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Resumo

O principal objetivo desta tese é o estudo de misturas gasosas multicomponentes — sistemas gasosos
com trés ou mais espécies misturadas ao nivel molecular — e a deducdo de modelos macroscépicos da
mecanica de fluidos a partir de uma descricao cinética das particulas que constituem a mistura. Mais
especificamente, consideram-se equacgdes cinéticas de tipo Boltzmann que descrevem a evolucao de
misturas quimicamente reativas, com estrutura monatmica ou poliatbmica, que participam numa reacéo
quimica reversivel de tipo bi-molecular e deduzem-se, no limite hidrodinamico, modelos macroscopicos
gue descrevem como as espécies se propagam no espaco devido ao processo de difusdo e como se
transformam quimicamente devido ao processo de reacdo. Para obter estes modelos macroscépicos,
diferentes regimes de adimensionamento das equacoes cinéticas sao considerados, correspondendo a
diferentes regimes quimicos. O primeiro regime descreve um estado fisico em que as colisdes mecanicas
sao dominantes relativamente a reacao quimica, enquanto o segundo regime corresponde a um estado
em que as colisdes mecanicas e reativas tém a mesma relevancia na evolucao. No primeiro regime, ob&m-
se, como limite hidrodindmico das equacdes cinéticas, um sistema de reacao-difusdo em que o processo
de difusdo ¢ modelado pelas equacdes de Maxwell-Stefan. No segundo regime, obtém-se as equacdes
de Maxwell-Stefan reativas, com termos adicionais que descrevem a difusdo das espécies reativas. As
propriedades matematicas dos modelos cinéticos considerados, relacionadas com as leis de conservacao,
o0 equilibrio termodinamico, o teorema H e as taxas de producdo quimica, que sdo fundamentais para a
analise desenvolvida nesta tese, séo estabelecidas e estudadas rigorosamente.

Palavras-chave: Equacdes de Boltzmann para misturas de gases, Limites hidrodinamicos, Equacdes de
Maxwell-Stefan, Teoria cinética e de transporte de gases, Dindmica de gases rarefeita, Misturas de gases

reativos.



Abstract

The purpose of this thesis is to study multicomponent gaseous mixtures — systems composed of three or
more species mixed at a molecular level — and derive macroscopic models of fluid mechanics from a kinetic
description of particles that constitute the mixture. Specifically, this thesis considers Boltzmann-type kinetic
equations that model the evolution of reactive monatomic and polyatomic gaseous mixtures participating
in a bi-molecular reversible chemical reaction and derive, in the hydrodynamic limit, macroscopic models
that describe how the species spread in space due to diffusion and how the species are transformed into
each other as a result of the chemical reaction. To obtain these macroscopic models, different scalings
of the Boltzmann-type kinetic equations, which correspond to different chemical regimes, are considered.
The first regime describes a physical situation in which mechanical collisions are dominant with respect to
chemical reaction, whereas the other regime corresponds to a situation in which mechanical and reactive
collisions are of the same relevance in the evolution. In the former regime, reaction-diffusion systems
where the diffusion process is modelled by the Maxwell-Stefan equations are obtained as hydrodynamic
limits of the scaled kinetic equations, while in the latter regime, the reactive Maxwell-Stefan equations, with
additional terms describing the diffusion of the reactive species, are obtained. Moreover, the mathematical
properties of the considered kinetic models related to the conservation laws, thermodynamic equilibrium,
H-theorem, and chemical production rates, which are fundamental for the analysis developed in this
thesis, are stated and studied in detail.

Keywords: Boltzmann equations for gas mixtures, Hydrodynamic limits, Maxwell-Stefan equations, Ki-
netic and transport theory of gases, Rarefied gas dynamics, Reactive gas mixtures.
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Chapter 1
Introduction

This thesis deals with the problem of deriving macroscopic models of fluid mechanics from a microscopic
description of the particles that makes up the fluid. This type of problem is referred to as the problem of

hydrodynamic limits.

The question of hydrodynamic limits was formulated as a mathematical problem by David Hilbert in
his famous sixth problem titled “Mathematical Treatment of the Axioms of Physics”. This problem was one
of the twenty-three mathematics problems Hilbert posed in 1900. Also, it was one of the ten problems
he presented at the international congress of mathematicians, which held in Paris, that same year. In
Hilbert's exact words [65]:

“The investigations on the foundations of geometry suggest the problem: To treat in the same manner, by
means of axioms, those physical sciences in which mathematics plays an important part; in the first rank
are the theory of probabilities and mechanics. As to the axioms of the theory of probabilities, it seems
to me desirable that their logical investigation should be accompanied by a rigorous and satisfactory
development of the method of mean values in mathematical physics, and in particular in the kinetic theory
of gases. Important investigations by physicists on the foundations of mechanics are at hand; | refer to
the writings of Mach, Hertz, Boltzmann and Volkmann. It is therefore very desirable that the discussion
of the foundations of mechanics be taken up by mathematicians also. Thus Boltzmann's work on the
principles of mechanics suggests the problem of developing mathematically the limiting processes, there
merely indicated, which lead from the atomistic view to the laws of motion of continua.”

In the mathematical formulation of Hilbert's sixth problem, the term “atomistic view” nowadays can

lead to at least three very different theories. These theories are as follows.

1. Molecular dynamics: this is the N-body problem of classical mechanics with elastic collisions, in
which for simplicity, the bodies are assumed to be spherical and possessing equal mass [79].

2. Interacting particle systems: these are spatio-temporal stochastic processes used to describe the
evolution of particles under some kind of interaction between the particles [81].

3. The kinetic theory: this is based on the concept that all measurable macroscopic quantities (“ob-

servables”) can be expressed in terms of microscopic averages [72].



The subject of hydrodynamic limits deals with the formal or rigorous derivation of macroscopic models
from a microscopic (i.e., atomistic) description of matter. More precisely, from either molecular dynamics,
interacting particle systems, or the kinetic theory. These microscopic descriptions are either deterministic,
stochastic, or statistical.

The deterministic microscopic description of matter involves the use of Newton'’s second law of motion'
[104] to obtain the equation of motion of each particle (or molecule) in the system under consideration.
More precisely, if one assumes that the particles (endowed with their position vector «;(¢) and velocity
vector v;(t), where i = 1,--- A/, with N the number of molecules in the system) are mass points
obeying the laws of classical mechanics (that is, neglecting quantum and relativistic effects) and that the
laws of interaction between the particles are perfectly known, then the equation of motion of each particle is
obtained by applying Newton's second law of motion. In three dimensions, the equation of motion for each
particle consist of 6 first order ordinary differential equations in 6 unknowns constituting the components
of the two vectors (x;, v;). The time evolution of the system can then be computed by solving the resulting
6 ordinary differential equations in 6V unknowns which corresponds to the components of the 2\
vectors (x;, v;). A prerequisite for this computation is the knowledge of the 6 initial conditions a;(0),
v,(0), which describe the initial state of the system. However, solving this initial value problem for a
system comprising of many particles say, N' ~ 10%®; which is the number of molecules in one metre
cubed of a gas at standard temperature and pressure? is a hopeless task, see [34] page two for reasons.
A typical example of the deterministic microscopic description of matter is molecular dynamics.

The stochastic description of matter deals with a system made up of finitely or infinitely many particles
[81]. The system is such that, in the absence of interaction between the particles, it would evolve according
to independent finite or countable state Markov chains. On the other hand, when the particles interact,
the evolution of an individual particle is no longer Markovian. However, the global configuration (i.e., the
system as a whole) evolves according to a Markov process. This Markov process is a large and complex
one, and it differs in many aspects from processes like Brownian motion on Euclidean spaces, which had
a lot of influence on the development of the standard Markov process theory. Consequently, while there
are some connections with the Markov process, there is a substantial difference from it too. Interacting

particle systems are typical examples of stochastic microscopic description of matter.

The statistical description of matter utilises the concept of probability instead of certainty, see, for
example, [34]. More precisely, in this approach, a given particle will not have a definite position and
velocity, but only different probabilities of having different positions and velocities. This type of description
makes sense only if the system under consideration is made up of a very large number of particles so that

it can be treated as a continuum. Furthermore, this approach uses the notion of probability distribution

INewton’s second law of motion states that “The change in motion is proportional to the motive force impressed and is
made in the direction of the right line in which that force is impressed.” Mathematically, this law can be written as F' = ma,
where F' is the acting force, m represents mass and a represents acceleration.

2The number of molecules A in a volume v = 1.00m? of a gas at standard temperature 7" = 273.15K and pressure
p = 10°Pa can be computed using the ideal gas law : pv = N'kgT, where kg = 1.38 x 10723.J /K is the Boltzmann

pv 10° x 1 95
_ — 265 x 10
kpT 27315 x 1.38 x 10-23 x

constant. Therefore N =



function® (also known as the number density) to describe the evolution of the particles in the system. There
are two slightly different ways to view the distribution function : it can be seen as an approximation of the
true density of the particles in phase space (on a scale which is much larger than the typical distance
between particles), or it can reflect the lack of knowledge of the true positions of particles. The kinetic
theory is a typical example of statistical microscopic description of matter.

In this thesis, the focus is on the derivation of macroscopic models of fluid mechanics from a statistical
description of matter, more precisely, from the kinetic theory. For the derivation of macroscopic models
from molecular dynamics (i.e., from the deterministic microscopic description of matter), see, for example,
[88] for the formal derivation of the Euler system of equations for compressible fluids. For general meth-
ods that allow one to deduce macroscopic models of interacting particle systems from their underlying
stochastic dynamics, see [73].

The method of hydrodynamic limits studied here provides an alternative approach to the classical
method used to derive macroscopic models of fluid mechanics, such as the classical Euler equations
[51] and the Navier-Stokes equations [89, 106] of fluid dynamics. These equations were from inception
obtained by applying Newton's second law of motion to infinitely small elements of volume in a fluid,
see, for example, chapter one of [/8]. Indeed, all hydrodynamic models can be obtained in this way.
However, despite the universality of this approach, it has one crucial disadvantage, namely, the fact that
transport coefficients and equations of state are obtained either from phenomenological arguments or
from experimental data, and they are not related to microscopic data resulting from molecular interactions.
On the other hand, in the method of hydrodynamic limits, transport coefficients and equations of state are
obtained in terms of parameters of the kinetic model.

This thesis is organised as follows. In chapter 2, a brief introduction of the kinetic theory is given and
kinetic models for multi-species non-reactive and reactive systems, respectively, are presented together
with the properties of the models that are important for the work developed in this thesis. Chapter 3, deals
with the continuum physics derivation of macroscopic diffusion models from multi-species mixtures. This
is followed by showing how macroscopic models can be derived from the kinetic theory and the problems
studied in this thesis. The main contributions of this thesis to the subject of hydrodynamic limits are given
chapters 4, 5 and 6. More precisely, in Chapter 4, the derivation of an isothermal diffusion model where
the diffusion process is modelled by the Maxwell-Stefan equations is treated. In chapter 5, an extension
of the Maxwell-Stefan equations which is referred to as the reactive Maxwell-Stefan equations is obtained.
Chapter 6, deals with the derivation of a non-isothermal diffusion model where the diffusion process is
again modelled by the Maxwell-Stefan equations. Chapter 7 is dedicated to conclusions and some future
perspectives. Finally, an appendix is included where some technical computations are given.

3This represents the density of particles in the system which at a given time say ¢ are located at position say & and have
velocity v



Chapter 2
Kinetic Theory

The Kinetic theory is a branch of non-equilibrium statistical physics. It dates back to the works of: Daniel
Bernoulli, John Herapath, John James Waterston, James Prescott Joule, Karl Krdnig, Rudolf Clausius, and
James Clerk Maxwell, who are considered as the founding fathers of what is, referred to as “Elementary
Kinetic Theory”. The foundations of the modern kinetic theory were laid by James Clerk Maxwell [83,
84, 85], who proposed a general transport equation for arbitrary macroscopic quantities (“observables”)
associated with microscopic averages. This transport equation relates the time evolution of macroscopic
quantities with transport of particles, collision between particles and action due to external forces. In 1872,
Ludwig Eduard Boltzmann [19, 20] reformulated Maxwell’s equation in terms of a single integro-differential
equation, which represents the evolution of a probability distribution function.

The goal of kinetic theory is the modelling of any system composed of a large number of particles,
such as a gas (fluid) or plasma, from a microscopic point of view. The state of the system is, described
using the concept of a distribution function in the particle phase space. This phase space is composed
of macroscopic variables, like time ¢ and position in physical space x, as well as microscopic variables
¢, which describe the state of the particles. If one assumes that the particles obey the laws of classical
mechanics (i.e., non-relativistic and non-quantum), then ¢ will be the velocity components, and in this case,
we simply write v instead of ¢. However, extra microscopic variables should be added if one would want to
take into account non-translational degrees of freedom of the particles: internal energy, spin variables, etc.,
as it happens when dealing with polyatomic gases. Furthermore, suppose that the system is contained in
a bounded or unbounded domain say,  C R%™(®) and observed over a time interval say, [0, 00), then
the distribution function is a non-negative function f (¢, x, ¢) with (¢, &, c) € Ry x Q x R¥m(®),

In what follows, the case where the microscopic variables which describe the state of the particles
are the velocity variables v will be considered. Therefore, the distribution function to be considered is
of the form f = f(¢,x,v). Furthermore, we will work in three dimensional space so that (¢, x, v) €
R, x Q x R?, where Q C R3.

The function f is not directly observable however, it allows one to compute measurable macroscopic
quantities, such as mass density, macroscopic velocity, temperature, pressure tensor, stress tensor, in-
ternal energy density, heat flux, etc. In addition, for any fixed time ¢ > 0, the quantity f (¢, z, v) dz dv
represents the density (number) of particles in an infinitesimal volume element d dv centred at (x, v).



This number changes in time as a result of transport and collisions between the particles.

2.1 Transport Equations and Particle Interactions

In this section, we will consider a system of S > 2 species composed of a large number of particles and
describe how the distribution functions f;(¢, x, v;) with i < 1 < .S change in time due to free transport
and collisions.

2.1.1 Transport Equations

In the absence of collisions between the particles and the walls of the domain €2, the particles in the
system move in straight lines with constant velocity v;, as dictated by Newton’s first law of motion! [104].
If one assumes that each particle of mass m; is subject to an external force F’, which is independent of
the velocity of each particle v;, thatis, F' := F'(t, ), and that this force may be due to gravity or electric
fields, but not magnetic, then the translational motion (i.e., the equation of motion) of the distribution
functions f; = f(t, x, v;) can be obtained by any of the following two methods.

* This method involves following the motion of an ensemble of particles in a volume element of
phase space spanned by the position and velocity of the particles. More precisely, if one considers
a collection of particles which at time ¢ have positions and velocities in the range dx dv; near x and
v;. Then at an infinitesimal time ¢ = ¢ + dt later, these collection of particles will have positions
and velocities in the range d& dv; near x = x +v; dt and v; = v; + m%th as a result of their
motion under the influence of the force F'. See, for example, [40, 66, 67, 94, 99, 111] for more
details.

¢ This method involves following the motion of an ensemble of particles through a fixed volume in the
phase space spanned by the position and velocity of the particles. More precisely, if one considers
a control volume da dv; in the phase space, containing a collection of particles with a given range
of particles positions and velocities between x and x + dx, v; and v; + dv;. Then the number of
particles in the control volume dx dwv; of the phase space changes as the positions and velocities

of the particles change. The net accumulation of particles in this range in time dt is given by

afi
ot

number of particles entering and leaving this range dx dv; due to random motion of the particles.

dx dv; dt. This change in the number of particles within the control volume is due to the

See, for example, [99, 109] for more details.

Either of the above methods lead to the following linear transport equations for the species

0fi . Ofi, o Of
ot " ox ov

INewton’s first law of motion states that “Every body perseveres in its state of being at rest or of moving uniformly straight
forward except insofar as it is compelled to change its state by forces impressed.”

=0, i=12...,8 (2.1.1)




The equations defined in (2.1.1) above are sometimes called the Vlasov equation [1, 2, 3].

In the absence of external forces equation (2.1.1) reduces to the free transport equation:

dfi df;
ot T ox

=0, i=1,2,...,8. (2.1.2)

Remark 2.1.1. /n this thesis, we will neglect the effects due to external forces. Therefore, in
what follows, we will use equation (2.1.2) to describe how the distribution functions change
due to free streaming.

2.1.2 Particle Interactions
An approximation to the rate of change of the distribution functions f; = fi(¢, @, v;) due to particle
interactions can be obtained using the following assumptions.

(i) Only binary collisions are considered: this means that collisions involving more than two particles
are neglected. These binary collisions occur between particles of the same species as well as
between particles of different species.

(ii) Interactions between the particles and the walls of the domain {2 are neglected.

(iii) Collisions between the particles are elastic: this means that mass, momentum and energy are

conserved in the collision process.

(iv) Collisions are localised both in time and space: this means that the typical duration and impact
parameter of the interacting processes are negligible when compared to the typical time and space
scales of the description, respectively.

(v) The collisions are microreversible: this means that the microscopic dynamics are time reversible or
in other words, the probability that the velocities of the colliding pair before collision (pre-collision
velocites) are changed into the velocities after collision (post-collision velocites) is the same as the
probability that post-collision velocites are changed into pre-collision velocites.

(vi) The velocities of the two particles which are about to collide are uncorrelated before their interaction,
but becomes correlated after collision: this means that particles that have already collided are
expected not to re-collide in future.

(vii) The effects of external forces on the magnitude of the collision cross-section are neglected.

2.1.3 Collision Operator

Using assumptions (i) to (vii) above, a mathematical expression for the rate at which the distribution

functions f; changes as a result of collision between the particles is given by:

s
Q(fis fix) +ZQ(fi7fj)- (2.1.3)

Jj=1
JF



The term Q( f;, fix) above describe collisions between particles of the same species and the subscript i
and ¢x are used to distinguish their velocities. This term will be referred to as the mono-species collision
operator and is defined as follows:

Q(fi, fix) = /R3 /s2 [fifi, = fifie] Bi(vi — v, w)dw dv.. (2.1.4)

The term Q(f;, f;) given in equation (2.1.3) above describe collisions between particles of different

species. This term will be referred to as the bi-species collision operator and it is defined as follows:

Qfi, f3) = /]RS /S2 LS} = fifi] Bij(vi — vj,w) dw dv. (2.1.5)

In equations (2.1.4) and (2.1.5) above, the following notations have been used:

fz‘/:f(t’m7'v;)7 fz/ :f(t7mvv;*)v f],‘:f(tam’v;‘>

(2.1.6)
fi:f(tawvvi)v fi*:f(tvw>vi*)a fj:f(tvm7vj)7

where v;, v;., v; are the pre-collision velocities and v}, v, v;- are the post-collision velocities. Further-
more, B;(v; — v, w) and By;(v; — v;,w) with w € S? are non-negative functions called the mono-
species and bi-species collision kernels, respectively. The mono-species and bi-species collision kernel

depends on |v; — v, | and |v; — v, respectively, together with the cosine of the deviation angles. More

specifically,
Bi(v; — v, w) = Bi(|Jv; — v;,],cos6), where cosf = <%,w> , (2.1.7)
V; — U4x
— V; — ’Uj
Bij(v; —vj,w) = Byj(|lv;, — vj|,cos0) where cosf = ﬁ, w ). (2.1.8)
V; — ’Uj

The integrals on the right-hand sides of the mono-species and bi-species collision operators are called
the mono-species and bi-species collision integrals, respectively. In addition, notice that the structure of
the collision operators reflect the assumptions from which they were derived. In particular, the quadratic
nature of the operators is a consequence of assumption (i). The fact that there is no term describing the
interactions between the particles and walls of the domain 2 is a consequence of assumption (ii). As we
shall see later, the form of the post-collision velocities is a consequence of assumption (iii). The fact that
the time and space variables t, @, respectively, appear as parameters is a consequence of assumption
(iv). Assumption (v) (i.e., microreversibility) implies the particular structure of the collision kernels. The

appearance of the products f; f;., f; fi, fifi« and f] f} is a consequence of assumption (vi). Finally, the

absence of a force term in the definition of the collision kernels is a consequence of assumption (vii).
The collision operators represent the net rate at which collisions increase of decrease the number

of particles entering the phase volume. It can be split into the gain and loss terms. In particular, the

mono-species collision operator can be split as follows:

Q(fis fiu) = QUfis i)™ = Q(fi, fir) ™,



where
Q(fz:fz* :/RB/ f vi*,w)dwdvi*,
C%ﬁJhY:iég £ Bi(0: — w30, 0)duw dve.

The term Q(f;, fi+) ™ is a gain term. It measures the number of particles of velocity v; which are created
due to collision between particles of velocities v/, and v’,. Alternatively, one can think of it as the rate at
which particles with velocity v; are injected into a volume element da dv; of phase space about (x, v;)
as a result of binary encounters with other particles. The term Q(f;, fi.)~ is a loss term. It counts all
collisions in which a given particle of velocity v; collides with another particle of velocity v;.., resulting in
a change in its velocity, thus leading to a loss of particles of velocity v;. Alternatively, one can think of it
as the rate at which particles with velocity v; are ejected from a volume element dx dv; of phase space
about (x, v;) as a result of binary encounters with other particles.

Similarly, the bi-species collision operator can be split as follows:

QUi 1) = QU )" = QUi i)
where
Qs = [ [ 118500 = vy, 0) o do,
Aty = [, [ 58 Btoi = vy do;

2.2 Non-Reactive Multi-Species System

This section considers a non-reactive multi-species system composed of a large number of particles. The
equations which describe how the distribution functions change as a result of free streaming and collisions,
are presented together with some useful properties that are consequences of the form of the collision
operators. Furthermore, the macroscopic quantities associated with the distribution functions are given.
Finally, the fundamental hydrodynamic or macroscopic equations of continuity, momentum balance, and
energy balance associated with these equations will be derived.

2.2.1 Kinetic Equations for Non-Reactive Mixture of Monatomic Gases

Consider a multi-species system composed of S > 2 different monatomic? gases. For each species A;
withi = 1,2,....,5, letm; be the atomic mass and f; = f(¢,x,v;) > 0 the distribution function. The
functions f; withi = 1,2, ..., .S represent the density of particles of the species which at time ¢ > 0 are
located at position & € R3 and have velocity v; € R3. The equations that describe how the distribution

2Endowed with only translational degrees of freedom. In other words internal energy states of the molecules that are
associated with the rotational, vibrational, electronic and nuclei states are not taken into account.



functions f; change as a result of free streaming and collisions are, obtained by putting together equations
(2.1.2) and (2.1.3) to obtain:

df; of;
gr Vi

S
o = QUi fie) + ; QUi fj), =12, 8. 2.2.1)
J#i
The equations given in equation (2.2.1) above are mostly called the Boltzmann equation [34, 56, 59, 75,
66, 86, 99]. However, in recognition of the fact that the equation by Boltzmann was a reformulation of the
equation by Maxwell, in this thesis, they will be called the Maxwell-Boltzmann equations® (MBEs).
From assumption (iii) given in section 2.1.2, we have that the conservation laws of linear momentum

and kinetic energy for mono-species collisions are respectively, given by the flowing equations:

miv; + mvi,. = mv, + mu’,, (2.2.2)
1 2 1 2 __ 1 /\2 1 /1 \2

Similarly, the conservation laws of linear momentum and kinetic for bi-species collisions are respectively

given by:
m;v; + m;v; = miv; + mjv;, (224)
1 1 1 1
gm®)” + 5my(0)? = gmi(v)’ + gmy(v;)” 225

Now let us show that the form of the post-collision velocities is a consequence of assumption (iii) given in
section 2.1.2. More precisely, that the form of the mono-species and bi-species post-collision velocities are
consequences of the conservation laws given in equations (2.2.2), (2.2.3) and (2.2.4), (2.2.5), respectively.
To obtain the explicit form of the post-collision velocities for mono-species collisions v}, v, observe that

dividing both sides of equation (2.2.2) by m; and multiplying both sides of equation (2.2.3) by mi the

conservation laws of linear momentum and kinetic energy reduces to:

V; + Vi = v, + 0, (2.2.6)
(0:)* + (vin)? = (v)* + (v,)?, (2.2.7)

respectively. Equations (2.2.6) and (2.2.7) impose four constraints on the six variables v/, v’, (since we
are in three dimensional space, i.e., R3). Consequently, there are two degrees of freedom. If we write

v, = v; + a(v;, Viy, w)w,
(2.2.8)

!
U, = Vi — a(V;, Vi, w)w,

where a(v;, v, w) is a scalar function to be determined with |w| = 1, then adding both equations of
(2.2.8) gives the conservation of linear momentum (2.2.6). Next we force the conservation of energy as

3Boltzmann [19], equation (12). Maxwell [83], equations (3) and (73). These equations by Maxwell had inferred the equation
of transfer (obtained by multiplying the MBEs by an arbitrary function of velocity and integrating over the velocity space) directly
from considerations regarding molecular interactions.



in (2.2.7). To do this, observe that from equation (2.2.8), one has that:

(v))? = (v;)* + 2a(v;, Vi, w)v; - w + (a(v;, vi*,w))Q,

(,U;*)Q = (vi*)2 - 2@('07;, ’Ui*,CU)’UZ'* ‘W (a(vi7vi*aw))27

where use have been made of the fact that w - w = 1. Therefore, adding the previous equations gives:
(V) + (v),)? = (0)* + (vi)* + 2(a(’ui, Vix, w))2 + 2a(v;, Vi, W) (vi CW — Vi w).

From the mono-species conservation of kinetic energy given in equation (2.2.7), we have that the previous
equation reduces to:

Q(a(vi, vi*,w))2 + 2a(v;, Vi, w) (vi CW — Vg w) = 0.
Dividing both sides of the previous equation by two and factorising, we obtain:
a(v;, Vi, w) (a(V, Vv, w) + (V; — Vi) - w) = 0.
Therefore, either a(v;, v, w) = 0 or
a(v;, Vi, w) + (v; — V) - w = 0. (2.2.9)
Subtracting (v; — v;.) - w from both sides of equation (2.2.9), we obtain:
a(V;, Vi, w) = —(V; — Vi) - .
Hence, as long as a(v;, v, w) # 0, the mono-species post-collision velocities are given by:

v, =v; — ((v; — Vi) - w)w, (2.2.10)
v, = v+ ((v; — Vi) - w)w. (2.2.11)

Now let us obtain the expressions for the bi-species post-collision velocities v’; and 'u;-. To do this, observe
that the bi-species conservation laws of linear momentum (2.2.4) and kinetic energy (2.2.5) gives a system
of four scalar equations in six unknowns (because we are in R3). Therefore, there are two degrees of
freedom. If we write

v = v, + M% (2.2.12)
m;

v = v; — ij (2.2.13)
m;

where a(v;, v;, w) is a scalar function to be determined with |w| = 1, then multiplying equation (2.2.12)
by m;, equation (2.2.13) by m; and adding the resulting two equations, we automatically satisfy the
conservation of linear momentum given in equation (2.2.4). Now observe that

10



1 1 1

§mi(v;)2 = 57’)%(’002 + a(vi, vj, w)vi cw 2ml (CL(’UZ', v, QJ)>2,
1 1\2 1 2 1 2
ém]’(’l}j) = ém]’(’l]j) —(Z(’UZ',’U]',W)’Uj -w—{—%(a(vi,vj,w)) ,

where use have been made of the fact that w - w = 1. Therefore, adding the previous equations gives:

1 1 1
—my(v})? + —mj(vj)2 = —m;(v;)* + a(vi, vj, w)v; - w + -

i 9 (CL(vi?vjvw))Q

1 2
+ §mj(vj)2 —a(v;,vj,w)v; - w + %(a(’vi, 'vj,w)) .
]

From the bi-species conservation of kinetic energy given in equation (2.2.5), the previous equation reduces
to:

(a(m,'zJj,t.u))2 + L(a('ui,vj,t.u))2 =0.

a(vi, vj, w)v; - w — a(v;,vj,w)v; - w + 2m;

2m;
Multiplying both sides of the previous equation by 2m;m; and factorising gives:
a(vi, vj,w) <2mimj(vi —v;) - w + (a(vi,v;,w))(m; + mj)) =0.
Therefore, either a(v;, v;,w) = 0or
2mym;(v; — v;) - w + (a(vy, vj,w))(m; +m;) = 0. (2.2.14)
Equation (2.2.14) implies that:
(a(vi, v, w)) (m; +m;) = —2mm;(v; — v;) - w.

Dividing both sides of the previous equation by m; + m;, we obtain:

T ;
i, Vs, = —2u:(v; —v;) - w, where p; =—-1—. 2.2.15
(a(v v;.w)) = =215 (0, — ;) - w o = e (2219
Hence for a(v;, v, w) # 0, the bi-species post-collision velocities are given by:

/ 2fLig

v, =v; — —((’vZ —v;) -w)w, (2.2.16)
m;
255

v = v+ L (0~ ) w)w. (2.2.17)

J

2.2.2 Properties of the Mono-Species Collision Operator

In this subsection, the properties of the mono-species collision operator will be presented. Each property
is given in the form of a lemma, a proposition, or a corollary. Also, a complete step by step proof of

those properties that are consider to be very important for the work developed in this thesis will be given.

11



Furthermore, for clarity in the computations involving the collision integral, the distribution functions will

be written with the velocity argument only. More precisely, the following notations will be used:

[t v)) = f(v)), ft,@,v5,) = f(vi,), [tz v) = f(vi), [(t.z,vi) = f(vir).

Lemma 2.2.1. et f(v;) and ¢(v;) be sufficiently smooth functions which are small at
infinity. Then,

QUi soetwito=1 [ [ [ [whswh) = swsw)

/

X ((p(vi) +o(vis) —p(v;) — 90<’U;*))Bi('vi — Vs, w)dwdv;,dv;.

(2.2.18)

Proof. Multiplying both sides of the mono-species collision operator given in equation (2.1.4) by ¢ (v;)
and then integrate the resulting equation over v, € R?, we obtain:

/RBQ(fi,fi*)QO(vi)dvi
= /Rs /RB /S; [f('U;)f('U;*) - f(’Uz)f<’Uz*)}QD(’UZ>BZ('UZ — Vi, (.t))d(.«.Jd’Uz*d’UZ (2219)

Switch v; and wv;, in equation (2.2.19) above. The cross-section or collision kernel is invariant with the

switching of v; and wv;,, that is,
Bi(vi — ’UZ'*,QJ) = Bl(”l)l — ’Ui*‘, COSH) = Bz(|vz* — ’Ui’, CcOos 9) = Bl(’l)l* — ’Ul',W). (2220)
Also, the switching of v; and v, implies:

Vi=v;— (v;— Vi) wW)w = Vi — (Vi — ;) w)w=vs+ ((v;— Vi) W) w =1,

I
d\

v, =+ ((v;—vi) w)w = v+ (Vi — ;) wW)w=v;— ((v;— Vi) W) w =1
Therefore, equation (2.2.19) becomes:
[t fptoido
R3 JR3 J§2

Next, we use the change of variables (v;, v;) — (v}, v}, ) in equation (2.2.19) to obtain:

/th (v,)do, = Aﬁ$2 mewMWM%mm(mw

go('vz(v vl,)) |J| Bi(v} — vl,, w)dwdv},dv;,

where |J| is the Jacobian determinant of the transformation (v;, v;.) — (v}, v.,). In the sequel, it will
be shown that the absolute value of |.J| is unity. Furthermore, observe that

12



2 = o} - vl

7,*| )

lv; — Ui*|2 = 2|v;[* 4 2|vi]* — |v; + i

where use have been made of the conservation laws of linear momentum and kinetic energy given in
equations (2.2.6) and (2.2.7) in the first equality to obtain the last equality. Therefore, the collision kernel

is invariant under the change of variables, i.e.,

B(v; — v, w) = B(|v; — v, cos0) = B(|v; — v.,|,cos0) = B;(v: —vl,,w). (2.2.24)

Hence we can rewrite equation (2.2.23) as given below:

R3Q<fl’fl* vz dvz /RB/]RZS/SQ f(vz('ui,v;*))f(vz*(v;,v;*))]
cp('vl('v v ))Bl(vi — VU, w)dwdv!, dv,.

(2.2.25)

Observe that subtracting equation (2.2.11) from equation (2.2.10) and then take the scalar product of the
resulting equation with w, we obtain:

(v =) w=(v; —v) w—2(( — V) Ww - w=—(v; —vy) w, (2226

where w - w = 1 was used in the first equality to obtain the last equality of the previous equation. Also,
inverting equations (2.2.10) and (2.2.11) yield:

v; =0+ ((v; — Vi) w)w,

(2.2.27)
Viw = V), — ((vz — V) -w)w.
Using equation (2.2.26) we can write equation (2.2.27) as follows:
v, =V, + — V) W)w = v, — v, w)w = v;(v),vl,).
((vs )-w) (( ) w) ( ) 2.2.28)
v = v}, — ((v; — Vi) - w)w + (v} — v},) - w)w = v (V], v},).

Substituting the expressions for v; (v}, v},) and v, (v}, v.,) above into equation (2.2.25) and rename

('Ug, ’U;*) to (vz'7 vz’*): we obtain:

/R QU fi)e(w)do,

= [0 = 1= (0= vi) - w)) (o + (01 = 02) )]
X p(v; — (v; — Vi) - W)w) Bi(v; — Vi, w) dw dvy, dv;.

Using equations (2.2.10) and (2.2.11), we can rewrite the previous equation as:

/R3 Q(fi, fis)p(vi)dv;
_ /Rs /R3 3 [f () f(v,) = f(v) f(vis)] (V) Bi(v; — 03, w)dw dvy, dv;. (2.2.29)

13



Finally, switching v; and wv,, in equation (2.2.29) above and then use equation (2.2.21) in the resulting

equation gives:

[ QUi fuotoidn
- — /R3 /R:% ; [f () f(vl,) — f(0:) f(vi)] 0(v,) Bi(v; — vis, w)dw dvy, dv;. (2.2.30)

Summing equations (2.2.19), (2.2.22), (2.2.29) and (2.2.29), then divide both sides of the resulting
equation by 4 gives equation (2.2.18). O

Lemma 2.2.2. The Jacobian matrix J of the transformation (v;, v;.) — (v}, v},) is such that
its determinant, denoted by |J|, satisfies |J| = 1.

Proof. The Jacobian matrix .J is a 6 x 6 matrix which can be given in terms of four 3 x 3 blocks as

follows:

oV v,

9o. Do, I—w®®w wlw
/= o', ov’ N ’

5 ( (‘3_” —wRQw I+twRw

Vix Vix

where v} = v; — ((v; — Vi) - w)w, V), = Vi + ((v; — Vi) - w)w, T is a 3 x 3 identity matrix and
® is the tensor product. In order to evaluate det(.J), we add the fourth column to the first column, add
the fifth column to the second column, and add the sixth column to the third column to obtain:

I wRw
|J| = det
I I+ w®w

Next subtract the first row from the fourth row, the second row from the fifth row, and the third row from
the sixth row to obtain:

I wRw
|J| = det
0 1
Thus the determinant of the previous matrix is
I wRw
|J| = det = 1.
0 1

]

Lemma 2.2.3. Let f(v;) and ¢(v;) be sufficiently smooth functions which are small at
infinity. Then

[t sstwiio,

14



L1
J

L
_ % / 3 / L FF @) (0 + p(wl) = plw:) = o(v:))

X Bi(v; — Vi, w) dw dv, dv;.

2

=
=
w0

v) f(vi,) — f(vi)f(vi*>] ©(v;) Bi(v; — Vi, w) dw dvg, dv;
fwi) (¢

L
f(vi) f(vi) (0(vF) — o(v;)) Bi(v; — v, w) dw dv;, dv; (2.2.31)

=
=
N

Proof. The first equation of (2.2.31) is the definition. It is obtained by multiplying both sides of equation
(2.1.4) by p(v;) and integrating the resulting equation over v; € R3. Observe that it can be rewritten as

given below:

i fetodoi= [ [ ] @050 )e) Bi(w - viw)dw v, do

R3 R3 JR3 J S2 (2232)

—// fwy) f(vi)(v;) Bi(v; — Vi, w)dw dv;, dv;.
RS RS SQ

Using the change the variables (v;, v;.) — (v}, v},) together with the fact that the Jacobian of the
transformation is unity (see Lemma 2.2.2), we can write the first term on the right-hand side of equation
(2.2.32) as given below:

[ ] £ etwi(wh ) Bi(w) — vl w)dw o, do.
R3 JR3 J S2

Using the expression for v; (v, v’ ) given in equation (2.2.28); and equation (2.2.24), we can rewrite the

previous equation as given below:
[ #0rwe (o - (0] - vl w)w) Bu(ws — vies ) do, v
r3 JR3 J 52
Renaming (v’, v’,) to (v;, v.) in the previous equation, we obtain:
/ / f('vi)f('vi*)gp(vi — ((vl — Vis) ~w)w)Bi(vl- — Vi, w)dw dv;, dv;.
r3 JR3 J 52

Using (2.2.10), we obtain that:

Thus the previous integral becomes:

/ / F(0:) f(vis) (V) Bi(v; — v, w)dw dwvy, dw;. (2.2.33)
R3 JR3 J 2
Replacing the first term on the right-hand side of equation (2.2.32) with equation(2.2.33) and summing

the two terms on the right-hand side of the resulting equation gives the second equation of (2.2.31).
Finally, switching v; and v,, in the second equation of (2.2.31) and then use equations (2.2.21)4,

15



(2.2.20), we obtain:

[t soeidoi= [ [ [ dswn) o) - o)

Bi(v; — vy, w)dw dv;, dv;.  (2.2.34)

Adding equation (2.2.34) to the second equation of (2.2.31) and then divide both sides of the resulting
equation by 2 gives the last equation of (2.2.31). This completes the proof. O

Corollary 2.2.4. et f(v;) and ¢(v;) be sufficiently smooth functions which are small at
infinity. Then,

R3 Q(fla fl*)mz d’UZ' = 07

Q(fi, fix)m;v;dv; =0, (2.2.35)

RS

QUi fu) gmi(w,)? o, = 0.
RB

1
Proof. Setting p(v;) = m;, p(v;) = m;v; and p(v;) = Emi('vi)Q, respectively, in (2.2.18), one has
that
(v;) + (Vi) — p(v]) — p(vl,) =0 (2.2.36)

by virtue of the conservation laws of mass, linear momentum and kinetic energy, respectively. More

precisely,
mi—i—mi—mi—mizo,

miv; + M, — mv; — mvl, =0, (2.2.37)
1 1 1 1
§mz’(vi)2 + §mz’(vz'*)2 - §mi(v;)2 - 577%(%*)2 =0

U]

Definition 2.2.5. A measurable function ¢(v;) defined almost everywhere in R? that satisfies
equation (2.2.36), where v’ (v;, v, w) and v, (v;, v, w) are as defined in equations (2.2.10)
and (2.2.11), respectively, is called a collision (summation) invariant.

Since mass m;, linear momentum m;wv; and kinetic energy %mi('vi)Q satisfy equation (2.2.36) as
shown in equation (2.2.37), they are collision invariants.

