption was met by the

fact that the chemical reactions are assumed to be slow enough to allow the surroundings to continually

compensate for the difference in reaction heat between the reactants and products of the chemical reac-

tion. As a consequence of the isothermal assumption, the macroscopic equations are obtained from the

concentration and momentum balance equations for the species only. By applying the moment method

to the scaled kinetic equations and using distribution functions that are local maxwellians centred at the

average velocity of the species together with the assumption that the bulk velocity of the mixture is small
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and vanishes in the limit as the scaling parameter goes to zero, the reaction-diffusion system where the dif-

fusion process is modelled by the MS equations was derived as a hydrodynamic limit of the concentration

and momentum balance equations.

In chapter five, an extension to the MS diffusion theory was derived. More precisely, the isothermal

and non-isothermal reactive MS equations were derived form the SRS kinetic model. The reactive MS

equations derived contain additional terms when compared with the original version derived by Maxwell

and Stefan. This is because the original MS equations were derived from a non-reactive multicomponent

mixture where only mechanical interactions occur. Therefore, the MS equations in this case describe the

diffusion of the non-reactive species in the mixture. However, in a reactive mixture, both mechanical and

chemical interactions occur. Therefore, the additional terms in the reactive MS equations describe the

diffusion of the reactive species. The derivation of the reactive MS equations was achieved by considering

a scaling of the kinetic equations which corresponds to a physical situation in which both mechanical

collisions and chemical reactions have comparable relaxation times, which are much smaller than the

characteristic times of the flow. Then using distribution functions which are local Maxwellians centred at

the average velocity of the species together with the assumption that the average velocity of the mixture

vanishes in the limit as the scaling parameter goes to zero, the reactive MS equations were derived as a

hydrodynamic limit of the momentum balance equations for the species.

In chapter six, a set of non-isothermal reaction-diffusion system was derived from a kinetic model

that describe a reactive mixture of polyatomic gases with a continuous structure of internal energy, under

non-isothermal condition. The starting point for the derivation was a scaling of the kinetic model in which

mechanical interactions are dominant with respect to chemical interactions. As a consequence of the non-

isothermal condition, the required macroscopic equations are obtained from the species number density

balance equations, the species momentum balance equations and the energy balance equation of the mix-

ture. The moment method was applied to the scaled kinetic equations together with the assumptions that

the distribution functions are local Maxwellians centred at the average velocity of the species and that the

the bulk velocity of the mixture is small and vanishes in the limit as the scaling parameter goes to zero. The

non-isothermal reaction-diffusion system where the diffusion process is modelled by the MS equations was

obtained as a hydrodynamic limit of the scaled kinetic equations. This non-isothermal reaction-diffusion

system is composed of the number density balance equations for the species, the MS equations obtained

from the momentum balance equations for the species and the energy balance equation for the mixture.

It is important to highlight that the results mentioned above were obtained at the formal level. To the

best of my knowledge, these results are the first results in these directions, in terms of the kinetic theory

of chemically reactive gaseous mixtures.

Finally, in the diffusion models derived in this thesis from the kinetic theory of chemically reactive

gaseous mixtures, the driving force of the MS equations is either a function of the species concentration

as in the case of isothermal setting or a function of the species concentrations and the temperature of

the mixture as in the case of non-isothermal setting. It will be interesting to study the case in which the

driving force is defined in terms of the species chemical potential. The chemical potential is a function
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of concentration, temperature and pressure. In addition, convective effects were neglected by assuming

that the bulk velocity of the mixture is small and vanishes in the limit equations. It will be interesting to

study the case with convective effects together with the driving force of the MS equations defined in terms

of the chemical potential of the species. This of course will lead to a better macroscopic description of

the fluid. In this case, the unknowns for this macroscopic system of equations are the concentration or

number density of the species, the molar diffusion flux of the species, the average velocity of the mixture,

the temperature of the mixture and pressure.
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Appendix A

Evaluation of the Integrals: Ē , F and Q(1)
i

Given in Chapter 4

Here, the integrals Ē , F and Q(1)
1 given in the proof of Lemma 4.3.1 for the concentration balance

equations of the species in the reactive mixture, will be evaluated.

A.1 Evaluation of the Integral Ē

Expanding the integral Ē given in equation (4.3.18) gives:

Ē=σ2
ij

∫
R3

∫
R3

∫
S2+

(
µij

µkl

)2

Mα◦
k Mα◦

l

(
ak · v◦

k

)
Θ
(〈
ϵ, c0vi − c0vj

〉
− Ξij

)
〈ϵ,vi − vj〉 dϵdvjdvi

+σ2
ij

∫
R3

∫
R3

∫
S2+

(
µij

µkl

)2

Mα◦
k Mα◦

l

(
al · v◦

l

)
Θ
(〈
ϵ, c0vi − c0vj

〉
− Ξij

)
〈ϵ,vi − vj〉 dϵdvjdvi.

To evaluate the integrals given in Ē above, it will be convenient to transform them from (vi,vj) to (v◦
k,v

◦
l ).

This is achieved by using equation (2.3.20) together with the Jacobian of this transformation given in

equation (4.4.42) which imply equation (4.4.43), to obtain:

Ē = σ2
ij

∫
R3

∫
R3

∫
S2+

(
µij

µkl

)2

Mα◦
k Mα◦

l (ak · v◦
k)Θ (〈ϵ, c0v◦

k − c0v
◦
l 〉 − Ξkl)

×
(
µkl

µij

)1
2

ω+

(
µkl

µij

)3
2 〈ϵ,v◦

k − v◦
l 〉

ω+
dϵ dv◦

k dv
◦
l

+ σ2
ij

∫
R3

∫
R3

∫
S2+

(
µij

µkl

)2

Mα◦
k Mα◦

l (al · v◦
l )Θ (〈ϵ, c0v◦

k − c0v
◦
l 〉 − Ξkl)

×
(
µkl

µij

)1
2

ω+

(
µkl

µij

)3
2 〈ϵ,v◦

k − v◦
l 〉

ω+
dϵ dv◦

k dv
◦
l .

Therefore, the integral Ē above reduces to:
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Ē=σ2
ij

∫
R3

∫
R3

∫
S2+
Mα◦

k Mα◦
l (ak · v◦

k)Θ(〈ϵ, c0v◦
k − c0v

◦
l 〉−Ξkl)〈ϵ,v◦

k − v◦
l 〉 dϵdv◦

kdv
◦
l

+σ2
ij

∫
R3

∫
R3

∫
S2+
Mα◦

k Mα◦
l (al · v◦

l )Θ(〈ϵ, c0v◦
k − c0v

◦
l 〉−Ξkl)〈ϵ,v◦

k − v◦
l 〉 dϵdv◦

kdv
◦
l .

(A.1.1)

Using the definition of the distribution function given in equation (4.2.3), the above integrals can be written

as follows:

Ē=σ2
ij

(mkml)
3
2

(2πkBT )3
cαk c

α
l ak ·

∫
R3

∫
R3

∫
S2+
v◦
k exp

(
−mk(v

◦
k)

2 +ml(v
◦
l )

2

2kBT

)
×Θ(〈ϵ, c0v◦

k − c0v
◦
l 〉 − Ξkl) 〈ϵ,v◦

k − v◦
l 〉 dϵ dv◦

k dv
◦
l

+σ2
ij

(mkml)
3
2

(2πkBT )3
cαk c

α
l al ·

∫
R3

∫
R3

∫
S2+
v◦
l exp

(
−mk(v

◦
k)

2 +ml(v
◦
l )

2

2kBT

)
×Θ(〈ϵ, c0v◦

k − c0v
◦
l 〉 − Ξkl) 〈ϵ,v◦

k − v◦
l 〉 dϵ dv◦

k dv
◦
l .

(A.1.2)

Observe that the integral over S2
+ is similar to that evaluated in (4.3.20). Therefore,∫

S2+
Θ(〈ϵ, c0v◦

k − c0v
◦
l 〉 − Ξkl) 〈ϵ,v◦

k − v◦
l 〉 dϵ = πV̄Θ

(
V̄ − Ξkl

c0

)[
1−

(
Ξkl

c0V̄

)2
]
,

where

V̄ = ||V̄ || = ||v◦
l − v◦

k|| = || − (v◦
k − v◦

l )|| = | − 1| ||v◦
k − v◦

l || = ||v◦
k − v◦

l ||.

Therefore,

Ē = πσ2
ij

(mkml)
3
2

(2πkBT )3
cαk c

α
l ak ·

∫
R3

∫
R3

v◦
k exp

(
−mk(v

◦
k)

2 +ml(v
◦
l )

2

2kBT

)
× V̄Θ

(
V̄ − Ξkl

c0

)[
1−

(
Ξkl

c0V̄

)2
]
dv◦

k dv
◦
l

+ πσ2
ij

(mkml)
3
2

(2πkBT )3
cαk c

α
l al ·

∫
R3

∫
R3

v◦
l exp

(
−mk(v

◦
k)

2 +ml(v
◦
l )

2

2kBT

)
× V̄Θ

(
V̄ − Ξkl

c0

)[
1−

(
Ξkl

c0V̄

)2
]
dv◦

k dv
◦
l .

Next, we transform the above integrals from v◦
k and v◦

l to the centre of mass velocity X̄ and relative

velocity V̄ defined respectively as given below:

x̄ =
mkv

◦
k +mlv

◦
l

mk +ml

, V̄ = v◦
l − v◦

k . (A.1.3)

Following the steps used to obtain equations (2.4.10), (2.4.11) and (2.4.12), one obtains that:

v◦
k = X̄ − mlV̄

mk +ml

, (A.1.4)
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v◦
l = X̄ +

mkV̄

mk +ml

, (A.1.5)

mk(v
◦
k)

2 +ml(v
◦
l )

2 =MX̄2 + µklV̄
2, (A.1.6)

where M = (mk + ml). Using equations (A.1.4), (A.1.5) and (A.1.6) together with the fact that the

Jacobian of the transformation (v◦
k,v

◦
l ) 7→ (X̄, V̄ ) is unity which implies that

dv◦
k dv

◦
l = dX̄ dV̄ ,

we can rewrite the the integral Ē as follows:

Ē = πσ2
ij

(mkml)
3
2

(2πkBT )3
cαk c

α
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∫
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2
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∫
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2
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× V̄Θ
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The integrals in X̄ above are similar to those whose values are given in equations (4.4.17) and (4.4.20).

Therefore,∫
R3

exp

(
− MX̄2

2kBT

)
dX̄ =

(
2πkBT

M

) 3
2

and
∫
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X̄ exp

(
−MX̄2

2kBT

)
dx̄ = 0. (A.1.7)

Now let us evaluate the integrals E1, E2, E3 and E4. Writing the integral E1 in spherical coordinates and
integrating, we obtain:

E1 =
∫ ∞

0

∫ π

0

∫ 2π

0
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(
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2
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∫ ∞
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0

dϕ︸ ︷︷ ︸
2π

.