Remark 2.2.6. The term on the right-hand side of equation (2.2.18) and those on the right-
hand side of the equation (2.2.31) are often referred to as the weak formulation (or weak
form) of the collision integral. These weak forms allow the manipulation of the collision
integral in problems of basic character despite its complicated form. From the mathematical
point of view, these weak formulations are very interesting because they may be well defined
in situations where the collision integral itself is not.
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Proposition 2.2.7. A continuous function ¢(v;) is a collision invariant if and only if there
exist scalar functions a,c € R and a vector function b € R? such that

o(v)) =a+b-v;+c(v;)% (2.2.38)

Proof. See, for example, [8, 35, 37, 60] for the proof of the above proposition. O]

Proposition 2.2.8. Let the distribution function f(v;) be positive and rapidly decaying at
infinity. If we assume that the collision kernel B;(v; — v;.,w) iS Strictly positive almost
everywhere, then

Q(fi, fix) log f(v;)dv; < 0.
R3
Moreover, the following three properties are equivalent:
(1)
/ Q(fi, fix) log fi(v;)dv; = 0,
R3
for all v; € R?,
(ii)
Q(fza fz*) - 07

(iii) f(v;) is a Maxwellian distribution, that is, there exist n;(t,x) > 0, T;(t,x) > 0 and
u;(t, ) € R3 such that

3
m; 2 m,-(vi — ’U/Z’)2
) =n; - |. 2.2.39
f('U ) " (Qﬂ'kBE) &P ( 2]{537—; > ( )
Proof. The proof of this proposition is standard. It can be found for example, in [58] O

2.2.3 Properties of the Bi-Species Collision Operator

In this subsection, the properties of the bi-species collision operator will be presented. Each property will
be given in the form of a lemma, a proposition or a corollary. Also, because of the importance of these
properties especially in relation to hydrodynamics, a complete step by step proof of these properties will be
given. Furthermore, for clarity in the computations involving the collision integral, the distribution functions
will be written with the velocity argument only. More precisely, for i, = 1,2,...,.5 with ¢ =£ 7, the
following notations for the distribution functions will be used:

f(tvmfv;) = f('l);), f(t7m>v;') = f('l);), f(tvm7vi) = f(vi)7 f(t7m7’vj) = f(vj)'

Lemma 2.2.9. et f(v;) and ¢(v;) be sufficiently smooth functions which are small at
infinity. Then
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[ e ewodn=5 [ | / 2 ~ [(@)1(v,)]

o(v;) — cp('v'))BZ]('v vj,w) dw dv; dv;. (2.2.40)

Proof. Multiplying both sides of equation (2.1.5) by ¢(wv;) and then integrate the resulting equation over
v, € R? gives:

[ @t fetoyav
:/R/R . [F(0) f(V)) — f(vi) f(v;)] (i) Bij(v; — v, w)dw dv; dv;. (2.2.41)

Using the change the variables (v;, v;) — (v}, v’;) together with the fact that the determinant of the
Jacobian of this transformation is one (see Lemma 2.2.2 with 7 replaced by j), we can write equation
(2.2.41) as follows:

/RBQ(fi,fj)SO(Ui)dUz‘Zég /]R?’ /S2 L () f(v]) = f(wilv}, v))) f (v (v}, )] 2.2.42)

o (v(v], v))) Bij(v; — v, w) dw dv’; dv;.

) j

Moreover, subtracting equation (2.2.17) from equation (2.2.16) gives:

’ ’ 2mimj 2m,~mj
v, -V, =v; —v; — + (v; —v)) - w)w
J (TTLZ + mj)mi (mz + mj)mj

=v; —v; —2((v; —v;) - w)w.
Taking the inner product with w, we obtain:
(v —v)) - w=—(v; —v;) - w. (2.2.43)

Therefore,

(V) —v)) = —(v; —v;) = |vj—]

j‘:|’UZ‘—’Uj .

Thus,

Bij(v; — vj,w) = Bjj(|v; — v;],c0s0) = By;(|v; — v|,cos0) = B;j(v; — v)j,w). (2.2.44)

77

Thus we can rewrite equation (2.2.42) as follows:

y Q(fi fi)e(vs) d’Uz':/]RS /R3 /52 [f(vz)f(’vj) - f(UZ(vmvy))f(va(”wvj))} (2.2.45)
X

o (vi(v], v))) Bij(v; — v, w) dw dv; dvy.

I J

Inverting equations (2.2.16) and (2.2.17), we obtain:

18



m;
- (2.2.46)
v =] mZJ ((vi —v)) - w)w
Using equation (2.2.43), we can write equation (2.2.46) as follows:
2415 241
v, =V, + Hij (vi —v)) w)w =] — ﬂ((v; — ) - w)w = v;(v], v)),
mi mi
" o (2.2.47)
v; =V — ﬁ((% — ;) w)w =+ ﬁ((v; — ) - w)w = v;(v], V).
Substituting the expressions for v; (v, v’;) and v;(v;, v’;) given in equation (2.2.47) above into equation
(2.2.45), we obtain:
| @t et do
_ / / / 2:“@']' / / 2:“%3
= F)f)) —f{vi— = ((vj—v)) w)w) f (vj+ = ((v;—v)) w)w
R3JR3J 52 my; m;
241i;
X gp((v; — ﬂ((v; — ) w)w))Bij(vi — v;,w) dw dv; dv;. (2.2.48)
my;

Now rename (v;, v’;) to (v;, v;) in equation (2.2.48) to obtain:

/3Q(fi7fj)90<vi) dv;

43/@/34 ;) f(v;) f(’vi 2;%; ((Ui—vj)‘w)w>f<vy+2£;] ((Ui—’vj)'w)“’>]

o
X gp((’ui _ 2Hy ((v; — vy) - w)w))Bij('vi —vj,w) dw dv; dv;. (2.2.49)
m»

7

Using equations (2.2.16) and (2.2.17), we can rewrite equation (2.2.49) as follows:
| @t e do
_ /RS /RS [ L0 (05) = T (0,)] () By 01— v, 0) doo o dv. (2:250)

Adding equations (2.2.41), (2.2.50) and then divide the resulting equation by 2 gives equation (2.2.40).
Therefore, the proof is complete. O

Lemma 2.2.10. Let f(v;) and p(v;) be sufficiently smooth functions which are small at
infinity. Then

et pyetoydo; =5 [ [ [ [rsted) - o0 )]

X (gp(vj) — cp('v;))Bij(vi —vj,w)dw dv; dv; (2.2.51)
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Proof. Switch ¢ and j in equation (2.1.5), then multiply the resulting equation by ¢(v;) and integrate

over v; € R to obtain:
[ et foetw;) dv
—/Rg /Rd . [F() f(v) = f(0;) f(0:)]o(v;) B(v; — v, w) dw dv; dv;  (2.2.52)
Observe that:
Bij(v; — v, w) = Byj(|v; — vil,cos0) = Bij(|v; — v;],c080) = Byj(v; — vj,w).
Therefore, we can rewrite equation (2.2.52) as given below:
/R3 Q(fj, fi)e(v;) dv,
= /RB /R3 y [f () f (V) — f(vi) f(v)]p(v5) Bij(v; — vj,w) dw dv; dv,. (2.2.53)

Using the change of variables (v;,v;) — (v}, v’;) together with the fact that the determinant of the

Jacobian of this transformation is unity (see Lemma 2.2.2 with ix replaced by j), we can rewrite equation
(2.2.53) as follows:

R Q(f]’fl vJ dvﬁ /]R5 /]R3 /82 f(’Uz(’Uz,’UJ))f('UJ('UZ,'U]))}
go(vj('vz, v})) Bi;(v; — v}, w) dw dv’; dv.

Using equation (2.2.44) for the collision kernel and the expressions for v;(v;, v’), v;(v;, v’;) given in

equation (2.2.47), the previous equation becomes:

/RSQ(ij fi)e(v;) dv;

[ ] |t = (o2 o) - ) (o4 225 (ol -

2
X 90(( -+ Fig ((’U; — v;) -w)w)> Bij(v; —vj,w) dw dv; dv}. (2.2.54)
m;

J

Now rename (v;, v’;) to (v;, v;) in equation (2.2.54) above to obtain:

[t foto;) v

/IR3/R3/S2[ v;) f(v;) f(vz- 2?7/;1] ((wi—v;) - w)“)f(vﬁilzj ((vi—v;) 'w)“’>]

1
X go((vj + n’i” (('uZ —v;) - w)w))BZ-j(vi —v;,w)dwdv;dv,. (2.2.55)

J
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Using equations (2.2.16) and (2.2.17), we can rewrite equation (2.2.55) as given below:
[ fetoa,
S /R3 /R3 /s2 [f('v;)f(v;) — f(vi)f(vj)]go(v;-)Bij(vi —vj,w)dwdv; dv;. (2.2.56)

Adding equations (2.2.53), (2.2.56) and then divide the resulting equation by 2 gives equation (2.2.51).
Therefore, the proof is complete. ]

Corollary 2.2.11. Let p(v;) and ¢(v;) withi,j =1,2,...,S, i # j, be functions such that

[ et pewiav and [ QU f)eto;) do
R3 R3
make sense. Then
[ @t tewidvi+ [ s setw)dv,
R3 R3
1
—=5 [ L @) —rw s )] (e +ew)—p(w) —pley) 2257
X Bij('vi — vy, (JJ) dw d’Uj d’l)i.

Proof. It is enough to add equations (2.2.40) and (2.2.51) of Lemmas 2.2.9 and 2.2.10. O

Corollary 2.2.12. Let f(v;), f(v;), ¢(v;) and ¢(v;) be sufficiently smooth functions which
are small at infinity. Then

/ Q(fs, fj)midv; =0, (2.2.58)
R3
/ Q(fs, fj)mv; dv; +/ Q(fj, [;)mjvjdv; =0 (2.2.59)
R3 R3

1 5 1 )
/ Q(fiafj)§mi('vi) dvi+/ Q(fj,fi)ﬁmj(fuj) dv; = 0. (2.2.60)
R3 R3

Proof. Setting ¢ (v;) = m; in equation (2.2.40) gives (2.2.58). Setting p(v;) = m,;v;, p(v;) = m;v;
and p(v;) = %mi(vi)Q, o(v;) = %mj(vj)Z, in equation (2.2.57), we obtain equations (2.2.59) and
(2.2.60), respectively, by virtue of the conservation laws of linear momentum (2.2.4) and kinetic energy
(2.2.5), respectively. ]

Proposition 2.2.13. Let the distribution functions f(v;) with i =1,2,...,S be positive and
rapidly decaying at infinity. If one assumes that the collision kernels B;;(v; — v;,w) with
i,7=1,2,...,5, 1 # j, are strictly positive almost everywhere, then

s S
>3 [ @t s fiw)dv <0

i=1 j=1
J#i
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Moreover, the following three properties are equivalent:

(i) for all v; € R?

s s
S>3 [ ath fyees v —o.
i=1 j=1 /%
J#1
(i) fori,j=1,2,...,Swithi+#j
Q(fh f]) = 07
(iii) there exist ny(t,x) > 0withi=1,2,...,S, u(t,z) € R®and T(t,x) > 0 such that
. my; % mi('vz- — ’U,)Z
flvg) = nz(%kBT) exp ( ST ) (2.2.61)

Proof. Using equation (2.2.57) with ¢(v;) = log f(v;), ¢(v;) = log f(v;), we obtain:

s S s S
ZZ/RS Q(fi, f;)log f(v;) dv; = —%;;/R3 /11@ /52 [f(vg)f(”;‘) - f(”i)f(”j)}

i=1 j=1
i i
v)) f(v
X log (M> Bij (’UZ'—’UJ', LU) dw d'vj dv;. (2.2.62)
f(vi) f(v))
Observe that each of the integrand in the summation of integrals in the previous equation is of the form
(a — b) log %B, (2.2.63)

where in each case
a= f(v)f(v;), b= f(vi)f(v;) and B = By(v; —vj,w).

If a > b, then both (a — b) and Iog% are positive. If a < b, then both (a — b) and Iog% are negative.
Observe that, in both cases (i.e., a > b and a < b), equation (2.2.63) is positive, since by assumption
B;j(v; —v;,w) is strictly positive almost everywhere. Therefore, the integrand of each of the integral in
summation of integrals given in equation (2.2.62) is always positive. Thus

s S
S>3 [ QU foes) v <o,

i=1 j=1
J#

as required. Furthermore, observe that since equation (2.2.63) is positive, equation (2.2.62) reduces to:

S S
ZZ/RSQ(fi’fj>Ingi(vi) dv; =0 (2.2.64)
i=1 j=1

J#i

if and only if
f) f(v}) = f(vi) f(v)).
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The previous equation accounts for the the equivalence between () and (7).
Now let us prove that (7) implies (i77). Suppose that (i) holds, this implies that f(v;) f(v)) =
f(v;) f(v;). Therefore, there existn; (¢, ) > Owithi = 1,2,..., S, u;(t,x) € R*and T;(¢, ) > 0

such that 3 ( .
m; 2 mi\v; — U,
o) = () e (- D)

see Lemma 3.4 of [58]. It remains to show that w; = w; = wand T; = T; = T'. To do this, observe
that f(v}) f(v);) = f(vi) f(v;) implies that:

mi(v] —w)? | my(v) —u)* m(v; — w)’ L ()~ ug)”

kT, kgD, 2kl kT,

Using equations (2.2.16) and (2.2.17), we can rewrite the previous equation as follows:

m; 2415 ’ m; 2pi; 2
T, <vl (vi — ) w)w u,) +2kBTj v; + (v; —v)) - w)w — u,

m; m;
(). — 71.)2 (2y. — 21.)2
— ml(lvl ul) + m](vj u]) (2265)
2kgT; 2kpT;
Observe that
ms D0 2
PR
mi(v;)? 2 9, 2 m;
T, T, (w-v;) +/€BTi (w-v;)(w-v;) T, (u;-v;) ( )
m; 2,um 2 2,ulj 2,Uzj ml(“’l)Z
e (2 (1)) + 2 - 1))~ P () )+
m; 245 ?
m;(v;)* | 2p 21135 o my
— v, L) — N2 T 2967
2k‘B7} + kBI—Y] (w v )(w v]) kBT7< Iv]) kBCij (u] v]) ( )

2 2
My (255 Y = ZH N o) b 2P ) () 4 T ()
o (2 (01 0)) 2 ) o) 0, ) +

and
mi(v; — u;)? I u;)’
2kpT, SkpT,

- mi(”i)2 oy
© 2kgT; kg,

mi(ui)®  my(v)®  my ?

2%pT, | 2ksT; kgl

m;(u;)
kT,

Therefore, substituting Egs. (2.2.66), (2.2.67) and (2.2.68) into Eq. (2.2.65) gives:

w0 2y e 2 (@) (@) ome
2]{:37—‘2 sz_; ((AJ 'vz) + ij (w ’U]) 1—; + T le,_Z_‘Z ('U,Z U’L)

J

23



B J

241 mi(w)? | my(v;)® 2 o My
kBE ((—U UJ)(w ul) + 2kB]jz 2]{:37} kB]‘vj (w v]) k/‘szy (uJ v])
2 2
+ YenT, (mj ((v; — vy) w)) - kT, (w-vj)(w-u;)+ 2nT,
_omai(vi)? m (- v) + mi(u,)®  my(vy)? oy (u; - v;) + m;(u;)?
2T, kpl 2%pT; | 2T kgl 2T,
. . . 2Nij .
Equating terms with coefficients k—(w - v;), we obtain
B

which is only possible if w; = w; and T; = T} since w # 0.

Finally, let us prove that (zii) implies (¢). This can be done by inspection: for instance one can
observe that if f; is a Maxwellian distribution, then log( f;), is a linear combination of 1, v; and (v;)?, so
that

log f(v;) + log f(v}) — log f(v;) — log f(v;) = 0.

Therefore, as a consequence of Proposition 2.2.7, there exists constants a, b, b, b3 and ¢ such that the
following equation holds:

f(v;) = exp(a + b'v; + b*0? + b*v} + c(vy)?).

Setting
mi O\ ? mi(w;)* ., myul m;
= | ; i _ I\ b:#’ 1=1,2,3, _ i ’
R (%kﬂ;) 2k, kT, T kT
forn; > 0, T; > 0 and u; € R? gives equation (2.2.39). This completes the proof. OJ

2.2.4 Macroscopic Quantities

Here, the macroscopic quantities associated with the distribution functions will be given.

2.2.4.1 Number Density

The number density of the species is denoted by n;(¢, ). It is obtained by integrating the distribution
functions over all possible velocities. More specifically,
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2.2.4.2 Mass Density

The mass density of the species is denoted by o;(t, ). It is obtained by multiplying the distribution

functions by m; and integrating over all possible velocities. More specifically,

R3
Because of the probabilistic meaning of the distribution function, the mass density is the expected mass
per unit volume at (¢, ) or the product of the molecular mass m; by the probability density of finding a
molecule at (¢, x).

2.2.4.3 Bulk Velocity

The bulk velocity of the species is what can be directly perceived of the molecular motion by means of
macroscopic observations. It is denoted by w;(t, ) and is defined as given below:

m;v; f; dv; 1
ui(t,x) = & =— m,f;dv;, i=1,2,...,8, (2.2.71)
m; fi dv; 0i(t, @) Jeo
R3

2.2.4.4 Momentum Density

The momentum density of the species is also referred to as the mass flow. It is obtained by multiplying
the bulk velocity u; by the mass density o;. More precisely,

R3

Remark 2.2.14. The velocity of each molecule v;(t, x) can be split into the sum of the bulk
velocity u;(t, ) and a velocity which we shall denote with &,(t, x), that is,

vi=u+& = dE¢ =dv, (2.2.73)

The velocity &, describes the random deviation of the molecular velocity from the ordered
motion with the bulk velocity. It is usually called the peculiar velocity or random velocity
and is equal to the velocity of each molecule v; when the bulk velocity w; = 0. Furthermore,
observe that

/ i, fidé, = 0, (2.2.74)
R3

where use has been made of equations (2.2.70) and (2.2.72).

2.2.4.5 Momentum Flow

The momentum flow of the species is given by:
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mivi(vifi)dvi:/ m;(v; @ v;) fidv;, i=1,2,...5.
R3 R3

Using equation (2.2.73), we can rewrite the previous equation as given below:
mi(v; @ v;) fi dv; = (u; @ w;) [ m;fidv; + 2ui®/ m;&, fi dv; +/ m(&; ® &;) fi d§,;.
R3 R3 R3 R3

Using equation (2.2.70) for the first term and equation (2.2.74) for the second term on the right-hand
side of the previous equation, we obtain:

m;(v; @ v;) fi dv; = 05(u; @ u;) + [ my(€; ® &) fi dE; . (2.2.75)
R3 R3

~—
P;

Thus the momentum flow decomposes into two components. The first term on the right-hand side of equa-
tion (2.2.75) is the macroscopic momentum flow and the second term is the pressure tensor. Furthermore,
when the pressure tensor is expressed with a minus sign, it is referred to as the stress tensor.

2.2.4.6 Energy Density

The energy density of the species is obtained by multiplying the distribution functions by the kinetic energy
%mi(vi) and then integrate the resulting expression over all possible velocities to obtain:

1 1
/ _mi(vi)in d’l)z' - = 77%(’01)2‘](‘1 dvi, 7= 1,2,...,5.
RS 2 2

R3

Using equation (2.2.73), we can rewrite the energy density as given below:

1 1 1
5 mi(vi)in dg; = —(Ui)Q m fi d€; + u; - / m;&; fi dv; + = mi(Ei)2fi dg§;.
2 R3 2 R3 R3 2 R3

Using equation (2.2.70) for the first term and equation (2.2.74) for the second term on the right-hand

side of the previous equation, we obtain:

1 1 1
— | mi(v)?fidvi = —(w)?0i + = | mu(€,)fi dE,. (2.2.76)
2 R3 2 2 R3

The first term on the right-hand side of equation (2.2.76) is the kinetic energy density. The second term
is ascribed to the internal energy density and is denoted by p;e;. Therefore, equation (2.2.76) can be

rewritten as:

1 1 1
= [ mi(v)*fidv; = Z0i(w;)* + gie;,  where  ge; = = [ my(&;)2f; dE,. (2.2.77)
2 R3 2 2 R3

Remark 2.2.15. Comparing the internal energy density (i.e., o;e; defined in equation (2.2.77)
above) and the pressure tensor P; given in equation (2.2.75), we see that the internal energy
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density is related to the trace or spur of the pressure tensor. More precisely, we obtain:

1
0;€; = §tTPZ
Furthermore, the trace of the pressure tensor divided by 3 is usually associated with the

pressure of a gas. Therefore, if we denoted the pressure of a gas by p;, we obtain:

1 2
pi(t,x) = gtT’Pz' = gQiei- (2.2.78)

2.2.4.7 Temperature

The temperature of the species is denoted by 7;. It can be obtained using the fact that the equation of
state of an ideal gas is given by p; = 0;kgT;, where kg is the Boltzmann constant. From the equation
of state, one has that the expression for temperature can be obtained in terms of the distribution function
as follows:

n 2 1 1

,‘Z—%ta = = S UiC4
(t,x) ok 39¢

i—— = mi(&;)° f;d€;, i=1,2,...,5. (2.2.79)
oikp 30ikp /RS (E) Jidg

2.2.4.8 Energy Flow

The energy flow of the species is obtained by multiplying the distribution functions by v; ( mz(v,) ) and
integrating the resulting expression over all possible velocities, i.e.,

1 1
/ ”i<‘mi("’i>2fi) dv; = = [ mi(vi)*vif;dvi, i=1,2,...,5
R3 2 2 R3

Using equation (2.2.73), we obtain:
1

= mi(vi)2vifi dv;
2 Jgrs

= %ui(ui)Q /3 m; fi d&i +u; (Uz‘ : /3 mz‘fifz‘ dﬁi) +u; % /]R3 mi(£i>2fi dfi
_,_/ %,_/ ~ _

g
Qi€q

() / i€, €, ;- / i @ €)Fde / ik (€) F: €,

l\DI»—t

where use have been made of equations (2.2.70), (2.2.74), (2.2.77) and (2.2.75). Therefore,
1 1 1
— [ m(v)*ifi dv; = = o;ui(w)? + wi0ie; + u; - Py + = / m&; (€)% f; d€;.  (2.2.80)
2 Jgs 2 2 Jgs

The first two terms on the right-hand side of the previous equation is the energy flow due to macroscopic

convection. The third term can be interpreted macroscopically as the work done by the pressure tensor in

unit time. The last term is the heat flux vector and will be denoted by g,. Thus equation (2.2.80) can be

rewritten as:
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1 1
3 mi(v;) v fi dv; = (5(’“@)2 + €i> oiu; +u; - P; +q,. (2.2.81)
R3

2.2.5 Macroscopic Equations for the Multi-Species System

Macroscopic equations like the equations of continuity, motion and energy balance for the species can
be derived from the MBEs (2.2.1) without determining the actual form of the distribution functions. To
see this, we multiply the MBEs given in equation (2.2.1) by an arbitrary function of the microscopic state
of the particles, say ¢ (v;) and integrate the resulting equations over all possible values of the velocity
component, to obtain:

g %gp(vi)dvi +/ v; %g@(vi)dvi

RS
s
R —1 JRS
i
Equation (2.2.82) above is called the transfer equation or equation of transfer*. Using Leibniz integral

rule, more precisely, the Leibniz rule for differentiation under the integral sign, we can rewrite the first and
second terms of the left-hand side of equation (2.2.82) as follows:

f; B
2l (e de, = — o(v;)dv;. 2.2.84
/RS Vi 5 p(vi)dv; = o . v fip(vi)dv; (2.2.84)

Therefore, equation (2.2.82) can be rewritten as given below:

0 0
9t Js fip(v;)dv; + 9z Jis v fio(v;)dv;

S
—/ Q(fi,fi*)so(vi)dvﬁZ/ Q(fi, [;)¢(v;)dv; (2.2.85)
R3 =1 R3
JFi

Setting (v;) = m; in equation (2.2.85), we obtain fori = 1,2,...,S:

0 0 5
= m; fidv; + — m;v; fidv; Z/ miQ(fi, fir)dv; + / m;Q(fi, fj)dv;
875 R3 8:8 R3 R3 ( ) ; R3 ( J)

JFi

4Indeed, it was the equation of transfer rather than the MBEs, that Maxwell inferred, for an arbitrary function of the velocity
variable alone. The requirement that the distribution functions f; shall satisfy the equation of transfer for this arbitrary function
of the velocity variable may be weaker mathematically than the condition that it satisfies the MBEs itself. Furthermore, a more
general relation known as the Enskog's equation of transfer is obtained when the arbitrary function is not a function of the
velocity variable alone.
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Using equations (2.2.70) and (2.2.72), respectively, for the fist and second integrals on the left-hand side

of the previous equation, we obtain:

3&
8t

5 (o) / miQ(fi, fin d'Uﬁ—Z miQ(fi, fi)dvi, =12, 5. (2.2.86)
Hﬁz

Setting ¢(v;) = m;v; in equation (2.2.85), we obtain fori = 1,2,...,S:

mlvl fidv;+

0
ot 9z Rgmz('l)'L@’Uz fidv;= /mz iQ(fi, fix) dvz—l—Z/mlle fis fi)dv;.
J#Z

Using equations (2.2.72) and (2.2.75), respectively, for the first and second integrals on the left-hand side

of the previous equation, we obtain fori = 1,2,..., 5"
) ) >
30U T | 0i\ Uy i i) = m;v; iy Jix i m;v; irJj i- \&.c.
8t< uit (0i(u;@u;)+P;) v;Q(fi, fin)dv;+ v;Q(f;, f;)dv;. (2.2.87)
€T R3 =1 R3

i
. 1 9. : : :
Setting p(v;) = ém,(vz) in equation (2.2.85), we obtainfori = 1,2,...,5:

01 , 1
5 ()" fidvi + - ivi(v;)? fidv,
53 fm('v)fv—l—aa22 R3mv(v)fv

=z mi(vz) Q(fufz* dvz+ Z mz Uz Q(flvfj)dvl

2 Jgs
J#Z
Using equations (2.2.77) and (2.2.81), respectively, for the first and second integrals on the left-hand side

of the previous equation, we obtain:

0 (1 0 1 )
825( 0i(u;)’ +Qi€i> +a—m[(§<uz) +ei>giui+ui'Pi+qi:|

S
= 1 mz(’UZ)QQ(fZ, fl*)d'v% Z /H€3mz(vz)2Q(fl, fj)d'vi, 1= 1, 2, ey S. (2288)
j=1

2 R3
J#i
The Equations given in (2.2.86), (2.2.87) and (2.2.88) are the continuity, momentum balance and energy
balance equations, respectively.

Proposition 2.2.16. Let f; with i = 1,2,---,.S be solutions of the MBEs (2.2.1) that are
continuous almost everywhere in (t,x) € R, x R?® and with compact support on RS . Then
the local conservation of mass, momentum and energy hold and they are, respectively,
given by:
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ot +a_m<gzuz) =0, 1=1,2, , S,
5.9 5
; 5(@1“2) + ; %(Qz(uz ®u;) + P;) =0, -
5 s
0 (1 ) P 1 )
JR— — . . . . —_— p— . . - . . P. ) —
; ot <2Q1('Uzz> + Ql€z> + ; D Kz(u@) + el> ou; + u; - P; + g, 0,

Proof. The conservation of mass (i.e., the first equation of (2.2.89)) is obtained by using the first equation
of (2.2.35) and equation (2.2.58), respectively for the first and second integrals on the right-hand side of
equation (2.2.86).

The conservation of linear momentum for the mixture (i.e., the second equation of (2.2.89)) is obtained
by using the second equation of (2.2.35) and equation (2.2.59), respectively, for the first and second
integrals on the right-hand side of equation (2.2.87), and then sum the resulting equation over 7.

The conservation of energy for the mixture (i.e., the third equation of (2.2.89)) is obtained by using the
third equation of (2.2.35) and equation (2.2.60), respectively, for the first and second integrals on the
right-hand side of equation (2.2.88), and then sum the resulting equation over . OJ

2.3 Reactive System of Monatomic Gases

This section studies a chemically reactive multi-species system of monatomic gases. A kinetic model that
describe how the species distribution functions change due to free streaming and collisions is presented.
This kinetic model is known in the literature as the “Simple Reacting Sphere” (SRS) kinetic model and it

is one of the two kinetic models whose hydrodynamic limits will be studied.

2.3.1 The Simple Reacting Sphere Kinetic Model

The SRS kinetic model is based on the kinetic theory of simple reacting spheres proposed by Marron in [82],
but was developed by Xystris, Dahler and Qin in [42, 96, 112]. Some aspects of the mathematical analysis
of the SRS kinetic model have been investigated, see, for example, [33, 61, 92, 93]. Here, we introduce
the model and briefly describe some of its properties that will be needed for the analysis developed in
this thesis. The presentation of the kinetic model in this chapter follows [5]. Other details about the SRS
kinetic model can be found in the references quoted above.

To describe the SRS kinetic model, we consider a mixture of four monatomic like gases: A1, Ao, Az
and A,. These gases participate in a bi-molecular reversible chemical reaction of type:

A+ AQ — A3 + A4. (2.3.1)

Equation (2.3.1) above means that species A;, A, react to produce species Az, A, and conversely,
species Az, Ay also react to produce species A, A>. More specifically, species A, A, are reactants,
while species Az, A, are products of the forward chemical reaction and vice versa for the backward or

reverse chemical reaction. The species A;, A, and A3, A, are called the reactive species or the reactive

30



pairs. Furthermore, let m; be the mass, d; the diameter, £; the formation or chemical binding energy
and ¢; the activation energy of the species A; with i = 1,2, 3,4. Conservation of mass holds for the
chemical reaction (2.3.1) and is given by:

mi + Mmoo = ms+ my. = M* (232)

The reaction heat denoted by () g, is given by the difference between the formation energies of the products
of the forward reaction and those of the reactants. More specifically, the reaction heat can be written

mathematically as:
Qr= L3+ FEy— By — Ey. (2.3.3)

This means that the forward reaction
A+ Ay — A+ Ay
is exothermic if Qg < 0, otherwise, it is endothermic. In addition, (; is such that

G=0C, G=G and G=¢—Qr (2.3.4)

2.3.1.1 Collision Dynamics

Particles in the mixture undergo binary elastic and reactive collisions, both of which are of hard sphere
type and obeying the chemical law described by equation (2.3.1). Elastic collisions take place between
particles of the same species, as well as between particles of different species. These elastic collisions
result in changes in the velocities of the colliding pair. The cross-sections of an elastic collision between

particles of species A; and A is defined as:
1
ol =(di+d)’  is=1,234 (2.3.5)

Now let v; and v, be the pre-collision velocities, while v} and v’ are the post-collision velocities. The
conservation laws of linear momentum and kinetic energy for elastic collisions between particles of different
species are, respectively, given by:

miv; + msvs = m;v, + mgv’, (2.3.6)
Lo 1 R VTR 1\2
§ml<’01) + ims(vs) = §m,(’vi) + §ms(’l)s) s (237)

while that of same species collisions are given in equations (2.2.2) and (2.2.3), respectively. Using equa-
tions (2.3.6) and (2.3.7) above and following the steps used to obtain equations (2.2.16) and (2.2.17), we

obtain the post-collision velocities in terms of the pre-collision velocities as given below:

v =wv; — olis ¢ (e,v; — ), (2.3.8)
m;

v = v, + 2" e (e,v; — v,). (2.3.9)
m



In equations (2.3.8) and (2.3.9), ;s is the reduced mass defined in equation (2.2.15), but with 5 replaced
by s. The term € is a unit vector directed along the line joining the centre of the two spheres at the moment
of impact, i.e., € € Sy ={€ € R®: |[€|| =1, (€,v; — v,) > 0}. Moreover, (-, -) represents the
inner product in R3 and || - || is the norm induced by this inner product.

Remark 2.3.1. Note that if we use spherical coordinates with 6 € [0, /2] as the polar angle
between v, — v, and €, while ¢ € [0,2x]| is the azimuth angle in the plane orthogonal to
v; — v, then € is such that: € = (sinfcos ¢, sinfsin @, cosh). Also, (€,v; —v,) = V, cosb,
where V, = ||v; — vs|| = |v; — vs| IS the norm of the relative velocity before collision.

Concerning reactive collisions, a collision between the particles of species A; and A; with pre-collision
velocities v; and v, respectively, will result in a chemical reaction if the kinetic energy associated with the
relative motion of the colliding pair, along the line of their centres is greater than or equal to the activation
energy, that is,

%% (e,v; — ;)" > (. (2.3.10)
These reactive collisions result in: changes in the velocities of the colliding pair, rearrangement of masses,
redistribution of formation energies and transformation of the reactants into products . If A and A,
represent the products of the forward chemical reaction with post-collision velocities v} and vy, respec-
tively, then the conservation laws of linear momentum and total energy (kinetic plus binding) for reactive

collisions are, respectively, given by

m;v; + m;v; = mkvko -+ ml’UZO, (2311)
1 1 1 1
E;, + Emi('v,-)Q + E; + 5mj(vj)2 = F, + §mk(v2)2 + E + le(vf)z, (2.3.12)

where the indices are such that (i, 5, k, 1) €{(1,2,3,4), (2,1,4, 3),(3,4,1,2), (4, 3,2, 1)}. From now
on, if nothing is said about the indices or subscripts (i, j, k, 1), we assume that they are as introduced
above.

Remark 2.3.2. From the condlition for a reactive collision to occur (2.3.10), we have that

2G;
(€,v; —v;) > —C
Hij

Using the definitions of the unit vector e and relative velocity norm V* = ||v; — v,|| before
the collision, we obtain

2G;
Ve > % =Zj, (2.3.13)

Hij
where =,; is the threshold relative velocity required to assure that the collision will be of
reactive type. O

The reactive cross-sections for the forward and reverse chemical reactions is defined in terms of their
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threshold relative velocities by:

[1]
[1]

B120%y, (€,v1 —vg) > i, B3103,, (€,v3 —v4) > Zay,
” 2

07 <€7 U1 — v2> < Zi2, O, <€,’03 — ’U4> < 534,

[1]

where the coefficients (315 and 34 play the role of steric factors. These steric factors are such that
0< B2, P34 < 1.

The post-collision velocities for the forward chemical reaction A; + Ay — Az + A4 are given by:

1
v = ii [mlvl + Mavy + My % {(vi — v3) — € (€, (V1 — v2)) + ew‘}] ,
* 34
(2.3.15)
v = MV + Moy — Mg w{(m—vg)—e(e,(vl—vg))—l—ew’} ,
M, 34

where w™ = \/((6, (’Ul — '1)2)>)2 — QQR/,UH-
Analogously, the post-collision velocities for the reverse chemical reaction A + A, — A + A, are given

by:

1
v] = {m303+m4’04+m2 @{(’03 —vy) — €€, (v3 — vy)) +ew+}} )
M, H12
. (2.3.16)
V=g [mS’Us +mavg —myy [P (v —v1) — € (e, (w3 — va)) +ew' ],
* Hi2

where (JJ+ = \/((E, (’Ug — ’U4)>)2 + 2@}%/#34-
To conclude this subsection, let me recall some properties about the dynamics of the reactive collisions.
These properties are given in the form of lemmas.

Lemma 2.3.3. for a reactive collision, the following properties hold:

1 1

5%(”1‘ —v;)’ = 5%1(’02 —v))* + Qr, (2.3.17)
15 ((€,0; — v;))° = pw ((€, v — v7))? + 2Qr, (2.3.18)
1 1
Eﬂij ((e,vi — Uj>)2 -G = 5/%1 ((e, vy — ’U?>)2 — Gk, (2.3.19)
%
(e,v; —v;) = (‘ﬂ) Wt (2.3.20)
Hij

Proof. To prove equation (2.3.17), we use the conservation of total energy for reactive collisions given in
equation (2.3.12), but written in a slightly different form as follow:

5 1

1 1 1
57712(’01) —+ §mj(vj)2 = imk(’UZ)2 + §ml(’0?)2 + Ek + El — Ez — Ej.

Using equation (2.3.3), we can rewrite the previous equation as:
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1 1 1, ., 1
57’1%(’002 + émj(vj)Q = §mk(vk)2 + §ml(’vl )2 -+ QR-

Multiplying both sides of the previous equation by m; + m; = my, + m; = M, we obtain:

1 1 1 1
(ﬁmi(vi)z + §mj('vj)2> (m; +m;) = (amk(’UZ)Q + le(v}’f) (my, +my) + MQpg.
Expanding, we obtain:
Lo oo o 1 g, 1 2, L a0 o
5 (vi)” + §mima’(vi) + §mimj(vj) + §mj(vj)

1 1 1 1
= §mi('v2)2 + émkml(vzf + Emkml(v?)z + §m12('uf)2 + MQrg.

The previous equation can equivalently be written as

1 1
§(mifui + myv;)? — mm;(v; - v;) + émimj('vif + §mimj('vj)2
[¢] o [e] o 1 o 1 o
= —(mypvj) + mw))? — mpmy(vy - v7) + =mmy(vR)* + —memy(v))?: + MQg.

2 2 2

Applying the conservation of momentum given in equation (2.3.11) and then factorising, we obtain that
the previous equation reduces to:

s (5007 = (01 +07) + 503 ) = mum (G052 = (0 -97) + 5007 + M.

The previous equation can be rewritten as:

1 o o
§mimj (’Ui — 'Uj)2 = §mkml (’Uk, — )2 -+ MQR

Dividing both sides of the previous equation by M and using the definition of reduced mass given in
equation (2.2.15), we obtain equation (2.3.17).