Using a change of variable similar to that given in equation (4.3.23), one obtains equations similar to

equations (4.3.24) and (4.3.25). Therefore, the integral in V̄ above can be rewritten as follows:
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∫ ∞
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where zi∗ is obtained by replacing the subscripts i, j by k, l in equation (4.3.25). Using the incomplete

Euler gamma function given in equation (4.3.3) with η − 1 = 1 i.e η = 2, we obtain:∫ ∞
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Therefore

E1 =
∫
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. (A.1.9)

Next let us evaluate the integral E2. Using the fact that any vector V̄ can be written in terms of a unit

vector as V̄ = V̄ v⃗, with V̄ =
∥∥V̄ ∥∥ and v⃗ a unit vector, we can rewrite the integral E2 as given below:∫
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Writing the above integral in spherical coordinates and integrating gives:

E2 =
∫ ∞

0

∫ π

0

∫ 2π

0

V̄ (x̂ sin θ cosϕ+ ŷ sin θ sinϕ+ ẑ cos θ)

× exp

(
− µklV̄

2

2kBT

)
V̄Θ

(
V̄ − Ξkl

c0

)
V̄ 2 sin θ dϕ dθ dV̄

=

∫ ∞

V̄≥Ξkl
c0

V̄ 4 exp

(
− µklV̄

2

2kBT

)
dV̄

(
x̂

∫ π

0

sin2 θdθ︸ ︷︷ ︸
π
2

∫ 2π

0

cosϕdϕ︸ ︷︷ ︸
0

+ ŷ

∫ π

0

sin2 θdθ︸ ︷︷ ︸
π
2

∫ 2π

0

sinϕdϕ︸ ︷︷ ︸
0

+ẑ

∫ π

0

sin θ cos θdθ︸ ︷︷ ︸
0

∫ 2π

0

dϕ︸ ︷︷ ︸
2π

)
,

where x̂, ŷ, ẑ are the Cartesian unit vectors in R3. The integral in V̄ above is similar to that given in

equation (4.4.29). Therefore, the integral E2 reduces to:∫
R3

V̄ exp
(
−µklV̄

2

2kBT

)
V̄Θ

(
V̄ − Ξkl

c0

)
dV̄ =

1

2

(
2kBT

µkl

) 5
2

Γ

(
5

2
, zi∗

)(
x̂(0) + ŷ(0) + ẑ(0)

)
= 0. (A.1.10)
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Next let us evaluate the integral E3. Writing it in spherical coordinates and integrating gives:

E3 =
∫ ∞

0

∫ π

0

∫ 2π

0

V̄ exp
(
−µklV̄

2

2kBT

)
Θ

(
V̄ − Ξkl

c0

)(
Ξkl

c0V̄

)2

V̄ 2 sin θ dϕ dθ dV̄

=

(
Ξkl

c0

)2 ∫ ∞

V̄≥Ξkl
c0

V̄ exp
(
−µklV̄

2

2kBT

)
dV̄

∫ π

0

sinθ dθ︸ ︷︷ ︸
2

∫ 2π

0

dϕ︸ ︷︷ ︸
2π

.

The integral in V̄ above is similar to that given in equation (4.4.31). Therefore, the integral E3 reduces to:

∫
R3

exp
(
−µklV̄

2

2kBT

)
V̄Θ

(
V̄ − Ξkl

c0

)(
Ξkl

c0V̄

)2

dV̄ =

(
Ξkl

c0

)2

2π

(
2kBT

µkl

)
Γ(1, zi∗). (A.1.11)

Finally, using the fact that any vector V̄ can be written in terms of a unit vector as V̄ = V̄ v⃗, with

V̄ =
∥∥V̄ ∥∥ and v⃗ a unit vector, we can rewrite the integral E4 as given below:

E4 =
∫
R3

V̄ v⃗ exp
(
−µklV̄

2

2kBT

)
V̄Θ

(
V̄ − Ξkl

c0

)(
Ξkl

c0V̄

)2

dV̄ .

Writing the above integral in spherical coordinates and integrating gives:

E4 =
∫ ∞

0

∫ π

0

∫ 2π

0

V̄ (x̂ sin θ cosϕ+ ŷ sin θ sinϕ+ ẑ cos θ) exp

(
− µklV̄

2

2kBT

)

× V̄Θ
(
V̄ − Ξkl

c0

)( Ξkl

c0V̄

)2

V̄ 2 sin θ dϕ dθ dV̄

=

(
Ξkl

c0

)2 ∫ ∞

V̄≥Ξkl
c0

V̄ 2 exp

(
− µklV̄

2

2kBT

)
dV̄

(
x̂

∫ π

0

sin2 θ dθ︸ ︷︷ ︸
π
2

∫ 2π

0

cosϕ dϕ︸ ︷︷ ︸
0

+ ŷ

∫ π

0

sin2 θ dθ︸ ︷︷ ︸
π
2

∫ 2π

0

sinϕ dϕ︸ ︷︷ ︸
0

+ẑ

∫ π

0

sin θ cos θ dθ︸ ︷︷ ︸
0

∫ 2π

0

dϕ︸ ︷︷ ︸
2π

)
,

where x̂, ŷ, ẑ are the Cartesian unit vectors in R3. The integral in V̄ above is similar to that given in

equation (4.4.35). Therefore, the integral E4 reduces to:∫
R3

V̄ exp
(
−µklV̄

2

2kBT

)
V̄Θ

(
V̄ − Ξkl

c0

)(
Ξkl

c0V

)2

dV̄

=
1

2

(
2kBT

µkl

) 3
2

Γ

(
3

2
, zi∗

)[
x̂
(π
2
× 0
)
+ ŷ

(π
2
× 0
)
+ ẑ(0× 2π)

]
= 0. (A.1.12)

Substituting equations (A.1.7), (A.1.9), (A.1.10), (A.1.11) and (A.1.12) into the integral Ē , we obtain:
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Ē = 0. (A.1.13)

A.2 Evaluation of the Integral F

Expanding the integral F given in equation (4.3.18), we obtain:

F =− σ2
ij

∫
R3

∫
R3

∫
S2+
Mα

i M
α
j

(
ai · vi

)
Θ
(〈
ϵ, c0vi − c0vj

〉
− Ξij

)
〈ϵ,vi − vj〉 dϵ dvj dvi

− σ2
ij

∫
R3

∫
R3

∫
S2+
Mα

i M
α
j

(
aj · vj

)
Θ
(〈
ϵ, c0vi − c0vj

〉
− Ξij

)
〈ϵ,vi − vj〉 dϵ dvj dvi.

The above integrals are similar to the integrals Ē given in equation (A.1.1) whose value is given in equa-

tion (A.1.13). Therefore, following the steps used in the computation of the integral Ē , one obtains that

F = 0. (A.2.1)

A.3 Evaluation of the Integral Q(1)
i

Substituting equation (4.3.19) into the integral Q(1)
i given in equation (4.4.40), we obtain:

Q(1)
i = αβijσ

2
ij

(mimj)
3
2

(2πkBT )3

[(µij

µkl

) 1
2
cαk c

α
l exp

(
QR

kBT

)
−cαi cαj

]
×
∫
R3

∫
R3

∫
S2+
vi exp

(
− mi(vi)

2+mj(vj)
2

2kBT

)
Θ
(
〈ϵ, c0vi−c0vj〉−Ξij

)
〈ϵ,vi−vj〉 dϵdvjdvi.

The above integral is similar to the integrals on the right-hand side of Ē given in equation (A.1.2) which

both vanish upon evaluation. Therefore, following the same steps as those used in the computation of the

integrals on the right-hand side of equation (A.1.2), we obtain:

Q(1)
i = 0.
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Appendix B

Evaluation of the Integrals: Õ(2)
i , P̃(2)

i , Q̃(1)
i ,

Q̃(3)
i and Q̃(4)

i Given in Chapter 5

Here the integrals: Õ(2)
i , P̃(2)

i , Q̃(1)
i , Q̃(3)

i and Q̃(4)
i , given in the proof of Lemma 5.4.1 for the momentum

balance equations of the species in the reactive mixture, will be evaluated.

B.1 Evaluation of the Integral Õ(2)
i

In this section, the integral Õ(2)
i given in equation (5.4.13), will be evaluated. To do this observe that from

equation (2.3.8), we have that

(v′
i)
2 =

(
vi −

2µis

mi

〈ϵ,vi − vs〉 ϵ
)2

=

(
vi −

2µis

mi

〈ϵ,vi − vs〉 ϵ
)(

vi −
2µis

mi

〈ϵ,vi − vs〉 ϵ
)

= vi

(
vi −

2µis

mi

〈ϵ,vi − vs〉 ϵ
)
− 2µis

mi

〈ϵ,vi − vs〉 ϵ
(
vi −

2µis

mi

〈ϵ,vi − vs〉 ϵ
)

= (vi)
2 − 2µis

mi

〈ϵ,vi − vs〉 ϵ · vi −
2µis

mi

〈ϵ,vi − vs〉 ϵ · vi +

(
2µis

mi

〈ϵ,vi − vs〉
)2

= (vi)
2 − 4µis

mi

〈ϵ,vi − vs〉 ϵ · vi +

(
2µis

mi

〈ϵ,vi − vs〉
)2

,

where the fact that ϵ · ϵ = 1 have been used. Therefore,

(v′
i)
2 − (vi)

2 = −4µis

mi

〈ϵ,vi − vs〉 ϵ · vi +

(
2µis

mi

〈ϵ,vi − vs〉
)2

= −4µis

mi

‖vi − vs‖ cos θ
(vi − vs)

‖vi − vs‖
· vi +

4µ2
is

m2
i

(‖vi − vs‖ cos θ)2

=
4µis

mi

cos θ(vs − vi) · vi +
4µ2

is

m2
i

(‖vi − vs‖ cos θ)2. (B.1.1)
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Substituting equation (B.1.1) into the integral Õ(2)
i given in equation (5.4.13) gives:

Õ(2)
i =

α

kBT 2

4∑
s=1
s ̸=i

σ2
is(T

α
i − Tα

s )

∫
R3

∫
R3

∫
S2+
miviM

α
i M

α
s

mi

2

(4µis

mi

cos θ(vs − vi) · vi

+
4µ2

is

m2
i

(‖vi − vs‖ cos θ)2
)
〈ϵ,vi − vs〉 dϵ dvs dvi

=
2α

kBT 2

4∑
s=1
s ̸=i

σ2
is(T

α
i − Tα

s )miµis

∫
R3

∫
R3

∫
S2+

viM
α
i M

α
s

(
(vs − vi) · vi

)
× cos θ ‖vi − vs‖ cos θ dϵ dvs dvi

+
2α

kBT 2

4∑
s=1
s ̸=i

σ2
is(T

α
i − Tα

s )µ
2
is

∫
R3

∫
R3

∫
S2+

viM
α
i M

α
s (‖vi − vs‖ cos θ)2

× ‖vi − vs‖ cos θ dϵ dvs dvi

=
2α

kBT 2

4∑
s=1
s ̸=i

σ2
is(T

α
i − Tα

s )miµis

∫
R3

∫
R3

∫ π
2

0

∫ 2π

0

viM
α
i M

α
s

(
(vs − vi) · vi

)
× ‖vi − vs‖ cos2 θ sin θ dϕ dθ dvs dvi

+
2α

kBT 2

4∑
s=1
s ̸=i

σ2
is(T

α
i − Tα

s )µ
2
is

∫
R3

∫
R3

∫ π
2

0

∫ 2π

0

viM
α
i M

α
s (‖vi − vs‖ cos θ)2

× ‖vi − vs‖ cos θ sin θ dϕ dθ dvs dvi

=
2α

kBT 2

4∑
s=1
s ̸=i

σ2
is(T

α
i − Tα

s )miµis

∫
R3

∫
R3

viM
α
i M

α
s

(
(vs − vi) · vi

)
‖vi − vs‖ dvs dvi

×
∫ π

2

0

cos2 θ sin θ dθ︸ ︷︷ ︸
1
3

∫ 2π

0

dϕ︸ ︷︷ ︸
2π

+
2α

kBT 2

4∑
s=1
s ̸=i

σ2
is(T

α
i −Tα

s )µ
2
is

∫
R3

∫
R3

viM
α
i M

α
s ‖vi−vs‖3 dvs dvi

∫ π
2

0

cos3 θ sin θdθ︸ ︷︷ ︸
1
4

∫ 2π

0

dϕ︸ ︷︷ ︸
2π

=α
4π

3kBT 2

4∑
s=1
s ̸=i

σ2
is(T

α
i −Tα

s )miµis
(mims)