To prove equation (2.3.18), we use the fact that the pre-collision and post-collision relative velocities
can be split into the tangential and normal components as given below

vi—v;=(€,v; —v;)€+(e,v;, —vj) e, v —v]=(€,v; —v])€+(e, v —v]) €, (2.3.2])

where €’ is the unit tangent vector perpendicular to the unit normal vector €. Substituting equation (2.3.21)
into equation (2.3.17) and multiplying the resulting equation by 2, we obtain:

Mij((el, v, — vj> € + <67 U; — vj) 6)2 = :ulcl(<€,7 ’UZ - ’U?> € + <€> UZ - ’U?> 6)2 + QQR'
Expanding, we obtain:
i (((6'7 v; — ;) +2(€,v; —v)) (e,v; —v;) € - e+ ((e,v; — Uj>)2)

= #kl<(<€/7vz - ’Uf))Q +2 <6,7’UZ - ’U?> <€7’UZ - ’U?> €-€ + (<€7’UZ - ’U?>)2> + 2QR
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since €’ is perpendicular to € (i.e., € - € = 0), we have that the above equation reduces to:

s (€00 = 03))* + (e 00— 0:))?) = g (€07 = w7))? + (e, 0], = 07))?) + 2Qn.
Expanding the previous equation, we obtain:

1135 (€', 05— ;) )+ i ((€, i —v;))> = pa ((€', v —v7) ) >+ pra (€, v — 7)) > +2QR. (2.3.22)

Using the fact that in a hard sphere collision, the tangential component of the relative velocity remains

unchanged, see [36] page 2, we obtain:
pii((€', v —v))* = (€, v}, — 7))
Therefore, equation (2.3.22) reduces to equation (2.3.18).
To prove equation (2.3.19), we substitute equation (2.3.4)3 rewritten as Qg = (; — (; into equation
(2.3.18) and then divide the resulting equation by 2 to obtain:

1 1
5/@((‘% v; —v;))* = 5#1@1((67’02 —v7))? + G — G-

Subtracting (; from both sides of the previous equation gives equation (2.3.19).
To prove equation (2.3.20), we divide both sides of equation (2.3.18) by ;5 to obtain:

2 Mkl o o2 | 2QR
(e, vi—vy))" = — ({6, v —v)))" + —
Hig Hij
Hkl o o2 2QR)
= — €,V, — U + —.
Mg ((< g l>> Kokl
Taking square root of both sides gives the desired result. Thus the proof is complete. O

Lemma 2.3.4. For a fixed vector €, the Jacobians of the transformations (v;,v;) — (vj, v})
and (vg,v;) — (ve,v9) are, respectively, given by

7 J
3 ° o 3
(@) levi—vi) _ o (u_) (e, vi —v;) (2.3.23)
/*LZ] (.U+ :uk'l w
Proof. For the proof of this lemma, see Lemma 4.2.3 pages 93 to 94 of [33]. O

2.3.1.2 SRS Kinetic Equations

The state of the reactive mixture is described by the distribution functions f;(¢, x, v;), withi = 1,2, 3,4
and (t,x,v;) € Ry x Q2 x R3. These distribution functions represent the density of particles of species
A;, expressed in moles, which at time ¢ are located at position a and have velocity v;. The functions f;

are related to the molar concentrations c; as given below:

ci(t,x) = fi(t,x, v;) dvy, t>0, ¢z, i=1,23, 4. (2.3.24)
R3
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In absence of external forces, the SRS kinetic equations, that is, the Maxwell-Boltzmann type equations for
a reactive multi-species mixture of monatomic like gases are given by

Of; afi

+ v, - =JFE+ R in Ry x QxR3 for i =1,2,3,4, (2.3.25)
ot ox

where JZ-E is the elastic collision operator and JZ-R is the reactive collision operator. These collision operators

are defined as follows:

98 =0t [ [ 1A = hh v - o) dedos,
R3 J§%
4
#3001 ) e v v ded, 2.3.26)
= '

BUO-Z] / / fz f] fzf]] (<6 vV, — j> - Eij) <6,’Ui — ’Uj> de d’Uj7

=sr [, [(“) il I,

In Egs. (2.3.26) and (2.3.27) above, f;, fi, f!, fi. are as given in Eq. (2.1.6), while

O ((e,v; —v;) — Z;) (6,v; — v;) dedv,. (2.3.27)

fj :f(t7w7vj)>fs :f<t,$,’l)5),fjl-:f(t,$,v;), f;:f(tvmvav ka:f(t>m’vz)7flozf(tvw7v7)'

Furthermore, © is a Heaviside step function, defined at x € R by:

1 x>0,

O(x) = { ’ - (2.3.28)
0, x < 0.

Equations (2.3.25) together with (2.3.26) and (2.3.27) constitute the SRS kinetic system.

In equation (2.3.26), the first term on the right-hand side represent collisions involving particles of the
same species and the indices 2 and 1, are used to distinguish their velocities. This term is the standard
collision integral for a single gas (mono-species). It will be denoted by J[”E. The second term on the
right-hand side of equation (2.3.26) describes elastic collisions between particles of different species (bi-
species) and it will be denoted by Jf’E. The last term on the right-hand side of equation (2.3.26) singles
out those pre-collision states that are energetic enough to result in chemical reaction. This term prevents
the double counting of these collisions in the elastic and reactive operators. It will be denoted by Jf]*E
Accordingly, in what follows, for « = 1, 2, 3, 4, we will sometimes write

JE = JrE+ P = J5E, (2.3.29)
with the following notations:

b= Ui‘/ [fi/fi/* - fifi*} (e,v; — v;,) dedv;,, (2.3.30)
R? Js?
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JPE = Z ol / 1 = fif) (€, vi — v,) dedws, (2.3.31)
SZ
s#z

QL.S

JrE = Bijo Z]// Lfi'fi" = fifi1© ((e,vi — v;) — Eyj) (€, v — v;) dedv;.  (2.3.32)

The following proposition provides an alternative form of writing the sum of the elastic collision operator

JE and the reactive collision operator J*, which is very useful to interpret the collision dynamics of the
model, in particular, the role of the operator .J/*".

Proposition 2.3.5. The sum of the elastic collision operator given in equation (2.3.29) and
reactive collision operator given in equation (2.3.27) can be written as:

serafi=at [ [ 1R~ ff] evi - o) dedvs,
RS Js2
+ 01'21@/ / [fi' fi. — fifx] (€,v; — v}) dedvy,
R3 Si
+ 0oy / /S Lfifl — fifi] (e,v; — v;) dedv,
R3 2
N (2.3.33)

+ O'?j /]Rs /Si ' i = fifi] © (i — (e,v; — vy)) (€, v; — v;) dedv;

+(1—5ij)03j/RS/S2 L1 — fifi]© ((e,vi — ;) — Zij)(€, vi — v;) dedv,

2
o2 Hij \ pogo pr
+62J0_U/]1§3/Si[(/~bkl)fkfl foJ @

where (i, j, k1) € {(1,2,3,4),(2,1,4,3), (3,4,1,2), (4,3,2,1)}.

(<E, ’UZ‘—’Uj> _Eij)<€7 ’UZ'—’Uj> de’Uj,

Proof. Setting ¢ = 1 in equations (2.3.29) and (2.3.27), respectively and then take the sum of the
resulting equations, we obtain:

J1E+J1R:U%1/ / [f'f1, = fifi] (e,v1 — v1,) dedvy,
RS Js2
o2, / / £ = fufs] (6,01 — v3) dedvs
r3 Js2 L .

+‘7%3/ / f{fsl—f1f3 (e,v1 — v3) dedvs
R3 JS§% - .

+01, / / il = fifal (e, 01 — vy) dedvy
R3 J§Z - -

— 6120%2/ /S [f{fQ, — f1f2] O ({(e,v1 — v2) — Z12) (6,7 — v3) dedvy

+ Bty | /S [(“”) fii - f1f2]
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X O ((€,v7 —v3) — E12) (€,v1 — v3) dedv,. (2.3.34)
The second and fifth terms on the right-hand side of equation (2.3.34) above can be combined to give:
Oty /R3 /S2 [f{le — f1f2] (€,v1 — a) (1 — S120 ({€,v1 — Vo) — Ey2) )dedvy.  (2.3.35)
2
Using the identity ©(x) + ©(—z) = 1, we can rewrite expression (2.3.35) as:
o, /R /S (6 (e w1 —v2) ~Z12) 40 (F12 — (.01 — 02)) ~ 5120 (€01 — v2) 1) )
+
X [file - f1f2] (€,v1 — vy) dedvy.
Factorising the previous expression, we obtain:
032/ / (6 En — (e, 01 —v2)) + (1= B12)O (.01 — v2) — Z) )
R3 J§%
X [f1f2/ - f1f2] (€,v1 — vy) dedv,.
Expanding the previous expression, we obtain:

Ufz/ /2 [f1f2/ - flfQ] O (212 — (€, v1 — v2)) (€,v1 — V2) dedvy
R3
" (2.3.36)
sobU=pu) [ [ [R5 = 5] @ (e v —vs) — ) (o1 — va) dedos
Rr3 Js2
Substituting expression (2.3.36) into equation (2.3.34) and rearranging gives:
J1E + Jf% = 0%1/ / [fllf{* - f1f1*} (e,v1 —v1,) dedvy,
R3 Sﬁ_
+0f3/ / fifs = fufs| (e,v1 — v3) dedv;
R3 JS§% - -

+01, / / il = fifal (e, 01 — vy) dedvy
R3 J§2 * .

+ 0%2/ / fifQI — fif2]| © (E12 — (€,v1 — v3)) (€, v1 — v2) dedvy
s Js2 L .

+07y(1 - 512)/ /S [f{f2l - f1f2} O ((€,v1 — V) — Z12) (€, V1 — Vo) dedvy
RS Js2

2
+ﬁ120%2/RS /S2 [(%)f??ff — fife

Similar computations can be done for ¢ = 2, 3, 4, respectively. [

O ({(€,v1 — v2) — Z12) (€, v1 — v3) de dvs.
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The last three terms on the right-hand side of equation (2.3.33) are associated to collisions between

2
]

between species A; and A; with insufficient amount of energy to produce a chemical reaction. Therefore,

the reactive species A; and A;. The first of these terms with o7 in front of it is related to collisions
it is governed by elastic collision dynamics. The last two terms correspond to collisions between species
A; and A; with sufficient amount of energy to produce a chemical reaction. However, only a fraction
fi; of such collisions results in a chemical reaction (last term) and produces species A and A;. The
remaining fraction (1 — f3;;) corresponds to collisions that are also governed by elastic collision dynamics

(second to the last term).

Remark 2.3.6. Observe that by setting (;; equal to zero, the collision operators J}}*E and
JE vanish, see equations (2.3.27) and (2.3.32). This corresponds to a situation in which the
chemical reaction is turned off and we recover from the SRS model the hard-spheres model
for a non-reactive mixture. Moreover, by setting j3;; equal to one in J}}*E and JE, all collisions
with sufficient amount of energy to produce a chemical reaction will result, in a reactive
collision. However, this is not the case in general because it is well known in chemistry [116]
that besides the activation energy barrier, the relative orientation of the molecules at the
instant of collision is very important for the occurrence of a chemical reaction. This means
that only collisions with sufficient amount of energy and correct orientation will result in a
chemical reaction. Accordingly, in this thesis the case in which j;; € |0, 1] will be considered.
This guarantee that chemical reaction occur (i.e., B;; > 0), but some collisions between the
reactive species will not result in a chemical reaction due to improper collision orientation
(i.e., Bi; < 1), even if they have enough energy to react chemically. O

2.3.2 Properties of the Collision Operators for the SRS Model

In this subsection, a review of some of the properties of the elastic and reactive collision integrals of
SRS kinetic model will be given. These properties will be presented in form of lemmas, corollaries and
propositions. Furthermore, for clarity in the manipulations that follow, the distribution functions will be
written with the velocity arguments only.

Lemma 2.3.7. Given the mono-species elastic collision operator J™¥ defined in equation
(2.3.30), let o(v;) be a sufficiently smooth test function. Then, the weak form of J™E for
each of the species in the reactive mixture is given by:

/RJ T plv) dvi = 4 % / 3 / 3 / 2 — f(wi) ()] (e, v; — v3,)

[p(v;) + @(vs,) — (V) — (V)] de dvdv;.  (2.3.37)

Proof. The proof of this lemma is similar or equivalent to that of Lemma 2.2.1 with dw and B(v; —v;x, w)
replaced by de and o (€, v; — v;.), respectively. O
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Lemma 2.3.8. Given the bi-species elastic collision operator JPE defined in equation (2.3.31)
as a sum of several contributions of Q,s, let p(v;) be a sufficiently smooth test function.
Then, for each i,s = 1,2, 3,4 with i # s, we have that:

Qisgp(vi)dvi:crfs/ / F(i) f(vs) [p(v)) —p(v;)] (€, v; —vs) de dvs dv;. (2.3.38)
R3 rR3JR3Js?
Proof. Multiplying Q; given in Eq. (2.3.31) by ¢(v;) and integrating over v; € R3 gives:
ngp(’vz )dv; = o; / / / — f(v) f(vs)] p(v;) (€, v; — vs) de dvs dv;.
R Js2

The previous equation can be rewritten as given below:

ngo('vZ Ydv; = o} / / F0) f(v))p(v;) (€,v; — vs) de dv dv;
Rr3 Js2

_ 52 A A A
o /R3 /R3 . f(v) f(vs)p(v;) (€, v; — v) de dvg dvs.

Using the change the variables (v;,v5) — (v}, v’,) together with the fact that the Jacobian of this

(2.3.39)

transformation is unity (this can be shown following similar steps as those used to prove Lemma 2.2.2),
we can write the first term on the right-hand side of equation (2.3.39) as given below:

st/ / f(v’i)f(v;)go(vi(v;, 'v;)) (e, v — v') de dv, dv. (2.3.40)
R3 JR3 J§%

Observe that subtracting equation (2.3.9) from equation (2.3.8) gives:

P _ (9 m;mg 9 m;mg o
v, — vV, = v; — v, : -+ : € (€, v, — vy)
(m; +mgs)m; (m; + mg)ms

=v; — Vs — 2€(€,v; — V) .
Taking the inner product with €, we obtain:
(v, —v)) €= (v, —v,) - €—2(e,v; —vs) €- € =—(v; — V) - €, (2.3.41)

where use have been made of the facts that € - € = 1 and 2 (e, v; — vs) = 2(v; — v,) - € in the first
equality of the previous equation to obtain the last equality. Therefore,

v, —v, = —(v; —v,) <= |v—v|=]|v; — v, (2.3.42)

s

Furthermore, inverting equations (2.3.8) and (2.3.9), we obtain:

v; =V, +2&e(e v; — V)
' (2.3.43)
Wi
v, =0, —2—€(€,v; — ).
ms
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Observe that equation (2.3.41) can be rewritten as given below:

(e,v. —v) = — (e,v; — v,) .

» Y s

Thus, we can write equation (2.3.43) as given below:

v, =V, + ollis ¢ (e,v, — vy) =V, — ollis ¢ (e, v —v)) = v;(v},v)) (2.3.44)
my; my

v, =V, — ollis ¢ (€,v;, —vg) =V, + ollis ¢ (€,v; —v)) = vy(v],v)). (2.3.45)
Mg Mg

Using equations (2.3.42) and (2.3.44), we can rewrite expression (2.3.40) as follows:

2

[ reswe(vi- 2 te v - v ) e - v dedol o
R3 JR3 S?&- my;
Renaming (v}, v’) to (v;, vs) in the previous integral, we obtain:

ofs/ / f(vi)f('vs)gp<vi — 2%6 (e,v; — fvs)) (€,v; — v,) dedvsdv;. (2.3.46)
Rr3 JR3 Js2 ]

my

Using equation (2.3.8), we obtain that

Therefore, the integral given in (2.3.46) becomes:
02-28/ / f(v) f(vs)p(vh) (€,v; — v,) de dv, dv;. (2.3.47)
R3 JR3 J§%

Replacing the first term on the right-hand side of equation (2.3.39) with expression (2.3.47) and then,
take the sum of the two terms on the right-hand side of the resulting equation gives equation (2.3.38).
Therefore, the proof is complete. ]

Remark 2.3.9. /nterchanging i and s in the definition of Q,, given in equation (2.3.31) for the
bi-species elastic collision operator J** and following the steps used in the proof of Lemma
2.3.8 above, one obtains:

Qsiw(vs)dvszafs// f(0) f(vs) [p(v))—p(vy)] (€,v;—v,) de dvs dv;. (2.3.48)
R3 Rr3JRr3Js?

Lemma 2.3.10. Given the bi-species elastic collision operator Jf’j*E defined in equation
(2.3.32), let p(v;) be a sufficiently smooth test function. If we assume that B;; = fji,
then for (i,7) € {(1,2),(2,1),(3,4), (4,3)}, we have that:

[ eetwran=aset [ [ [ stwste) low) —otwol
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x O ((e,v; —vj) — Z;) (€,v; — v;) de dv; dv;. (2.3.49)

Proof. Multiplying both sides of equation (2.3.32) by ¢(wv;) and integrating the resulting equation over
v, € R3 gives:

[LEeon =t [ [ sl - o sw] elwn)

O ((e,v;, —v;) — E;;) (€,v; — v;) de dv; dv;,.
The previous equation can be rewritten as given below:
/ Jb*E o(v;) dv;
s [ | [ JEDI()6(000 ((e:0,-0)~Z))eroi—v) dedvydvs 2350

_ﬁijgij/Ra/R3 Sif(vi)f('vj)go('vi)@ ((e,v,—v;)—Z=;;) (€, v;—v;) de dv; dv;.

Using the change the variables (v;,v;) — (v}, v}) together with the fact that the Jacobian of the
transformation is unity (this can be shown following similar steps as those used to prove Lemma 2.2.2),
we can write the first term on the right-hand side of the previous equation as given below:

Bijos; /R3 /R3 . F0)) f(©))o(vi (v}, v5)) O ((€,v] — v) — ;) (€,v] — ;) de dv’; dvj.
T

Using equations (2.3.42) and (2.3.44) with s replaced by j, we can rewrite the previous equation as:

Bzg Z]/RS/]R3 SQf ) (’U—Q%Z6<6’U—’UJ>>

x O ((€,v; — v;) — Ejj) (€, v; — v;) de dv); dv;.
Renaming (v;, v’;) to (v;, v;) in the previous integral, we obtain:
2 Hij
Bijaij/ / f(vi)f(vj)‘ﬂ(vz‘ —2—e(€,v; — 'Uj>)
r3 JR3J52 m;
x O ((e,v; —v;) — Z;5) (€,v; — v;) de dv; dv;.
Using equation (2.3.8) with s replaced by j, we obtain that

Hij /
2 e (e v, —v;) ) = (o).
o0 2e e v) ) = oto)

7

Therefore, the previous integral becomes:

Bijo Z]/ / f(v) f(v)p(v)O ((e,v; — v;) — =) (€,v; — v;) dedv;dv;. (2.3.5])
r3 JR3J52
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Replacing the first term on the right-hand side of equation (2.3.50) with expression (2.3.51) and then, take
the sum of the two terms on the right-hand side of the resulting equation gives equation (2.3.49). This
completes the the proof. ]

Remark 2.3.11. /nterchanging i and j in the definition of the bi-species elastic collision
operator Jf’j*E given in equation (2.3.32) and following the steps used in the proof of Lemma
2.3.10 above, one obtains:

| 2 otwopdo;=gsety [ [ [ rwas) o) - elw;)]
R3 JR3 J§%
X © ((6, U; — ’Uj) — :*ij) <€, vU; — ’Uj) de d’Uj d’UZ'. (2352)

Lemma 2.3.12. Given the reactive collision operator JI defined in equation (2.3.27), let
o(v;) be a sufficiently smooth test function. If we assume that

Bij = B;i and 512052 = 53409%4;

then

Z/]R3 T pi(vi)dv; = 512012/ /R?)/g2 (’ul?) fsfi—Tfif

O ((e,v; — v2> — E12) (€,v1 — v3) de dvy dv,y

[01+p2— 3 — 3]

_ (2.3.53)
H34 o o
—534034/ / / < f fo = fafa|lpa+pa—pi— 5
rR3JR3J§? | \H12
X O ((e,v3 — v4) — Z34) (€,v3 — v4) de dvy dvs.
Proof. The proof of this lemma is given in Proposition 4.3.2 page 100 of [33]. O]

2.3.3 Conservation Equations

The conservation equations of the SRS model are obtained by using the properties of the collision operators
stated in subsection 2.3.2. Their proofs are rather standard and follow the same line as in [33, 61, 92, 93].

Corollary 2.3.13. The mono-species elastic collision operator given in equation (2.3.30) is
such that
m;
/‘ﬁm m; | dv;=0, i=1,234. (2.3.54)
R3

1
2

mi(vi)Q

Proof. Setting p(v;) = m;, p(v;) = m;v; and p(v;) = %mi(vi)Q, respectively, in equation (2.3.37),
one has that

o(v;) + (Vi) — p(v]) — @(v;,) =0,
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by virtue of the conservation laws of mass, linear momentum and kinetic energy, see the first second and
third equations of (2.2.37), respectively. L]

Corollary 2.3.14. Let Q;, and J[** be as defined in equations (2.3.31) and (2.3.32), respec-
tively. Then

m; Q;s dv; = 0, (2.3.55)
RB

mi P dv; = 0, (2.3.56)
R3

m;v; msUs
/ Qis dvi + / Qsi dvs =0, (2.3.57)
R3 %mi(vi)Q R3 lTns(”s)g

2

m;v; m;v;
/ "( ( >2> ot "f;E(l j<]>2> me
R3 3Mi(v; R3 53M;(v;

Proof. Setting p(v;) = m; in equations (2.3.38) and (2.3.49), respectively, one has that
p(v;) — p(v;) =0

by virtue of the fact that m; — m; = 0. Thus equations (2.3.55) and (2.3.56) are proven.
To prove equation (2.3.57), we add equations (2.3.38) and (2.3.48) to obtain:

Qis‘p(vi)dvi + Qsi@p(vs)dvs
R3 R3

ot [ ] S o) + (o) = e(w) = plo)] e v = v.) dedv, o

Setting ¢ (v;) =mv;, p(vs) =mv, and p(v;) =3m;(v;)?, p(vs) = 3m,(v,)?, respectively, in the
previous equation one has that

P(v]) + (V) — p(vi) — p(vs) =0

by virtue of the conservation of linear momentum given in equation (2.3.6) and the conservation of kinetic

energy given in equation (2.3.7), respectively. Thus equation (2.3.57) is proven.

To prove equation (2.3.58), we add equations (2.3.49) and (2.3.52) to obtain:

/ T o(v;) dv +/ TP o(v;) dv;
R3 R3
=80 [ [ [ 50500 [0+ 6w)) - pl0) — (0,)]
R3 JR3 J§%
X O ((6, vV; — ’Uj) — EZ]) <€, V; — ’Uj) de d’U]‘ d’Ui.
1 1

Setting ¢ (v;) = mv;, p(v;) = mjv; and p(v;) = m;(v;)?, ©(v;) = 3m;(v;)? respectively, in
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the previous equation one has that

o(v]) + p(v,) — o(v;) — p(vs) =0

by virtue of the conservation of linear momentum given in equation (2.3.6) and the conservation of kinetic
energy given in equation (2.3.7), respectively, with s replaced by ;7. Thus equation (2.3.58) is proven and
the proof is complete. O

Corollary 2.3.15. fori = 1,2, 3, 4, the reactive collision operator given in (2.3.27) satisfy the
following property

/ JEdv, = / JRdvy = — / JEdvy = — / Jldv,. (2.3.59)
R3 R3 R3 R3

Proof. Let o = (p(v1), p(v2), p(v3), p(v4)), then setting
v =1(1,0,0,0), ¢=1(0,1,0,0), ¢=1(0,0,1,0), ¢ =1(0,0,0,1),

respectively, in equation (2.3.53) gives the desired result. O

Corollary 2.3.15 above assures the correct exchange rates for the species in the chemical reaction de-
scribed in (2.3.1).

Corollary 2.3.16. The elastic and reactive collision operators are such that

4
Z/ o(v;) (J;E + Jﬁ) dv; =0, (2.3.60)
i=1 /R
Proof. This is an immediate consequence of corollaries 2.3.13, 2.3.14 and Lemma 2.3.12. O

Corollary 2.3.16 indicates that, at least formally, the SRS model possesses seven independent macroscopic
conservation laws, for the total number of particles of the reactant-product pairs of the form A-A3, A{-Ay
and As-As, the three momentum components and the total energy of the mixture.

2.3.4 Equilibrium Solutions and 7{-Theorem
The equilibrium solutions of the SRS system are characterised as follows.

Definition 2.3.17. The equilibrium solutions of the SRS kinetic equations given in equation
(2.3.25) are distribution functions fi(t,z,v;) such that the collision operators JE and JF
given in equations (2.3.26) and (2.3.27) satisfy

JE+Jtb=0,  i=1,... 4 (2.3.61)
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Proposition 2.3.18. /f the coefficients (3;; and the reactive cross-sections are
Bi; = Bji and Praoiy, = B3403,, then the following statements are equivalent

my; mz‘(’Uz‘—’U:)2 .
S ERAS AZA
(@ fi=c (27rkBT) exp( kT ) !
with

1/2
C1Cy = (%) C3Cyq EXP (kcg—];) ;
34 B
(b) JP=0 and Jit=0, i=1,...,4

(C)Z/JE-i-JR Iog<f2> v =0,

Mg

N

where

¢ =c(t,x) = fit,x,v;)dv;, i=1,...,4,
R3

Z mz v fi(t, @, v;)dv;
u:=u(t,x) = ;
Z mzfZ (t, x, v;)dv;

Proof. The proof of this proposition is given in Proposition 4.5.1 pages 108-112 of [33].

Condition (2.3.62) represents the so called mass action law for the SRS kinetic model.

2.4 Reactive System of Polyatomic Gases

such that

(2.3.62)

(2.3.63a)

(2.3.63b)

(2.3.63¢)

In this section, the kinetic model for a reactive multi-species mixture of polyatomic gases with a continuous

structure of internal energy, proposed in [45] is presented. This kinetic model is the second model whose

hydrodynamic limits will be studied. The presentation is restricted to: a brief description of the kinetic

model, the central aspects of the collision dynamics, the kinetic equations, the properties of the collision

operators that will be needed in our analysis, the conservation laws, the equilibrium states and the -

theorem.
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2.4.1 Kinetic Model for a Reactive Polyatomic Gas Mixture

We consider a quaternary ployatomic gaseous mixture whose species are denoted by A; with7 = 1,2, 3, 4.
The species are endowed with a continuous structure of internal energy I;. Furthermore, they participate
in the bi-molecular reversible chemical reaction of type described in equation (2.3.1) and satisfy equation
(2.3.3).

2.4.1.1 Collision Dynamics and Borgnakke-Larsen Procedure

The particles of the species in the mixture undergo binary collisions, either of elastic or reactive type.
Elastic collisions can occur between particles of the same species (mono-species elastic collisions), and
also between particles of different species (bi-species elastic collisions). The mono-species and bi-species
elastic collisions result in changes in the velocities and internal energies of the colliding pair, but do not
modify the species and consequently do not modify the molecular masses of the colliding particles. If
we denote the velocities and internal energies of the colliding pair, say A;, A; before the collision by
v;, v; and I;, I;, respectively and denote their values after the collision by v, v and I/, []’, then the
conservation laws of linear momentum and total energy (kinetic and internal energy) for elastic collisions

are given by:
m;v; + m;v; = miv; + mj’v;-, (241)
1 1 1 1
Emi('v,-)2 + I + §mj(fv]) +1; = Emz( v+ I+ 2m]( V) + I (2.4.2)

In equations (2.4.1) and (2.4.2) above, i # j represents bi-species collisions and ¢ = j represents mono-
species collisions. In the latter case, the indices ¢ and 7,. is used to distinguish the velocities and internal
energies of the two colliding pair.

On the other hand, reactive collisions occur between particles of species A, Ay or Az, A, following
the reaction law (2.3.1). These reactive collisions result not just in changes in the velocities and internal
energies of the colliding pair, but also they result in the transformation of the reactants into products of
the reaction. Consequently, they imply a rearrangement of mass and a redistribution of chemical bind-
ing energy. If A;, A; and Ay, A; represent the reactants and products of the chemical reaction, with
(i,5,k,0) € ((1,2,3,4),(2,1,4,3)) and (4,5, k,1) € (3,4,1,2),(4,3,2,1)) for the forward and
backward or reverse chemical reactions respectively, then the conservation laws of mass, linear momen-

tum and total energy (kinetic, internal and chemical binding energies) for reactive collisions are given by:

m; +m; = my +my = M (2.4.3)
m;v; + m;v; = 77’Lk’l);€ + ml’UE, (244)

1 1 1 1
§mi(vi)2+1¢+Ei+§mj(vj)2+]j+ Ej= §mk(vk)2+f;’c+Ek+§ml(02)2+1[+Ez- (2.4.5)

Equation (2.4.5) can be written in an equivalent form as

1 1
5”%‘(%) +1; - % = §mk(’0§c)2 + 1+

1
(V) + I+ QQR

1
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where (Qr has been defined in (2.3.3).

As usual in kinetic theory, the post-collision velocities are expressed in terms of the pre-collision veloc-

ities. The corresponding expressions for both elastic and reactive post-collision velocities are derived from

the conservation laws (2.4.1),(2.4.2) and (2.4.4),(2.4.5), respectively. In order to give the expressions for

the post-collision velocities, we start by describing the Borgnakke-Larsen procedure [22]. Such procedure

is based on the re-partition of the total energy of the colliding pair into kinetic and internal energies.

Let us consider first elastic collisions. To obtain the post-collision velocities, we first compute the total

energy £ of the colliding pair in the centre of mass reference frame. To do this, we define the centre of

mass velocity X ™ and the relative velocity V', before the collision by

X* _ m;v; + mj'vj

)
mi—ij

V' =wv, —v,.
From equations (2.4.6) and (2.4.7) above, we have that

X*(m; +mj) = myv; + mjvy,

*
’Uj:V +’Ui,

(2.4.6)

(2.4.7)

(2.4.9)
(2.4.9)

respectively. Using equations (2.4.8) and (2.4.9), we can write v; and v; in terms of X ™ and V. To do

this, observe that substituting equation (2.4.9) into equation (2.4.8) gives:

X*(mz + mj) = m;v; + m](V* + ’Uz‘) = (ml + mj)vi —+ mjV*.

Dividing both side of the previous equation by m; + m;, we obtain:

Vv
X* = v; + m;
my; —+ mj
Therefore,
Vv
v, =X" i .
m; + mj

Furthermore, substituting equation (2.4.10) into equation (2.4.9), we obtain:
mjV*

my; + mj

(mi —+ mJ)V* -+ (mz —+ mJ)X* — mjV*

Uj:V*+X*—

m; + m;

=X "4+ —
mi+mj

Using equations (2.4.10) and (2.4.11) above, we obtain:

V* \? ,

m; +my; m; +m;
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(mi 4 m;

(2.4.10)

(2.4.11)
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VY ; :
my(v;)? = m, (X* n m—) = m, {X*2 po My xr g L}QV*Q} 7

m; + m; m; + m; (mz + m;
respectively, where X* = || X™|| = | X ™| and V* = ||V*|| = |V*| = |v; — v;]. Therefore,
2
11ihg V*Q + ij*Q + m]'mzz 5 *2
(m,- + mj)z (ml + mj)

Sy, 4
m; + mj

= (m; +my) X + py; V*2. (2.4.12)

. . 2 . . 2— . *2 m‘m
mi(v;)” +m;(v;)” = m X +

= (WLZ + 771]'))(*2 +

Similarly, let X* and V* be the centre of mass velocity and relative velocity, respectively after the elastic

collision, where

o U+ myv

X =——-7 (2.4.13)
m; +m;

VY =) — ] (2.4.14)

Following the steps used to obtain equations (2.4.10) and (2.4.11), we obtain:

/ m

vi=X" - —1 _vy* (2.4.15)
m; + mj
, VY
o= Xx¥ 4 (2.4.16)
m; + mj
Furthermore, Observe that using equation (2.4.1), we can rewrite equation (2.4.13) as follows:
X_*/ _ miv;- + mjv;- _ m;v; + m;v; _ Xt (2417)

mi—i-mj mi—i-mj

Therefore, we can rewrite v} and v; given in equations (2.4.15) and (2.4.16), respectively as given below:

v, =X"— —T_j .
m; m;
o (2.4.18)
o= Xy
m; +mj

Using equation (2.4.18) above, we obtain:

x/ 2 2
. . ’ m3 ’
mi(v{)szi<X*_£> :mi{X*2—2LV* 'X*+—]>2V*2}7

' m; +m; m; +m; (m; +m;
iV*, 2 i / m2 /
mj(v;)szj X*+m— =my; X*Q‘FQLV* X*+—Z2V*2 )
m; +m; m; +m; (m; +m;)

where V*' = ||V¥|| = |[V*| = v, — vj| = |v] — v)|. Therefore, following the steps used to obtain
equation (2.4.12), we obtain:

mi(v})? + my(v})? = (m; +my) X2 + p V"2, (2.4.19)
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Multiplying both sides of equations (2.4.12) and (2.4.19) by % and substituting the resulting equations into
equation (2.4.2) gives:

1 . 1 . 1 . 1 W
Subtracting %(ml + mj)X*2 from both sides of the previous equation, we obtain that the total energy £

for elastic collisions in the centre of mass reference frame is given by:

1 1
gzﬁmm%—wﬁ+h+gz§Mm4—%ﬁ+y+4. (2.4.20)
Next we introduce a parameter R € [0, 1] and attribute the portions RE and (1 — R)E of the total energy

to the kinetic and internal energies, respectively, of the outgoing pair:

1
§uﬁh4-vﬂ2=:R5 (2.4.21)
I[+1;=(1-R)E. (2.4.22)

Equation (2.4.21) can be parameterized by a unit vector w € S? to obtain:

o o = [P YT (2.4.23)
[hij [v; — ]|

where T,,[x] = & — 2(w - x)w is the symmetry with respect to the plane {w}~.
Furthermore, we introduce another parameter, r € [0, 1] and allocate the portions (1 — R)E, (1 —
r)(1 — R)E of the internal energy to the internal energies of each outgoing particle, that is:

I'=r(1-R)E  and Ii=(1-7)(1-R)E.
From the conservation of momentum for elastic collision given in equation (2.4.1), we obtain:

/ /
m;v; = m;v; +m;v; — m;v;,

(2.4.24)
mv; = myv; + m;v; — m;vl.
Dividing both sides of the first equation of (2.4.24) by m; and the second by m; gives:
%:mM+WW_W%. (2.4.25)
m;
mv; + m;v; — m;v’;
v, = ‘1 (2.4.26)

7 mz

Substituting equation (2.4.25) into equation (2.4.23), we obtain:

, MY + miv; — m) 2RE [ v; — v, }
_ = T,

v = — 7
m; i v — v,
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Multiplying both sides by m;, we obtain:

2RE i — v,
TTLj”U; — (TTLZ"UZ' + m;v; — TTI,Z’U;) =1m; Tw |: v Y :| .
Hij |v; — v

Rearranging, we obtain:

2RE i — U,
(m]’ -+ ml)v; = m;v; + m;v, + m; Tw |: Y Y :| . (2427)
i j

Similarly, substituting equation (2.4.26) into equation (2.4.23), then multiply both sides of the resulting
equation by m; and rearrange, we obtain:

9RE g
(mj +m)v, = mgv; +mjo; —my T, { Ui Y ] . (2.4.28)
i [vi — v

Dividing both sides of equations (2.4.27) and (2.4.28) by m; +m, we obtain that the elastic post-collision
velocities for bi-species collisions can be written in terms of pre-collision velocities as given below:

’U/i _ m;v; + m;v; 4 m; 2RE Tw [ V; — U ,
mi—i-mj mi—i—mj ,uij _|'Ui—'l)j|_
(2.4.29)
, m;v; + m;v,; m; 2RE T [ Vi —V; ]
v, = — w
J ml-—i-mj mi—l—mj Mij _|’UZ'—’U]'|_

Remark 2.4.1. /n the particular case of mono-species elastic collisions, the molecular masses
are equal, that is, m; = m;. Furthermore, in order to distinguish the velocities of the col-
liding pair, we set j = ix in equation (2.4.29) above. Therefore, the post-collision velocities
for mono-species collisions can be written in terms of the pre-collision velocities as given

below: , vt v, RE { v; — v, }
V, = —(F + - Tw T 1l
2 m; lv; — v,
(2.4.30)
o, = vitv. R, [&]
. 2 m; lv; — v,
]

Now let us consider reactive collisions. To obtain the post-collision velocities, we first compute the

total energy £* of the colliding pair in the centre of mass reference frame. To do this, let

g+ My,

X (2.4.31)
my +my
be the centre of mass velocity after reactive collision and
V =v, — v (2.4.32)

the relative velocity after reactive collision. From equation (2.4.32) above, we have that
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v, =V + vl (2.4.33)

Following the steps used to obtain equations (2.4.10) and (2.4.11), we obtain:

v

v, =X — # (2.4.34)
1%

v =X+ % (2.4.35)

Using equations (2.4.34) and (2.4.35), we obtain:

vV \? 2
my(v})? = my, x . _mr — my, X290 "™ y.x " e ’
mg -+ my myg -+ my (mk -+ ml)2

vV o\’ 2
ma(v))? = my (X + L) = {X2 yo M yox g LQVZ} :
myg + my my + my (mk + ml)

where X = || X|| = |X|and V = ||V|| = |V| = |v] — v}| = |v}, — vj|. Therefore, following the

steps used to obtain equation (2.4.12), we obtain:

my(v)? + my(v)? = (my + my) X2 + V2 (2.4.36)

Observe that using equations (2.4.3) and (2.4.4), we can rewrite equation (2.4.31) as follows:

X _ mpvy + M mivi + mv; X+ (2.4.37)
my -+ my m; + m;

From equation (2.4.37) above, we have that X = | X | = | X | = X*. Therefore, equation (2.4.36) can
be rewritten as ) , , ,

my(v},)? + my(v)? = (my +my) X + pu V7.
Using the conservation of mass for reactive collisions given in equation (2.4.3), we have that the previous
equation can be written as:

mi (V) + my(v)? = (my +my) X2 4 V2. (2.4.38)

Multiplying both sides of equation (2.4.12) and (2.4.38) by % and substituting the resulting equations into
equation (2.4.5a), we obtain:

1 1 1 1

—(mi+m) X2+ p V2 + L+ 1; — @r _ —(mi +m) X2+ V24 I+ I + Yr.
2 2 2 2 2 2
Subtracting %(mi + mj)X*2 from both sides of the previous equation we obtain that the total energy
(kinetic, internal and chemical binding energies) £* for reactive collisions in the centre of mass reference

frame is given by:

1 1
€ = Smijlvi —oi* + i+ I; — % = Shw|vh =i’ + I+ 1]+ %' (2.4.39)

To obtain the post-collision velocities for the forward chemical reaction, that is, for
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(i,5,k,0) € ((1,2,3,4)(2,1,3,4)),

we write equation (2.4.39) as given below:

1 Qn _1

Qr
(C/’ :—ILL12|’U1—’U2‘ +Il+[2 2 R

/L34|U3 v+ I+ I+ 5 (2.4.40)

Next, we introduce the parameters R, € [0, 1] and assume the following re-partition of the total energy
for reactive collisions £* into kinetic and internal energies of the outgoing particles:

1
§u34|vg —vy|* = RE* — QR (2.4.41)
I+1,=(1—R)E&* — %, (2.4.42)
with
IL=r(1—R)E — %, IL=(1-7r)(1-R)E" — %, (2.4.43)
Equation (2.4.41) can be parameterized by a unit vector w € S? as given below:
2 _
vy — ) = (RS* - %) T, [—Ul Y2 ] . (2.4.44)
34 6 ”01 - 1)2|

Using equation (2.4.44) together with the conservation law of linear momentum given in equation (2.4.4)
with (4, j,k,1) € (1,2,3,4), and then following similar procedures as those used to obtain equation
(2.4.29), one obtains that the reactive post-collision velocities for the forward chemical reaction can be

expressed in terms of pre-collision velocities as given in the following equation:
miv1 + mav m 2 v — v
ol = 1V1 + 2V2 4 | 4 <R€* QR> T[ 1 2}’
my+my Mg+ my \ sy 6 |v1 — v
;MU + Mav2 ms 2 * QR 12 vV — V2
vy = — RE T, | —| .
mi + Mo m3+m4 34 6 |’01 —’02|
Analogously, to obtain the post-collision velocities for the backward chemical reaction, thatis for (i, 7, k, 1) €

(3,4,1,2),(4,3,2,1)), we write equation (2.4.39) as follows:

L1 Q
5 ,LL34|’03—’U4‘ +[3+I4—|— 2R

(2.4.45)

1
,u12]v1 — P+ I — QZR. (2.4.46)

Then, as before, we assume the following re-partition of the total energy for reactive collisions £* into

kinetic and internal energies of the outgoing particles, namely

1
Shalvh - vh|> = RE* + QR (2.4.47)
I+1,=(1—RE + %R (2.4.48)
with
II=r(l-R)E + QR IL=(1-r)(1-RE + % (2.4.49)
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Equation (2.4.47) can be parameterized by a unit vector w € S? as given below:

o = (RS* QR) T, {u] (2.4.50)
2

G} 6 [v3 — vy

Using equation (2.4.50) together with the conservation law of linear momentum (2.4.4) with (i, 7, k, 1) €
(3,4, 1,2) and following similar procedures as those used to obtain (2.4.29), we can express the reactive

post-collision velocities for the backward chemical reaction in terms of pre-collision velocities as:
msvs3 + Mmyv m 2 V3 — v
Ullz 3U3 4 4+ 2 <R(€* QR) T |: 3 417
ms + My mi 4+ ma \ piio 6 |lvz — vy

mavs + myv m /2 V3 — U
’U/2: 3V3 4 4_ 1 (Rg* QR) Tw[ 3 4:|‘
ms3 + My my + Mo 12 6 "Ug — ’04’

For other details on the collision dynamics, the reader is referred to [45].