3
2

(2πkBT )3
cαi c

α
s

∫
R3

∫
R3

vi exp

(
− mi(vi)

2+ms(vs)
2

2kBT

)

×
(
(vs − vi) · vi

)
‖vi − vs‖ dvsdvi

+α
π

kBT 2

4∑
s=1
s̸=i

σ2
is(T

α
i −Tα

s )µ
2
is

(mims)
3
2

(2πkBT )3
cαi c

α
s

∫
R3

∫
R3

vi exp

(
− mi(vi)

2 +ms(vs)
2

2kBT

)

× ‖vi − vs‖3 dvsdvi.
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Next we transform the above six fold integrals from vi and vs to the centre of mass velocity X∗ and

relative velocity V ∗ defined as given in equations (4.4.11) and (4.4.12), respectively. More precisely,

using equations (4.4.12), (4.4.13), (4.4.15) with mi + ms = Mis and (4.4.16), one can rewrite the

integral Õ(2)
i as follows:

Õ(2)
i =

α4π

3kBT 2

4∑
s=1
s ̸=i

σ2
is(T

α
i − Tα

s )miµis
(mims)

3
2

(2πkBT )3
cαi c

α
s

×
∫
R3

∫
R3

(
X∗−

msV ∗

Mis

)
exp

(
− MisX∗

2+µisV∗
2

2kBT

)[
V ∗ ·

(
X∗−

msV ∗

Mis

)]
V∗ dX∗dV ∗︸ ︷︷ ︸

V

+
απ

kBT 2

4∑
s=1
s ̸=i

σ2
is(T

α
i − Tα

s )µ
2
is

(mims)
3
2

(2πkBT )3
cαi c

α
s

×
∫
R3

∫
R3

(
X∗ −

msV ∗

Mis

)
exp

(
− MisX∗

2 + µisV∗
2

2kBT

)
V 3
∗ dX∗dV ∗︸ ︷︷ ︸

W

, (B.1.2)

where the fact that

vi − vs = −V ∗ and ‖−V ‖ = | − 1| ‖V ∗‖ = 1 ‖V ∗‖ = V∗,

have been used to obtain the above equation. Observe that(
X∗ −

msV ∗

Mis

)[
V ∗·

(
X∗ −

msV ∗

Mis

)]

=

(
X∗ −

msV ∗

Mis

)[
V ∗ ·X∗ −

msV
2
∗

Mis

]

= X∗(V ∗ ·X∗)−X∗
msV

2
∗

Mis

− msV ∗

Mis

(V ∗ ·X∗) +

(
msV∗
Mis

)2

V ∗.

Therefore, the integral V above becomes:

V =

∫
R3

∫
R3

[
X∗(V ∗ ·X∗)−

msV
2
∗

Mis

X∗ −
msV ∗

Mis

(V ∗ ·X∗) +

(
msV∗
Mis

)2

V ∗

]

× exp

(
− MisX∗

2 + µisV∗
2

2kBT

)
V∗dX∗ dV ∗

=

∫
R3

∫
R3

X∗(V ∗ ·X∗) exp

(
− MisX∗

2 + µisV∗
2

2kBT

)
V∗dX∗ dV ∗︸ ︷︷ ︸

V1
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− ms

Mis

∫
R3

∫
R3

X∗ exp

(
− MisX∗

2 + µisV∗
2

2kBT

)
V 3
∗ dX∗ dV ∗︸ ︷︷ ︸

V2

− ms

Mis

∫
R3

∫
R3

V ∗(V ∗ ·X∗) exp

(
− MisX∗

2 + µisV∗
2

2kBT

)
V∗dX∗ dV ∗︸ ︷︷ ︸

V3

+

(
ms

Mis

)2 ∫
R3

∫
R3

V ∗ exp

(
− MisX∗

2 + µisV∗
2

2kBT

)
V 3
∗ dX∗ dV ∗︸ ︷︷ ︸

V4

.

Now let us evaluate the integrals V1, V2, V3 and V4. The integral V1 can be rewritten as:

V1 =

∫
R3

X∗ exp

(
− MisX∗

2

2kBT

)(
X∗ ·

∫
R3

V ∗ exp

(
− µisV∗

2

2kBT

)
V∗dV ∗

)
dX∗.

Using the fact that any vector V ∗ can be written in terms of a unit vector as V ∗ = V∗v⃗, with V∗ = ‖V ∗‖
and v⃗ a unit vector, we can write the integral in V ∗ above as follows:∫

R3

V ∗ exp

(
− µisV∗

2

2kBT

)
V∗dV ∗ =

∫
R3

V∗v⃗ exp

(
− µisV∗

2

2kBT

)
V∗dV ∗.

Writing the right-hand side of the previous equation in spherical coordinates and integrating gives:∫
R3

V∗v⃗ exp

(
− µisV∗

2

2kBT

)
V∗dV ∗

=

∫ ∞

0

∫ π

0

∫ 2π

0

V∗(x̂ sin θ cosϕ+ŷ sin θ sinϕ+ẑ cos θ) exp

(
− µisV∗

2

2kBT

)
V 3
∗ sinθdϕdθdV∗

=

∫ ∞

0

V 4
∗ exp

(
− µisV∗

2

2kBT

)
dV∗

(
x̂

∫ π

0

sin2 θdθ︸ ︷︷ ︸
π
2

∫ 2π

0

cosϕdϕ︸ ︷︷ ︸
0

+ŷ

∫ π

0

sin2 θdθ︸ ︷︷ ︸
π
2

∫ 2π

0

sinϕdϕ︸ ︷︷ ︸
0

+ ẑ

∫ π

0

sin θ cos θdθ︸ ︷︷ ︸
0

∫ 2π

0

dϕ︸ ︷︷ ︸
2π

)
,

where x̂, ŷ, ẑ are the Cartesian unit vectors in R3. The value of the integral in V∗ above is given in

equation (4.4.18). Therefore,∫
R3

V ∗ exp

(
− µisV∗

2

2kBT

)
V∗dV ∗ =

3
√
π

8

(
2kBT

µis

) 5
2
[
x̂
(π
2
× 0
)
+ ŷ

(π
2
× 0
)
+ ẑ(0× 2π)

]

=
3
√
π

8

(
2kBT

µis

) 5
2

× 0

= 0. (B.1.3)

195



Substituting equation (B.1.3) into the integral V1 gives:∫
R3

∫
R3

X(V ∗ ·X∗) exp

(
− MisX∗

2 + µisV∗
2

2kBT

)
V∗dX∗ dV ∗

=

∫
R3

X∗ exp

(
− MisX∗

2

2kBT

)
(X∗ · 0)dX

=

∫
R3

[
X∗ exp

(
− MisX∗

2

2kBT

)
× 0

]
dX∗

=

∫ ∞

0

∫ π

0

∫ 2π

0

0X2
∗ sin θ dϕ dθ dX∗

=

∫ ∞

0

0 dX∗︸ ︷︷ ︸
0

∫ π

0

sin θ dθ︸ ︷︷ ︸
2

∫ 2π

0

dϕ︸ ︷︷ ︸
2π

= 0. (B.1.4)

The integral V2 can be rewritten as

V2 =

∫
R3

X∗ exp

(
− MisX∗

2

2kBT

)
dX∗

∫
R3

V 3
∗ exp

(
− µisV∗

2

2kBT

)
dV ∗. (B.1.5)

The value of the integral in X∗ above is given in equation (4.4.20). The integral in V ∗ can be written in

spherical coordinates and integrated as follows:∫
R3

V 3
∗ exp

(
− µisV∗

2

2kBT

)
dV ∗ =

∫ ∞

0

∫ π

0

∫ 2π

0

V 3
∗ exp

(
− µisV∗

2

2kBT

)
V 2
∗ sin θ dϕ dθ dV∗

=

∫ ∞

0

V 5
∗ exp

(
− µisV∗

2

2kBT

)
dV∗

∫ π

0

sin θdθ︸ ︷︷ ︸
2

∫ 2π

0

dϕ︸ ︷︷ ︸
2π

.

The value of the integral in V∗ above is given in equation (4.4.21). Therefore,∫
R3

V 3
∗ exp

(
− µisV∗

2

2kBT

)
dV ∗ = 4π

(
2kBT

µis

)3

. (B.1.6)

Substituting equations (B.1.6) and (4.4.20) into equation (B.1.5) gives:

∫
R3

∫
R3

X∗ exp

(
− MisX∗

2 + µisV∗
2

2kBT

)
V 3
∗ dX∗ dV ∗ = 0× 4π

(
2kBT

µis

)3

= 0. (B.1.7)

The integral V3 can be rewritten as

V3 =

∫
R3

V ∗ exp

(
− µisV∗

2

2kBT

)
V∗

(
V ∗ ·

∫
R3

X∗ exp

(
− MisX∗

2

2kBT

)
dX∗

)
dV ∗
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The value of the integral in X∗ above is given in equation (4.4.20). Therefore,

∫
R3

∫
R3

V ∗(V ∗ ·X∗) exp

(
− MisX∗

2 + µisV∗
2

2kBT

)
V∗dX∗ dV ∗

=

∫
R3

V ∗ exp

(
− µisV∗

2

2kBT

)
V∗(V ∗ · 0) dV ∗

=

∫
R3

[(
V ∗ exp

(
− µisV∗

2

2kBT

)
V∗

)
× 0

]
dV ∗

=

∫ ∞

0

∫ π

0

∫ 2π

0

0V 2
∗ sin θ dϕdθ dV∗

=

∫ ∞

0

0 dV∗︸ ︷︷ ︸
0

∫ π

0

sin θdθ︸ ︷︷ ︸
2

∫ 2π

0

dϕ︸ ︷︷ ︸
2π

= 0. (B.1.8)

The integral V4 can be rewritten as

V4 =

∫
R3

exp

(
− MisX∗

2

2kBT

)
dX∗

∫
R3

V ∗ exp

(
− µisV∗

2

2kBT

)
V 3
∗ dV ∗

The value of integral in X∗ above is given in equation (4.4.17). Therefore,

V4 =

(
2πkBT

Mis

) 3
2
∫
R3

V ∗ exp

(
− µisV∗

2

2kBT

)
V 3
∗ dV ∗. (B.1.9)

Using the fact that any vector V ∗ can be written in terms of a unit vector as V ∗ = V∗v⃗, with V∗ = ‖V ∗‖
and v⃗ a unit vector, one can write the previous integral as follows:

∫
R3

V ∗ exp

(
− µisV∗

2

2kBT

)
V 3
∗ dV ∗ =

∫
R3

V∗v⃗ exp

(
− µisV∗

2

2kBT

)
V 3
∗ dV ∗.