(2.4.51)

2.4.1.2 Kinetic Equations for the Reactive Polyatomic Mixture

For each species A;, withi = 1,2, 3,4, let
fi = filt,x,v,I) with (t,z,v,I) € R*xQCR®>xR®x[0,400].

be the distribution function. For sake of simplicity, in many cases the dependence of each distribution
function on ¢ and  will be omitted. More precisely, f;(¢, x, v, I') will be written as f;(v, I).

An important aspect of the present description is that the moments of each distribution function f;,
are defined in L! (api(I)dldv). In particular, the number density n;, mass density g;, mean velocity u;
and temperature T; of each species are respectively given by:

+o00
wita) = [ [ steo e 2.452)
R3
+oo
ui(t,x) = #/ / vfi(t,x,v,I)p;(I)dI dv, (2.4.54)
i(t, r3J0o

1 oo
Ti(t, z) = W/R/ mi( — wilt, @) fi (@, v, Ds(I) dl . (2.4.55)

In the absence of external forces, the time-space evolution of the distribution functions f;(wv, I), with

1 =1,...,4,is given by the following Maxwell-Boltzmann type system of equations:
91 f vV, f = ZQ (fi )+ Qe i=1,... 4. (2.4.56)
at v J ] I I

In equation (2.4.56) above, when ¢ # 7, the notation Qe represents the bi-species elastic collision
operator. Itis associated to collisions between one particle of constituent 7 and another one of constituent .
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However, when ¢ = 7, it reduces to the mono-species elastic collision operator (Q)%;. Moreover, Q7"
represents the reactive collision operator. The operators Qe and Q" are defined as follows

st = [ [ [ [ sl el ) - e D)

(2.4.57)
X Bij(v,vj,l, ]j,R, r,w)(l — ) |’U — ’Ujl_1 QOZ(])_I dw d?"de]j d'l)j,

for i=#j, where B;; are suitable cross-sections. Furthermore, v, 'v], ]Z’ and ]’ are given by:

, m;v —I—mjvj QRg
v, =
1
m; 4+ m; mz—i-m] v—vj|
;MY 4 myv; 2RE v — vj
m; + m; mz—i-m] v—vj|

1
U:(ymw uﬁ+1+1)(1 R),

1
]j, = <§uw|v —’Uj|2 +I+IJ) (1 —T’)(l — R)

In the case of mono-species elastic collisions, that is replacing the subscript j of the velocity variable with
1%, the operators have the following structure:

= [ [T [ e el - s 0w )

(2.4.58)
XBii(”)”im-LIi*aR7Taw)(1_ )|’U—’UZ‘*

-1

(,0,(])_1de7“de]1* d’UZ’* s

where B;; are suitable cross-sections and v}, v} , I/ and I;, are given as defined below:

v;:v+vi*+ R_ST [v—vi*}
2 m; lv — v,

b 2 m;

v,'_'v—i-vi* R_ET v — v, ’
lv — v,

m; 2
I’z(—v—w
(2 4| *

m.
L, = (—Z|’U — v, |
. 4

+ 1+ 1) r(1— R),

+ I+ 1) (1—7)(1—R).

The reactive collision operators are defined in a more involved way. To give their forms, we consider for
some suitable sets F; the Heaviside-like function

L, ceRr
Hi - :1,...747
© {o, c¢r,

and let B : R? x R3 x R* x RT x [0, 1]*> x S* — R™ be a suitable cross-section.

Let us first treat the case of the forward reaction. To do this, we define the total energy

Qr

1
& = §M12’U —voP + I+ 1y — B
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the reactive post-collision velocities and internal energies
miv -+ mov m 2 1/2 vV—v
’Ug _ 1 202 + 4 (RS* QR) Tw 2 7
my + mo ms +my \ pigs 6 |lv — v

v,:mlfv—i-mz'vQ_ ms /i Ré’*—% 1/2T vV — vy
4 mi + Mo m3+m4 34 ! 6 “ ‘U—’Ug| ’

B =r(1 - R -~ 8,
! * QR
Li=01-r)- R -,

as well as the admissible set

Fl:{”’I”’Ra%vz)r 1> 90 g > O e s O1
%| —v2|22%, (1—R)r5f2% (1-R)(1—-r)& > QGR}

The first collision operator describing the forward chemical reaction is hence:

@=L 1) st w10 Dt )

X Hl(], ]2,7”, R,’U,’Ug)BTeaCt(’U,’UQ, ], IQ,R, T,Ld)(m17TL2>_2
X v — vy (1 = R)p1(I) ! dw dr dR dI, dvs.

(2.4.59)

The structure of Q’"e‘wt is similar and to obtain it, we define the total energy

Qr

1
8 :—M12”U—’U1‘2+I+Il 2

the reactive post-collision velocities and internal energies
1/2
mqv MoV m 2 v — v
gt _m [7 (e e}y [mov)
mi 4+ mg mg -+ My \ 434 6 |v1 — v

g LMY my [2 (RS*—%)WT {vl—v}
! mi+ma Mz +ma\ iz 26 “ v —wo]]
IL=r(1—R)E& — QGR

Ii=(1-r)1-R)E; -

as well as the admissible set
ng{(l,h,r,R,v,vl): 1> % I, > QR , RE; > %

M2y — w2 2, (1 -

. Q
; “E-R(1-r)E > 6R}

The collision operator Q5" describing the forward chemical reaction is hence:
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peact /R/O+°°/1/ /SKZ;ZQ Fa(0h, T fa (0, T)) — f2<v,1)f1<v1,h)]

X HQ(Ia ]lar7 Ravavl)Bread(fvvvlala ]17R7 T,QJ) (mlmQ)_2
X v — vy (1 = R)py(I) ! dw dr dR dI; dv;.

(2.4.60)

In the case of the backward chemical reaction, we have to treat two cases. To do this, let

1
5 :§M34|’U—’U4| +]+]4+C22R

be the total energy. Then, as before, we write the reactive post collision velocities and internal energies,
respectively as given below:

msv + myv 2 1/2 vV—v
ot [T (g 00y o]
ms + My myi + Mo 12 6 |’U—’U4|

v,:m3v+m4v4_ mi i(R5*+%)1/2T [’U—U4:|
2 ms + my my +ma \ fis 3 6 “llv—v4]’

1=~ B + 8,
= (- - R+ 2

The admissible set Fj is

F3:{([47T7R7IU4): 14207 U4€R3, T,RG[O,I]}

Hence the reactive collision operator QQ%°*“* describing the backward reaction is given by:

Qe v, 1) /R/m///gwmlﬁi)fl O, 1) folvh, Ih) — fs(v,l)f4(v4,l4)]

x Hy(Iy, 7, R,v4)B™" (v, vy, 1,14, R,7,w) (m3myg) >
X v — vy (1= R)ps(1) "  dwdr dRdI, dvy.

(2.4.61)

We conclude the description of the reactive collision operators by defining (Q;°*“*. Let

1
gz = 5#34|'U—’03|2+]+.[3+ %

be the total energy. Then, as before, we write the reactive post collision velocities and internal energies,
respectively as given below:

5 1/2 B
L LG T (R&f + %) T, [ Ys — Y 1 , (2.4.62)
ms + my mi + Mo 12 6 "1)3—’U|
5 1/2 B
v, = mzvs +mgv oy /| 2 <REZ . %) T l v3 — v } ' (2.4.63)
ms+ms Mg+ mg\ 2 6 lvg — |
I =7r(1-R)& + % (2.4.64)
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IL=0—-7r)(1—-RE + QGR (2.4.65)

The admissible set F is

F4:{(I37Tava3): -[320a ’USGRS, T,RG[O,].]}

Hence the reactive collision operator Q4" describing the backward reaction is given by:

e = [ [ [](2m) s ites, - oD s 1)

X H4(I37 r, R7 ,v3)BT‘€CLCt(,U7,U3’ [7 [37 R7 T, W) (m3m4)72
X v — w37 (1 = R)pa(I) ! dw dr dR dI5 dvs.

(2.4.66)

2.4.2 Properties of the Collision Operators

In this subsection, a review of some of the properties of the collision operators given in [45] will be given.
These properties will be used later in the analysis of the kinetic model. In particular, in the study of the
hydrodynamic limits.

Lemma 2.4.2. et ¢): R? x [0, +00) — R be a function such that the weak formulation

+o00
|| @wenamaa
R3 JO
makes sense. Then

/ - c(v, Ip;(Idldv

:"/Rs/ﬂ@/m/m/ / /S {f’ Pl L) = S DR | )

{’17/)(’01,[;) +w( z*’ z ) @D(’U,]) - ’QD(’U,‘*,IZ‘*)} Bii(vvvi*alvjinv Taw)

x (1= R)|v—wv;| " dwdrdRdI;, dI dv;, dv.

Proof. See Lemma 2, page 223 of [45]. O

Lemma 2.4.3. Let j # i and ¢: R3 x [0, +00) — R be a function such that the formulas

+0oo
/ ¢ (v, Do) dIdv
R3 JO
+oo
L[ @wt. s,
R3 JO

make sense. Then
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400
/ (v, i (I)dIdv

:—‘4343/+w/+m///82 {fl (W}, I1) £ (0}, 1) — fi v, 1) f5 (v, 1) (2.4.68)

|}/J(Uz, I)—y(v, I)]B,;j(v, v;,I,I;, R,m,w)(1—R)|v—v;| " dwdrdRdl;dIdv;dv
and

+00 +oo
/ (v, u( Dl dv + / (v, )o; (1)dE,dv,

:__/Rg /]R3 /+o<>/+00/ / 8 Lfi(vy, 1) (05, 1) = fi(w, 1) f(v;, 1;)] (2.4.69)

x|V 1) + (0, 1) = (v, 1) = (05, 1) By(v,05, 1, 1, B )

x (1= R)|v—wv;|"" dwdrdRdl;dIdv; dv.

Proof. See Lemma 3, page 224 of [45]. O

Lemma 2.4.4. Let ¢ : R® x [0,4+00) — R be a function such that for all i = 1,2,3,4, the
formula

+oo
/ Qe (v, I)pu(I)dIdo
R3 JO

makes sense. Additionally, if B™**(v;,v;, I;, I;, R,r,w) for (i, j, k,1) € {(1,2,3,4), (2,1,4,3)}
is equal to B (v;,v;, I;, I;, R, r,w) for (i, j, k, 1) € {(3,4,1,2), (4,3,2,1)}, then

4

+00
Z/ Qreactw(fv I)@Z([)dld’v

L L L R e

X [@U(vﬁw 1) + (v, 1)) — (vi, L) — p(vj, ]j)} H;B™**(v;,v;,I;, I;, R, T, w)

x mym;(1 — R) |v; — v;| " dwdr dR dI; dI;dv; dv;.

Proof. See Lemma 5, page 229 of [45]. O

2.4.3 Conservation Laws and Chemical Rates

The conservation laws of the model are obtained from the properties stated in lemmas 2.4.2, 2.4.3
and 2.4.4 of subsection 2.4.2.

Lemma 2.4.5. Consider the functions (v, I) defined by ¥ = (1,0,1,0), ¥ = (1,0,0,1),
U=(0,1,1,0) and also ¥ (v, I) such that ¥ = (¢n, 1o, 3, 14), With ¥; = m;v,, or m;v,, or
MV, as Well as U= (¢, o, s, ¥y), With ¢; = 1m;(v)? + I + E;. Then,
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4

4 +o00
; /RS/O (;Qij +Q; )%‘(’UJ) wi(I)dI dv = 0. (2.4.71)

Proof. This is an immediate consequences of lemmas 2.4.2, 2.4.3 and 2.4.4. See equations (22), (27),
(28), (45), pages 224, 225, 226, 231 of [45]. 0

Property (2.4.71) indicates that elastic and reactive collision operators are consistent with the conservation
of physical quantities, namely partial number densities nq +ns, ny+mn4, ns+ns, momentum and total
energy of the whole mixture (kinetic, internal and chemical binding).

Lemma 2.4.6. /he reactive collision operators are such that

+00 400
[ [ e omyando = [ [ 0u eath di o,
RS 0 ]RS 0

+
=— / react oo (Iy) d13 dvs (2.4.72)

/ / Qreact [4) d[4 d’U4
R3

Proof. Let p = (p(v1), p(v2), p(v3), p(v4)) then setting
¢ =(1,0,0,0), ¢=1(0,1,0,0), ¢=1(0,0,1,0), ¢ =(0,0,0,1),
respectively, in equation (2.4.70) with
(1,7,k,1) € ((1,2,3,4), (2,1,4,3),(3,4,1,2),(4,3,2, 1))

gives the desired result. L]

The property of the reactive collision operator given in equation (2.4.72) indicate that reactive collision

terms assure the correct chemical exchange rates for the considered chemical reaction (2.3.1).

2.4.4 Equilibrium state and 7{-Theorem

In paper [45], the equilibrium solutions of the kinetic equations given in equation (2.4.56) were studied
in two steps. In the first step, the mechanical equilibrium associated to the mono-species and bi-species
elastic collision operators were considered. In the second step, the chemical equilibrium associated to the
reactive collision operator was considered.

The mechanical equilibrium is defined by distribution functions f;(v, I), withi = 1,. .., 4, such that

G i) =0,  ij=1,....4 (2.4.73)

Assuming that the mechanical equilibrium is reached, the chemical equilibrium is then defined in pa-
per [45] by distribution functions satisfying, besides conditions (2.4.73), the further condition
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QI = 0, 1=1,...,4. (2.4.74)

The following proposition summarises the -theorems stated in paper [45] and characterises the equilib-
rium states of the model.

Proposition 2.4.7. Let B;;(v,v,,1,I;, R, r,w) and B™*(v,v;,I,1;, R,r,w) be strictly pos-
itive almost everywhere and let the distribution functions f; be non-negative for all i =
1,...,4 such that the collision operators Qf; and Qre*<* are well defined.

1. Concerning the mechanical equilibrium, the following properties are equivalent.
(@) Q5;(fi, f;) =0foralli,j=1,...,4 veR’ IeR";
+o00 I
(b) Z / / i (fi, fi)lo (Lg)) oi(I) dIdv = 0;
Z] 1 3 k3

(c) There exist n; > 0, i = 1,...,4 uw € R?> and T > 0 such that fi(v,I) =
M (n;,w,T), where

B n;(t, )
Mni,w.T) = o)) <27rk:BTt z) ) (2.4.79)

e (_mi(zzBm(f 5 kBT< , >)

and

(Tt ) = /0 D) e (-W) al, (2.4.76)

i.e. f; are Maxwellian distributions.

2. Assuming that the mechanical equilibrium is reached, that is, the distribution func-

tions f; are given by equation (2.4.75), then the following three properties related to
chemical equilibrium are equivalent

(@) Qreot =0forall i=1,...,4 veR3 IcR*;

4

+oo
(b) Z/RS ; Q;eactlog(fz( é )) %(])d]d'v:O,

=1

(c) The following mass action law holds

3/2
T T
n1M2 _ (m1m2) Q1( )Q2( ) exp ( Qr ) . (2.4.77)
N3Ny mamy a3(T)qa(T) kT
Proof. See Propositions 1 and 2, pages 231-233 of [45] O
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Chapter 3

Diffusion in Multicomponent Mixtures

This chapter, deals with the continuum physics approach to multicomponent diffusion. Specifically, the
continuum physics derivation of two different diffusion and reaction-diffusion models will be presented.
Furthermore, an introduce of how to derive hydrodynamic models from the Maxwell-Boltzmann equations
for reactive mixtures will be given. Finally, the types of diffusion problems to be studied in this thesis will
be described.

3.1 The Continuum Physics Approach to Diffusion Modelling

in Multicomponent Fluids

Consider a multi-species reactive gaseous mixture of four species A; with7 = 1, 2, 3, 4, participating in a
chemical reaction of type described by the chemical equation (2.3.1). The starting point for the derivation
of diffusion models in continuum physics is the mass balance equations for the species.

3.1.1 Mass Balance Equation

For each species A;, let g;(t, &) > 0 be the mass density, u;(¢, ) the mean or average velocity and
ri(t, x) the production rate of mass density due to the chemical reaction, where € 2 and ¢ > 0. The
mass balance equation for each constituent in the reactive mixture reads:

8&' 0 .
BN + a—w(giui) =r;, 1=1234 x€Q, t>0. (3.1.1)

Due to the type of chemical reaction (2.3.1), the rate of production of the species satisfy the condition

4

> =0, (3.1.2)

i=1

which results in the conservation of total mass.
For a molar based description of the reactive mixture (see, for example [46]), one has to introduce for
each species A; the molar mass M; and define the following quantities:

Qi

Ci(tvw) = M?

(molar concentration) (3.1.3)
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Ji(t,x) = M ) (rate of production of the molar concentration) (3.1.4)

vi(t,x) = ﬁ, (mole fraction) (3.1.5)
C

Ji(t,x) = c;(u; —u), (molar diffusion flux) (3.1.6)

N;(t,x) = c;u,. (molar flux) (3.1.7)

In equation (3.1.5),¢ = c(t, @) is the molar concentration of the mixture, while in equation (3.1.6)
u = u(t, x) is the molar average velocity of the mixture. The quantities ¢ and w are defined as given

below:
4
ctbe)=) ¢, xEQ t>0 (3.1.8)
i=1
4 ‘4, =
u(t, ) ;Uu ;Cu C;cu T < (3.1.9)

Observe that multiplying both sides of the molar average velocity of the mixture u, that is, equation (3.1.9)
by the molar concentration of the mixture ¢ we obtain:

4

cu = Z ciu;. (3.1.10)

1=1

Summing the molar diffusion flux over all species and using equations (3.1.8), (3.1.10), we obtain the

following constraint:

4 4
Z J;, = Z(ciui —cu) = ch-ui — UZ ci=cu—cu=0. (3.1.11)
; i=1 i=1

Multiplying both sides of equations (3.1.3) and (3.1.4) by M, we obtain:

M;c; = 0, M;J; = ry, (3.1.12)

respectively. Substituting both equations of (3.1.12) into equation (3.1.1), we obtain:

0 0
g(Mzcl) + %(Mzczuz) = MZ\Z, 1= 1, 2, 3,4 T c Q, t > 0.

Since M; is independent of x and ¢, we can rewrite the previous equation as given below:

ac; 0 :
Mia—i+M¢%(ciui):Mi% i=1,234 z€Q, t>0.

Dividing both sides of the previous equation by M; gives:

aci 0 .
5 T ao(cu) =, i=1234 zeQ t>0. (3.1.13)

Using equation (3.1.7), we can rewrite equation (3.1.13) above as follows:
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8cz~ i 8NZ
ot ox

=7, 1=1,234 xx€Q, t>0. (3.1.14)
Furthermore, using equation (3.1.6) together with the fact that
J; = ci(ui — ’U,) = CGUu; — GU — cu; = J; + c;u, (3.1.15)

we can rewrite equation (3.1.13) as given below:

0ci 4 i
ot Oz

(Ji+cu)=T, i=1,234 z€Q, t>0. (3.1.16)

To obtain diffusion and reaction-diffusion models from equation (3.1.14), one needs to derive a relationship
between the species concentrations and the molar fluxes of the species. Similarly, to obtain diffusion and
reaction-diffusion models from equation (3.1.16), one needs to derive a relationship between the species
concentrations and molar diffusion fluxes of the species. The type of diffusion and reaction-diffusion
models obtained in both cases will depend on the derived relationship between the concentration and flux.
Here, the constitutive relations derived by Fick and the one derived independently by Maxwell and Stefan
called the Maxwell-Stefan (MS) equations will be presented.

3.1.2 Description of Diffusion by Fick

The most classical theory of diffusion goes back to Fick [52, 53]. He postulated a linear dependence of
flux and concentration gradient. Therefore, if one considers a multicomponent mixture of four species A;
with = = 1, 2, 3, 4, then Fick’s law of diffusion in terms of the molar diffusion flux J; and the molar flux
IN; are given mathematically as follows:

de;

J, = —D,S% i —1,234 (3.1.17)
ox

N=-D2%% 1934 (3.1.18)
ox

where D; > 0 and D, > 0 are the respective Fick’s diffusivities of the species.

3.1.3 The Maxwell-Stefan Equations

The MS equations is based of the principle that the driving force of each species in the multicomponent
mixture is in local equilibrium with the total friction force. Following the description of [107], and using the
notations of this thesis, the MS equations in terms of the molar diffusion flux J; read:

4

CsJi — CiJS .
di=- ST we Q) >0, i=1234 (3.1.19)
o—1 is
SF£1

In equation (3.1.19) above, the terms D;, are the binary diffusion coefficients known as the MS diffusiv-

ities. They are such that D;; = D,; > 0. The terms d; represent the diffusion driving forces and are
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given by the chemical potential of the species. The chemical potential generally depend on the species
concentration c;, temperature 1" and pressure p of the mixture.

To obtain the MS equations in terms of the molar flux IN;, we use the fact that the molar flux IN; and
the molar diffusion flux J; given in equations (3.1.7) and (3.1.6), respectively, are related by the following

formula:

More precisely, using equation (3.1.20), observe that

csd; —cids=cs(N; — ciu) — ¢;(Ng — csu) =csN; — csciu — ;N + csciu=csN;—¢;Ny.

Therefore,

4
CsNi_ciNs .
di=- ST e >0, i=1234 (3.1.21)
1 is

=
Furthermore, the MS equations are linearly dependent. More precisely, there are exactly 3 independent
quantities of type (3.1.19) and (3.1.21). This linear dependence can be seen if one sum the respective

equations over all species.

3.2 Multicomponent Diffusion and Reaction-Diffusion Models

In this section, multicomponent diffusion and reaction-diffusion models, where the diffusion processes is
modelled by the Fick’s constitutive relation and the MS equations, respectively, are given.

3.2.1 Multicomponent Diffusion Models

Multicomponent diffusion models are obtained in the absence of chemical reaction. To achieve this, we
put together the balance equations (3.1.14), (3.1.16) with their right-hand sides equal to zero and the
constitutive relations (3.1.17), (3.1.18), (3.1.19), (3.1.21).

A multicomponent diffusion model where the diffusion process is modelled by Fick’s law, defined in
terms of the molar flux IV, is obtained by putting together equation (3.1.14) with the right-hand side equal
to zero and equation (3.1.18):

dc;  ON,; )
C‘l‘ :07 Z:1727374 $€Q’ t>0’
ot ox
e (3.2.1)
Ni == Dz .
ox
Therefore,
oc; 0 [ = Oc
- D,=—) = =1,2,3,4 Q, t>0.
at aw ( 1833) 0, /l/ b 737 m 6 9 > O

A multicomponent diffusion models where the diffusion processes is described by Fick's law, defined
in terms of the molar diffusive flux J;, is obtained by putting together equation (3.1.16) with the right-hand
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side equal to zero and equation (3.1.17), then neglect convective effects. More precisely, putting together
equations (3.1.16) with the right-hand side equal to zero and (3.1.17), we obtain:

aci+i<Ji+cl.u):07 i=1,234 £ze€Q, t>0,
ot Oz (3.2.2)
dc; .
Ji=—Diz~.
Ox

Neglecting convective effects implies that

0
—(ciu) = 0. 3.2.3
m(czu) 0 (3.2.3)
Therefore,
8C¢+3Ji:07 1=1,2,3,4 £z€Q, t>0,
ot ox (3.2.4)
. 2.
Ji=—-D;—.
ox

Equation (3.2.4) above can equivalently be written as:

dc; 0 ac;
‘- (D,=—) =0, i=1,23,4 Q, t>0.
9t ox ( 0w> ! re

A multicomponent diffusion model where the diffusion process is modelled by the MS equations,
defined in terms of the molar flux IV, is obtained by putting together equation (3.1.14) with the right-hand
side equal to zero and equation (3.1.21):

Jc; ON,
: L =0 Q t>0 i=1.234
at + am 9 m 6 b) b Z b 9 b) b
" i ¢.Ni— N, (3.2.5)
s—1 CDis
s#i

A multicomponent diffusion model where the diffusion process is modelled by the MS equations,
defined in terms of the molar diffusion flux J;, is obtained by putting together equation (3.1.16) with the
right-hand side equal to zero and equation (3.1.19):

Oci 0 .
BN —|—a—m(JZ+CZ’U,Z)—O, T € Q, t>0; 2—17273747
m:—ﬁé%h_QL, (3.2.6)
s=1 CDis
S#1

Using equation (3.2.3), we obtain:

=0 Q, t>0 =1,2,3,4
at + ax ) w E ) > Y Z Y ) ) Y
di _ i Cs']i — CiJs' (327)
o—1 CDis
s#£1
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3.2.2 Multicomponent Reaction-Diffusion Models

To obtain multicomponent reaction-diffusion models, we put together the balance equations (3.1.14),
(3.1.16) and the constitutive relations (3.1.17), (3.1.18), (3.1.19), (3.1.21).

A multicomponent reaction-diffusion model where the diffusion process is modelled by Fick’s law,
defined in terms of the molar flux IV, is obtained by putting together equations (3.1.14) and (3.1.18):

oc; +8Ni =T, i=1234 €, t>0,
ot ox

. (3.2.8)
N; = _Di_l-

ox

Equation (3.2.8) above can be rewritten as:

8Ci 0 (— (962-

at 63‘; Zaw) \Z? 1 ) ’37 me ) >0

A multicomponent reaction-diffusion models where the diffusion processes is modelled by Fick's law,
defined in terms of the molar diffusive flux J;, is obtained by putting together equations (3.1.16) and
(3.1.17), then neglect convective effects. More precisely, putting together equations (3.1.16) and (3.1.17)
gives:

801- 0
. . - 7. — 4
5 +8a:(Jl+Czu) Ji, 1=1,2,3,4 €, t>0,

oc;
ox

Using equation (3.2.3), we obtain:

(3.2.9)

802- i 8JZ
ot Oz

=, i=1,234 xe€Q, t>0,

%
ox

(3.2.10)

Therefore,

ox\ox

ot Oz

A multicomponent reaction-diffusion model where the diffusion process is modelled by the MS equa-

o 8( <%):j@-, i=1,234 xeQ, (>0

tions, defined in terms of the molar flux IV ;, is obtained by putting together equations (3.1.14) and (3.1.21):

dc;  ON;
’ L =T Q, t>0, i=1,223.4
at + aw \77 T 6 ) ) 1 9 ) ? Y
“e 24: c.N; — CiNs' (3.2.11)
s=1 CDls
Ss#i

A multicomponent diffusion model where the diffusion process is modelled by the MS equations,
defined in terms of the molar diffusion flux .J;, is obtained by putting together equations (3.1.16) and
(3.1.19):
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O D Fiheu) =T, weQ t>0, i=1,234

ot Oz

L 24: o= ad, 3.212)
s=1 CDiS
SFi

Using equation (3.2.3), we obtain:

dc;  0J;
: L =T Q, t =1,2,3,4
at —I_ aw \7Z’ €T E ) > 07 1 Y ’37 )
di _ i CSJi - CiJs' (3213)
s=1 CDiS
s#£i

Equations (3.2.2) and (3.2.9) can be rewritten as:

¢ 0 ([ = O¢ 0 - .
at_a_w(Dia—w>+a—m(ciu)_O, 1=1,2,3,4 xe€Q, t>0,

%ii _ %(Di%> + a%(ciu) —J, i=1,234 zcQ t>0.
These equations are reaction-convection-diffusion models. They are not well posed unless a choice of u
is made. This can be achieved by solving for u via the Cauchy momentum equation.

Equations (3.2.5), (3.2.7), (3.2.11) and (3.2.13) are not closed. This is because of the linear depen-
dence of the MS equations and the fact that d; depends on ¢;, 1" and p. More precisely, there are seven
equations in ten unknowns (¢;, J;,p,T') or (¢;, N;,p,T). To obtain closed system of equations for
the variables (¢;, J;, p, T') one has to add to equations (3.2.7) and (3.2.13) the constraint (3.1.11), an
equation for the temperature of the mixture and the equation of state for the pressure. To obtain closed
system of equations for the variables (¢;, N;, p, T') one has to add to equations (3.2.5) and (3.2.11)
an equation for the temperature of the mixture, the equation of state for the pressure and the following

constraint which signifies equimolar diffusion:
> Ni=0. (3.2.14)

Equations (3.2.6) and (3.2.12) are not closed. This is because in addition to the linear dependence
of the MS equations and the fact that d; depends on ¢;, T" and p, a choice has to be made for . More
precisely, there are seven equations in thirteen unknowns (¢;, J;, p, T, ). To obtain a closed system
of equations for the variables (c;, J;, p, T, w), one has to add to equations (3.2.6) and (3.2.12) the
constraint (3.1.11), an equation for the temperature of the mixture an equation for the convective velocity
and the equation of state for the pressure.

The equation for the temperature of the mixture mentioned above can be the energy balance equation
for the mixture. The equation for the convective velocity mentioned above can be the momentum balance
equation for the mixture. In the case of an ideal gas, the equation of state for the pressure mentioned

above is given by:
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p = cRT, where R is the universal gas constant.

Remark 3.2.1. /n the special case of isobaric' and isothermal? conditions, d; in the MS equa-

tions depends only on c;. Therefore, in this case, the closed system of diffusion equations
for the unknowns (¢;, N;) and (¢;, J;) are:

and

Oc; ON;,
- =0 Q t>0 , =1,2,3,4
8t + aw ) w e ) > ) Z b ) ) )
J . 1 CSNZ‘ —CiNS
5 D (3.2.15)
s#£i
4
> N.=o.
i=1
oc; 0J;
. L =0 Q, t>0, i=1,273.4
at am ) :U e 9 ) 2 ) ) ) )
4
- ced; —c;J
dl — S 3 (3 S7
; cD;, (3.2.16)
SsFi
4
> =0
i=1

respectively, where d, is a function c¢; only.
The closed system of reaction-diffusion equations for the unknowns (c;, N;) and (c;, J;)

are:

and

dc;  ON;
- L= Q, t =1,2,3,4
8t —"_ aw j? w e ) > 07 Z b 737 )
J . ! CSN' CiNs
g Dk (3.217)
SF#1
4
>N -0
i=1
dc;  0J;
! B/ Q , =1,2,3,4
at aw Z’ w 6 ) t > 07 Z ) ’37 )
4
- CSJ' - CZ'J
dl = - =
; cDs (3.2.18)
s#i
4
>
i=1

respectively, where d; is a function ¢; only.

IConstant total or mixture pressure.
2Constant temperature. More precisely, uniform in space and constant in time mixture temperature.
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In the case of isobaric condition only. More precisely, constant mixture pressure and non-
isothermal condition, the closed system of diffusion equations for the unknowns (c¢;, N;,T)

and (c;,J;,T) are obtained by adding the conservation of energy equation to the following
equations:

Jc;  ON;
: L= Q, t>0, i=1,23.4
at + aw ) m G ) ) /l/ b b ) )
4
3 CsNz' - CiNs
di= -
5_21 cDiq (3.2.19)
s#i

and 5 07
C .
Z L= | =1,2,3,4
St =0 e t>0, i=1234
4
A ced; —c;J
dZ _ S A (A 7
z% cDis (3.2.20)
s#£1

respectively, where d; is a function of ¢; and T.
The closed system of non-isothermal reaction-diffusion models for the unknowns (c;, N;, T)

and (¢;, J;,T) are obtained by adding the energy balance equation for the mixture to the
following equations:

dc;  ON;
‘ L= Q, t =1,2,3,4
ot + 5 s7w HARSIRYA >07 2 ) )37 )
dl:—iCSN' CZNS’
— (3.2.21)
S#1

and oc;  0J

Ci i 7 —

5 T ag — g TEQ t>0, i=1234
4

. csdi — i

dZ:_ S 7 (3 5’
z;—jﬁj— (3.2.22)
SF#i

respectively, where d; is a function of ¢; and T.
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3.3 Derivation of Hydrodynamic Models from Kinetic Theory

Consider a system of Maxwell-Boltzmann type equations that describe a reactive multicomponent gaseous
mixture. In order to pass from the Maxwell-Boltzmann description of the reactive gaseous mixture, which
holds on a microscopic time and space scales to a hydrodynamic description, holding on a macroscopic
time and space scales, it is usually convenient to measure all quantities in terms of characteristic values.
This is followed by scaling time and space in terms of macroscopic units. Consequently, one obtains a
dimensionless parameter which is of considerable importance in the derivation of hydrodynamic models
from the kinetic theory. This dimensionless parameter is called the Knudsen number and is denoted by
Kn. The Knudsen number appears naturally when the MBEs are written in dimensionless form.

Definition 3.3.1. The Knudsen number is the ration of mean free path to the macroscopic

length scale, that s,
mean free path

"= macroscopic length scale’

3.3.1 The Dimensionless Maxwell-Boltzmann Type Equations for Reactive

Multi-Species Mixtures

The starting point for the derivation of macroscopic (hydrodynamic) models from the Maxwell-Boltzmann
type equations is the scaled or dimensionless Maxwell-Boltzmann type kinetic equations. To write the
Maxwell-Boltzmann type kinetic equations for the reactive multi-species mixture of monatomic gases given
in equation (2.3.25) in dimensionless form, we need to first choose macroscopic scales for the independent
variables ¢, &, and v;. In particular, let us choose 7 for time, L for length and T, for reference temperature.
These macroscopic scales define two macroscopic velocity scales. The first is the speed at which some
macroscopic portion of the gas is transported through a distance L in a time 7. This speed is denoted by
ug and is given by:

Uy = —. (3.3.1)
T

The second is the thermal speed of the molecules. This speed will be denoted by ¢ and it is defined as

__ [oksTy
0 — 3 m7

where kg is the Boltzmann constant, m; is the molecular mass of the species. The quantity ¢ is the

given below:

speed of sound in a monatomic gas at temperature 15,

Now, with the macroscopic scales 7, L and ¢, one can define the dimensionless time, space, velocity,
number density and cross-section, respectively, as given below:

~ t  x v ~ . L3 N .~

t==, w=71, ’Uz:c—(:, fi(t,w,vi):TOf(t,w,vi) — Lg_gfi<t7wuvl)_fz(t7w7vl>
2

~2 ~ ~ Oz’j 2 ~92 ~ ~ 2

0;;(€, coV; — coUs) =3 (€, covi — covs) == 0 (€, Cov; — o) =0, (€, CU; — CU,) 77,
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where 7 is the molecular radius and NN the total number of particles in a volume L3. Observe that

ofi 0 ( N -\ of N Of of N Of 1 N 9f 532)
ot ot ot L3¢ ot ot L3¢ ot T TL3C3 ot o
of, . 9 N\ 02 cN_. 0f 1 N _ Of
it = v i = it Ax T = 7130 5~ 3.3.3
K 83: i o < 3f> ox L3cgv ox L L4cgv oz 13.3.3
JlmE 6 ii / ﬁ,ﬁ;\*, — J/C\Z.?Z\*] <6, Coi)\i — CO%Z'*> Cg d(i d'/v\z*
L6 R3 SZ
A~/ A~ ~ —~ ~
L6 6 i /R3 /S2 |:fz fz* - fzfz*] <€,Ui — ’UZ‘*> céded’u,-*
N2 2 2
_ cinr JimE, (3.3.4)
L5c3
where
dvg, = dvl.dvl.dvi, = co dvt.co dv?,co vy, = ¢l dv,
have been used to obtain the first equality of equation (3.3.4) and
(€, coV; — coUs) = ¢y (€,V; — V), — (€, coV; — cos) o = (€,0; — V) .
to obtain the second equality of equation (3.3.4). Similarly,
N2
bE _ bE
Ji = 2J! (3.3.5)
N2 —
JE = gt g (3.3.6)
LS¢E
N? -~
JE = ——mr?JE, (3.3.7)
LS

Substituting equations (3.3.2), (3.3.3), (3.3.4), (3.3.5), (3.3.6) and (3.3.7) into equation (2.3.25), we
obtain for+ =1, 2, 3, 4:
N 8fi N . dfi N* ,— N2 ,— N2 ,— N? ,—

_ 2 TmE 2 7bE 2 7bxE 2 R
=+ =V, = = oI Tt S — Tt S+ T
TL3c} ot LA™ oz LS ! L5c2 ! L6c2 ! L6

Multiplying both sides of the previous equation by %21 we obtain:
N N

L af, . 0 fl N N
Bl LN s JmE 2 JVB _ 2 JoeE 2JR, 3.3.8
B A L T 2" T (3:38)

The mean free path which is the average distance travelled by the particles between two successive colli-

sions is given by:
3

Nnr?’
see [103] for a mathematical justification of the above formula.

mean free path =
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Observe that the factor multiplying the collision operators can be written as:

Nrr? L 1

L3 mean free path  Kn

Since the reactive and non-reactive collisions may be characterised by different mean free paths, this
implies two different Knudsen numbers. It is not restrictive to write them as

Kn,=a? and Kn, =af

where K'n, denotes the Knudsen number for non-reactive collisions, K n, denotes the Knudsen number
for collisions with sufficient energy to result in a chemical reaction and p, q are real numbers. Therefore,
we can rewrite equation (3.3.8) as follows:

I 3: R a: 1 — 1 — 1 — 1 —~
LOS 5 08 Y LE_ Law L3R 954 (3.3.9)
TCy Ot ox ar aP ol ad

The factor multiplying the time derivative is another dimensionless parameter called the kinetic Strouhal
number, it is denoted by St. Thus equation (3.3.9) can be rewritten as:

5t 5,06 _ —JmEy —JVE_ —JwE 4 — JR =123 4. (3.3.10)
ot oxr aoP aP ad ad

Furthermore, there is some arbitrariness in the way the time, length and and temperatures scales were
chosen. However, it is known, see for example, [101] that if these scales are chosen in manner that
is consistent with: the geometry of the domain containing the gaseous mixture, the time necessary to
observe significant motion of the gas and the distribution function at time equal to zero, then the ratio
L /T corresponds to the bulk velocity u, of the flow. As a result, the Strouhal number becomes the Mach
number, which is often denoted by M« and is defined as follows:

U
Ma=—.
Co

If one assumes that the March number is such that
St=Ma=a<1,

then equation (3.3.10) becomes:

a/\i R a: 1 — 1 — 1 — 1 —~
a—=+; - —Ji = —JnF 4 by — R =123 4. (3.3.11)
ot ox aP aP ol al

Removing the hats for simplicity and adding a superscript « to the distribution functions, as well as to the

collision operators, we can rewrite equation (3.3.11) as given below:

g
ot

1
—JoE o =1,2,3,4, (3.3.12)
ol

+'Ui

1

. 8f7,a — ijamE + qubE . iJab*E +
ox aP " ar " ot !
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where

gt =gt [ [0 = g e - vi) dedo, (8313
3 Js2
4
ﬂwzi}%/ Mﬁfﬁﬁﬂ“W“%mw% (3.3.4)
s=1 R3 S?l—
s#£i ~~
le

Tt = Bu%// - fo‘fa} ((€,vi —v;) — Bij) (€, v; — v;) dedv;, (3.3.19)

sl [&

are the scaled collision operators and [, f7, [, o fo fa o' foo, foo are the scaled distri-

O ((e,v;—v;)—E;;) (€,v;—v;) de dv;, (3.3.16)

bution functions.
The equations given in (3.3.12) together with equations (3.3.13) (3.3.14), (3.3.15) and (3.3.16) are the
dimensionless or scaled SRS kinetic equations.

Remark 3.3.2. /f the reactive mean free path for the SRS kinetic model is defined as
3

reactive mean free path = ———
P 7TT2BZ"7'N’

one has that the elastic and reactive Knudsen numbers are related by

Kn, ot 1 i K n6
= — = — @ n,r, =
Kn. o B Bij

Therefore, in the case, the scaled JZ.".*E and JE becomes:

JoE = z]/ / Fr - fo‘fa] ((e,v; —v;) — Ey) (e,v; —v;) dedv;, (3.3.17)
e | [
R3J82 Ml
]

Similarly, the kinetic equations for polyatomic gaseous mixture with a continuous structure of internal

@(<€,’UZ‘—’U]‘>—EU) <€,’U7;—’Uj> de d’Uj. (3318)

energy given in equation (2.4.56) can be written in dimensionless form as:

fE

e react s
e+ Vafi = ZQ Q i=1,...,4. (3.3.19)

where

+o0
e (2, ) (o, IV (0, I) — fo(vs, 1) f (v,
Ui 1) AJ.//yf%” (05 ) = fitws ) f5 (05, 15)] (3.3.20)

XBij(’Ui,’Uj,I,Ij,R, r,w)(l—R) |’Ui—’l)j|71 907,([)_1 dw dr deIJ d’Uj,
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atwaty= [ [ [ LI sk o sitwl s st 105001

X HiBTeaCt(,via Vj, [i> Ij7 R7 T, w)<mimj)_2 |vi - v]"il

x (1= R)p1 (1) dwdr dRdI; dv,. (3.3.21)
are the scaled collision operators and
fiwi 1), fi(up ), (i 1), f5(vg, 1))
are the scaled distribution functions with
(1,7,k,01)€{(1,2,3,4),(2,1,4,3),(3,4,1,2), (4,3,2, 1)} .

Here, the notations P and €9 have been used in order to distinguish the elastic and reactive Knudsen
numbers for the polyatomic mixture from that of the monatomic mixture.

Remark 3.3.3. A/l hydrodynamic limits of the Maxwell-Boltzmann equation are analogous
to situations where the Knudsen number Kn is such that

Kn < 1.

This means that the Knudsen number governs the transition from the kinetic theory of gases,
more precisely from the Maxwell-Boltzmann equation to hydrodynamic models. Also, in the
context of hydrodynamics limits, there is no universal prescription for the Strouhal number.
This is because different hydrodynamic regimes can be obtained from the scaled Maxwell-
Boltzmann equation with an appropriate choice of the Strouhal number.

In addition, the scaled kinetic equations (3.3.12) and (3.3.19) can be used to study dif-
ferent hydrodynamic regimes. This can be done by choosing appropriate values for the
parameters p and q to describe the physical situation under consideration.

3.3.2 Methods for Deriving Hydrodynamic Models from Kinetic Theory

There are three methods to derive macroscopic models from the scaled MBEs. The first is the Hilbert
expansion method which was developed by David Hilbert [64]. The second method is the Chapman-
Enskog method which was developed independently by Chapman [38, 39] and Enskog [48, 49]. The
third is referred to as the moment method. The moment method was developed by Grad [60] and was
extended to a more general framework by Levermore [80]. In this thesis, the interest is on the derivation of
hydrodynamic models from the scaled kinetic equations (3.3.12) and (3.3.19) using the moment method.

The moment method consists of passing to the limit as the Knudsen number vanishes in the macro-
scopic equations (i.e., equations obtained by multiplying the dimensionless MBEs by a text function of
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velocity space and integrating the resulting equation over all possible velocities) that are satisfied by well-
behaved solutions of the MBEs.

3.4 The Derivation of Multicomponent Diffusion Models from

Kinetic Theory

The derivation of reaction-diffusion models from the kinetic theory of chemically reactive gaseous mixtures
is the objective of this thesis. More precisely, this thesis is focused on the derivation of reaction-diffusion
models where the diffusion process is modelled by the MS equations as hydrodynamics limits of the
MBEs for reactive multi-species mixtures. This is because the direct proportionality between flux and
concentration gradient postulated by Fick is sometimes too simplistic and cannot be used to describe
non-typical diffusion phenomena like osmotic diffusion, uphill or reverse diffusion and diffusion barrier
observed experimentally in multi-species mixtures, see, for example [47, 77]. Specifically, this thesis is
focused on:

1. The derivation a of reaction-diffusion model of type given in equation (3.2.18) as a hydrodynamic
limit of the SRS kinetic equations.

2. The derivation of a reaction-diffusion model of type given in equation (3.2.22) as a hydrodynamic
limit of the kinetic equations for a reactive mixture of polyatomic gases with a continuous structure
of internal energy.

3. The derivation of extensions to the MS equations in the forms:

4
- csdi — i -
di = - e T Ai) € Qv t> Oa ) = 1727374a 341
SF£1
and
4
- csdi —ciJ -
di - - - %) Q; t> 07 , = 17273747 342
; D +A;, x¢€ i (3.4.2)
s#i

as a hydrodynamic limit of the SRS kinetic equations. In equations (3.4.1) and (3.4.2) the terms
A; and fli with 2 = 1, 2, 3, 4 are additional diffusion term resulting from chemical interactions
whose explicit forms will be obtained.
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Chapter 4

From the simple reacting sphere kinetic
model to the reaction-diffusion system of
Maxwell-Stefan type

This chapter contain the results published in COMMUN. MATH SCI. 2019,
in collaboration with Patricia Gongalves and Ana Jacinta Soares.

4.1 Introduction

The description and modelling of chemically reactive mixtures is a topic of great importance due to many
engineering applications related, for example, to chemical industry and biotechnology [55, 107, 110].
In particular, a proper description of diffusion phenomena in multicomponent mixtures, with or without
chemical reactions, is crucial in many simulations and design processes used by chemical engineers
[77]. In this context, the MS equations are used by many applied and experimental researchers to model
and predict diffusion as well as mass transfer processes in multicomponent mixtures [107, 43, 110]. In
fact, it is well known that the MS equations are adequate to describe non-typical diffusion that appear
as a consequence of some thermodynamic non-idealities, by introducing the chemical potential gradients
as driving forces [77, 110]. When a multicomponent mixture with chemical reaction is considered, a
hydrodynamic system which consists of the continuity equations for the constituents in the mixture and
the MS equations, can be used to describe diffusion of the constituents and how their concentrations
change as a consequence of the chemical reaction.

Despite the practical interest and applications of the MS equations in the modelling of multicompo-
nent mixtures with or without chemical reaction, not much is known about the mathematical analysis
of these equations. Rigorous results have been published over the past few years, see, for example,
[23, 26, 28, 29, 63, 68, 71]. In particular, [28, 29, 68] dealt with the formal derivation of hydrodynamic
systems of MS type from a kinetic (mesoscopic) system of MBEs for non-reactive multicomponent mixture
and obtained explicit expressions for the diffusion coefficients in terms of the kinetic model parameters.
These hydrodynamic systems consist of the MS equations coupled with the continuity equations for the
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species. They were obtained using the well established line of research initiated by Golse and co-workers
[9, 10, 11] on the transition from kinetic Maxwell-Boltzmann models to hydrodynamic equations of fluid
mechanics. In close connection with these works, but considering chemically reactive mixtures, the papers
[13, 14, 15] dealt with the derivation of macroscopic reaction-diffusion equations from a system of reactive
MBEs. In these papers, using an appropriate scaling of the reactive MBEs and assuming different types of
molecular interactions, the evolution equations for the species number densities were explicitly derived in
the asymptotic limit of small Knudsen number. Moreover, the convergence from the reactive MBEs to the
reaction-diffusion system was proven and discussed in [13, 14]. Reaction-diffusion equations for chemi-
cally reactive mixtures were also derived in [97, 98, 113], starting from kinetic equations of Fokker-Planck
type. Various scalings were considered in view of analysing the interactions between transport processes
and chemical reactions.

In this chapter, the interest is on the limiting process that leads from the SRS kinetic model described
in section 2.3 to a reaction-diffusion system of MS type. This is achieved by, considering a scaling of the
SRS kinetic equations for which elastic collisions are dominant and reactive collisions are less frequent.
By assuming isothermal condition, the reaction-diffusion system of MS type is formally derived form the
evolution of the number density and momentum balance of the species, in the limit as the scaling param-
eter vanishes. The formal derivation of these equations from a Maxwell-Boltzmann type kinetic model is
the main contribution of this chapter. To the best of my knowledge, this is the first attempt in this direction.
The isothermal condition assumption is met by assuming that the chemical reaction is slow enough to
allow the surroundings to continuously compensate for the balance of reaction heat between the reactants
and products [23, 24, 25, 63, 114, 115]. The reaction-diffusion system obtained in this chapter is similar
to the one given in equation (3.2.18) and those studied in [23, 24, 25]. If the isothermal assumption is
disregarded, the evolution equation for the temperature of the mixture should be considered. In this case,
the reaction-diffusion system will be similar to that given in equation (3.2.22) and the one obtained in [69]
for a non-reactive mixture.

After this introduction, the remaining part of this chapter is organised as follows. In section 4.2, the
scaling of the SRS kinetic equations which corresponds to the chemical regime to be studied is presented.
This is followed by the assumptions needed to derive a reaction-diffusion system with the diffusion process
modelled by the MS equations, as a hydrodynamic limit of the scaled SRS kinetic equations. In section
4.3, the concentration balance equations for the species in the reactive mixture is obtained. In section 4.4,
the momentum balance equations for the species in the reactive mixture is obtained. The macroscopic
isothermal equations and their formal diffusive asymptotics towards the reaction-diffusion system of MS
type are studied in section 4.5, Finally, the conclusions are given in section 4.6.

4.2 Scaled Kinetic Equations and Assumptions

In this section, the scaling of the kinetic equations to be studied will be introduced. This scaling corresponds
to a physical situation where the dominant role in the evolution of the species is played by mechanical

interactions, while chemical reactions are assumed to be very slow. Furthermore, the relevant assumptions
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needed to obtain the result presented in this chapter will be given.

4.2.1 Scaled Kinetic Equation

The starting point for the derivation of the reaction-diffusion system of MS type from the SRS kinetic
equations given in equation (2.3.25), is an appropriately scaled SRS kinetic equations that describe the
chemical regime under consideration. In this chapter, the interest is on the chemical regime of dominant
elastic collisions and slow chemical reactions. More precisely, the chemical reactions are assumed to be
slow enough to allow the surroundings to continually compensate for the balance of reaction heat between
the reactants and products. This regime corresponds to a physical situation in which the elastic mean
free path is shorter than the reactive mean free path. To this aim, in order to adapt the scaled SRS kinetic
equations given in equation (3.3.12) to the chemical regime considered in this chapter, we set p = 1 and
q = —1 in equation (3.3.12) to obtain:
ofe o ofe 1
o T or  «

1 ~ ~
JOE 4 —Je — a2 a0 =1,2,3,4, (4.2.1)
(6%

where JomE  Jobl j{;‘b*E and J° are, as defined in (3.3.13), (3.3.14), (3.3.17) and (3.3.18), respec-
tively.

Equations (4.2.1) emphasise that Jf‘ME and Jf‘bE (i.e., the mono-species and bi-species elastic
operators) are associated to predominant effects, whereas the reactive operator jiaR and the elastic

correction term ng*E are associated to rare effects.

Remark 4.2.1. The properties of the collision operators for the SRS kinetic model given in
subsection 2.3.2 and the conservation laws given in subsection 2.3.3 are still valid for the
scaled collision operators given in equations (3.3.13), (3.3.14), (3.3.15), (3.3.16), (3.3.17) and
(3.3.18). O

4.2.2 Assumptions

Besides the chemical regime of slow chemical reaction, the central assumptions required to derive the
reaction-diffusion system of MS type from the scaled equations (4.2.1) are:

(@) The initial conditions are local Maxwellian functions centred at the mean (average) velocity of the
species.

(b) The evolution of the system leaves the distribution functions in the local Maxwellian state.
(c) The bulk velocity of the mixture is small and goes to zero as o« — 0.
(d) The evolution of the mixture is considered under isothermal condition.
Assumption (d) implies that the temperature 1" of the mixture is uniform in space and constant in time. It

is compatible with the physical situation of slow chemical reaction and signifies that the chemical process
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takes place at a rate slow enough to allow the surroundings to continuously compensate for the balance of
reaction heat between the reactants and products (see [114]). Assumption (c) allows one to neglect con-
vective effects and describe a physical system governed by diffusion and chemical reaction. Assumptions
(a) and (b) correspond to the physical situation in which the system evolves not far away from the local

Maxwellian equilibrium.

From assumption (a) above, following the advice given in [58, 57] for Ma = O(«), the initial conditions

for equation (4.2.1) are distribution functions of the following form

3 a(in) 2
i) i —ou () €0, v, R, (42.2)
€ — i s L.
27TkiBT x» 2/€BT T Y

17w, vi) = c?“"><w><

fori = 1,2, 3,4, where T' > 0 is constant (isothermal condition), c?(m) :Q— R, and uf(m): Q—
R3. From assumption (b), the distribution functions at time ¢t > 0 are local Maxwellians centred at the

mean velocity of the species:

3 ( O‘(t ))2
m;  \2 m; (v; —aud(t, x
iy ) = (1, L - !
fi(t, e, v;) = X (t, x) (27T/{?BT) exp< o

fori=1,...4,wherec® : R, x Q > R, andu? : R, x Q — R3.

), xcQ v, €R (423

An important step in the passage from a kinetic model to hydrodynamic equations is the explicit
computation of the integral contributions appearing in the kinetic equations. When a reactive mixture is
involved, the computations can be very intricate, essentially because of the redistribution of masses and
energies among the constituents. Having this in mind, the distribution functions given in equation (4.2.3)
will be approximated by expanding to obtain a first order corrections to the Maxwellian distributions. In

particular, oy
ot v) ~ Mt x,v;) (1 S P ( ’“")), (4.2.4)
B
with 3 ( )2
MA(t i) = ¢ (t, — =Y ). 425
i@ v) =it z) (27rkBT> exp( 2%y T ) (4.2

Expressions (4.2.4) will be used in sections 4.3 and 4.4 for the explicit computation of the integral contri-
butions. As stated in [95], pg.147, first-order corrections to the Maxwellian distributions as those given by
(4.2.4) were first used by J. Stefan to capture the diffusion effects in a mixture of gases.

4.3 Concentration Balance Equations

The balance equations for the species concentration can formally be derived from the scaled SRS equations

given in equation (4.2.1), by integrating over the velocity space.

Lemma 4.3.1. The concentration balance equations for the species in the reactive mixture
can be written as
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ot Oz
with J; being the reaction rate of the i-th species whose form is given below:

1 1
2755 \2 | (135 \? o o Qr a a
aeen () (1) oo () -]

= \2
(2, 27) — (“”) F(l,z;)] . (432)

Co

(Cul) =T,  i=1,....4, (4.3.1)

where the terms T'(1, 2}), I'(2, zF) are the incomplete Euler gamma functions:

L'(n,x) = / t" e tdt (4.3.3)

with i = \2
N T e 4.3.4
o “i 2kBT ( Co ) ’ ( )

=landn =2 res,oective/y. Moreover, fori = 1,...,4, J; = \yJ1, where A\ = Xy = 1
and A3 = Mg =

Proof. Integrating both sides of the scaled SRS kinetic equations given in equation (4.2.1) with respect to

v,; € R3, gives:
ofe ore
Q L dv —l—/ v; - idvi
R3 315 R3 3.’13

1 1 ~ ~
—— / JEME qu; 4+ — / JE dv; — o / JEFdv; + o / J B du,,
A Jr3 a Jr3 R3 R3

Applying the Leibniz integral rule to the two terms on the left-hand side of the previous equation, we obtain:

(L) (o)

1 1 - -
== / JemE dy; + — / JE dv; — / AP dv; + o / Jdv;. (4.3.5)
a Jrs A Jr3 R3 R3

Using the definition of the distribution functions given in equation (4.2.3), the first integral on the left-hand
side of the previous equation can be written as follows:

3 2
m; 2 m;|\v; — Oé’u,?
fidv; = ¢ (27rk: T) /3 exp (— ( kT ) )d’ui. (4.3.6)
R3 B R

Introducing the peculiar velocity

£ =v,—au] <<= v;,=§ +au; and dv; =d§;, (4.3.7)

we can rewrite equation (4.3.6) as follows:
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« o« my; ml(£1)2
/Rs fidvi=q (QWkBT) /R =P <_ W) a8

Writing the previous equation in spherical coordinates and integrating gives:

2m
R3 Jidvi=di <27T/€BT> / / / &P < Jz >§2 sin 0 d df de
B (5) s . 2w
_ (ZMBT> / 2 ex <_ s )dfz/o sm9d9/0 do
2

2w
_ m; % OO 2 . my (€ )

where £2 = &, - €, = |&,|?. Using the integral representation of gamma function defined as given below:

o ol
/ e dr = lP(” i 1) (l) : (4.3.8)
0 2 2 n
we obtain that
2+1 3
m;(§;)? 1 241\ (2kgT\ T 17 [2kpT\?
/ & exp( 2kpT d: = QF 2 m; 22 m; '

Therefore,
fad o m; %4 1 ﬁ QkaT %
Ydv; = ¢ T=——
rs * \2nkgT 2 2 m;

— & (4.3.9)

Using Eq. (4.2.3), the second integral on the left-hand side of Eq. (4.3.5) can be written as:

3 2

m; )2 m; (v;—auf)
ifidv; = i - dv;.
/Rg”fz Vi G (27rkBT) /Rs” exp( kT ) v

Using equation (4.3.7), the previous equation can be written as follows:

o o« My % a m2(51)2
/R3 v, fidv; = ¢ (27T/€BT> /R?)(Si + auf) exp <— 2T )dﬁz
o mi Y mi(§;)” m;(&;)°
—6 (27rkBT) { /Rg giexp<_ Ui T )dﬁ Fauf /Rs ex'D(_ e T )dg}.

Using the fact that any vector can be written in terms of a unit vector, we have that &, can be written as

&, = &, where &= |&;|| =€&;| and ¥ is a unit vector. Thus the first integral in the last equality of the
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previous equation can be written in spherical coordinates and evaluated as given below:

S mi(€i>2
- §iv exp < - W) d§;

// flacsm0cos¢+ysm05m¢+zcose)exp< M

2kgT

_ /0 e exp< ”;ka) )d@( /O sin2 00 / 7 o5 b / sin? 0df / sin ¢d¢

0
™ 2
+2/ cosHsian@/ do |,
Jo Jo

0 27

)g sin 0dpdode;

0

m\>1<

vl

where &, 4, z are the Cartesian unit vectors in R3. The integral in &; can be evaluated using the integral
representation of gamma function given in Eq. (4.3.8) as given below:

mi(&;) 341\ (2ksT\ 1 (2ksT\* 1(2ksT\>
/§3e><p< 2k T> dGi = ( 2 )( m; ) _§F(2)( m; ) _5( m; ) '

Therefore,
m;(&;)* 2kpT ™ .
o (=25 Yo = 3 () ol ) a5 x0) 20 x20)
=0. (4.3.10)
Hence

my : mi(§;)?
fodv; = a _ i) qe.
/Rsfv fidv; = ¢ (27rkBT> [OnLauZ /RS exp( ST ) 51]

where use have been made of equations (4.3.7) and (4.3.6) to obtain the third and fourth equalities,
respectively, of the previous equation. Using equation (4.3.9), we obtain:

/ v, [dv; = acjuy. (4.3.11)
R3

Substituting equations (4.3.9) and (4.3.11) into equation (4.3.5), we obtain:
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Q 1 ~
oc 0 (Cul)= JOME do Z+ JE dv; —a / JeEdv+a | JRdv,. (4.3.12)
8 &E R3 R3 R3

Since the properties of the scaled collision operators are similar to their un-scaled version, using the first
equation of (2.3.54) given in Corollary 2.3.13 with m; = 1 for the first term on the right-hand side of
equation (4.3.12), equations (2.3.55) and (2.3.56) of Corollary 2.3.14 with m; = 1 for the second and
third terms on the right-hand side, we obtain:

ocy 0 ~ R
y 8w(cu) a/]RgJZ- dv;.

Dividing both sides by o, we obtain

oct 0 ~

L (fu) = [ J*dv,. 4.3.13
ot o) /R @33
Now let us derive an explicit expression for the integral on the right-hand side of equation (4.3.13). To do
this, we replace the distribution functions by their approximations given in equation (4.2.4). For sake of
simplicity, the approximations are written in the form:

fraMA(1+a;-v), i=1234  with a;= (4.3.14)
kgT
Using equation (4.3.14), one obtains the following equations:
S = MM (14 a; - v+ a; - v + (a; - v;)(a; - v;)), (4.3.15)

2 2
(&) ];)to lao — (ﬂ) Mk:ao lo¢0<1 + aj - ’UZ. + a - 'U? + (a’k . ,U]Og)(a;l . vlo))‘ (4316)
lL[/kl ,ukl

Therefore,

2 2
(’“‘”) 0o foo _ fo o (“—) MEoME* (14 a0} + a1 -9 + (- v3) (a1 - o))
Kkl HEki
— Miana(l + a; - v; + a]- . ’Uj —+ (CLZ' . vi)(aj . 'Uj)).

Expanding, rearranging and neglecting the terms of order o?, that is, the terms with coefficients (ay
v})(a; - v7) and (a; - v;)(a; - v;), we obtain:

2 2 2
MZ] a0 Lo o £ /"Ll] «o o o o IU"LJ (e]¢] «o
— — fifr= (—) M, — M M (—) M,
<Mkl> b ! Mkl F ! ! Ml g :

x (ag-vy + a;-v}) — M M{(a;-v; + aj-'vj)] :

(4.3.17)

Substituting the previous equation into the scaled reactive collision operator j;-o‘R given in equation (3.3.18),
we can write the integral appearing on the right-hand side of equation (4.3.13) as the sum of the following

three terms:
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2
D:afj/ / / (ﬂ> Mg° M — M2 MY
R3 JR3 Js2 | \ Hkl

x O (<e, Cov; — cofvj> — Eij) (€,v; — v;) dedv;dv;,

2
520'12/ / / (@) MCXOMQO a .,vo_+_a .,vo
D Jes Jro Joo N ) T8 (- vi+a-vi) (4.318)

X © (<e, Cov; — covj> — Eij) (€,v;, — v;) dedv;dv;,
F = —O'Z»Qj/ / M;"Mf‘(ai-vi—l—aj-vj)
R3 JR3 JS2
X O (<e, Cov; — cofvj> — Eij) (€,v; — v;) dedv;dv;.
Now let us evaluate the integrals D, € and F starting with D. Using equation (4.2.5), observe that
<ﬁ> M Mp® — MEMS

Ml
(,uij)Q o a (mkml)% ( mk(’vZ)Q —I—ml('vf)2>

e ) K 2nkpT)? 2%pT
_ o (mim;)® ox _my(vi)? + my(v;)?
L (27’(‘]{73T)3 P QkBT
3 (e} o
(5 oo i) exp M) mu(wp)® — mi(wi)” — m;(v;)”
Mkl i (27Tl€BT)3 ZkBT

3
oo mimy)z | mi(v)® +my(vy)”
2kgT

Using the conservation of total energy given in equation (2.3.12), we have that

0)2 N2 _ o (1.)2 — . (29.)2
exp < _ my(vy)? + my(v; )2]{7377?2(”@) m;(v;) ) = exp (ki_l;)?

where (D is as defined in equation (2.3.3). Therefore,

2
Hij @o 3 oo oo
— ) M>®M? — M>*MS
(Ml) B Y

2 3 3

B\ e e (m)2 Qr o o (Mim;)?
=||— | g7z | —= | — ' —5=
Mkl (27T]€BT 3 /{ZBT J (27T]€BT)3




_ 1 (mzm])2 o o QR a o 3
- (27kBT)? | (mymy PRaOP T ) TG (mimy)?
mi(v;)* + mj(vj)z)
X exp ( —
2kgT

mAE T (mam. )2 ()2 Lm(v.)2

— (mlmj) (mlmj)l Cgc;l exp QR _Clq Cq exp [ — ml(’lJI) +m] (vﬂ)
(27T]€BT)3 (mkml)§ ]{ZBT J 2]€BT

where

m;my; mmy
Hij = ————, il = ——————
m; + m; my + my

f‘cj‘] exp < -

and m; +m; = my +my =M

m;(v;)? +m;(v;)?
2kgT

), (4.3.19)

have been used to obtain equation (4.3.19). Substituting equation (4.3.19) into the integral D given in

equation (4.3.18), we obtain:
(mm,)? : Q

o (Mmim;)? Hij \? o o R o«

— | g expl|——=] —c¢ C

(Mkl> . (kBT) j]

D= g2 M)
%5 (kT3

(29.)2 (29.)2
x/// exp _ malwi)” 4 my(v;) O ({€, cov;—cov;) —Ey5) (€, v;—v;) dedv;dv;.
3 Jr3 . Js2 2kgT
Rr3JR3 52

Observe that

J

O ((e,cov; — cov;) — =) (€, v; — v;) de

2
+

ij

. Eij arccos <C:T) 2m i .
=0 (V" - V*cosf sinf do df
0

Co

=27V*O (V* -

=27rV*O (V* -

Co

Co
Co

=7V*0 (V* —

=7V*O (V* —

where equation (2.4.7) have been used together with the fact that V* = |v; —v;| =

o (mymy):

1
Hij \* o o Qr
7 (2mkpT)? (Mm) kv &0 (/fBT)

Comi(vi)® +my(vy)? )
><7T/R3/Rgexp< ST VeolVv
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:\H) arccos(W)
Zij /
Co 0

Eij) { 60329]amos(co‘/*>

o

[1

ij

o

cosO sinf do

2 1o

[ =\ 2
— = 1
(COV*) i

=  \?2
1— ( =
(COV*)

, (4.3.20)

|v;—,|. Therefore,

dvdv;.

= = 2
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It is convenient to transform the above six fold integral from v, and v; to the centre of mass velocity
X" and relative velocity V* defined as given in equations (2.4.6) and (2.4.7), respectively. Now using
equation (2.4.12) with m; + m; = M together with the fact that the Jacobian of the transformation
(v;,v5) = (X™, V™) has absolute value 1, which implies that

dv;dv; = dX*dV*, (4.3.21)

we can rewrite the integral D as follows:
: Q
/’L'L] o R (67N
cpefexp | —= ) — ¢ ¢
(Mkl) e <k’BT) j]
MX*2 4 V2 = =5\’
X exp [ — - VeV —=)|1- (=L
m /Ris /RS P < 2]{?BT Co Cov*
3 1
2 (mimj>§ /JJU ? a QR a o
70 (2nkpT)? (Mkz) et B9 (kBT o
MX*? 13V *2 = =\’
x [ exp| — dxX* | epl -2 —vo (v —=2) |1- (=L
/Rs p( 2kBT) /R p( 2kBT> ( % ) [ <COV*
Integrating the first integral in the last equality in the previous equation in spherical coordinates gives:

X*Q 2T X*Q )
dX* = X*sinfdpdfdX*
/Ra exp( 2k3T> / / / exp( 2k3T> sinf dg
X*Q )
= X* s X*
27?/ / exp( 21<:BT> sinfdfd

MX*Z
=4 X*2dx*.
7T/0 P ( 2]<;BT>

Using the integral representation of gamma function given in equation (4.3.8) with n = 2 and n =

(%) gives:
M X2 1 /3\ (2kpT)\ 2
_ X* —4r-T(2
/Rzexp< %BT)d "2 <2>< M )

P \/7_<2kBT)

_ <27Tk"BT) : (4.3.22)

o (mymy):

%5 (2nkpT)3

D=

dX*dV”*

™

av.

Therefore, the integral D reduces to:
3
o (mim;)2

1 3
A Qr\ o ol (27ksT\?
U 2nkgT)? (Mkzz) e & (kBT) ; Cj] 7T( M
—_ —_ 2
pi V2N | v Sy Zij
x - vee (v - (R
/R?’ P ( 2kpT ) ( Co ) [ (COV*)
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3 1 3
o (mamy )2 i\ Qr\ o ol (27ksT?
= i (2nkpT)? (um) &P (szT GG\ T

exp| —— | V'OV ——]dV
[/Rs ( 2kgT o
11V *2 = = \2
_ — 2 v (V== ) [ =) ave.
/R?’ 0 ( 2kpT ) ( Co ) (COV*> }
Integrating the first integral in the last equality of the previous equation in spherical coordinates gives:
ﬂijV*Q * * Eij *
—— Ve |V ——)dV
/Rs exp( Qk’BT ) ( Co )
o] s 27 M 'V*2 E
= / / / exp ( - )V*@ (V* — i) V*2sinfdgdf dV*
00 ,U 4v*2 E s 27
:/ exp(— ] )V*@ <v*—i> V*QdV*/ sinede/ do
N—_— e ———

) 2 21
Oo « i V™ «
— 47T/V*zi§j V*3exp (— 2;fBT )dV .
et Nz Y/*2
2 = v(ﬁ) = z= (’;]i?) (4.3.23)
Therefore,

1 3
V*:Z;<2k3 >2 < V*gzzg(ZkBT)Qa

Mg Mg
© 1y [(2kgT\? 1 (2ksT\?
v :—z—%( il ) — dV*= 1( & ) dz. (4.3.24)
dz 2 i 222\ Mij

With the change of variable given in equation (4.3.23), the condition V* > EC—OJ becomes

1 1
1 2kBT 2 Zis 1 =i Mis 2 = 2 [bij
> ey > T ) e > () = (4.3.25
22( Hij ) ) == Co (QkBT c= o 2ksT & ( )

Thus

3 1
uz-jV*Q) . ( . :J> . /°° <2l<:BT>2 1 (Qk:BT)2
exp| — —=— | V'O V- dV*=4r z exp(—z dz
/R3 ( 2kgT Co 2t i ( >22% Mij

2kpT\” [
:27r< b > / zexp(—z)dz.
Hij 2

K3

Njw

Using the incomplete Euler gamma function given in equation (4.3.3) withn — 1 =1, i.e,, n = 2 gives:

RV =.. 2krT 2
/ o (= LV Yy (Ve 2 S0 gy = o (2B 0(2,27).
R3 Qk’BT Co Hij
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Therefore, the integral D reduces to:
3
o (mim;)>

1 3
@ 2 o o QR o o 27Tl€BT 2
75 2rkpT)? (Mkl) e &P (kBT> “ Cj] W( M
2T\’ V2 =\ [ 25\
[%( 5 ) re.q - | exp(_ﬂﬂ )v*@ (v* ) (_J ) dv*].
Hij R3 2]{ZBT Co C()V*
Integrating the integral on the right-hand side of the previous equation in spherical coordinates gives:
- —_ 2
:UijV*2 * * _'U =i *
—— V'O (V dV
Lo~ )ve (v -30) (o)
113V "2 = =\ 2
— Y Ve (v -2 =) V*2sinfdpdh dV*
L (e (- 2) () v
/’LZ]V*2 * * :l] El] *2 */ﬂ' : /271'
= VoelVv —— | V*dV 0 do d
/0 exp( %BT) ( CO> <COV*> 0 0 0
—

2 27
— N\ 2
= oo 1/*2
— Ar ”) / v*exp(—“”—)dv*.
(CO V*ZEC% 2kBT

Using the change of variable given in equation (4.3.23) together with equations (4.3.24) and (4.3.25), we

D =

have that the previous equation can be rewritten as:
. —_ —_ 2
:U’ZJV § * x =i Sij *
exp| —————= V'OV —— | dV
Leo(-50r)ve(v-2) (o)
—_ 2 1 1
Zis > 2kpT \ 2 1 [(2kgT\?
:47'('( J) / zé( B ) exp(—2) 1( 5 ) dz
Co 2 Hij 222 Hij
—_ 2
=27 ( J) ( & )/ exp(—2) dz.
Co Mg 2

Using the incomplete Euler gamma function given in equation (4.3.3) withn — 1 = 0, i.e.,, n = 1, gives:

— —_ 2 —_ 2
/Lz‘jL *2 % % :'ij :'ij % ‘:'ij 2/€BT %
Rl R b VAT o W I V' ) dvV* =2 I'(1, 27).
/R3exp( 2k:BT> ( co) (COV*> " <Co) ( L (1.2

Therefore, the integral D reduces to:

3 1

5 (mim;)2 Hij \? o4 o o 27rk:BT
« ~ - e

7 (2mkpT)? (Mkl> o Xp . ]

,uzy luZ]
5 (mimj)% 2nkgT 2kgT Hij o o
= g% 2 h
7 2nkpT)? < M i oy Ckcl o kBT Y

KZ’ZZUF@%“—(E”)Q )
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Observe that

o (mamy)s %g(?kaT)?(QkBT) U S ( mam, >3<2kBT>
Y (2rkgT)? M fhij K (27rkBT)% m; +m; Hij

3
= 03 21 My * 2mkpT
J 27T]€BT uij

=\ 2
" {(2]{:BT)F(2, ) — (um) F(l,Z;)]' (4.3.26)
i “

Following similar steps as those used to obtain equation (4.3.26) above, one obtains that the integrals £
and F given in equation (4.3.18) both vanish. For the evaluation of the integrals € and F, see Appendix

A Section A.1 and Section A.2, respectively. Therefore,
1 1
7 21 \ 2 | Mg\ 2 Qr
J v, = o2 J U e exp [ ) — e
/]R3 ' UU( kgT ) FCEP\ET) T

= 2
[ ro - (22) rn)] . wazn
Hij 0

Finally, the fact that J; = \;J1, where Ay = Ay = 1 and A3 = Ay = —1 is an immediate
consequence of Corollary 2.3.15 about the reactive collision operators. ]

Remark 4.3.2. (a) The reaction rate J; given in equation (4.3.2) can be written in an equiv-
alent form, as a phenomenological law for the chemical reaction (2.3.1):

To= Mk — ), i=1,..,4 (4.3.28)

with ky and k, being the forward and backward rate constants given, respectively, by

8tkgT (1 kT G
k= o2 exp <— ) and ky, = o2,y | ——— exp (——) . (4.3.29)
¢ 2 12 kgT ’ 5 434 kgT

Equation (4.3.28) expresses the reaction rate in the form used, in general, in physical appli-
cations, see [74].

(b) The reaction rate J; given in equation (4.3.2) differs from the corresponding one obtained
in [13], see equation (42) of [13]. This is essentially because the cross-sections of the SRS
kinetic model are of hard-sphere type and the integral over S was explicitly evaluated, see,
equation (4.3.20), whereas the cross-sections of the kinetic model studied in [13] are of
Maxwell molecules type and the integral over S? was not explicitly evaluated. Moreover, the
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exponent 1/2, instead of 3/2 as in [13], is a consequence of the fact that the exponent of
the term (uij / ,Ukl) in the reactive collision operator J* is 2, see equation (3.3.16), while in
[13]itis 3.

4.4 NMomentum Balance Equations

The momentum balance equations for the species in the reactive mixture can formally be derived from
the scaled SRS kinetic equations given in equation (4.2.1). This is achieved by multiplying the scaled
kinetic equations by the molecular velocity v; and then integrate the resulting equations over all possible

velocities.

Lemma 4.4.1. The momentum balance equation for each of the species in the reactive
mixture is given by

0 kT Oc 0
0 Sl + ST ot (ul @ uf) = O, = Pt Oy @.4.1)
where
1
32 5 My 2kgT\2 . o0/ N
Oi - 9 SzlgiS m; -+ Mg ( Lis > C; Cs (us _ui)7 (442)
s;i
3
8\/_m 125 2kBCT 2 Ez 3 3
2 2 ? a o «@ * J *
P = a’o; i jkB%C’ c (uf uz){( . ) '3,z — (Co> r 5% (4.4.3)

Q,;, = QQUfjcgcf]\Z{ [2 <27T55T)§ (mkf (2, 2:.) + gmlF(S, Zz))
B (4;1) (27T/Mcl) <mkF (1, 2,) + zmlF(Z,zi*))]ug
. [ (27rkBT> (
Hkl
B (uzl) (27T/~Lkl> (mkf (1,2,) + gmlF(Q,zi*))]ula}

okpT\ 2 2
( 5 ) {mif (2,z;‘)+—ij(3,z;‘)}
i 3

1
2
<miF(1, z7) + gij(2, zf))] u

2T 2 2
— 2( hats ) {miI‘ (27z;)+—mjf‘(3,zf)}
Hig 3

<mif(1, 27) + gmjr(z, z;)>] uy}.
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Proof. Multiplying both sides of the scaled SRS kintetic equations given in equation (4.2.1) by v; and

then integrate the resulting equation with respect v; € R3, we obtain:

oz/'vz- oy d'vz-+/('uz®'vl)a—acdvZ

R3 R3
1 amkB 1 abE TabxE TaR
= — ’UiJi d’l)i + — ’UZ'JZ- d’Ui — UiJij d’Ui + « ’UiJi d’Ui.
(07 o
R3 R3 R3 R3

Using the Leibniz rule for differentiation under the integral sign for the two terms on the left-hand side of

the previous equation, we obtain:

8 (63 a (63
Ola (/R3 v, f; d’Uz‘) +(‘9—w (/Rg(vz' ® v;) f; dvz)

.

—
cu? see (43.11)

1 1 ~ ~
— _/ viJiamEdvi + —/ viJbedvi —04/ viJf]“-b*Edvi—l—oa/ viJiaRd'vi. (4.4.5)
O JRr3 O JRr3 R3 R3

[\

g v

51‘ P Qs

Using the definition of the distribution functions given in equation (4.2.3), we can write the second integral

on the left-hand side of the previous equation as follows:

3 2

m; \? mi(vi—oz'u,f‘)
i i) fidv; = ¢ff T i i - T dv;.
/R3(v ® v;) fdv; = ¢ (27Tk:B ) /R3(v ®v)exp( o > v

Using equation (4.3.7), we obtain:

m;

m; (&)
/RS(’Uz‘ ® v;) fidv; = ¢ (27Tk:BT) /]R3 ((51 +auf) ® (& + 0‘“?)) exp < - 2Zk,BZT )dﬁz

Observe that

(& +auf) ® (& + auf) =& @ (& + auf) + auf @ (§; + auf)
=& ®& +20(€ uf) + o’ (uf @ uy). (4.4.6)

Therefore,

my;

/R (i@ ;) fidvi = ( szT)2 /]R 3 (& @& +20(& @uf) + o (uf @ uf))
2
X exp (— mi(éi) ) dg;.