Writing the right-hand side of the previous equation in spherical coordinates and integrating gives:

∫
R3

V∗v⃗ exp

(
− µisV∗

2

2kBT

)
V 3
∗ dV ∗

=

∫ ∞

0

∫ π

0

∫ 2π

0

V∗(x̂ sin θ cosϕ+ŷ sin θ sinϕ+ẑ cos θ) exp

(
− µisV∗

2

2kBT

)
V 5
∗ sin θdϕdθdV∗

=

∫ ∞

0

V 6
∗ exp

(
− µisV∗

2

2kBT

)
dV∗

(
x̂

∫ π

0

sin2 θdθ︸ ︷︷ ︸
π
2

∫ 2π

0

cosϕdϕ︸ ︷︷ ︸
0

+ŷ

∫ π

0

sin2 θdθ︸ ︷︷ ︸
π
2

∫ 2π

0

sinϕdϕ︸ ︷︷ ︸
0
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+ ẑ

∫ π

0

sin θ cos θdθ︸ ︷︷ ︸
0

∫ 2π

0

dϕ︸ ︷︷ ︸
2π

)
,

where x̂, ŷ, ẑ are the Cartesian unit vectors in R3. The integral in V∗ above can be evaluated using the

integral representation of gamma function given in equation (4.3.8) as given below:

∫ ∞

0

V 6
∗ exp

(
− µisV∗

2

2kBT

)
dV∗ =

1

2
Γ

(
6 + 1

2

)(
2kBT

µis

)6+1
2

=
1

2
Γ
(7
2

)(2kBT

µis

) 7
2

=
1

2

15
√
π

8

(
2kBT

µis

) 7
2

=
15
√
π

16

(
2kBT

µis

) 7
2

.

Therefore,

∫
R3

V ∗ exp

(
− µisV∗

2

2kBT

)
V 3
∗ dV ∗ =

15
√
π

16

(
2kBT

µis

) 7
2 (
x̂(0) + ŷ(0) + ẑ(0)

)
=

15
√
π

16

(
2kBT

µis

) 7
2

× 0

= 0. (B.1.10)

Substituting equation (B.1.10) into (B.1.9) gives:

∫
R3

∫
R3

V ∗ exp

(
− MisX∗

2 + µisV∗
2

2kBT

)
V 3
∗ dX∗ dV ∗ =

(
2πkBT

Mis

) 3
2

× 0 = 0. (B.1.11)

Substituting equations (B.1.4), (B.1.7), (B.1.8) and (B.1.11) into the integral V gives:

V =

∫
R3

∫
R3

(
X∗ −

msV ∗

Mis

)
exp

(
− MisX∗

2 + µisV∗
2

2kBT

)

×

[
V ∗ ·

(
X∗ −

msV ∗

Mis

)]
V∗ dX∗ dV ∗ = 0. (B.1.12)

Next let us evaluate the integral W given in equation (B.1.2). Expanding it, we obtain:

W =

∫
R3

∫
R3

X∗ exp

(
− MisX∗

2 + µisV + ∗2

2kBT

)
V 3
∗ dX∗dV ∗︸ ︷︷ ︸

V2
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− ms

Mis

∫
R3

∫
R3

V ∗ exp

(
− MisX∗

2 + µisV∗
2

2kBT

)
V 3
∗ dX∗dV ∗︸ ︷︷ ︸

V4

.

Substituting equations (B.1.7) and (B.1.11) into the previous equation, we obtain:

W =

∫
R3

∫
R3

(
X − msV ∗

Mis

)
exp

(
− MisX∗

2 + µisV∗
2

2kBT

)
V 3
∗ dX∗dV ∗ = 0. (B.1.13)

Finally, substituting equations (B.1.12) and (B.1.13) into the integral (B.1.2), we obtain:

Õ(2)
i = 0.

B.2 Evaluation of the Integral P̃ (2)
i

In this section, the integral P̃(2)
i given in equation (5.4.19) will be evaluated. To do this, we substitute

equation (B.1.1) with s replaced by j into P̃(2)
i and obtain:

P̃(2)
i = αβijσ

2
ij

Tα
i − Tα

j

kBT 2

mi

2

∫
R3

∫
R3

∫
S2+
miviM

α
i M

α
j

(
4µij

mi

cos θ(vj − vi) · vi

+
4µ2

ij

m2
i

(‖vi − vj‖ cos θ)2
)
Θ
(
〈ϵ, c0vi − c0vj〉 − Ξij

)
〈ϵ,vi − vj〉 dϵdvjdvi

= αβijσ
2
ij

Tα
i − Tα

j

kBT 2
2µij

∫
R3

∫
R3

∫
S2+
miviM

α
i M

α
j cos θ

(
(vj − vi) · vi

)
×Θ

(
〈ϵ, c0vi − c0vj〉 − Ξij

)
〈ϵ,vi − vj〉 dϵdvjdvi

+ αβijσ
2
ij

Tα
i − Tα

j

kBT 2
2µ2

ij

∫
R3

∫
R3

∫
S2+

viM
α
i M

α
j (‖vi − vj‖ cos θ)2

×Θ
(
〈ϵ, c0vi − c0vj〉 − Ξij

)
〈ϵ,vi − vj〉 dϵdvjdvi.

Observe that∫
S2+

cos2 θΘ(〈ϵ, c0vi − c0vj〉 − Ξij) 〈ϵ,vi − vj〉 dϵ

=

∫
S2+

cos2 θΘ(c0 ‖vi − vj‖ cos θ − Ξij) ‖vi − vj‖ cos θ dϵ

=

∫ π
2

0

∫ 2π

0

cos2 θΘ(c0 ‖vi − vj‖ cos θ − Ξij) ‖vi − vj‖ cos θ sin θ dϕ dθ

= 2π

∫ π
2

0

Θ(c0 ‖vi − vj‖ cos θ − Ξij) ‖vi − vj‖ cos3 θ sin θ dθ

= 2π

∫ arccos

(
Ξij

c0‖vi−vj‖

)

0

Θ

(
‖vi − vj‖ −

Ξij

c0

)
‖vi − vj‖ cos3 θ sin θdθ
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= 2πΘ

(
‖vi − vj‖ −

Ξij

c0

)
‖vi − vj‖

∫ arccos

(
Ξij

c0‖vi−vj‖

)

0

cos3 θ sin θdθ

= 2πΘ

(
‖vi − vj‖ −

Ξij

c0

)
‖vi − vj‖

[
−cos

4θ

4

]arccos( Ξij

c0‖vi−vj‖

)

0

= −π
2
Θ

(
‖vi − vj‖ −

Ξij

c0

)
‖vi − vj‖

[(
Ξij

c0 ‖vi − vj‖

)4

− 1

]

=
π

2
Θ

(
‖vi − vj‖ −

Ξij

c0

)
‖vi − vj‖

[
1−

(
Ξij

c0 ‖vi − vj‖

)4
]
. (B.2.1)

Substituting equation (4.4.26) into the first integral on the right-hand side of the last equality of P̃(2)
i above

and equation (B.2.1) into the second integral gives:

P̃(2)
i = αβijσ

2
ij

Tα
i − Tα

j

kBT 2

4πµij

3

∫
R3

∫
R3

miviM
α
i M

α
j

(
(vj − vi) · vi

)
×Θ

(
‖vi − vj‖ −

Ξij

c0

)
‖vi − vj‖

[
1−

(
Ξij

c0 ‖vi − vj‖

)3
]
dvjdvi

+ αβijσ
2
ij

Tα
i − Tα

j

kBT 2
µ2
ijπ

∫
R3

∫
R3

viM
α
i M

α
j ‖vi − vj‖2Θ

(
‖vi − vj‖ −

Ξij

c0

)
× ‖vi − vj‖

[
1−

(
Ξij

c0 ‖vi − vj‖

)4
]
dvjdvi

=αβijσ
2
ij

Tα
i − Tα

j

kBT 2

4πµij

3

(mimj)
3
2

(2πkBT )3
cαi c

α
j

∫
R3

∫
R3

mivi exp

(
− mi(vi)

2 +mj(vj)
2

2kBT

)

×
(
(vj − vi) · vi

)
Θ

(
‖vi − vj‖ −

Ξij

c0

)
‖vi − vj‖

[
1−

(
Ξij

c0 ‖vi − vj‖

)3
]
dvjdvi

+ αβijσ
2
ij

Tα
i −Tα

j

kBT 2
µ2
ijπ

(mimj)
3
2

(2πkBT )3
cαi c

α
j

∫
R3

∫
R3

vi exp

(
− mi(vi)

2 +mj(vj)
2

2kBT

)
‖vi−vj‖3

×Θ

(
‖vi − vj‖ −

Ξij

c0

)[
1−

(
Ξij

c0 ‖vi − vj‖

)4
]
dvjdvi.

It will be convenient to transform the above six fold integrals from vi and vj to the centre of mass velocity

X∗ and relative velocityV ∗ defined as given in equations (2.4.6) and (2.4.7), respectively. More precisely,

using equations (2.4.7), (2.4.10) and (2.4.12) with (mi+mj)=M together with equation (4.3.21) gives:

P̃(2)
i = αβijσ

2
ij

Tα
i − Tα

j

kBT 2

4πµij

3

(mimj)
3
2

(2πkBT )3
cαi c

α
j

×
∫
R3

∫
R3

mi

(
X∗ − mjV

∗

M

)
exp

(
− MX∗2 + µijV

∗2

2kBT

)
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×
[
V ∗ ·

(
X∗ − mjV

∗

M

)]
Θ

(
V ∗ − Ξij

c0

)
V ∗

[
1−

(
Ξij

c0V ∗

)3
]
dX∗dV ∗

+αβijσ
2
ij

Tα
i −Tα

j

kBT 2
πµ2

ij

(mimj)
3
2

(2πkBT )3
cαi c

α
j

∫
R3

∫
R3

(
X∗−mjV

∗

M

)
exp

(
− MX∗2+µijV

∗2

2kBT

)

× V ∗3Θ

(
V ∗−Ξij

c0

)[
1−
(

Ξij

c0V ∗

)4
]
dX∗dV ∗

= αβijσ
2
ij

Tα
i − Tα

j

kBT 2

4πµij

3

(mimj)
3
2

(2πkBT )3
cαi c

α
j

×
∫
R3

∫
R3

mi

(
X∗ − mjV

∗

M

)
exp

(
− MX∗2 + µijV

∗2

2kBT

)

×
[
V ∗ ·

(
X∗ − mjV

∗

M

)]
Θ

(
V ∗ − Ξij

c0

)
V ∗dX∗dV ∗

− αβijσ
2
ij

Tα
i − Tα

j

kBT 2

4πµij

3

(mimj)
3
2

(2πkBT )3
cαi c

α
j

×
∫
R3

∫
R3

mi

(
X∗ − mjV

∗

M

)
exp

(
− MX∗2 + µijV

∗2

2kBT

)

×
[
V ∗ ·

(
X∗ − mjV

∗

M

)]
Θ

(
V ∗ − Ξij

c0

)
V ∗
(

Ξij

c0V ∗

)3

dX∗dV ∗

+ αβijσ
2
ij

Tα
i −Tα

j

kBT 2
πµ2

ij

(mimj)
3
2

(2πkBT )3
cαi c

α
j

×
∫
R3

∫
R3

(
X∗ − mjV

∗

M

)
exp

(
− MX∗2 + µijV

∗2

2kBT

)
V ∗3Θ

(
V ∗−Ξij

c0

)
dX∗dV ∗

− αβijσ
2
ij

Tα
i −Tα

j

kBT 2
πµ2

ij

(mimj)
3
2

(2πkBT )3
cαi c

α
j

×
∫
R3

∫
R3

(
X∗−mjV

∗

M

)
exp

(
− MX∗2+µijV

∗2

2kBT

)

× V ∗3Θ
(
V ∗ − Ξij

c0

)( Ξij

c0V ∗

)4

dX∗dV ∗,

where equation (4.4.27) have been used to obtain the previous equation. Observe that(
X∗ − mjV

∗

M

)[
V ∗ ·

(
X∗ − mjV

∗

M

)]
=

(
X∗ − mjV

∗

M

)[
V ∗ ·X∗ − mjV

∗2

M

]
= X∗(V ∗ ·X∗)−X∗mjV

∗2

M
− mjV

∗

M
(V ∗ ·X∗) +

(
mjV

∗

M

)2

V ∗.