Expanding the previous equation gives:
(&)’
i ) fdv; = ¢ ! ) ) — sy g i
[ wmoisean = (5 /Rgsleasl)exp( 2k3T> ¢
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3
m;  \?2 m;(€;)?
a 20U’ , _ Mai&)” ) e
T (27rkBT> o © /Rg & exp( ol |2

[\ J/

0 see (4.3.10)

3
m; Z o, m;(&;)°
a & i)\ ae.
T (27rl<;BT> o (uf @ uf) /R exp( ST

The third term on the right-hand side of the previous equation can be written as

m; % m(é) « a «@
of (uf @ ul)e] (27rk;BT> /fop<_ kT >d€ =of(uf@uf) | fidv.
———

c? see (4.3.9)

Therefore,

[ wevisa=c (5] [ @oger ( i )da + ol (uf ® uf).

The integral on the right-hand side of the previous equation can be written as

mi(§;)° 2 B mi(§;)°
[ Eoeien ( L )de 3 [ (e ( e ) de.
where I is an identity tensor. Writing the previous equation in spherical coordinates and integrating gives:
/ (& @& exp| — d¢, = —|/ / / 2exp [ (&) €2sinf d db de;
RS ’ 2kBT 2kgT ’
~mi(&)? / / o
/ 5 ( kT d§; i sin 6 df i do

:—I/ §4ep( Qka)>d@

Using the integral representation of gamma function given in equation (4.3.8), we obtain:

m;(€;)? Ar 1 (5 [ 2kgT

/ﬂ@(ﬁi@@)exp( o )dﬁ Tar(5) (2 )
™ 13V (2kT

324 ( m; )

1 (27rkBT) 22k T

S
2 m;

I(27T]€BT> 2 kBT

m; m;

my;

Thus
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3 3
m; 2 27TkBT §l€BT 2
L@ ;) v, = @ I o
/Rs(v @) fildvi = ¢ (27rk:BT) ( ™m; ) m; ot (ul @ uf)

o kBT

+ (Ul @ uf). (4.4.7)

:C’L
7

Substituting equation (4.4.7) into equation (4.4.5), we obtain:

0 0 kgT N N
agpleru o (@2 4 et )
1 1 ~ ~
= —/ 'vl-JiamEdvi—l——/ 'vl-JiabEdvi—a/ viji‘;b*Edvi—i—a/ 'vl-JiaRd'vi. (4.4.8)
a Jrs a Jr3 R3 R3

v v

51‘ Pi Q;

Since the properties of the scaled collision operators are similar to their un-scaled version, the first integral
on the right-hand side of equation (4.4.8) vanishes, that is,

/ v JOEdv; = 0. (4.4.9)
R3

See the second equation of (2.3.54) with m; = 1.
To evaluate the integral O; given in equation (4.4.8), we substitute equation (3.3.14) into the integral
O; and use equation (2.3.38) of Lemma 2.3.8 with ¢(v;) = v; to obtain:

E : zs/ / / fafa <€ v; — s>d€dvsdvi
3 JR3 S2
s;éz

since the properties of the scaled collision operators are similar to their un-scaled version. Observe that

from the definition of elastic post-collision velocity given in equation (2.3.8), we can write:

v, —v; = — - (e,v; —v,) €
2m;me i — Vs
= |lv; — vs|| cos
(mi + ms)mz || i vSH
2m,
- —T (vs — v;) cosb. (4.4.10)
m; mg

Therefore,

4
1 2m
O, = — 0,2/ / / — (v, —v;)cosOf*f* (€, v; — vs) de dv, dv;
a; * Jrs Jrs simﬁ-ms( ) AWK )
#i

4
1
==Y ol //// s — 1) oS O F [|0s—v,|| cos @ sin Bdddiduv ydov
(04 1 ml‘l'ms R3 JR3
SsF#i
1< . o
:—Z Tis / / fafallvz—'vstvsdvl/ sin@cosQGdQ/ de
g ml_l_ms R3 JR3 0 Jo
7 %, 2m
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4
= — VEfE |vi—vs|| dvs dv;.
2 wmﬁms/ﬂ@/ﬁ@ v fo 2 o]
s;éz

Substituting equation (4.3.15) with j replaced by s into the last equality of the previous equation, then

expand the resulting equation and neglect the terms of order o2, that is, the term with coefficient (a; -

v;)(a; - v;), we obtain:

4

4
@i:_ﬁzggs_// s — ) MEM® 0;—vs | dvs dv;
Qi m; + Mg Jr3 Jgr3
s#£1
4

s=1

4
by [ (o )M v oo do do,
3a o ml‘Fms R3 JR3

5 My
o s s — V) MM (a; - v;) [|[v;—vs|| dvs dv;
et [ (o= ) MM (0 0) [0 do.do

4 3
4 S 37 7 i2 s\Us
= IN 2 T 6?03( )2 / /(vs—vi)exr)(—m(vg;;l ®.)

3o = my + my (2mkgT)?

)

X ||v; — vl dvs dv;

47 s Ms o o4 (mymy)? / / m;i(v;)? + my(vy)
- ¢ - s — U;)ex —
30 2 T S kT e Joa (P T 0P T

)

X (a; - v;) ||vi—vg|| dvg dv;

s=1
SFi
4 3
4T s Mg, (mymyg)2 / /
+ — ‘ e Vs — V;) X —
3o o O-Zsmi + my ve (27T]€BT)3 R3 R3( ) P 2/€BT
s#i

m;(v;)? + ms('vs)2>

X (as - vg) ||v;—vs|| dvs dv;.

It will be convenient to transform the above six fold integrals to the centre of mass velocity

m;V; + MgV
X,y =——m,
m; + mg

and relative velocity
V,.=v, —v;.

Following the steps used to obtain equations (2.4.10), (2.4.11) and (2.4.12), we obtain:

mgV
v,=X, - —2*
m; + Mg
vo=X, + —"
m; + Mg

mi(v;)? + mg(ve)? = (my +me) X2 + V2,
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(4.4.13)

(4.4.14)

(4.4.15)



respectively, where X, = || X .|| = | X | and V, = ||V.|| = |V.| = |vs — v;| = |v; — v4.
Using equations (4.4.12), (4.4.13), (4.4.14) and (4.4.15) together with the fact that the Jacobian of the
transformation (v;, v5) — (X, V) has absolute value of unity, which implies that

dv;dvs = dX,dV ,, (4.4.16)

we can rewrite the integral O; as follows:

4 3
4 My (myms)2 M;s X2 + p; V2
O; = — 2 oo V.exp | — * * |V, dX,dV,
3a ;%ml- g 2k T)? /R P ( 2%5T
SF£1
+47r ! 5 My aa(mims%
Bov £ “m;+ms " ° (2rkpT)?
S#1
M; X2 + pis V2 msV .,
X V. ex — * *a;,- [ X, — —— |V,dX,dV,
/Rs R3 P ( 2ICBT Mis
4 3
4 S 7 S 2
TN~ G2 M e (mims)2

MisX2 + ,uiSVQ sz*
* - - - s X* *dX*d * 9
></]R3 R3V exp( kT a ( + M. )V \%4

where the notation m; + m, = M, have been used. Expanding the previous equation gives:

4 3
_ﬂ-z e (mlm8)2
3a = Tis m; —I—ms €% (2rkpT)?
i

4m - 2 s a o (mlms)%
9. O;s C; Cs
3o £ Py +my (2mkgT)?

SF#i

M; X2 Lhis Va2
i X, — dX, | V V,dV,
. /R?)(a ) exp ( 2T > o P ( 2kBT>

Am - 2 ms a o (mlms)%
B &= "m; +my " (2mkpT)?

s#£1
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4m 2 Mg a o (mlms)%
;= — g C
B &= "m; +my " (2mkpT)?
s#£i
isX*2 ,uzs‘/*2
exp| — dX, V.exp| — V.dV .,
{ /R3 ( 2kpT ) R3 ( 2k3T>
Z Z
MisX*2 ;uzsv 2
i <) X. — dX . V. V. dV
+ (a; + ay) /R3 exp( T ) ( . exp( 2]<:BT> )
Mst ,uzsv
— dX, V* sV, V.dV,
* /Rg P ( 2%pT > M,s (@ V) exp ( 2k3T>
. é’l Z J/
MisX2 mg ,uis‘/*z
— — *ldX, — V.a;-V, — V.dV, ».
/R3 &P ( hpT ) M, J, V@i Vi) e ( 2k3T> }

The integral Z; is similar to the integral evaluated in equation (4.3.22). Therefore following similar proce-

M, X2 kT 2
_ dX, = . 4.417
/Rg exp( Db T ) ( M., > )

The integral Z5 can be written as

,uis‘/;Z — ,uis‘/f
V.o | - V.av.= [ Vigeo | - L vy,
o PP ( 2kBT> a0 < Ui T

where the fact that any vector V', can be written in terms of a unit vector as V', = V.4, with V, = || V||

dure, one has that

and v a unit vector have been used. Writing the previous integral in spherical coordinates and evaluating
gives:

— ﬂis‘/*Z
* - *d *
/RSV'vexp< QkBT)V \'4
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oo pm 2T . )
:/ // ‘/f(izsinecos¢+?)sin05in¢+2cos€)exp<_“lsv* )stinﬁdwedv*
0 2kgT

0o L V2 27
—/ Viexp [ — E22 aV, / sin 9d6/ cos ¢dd +y/ sin Gdﬁ/ sin gzﬁd(b
0

N 2kpT
0

T 2
+fz/ cos@sin0+/ dgf)),
N

0 2w

[SER

0

w\=1<

where &, 4, 2 are the Cartesian unit vectors in R3. The integral in V, can be evaluated using the integral

representation of gamma function given in Eq. (4.3.8) as given below:

o V.2 1 2kp
V4 _st * AV, =
[t (-t o= (5) (2
13\/_(2kBT :

/“[/’LS

_ 3T (%BT)2 (4.4.18)

8 Mis

Therefore,

,uis‘/*2 Bﬁ
V.ew | — V.av, = 2V
o P < 2kBT> 8

The integral Z5 is similar to the integral evaluated in equation (4.3.10). Therefore, following similar steps

M;. X2
SX*exp (— T )dX* =0. (4.4.20)
RI

(Q’ZBT) |2(0) +9(0) + 2(0)] =0. (4419

one has that

The integral Z, can be written as

is‘/:kQ is‘/;Q
K V.dV, = V.v(asVicosO)exp [ — K V.dV,
R3 2kgT

V.(as;-V.)exp (— kT
,uis‘/;Q 2
= a, /R3 Vivexp | — kT VZcosfdV .,

where the fact that any vector V', can be written in terms of a unitvectoras V', = V.4, with V, = ||V ||
llas|| = |as| have been used. Writing the previous integral in spherical

RS

¥ a unit vector and a; =
coordinates and integrating, gives:

) 2
as | Vivexp <— fhisVa )Vf cos6dV,
R3

2kpT

2 M VQ
/ / V(2 sinf cos ¢ + gsinfsin g + 2 cos ) exp vk
2kgT
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x VZcosOV? sinf dg df dV,

00 i V2 T 2
— as/ Viexp | — 222 adV, ﬁ:/ sin%’cos@d&/ cos ¢ d¢
0 QkBT \O \0 ,

0 0
T 2w T 2w
+@/ sinzecosédé/ singzﬁdgb—l—%/ sin9c0520d9/ dgb),
Jo g o b g Jo
0 0 A 2o

where &, 9, z are the Cartesian unit vectors in R3. The integral in V, above can be evaluated using the
integral representation of gamma function given in equation (4.3.8) as given below:

> pisV.? 1 <2kBT>3 1 (Qk:BT)3 (Qk;BT)3
Viexp | — dV, = -T'(3 = 2! = . (4.4.21)

Therefore,

iV 2kpT\> 4 A (2kpT\?
V*(a,s-v*)exp<—’”‘ Y )V*dV*:as( b )z—”:as—”< b > (4.4.22)

R 2kpT His 3 3\ s

Similarly, following the same steps as those used in the evaluation of the integral Z4, we obtain that the
integral Zs5 is given by:

V2 dr (2ksT\*
V.(ai-V.)exp (— fisV: ) V.dV, = aiéT ( ki ) . (4.4.23)

R3 2ijT‘ His

Now substituting equations (4.4.17), (4.4.19), (4.4.20), (4.4.22) and (4.4.23) into O, gives:

M;

L (2mhsTN my dw (2T (2wkgT\ Py A (25T
M;s M;s 3 His M; M; °3 His

dr s, my L (mymy)? {(2wk3T>gmi Am (Qk;BT)3
o; cled

M; M, as? His

4 3 3
4 s iMs)2 2nkgT \ 2
Oi:lZa? m c?c3<mm)2{(”3 ) x 0+ ((a; +as)-0)0

s=1
S#£1
_167T 3 2 Ms o <mlms>% 27TkBT % 2kBT /J“isu? ,uisuia
9 & Tmtmg T (2rkpT)P N\ Mg LLis kg kpT
SF£1
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16m2 e~ ,
g C: C
9 “my+meg (2rkpT)?

s=1
SFi

)
»D
—~
3
3
N
Nlw
I/~
)
)
a3
o
~
~—
[V

3
22k5TN s 0 o
( [Lis > kBT(us_ui)a

where the definition of a; given in equation (4.3.14) have been used and a is similarly defined. Observe
that

1673~ , me ., o (mimy)? 27rl<BT 25T\ i
o; C; C
9 Zsmﬁ—ms ! S(Q’]Tk’BT)g Mis ]fBT

s=1
s#£i
4 3 2
16 95 Ms o o 1 (mim5>2 (QW/{BT> <2kBT) Lbis
= — o c.C
9 1 ’smﬁ—ms L (QWkBT)% Mis Mis His kBT
s#£i
4 3 2
~ 32 9 Ms oo [his 2 (rkgT
94 Pmtm, "\ 2mkpT s
SF#1
4 1
32 9 Ms o o [ 2mkgT\?
= — ce
9 — Zsmi+ms 1S le
SF£1
Therefore, A 1
32 s 2kpT \ 2
0, =25 g2 ™ ( ah ) e (Ul — uf) (4.4.24)
9= Tmitms \ s
S#1

Next let us evaluate the third integral on the right-hand side of equation (4.4.8). To do this, we substitute
equation (3.3.17) into the integral P; and use equation (2.3.49) of Lemma 2.3.10 with p(v;) = v; to
obtain:

P / / / V) [ f © ({€,vi — v;) — =) (€, vi — v;) de dv; dv;,
R® JR3 Js?

since the properties of the scaled collision operators are similar to their un-scaled version. Substituting
equation (4.3.15) into the previous equation, expanding and neglecting the term of order a2, that is, the
term with coefficient (a; - v;)(a; - v;) gives:

Pi:aofj/ //(v;—vi)Miana@(k,vi—vj)—Eij)(e,vi—vj>dedvjdvi
Rr3 JR3 Js2

+O“7z‘2j/ //(v;—vi)Mf‘M]‘?‘(ai-vi)
r3 Jr3 Js2

X © (<€, v; — 'Uj> — E”) <€, v; — ’Uj> de dvj dvi

+ ao; / / / (v; — vi) MM (a; - vy)
R3 JR3 J§%

X O ((e,v; —v;) — Z;5) (€,v; — v;) de dv; dv;.

(4.4.25)

Using equation (4.4.10) with s replaced by 7, we obtain:
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2m;
Pi:aafj—J/ / / (vj — v;) cos O M M
m; +m; Jr3 Jr3 s2

(<€ ’UZ—’U]> — Ez]) <6,’UZ’ — ’Uj> de d'Uj d'l)i

= ao}; / / / v;) cos O M M (a; - v;)
mz+m] R3 JR3 JST

x O ((e,v; —v;) — Z;) (€,v; — v;) dedv; dv;

- U / / / j — vi) cos OM MF (as - vs)
ml—i—mj r3 JR3 Js2
x O ((e,v; —vj) — =) (6,v; — v;) dedv; dv,.

Observe that
/ cosf © (<6, CoU; — Co’Uj> — E’U) <€, V; — ’Uj) de
S2

:/ cos 0 O (¢ ||v; — vj||cos O — Z;5) ||v; — v,|| cos O de

wn
vy N

2w
/ cos 8 O (o ||v; — v;|| cos O — =) [|[v; — v,|| cos b sin O dep dO

2
= 27r/ O (co ||vi — ;]| cos @ — =) ||vs — v, cos® O sin 6 d
0

Ej

CLT'CCOS<> =
_ 27r/ ol[ill /) g (H'vi ) - “W) v — ;]| cos? @'sin 8 d
0 Co

= arccos(
=206 (Jjor = vyl - =2 ) s~ ]

Zij cos®0 ”“05<coy|fifv.||>
— 200 (o = vl = 22 o — oy [- 22| T

3 1o

o = = °
=—0O|(||lv,—v;:| - ”) v, — vl |1— (#> ) (4.4.26)
76 (110~ w31l = =2 i~ v [ T

Substituting equation (4.4.26) into the integral P; above and using equation (2.4.7) together with the fact
that

© ”“’jH) cos? 0sinf do

[vi = vjl| = [|[=(v; —vi)|| = [ = 1] [[v; —vil[ = [[V*]| = V7, (4.4.27)
we obtain that the integral P; can be written as given below:
2 47ij * A o o * Eij * E ’
P—aaz— VM*M?O |V — — | V" |1 —
I3(m; +m;) Jgs Jrs J o COV

4 = =i\’
tao Z] 7Tm] / / V*MaMa az vz)@ (V ]) V* < J )
3(mi+m;) Jrs Jrs Co coV'*

dv; dv;

d'Uj d'vi
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(2.4.10), (2.4.11) and (2.4.12) with (m;+m;)

dmm,; = =
2T VMM a:-v:)0 [ Vi—=Y Zij dv; dv;
+OéO'U 3(mi—|—mj)/Rs R3 ! J (a] ,vj) Co COV vj v
Arm;  (mgm;)? m;(v;)? + m;(v;
— 2 j Al o V* i\Ui j J
aal]3(mi + mj) (27T]€BT)3C C /]R3 R3 &P ( 2]€BT
OV — % — [ == dv; dv;
- ( CO> (COV ) v

9 4mm;

(mzmj) /
2 fel V* -
0 S ) 2k TP fo J VP

x O <V* -
drm;  (mimy)?
z J e o v* —
T 3l + my) 2k T)E /R A <
x O <V* -

o Awm;  (mim; )

P, = o o Viexp | —
53 (m; + my) (2eksT)s /R s p(

x@(V*

drm;  (mymy)
2 j i
T 3 s+ my) (2nkET)P

\_o/a wlw
<0
Q
.0

%\
w

m; V™
D, G oV —
+ ao? Amm,;

M

o Awm;  (mymy) :

— oo V* .
Y753 (m; + my) 2k TP /R . exp(

5 4mm;

— Q0
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V™ exp ( —
RS

(mzm])% /
93(my +my) (kTP 07 Jas Jas T

X aj-(X*+miV )@ (v*—

(m,m])% /
930y +my) CrkpT)P 9 s Jos L P

2kpT

= = \?3
Zij . Zij
A I VA

Co) <C()L*>

m;(v;)? + mj(vj)2> (a; - v;)

mz‘(vz’)2+mj(vg’)2> (@ - v:)

d'v]- d'vl-

2kpT

= = 3
—ij V* o —ij
Co coV*

dv; dv;.

Next we transform the above six fold integrals from v; and v; to the centre of mass velocity X ™ and
relative velocity V'*, respectively given in equations (2.4.6) and (2.4.7). To do this, we use equations
= M together with equation (4.3.21), and obtain:

MX*Z +/LijV*2
2kgT

- —_ 3
Su )y dxX*dv*
Co ) (Cov >
MX*Q + /ij*Q
2%kpT
= = 3
v 1- dxX*dv*
Co ) (C()V )
MX*Q + MijV*Q
2kgT
= = \3
ﬂ) v 1—<—“” ) dX*dV*
Co coV*

MX*2 + uijV*Z
2kgT

% © (v* _ ﬂ) VEAX*dV*

Co

MX*Q +,uijv*2
2kpT



— —_ 3
X © (V* H”) % (i) dX*dV*
Co coV'*
MX*Q _{_#V*Q
v — Y
[, vees (<2550

a; - (X* _mV >@ (V* - ﬂ) VX AV
M Co

3 * *
_ ao? drm;  (mym;)2 e / Vieo| - MX*2 + p;;V*?
J S(ml + mj) (27?k3T)3 R3 QkBT

m.V* = =.\°
o xr— OV —=2 v =L ) dX*dV*
o (=)o (-2 v ()

drm;  (mym;)2 MX*2 + p;;V*?
2 J L) & V* . 1]
* Oéo_lj 3(mz + mj) (27TkiBT)3 C / R3 &P ( QICBT

a;- <X* + mj\y )@ (v* “COJ) VX AV

3 * *
ot Ammy  (mimy)z a/ Ve <_ MX*2 + iV 2)
R3

3
4 oo Arm (mym;)2
Y 3(m1 + mj) (QW]{JBT)?’

c
C; C;

S0

K 3(7)’1Z + mj) (QWkBT)?’ QkBT

m;V* = =i \°
S X : e(v-=2)v* * dX*dV™*.
a] < i M) ( CO) (CDV>
Expanding gives:

D oo? drm;  (mym;)? o / V*ex _ MX 4 p Ve
= Qo
T 3(m, + my) kTP Joy fas P UipT
J

—_

x © (V* H”) VX dV™

Co

. 3 *2 Y/ *2
_ao? drm;  (mym;)?2 o / Vieo | - MX** 4 iV
J 3(ml -+ mj) (QWkBT)g Rr3 JR3 2kgT

- = \3
X O (V* - ﬂ) Ve < i ) dX*dV*
Co coV'*
5 Admm;  (mymy) 2

. 2 e « MX*2 + ,ul-jV*Z
ij 5C V*exp
S(mz + m]) 27Tk’BT) R3 JR3 2]{?BT

—_
—

x (a; - X*)© <v* — i) VX dV*

Co

S Arm;  my (mimy) )2 o a/ Ve L MX? 4 Ve
”3(mi+m]) (271']{?3T)3 € J R3 JR3 QkaT

+ ao

x (@i - V*)O (v* - ﬂ) VX dV*
Co
3 * *k
ot dmmy  (mamy)> / Vieo | - MX 24 py Ve
*J 3(m1 + m]’) (QWkBT)?’ R3 2]{,‘BT

(07
C’L

C
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— = 3
x (a;- X*)© <V* “U) v (l) dX*dV*

Co coV*

dmm;  m, (mm)% MX*? 4 p;; V*2

2 J J [ o * 1]

+ ao? — 9 V —
Y3(m; +my) M (27rl€BT)3CZ “ /Rs R3 P 2kpT

Co Co Vi

drm;  (mgmy)? MX*2 4 p;; V2
2 J L) o V* _ ]
O S o ) (2 T O /R e P ( T

= = 3
X (a; - V*)© (V* — ﬂ) % ( = ) dX*dV*

—_

x (a; - X*)O (V* - ﬂ) VX AV

Co

Arm;  my (mgm;)? MX*? + p;; V*2
2 J T J (o6 V* i
T S o+ my) M (2akgT)P /Rg s P ( 2T

—_

x (a;-V*)© (v* = ﬂ) VXV
Co
3 * *
_ a0l drm;  (mymy)? / V* exp _MX ? o+ i V2
J S(m, + m]) 27TkiBT)3 R3 JR3 2]{?BT
~ 3
Yo (v - =u —_) dX*dV*
o (=) (@)
3 * *
oo dmm;  m; (mymy;)2 c?co‘ V* o0 _MX 2 iV
33(m; + my) M (2nkpT)? %5T

= \3
O HZ] =Y ) dX*dV*.
voe (V=2 )v ()

The integral P; above can equivalently be written as follows:

3
o 4mm; (mim;)2 o

93(m; +mj) (2mkgT)3 "

MX* iV =,
- ix* | viep| - ¥~ © S gy
{ /R3 o ( SkpT > A ( 2kpT >@ (V c >

P; = ao;

»
MX*2 113V *2 = =
- - dx* [ v* -2y OV =22 )y =L ) av*
/RS exp ( 2]{‘3T> R3 &P ( QkBT ) ( Co ) (CQV*>
¥
MX*? 11V *2 =
' - ax* | v* — 2o (v =2 ) vrav®
e eXp( 2/<;BT> - exp( 2k3T> ( c0>
»
MX*2 m; 11V *2 =
- - dX =L | v* — By LV A [ VAW A v
/Rg P ( 2kBT> M Jor O P ( 2kBT> (a;i- VO (V % )
Vs
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M X *2 M“V*z = = 3
—a;-| X*exp| — dX* / V*exp| — =2 @(V*— ”) V*( ) dv*
R3 ( QkBT ) R3 ( 2]€BT Co Cov

Y2
MX*2 m; 113V *2 = =\
— dX* _J * . 1] . * 1) * 1) d *
+/Rgexp< QkBT) i R3V exp( 2k:BT>(a’ \%4 )@(V CO)V (COV*) \%4
Vi
MX*? i V2 =
. X* _ X* * _ 1) * 1] *
+a; . exp( QkBT)d RSV exp( 2k3T>@<V CO)V dV
Y
MX*? m; pi; V2 =8
- dX*— [ v* A -V | A=A R Val) Ve
* /R e ( 21<:BT> M J < 2kpT ) (a;-V5)® ( o )
Vs
MX*2 113V "2 = =\
o X* . d.X* * Py * 7Y * ) d *
a; . exp( QkBT) RsV exp( 2k3T>@(V CO) Vv (—COV*) \%
Vo
MX*2 m 113V *2 = =i\
_ _ dX*_Z V* - ] . V* @ * 1] V* i dV
/Rgexp< 2kBT> M Jos eXp( 2/<BT>(GJ ) ( co) (c0v>
Yo

The value of the last integrals in X ™ on the right-hand side of the previous equation is given in equation
(4.3.22). The second to the last integral in X ™ on the right-hand side of the previous equation is similar

to that given in equation (4.4.20). Therefore,

3
MX2 orkpT ? MX*2
- dX* = i [ Xre - dX* = 0. (4428
/Rpr< 21<:BT> < M ) - exD( 2k:BT> (4.4.28)

Now let us evaluate the integrals in V'*. Using the fact that any vector V', can be written in terms of a
unit vector as V', = V.0, with V, = ||V, || and ¥ a unit vector, the integrals in V* can be evaluated in

spherical coordinates as given below. The integral )/, is evaluated as follows:

* _:uij‘/*2 *_ﬁ * *
Vexp( —2k3T>@(V CO)V dVv

— 3 VN L . Zi *
_/R?)Vvexp( 2k3T>V®(V CO)dV
00 ™ 2
:/ / / V*2 {&sinfcos ¢ + g sindsin ¢ + zcos O}
o Jo Jo

cexp -tV g (v Zu V*2sin0 de df dV*
2kBT Co

— /oo  V*exp (_Mz‘jV*z) av* :i:/7r sin29d9/2ﬂcos¢dq§
V*Z% QkBT \0 1\0 ,

~
0

RS

w\=!<
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™ 2T s 2
+@/ sin20d«9/ sin¢d¢+2/ sin@cos&d&/ d(b),
0 Jo Jo 0

0 0

[SER

21

where &, 9, 2 are the Cartesian unit vectors in R3. The integral in V* can be evaluated using the change
of variables given in equation (4.3.23) together equations (4.3.24) and (4.3.25), to obtain:

> . V2 [ 2ksT\? 1 /2kpT\ 2
_ Vexp (— d )dV :/ z ( exp(—2) dz

Hij 223 Hij

1/ 2ksT\? [~
= —( & ) / 28 exp(—z)dz.
2\ g o

k3

Using the incomplete Euler gamma function (4.3.3) withn — 1 = % ie,n= g we obtain:
5
o IUZV*Q 1 2]{)BT 2 5
% - dV* = = | 4.4.29
/V*>Eij P ( QkBT ) 2 ( Hij 2721 ( )
>
Therefore,
* HJUV*2) ( * :l]> * *
V™ exp (— CRN% V*dv
R3 2]{?BT Co
5
2 5 R ~
. 341 ) [20) + 500) + 200

(4.4.30)

The integral ) is evaluated as given below:
= = 3
* pi V' AR = .
|4 V- 1% dV
- exp ( Qk‘BT ) ( Co ) (CUV*>
= = 3
’uijv*2 * Sig * —1j *
= [ Vo eV 1% dV
/ ( 2]€BT) ( Co ) (C[)V*)
/ / / V*{&sinfcos ¢ + gy sinfsing + zcos b}
o (VN g (v —Zu) e (Zi 2 sing d¢ dOdV
2]{,‘BT Co C()V
= \3
Co

/OO V* exp (—“J—W) File ﬁ:/ﬂsinQGdQ/%cosqﬁdgﬁ
V*ZEC% QkBT \0 , 0 ,
T 2T T 2
+@/ sin29d0/ sin¢d¢+2/ sin9cos€d9/ dgb),
0 0 0 0

SRR

0
~

m\=|<

0 0 2m
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where &, ¢, 2 are the Cartesian unit vectors in R®. The integral in V* can be evaluated using the change
of variables given in equation (4.3.23) together equations (4.3.24) and (4.3.25), to obtain:

1 1
o0 V2 © L (2kpT\? 1 (2ksT\?
/ _ V¥exp (—MJ >dV*:/ 22( b ) exp(—2z) 1( B > dz
vex>Zi 2kpT 2t Hij 222\ i
1/ 2kgT o
- _( B ) / exp(—z) dz.
2\ pig ) S

Using the incomplete Euler gamma function given in equation (4.3.3) withn — 1 = 0, i.e., n = 1, we

> . Mz‘jV*2> L1 <27€BT> .
_ V'exp (— dV* = - F<1,2i>. (4.4.31)
/V*Z:cf)j 2kpT 2\ g

13V *2 = = 3
%8 _ O(ve—Z9 )y (=2 ) qv*
/R3 &P 2/{ZBT ( Co ) <COV*)

_ (a-j>3 (%BT)F<1, =) |#(0) + 9(0) + 2(0)]

i

—_ 3
( J) (kB )F(sz)xe
Co Hij

The integral V5 can be evaluated as given below:

V2 =hy
V*exp (— Hij )(ai Ve (V* - —]) V*dV*
R3

obtain:

Therefore,

(4.4.32)

Qk’BT Co

Y *2 =
= / V*Gexp (— gV )(aﬂ/* cos 0)© (V* — ﬂ) V*dV*
R3

21{'BT Co

00 s 2m ,UV2
:/ / / V*{@sinfcos¢ + ysinfsing + zcosh}exp | —=
o Jo Jo 2kpT

—_

x (a;V* cos 0)V*O (v* - %) V*2sin g do df dV*
0

00 L ‘V*2 T 27
= ai/ _ V*¥exp (—”—) dv* ﬁ:/ sin® § cos 9d«9/ cos ¢dd

-~ -~

0 0

™ 2 s 2
+g)/ sin26c050d9/ sin¢d¢+2/ sin0cos29d9/ do |,
Jo Jo Jo Jo

2

0 0

@i g

where &, 9, z are the Cartesian unit vectors in R® and a; = ||a;|| = |a;|. The integral in V* can
be evaluated using the change of variables given in equation (4.3.23) together equations (4.3.24) and
(4.3.25), as given below:
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5 1
o V2 e 2kpT \ 2 1 [(2kgT\?2
/ E._V*5exp (_/;12 T)dv*:/ zg( B ) exp(—z) 1( b ) dz
V>l B 2z Hij 222 Hij

1 2l<;BT>3/°° )
== zexp(—z) dz.
2< Mg 2 ( )

K3

Using the incomplete Euler gamma function given in equation (4.3.3) withn — 1 = 2, i.e., n = 3, we

o V2 1/ 2ksT\"®
/ Ve <—’””V )dV*:—( B )r(3,z;). (4.4.33)

obtain:

Therefore,

/ Viexp| — ps V2 (a;- V)OO V' — =i Vdv*
R3 QkBT Co

1 [ 2ksT P
:ai—< B ) F(B,zj)[ﬁ:(OxO)—i—@(OxO)—i—%(—><27r>}
2\ g 3
1/ 2ksT\? 4
:a¢—< b >F(3,zj>2(—w)
2\ i 3
or (2ksT\"
:ai_ﬁ( B )r(g,z;). (4.4.34)
3 Hig

The integral ), can be evaluated as given below:
* ~ ~ 3
. i V*? . s S\ s Sij .
\ %4 — VIOV —— V| —— | dV
R3 exp( Zk’BT > (CL ) ( Co ) (Cov*)
= / Vivexp | — V™ (a;V*cos0)O [ V* — =i Ve = 3 av*
R3 2k’BT ‘ Co CoV*

00 ™ 21 MvQ
:/ / / V*{@sinfcos¢ + gsinfsing + zcosh}exp | —=2
o Jo Jo 2kpT

= = \3
x (a;V* cos0)© (V* - ﬂ) % <l> V*2sinfdegdd dV*
= \3
- (%)
Co
0 0

Co CQV*
T 27 T 27
—l—@/ sin28c050d9/ singbdgb—l—%/ sinf c0520d0/ do |.
Jo Jo 0 0

00 Lhi ‘V*2 T 27
/ ~ V*2exp <—”—) av* / sin? 6 cos § df / cos ¢ d¢
V*Z% 2kBT J 0 Y 0

0 0 27

o

where &, y, z are the Cartesian unit vectors in R® and a; = ||a;]| = |a;|. The integral in V* can
be evaluated using the change of variables given in equation (4.3.23) together equations (4.3.24) and
(4.3.25), as given below:
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%0 V2 ©  /okpT 1 [(2k5T\?
/ _ V*2exp (—Mj—) dV*:/ z( b )exp(—z) < B ) dz
ve>Zi 2kpT 2 Hij 2z i
3
1 (2kgT\2 [
== ( il ) / 22 exp(—z) dz.
2 Hij e

Using the incomplete Euler gamma function given in equation (4.3.3) with n—1 —% e, n= % we obtain:

3
o [le*2 1 QkBT 2 3
_ V*exp (— J ) dv* = = < I(=,z). (4.4.35)

N|=

Therefore,

Viexp| — iV (a; - VO [ V* — = V* —Eij ’ dv*
R3 QkaT ’ Co C()V*

[@(0 x 0) + (0 x 0) +z<§ X 271')}

2kpT
(kB ) F(é,z;‘). (4.4.36)
i 2

The integrals Vs and Vg are similar to the integrals )5 and V., respectively. More precisely, replacing a;
with a; in the integrals )3 and )4, one obtains the integrals )5 and Vs, respectively. Therefore, following

exactly the same procedures as those used in the the computation of the integrals )3 and )V, respectively,
we obtain:

* M”LJV*Q * * “74] *__ 2kBT ( *)
|4 — Ve[V — V*dV*= F 3, 2 4.4.37
- exp ( 2]€BT ) (aJ ) ( o ) a’] 3 < ,LLZJ ) Zz ) ( )
Viexp| — sV (a;- VO (V" - i)y (S 3 av*
R3 2]€BT J Co Cov*

3
or (Ei,;\> (2ksT\2 . (3
:aj—”( J) ( b ) F( z) (4.4.38)
3 \ Hij 2

Substituting Eqs. (4.4.28), (4.4.30), (4.4.32), (4.4.34), (4.4.36), (4.4.37) and (4.4.38) into P; gives:

3
P — ao? 4rm; (mim;)2
7 3(m; —|— m;) (2rkpT’)3

3 3
B 2rkgT %aiQ—ﬂ 2kgT I3, 25+ 2rkpT 2%% Eij Sor QkBT r §,z;‘
M M 3 Hij M M Co 3 Hij 2
3 3 3
orksT\?m; 2m (2kpT\’ wmkpT\>m; (25 27 (2kpT\2. (3
g2t (3. 2%)— a. I Y
+( M ) Ma] 3 ( Mg ) ( ’Zl) ( M Ma] Co 3 Hij 272:7’

Factorising, we obtain:

o
(ex
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3
8t2m;  (mgm;)? omkpT\? (2kpT\’ m; m;
. — 2 J J a (3. 2* ‘a. — —J i
P = 0 G e & my) 2k TP ( el RS A B vic Al v

8 Uijmj (mimj)i a 27T]€BT E 2]€BT 3 « m; m;
(63 C N2 —a,l-——aj

9(m;+m;) 2rkgT)3 ,u” 2 M M
— ao? 87T2mj 1 % A m’m] % QkBT 27) @a» _ ﬁa.
”9(mi+mj) 27TkIBT Hij M J M ‘
o 8 1 %c o mm; = 3 2l<:BT L @al—ﬁa-
9(m;+m;) \2rkgT) * 7\ M 1L AN MY MY

3

8m; Wi \? 2nkgT\" (2kgT Hijous s aud
2 J J QLo T * J _ g %
(i) e ( ) ) <3>Zz>{

+«

Q

N

= Y%59(mi+my) \2mkpT) IZRANT
8V/mom; omkpT\? (3 @ poud

ta O [ g 22 Zij TRB F O |) Huti Pt
9(ml—l—m]) Zﬂ—kBT ! Co Hij 2’ ! k’BT kBT ’

where the definition of a; given in equation (4.3.14) have been used and a; is similarly defined. The

previous equation can be rewritten as:
1
8 ; 2kgT \2 (2kgT ”
Pi:aQU%ﬂc?c?( B ) ( B )r(s,z;) BT (s — u)
9(mi+m]~) Hij ij k’BT
8\/mm; =\ (3 i
2 2 J a o 2 * %) a a
_ 2 VT a0 (.2 Yy
“ 02]9(77%—1‘77%')0Z E (CO) (2’21) (uj ui)

3
; 2kgT \?
2,2 8V e ( B > ['(3,2]) Hij (u§ — uf)

IRV AT " kpT
8y/mm; =\ /3 [

2 2 ) o« 2 * ?] « «

—a’oy; 9 ;¢ (Co) F(é,zi>kBT('u,j —u).

Therefore,

3
| 2T \? =5’
2 zgﬁmjcaca Hij (ug_u?)[( B ) F(3,ZZ‘)— (C]> F(g,zj‘)] (4.4.39)
0

Pi= 0o kT i

Finally, let us evaluate the last integral on the right-hand side of equation (4.4.8). To do this, we substitute
the definition of jiaR given in equation (3.3.18) into the integral Q,. Then using equation (4.3.17) and

expanding, we obtain that the integral Q; can be written as follows:

2
ot ol e
r3 Jrs Js2 [kl ol

X @( (€, cov; — cov;) — Eij) (e,v; — v;) dedv;dv;
(4.4.40)

—HWZ-QJ'/ / /’Ui[(””> MM (ag vy +ag-v)) — M M7 (a;-vi+a;-v;) @
R3 JR3 J§2 Q,

Hkl
x O((€, cov;—cov;) —Z45) (€, v; — v;) dedv;dv;
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The integral le) vanishes upon evaluation. That is
oM =, (4.4.41)

see Appendix A section A.3 for the details of the computation. Let us now evaluate the integral QEQ).

Expanding it, we obtain:

2
Ql@) :aafj/ / / v; <@> M M (ay, - vy)
R3 JR3 JS2 Fokl R1

X @( <€, CoU; — C()’Uj> — Ez]) <€, v; — ’Uj> dEd’Ujd’Ui

2
—i—aaizj/ / / v; (@) Mg° M (a; - vy)
R3 JR3 Js? Hokl Ro

x O( (€, cov; — covy) — Ej5) (€,v; — v;) dedv;dv;

—aaf-/ / / v MM (a; - v;,)0( (€, cov; — cov;) — Ejj) (€,v; — v;) dedv;dv;
7 Jrs Jrs s% ’

[\ J/

Rs

—omfj/Rg/R?’/S2 v MM (a; - v;)O( (€, cov; — cou;) — Ey5) (€, v; — v;) dedv;dv; .
+

-~

R4

It will be convenient to transform the integrals R4 and R, from (v;, v;) to (v, vy). To do this, we use

the fact that the Jacobian of this transformation is

3

w §<€7UZ_UZO> (4.4.42)
Hig wt ’ o
see equation (2.3.23);. This implies that
% (0] (o]
dv; dv; = (@> (€ VL= V) e (4.4.43)
Hij wt

Now using equation (4.4.43) above together with equation (2.3.20), we obtain that the integrals R and
R can be rewritten as follows:

2
Ri=ac [ [ [ o (B2) amatans o) 6 e cont - o) - Ei
R3 JR3 JS2 1923}

1 3

2 2 o _ [e]
X (—’ukl> wt (—MM) —<67Uk+ vi) de dvy, dvy
Hij Hij w

_ 2 o fe%e] o o
R3 JR3 Si

X O ((€, covy — covy)) — Egy) (€, v} — v]) dedvy dvy,

2
Ro=ac [ [ [ ot (B2) ageaetar of) 6 (e, covt - unf) ~ Za
R3 JR3 JS2 1223}
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1 3
§ 5 [e) _ [e]
X (_““) wt (—““) (& v —vi) de dvS dv?

i 1hij wt

—aau/ / / MM (ay - vy)
R3 JR3 J§%

X O ((€, covy — covy)) — Epy) (€, v, — v}) de dvy, dvy;.

Therefore, the integral QZ@) can be rewritten as given below:

Q?):aaf-/s/s/sz) v MM (ay-v3)0 (€, covy —cov]) —Zg) (€, v7 —v7) de dv;, dv;
R3JR

J/

Ry
+ao; / / / T MM (ar-v7)O (€, couy—cov)) —Ek) (€, v; —v)) de dvy, dv;
R3JR3 SQ
R
— QO; / / / v; MaMa G,z ’Uz>@(< CoV; — Co’l)j>—Eij)<€,’U¢ — ’Uj> dﬁd’l)j d’l)i
R3 JR3 S2
Rs
R3 JR3 Si
R

The integrals R, Ro R3 and R, above are similar to the second and third terms on the right-hand side
of equation (4.4.25). Therefore, using similar steps as those used in their computation, we obtain

1 okpT ? 2
Q52)22a20?j—cgcf‘ug (W—B) {mkF<2,zi*> + ﬂl‘(&zi*)]
M ki 3 R
1 21 VA=A 2m 1
a oo kl —kl 1
_a202 Mckc uk (—ijT ) <E> [mkf(l, Zz*) + —3 F(Z, Zz*):|
1
1 2kl \ 2 2
+2070;— et mpug ( 5 ) {F<2,zi*> - —F(3,zi*)}
M kel 3 R
1 S\ (27 : 2 :
_a2012] —cp gmyuy (—) ( ) {F(l, Zix) — —F(Q, Zl*ﬂ
M Co kBT 3 (4444)
. 4.
1 2rkgT \ 2 2
—20°07,¢7 ¢ —us < i ) {mﬁ(Z,z;‘) + —ij(S,zf)]
M i 3
i ) R3
woal (BN [ 2mpi\2 2 )
orkpT\? 1
— 202020 Sl ( e ) —{F(Zzz) ~2p3, )}
i M 3 Ry
— N\ 2 i
= omui \ 2 1 2
2 2 a.« 2] 1) * *
+a” oj;ccim; uf (Co> (kBT) M[F(l,zi)—gl“(lzi)],
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where M and z; are as defined equations (2.4.3) and (4.3.25), respectively, while

— \2
Kkt Skl
= — ] . 4.4.45
“n Qk’BT ( Co ) ( )

Therefore, putting together equations (4.4.41) and (4.4.44) gives:

Q,=0+0” =0?. (4.4.46)
Substituting equations (4.4.9), (4.4.24), (4.4.39) and (4.4.46) into equation (4.4.8) gives the desired result.
Therefore the proof is complete. OJ

4.5 Macroscopic Equations and Formal Asymptotics

The main result of this chapter is given in this in this section. In particular, using equation (4.3.1) given
in Lemma 4.3.1 and equation (4.4.1) given in Lemma 4.4.1, the reaction-diffusion system of MS type is
formally derived as the hydrodynamic asymptotic limit of the scaled SRS kinetic system given in equation
(4.2.1). The connection between the two systems is based on the fact that the scaled Maxwellians given in
equation (4.2.3) solve the scaled kinetic equations if the macroscopic parameters ci* and u;' characterising
such Maxwellians solve the approximate equations (4.3.1) and (4.4.1). The conclusion is obtained by taking
the limit as o — 0 together with an assumption that the parameters c{*, us* converge point-wise to ¢;,
u;, fort > 0and x € Q.

Theorem 4.5.1. (i) Given the scaled SRS kinetic equations defined in equation (4.2.1) ac-
companied by the boundary condition

v-J; =0, =x€dQ,  t>0, i=1234. (4.5.1)

The Maxwellians defined in equation (4.2.3) are solutions of the initial boundary value prob-
lem for the scaled SRS kinetic equations (4.2.1) with initial conditions (4.2.2) iffori = 1,2, 3,4,
the parameters ¢ and ug* solve the approximate system

ocy 0, 0w B
ot +a_m(ciui)_\7w

(4.5.2)

0 kgT Oc 0

2 a, B 7 2 7
ot )+ m; Ox ta ox

(Gfuy @ uf) = O; —P; + Q,

where the reaction rate J; is defined in equation (4.3.2) and the production terms O;, P;
and Q; are defined in equations (4.4.2), (4.4.3) and (4.4.4), respectively.

(if) Moreover, in the limit as o — 0, the system of equations (4.5.2) reduces to
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( 1 1
(‘9ci 3JZ 2 27T/,Lij 2 ,Lbz‘j 2 QR
ot + Oz =0, ( k;BT . Cr C; EXp _]{jBT C; Cj
2kpT . =5} .
Mij F(27’Zz) - (COJ> F(L'Zi )] ) (453)
de; 32 < 21
ac =5 2% ( I:MT]) (cds = i),
€T B
s=1
L SF#i

whose unknowns are the concentrations c¢; and the molar diffusion fluxes J;.
Proof. The statement in item (i) follows from Lemma 4.3.1 and Lemma 4.4.1.
Concerning item (i), we define the molar diffusion flux in this case as:

f—ut) = duf=J+cfu (4.5.4)

where
Z _mqv v, (L, x, v;)dv;
u® =u(t,x) = (4.5.5)
Z mzfa (t, x,v;)dv;

Substituting equation (4.5.4) into equation (4.5.2) and then let & — 0 in the resulting equation, and
assume that the limits

= lim ¢} J; = lim J73, u = lim u®
a—0 a—0 a—0

exist pointwise forany t > 0, € €2, as well as using assumption (c) given in subsection 4.2.2 which
implies that (cz'u,) 0, we obtain system (4.5.3). L]

Observe that summing the first and second equations of equation (4.5.3) over all species, we obtain
that ¢ is uniform in space and constant in time. Therefore, the second equation of the system of equations
(4.5.3) can be rewritten as

a 7 1Ys T s 7
G_z Z i (4.5.6)
where 9 T 1 ]
Dig=or | i~ ) — (4.5.7)
32 \ 27 ;s cojy

are the diffusion coefficients, i.e, the Maxwell-Stefan diffusion coefficients.
Consequently, for © = 1, 2, 3, 4, putting together equation (4.5.3) with the second equation replaced by
equation (4.5.6), the constraint law given in equation (3.1.11) which in this case translates to

4
i=1
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and the boundary conditions given in equation (4.5.1) for the diffusive fluxes J;, we obtain:

( Jc¢;  0J;
: - = i e Q t>0
ot * ox . Ji, @ ’ ’
dc; 1 csdi — ¢
= —— _ xecQ t>0
ox c Z D, ’ ’ ’
S (4.5.8)

4
ZmiJizO, z e t>0,
=1

I/'JZ':O, azE@Q, t> 0.

\

The System of equations given in equation (4.5.8) constitutes a boundary value problem referred to as the
reaction-diffusion system of Maxwell-Stefan type.

Remark 4.5.2. /t /s important to underline that the expansion of the distribution function
given in equation (4.2.4) was used for the explicit computation of the integrals appearing on
the right-hand side of the concentration and momentum balance equations (see equations
(4.3.1), (4.4.1) respectively). In addition, the terms of o neglected in the computation of the
production terms in the mass and momentum balance equations would not have affected
the result obtained. This is because they would vanish in the limit as o — 0.

Furthermore, note that a system of Maxwell-Stefan type with the same general structure as
the one in equation (4.5.3) can be derived from the SRS kinetic model if we do not use the
expansion of the distribution function given in equation (4.2.4). 0

4.6 Conclusion

In this chapter, a reaction-diffusion system where the diffusion process is modelled by the MS equations
was formally derived as the hydrodynamic limit of the SRS kinetic model. This derivation was achieved by
considering a scaling of the SRS kinetic equations in which elastic collisions play a dominant role in the

evolution of the species while chemical reactions are slow.

An important aspect in the computations presented in this chapter is the fact that a first order correction
to the Maxwellian distribution was used for the computation of both the elastic and reactive production
terms. Moreover, the first order correction to the Maxwellian distribution used coincides with the one used

by Stefan in his celebrated work from 1872 to derive the diffusion coefficients in a mixture of gases.

In the quoted literature about the hydrodynamic limits of kinetic models for reactive mixtures, the
derivation of the reaction-diffusion system of MS type had not yet been considered. The work developed
in this chapter provides the first result in this direction. Therefore, the work developed in this chapter
complements the works developed in [26, 28, 29, 68] in the context of non-reactive mixtures.

Still in connection with the works developed in [26, 28, 29, 68] for non-reactive mixtures, it worth

mentioning that when the chemical reaction is turn off in the SRS kinetic model (i.e., if the mixture is
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made up of four non-reactive species), the limiting system of equations (4.5.8) reduces to the Maxwell-
Stefan diffusion system for hard sphere cross-sections obtained in [4], but for NV non-reactive species and
is similar to the one in [28] for N non-reactive species with Maxwellian molecules.

The fact that a reactive mixture was analysed in this chapter allows for the consideration of many
interesting problems concerning the derivation of the MS equations from reactive Maxwell-Boltzmann type
equations. Among the most interesting problems, are the following.

The first problem is the introduction of chemical potentials as the main agent in the definition of the
driving forces of the MS equations and then study the passage to hydrodynamic limit by removing the
isothermal assumption. This will certainly lead to a very rich setting from the physical and mathematical
point of view.

The second problem concerns the possibility of studying different time scales associated to the chem-
ical reaction. In particular, studying different chemical regimes and obtaining the influence of chemical
reaction in the limiting MS equations. This problem has be studied in [7] and will be presented in Chapter
5.

In fact, the scaling of slow chemical reaction studied in this chapter is the sole reason why the limit
equations for the momentum of the species do not include contributions from the reactive pair with suffi-
cient amount of energy to produce a chemical reaction. This can be seen from equation (4.4.1) of Lemma
4.4.1, where clearly they are contributions from collisions with enough energy to produce a chemical
reaction, but they are of order of a2, due to the scaling, and hence go to zero in the limit as o« — 0.

Additionally, when studying different time scales associated to the chemical reaction, especially those
chemical regimes in which reactive collisions are treated on a par with elastic ones, the SRS model results
to be appropriate because of the inclusion of the correction term in the elastic operator. This correction
term as mentioned before singles out those pre-collision states that are energetic enough to result in
a chemical reaction, therefore preventing double counting of these collisions in the elastic and reactive
operators. In this sense, the correction term leads to non anomalous results.

Finally, since it is well known that physically meaningful chemical processes often involve gases with
polyatomic structure, it will be useful to extend the present analysis to polyatomic models. This problem
will be addressed in chapter 6.
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Chapter 5

On the formal derivation of the reactive
Maxwell-Stefan equations from the kinetic
theory

This chapter contain the results published in EPL, 2020,
in collaboration with Patricia Gongalves and Ana Jacinta Soares.

5.1 Introduction

The equations nowadays referred to as the Maxwell-Stefan (MS) equations were first derived from the kinetic
theory of gases by Maxwell in his renown work [83], where a binary mixture of non-reactive gases was
considered. Few years later, Stefan presented in [105] a continuum mechanical derivation of the same
equations, but valid for a mixture of several non-reactive species. The MS equations have successfully been
used by many applied and experimental researchers to model diffusion in multicomponent mixtures [77].
This is because they provide a more consistent and complete approach than the standard description of
diffusion given by Fick in [52, 53]. In fact, the MS equations can be used to describe non-typical diffusion
phenomena like osmotic diffusion, uphill or reverse diffusion and diffusion barrier observed experimentally
in multi-species mixtures, [30, 47, 77].

Several contributions have been made at the level of both the mathematical analysis [26, 32, 70, 71]
and numerical studies [26, 50, 54] of MS type diffusion models. Furthermore, several works have been
published about the derivation of the MS equations from the MBEs for non-reactive mixtures, under a
diffusive scaling, see for example, [29, 69]. In these papers, the MS equations were obtained through the
passage from the kinetic dynamics, in a proper scaling, to the hydrodynamic limit. More precisely, the MS
equations were obtained from the momentum balance equation of the species, in the limit, as the scaling
parameter tends to zero. In the same spirit, chemically reactive mixtures of monatomic and polyatomic
gases have been considered in [5, 6], under isothermal and non-isothermal conditions, respectively. In

both papers, a chemical regime, in which mechanical collisions are dominant and chemical reactions
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are less frequent, was considered. The corresponding MS equations have been derived from the species
momentum balance equations, in the hydrodynamic limit, but they do not contain diffusion terms resulting
from chemical interactions.

The aim of this chapter is the formidable task of extending the approach of [5, 6] and derive the MS
equations in a regime, where chemical interactions between the species play a relevant role and influences
the dynamics of the reactive mixture. To this end, the SRS kinetic model given in [93] and described in
section 2.3 will be considered for the derivation presented in this chapter. The starting point of this deriva-
tion is a scaling of the kinetic equations in which both mechanical collisions and chemical reactions have
comparable relaxation times. The MS equations obtained from the momentum balance equations of the
species in the hydrodynamic limit, contain additional diffusion terms resulting from chemical interactions.
For this reason, the present extension will be referred to as the reactive MS equations. As a particular
case, the isothermal reactive MS equations is obtained when the temperature of the mixture is constant

in time and uniform in space.

The rest of this chapter is organised as follows. In the next section, the main results of this chapter
is presented. In section 5.3, the scaling of kinetic equations to be studied is introduced. This will be
followed by the assumptions that will be needed to obtain the results presented in this chapter and some
properties of the collision operators which are consequences of one of the assumptions. In section 5.4,
the momentum balance equations for the species are obtained. In section 5.5, the prove the main results
of this chapter is given. The last section is dedicated to the conclusions about the results obtained and

some discussion about new perspectives in connection with the reactive MS equations.

5.2 The main results

Let © C R? be an open bounded domain with regular boundary. Consider a reactive mixture of four
monatomic-like gases, A, As, A3 and Ay, participating in the bi-molecular reversible chemical reaction
described in equation (2.3.1) that evolves in 2. This reactive mixture is described by the SRS kinetic
model given in section 2.3. Furthermore, let the temperature and the molar average velocity of the mixture:
T = T(t,x) and u = u(t,x), respectively be as defined in equations (2.3.63c) and (2.3.63b). For
each species A;, with i = 1,2, 3,4, let u; = u;(t, x) be the molar average velocity, m; the molecular
mass, ¢; = ¢;(t, ) the molar concentration defined as given in equation (2.3.63a) and J; = J;(t, x)
the molar diffusion flux defined as given in equation (3.1.6).

The scaling of the SRS kinetic model considered in this chapter describes a physical situation in which
both mechanical collisions and chemical reactions have comparable relaxation times, which are much
smaller than the characteristic times of the flow. By passing to the corresponding hydrodynamic limit
under isothermal and non-isothermal conditions, respectively, the reactive MS equations are deduced from
the momentum balance equations of the species with explicit expressions for the diffusion coefficients.

The main results of this chapter are presented in the theorem and corollary given below.

Theorem 5.2.1. The non-isothermal reactive MS equations are given by
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B Z csdi —cid s + Cj']i — CiJj + i + crdi — chi — CiJj (5.2.1)
— D, D;;

Dy, D D; D;’

J
where D, D;j, Dy, D,, D;, D; are diffusion coefficients respectively defined as follows:

3
D, — 9 kg
3202, \ 27T

Dij =

QkQBT
3 = \3
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l

D, = {awﬁwmk[ (27TkBT) (mkF (2,2;,) + gmlF(S,zi*))
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mil'(1, 2;,) + 3mlF(2 z,*)) }} Mkg

- ) ( (2,2) — gr(g,zm)
(111.5)- m)}}l,@,

21k ) ( F(2z)+§mjf(372?)>
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(B (5 (s o) o

D; = {amﬁmm][ (ZWkBT> ( (2, J—;F@ z )>

_ (EC_OJ>2 <Z_MTJ>2 (r(1,z;) — gF(ZzZ‘)) } }1k3,

with T'(.,.) the incomplete Euler gamma function defined as given in equation (4.3.3), z;,,
2 and M are as defined in equations (4.3.4), (4.4.45) and (2.4.3), respectively.

The following corollary is an immediate consequence of Theorem 5.2.1 above.

Corollary 5.2.2. /f the mixture temperature T is constant in time and uniform in space,
then the isothermal reactive MS equations are given by

de; _i codi il (c;jdi — cid ;) Ladi, adi edi el
Dy, Dy; D, D D D’

(5.2.2)

ox

s=1
s#£i

where D;s =TD;, Dij = TDZ‘]‘, D,=TDy, D;,=TD, D,=TD, and Dj = TD]', with the
coefficients D;s, D;j, Dy, D;, D; and D; given as in Theorem 5.2.1.
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5.3 Scaled Equations Assumptions and Properties

In this section, the scaling of the SRS kinetic equations to be considered in this chapter will be presented.
Furthermore, the assumptions and the properties of the collision operators that will be useful to prove the
main results of this chapter (that is, Theorem 5.2.1 and Corollary 5.2.2) will be given.

5.3.1 Scaled Kinetic Equations

In the previous chapter, a scaling of the SRS kinetic equations that describe a physical situation where the
dominant role in the evolution of the species is played by mechanical interactions, while chemical reactions
are assumed to be slow thus resulting to isothermal condition was considered.

In this chapter, a scaling that describe a physical situation where both mechanical collisions and
chemical reactions have comparable relaxation times, which are much smaller than the characteristic
times of the flow will be considered. This scaling is achieved by setting p = ¢ = 1 in equation (3.3.12) to
obtain:

ofs

. ofe 1
ot

1 1 1
= —JomE y — jobE _ Z Job+E 4 jaR i —1,2,3,4, (5.3.1)
ox o o o o

+ v;

The equations given in equation (5.3.1) above defines a regime in which both mechanical and reactive
interactions are of the same relevance. In this regime, as we shall see, the MS equations obtained contain
terms associated with the effects of the chemical reaction.

The aim is to derive from the momentum balance equations of the species, the reactive MS equations
in the hydrodynamic limit for  — 0. The starting point of this derivation is the kinetic formulation of the

transport equations for the species, given by

ofe afe
(6] Z‘—Zd’Ui iU - —d’UZ‘
/cp ot T ox
R3 R3
1 mE 1 bE 1 bxE 1 R
= — QOZJZO[ d'vi + — (,OZJZa d’UZ’ - — gOlJza d’Ui + — gOZJZa d’UZ‘7 (532)
a a a J a
R3 R3 R3 R3

for e = 1,2,3,4, where ¢, is a weight function of the species velocities. Equation (5.3.2) above was
obtained by multiplying equation (5.3.1) by ¢, and integrating the resulting equation with respect to

5.3.2 Assumptions

Besides the scaling regime of comparable relaxation times for both elastic and reactive collisions, the
central assumptions that will be used to derive the reactive MS equations from the scaled kinetic equations
given in equation (5.3.1) are the following.

(a) The bulk velocity of the mixture is small and goes to zero as the scaling parameter o goes to 0.
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(b) The distribution functions are local Maxwellians centred at the species average velocity ovu;, with
species temperature 7" + oT7*, such that, for: = 1,2, 3,4,

fz’a(ta Z, ’Ui) =cC

?(taw) (27TkiB(T(t a:) —I—OéTa t xr )

« exp ( my; ('Uz - Oé’U, ) )) > : (5.3.3)

2kp(T'(t,x) + OzTa(

wherex € Q,v; e R}, t e Ry and ¢, T, T*: Ry x Q - R, u? : R, x Q — R

Assumption (a) above implies that convective effects are negligible, whereas diffusion and chemical reac-
tion are relevant. Assumption (b) above indicates that the system evolves not far away from equilibrium.
The Taylor expansion of equation (5.3.3) around equilibrium will be crucial for the explicit computation of
the elastic and reactive production terms that appear in the momentum balance equation of the species.

5.3.3 Some Consequences of the Assumptions

In this subsection, some properties of the collision operators that will be used in the analysis of the
scaled kinetic equations given in equation (5.3.1) is given. These properties of the collision operators are
consequences of assumption (b) above.

Proposition 5.3.1. /f the distribution functions are as given in equation (5.3.3), then the
following properties holds:

o T =17 (my(v)* mi(v;)?
o po! _ papa _ onreproal ol (0l g J — =
@ [ f; — 21 = oMM, {% (Wi—v)+ = ( 2 2 )} (5.3.4)

+ O0(a?),
2
(b) (’“‘—) 00 foe _ o po

Fki
- K&) Mo Mp° — Mng} +a (ﬂ) Mg© My
ki ; Hkl (5.3.5)
% |(@n - v} + @ o7) + (b + br) = o= (T + 1)

3
— QMM (a5 v+ a5 ;) + (b +by) = o (TO4TY)

2
» +0(a?)

where M is as given in equation (4.2.5) and M¢, Mg, M are similarly defined. Further-
more,
mi(uf — uf) _mud mi T (v;)?

kT ’ kpT ' ' 2kpl? (5.36)

aij =
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Proof. Observe that

mi('vi — Oé’U,Z-a)2
exp| —
QkB(T + O/Fia)

m;

; 2 2 o ; o 2)
(T + aT?) ((v ) aud - v; + (au)
my; (’Uz‘)2 miau? *U; mi(auf‘)2
=exp|— exp| ——————— ) exp| — .
2kp(T + oT7) kg(T + oT?) 2kp(T + oT)
Taylor expanding the above exponentials with respect to o gives:
m;(v;)° _ m;(v;)° miT} (v;)? m;(v;)°
&P ( k(T + osz‘)) - ( kT ) T2k P\ T 2T

mi(T7)*(v;)? m;(v;)?
a2—8k%T4 exp [ ————2-

. mi(v;)’ miT} (v;)? 2
_exp( 2T ) (HO‘W“)(‘” ’

= exp {—

m;ous - v; m;u - v; miul - v;(mud - v; — 2T %kpg)
7 -1 7 2 7 7 7 O 3
e (k:B(T n ozTﬁ)) te T T LT +0(a%),
m;(aug)? omi(ug)? 3mi(ua)2T,a 4
. i —1— i i i O ]
e ( en (T + a:qa)) oyl T g T O
Therefore,
m;(v; — au?)?
exp [ —
Qk’B(T + (IT;O[)
m;(v;)? m;u - v; m; T (v;)? )
= - 1 L U O . (5.3.7
exp( 2k;BT>< ta T T e TOW@)) B3

Also, Taylor expanding the term with exponent % in equation (5.3.3) with respect to « gives:

3
m; ? m; 2 3T; m; : 2
<27rkB(T+osz‘)) N (QWkBT) ~ YT (27rk‘BT) o)

O om ) 3T, )
_ (kaBT) (1 a4 0l )). (5.3.8)

Taking the product of equations (5.3.7) and (5.3.8) gives:

3
my; 2 mi('vi)z mz-('u,-o‘ . ’Ui) miTQ(vi)Q 3T 2
AT 1 ) i o i 0] '
(27rk;BT> exp< 2knT )( e T o A TO@)

Therefore, the distribution functions given in equation (5.3.3) can be written as follows:

3
m; \? m;(v;)? m;(ul - v;) m; T (v;)? 3T )
a_ o _ 1 i i _ ol
fi=a (QWkBT) exp( 2henT )< o T T g O
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mi(u,a . Ui) min"(’vi)z 3T~ 2
— Mol i i — 40 5.3.9
b ( +« T +« ST Qo + O(a”) |, ( )

where M is as defined in equation (4.2.5).
Equation (5.3.9) will be referred to as the expanded form of the distribution function. Similarly, expansion

like the one given in equation (5.3.9) can be obtained for the distribution functions f7, o f', fie and

l

To prove part (a), observe that using the expanded form of the distribution functions gives:

Ji S = MM (1 + ami(:B?j; vi) am;ﬁz(ﬁy amj(:zj; )
+ am];];{;(;;y - a?’g - a?’g + O(on)), (5.3.10)
gy =iy (4 ) M )
+ ang(Tvﬁy - 04327;? - a?’g + O(oﬂ)). (5.3.11)

Also, observe that

3 3
o m; \2 m; )2 m;(v)* + my(v))?
M> M = cf . a J _ ¢ J '
! J € <27Tk‘BT) C] (27TkiBT> exp( QkBT

Using the conservation of kinetic energy for elastic collisions given in equation (2.3.7) with s replaced by

7, we obtain:

3 3
’ ’ m; 2 m; 2 m‘(v‘)Q +m‘(’UA)2
MY MY = ¢ o J A I =M*M?. 5.3.12
t J i (27T]€BT> CJ (27T]€BT) &P ( QkBT ! J ( )

Therefore, equation (5.3.11) can be rewritten as follows:

o, mi<u.o‘ . 'v’.) miT.O‘('U/.)z mj(u‘-" . ’Ul-)
o pa’ M-OAM-OC 1 7 7 7 7 J J
fz f] i j ( + o ]{;BT + o 2]§BT2 + o k;BT (5313)
T are sty 0
Cokgrr T Yor T Yor “))
Using equations (5.3.10) and (5.3.13), we can write
ol miug v) | mTp)t | my(us ) o T
o pa’ _ ra a:MaMa 1 7 7 7 7 J J J J
5 =1 i ( to kgT ta 2kpT? e kgT e 2kpT?
377 3T m;(ul - v;) mi T (v;)?
_ [ O 2 —M-QM-O{ 1 ) i 7 14 1
A ~ogp TO@ )) i ( TOTLT T o
mi(ud-v;)  mT(v;)? 37T 3Ty )
— L @) )
oo T T Y Y O

Putting together terms of the same order in « gives:

123



o ra’ a ro o a o an o ml(“’? 'U;) ml(’u’za 'vi)
Ji fj —fi fj :(Mi Mj — M; Mj>+aMi Mj< kT - kT
N m TP (v)®  miTP(v)? | omy(ug - vh)  m(uf - v;) N m; T} (v))?
2kpT? 2kpT? kgT kgT 2kpT?
ijjo‘('vj)2 3T« 3T« 31—‘]{1 31—? 9
_ _ A T _ O
SYINE or T or ~ o tar ) PO
(s . (U . v T ()2 T (v:)?
—_ aMian ml(uz vz) _ ml(uz Ul) ml 7 (Uz) _ m’L 1 (vl)
J kgT kgT 2kpT? 2kpT?
Ly ) myugvg)  m T m TR e
kT kgT 2kpT? 2kpT?
— MM miu; - (’Ué—vz‘)erj“}l (W) TR (ma(v)? ma(vi)®
J kT kgT kgT? 2 2
Tq m'(fv'-)2 m,(/v.)2
J A J\%J 2
— O .
+@W< > > ”+ (o)

Using the conservation laws of linear momentum and kinetic energy for elastic collisions given in equations
(2.3.6) and (2.3.7), respectively with s replaced by 7, but rewritten as:

m;(v;)? — 1mz‘(vi)2 = §mj(vj)2 — 5m;(v})?,

m(v; — v;) = —m;(v; — vy), 5

we obtain:

' ool mug - (vi—v;) maud - (vi—vi) T (m(vh)? o m(v;)?
o po _ papa o ool M TR0 7Y TR T AT i i
fi f] fi f] A M { kgT kgT +]€BT2

2 2
T3 (mi(v)*  mi(vy)?
. 7 (3 1 . 7 ) 2
@W( 2 2 0@
B oo Mi(Vi—vi) - (ui—uf)  TE=TF (mi(v)?  my(v;)? 2
=al; MJ’[ kT T ;g ) toW)

Thus part (a) is proven.
To prove part (b), observe that using the expanded form of the distribution functions gives :

a0 fao _ M’?oMlao(l +O‘mk(:§r_/;02) amgjl;i(T’UE)Q +aml(1l;§7"v?) -
mlzjlg;ﬁy N 0‘327;? N 0‘32? * O<a2))‘ )
Using equations (5.3.14) and (5.3.10), we can write
(%)2 s oo _ g g _ (%)2 pe Mlm<1 Mmk(:fT-vz) +am’;7,;’i§’f)2
+ aml(zzj;v?) + am;T;Z(;E)Q — 04327f — 04327;? + O(a2)>
— MPM? (1 + am(g:T v) am;Q;aB(TI’;)Q + amj(ZET' %)
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ijj&(Uj)Z 313 317 2
tag O ~Ygp TOW)).

Putting together terms of the same order in « gives:

2
w (e71¢] ao_ a a
(,ukl) k Jl fz f]

2 2 Q| 2,0 Q| 24O
= (@) M]?OMIQO—M?M]‘Q‘FOZ(@) MgoMlao(mk’(uk vk)+ml(ul vl)

ekl js kgT kT
m g (v)? | TP (v))* 3 mi(ug ;) my(uf-v;)
T +T) ) — aM*M®
g2 kprz ar kI m eMIMP e e
m; T (v;)? m;T7% ('UJ) 3 9
L — —(T¢ T“ O .
YT kg2 o'l T 1)) 0
Thus part (b) is proven and the proof is complete. O

5.4 Momentum balance equations

In this section, the momentum balance equations for the species in the reactive mixture will be derived

from the scaled kinetic equations given in equation (5.3.1). This result is presented in the following lemma.

Lemma 5.4.1. The momentum balance equation for each species in the reactive mixture is

given by
o?mi—(cfu) + kBg(c‘?‘(TjLaTa)) + azm-i(c‘?‘(uq Quf)) = O, —Pi+ Q;, (5.41)
‘ot i ox " ! O ! ’ ’ v
where
O; = m;O; + O(w) (5.4.2)
P = m’ﬂ”’ﬂ +0(a), (5.4.3)
Q0 = m"ﬂ” (Ry + Ra) + Zf” (Rs + Ra) + O(a) (5.4.4)

with O;, P;, R1, Ro, R3 and R, defined as given in, equations (4.4.2), (4.4.3) and (4.4.44),
respectively.

Proof. Setting ; = m,v; in equation (5.3.2), we obtain the momentum balance equation for each
species, in the form given below:

/ml'vl ) —dv; + /ml v; ®vz)0:;f’ dv;

1
= — mivimeEdvi m;v JabEde —— | mv J“b*Edvl miviJf‘Rdvi.
e
R3 RS
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Using the Leibniz rule for differentiation under the integral sign for the two terms on the left-hand side of

the previous equation, we obtain:

0 . )
A i [ dv; o (Vi @ v;) [ dw;
O‘at(Rgm Ji )+6:13(R3m( Bl >
1 amFB 1 abE
= — mlfvljl d’Ui +— mlv“]l dUz‘
a Jrs a Jr3
1 1
- — miving*Edvi +— miviJiaRdvi . (545)
O JRr3 O JRr3

Using the definition of the distribution function given in equation (5.3.3), we can write the first integral on

the left-hand side of equation (5.4.5) as given below:

Fod o m; > mi(vi — aug) d
iU T i = C; ;U; €X - 1)
MO @0 = G\ (T ol ) Jos 0P T 2kt oty )

We can rewrite the previous integral using equation (4.3.7) as given below:

R3

m; 2 mi({)Q
v, fodv; = (&, « _ L dg.
m;v fl v c; (2 2 ( f‘)) m (EZ —l—ozul)exp< 2% ( ia) El

R3
m; : mi(§,)*
K (27rkB(T+an‘)) {m oS exp( 2k3(T+an‘)> &

a mz‘(fi)z
+ am;u; /R3 exp (— 2 (T + o) ) d&l .

Using the fact that any vector can be written in terms of a unit vector, we have that &; can be written as
& = &, where & = ||€;|| = |&;| and ¥ is a unit vector. Thus the first integral in the last equality of

RS

the previous equation can be written as given below:

m;(€;)? _ . L mi(&)?
/Rs & exp (‘ 2k (T + ozTﬁ)) €= | & exp( 2k (T + aT?) ) a8

Writing the integral on the right-hand side of the previous equation in spherical coordinates and integrating

gives:

o m;(&;)?
. _ ? d )
g &iU exp ( 2I<:B(T+a7}a)) §;
oo s 2
=/ / / &i(xsinfcos o + gsindsing + zcosb)
0 0 0

mi(§;)?
P < " 2kp(T + al?)

)gf sinf do d e,
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2(5)2 2w
/§3exp< Qk:B(T—kozTO‘))d&(\/osm GdG/ cosqﬁdgb

O

™ 2 s 21
+;l)/ sin26d9/ sin¢d¢+2/ cos@sin@d@/ dgb),
Jo Jo Jo Jo

‘0, ‘Or 2

[SER

[SER

where &, g, 2 are the Cartesian unit vectors in R3. The integral in &; can be evaluated using the integral
representation of gamma given in equation (4.3.8) as given below:

> m;(€,)? 1 2kp(T +aTP)\? 1., (2kp(T +aTf)\?
/ 5’“"(‘2kB<T+an>>d@‘§m)< ) =3( )

my;

my;
Therefore,
[ e ( - ZkB?;i(iizifﬁ)) i = 3 (22T a0+ g10) 4 200
_ %(%B(Tﬂji aT;“))Q <o
0 (5.4.6)
Hence

[J[e)

ey _ o« my 2 & m2<€ )2
. m;v; fi dv; =c; <27rkB(T n an)) {0 + am;u; /Rs eXp( 2hn(T + QTQ)) d§; }

Writing the integral on the right-hand side of the previous equation in spherical coordinates and integrating
gives:

mz(f o m;(&;) 2 4

/Rg exp( 2%hn(T + al?) ) / / / exp( 2hp(T + Ta))gi sin 0dpdods;
z(é) T . 21

/ €2exp< 2/{:B(T+OzTa))d£Z/o Smede/o @

m;i(&:)*
_47r/ 2 exp( (T+aT“)> dg;.

Using the integral representation of gamma function given in equation (4.3.8), we obtain:

/ & exp( 2k3<1i(i§Ta)> = (2) <2kB(Tﬂ: an))S

1 \r(%B(T + ocT“‘)) |
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Therefore,

mi(€,)* T (2%(T +aT?)\?
/R:a exp ( B 2kp(T + osz‘)) d€; = 47TT < m; )

3
2rkg(T T*) \2
_ ( mhp(T +a Z>) . (5.4.7)
m;
Hence
2kp(T + aT2)\ ?
m; kg ol™
v fidv; = ¢} 0 U L
[ megtto = (e ) [0+ em (=)
= am;cjuy. (5.4.8)

Using the definition of the distribution function given in equation (5.3.3), we can write the second integral
on the left-hand side of equation (5.4.5) as given below:

3 2
m; 2 ml-(’vl-—Oé’U/?)
(0 ®v;) ffdv;=c} AT B i
mi(vi@vi) [ dvi =] <2ka(T+an‘)> s ®U)eXp< sz(TJrosz)) °

R3
Using equation (4.3.7) gives:

m;

mi(v; ® v;) fi'dv; = ¢ff <27rkB(T n aTZ.a))Z /R3 m;((€; + auf) ® (& + auf))

m(&;)’
X exp ( — Sep (T + aﬂ"‘))dvi’

R3

Using equation (4.4.6), we can rewrite the previous equation as

m;

2rkp(T + T}

))2 / s (€: @€+ 20(E,0ul) + 0 (uf Du))
R3

m;(&,)*
e ( T %p(T + aTg)>dﬁi'

m;(v;Qv;) fidv; = (

R3

Expanding, we obtain:

[N

m;
v @ i) fidvi=c <2ka(T+an))

mi(€¢)2
m; /}Rg(ﬁi ® &;) exp ( - —2kB(T+&ﬂa)>d§i

a my; 2 o mz‘(fi)z
e (zﬂmma@a)) 2miau® | & e (‘ W) a&;

m; 2 mi(fi)Z
a 2 (uS o us _ M) ) ge
ti (27rkB(T+a7;.a)) mio” (u ] )/RseXp< (T +aTe) ) ™

The second and third integrals on the right-hand side of the previous equation are the same as those

Njw
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whose values are given in equations (5.4.6) and (5.4.7), respectively. Therefore,

B m; 2 m;(&;)°
IR37nZ('z)Z & ’Ul)f C (27T]€B(T+OCTZ-Q)) my; /R?’(gz & 51) exp ( - m) déi

Njw

m;

(27rk:B(T+aTi°‘)

2
4 ) 2m;au; ® 0 + mﬂ%?(u?@u?)

mi [ (€ oeen (— %)de

N|w

« My
=C:
! 27T/{ZB(T+04T-OC>

+mia’c (ud @ud).

Now let us evaluate the integral on the right-hand side of the last equality of the previous equation. To do
this, observe that

m;(&;)? 1 m;(&;)°
/R3(£i ® &;)exp <— m) d§; = gl/w(ﬁi)z exp <— m)dé,

where | is an identity tensor. Writing the previous equation in spherical coordinates and integrating, we
obtain:

m;(&;)°
/Rs(§i®£i) eXp(— QkB(T+aT.°‘)>d£i
= mi(Si)z )
__|/ / / exp(— QkB(T+aﬂa)>§i25|n0d¢d0d§i
= 1(€ )2 Q . 27
B _I/ & exD( QkB(T+aTa)> d&/ smede/o do
2 —

s m;(§;)?
- _'/ & eXp( (T+aTa)> G

Using the integral representation of gamma function given in equation (4.3.8), we obtain:

m;(§;)* 4 1 (5Y (2ks(T +aT)\ 2
el S (5 )

47r|13\/_ 2kp(T + oT?)
32 4 m;

1 (27rk;B(T + aTa) 2 2kp(T + oT?)