Therefore,
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P̃(2)
i = αβijσ

2
ij

Tα
i − Tα

j

kBT 2

4πµij

3

(mimj)
3
2

(2πkBT )3
cαi c

α
j

×
∫
R3

∫
R3

mi

[
X∗(V ∗ ·X∗)−X∗mjV

∗2

M
− mjV

∗

M
(V ∗ ·X∗) +

(
mjV

∗

M

)2

V ∗
]

× exp

(
− MX∗2 + µijV

∗2

2kBT

)
Θ

(
V ∗ − Ξij

c0

)
V ∗dX∗dV ∗

− αβijσ
2
ij

Tα
i − Tα

j

kBT 2

4πµij

3

(mimj)
3
2

(2πkBT )3
cαi c

α
j

×
∫
R3

∫
R3

mi

[
X∗(V ∗ ·X∗)−X∗mjV

∗2

M
− mjV

∗

M
(V ∗ ·X∗) +

(
mjV

∗

M

)2

V ∗
]

× exp

(
− MX∗2 + µijV

∗2

2kBT

)
Θ

(
V ∗ − Ξij

c0

)
V ∗
(

Ξij

c0V ∗

)3

dX∗dV ∗

+ αβijσ
2
ij

Tα
i −Tα

j

kBT 2
πµ2

ij

(mimj)
3
2

(2πkBT )3
cαi c

α
j

×
∫
R3

∫
R3

(
X∗ − mjV

∗

M

)
exp

(
− MX∗2 + µijV

∗2

2kBT

)
V ∗3Θ

(
V ∗−Ξij

c0

)
dX∗dV ∗

− αβijσ
2
ij

Tα
i −Tα

j

kBT 2
πµ2

ij

(mimj)
3
2

(2πkBT )3
cαi c

α
j

×
∫
R3

∫
R3

(
X∗−mjV

∗

M

)
exp

(
− MX∗2+µijV

∗2

2kBT

)

× V ∗3Θ
(
V ∗ − Ξij

c0

)( Ξij

c0V ∗

)4

dX∗dV ∗.

Expanding gives:

P̃(2)
i = αβijσ

2
ij

Tα
i − Tα

j

kBT 2

4πµij

3

(mimj)
3
2

(2πkBT )3
cαi c

α
jmi

×
∫
R3

∫
R3

X∗(V ∗ ·X∗) exp

(
− MX∗2 + µijV

∗2

2kBT

)
Θ

(
V ∗ − Ξij

c0

)
V ∗dX∗dV ∗

− αβijσ
2
ij

Tα
i − Tα

j

kBT 2

4πµij

3

(mimj)
3
2

(2πkBT )3
cαi c

α
j µij

×
∫
R3

∫
R3

X∗V ∗2 exp

(
− MX∗2 + µijV

∗2

2kBT

)
Θ

(
V ∗ − Ξij

c0

)
V ∗dX∗dV ∗

− αβijσ
2
ij

Tα
i − Tα

j

kBT 2

4πµij

3

(mimj)
3
2

(2πkBT )3
cαi c

α
j µij

×
∫
R3

∫
R3

V ∗(V ∗ ·X∗) exp

(
− MX∗2 + µijV

∗2

2kBT

)
Θ

(
V ∗ − Ξij

c0

)
V ∗dX∗dV ∗

+ αβijσ
2
ij

Tα
i − Tα

j

kBT 2

4πµij

3

(mimj)
3
2

(2πkBT )3
cαi c

α
j

µijmj

M
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×
∫
R3

∫
R3

V ∗2V ∗ exp

(
− MX∗2 + µijV

∗2

2kBT

)
Θ

(
V ∗ − Ξij

c0

)
V ∗dX∗dV ∗

− αβijσ
2
ij

Tα
i − Tα

j

kBT 2

4πµij

3

(mimj)
3
2

(2πkBT )3
cαi c

α
jmi

×
∫
R3

∫
R3

X∗(V ∗ ·X∗) exp

(
− MX∗2+µijV

∗2

2kBT

)
Θ

(
V ∗−Ξij

c0

)
V ∗
(

Ξij

c0V ∗

)3
dX∗dV ∗

+ αβijσ
2
ij

Tα
i − Tα

j

kBT 2

4πµij

3

(mimj)
3
2

(2πkBT )3
cαi c

α
j µij

×
∫
R3

∫
R3

X∗V ∗2 exp

(
− MX∗2 + µijV

∗2

2kBT

)
Θ

(
V ∗ − Ξij

c0

)
V ∗
(

Ξij

c0V ∗

)3

dX∗dV ∗

+ αβijσ
2
ij

Tα
i − Tα

j

kBT 2

4πµij

3

(mimj)
3
2

(2πkBT )3
cαi c

α
j µij

×
∫
R3

∫
R3

V ∗(V ∗ ·X∗) exp

(
− MX∗2+µijV

∗2

2kBT

)
Θ

(
V ∗−Ξij

c0

)
V ∗
(

Ξij

c0V ∗

)3
dX∗dV ∗

− αβijσ
2
ij

Tα
i − Tα

j

kBT 2

4πµij

3

(mimj)
3
2

(2πkBT )3
cαi c

α
j

µijmj

M

×
∫
R3

∫
R3

V ∗2V ∗ exp

(
− MX∗2 + µijV

∗2

2kBT

)
Θ

(
V ∗ − Ξij

c0

)
V ∗
(

Ξij

c0V ∗

)3

dX∗dV ∗

+ αβijσ
2
ij

Tα
i − Tα

j

kBT 2
πµ2

ij

(mimj)
3
2

(2πkBT )3
cαi c

α
j

×
∫
R3

∫
R3

X∗ exp

(
− MX∗2 + µijV

∗2

2kBT

)
V ∗3Θ

(
V ∗ − Ξij

c0

)
dX∗dV ∗

− αβijσ
2
ij

Tα
i − Tα

j

kBT 2
πµ2

ij

(mimj)
3
2

(2πkBT )3
cαi c

α
j

mj

M

×
∫
R3

∫
R3

V ∗ exp

(
− MX∗2 + µijV

∗2

2kBT

)
V ∗3Θ

(
V ∗−Ξij

c0

)
dX∗dV ∗

− αβijσ
2
ij

Tα
i − Tα

j

kBT 2
πµ2

ij

(mimj)
3
2

(2πkBT )3
cαi c

α
j

×
∫
R3

∫
R3

X∗ exp

(
− MX∗2 + µijV

∗2

2kBT

)
V ∗3Θ

(
V ∗ − Ξij

c0

)( Ξij

c0V ∗

)4

dX∗dV ∗

+ αβijσ
2
ij

Tα
i − Tα

j

kBT 2
πµ2

ij

(mimj)
3
2

(2πkBT )3
cαi c

α
j

mj

M

×
∫
R3

∫
R3

V ∗ exp

(
− MX∗2 + µijV

∗2

2kBT

)
V ∗3Θ

(
V ∗ − Ξij

c0

)( Ξij

c0V ∗

)4

dX∗dV ∗.
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The above equation can be rewritten as:

P̃(2)
i = αβijσ

2
ij

Tα
i − Tα

j

kBT 2

4πµij

3

(mimj)
3
2

(2πkBT )3
cαi c

α
jmi

×
∫
R3

X∗ exp

(
−MX∗2

2kBT

)[
X∗ ·

∫
R3

V ∗ exp

(
−µijV

∗2

2kBT

)
Θ
(
V ∗−Ξij

c0

)
V ∗dV ∗

]
dX∗

︸ ︷︷ ︸
U1

− αβijσ
2
ij

Tα
i − Tα

j

kBT 2

4πµij

3

(mimj)
3
2

(2πkBT )3
cαi c

α
j µij

×
∫
R3

X∗ exp

(
− MX∗2

2kBT

)
dX∗

∫
R3

V ∗3 exp

(
− µijV

∗2

2kBT

)
Θ

(
V ∗ − Ξij

c0

)
dV ∗

︸ ︷︷ ︸
U2

− αβijσ
2
ij

Tα
i − Tα

j

kBT 2

4πµij

3

(mimj)
3
2

(2πkBT )3
cαi c

α
j µij

×
∫
R3

V ∗ exp

(
−µijV

∗2

2kBT

)
Θ

(
V ∗−Ξij

c0

)
V ∗
[
V ∗ ·

∫
R3

X∗ exp

(
−MX∗2

2kBT

)
dX∗

]
dV ∗

︸ ︷︷ ︸
U3

+ αβijσ
2
ij

Tα
i − Tα

j

kBT 2

4πµij

3

(mimj)
3
2

(2πkBT )3
cαi c

α
j

µijmj

M

×
∫
R3

exp

(
− MX∗2

2kBT

)
dX∗

∫
R3

V ∗ exp

(
− µijV

∗2

2kBT

)
V ∗3Θ

(
V ∗−Ξij

c0

)
dV ∗

︸ ︷︷ ︸
U4

− αβijσ
2
ij

Tα
i − Tα

j

kBT 2

4πµij

3

(mimj)
3
2

(2πkBT )3
cαi c

α
jmi

×
∫
R3

X∗exp

(
− MX∗2

2kBT

)[
X∗ ·

∫
R3

V ∗exp

(
− µijV

∗2

2kBT

)
Θ

(
V ∗−Ξij

c0

)
V ∗
(

Ξij

c0V ∗

)3
dV ∗

]
dX∗

︸ ︷︷ ︸
U5

+ αβijσ
2
ij

Tα
i − Tα

j

kBT 2

4πµij

3

(mimj)
3
2

(2πkBT )3
cαi c

α
j µij

×
(
Ξij

c0

)3 ∫
R3

X∗ exp

(
− MX∗2

2kBT

)
dX∗

∫
R3

exp

(
− µijV

∗2

2kBT

)
Θ
(
V ∗ − Ξij

c0

)
dV ∗

︸ ︷︷ ︸
U6

+ αβijσ
2
ij

Tα
i − Tα

j

kBT 2

4πµij

3

(mimj)
3
2

(2πkBT )3
cαi c

α
j µij

×
∫
R3

V ∗exp

(
− µijV

∗2

2kBT

)
Θ

(
V ∗−Ξij

c0

)
V ∗
[
V ∗ ·

∫
R3

X∗exp

(
− MX∗2

2kBT

)
dX∗

](
Ξij

c0V ∗

)3
dV ∗

︸ ︷︷ ︸
U7

− αβijσ
2
ij

Tα
i − Tα

j

kBT 2

4πµij

3

(mimj)
3
2

(2πkBT )3
cαi c

α
j

µijmj

M
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×
(
Ξij

c0

)3 ∫
R3

exp

(
−MX∗2

2kBT

)
dX∗

∫
R3

V ∗ exp

(
−µijV

∗2

2kBT

)
Θ

(
V ∗−Ξij

c0

)
dV ∗

︸ ︷︷ ︸
U8

+ αβijσ
2
ij

Tα
i − Tα

j

kBT 2
πµ2

ij

(mimj)
3
2

(2πkBT )3
cαi c

α
j

×
∫
R3

X∗ exp

(
− MX∗2

2kBT

)
dX∗

∫
R3

V ∗3 exp

(
− µijV

∗2

2kBT

)
Θ

(
V ∗ − Ξij

c0

)
dV ∗

︸ ︷︷ ︸
U2

− αβijσ
2
ij

Tα
i − Tα

j

kBT 2
πµ2

ij

(mimj)
3
2

(2πkBT )3
cαi c

α
j

mj

M

×
∫
R3

exp

(
− MX∗2

2kBT

)
dX∗

∫
R3

V ∗ exp

(
− µijV

∗2

2kBT

)
V ∗3Θ

(
V ∗ − Ξij

c0

)
dV ∗

︸ ︷︷ ︸
U4

− αβijσ
2
ij

Tα
i − Tα

j

kBT 2
πµ2

ij

(mimj)
3
2

(2πkBT )3
cαi c

α
j

×
∫
R3

X∗ exp

(
−MX∗2

2kBT

)
dX∗

∫
R3

V ∗3 exp

(
−µijV

∗2

2kBT

)
Θ

(
V ∗−Ξij

c0

)(
Ξij

c0V ∗

)4

dV ∗

︸ ︷︷ ︸
U9

+ αβijσ
2
ij

Tα
i − Tα

j

kBT 2
πµ2

ij

(mimj)
3
2

(2πkBT )3
cαi c

α
j

mj

M

×
∫
R3

exp

(
−MX∗2

2kBT

)
dX∗

∫
R3

V ∗ exp

(
−µijV

∗2

2kBT

)
V ∗3Θ

(
V ∗−Ξij

c0

)(
Ξij

c0V ∗

)4

dV ∗

︸ ︷︷ ︸
U10

.

The values of the last and second to the last integrals inX∗ in the previous equation are given in equations

(4.4.28). Now let us evaluate the integrals in V ∗. The value of integral in V ∗ given in the integral U1 is

given in equation (4.4.30). Therefore, the integral U1 reduces to:

U1 =

∫
R3

X∗ exp

(
− MX∗2

2kBT

)
(X∗ · 0)dX∗

=

∫
R3

[
X∗ exp

(
− MX∗2

2kBT

)
× 0

]
dX∗

=

∫ ∞

0

∫ π

0

∫ 2π

0

0X∗2 sin θ dϕdθ dX∗

=

∫ ∞

0

0 dX∗︸ ︷︷ ︸
0

∫ π

0

sin θdθ︸ ︷︷ ︸
2

∫ 2π

0

dϕ︸ ︷︷ ︸
2π

= 0. (B.2.2)
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The integral U2 can be written in spherical coordinates and evaluated as given below:

U2 =

∫ ∞

0

∫ π

0

∫ 2π

0

V ∗3 exp

(
− µijV

∗2

2kBT

)
Θ

(
V ∗ − Ξij

c0

)
V ∗2 sin θ dϕ dθ dV ∗

=

∫ ∞

V ∗≥
Ξij
c0

V ∗5 exp

(
− µijV

∗2

2kBT

)
dV ∗

∫ π

0

sin θdθ︸ ︷︷ ︸
2

∫ 2π

0

dϕ︸ ︷︷ ︸
2π

.

The value of the integral in V ∗ in the last equality of the previous equation is given in equation (4.4.33).

Therefore,

U2 =

∫
R3

V ∗3 exp

(
− µijV

∗2

2kBT

)
Θ

(
V ∗ − Ξij

c0

)
dV ∗ = 2π

(
2kBT

µij

)3

Γ
(
3, z∗i

)
. (B.2.3)

Next let us evaluate the integral U3. To do this, we use equation (4.4.28)2 to obtain:

U3=

∫
R3

V ∗ exp

(
− µijV

∗2

2kBT

)
Θ

(
V ∗ − Ξij

c0

)
V ∗
[
V ∗ ·

∫
R3

X∗ exp

(
− MX∗2

2kBT

)
dX∗

]
dV ∗

=

∫
R3

[(
V ∗ exp

(
− µijV

∗2

2kBT

)
Θ

(
V ∗ − Ξij

c0

)
V ∗
)
(V ∗ · 0)

]
dV ∗

=

∫
R3

[(
V ∗ exp

(
− µijV

∗2

2kBT

)
Θ

(
V ∗ − Ξij

c0

)
V ∗
)
× 0

]
dV ∗

=

∫ ∞

0

∫ π

0

∫ 2π

0

0V ∗2 sin θdϕdθdV ∗

=

∫ ∞

0

0 dV ∗︸ ︷︷ ︸
0

∫ π

0

sin θdθ︸ ︷︷ ︸
2

∫ 2π

0

dϕ︸ ︷︷ ︸
2π

= 0. (B.2.4)

Next let us evaluate the integral U4. To do this, we use the fact that any vector V
∗ can be written in terms

of a unit vector as V ∗ = V ∗v⃗, with V ∗ = ‖V ∗‖, v⃗ a unit vector, and obtain:

∫
R3

V ∗exp

(
− µijV

∗2

2kBT

)
V ∗3Θ

(
V ∗−Ξij

c0

)
dV ∗=

∫
R3

V ∗v⃗ exp

(
− µijV

∗2

2kBT

)
V ∗3Θ

(
V ∗−Ξij

c0

)
dV ∗.

Writing the integral on the right-hand side of the previous equation in spherical coordinates and integrating

gives:∫
R3

V ∗v⃗ exp

(
− µijV

∗2

2kBT

)
V ∗3Θ

(
V ∗ − Ξij

c0

)
dV ∗

=

∫ ∞

0

∫ π

0

∫ 2π

0

V ∗(x̂ sin θ cosϕ+ ŷ sin θ sinϕ+ ẑ cos θ) exp

(
− µijV

∗2

2kBT

)
V ∗3
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×Θ

(
V ∗ − Ξij

c0

)
V ∗2 sin θ dϕ dθ dV ∗

=

∫ ∞

V ∗≥
Ξij
c0

V ∗6 exp

(
− µijV

∗2

2kBT

)
dV ∗

(
x̂

∫ π

0

sin2 θ dθ︸ ︷︷ ︸
π
2

∫ 2π

0

cosϕ dϕ︸ ︷︷ ︸
0

+ ŷ

∫ π

0

sin2 θ dθ︸ ︷︷ ︸
π
2

∫ 2π

0

sinϕ dϕ︸ ︷︷ ︸
0

+ẑ

∫ π

0

sin θ cos θ dθ︸ ︷︷ ︸
0

∫ 2π

0

dϕ︸ ︷︷ ︸
2π

)
,

where x̂, ŷ, ẑ are the Cartesian unit vectors inR3. Using the change of variable given in equation (4.3.23)

together with equations (4.3.24) and (4.3.25), the integral in V ∗ above can be rewritten as:

∫ ∞

V ∗≥
Ξij
c0

V ∗6 exp

(
− µijV

∗2

2kBT

)
dV ∗ =

∫ ∞

z∗i

z3
(
2kBT

µij

)3

exp(−z) 1

2z
1
2

(
2kBT

µij

) 1
2

dz

=
1

2

(
2kBT

µij

) 7
2
∫ ∞

z∗i

z
5
2 exp(−z)dz.

Using the incomplete Euler gamma function defined in equation (4.3.3), with η − 1 = 5
2
i.e η = 7

2
, we

obtain: ∫ ∞

V ∗≥
Ξij
c0

V ∗6 exp

(
− µijV

∗2

2kBT

)
dV ∗ =

1

2

(
2kBT

µij

) 7
2

Γ
(7
2
, z∗i

)
.

Therefore,

∫
R3

V ∗ exp

(
− µijV

∗2

2kBT

)
V ∗3Θ

(
V ∗−Ξij

c0

)
dV ∗=

1

2

(
2kBT

µij

)7
2

Γ
(7
2
, z∗i

)[
x̂(0)+ŷ

(
0)+ẑ(0)

]
= 0. (B.2.5)

Next let us evaluate the integral U5. Observe that the value of the integral in V
∗ given in the integral U5

is given in equation (4.4.32). Therefore, the integral U5 reduces to:

U5 =

∫
R3

X∗exp

(
− MX∗2

2kBT

)[
X∗ ·0

]
dX∗

=

∫
R3

[(
X∗ exp

(
− MX∗2

2kBT

))
× 0

]
dX∗

=

∫ ∞

0

∫ π

0

∫ 2π

0

0X∗2 sin θ dϕ dθ dX∗

=

∫ ∞

0

0 dX∗︸ ︷︷ ︸
0

∫ π

0

sin θdθ︸ ︷︷ ︸
2

∫ 2π

0

dϕ︸ ︷︷ ︸
2π

= 0. (B.2.6)
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The integral U6 can be written in spherical coordinates and evaluated as follows:

U6 =

∫ ∞

0

∫ π

0

∫ 2π

0

exp

(
− µijV

∗2

2kBT

)
Θ

(
V ∗ − Ξij

c0

)
V ∗2 sin θ dϕ dθ dV ∗

=

∫ ∞

V ∗≥
Ξij
c0

V ∗2 exp

(
− µijV

∗2

2kBT

)
dV ∗

∫ π

0

sin θ dθ︸ ︷︷ ︸
2

∫ 2π

0

dϕ︸ ︷︷ ︸
2π

.

The value of the integral in V ∗ in the last equality of the previous equation is given in equation (4.4.35).

Therefore,

U6 =

∫
R3

exp

(
− µijV

∗2

2kBT

)
Θ
(
V ∗ − Ξij

c0

)
dV ∗ = 2π

(
2kBT

µij

) 3
2

Γ

(
3

2
, z∗i

)
. (B.2.7)

Now let us evaluate the integral U7. To do this, observe that the value of the integral inX
∗ in the integral

U7 is given in equation (4.4.28)2. Therefore, the integral U7 reduces to:

U7 =

∫
R3

V ∗ exp

(
− µijV

∗2

2kBT

)
Θ

(
V ∗ − Ξij

c0

)
V ∗
(

Ξij

c0V ∗

)3

(V ∗ · 0)dV ∗

=

∫
R3

[(
V ∗ exp

(
− µijV

∗2

2kBT

)
Θ

(
V ∗ − Ξij

c0

)
V ∗
(

Ξij

c0V ∗

)3)
× 0

]
dV ∗

=

∫ ∞

0

∫ π

0

∫ 2π

0

0V ∗2 sin θ dϕ dθ dV ∗

=

∫ ∞

0

0 dV︸ ︷︷ ︸
0

∫ π

0

sin θdθ︸ ︷︷ ︸
2

∫ 2π

0

dϕ︸ ︷︷ ︸
2π

= 0. (B.2.8)

Next let us evaluate integral U8. Using the fact that any vector V
∗ can be written in terms of a unit vector

as V ∗ = V ∗v⃗, with V ∗ = ‖V ∗‖ and v⃗ a unit vector, we obtain:∫
R3

V ∗ exp

(
−µijV

∗2

2kBT

)
Θ

(
V ∗−Ξij

c0

)
dV ∗ =

∫
R3

V ∗v⃗ exp

(
− µijV

∗2

2kBT

)
Θ

(
V ∗ − Ξij

c0

)
dV ∗

Writing the integral on the right-hand side of the previous equation in spherical coordinates and integrating

gives:

U8 =

∫ ∞

0

∫ π

0

∫ 2π

0

V ∗(x̂ sin θ cosϕ+ ŷ sin θ sinϕ+ ẑ cos θ)

× exp

(
− µijV

∗2

2kBT

)
Θ

(
V ∗ − Ξij

c0

)
V ∗2 sin θ dϕ dθ dV ∗

=

∫ ∞

V ∗≥
Ξij
c0

V ∗3 exp

(
− µijV

∗2

2kBT

)
dV ∗

(
x̂

∫ π

0

sin2 θ dθ︸ ︷︷ ︸
π
2

∫ 2π

0

cosϕ dϕ︸ ︷︷ ︸
0
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+ ŷ

∫ π

0

sin2 θ dθ︸ ︷︷ ︸
π
2

∫ 2π

0

sinϕ dϕ︸ ︷︷ ︸
0

+ẑ

∫ π

0

sin θ cos θ dθ︸ ︷︷ ︸
0

∫ 2π

0

dϕ︸ ︷︷ ︸
2π

)
,

where x̂, ŷ, ẑ are the Cartesian unit vectors inR3. Using the change of variable given in equation (4.3.23)

together with equations (4.3.24) and (4.3.25), we have that the integral in V ∗ in the last equality of the

previous equation can be rewritten as:∫ ∞

V ∗≥
Ξij
c0

V ∗3 exp

(
− µijV

∗2

2kBT

)
dV ∗ =

∫ ∞

z∗i

z
3
2

(
2kBT

µij

) 3
2

exp(−z) 1

2z
1
2

(
2kBT

µij

) 1
2

dz

=
1

2

(
2kBT

µij

)2 ∫ ∞

z∗i

z exp(−z)dz.

Using the incomplete Euler gamma function given in equation (4.3.3) with η − 1 = 1 i.e η = 2, we

obtain: ∫ ∞

V ∗≥
Ξij
c0

V ∗3 exp

(
− µijV

∗2

2kBT

)
dV ∗ =

1

2

(
2kBT

µij

)2

Γ
(
2, z∗i

)
. (B.2.9)

Therefore,∫
R3

V ∗ exp

(
−µijV

∗2

2kBT

)
Θ

(
V ∗−Ξij

c0

)
dV ∗ =

1

2

(
2kBT

µij

)2

Γ
(
2, z∗i

)[
x̂(0) + ŷ(0) + ẑ(0)

]
= 0. (B.2.10)

The integral U9 can be written in spherical coordinates and integrated as follows:∫
R3

V ∗3 exp

(
− µijV

∗2

2kBT

)
Θ

(
V ∗ − Ξij

c0

)(
Ξij

c0V ∗

)4

dV ∗

=

∫ ∞

0

∫ π

0

∫ 2π

0

V ∗3 exp

(
− µijV

∗2

2kBT

)
Θ

(
V ∗ − Ξij

c0

)(
Ξij

c0V ∗

)4

V ∗2 sin θ dϕ dθ dV ∗

=

(
Ξij

c0

)4 ∫ ∞

V ∗≥
Ξij
c0

V ∗ exp

(
− µijV

∗2

2kBT

)
dV ∗

∫ π

0

sin θ dθ︸ ︷︷ ︸
2

∫ 2π

0

dϕ︸ ︷︷ ︸
2π

.

The value of the integral in V ∗ in the last equality of the previous equation is given in equation (4.4.31).

Therefore,∫
R3

V ∗3 exp

(
− µijV

∗2

2kBT

)
Θ

(
V ∗ − Ξij

c0

)(
Ξij

c0V ∗

)4

dV ∗

= 2π

(
Ξij

c0

)4(
2kBT

µij

)
Γ(1, z∗i ). (B.2.11)

Finally, using the fact that any vector V ∗ can be written in terms of a unit vector as V ∗ = V ∗v⃗, with

V ∗=‖V ∗‖ and v⃗ a unit vector, one can write the integral U10 as follows:
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∫
R3

V ∗ exp

(
− µijV

∗2

2kBT

)
V ∗3Θ

(
V ∗ − Ξij

c0

)(
Ξij

c0V ∗

)4

dV ∗

=

∫
R3

V ∗v⃗ exp

(
− µijV

∗2

2kBT

)
V ∗3Θ

(
V ∗ − Ξij

c0

)(
Ξij

c0V ∗

)4

dV ∗.

Writing the integral on the right-hand side of the previous equation in spherical coordinates and integrating

gives:∫
R3

V ∗v⃗ exp

(
− µijV

∗2

2kBT

)
V ∗3Θ

(
V ∗ − Ξij

c0

)(
Ξij

c0V ∗

)4

dV ∗

=

∫ ∞

0

∫ π

0

∫ 2π

0

V ∗(x̂ sin θ cosϕ+ ŷ sin θ sinϕ+ ẑ cos θ) exp

(
− µijV

∗2

2kBT

)
V ∗3

×Θ

(
V ∗ − Ξij

c0

)(
Ξij

c0V ∗

)4

V ∗2 sin θ dϕ dθ dV ∗

=

(
Ξij

c0

)4 ∫ ∞

V ∗≥
Ξij
c0

V ∗2 exp

(
− µijV

∗2

2kBT

)
dV ∗

(
x̂

∫ π

0

sin2 θ dθ︸ ︷︷ ︸
π
2

∫ 2π

0

cosϕ dϕ︸ ︷︷ ︸
0

+ ŷ

∫ π

0

sin2 θ dθ︸ ︷︷ ︸
π
2

∫ 2π

0

sinϕ dϕ︸ ︷︷ ︸
0

+ẑ

∫ π

0

sin θ cos θ dθ︸ ︷︷ ︸
0

∫ 2π

0

dϕ︸ ︷︷ ︸
2π

)
.

The value of the integral in V ∗ in the last equality of the previous equation is given in equation (4.4.35).

Therefore,∫
R3

V ∗ exp

(
− µijV

∗2

2kBT

)
V ∗3Θ

(
V ∗ − Ξij

c0

)(
Ξij

c0V ∗

)4

dV ∗

=

(
Ξij

c0

)4
1

2

(
2kBT

µij

) 3
2

Γ

(
3

2
, z∗i

)[
x̂(0) + ŷ(0) + ẑ(0)

]
= 0. (B.2.12)

Substituting equations (4.4.28), (B.2.2), (B.2.3), (B.2.4), (B.2.5), (B.2.6), (B.2.7), (B.2.8), (B.2.10), (B.2.11),

and (B.2.12) into P̃(2)
i , we obtain

P̃(2)
i = 0.

B.3 Evaluation of the Integral Q̃(1)
i

To evaluate the integral Q̃(1)
i given in equation (5.4.28), we substitute equation (4.3.19) into Q̃(1)

i and

obtain:

Q̃(1)
i = βijσ

2
ij

(mimj)
3
2

(2πkBT )3

[(µij

µkl

) 1
2
cαk c

α
l exp

(
QR

kBT

)
−cαi cαj

]
mi
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×
∫
R3

∫
R3

∫
S2+
vi exp

(
− mi(vi)

2+mj(vj)
2

2kBT

)
Θ
(
〈ϵ, c0vi−c0vj〉−Ξij

)
〈ϵ,vi−vj〉 dϵdvjdvi.

The above integral is similar to the two integrals on the right-hand side of Ē given in equation (A.1.2). There-

fore, following the same steps as those used in the computation of the integrals given in equation (A.1.2),

one obtains:
Q̃(1)

i = 0.

B.4 Evaluation of the Integral Q̃(3)
i

In this section, the integral Q̃(3)
i given in equation (5.4.28) will be evaluated. To do this, we expand to

obtain:

Q̃(3)
i = αβijσ

2
ij(bk + bl)mi

×
∫
R3

∫
R3

∫
S2+

vi

(
µij

µkl

)2

Mα◦
k Mα◦

l Θ
(
〈ϵ, c0vi − c0vj〉 − Ξij

)
〈ϵ,vi − vj〉 dϵdvjdvi

− αβijσ
2
ij(bi + bj)mi

×
∫
R3

∫
R3

∫
S2+

viM
α
i M

α
j Θ
(
〈ϵ, c0vi − c0vj〉 − Ξij

)
〈ϵ,vi − vj〉 dϵdvjdvi

= αβijσ
2
ij(bk+bl)

(mkml)
3
2

(2πkBT )3
cαk c

α
l mi

(
µij

µkl

)2

×
∫
R3

∫
R3

∫
S2+
vi exp

(
−mk(v

◦
k)

2 +ml(v
◦
l )

2

2kBT

)
Θ
(
〈ϵ, c0vi−c0vj〉−Ξij

)
〈ϵ,vi−vj〉 dϵdvjdvi

− αβijσ
2
ij(bi+bj)

(mimj)
3
2

(2πkBT )3
cαi c

α
jmi

×
∫
R3

∫
R3

∫
S2+
vi exp

(
−mi(vi)

2+mj(vj)
2

2kBT

)
Θ
(
〈ϵ, c0vi−c0vj〉−Ξij

)
〈ϵ,vi−vj〉 dϵdvjdvi.

Using the conservation of total energy given in equation (2.3.12), one has that

1

2
mk(v

◦
k)

2 +
1

2
ml(v

◦
l )

2 =
1

2
mi(vi)

2 +
1

2
mj(vj)

2 + Ei + Ej − Ek − El︸ ︷︷ ︸
−QR

. (B.4.1)

Using equation (B.4.1) in the first integral in the last equality of Q̃(3)
i above, we obtain:

Q̃(3)
i = αβijσ

2
ij(bk+bl)

(mkml)
3
2

(2πkBT )3
cαk c

α
l mi

(
µij

µkl

)2

exp
(
QR

kBT

)
×
∫
R3

∫
R3

∫
S2+
vi exp

(
−mi(vi)

2+mj(vj)
2

2kBT

)
Θ
(
〈ϵ, c0vi−c0vj〉−Ξij

)
〈ϵ,vi−vj〉 dϵdvjdvi

− αβijσ
2
ij(bi+bj)

(mimj)
3
2

(2πkBT )3
cαi c

α
jmi
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×
∫
R3

∫
R3

∫
S2+
vi exp

(
−mi(vi)

2+mj(vj)
2

2kBT

)
Θ
(
〈ϵ, c0vi−c0vj〉−Ξij

)
〈ϵ,vi−vj〉 dϵdvjdvi.

The above integrals are similar to the integrals on the right-hand side of Ē given in equation (A.1.2) which

vanish upon evaluation. Therefore, following the same steps as those used in the computation of the

integrals given in equation (A.1.2), one has that

Q̃(3)
i = 0.

B.5 Evaluation of the Integral Q̃(4)
i

In this section, the integral Q̃(4)
i given in equation (5.4.28) will be evaluated. Expanding the integral Q̃(4)

i

gives:

Q̃(4)
i = −αβijσ2

ij

3

2T
(Tα

k + Tα
l )mi

×
∫
R3

∫
R3

∫
S2+

vi

(
µij

µkl

)2

Mα◦
k Mα◦

l Θ
(
〈ϵ, c0vi − c0vj〉 − Ξij

)
〈ϵ,vi − vj〉dϵdvjdvi

+ αβijσ
2
ij

3

2T
(Tα

i + Tα
j )mi

×
∫
R3

∫
R3

∫
S2+

viM
α
i M

α
j Θ
(
〈ϵ, c0vi − c0vj〉 − Ξij

)
〈ϵ,vi − vj〉dϵdvjdvi

=−αβijσ2
ij

3

2T
(Tα

k + Tα
l )mi

(
µij

µkl

)2
(mkml)

3
2

(2πkBT )3
cαk c

α
l

×
∫
R3

∫
R3

∫
S2+
vi exp

(
−mk(v

◦
k)

2+ml(v
◦
l )

2

2kBT

)
Θ
(
〈ϵ, c0vi−c0vj〉−Ξij

)
〈ϵ,vi−vj〉 dϵdvjdvi

+ αβijσ
2
ij

3

2T
(Tα

i + Tα
j )mi

(mimj)
3
2

(2πkBT )3
cαi c

α
j

×
∫
R3

∫
R3

∫
S2+
vi exp

(
−mi(vi)

2+mj(vj)
2

2kBT

)
Θ
(
〈ϵ, c0vi−c0vj〉−Ξij

)
〈ϵ,vi−vj〉 dϵdvjdvi.

Using equation (B.4.1) in the first integral of last equality of Q̃(4)
i above, we obtain:

Q̃(4)
i =−αβijσ2

ij

3

2T
(Tα

k + Tα
l )mi

(
µij

µkl

)2
(mkml)

3
2

(2πkBT )3
cαk c

α
l exp

(
QR

kBT

)
×
∫
R3

∫
R3

∫
S2+
vi exp

(
−mi(vi)

2+mj(vj)
2

2kBT

)
Θ
(
〈ϵ, c0vi−c0vj〉−Ξij

)
〈ϵ,vi−vj〉 dϵdvjdvi

+ αβijσ
2
ij

3

2T
(Tα

i + Tα
j )mi

(mimj)
3
2

(2πkBT )3
cαi c

α
j

×
∫
R3

∫
R3

∫
S2+
vi exp

(
−mi(vi)

2+mj(vj)
2

2kBT

)
Θ
(
〈ϵ, c0vi−c0vj〉−Ξij

)
〈ϵ,vi−vj〉 dϵdvjdvi.
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The above integrals are similar to the integrals of Ē given in equation (A.1.2) which vanish upon evalu-

ation. Therefore, following the same steps as those used in the computation of the integrals given in

equation (A.1.2), one obtains that Q̃(4)
i vanishes, that is,

Q̃(4)
i = 0.
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Appendix C

Evaluation of the Second and Third Terms

of Equation (6.3.50)

C.1 Evaluation of the Second Term of Eq. (6.3.50)

In this section, we show that the second term on the right-hand side of equation (6.3.50) vanishes, that is

4∑
j=1
j ̸=i

mj

mi +mj

∫
R3

∫
R3

∫ +∞

0

∫ +∞

0

∫ 1

0

∫ 1

0

∫
S2
(aij · σ)v

√
2RE
µij

M ε
iM

ε
j V̂

∗γ−1

× 2Φij(I, Ij, R, r) bij(cos θ) cos θ(1−R) dσdrdRdIjdIdvjdv = 0.

To do this, it is enough to show that ∫
S2
σbij(cos θ) cos θdσ = 0. (C.1.1)

Observe that∫
S2
σbij(cos θ) cos θ dσ

=

∫ π

0

∫ 2π

0

(
x̂ sin θ cosϕ+ ŷ sin θ sinϕ+ ẑ cos θ

)
bij(cos θ) cos θ sin θ dϕ dθ

= x̂

∫ π

0

bij(cos θ) sin2 θ cos θ dθ
∫ 2π

0

cosϕ dϕ︸ ︷︷ ︸
0

+ŷ

∫ π

0

bij(cos θ) sin2 θ cos θ dθ

×
∫ 2π

0

sinϕ dϕ︸ ︷︷ ︸
0

+ẑ

∫ π

0

bij(cos θ) sin θ cos2 θ dθ
∫ 2π

0

dϕ︸ ︷︷ ︸
2π

.

(C.1.2)

The integral ∫ π

0

bij(cos θ) sin θ cos2 θ dθ = 0
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since by our assumption bij(cos θ) is an odd function of cos θ. Therefore, substituting the previous

equation into equation (C.1.2) gives equation (C.1.1)

C.2 Evaluation of the Third Term of Eq. (6.3.50)

In this section, we show that the third term on the right-hand side of (6.3.50) vanishes, that is

4∑
j=1
j ̸=i

∫
R3

∫
R3

∫ +∞

0

∫ +∞

0

∫ 1

0

∫ 1

0

∫
S2
v

(
T ε
i

kBT 2
−

T ε
j

kBT 2

)

×
(
mi(v

′
i)
2

2
− mi(v)

2

2
+ I ′i − I

)
M ε

iM
ε
j V̂

∗γ−1Φij(I, Ij, R, r)

× 2 bij(cos θ) cos θ(1−R) dσdrdRdIjdIdvjdv = 0. (C.2.1)

Using equation (6.3.3)1, observe that:

(v′
i)
2 =

(
miv +mjvj

mi +mj

+
mj

mi +mj

√
2RE
µij

σ

)2

=

(
1

mi +mj

)2
(
miv +mjvj +mj

√
2RE
µij

σ

)(
miv +mjvj +mj

√
2RE
µij

σ

)

=

(
1

mi+mj

)2[
miv

(
miv+mjvj+mj

√
2RE
µij

σ

)
+mjvj

(
miv+mjvj+mj

√
2RE
µij

σ

)

+mj

√
2RE
µij

σ

(
miv +mjvj +mj

√
2RE
µij

σ

)]

=

(
1

mi+mj

)2
(
(miv)

2+mimj(v · vj)+mimj

√
2RE
µij

(v ·σ)+mimj(v · vj)+(mjvj)
2

+m2
j

√
2RE
µij

(vj · σ) +mimj

√
2RE
µij

(v · σ) +m2
j

√
2RE
µij

(vj · σ) +m2
j

2RE
µij

)

=

(
1

mi +mj

)2
(
(miv)

2 + 2mimj(v · vj) + 2mimj

√
2RE
µij

(v · σ) + (mjvj)
2

+ 2m2
j

√
2RE
µij

(vj · σ) +m2
j

2RE
µij

)
,

where the fact that σ · σ = 1 have been used.

Therefore,

mi(v
′
i)
2

2
− mi(v)

2

2
+ I ′i − I
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=
mi

2

(
1

mi +mj

)2
(
(miv)

2 + 2mimj(v · vj) + 2mimj

√
2RE
µij

(v · σ) + (mjvj)
2

+ 2m2
j

√
2RE
µij

(vj · σ) +m2
j

2RE
µij

)
− mi(v)

2

2
+ I ′i − I

=
m3

i (v)
2

2(mi +mj)2
+
miµij(v · vj)

mi +mj

+
miµij

mi +mj

√
2RE
µij

(v · σ) + mjµij(vj)
2

2(mi +mj)

+
mjµij

mi +mj

√
2RE
µij

(vj · σ) +
mjRE
mi +mj

− mi(v)
2

2
+ I ′i − I

=

(
m3

i

2(mi +mj)2
− mi

2

)
(v)2 +

mjµij(vj)
2

2(mi +mj)
+
miµij(v ·vj)

mi +mj

+
miµij(v ·σ)
mi +mj

(
2RE
µij

)1
2

+
mjµij(vj · σ)
mi +mj

(
2RE
µij

) 1
2

+
mjRE
mi +mj

+ I ′i − I.

Substituting the last equality of the previous equation into equation (C.2.1) and then expand the resulting

equation to obtain:

4∑
j=1
j ̸=i

T ε
i − T ε

j

kBT 2

(
m3

i

2(mi +mj)2
− mi

2

)∫
R3

∫
R3

∫ +∞

0

∫ +∞

0

∫ 1

0

∫ 1

0

∫
S2
v(v)2M ε

iM
ε
j V̂

∗γ−1

×2Φij(I, Ij, R, r) bij(cos θ) cos θ(1−R) dσdrdRdIjdIdvjdv

+
4∑

j=1
j ̸=i

T ε
i − T ε

j

kBT 2

mjµij

2(mi +mj)

∫
R3

∫
R3

∫ +∞

0

∫ +∞

0

∫ 1

0

∫ 1

0

∫
S2
v(vj)

2M ε
iM

ε
j V̂

∗γ−1

×2Φij(I, Ij, R, r) bij(cos θ) cos θ(1−R) dσdrdRdIjdIdvjdv

+
4∑

j=1
j ̸=i

T ε
i − T ε

j

kBT 2

miµij

mi +mj

∫
R3

∫
R3

∫ +∞

0

∫ +∞

0

∫ 1

0

∫ 1

0

∫
S2
v(v · vj)M

ε
iM

ε
j V̂

∗γ−1

×2Φij(I, Ij, R, r) bij(cos θ) cos θ(1−R) dσdrdRdIjdIdvjdv

+
4∑

j=1
j ̸=i

T ε
i − T ε

j

kBT 2

miµij

mi +mj

(
2RE
µij

)1
2
∫
R3

∫
R3

∫ +∞

0

∫ +∞

0

∫ 1

0

∫ 1

0

∫
S2
v(v · σ)M ε

iM
ε
j V̂

∗γ−1

×2Φij(I, Ij, R, r) bij(cos θ) cos θ(1−R) dσdrdRdIjdIdvjdv

+
4∑

j=1
j ̸=i

T ε
i − T ε

j

kBT 2

mjµij

mi +mj

(
2RE
µij

)1
2
∫
R3

∫
R3

∫ +∞

0

∫ +∞

0

∫ 1

0

∫ 1

0

∫
S2
v(vj · σ)M ε

iM
ε
j V̂

∗γ−1

×2Φij(I, Ij, R, r) bij(cos θ) cos θ(1−R) dσdrdRdIjdIdvjdv

+
4∑

j=1
j ̸=i

T ε
i − T ε

j

kBT 2

mjRE
mi +mj

∫
R3

∫
R3

∫ +∞

0

∫ +∞

0

∫ 1

0

∫ 1

0

∫
S2
vM ε

iM
ε
j V̂

∗γ−1

×2Φij(I, Ij, R, r) bij(cos θ) cos θ(1−R) dσdrdRdIjdIdvjdv
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+
4∑

j=1
j ̸=i

T ε
i − T ε

j

kBT 2

∫
R3

∫
R3

∫ +∞

0

∫ +∞

0

∫ 1

0

∫ 1

0

∫
S2
vI ′iM

ε
iM

ε
j V̂

∗γ−1

×2Φij(I, Ij, R, r) bij(cos θ) cos θ(1−R) dσdrdRdIjdIdvjdv

−
4∑

j=1
j ̸=i

T ε
i − T ε

j

kBT 2

∫
R3

∫
R3

∫ +∞

0

∫ +∞

0

∫ 1

0

∫ 1

0

∫
S2
vIM ε

iM
ε
j V̂

∗γ−1

×2Φij(I, Ij, R, r) bij(cos θ) cos θ(1−R) dσdrdRdIjdIdvjdv.

Transforming the integrals in (v,vj) above to the centre of mass velocity and relative velocity, and then

evaluate the resulting integrals using the same strategy as those used in the computation of the integral

given in equation (6.3.64), one obtains that the six fold integrals in v and vj vanish in the first, second,

third, sixth, seventh and eight terms of the previous equation. Furthermore, using equation (C.1.1), the

fourth and fifth terms of the previous equation also vanish.
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