=
2

(2ka (T + aTa) Skp(T + oT?)

m;

myg my;

(5.4.9)

Thus,
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3 3
m; 2 21kp(T + aTH)\ 2 kp(T + oT7)
(Vs )i =cf il L ¢
Rsm(’v ®'U)fz C; (27rk‘B(T+0zTia)) ( m; ) m;
+ miatc (uf @ul)
= kp(T + oT) + mi’cf (uf @ uf). (5.4.10)

Substituting equations (5.4.8) and (5.4.10) into equation (5.4.5), we obtain:

0 0
am;—(cfu) + — (cf‘kB(T +aT?) + mioncf‘(uf‘ ® uf‘))

ot ox
1 1
= — mifvimeEdvi +— mi’UiJ,L-abEdUi
R3 O JRr3
Ni 0;
1 1
- — miUing*EdUi +— mi’UiJiaRd’Ui . (54].1)
a JRrs3 O JRr3
P; o}

Since the properties of the scaled collision operators are similar to their un-scaled version, the first integral
on the right-hand side of equation (5.4.11) above vanishes. To see this, we use the weak form of the
mono-species collision operator given in equation (2.3.37), but with ¢(v;) = m,;v;. Then applying the
conservation of linear momentum for single species (mono-species) collisions given in equation (2.2.2) to
the resulting equation gives the desired result. Thus equation (5.4.11) reduces to:

%) 0
am; = (ciug) + a—w(C?kB(T +aly) + mia’cf (uf @uf))
1 1 1
=— | mwJdv,—= [ mw JJ3Fdv,+= | mw M dv; . (5.4.12)
O JRr3 O Jps O JRr3

Substituting equation (5.3.4) with the subscript ; replaced by s into the definition of the bi-species collision

operator Jf‘bE given in equation (3.3.14) and expanding, we obtain that the integral 51 can be written as:

4
O, =« ZO‘?S/[ / m;v; MY M (ais - (v] — vz)> (e,v; — v,) de dvg dv;
8;1. R3 JR3 J§%
S7*1

[\

5

l{BTQZU’S *—T) /RS/R3 . mv; MM 5 <( 2 (vz)><e,vi—vs>dedvsd'v,~
s;éz

o

+0(a?). (5.4.13)

First let us evaluate the integral (51(1). To do this, we substitute equation (4.4.10) into it to obtain:
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4

o = sz 01'2521%/ / / v MM (ais - (vs — ;) cosb) (e,v; — v,) dedv, dv;
s=1 R3 JR3 S?l—
SF#1

4
= afSQMiS/ / / v MM (as - (vs — v;)) cos b ||v; — v,| cos b de dv,, dv;

s=1 R3 JR3 S?&-
SF#1

4 5 2T
=) 072 / / v, MM (ais - (v5—v;))||vi—v,|| dvdv; / cos® 0'sin b / do
o—1 R3JR3

— 0 0
— N J
SsF#i

w\H<

2

4
2 47TMiS

- a;(jis 3 /]Rs /Rs vilMiT M, (ais ’ (US - ’UZ)) HvZ - 'USH dvg dv;

4
B 47T[/st mms ml(vl) +ms(v5)
O‘Z% QrkpT)? /R /R v exp( hpT
s;éz

X (s - (vs — 7)) [|Jv; — vs]| dvsdu;.

It will be convenient to transform the above six fold integral from v; and v, to the centre of mass velocity
X, and relative velocity V', given in equations (4.4.11) and (4.4.12), respectively. Therefore, using
equations (4.4.13), (4.4.14), (4.4.15) with m; +m, = M, and (4.4.16), we can rewrite (5§1) as follows:

3 (2rkgT)

s#£i
msV* MisX2 + ,uis‘/2
/R/R( i )exp( g (@ VIV XL dv

Z o AT ;s (mlms)%
=a) o
“ 3 (2rkpT)?

! AT s (mgmy)?
Ofl) _ azo_izs His illlg o o

e
Ci Cs
s=1
s#£i

msV* MiSX*Z + ,U/is‘/*2
* /R /R ( M, )exp< 2heT (@i V)

4 3
AT s (mymy)2
= g O'Z-Qs ( )2 e

3 (2mkpT)s "

s=

s#£1

MisX*2 is‘/*2
x / X,ex0 | — e (g, VLV, AXL AV,
R3 JR3 QkBT

: , A (mamy)? m
- Z %isT3 27rk:BT)3C’ M.
s;éz

M'SX*2 1S *2
x/ Ve = Mt F VT (0 yviax, av,
R3 JR3 2]€BT
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. AT pis (mimy)?
o 2 1S i 1lls a o
=a) o 3 (o TPC O

M; X, pis Va2
X, ep| — =20 )ax, Mt m( is~v*)dv*
o eXp( 2T ) /R exp( 2kBT> a

(& J/

s=

s#£i

(2rkgT)? " ™ M,

M X :uis‘/:kz
w [ exp| — ax. | V.ep| = He v <a - V*)dV*,
/R3 < 2UipT > e ( 2k3T>

D

4 3
47T,uZS Mims)z o Ms
—a)y o e
s;éz

where the fact that V', =v, — v; which implies that v; — v, = =V, and |- V.|| = | = 1| ||V.] =
1||V || = Vi have been used.

The values of the first and second integrals in X, on the right-hand side of the last equality of the previous
equation are given in equations (4.4.20) and (4.4.17), respectively. The integral C can be written in
spherical coordinates and evaluated as given below:

2T
Mis Vs ' 2 .
C = / / / exp< 2kBT>V*<amV;c059)K sin 6 d df V.,
V T 2T
= Qs Viexp His dV*/ cos f sin§ db do,
/0v < 2kBT> 0 0 (b
~ 7 N———

0 27

where a;s = ||a;s||. The value of the integral in V, above is given in Eq. (4.4.18) therefore,

5
C= % (%BT) x 0 x 27 = 0. (5.4.14)
Mis

The integral D is similar to the integral given in equation (4.4.23) with a,; replaced by a,;,. Therefore,

,uisv;? 41 2]€BT 3
(a )exp( QkBT) ais ( o ( )

R?)

Substituting equations (4.4.17), (4.4.20), (5.4.14) and (5.4.15) into O\, we obtain:

(0 x 0)

0 oMs (2mkpT P dn 2kpT\’
c'c Qis—
v Mis Mis 3 Mis

3
i3 (2mkpT)?
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: 47%5 (mims)f . my (20kpT\ 2 drmy ([ 2kpT 3(u
= — C. C
Tis 27Tk’BT)3 ! SMZ'S Mis 3I{BT Mis

i

167 uem [ > ms (2kT\’
_ 2 is11lg s oo s a _ g«
- O‘;% kT (%kﬂ) GG M( iis ) (uf’ —wy)

S#£1
4 3
16/12 ,u 2 27T]€BT 2]€BT
—— 2 is s o o o
Q;U”%BT(%I@T) G ( s i (uf — uy)

= —a— Zaw 27TIUZ$]{TBT)2 e (uf —ud),
5761

where the definition of a;; given in equation (5.3.6) have been used with j replaced by s.

The integral 51(2) given in equation (5.4.13) vanishes upon evaluation, that is,

0P =0

(2

;)

(5.4.16)

(5.4.17)

see Appendix B section B.1 for details of the computation. Therefore, substituting equations (5.4.16) and

(5.4.17) into equation (5.4.13) we obtain:

4
32 1
O, =—a— E o7 (2mpiskpT)? e (ud — u?) + O(a?).
9 s=1
s#£i

(5.4.18)

Next, let us evaluate the integral ﬁ given in equation (5.4.12). To do this, we substitute equation (5.3.4)

into the definition of J2**£ given in equation (3.3.15) and expand to obtain:

P = aﬁijafj/ / mv M M} (ay; - (v; — v;))
R3 JR3 J§%

(€,cov; — cou;) — Zij) (€,v; — v;) dedvdv; )

m
% ) MaMa l( = i2>
+apyol // [ mwatpary (@7 - )

X @( <€, CoU; — CQ’Uj> — Ezg) <€, vV; — ’Uj> de’Ujd’Ui

+O0(a?).

To evaluate the integral 751(1)} we substitute equation (4.4.10) with s replaced by j into 75i(1)

p) = OéﬁijO'iZjQ,Mij /]R;3 /Rg /S2 ’UiMiana(aij . (’Uj — Ui) COS@)
+

X O ((€, cov; — cov;) — Z;5) (€, v; —

Using equation (4.4.26), we obtain:
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- 477—:“1 affo EZ
P = afio; 3 : / v M Mj (ai; - (v; — v;))O <”"’i — vl = J)
R3 JR3 Co

— 3
I e
i j
o AT pLij mZmJ // mz(”z) +m;(v;)°
= oo —y @rkpTP G Joy Jos 0P 2enT (@ij-(v; = vi))

- 3
<0 (Jlor = vyl = =2 i - vju[ () ]d’vjd'vi.
i j

It will be convenient to transform the above six fold integral from v; and v to the centre of mass velocity

X and relative velocity V'*, given by equations (2.4.6) and (2.4.7), respectively. Therefore, using equa-
tions (2.4.10), (2.4.11) and (2.4.12) together with the fact that the Jacobian of the transformation has abso-

lute value of unity, which implies equation (4.3.21), as well as |[v; — v;|| = [|[-V*|| = | = 1] |V =
|V*|| = V*, we obtain:
V* *2 *2
(1) 477-”1] m m] o X* ] . MX +MUV
P = B0 = o TR /R /R ( ) p( kT
— — 3
Ve (V- =iy dxX*dv*
o ( ) ()
o Ay (mym; o . L MX? A Ve
aﬁw 2 Mg ] e / / X J
3 27kaBT R3 JR3 2kBT
X (a;; -V @ ) V*dX*dV*
o A (mym; >~ LMy V* ]\/[X*2 + i V*2
— aﬁ%] iy J J 5 c / / X J J
3 27rk;BT - 2kpT

—_ 3
i~ VO — Ve =L ) dX*dV*
< (ay V) ( CO> <COV*)
_ 47T/’L’U (mlmj)% o«
= afiyol—g (2mkpT)3

MX*Q i *2 :Z
></ X*exp | — 1V (g Ve (v — S5 vraxave
R3 JR3 2]€BT Co

, Ay (mamy)? m
— b ANTT)” e
B kT3 9 M

MX*2 i *2 Ez
X / Viexp| — HyV (aij - VO [V = =L | V*dX dV*
R3 JR3 2]{?BT Co

o Amp; (my mj) / MX*2 4+, V*2
—aB; X* _ LV
iy —y kg TP o fon X &P 2T (aij - V")
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- = \3
x O (V* H”) V*< 4 ) dX*dVv*

Co coV'*
o ATT1L; (mlm] m; MX”‘2 + pi; V*2
i Oc x_J V* i V*
T afio— kg T O M Jo fo VP 2hpT (aij - V7)

- = \3
x O <V* H”) % ( =i ) dX*dV*
Co Cov
o AT pL;; (mlm]) JWX*2
e X dx*
Il W G T

x/ exp [ - PV (i - V0 (Ve = 20 prqy
- 2kpT ! Co

'

X

o AT (mimj)% mj/ MX*?
—afB acaJ — dX"
B kTP O M fo PP\ T 2T

i'V*Q :z
x [ Viexp (— £4 )(aij Ve (v* J) Vv
R3

Oéﬁz] ij

47r,u” (mimj)% mj/ MX*?
: ool - ixX*
T % ey TS G oo @\ T 2T

pig V' Zij =5\
Viep | - 1 GV G RVEY (e’ BFAVESS
VTR g (@ VO (V c0> (COV*)

N J/
~~

Xy

The values of the integrals in X, on the right-hand side of the last equality of the previous equation are
given in Eq. (4.4.28). Now let us evaluate the integrals X7, X5, A5 and X.
Writing the integral & in spherical coordinates and integrating gives:

fe’e) T 27 *2 —
X, = _ g _ =i
| / / / exp ( ST ) (a;jV*cos9)O ( CO) V*V* sin 0dpdOdV
27 . V
= a;; V** exp cosfsinf dp dh dV™
! /V*> Zi / / 27€BT

*2 ™
_aw/ _ V*exp _HV dV*/ sin cos Odf dqb, (5.4.20)
V*Z% 2]€BT \0

0 2
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where a;; = ||a;;||. The value of the integral in V* is given in equation (4.4.29). Therefore,

% MU[/ *2 « *:*ij % % 1 2]{?BT % 5 %
ij — Vi —— | VdV" = a;;= [ 2m
/Rg(aj V )exp( 2k3T>®( Co> aJQ( y 5% x 0 x

= 0. (5.4.21)

Next we evaluate the integral X,. Observe that it can be rewritten as follows:

X: :/ V*v exp —Mijv*z (a;; - V*)O V*—% V*dv*
2 R3 QkBT “ Co

—_

- pigV** ) e S )y u e
:/RSV vexp(— Q;BT>(aijV cos 0)© (V —C—OJ)V dv™,

where the fact that any vector V'* can be written in terms of a unitvectoras V* = V*4j, with V* = ||[V||
and ¥ a unit vector have been used. Writing the integral in the last equality of the previous equation in

spherical coordinates and integrating gives

o ™ 27 Y/ x2
XQZ/ / / V* (2 sin 6 cos ¢ + ¢ sinfsin ¢ + 2 cos ) exp _ iV
o Jo Jo 2kgT

—_

% (a;;V* cos 0)© (v* - ﬂ) V*V*2sin0 de df dV'*

Co
0 MV*2 T 27
= aij/ _ V¥exp | -2 dv* w/ sin20cosed9/ cos ¢ d¢
V*Z:'C;J QkBT J 0 R 0 |
0 0
s 2m s 2
+Q/ sin200050d9/ sin¢d¢+£/ sin0c0529d49/ do |,
\0 - /\0 ~ > \0 ~~ J\_O p—
0 0 z or

where &, 9, 2 are the Cartesian unit vectors in R3. The value of the integral in V* above is given in
equation (4.4.33). Therefore,

V2 =i
V* exp (— s )(aij V9O (V* - —J) ViV
R3

QkBT Co

— a; (%BTY%P(?),Z;) [@(o % 0) + (0 x 0) + z(% X 27r)}

Hij
2ksT\ > 1 4
—azj( b ) —F(S, :>2<_7r)
Hij 2 3
or (2ksT\>
:aij—”( 5 ) T'(3,2). (5.4.22)
3 i

Now let us evaluate the integral X5. To do this, we write it in spherical coordinates and integrate as given

below:
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2r *2 —_ —_ 3
,MZV * * —1 w [ =ij *2 *
Xy = / / / exp (— 223T>(aijv cos0)© (V COJ)V (CO‘;*> V*2 sin 0dpdodV
= "V*Q T 27
=) / V* exp LA Ve / sin @ cos Od6 d
(CO) ’ V*Z%j 2kT Jo Jo ¢

0 27

The value of the integral in VV* above is given in equation (4.4.31). Therefore,

11V %2 = 3
_ 4 govie (ve—Zu) e (S gy
/Rs exp( 2k3T><aJ ) ( c0> (COV*)

= \3
i 1 QkBT %
:<co‘]/> ai]i( " >F(1,zi)><0><27r

= 0. (5.4.23)

Finally, the integral X; can be rewritten as given below:

% —_ —_ 3
* =2 /J’ZJVQ * * ‘:'Zj * —1) *
X,= [ V - G VHe (V-2 v v
! /R ”exp< 2kBT>(‘” ) ( c0> (COV*)

. - _ 3
o * — N /'LZ]V 2 Ve * _‘Z] * —1j *
- /RSV vexp( 2k3T>(a”V c0s 0)O (V - ) v (COV*> dv™,

where the fact that any vector V'* can be written in terms of a unitvector as V* = V*@, with V* = || V||
and ¥ a unit vector have been used. Writing the integral X, in spherical coordinates and integrating, we

obtain:

00 T 21 Y2
X4:/ / / V*(@sin@cos ¢ + ysinfsin ¢ + zcos b)) exp _ sV
o Jo Jo 2kpT

x (ai;V* cos0)© (v* — ﬂ) v (C“” ) V*2sinfdgdf dV*

Co ov
= \3 oo ) IUV*Q s ) 27
= (=) a; V*2exp| — =2 av* a:/ sin 90059(19/ cos pd
(CO) ]/VzEOJ 2kpT 0 Jo i gzj
0 0
T 2T T 27
+3}/ sin20cos€d9/ sin¢d¢+2/ sin&cosQQdH/ do |,
0 _ oL . Jo
0 0 % 27

where &, 9, 2 are the Cartesian unit vectors in R3. The value of the integral in V* above is given in
equation (4.4.35). Therefore,

—_ — 3
* IU”LJV * * :‘U * —1) *
\4 VIO LV — v
9 exp( ok T)( ) ( CO) (COV*) A%
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— \3 3
Zi 1 (2kpT\?2 3 . N (2

_ (C_O) a5 ( = ) F<§,z;‘) [2(0 % 0) + (0 x 0) + 2(5 x 2r)]
— \3
=P 2kgT 3 4
Co 72 fij 2 3
— \3 2
i 2 2kpT \ 2 3

_ <_J> a2~ ( B ) p(_,Z;) (5.4.24)
Co 3 i 2

Substituting equations (4.4.28), (5.4.21), (5.4.22), (5.4.23) and (5.4.24) into 732-(1) gives:

3 3 3
S _ o Ampi; (mymy)z . my (2rkgT\? 2w (2kgT (3. 2*
;= —ab; i Cj 77 i 3,2
P = 0B kT M< i) @5\, ) TEA)

3
, 4mps; (mgmj)2 2rkpT\? (Z5;\° 27 (2kpT\? (3
: ; =) ey (5 e
+066] gl 3 (27TICBT) i M M Co a] 3 Hij 2 “i
47‘-#1] (mimj)§ a o
i

m; (2rksT\? 21 (kT
et — a;i—
3 (27T]€BT)3 M M J 3 sz

=—a BZJ ij

3 P
2 8VT 13 2kpT 2 =i\ (3
: @ [(3,2)— (=) (=, 2
Oéﬁ] i 9 k?BTCZ Cj |:( ,uij ( Zz) o D) Zz

The integral ﬁ@) given in equation (5.4.19) vanishes upon evaluation, that is

PE =0, (5.4.26)

see Appendix B section B.2 for details of the computation. Therefore, substituting equations (5.4.25) and
(5.4.26) into equation (5.4.19), we obtain:

» 8V/T 1 e
9 kT

3 = \3
[(B2) v (o2 s
LLij o 2

Finally, let us evaluate the integral @1 given in equation (5.4.12). To do this, we substitute equation (5.3.5)

= _QB’LJ i

into the definition of the reactive collision operator Jf‘R given in equation (3.3.16) and expand to obtain:
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2
QZ = /61]0'12]/ / / m;v; |: (&) M]?OMZOZO — MZCYM;Y ~
R3 JR3 Js? 227

Q"
X @( (€, cov; — cov;j) — Eij) (€,v;, — v;) dedv;dv,
+O‘623 1]/ / /mz z[(ﬂzy) M]?OMlao(ak vk—i—al ’Ul) MiaMf(ai-vﬁ—aj-vj)} "
r3JR3.Js? ki Qz@)
X @((e, CO’UZ'_COIUJ'>_E7;]')<€7'U»L' —v;) dedv;dv;
2 \
+ ozﬁija?j / / / m;v; |: (&) MI?OM[ao(bk: + bl)_Miana(bi + bj)] .
Rr3 JRrS Js2 Jo] QE )
X @( <€, CoU; — Co’Uj> — El]) <€, v; — ’Uj) dEd’Ujd’Ui)
2 3\
; ;| = FL ) MEOMPO(TE+T7) + MM (T + 17
s ”2T/Rg/Rg/s2m” - (5 e aiage) - apasy @+ ) 5
X (“)( <€, CoU; — C()’Uj> — Ez]) <€, U; — ’Uj) dﬁd’Ujd’Uz‘
+0(a?). (5.4.28)
The integrals égl), @53) and QZ@ all vanish upon evaluation. That is,
oW =, 0¥ =, oW =o, (5.4.29)

see Appendix B sections B.3, B.4 and B.5, respectively for the details of the computations. Let us now
compute the integral QZ@). Expanding it, we obtain:

Q( ) _ aﬂw Z]/ / / m;v; (H'Z]) Ml?OMlocO(ak . ’UZ) _
R3 JR3 S2

R
X ("‘)( <€, CoU; — Co’Uj> — EU) <€, v, — ’Uj) dEd’Ujd’U,’
2
+ aﬁijafj/ / / miv; (ﬂ) M My (g - vy) -
R3 JR3 Js2 Fokl Ro

X @( (€, cov; — coU;) — Eij) (€,v; — v;) dedv;dv;

— a,@ijafj /R3 /RS . mv M M: (a; - vi)@( (€, cou; — o) — Eij) (€,v; — v;) dedvdv;
+

(.

J/

R

— af;jo; / / m;v; M"‘M“( vj)@( (€,c0v; — coU;) — Eij) (€,v;, — v;) dedv;dv; .
J R3 JR3 J§%

[\

S/
v~

Ry

It will be convenient to transform the integrals Ry and R from (v;,v;) to (vg, v7). To do this, we use
equation (4.4.43) together with equation (2.3.20) and obtain:
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2
Rl = 040'2361]/ / / mkvk <'u1]> M]?O l (ak )@ <<€,Co’vz - C()’U?> - Ekl)
r3 JR3 Js2
3 3 0 _ 40
X (@) wt (@) <€’vk+_vl> de d’UZ d’U?
Hij Hij w
:&U%ﬁij/3/3 2mkaM,§‘°MZa°(ak'vZ)@ (€, covy — o] ) —Ep ) (€, v} —v7) dedvydvy,
r3JRr3Js2
Ry = a0 51]/ / / myv;, ('u”> Mg M (a; - v7)0 ({(€, cov§, — covy) — Zp)
R3 JR3 SQ ol
3
2 § UO _ ,l)O
X (ﬂ) wh <@> (&, v —v0) k+ /) de dv;, dvy
g Fij w
=Qo; BZ]// kaka 7 (a;-v])0 (€, covy —cov]) —Zg) (€, v —v]) dedvy dv;.
r3JR3Js2

Thus the integral @52) can be rewritten as given below:

Q(Q) ol /8”/3/3 kaka 2 (ag-v;)0 (€, couy —cov]) —Zg) (€, v} —v]) de dvy, dv;
r3.JR3.Js2

J/

Ra

+ao; 5”/}1@3/1[@ . myvy MM (a;-v7)0O ((€, covy —cov]) —Ep) (€, vy —v]) dedvidv;

J

~~

Ra2

— aﬁijaizj/Rg/Rg S2miviMf‘Mj°‘(ai~vi)@(<e,cofvi—c()'vj>—Eij)<e,'vi — 'Uj> d(—:dvjdvi

[ J/

e

Rs

— OéﬁijO'?j/RS /R3 S2mi'l)iMiana(aj"Uj)®(<€,C()’UZ'—CQ’U]'>—EZ']‘)<€,’UZ' - ’Uj> dEd’Ujd’Ui .

N J/

'

Ra

The integrals ﬁl, ﬁg 75;», and ﬁ4 above are similar to 751-(1) given in equation (5.4.19). Therefore, using
similar steps as those used in the computation of 731-(1), we obtain:

1
2rkpT \ 2 2
O =a0? iyt ecfu k( s ) [mkr(zzm) + ST, z@}

Mkl

. ) Ri
Mk o o of 2T\ 2 [ Zx 2my
aafjﬁijﬁckcl U, <k‘B—T> (C—O) {mkf(l, Zz*) + TF(Q, Zz*>:|
1
2rkgT \ 2 2
+2aowﬂm B et mud ( i ) {F(Zzi*) — —F(S,zi*)]
kil 3 7
2

—_ 2 1
me o o o [ Skl 27T/,Lkl 2 2
_aagj Bij Mck clm (E) ( T ) {F(l, Zix) — §F(2, zl*ﬂ
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1 R3
2 m; Eij 2 27ruij 2 % 2 «
okpT\ ? m; 2
—Qa@jaf]cf‘cj‘miu? ( W,u-é ) % {F(Q,zf) — §F(3,z;‘)} N
)
R4 (5.4.30)

= N\ 2 i
Zij 2T\ 2 m; 2
2 o o « v 2 J * *
+a fijoccim; ug ( o > (—k:BT ) i {F(l,zi) — §F<2,zi>},

where I'(., .) the incomplete Euler gamma function defined as given in equation (4.3.3), z;,, zF and M
are as defined in equations (4.3.4), (4.4.45) and (2.4.3), respectively.
Substituting equations (5.4.29) and (5.4.30) into equation (5.4.28), we obtain:

Q;i=0+0%+0+0+0(a?)
= 0% 1 0(a?) (5.4.31)

where @52) is as given in equation (5.4.30).
Now substituting equations (5.4.18), (5.4.27) and (5.4.31) into equation (5.4.12) gives the desired
result. Therefore, the proof is complete. OJ

5.5 Formal Asymptotic Analysis

In this section, the formal asymptotic analysis of the momentum balance equations given by equation
(5.4.1) to obtain the reactive Maxwell-Stefan equations will be carried out. More precisely, the proof of

Theorem 5.2.1 will be given.

5.5.1 Proof of the Main Result

The result given in Theorem 5.2.1 is a consequence of Lemma 5.4.1. To prove Theorem 5.2.1, we substi-
tute equation (4.5.4) into equation (5.4.12) and divide both sides of the resulting equation by kp:
1

J?+c§“u0‘)+i<cg(T+an‘)>+a2ﬁ£<cf(u;1®u?))— A
arp

ox kg Ox (61+ﬁ+é1>’

where u®, 51 752 and @1 are as given in equations (4.5.5), (5.4.18), (5.4.27) and (5.4.31), respectively.
Furthermore, observe that similar to equation (4.5.4), one has that

cup=Jy+cu®, qui=J7+qu®,  cfui=J7+cfu, cfui=J] +cfu". (5.5.1)
Therefore, substituting (4.5.4) and (5.5.1) into equations (5.4.18), (5.4.27) and (5.4.31), one obtains that

the term ¢f'c% (u$ — u2) given in equation (5.4.18) becomes:
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o (ug — ) = (7 + ue) = o (J2 + )
S (0% o (07Ne) (07 (0% (6% o «
= J; +clciut — ' ) — ' ciu
_ (0% « (0% «
— CS J’L - C’L JS .
Similarly, the term ¢¢'c (ug* — ug) given in (5.4.27) becomes:
a o o « _ (07 (63 (07 «
clc-(u- —u-) —chi — Jj.

? J

Now taking the limit as o — 0, we obtain:

9, 1 (~, ~. =
2 (er :_<o>f * ik>, 5.5.2
where
¢ = lim ¢, J; = lim J} u = |lmu®=0
a—0 a—0 a—0

A% : * : A . A
O; = lim O,, P = lim P; and QF = lim Q,.
a—0 a—0 a—0

That u vanishes follows from assumption (a) given in subsection 5.3.2. Finally, performing a little algebra
on the terms on the right-hand side of equation (5.5.2) gives the desired result.

5.6 Conclusion and discussion

In this chapter, the non-isothermal and isothermal reactive MS equations given in equations (5.2.1) and
(5.2.2), respectively, were derived from the SRS kinetic model that describe a quaternary mixture of
monatomic ideal gases undergoing a reversible chemical reaction of bi-molecular type. These derivations
are the main results of this chapter. They were obtained thanks to the scaling of the kinetic equations, for
which both mechanical collisions and chemical reactions have comparable relaxation times. The diffusion
coefficients of the non-isothermal and isothermal reactive MS equations have been derived explicitly. With
the exception of the first term on the right-hand side of the reactive MS equations, all other terms are new
and they describe diffusion of the reactive species with enough energy to produce a chemical reaction.

In the general case of non-isothermal evolution, the reactive MS equations given in equation (5.2.1)
should be coupled with the evolution equations for the concentration of the constituents and the energy
conservation equation for the mixture. These equations are obtained by setting p; = 1 and ¢; =
%mivi + FE;, respectively in equation (5.3.2) and integrating. The resulting system of equations will
describe the evolution of (¢;, J;,T"). On the other hand, in the particular case of isothermal evolution,
the reactive MS equations given in equation (5.2.2) should be coupled with the evolution equations for the
concentration of the constituents. The resulting system of equations will describe the evolution of (¢;, J;).

Finally, the analysis developed in this chapter can be extended to a reactive mixture of polyatomic
gases and the resulting equations will certainly describe in a more complete way the involved chemical
kinetics.
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Chapter 6

On the Maxwell-Stefan diffusion limit for a
reactive mixture of polyatomic gases in
non-isothermal setting

This chapter contain the results published in Kinet. Relat. Models 2020,
in collaboration with Mazia Bisi, Francesco Salvarani and Ana Jacinta Soares.

6.1 Introduction

Realistic models of multicomponent diffusion phenomena are crucial for many applications in fluid me-
chanics and chemistry. In the case of isothermal non-reactive gaseous mixtures, composed of at least
three different constituents, the diffusive behaviour of the species is well described by the equations intro-
duced by Maxwell and Stefan in [83, 105], which provide a more general and appropriate framework than
the standard Fickian approach [52, 53].

Despite the popularity of Maxwell-Stefan (MS) model and its irreplaceability for many applications
in chemical engineering [76, 77], the mathematical properties of the MS diffusion equations have only
recently been investigated. In particular, the first studies have been devoted to the matrix formulation of
the gradient-flux relationships (see [55] and the references therein). Subsequently, the well-posedness
and the long-time behaviour of the solutions of the MS system (or some variants) have been studied in
[23, 26, 41, 63, 70, 71]. Furthermore, the numerical simulation of the MS system has been the subject of
[21, 26, 54, 87] and the relationships between Fickian diffusion and the MS model have been analysed in
[29, 102]. By following the research line initiated by Bardos, Golse and Levermore in the Nineties — whose
goal was the derivation of the equations of fluid mechanics starting from the Maxwell-Boltzmann equation
[10, 11] - several articles have been published on the formal derivation of isothermal multicomponent MS
type diffusion equations starting from the Maxwell-Boltzmann system for monatomic non-reactive gaseous
mixtures [29, 27, 28, 68]. The case of a reactive mixture described by the SRS kinetic model, which
retains the main features of the reaction mechanism without taking into account the internal degrees of
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freedom of the particles, has been investigated in [5].

However, if one considers gaseous mixtures composed of polyatomic gases, with vibrational and ro-
tational degrees of freedom, the standard monatomic models are no longer valid and the presence of
possible chemical reactions in the mixture can considerably modify the behaviour of the system, making
the model non-isothermal and non-conservative (at the level of the single species). The derivation of the
precise structure of the equations describing the diffusive regime in this situation is — of course - crucial,

and this is precisely the goal of this chapter.

The approach consists in obtaining the macroscopic equations starting from a kinetic system of equa-
tions defined in the phase-space, under a diffusive scaling. The effects of binary interactions between
particles are treated as a simple scattering event involving, at the microscopic scale, only some fundamen-
tal laws (in particular, the conservation of momentum and total energy), without needing supplementary
phenomenological hypotheses. Because of the solidity of the kinetic structure, the main macroscopic
collective features of the system can subsequently be rigorously deduced by means of an appropriate lim-
iting procedure of the kinetic model, rather than heuristically introduced in the macroscopic model. The
result of this approach is a hierarchy of simpler models, which are validated by a precise asymptotic study
considering the order of magnitude of the relevant parameters, and are suitable to be applied in some
particular regime.

In the literature, there is a variety of kinetic models which have been proposed to go beyond the
monatomic and non-reactive setting. Polyatomic non-reactive mixtures have been studied at the kinetic
level, for example, in [17, 18, 31, 44], whereas various kinetic models for polyatomic reactive mixtures
have been derived and studied in [12, 16, 45, 62].

The polyatomic structure of particles may be modelLed by means of a set of discrete internal energy
levels, or through a proper continuous internal energy variable. The basic features of the discrete levels de-
scription may be found in [55], while the state of art of Kinetic and Extended Thermodynamics approaches
with a continuous energy have been summarised in [100].

In this chapter, the kinetic system proposed in [45] and described in section 2.4 will be considered.
This kinetic model is based on the Borgnakke-Larsen procedure [22]. The kinetic model considered in
this chapter have been chosen because of its main features and advantages detailed in [45]. This kinetic
model describe a mixture of reactive polyatomic gases by adding to the usual independent variables of the
phase-space of the system (that is, time ¢, position 2 and velocity v) a continuous internal energy variable
I € R™, which governs, together with the kinetic energy, the binary encounters — both of reactive and of
non-reactive type. By carefully choosing a set of measures ¢;(1)dI, the model is moreover consistent, at
the macroscopic level, with the energy law of any type of polyatomic gas, and it does not need to take into
account a large number of discrete energy levels.

In this chapter, for the sake of clarity, the study is limited to a quaternary mixture of polyatomic gases
in the presence of a reversible chemical reaction of bimolecular type. This framework allows one to work
in the general non-isothermal setting. Furthermore, some assumptions will be made at the kinetic level to
enable the derivation a non-isothermal reaction-diffusion system where the diffusion process is modelled
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by the MS equations as limit equations of the considered kinetic model. More specifically, we will assume
that the bulk velocity of the mixture is small and vanishes in the limit, and also that the distribution
functions are initially local Maxwellians centred at the average velocity of the species and remain with this
structure during the evolution up to an error which vanishes in the limit. The set of equations obtained
in this way include the evolution equations for the chemical species, the MS equations for the diffusive
fluxes and the evolution equation for the temperature of the mixture. Of course, generalisations to more
complicated mixtures with different types of chemical reactions are possible by considering an appropriate
kinetic models and by introducing suitable modifications in the computations of chemical production rates.
With respect to the standard isothermal non-reactive MS system, the equations obtained in this chapter
show some crucial differences. First of all, the continuity equations for the various species, which would
assure the conservation of the molar densities of the species, are replaced by balance equations, whose
right-hand side takes into account the effects of the chemical reactions on the densities of the reactants.
The balance terms, once the equilibrium is reached, guarantee the validity of the law of mass action, which
depends on the internal energy structure of the species, on the temperature of the mixture and on the
reaction heat () z. Moreover, one needs to also take into account the energy balance due to the effects of
the chemical reactions.

In addition, worthy of mention is the fact that the target equations derived here are, up to the best of
my knowledge, the only ones which take into account both the polyatomic structure of the constituents of
the mixtures and the effect of chemical reactions in the non-isothermal setting.

The structure of this chapter is the following. In section 6.2, the scaling of the kinetic equations
to be considered together with the assumptions needed for the derivation of the target equations will be
introduced. In section 6.3, the moments of order zero and one of the scaled kinetic equations together with
the energy balance equation for the mixture are deduced. The limiting diffusive equations for the reactive
mixture are deduced in section 6.4. Finally, the conclusion which summarises the results presented in
this chapter is given in section 6.5.

6.2 Scaled Equations and Assumptions

In this section, the scaling regime of the kinetic equations given in section 2.4, which describes the
evolution of the polyatomic reactive mixture to be studied, is introduced. This will be followed by the
assumptions to be considered at the kinetic level, to derive the non-isothermal reaction-diffusion system
of MS type as the hydrodynamic limit equations of the considered kinetic model.

The evolution domain of the mixture is here represented by an open bounded domain 2 C R3, with
regular boundary.

6.2.1 Scaling regime

In this chapter, a diffusive scaling regime of the kinetic equations given in equation (2.4.56) for which

elastic collisions are dominant with respect to reactive collisions, is considered. This regime is achieved

145



by setting p = 1 and ¢ = —1 in the scaled kinetic equation given in equation (3.3.19). Accordingly,
the starting point of the analysis presented in this chapter is the following scaled Cauchy problem for the
distribution functions f7,

afzs £ ]‘ - e 3 € react -
e§+v-vmfi:g;Qij(i,fj)JrsQi L, oi=1,...,4, (6.2.1)
for (t,x,v,1) €0, 400 xR?x R*x [0, +-o0],
0, z,v, 1) = (f"(x,v,1), for (x,v,I)€R®xR>x 0,400, (6.2.2)

where the elastic and reactive collision operators Qf;(f7, f5) and Q""" are as defined in equations
(3.3.20) and (3.3.21), respectively.

Remark 6.2.1. Note that the properties of the collision operators stated in subsection 2.4.2,
with the obvious adjustments, are still valid for the scaled collision operators. O

6.2.2 Assumptions

In view of the reaction-diffusion limit to be investigated in this chapter, the following assumptions will be
considered:

(a) The reactive mixture is a non-isothermal system, meaning that the temperature of the mixture is, in

general, not constant in time and non-uniform in space.

(b) The bulk (mean or average) velocity of the mixture is small and goes to zero as the parameter ¢
tends to zero.

(c) Theinitial conditions (fI")¢ are Maxwellian functions centred at the species mean velocity 5u§i”) (x)
with species temperature 70" (z) + eTi(i”)(:c) such that for i = 1,2, 3, 4:

(f)(xv 1) = (M)
_ nj(in) (m) my; i
= qi(T(i”)(w)—i-&Yf(m)(w)) <27Tk?B(T(i”)(£B)—i—sTf(i”)(SB)))
__ m;(v — guf(i")(m))z
| 2kp(TO) () + 17" ()

[ I
X exp | — : 0]
k(T (x) + €T " (x))

X exp (6.2.3)

for some nS™, T TE™: ) 5 R+ and uS™: Q — R3,

(d) The time evolution of f7 established by the equations given in equation (6.2.1) preserves for any
time ¢ > 0 the initial Maxwellian structure of species distributions; more precisely, the distribution
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functions f7, attime ¢ > 0, are Maxwellians of the following form:

3/2
R T m
fi <v7 I) - 4 (T(t, w) + z’:‘Tf(t, ZL')) <27Tk;B (T(t, 33) + €Ti€(t= m)))

. 2
X e [_ m;(v — eu(t, z)) I

2kp (T(t, x) +eTE(t, :B))] exp [— . (T(t, z) + TE(, ZL‘))] (6.2.4)

for some functions n5, T, T : RT x Q — Rt andu$ : RT x Q — R3, withi = 1,2, 3, 4.

Assumptions (¢) and (d) are consistent with the fact that the scaled kinetic equations given in equation
(6.2.1) provide, as € — 0,

Q. 5) = 0Le).

Hence the distributions f£ should be, as e — 0, O(&) perturbations of collision equilibria of global elastic
scattering operator, which are provided by local Maxwellians sharing the common zero mean velocity and
a common temperature. Therefore, for any time ¢ > 0, the species distributions may be considered to
have the form:

Fe(v, 1) = M? (nf(t, 2),0,T(t, a:)) (1 + 0(5)>, (6.2.5)
where M is an elastic Maxwellian equilibrium state similar to the one defined in equation (2.4.75). Hence,
up to the order O(¢), one can suppose that

fi(0,1) = M (0 (t,@), eu (1), T(t, @) + T (1, ) )

with

im <n§(t,x),gu§(t,m),T(t,m) +an(t,m)) - (n,-(t,a;),o,T(t,a:)), (6.2.6)

e—0

and
u;(t,x) = O(1), TS (t,x) = O(1).

The assumption given in equation (6.2.4) is one of the simplest options to fulfil the property given in
equation (6.2.5), and it will be sufficient to obtain a system of MS type in the asymptotic limit e — 0.

6.3 Macroscopic Equations for the Reactive Mixture

In this section, the macroscopic equations that will be used to obtain the target system of equations, is
derived. In particular, we will derive the balance equations for the number density of the species, the
momentum balance equations for the species and the energy balance equation for the mixture, from the
scaled kinetic equations given in equation (6.2.1). As usual in kinetic theory [10, 11, 13, 29, 68, 70],
these equations are obtained by taking appropriate moments of the scaled kinetic equations with respect
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to the velocity v and here also with respect to the internal energy parameter I. The macroscopic equations
obtained in this section will be used in section 6.4 to obtain the non-isothermal reaction-diffusion system
where the diffusion process is modelled by the MS equations. Furthermore, assumptions (d) given in
subsection 6.2.2 play a crucial role in the computations presented in this section.

6.3.1 Preliminaries

In what follows, instead of the unit vector w € S? parametrization used to obtain equations (2.4.23) and
(2.4.44) for the elastic and reactive post-collision velocities, we will use the following unit vector o € S?
parametrization and show how to pass from one to the other.

Proposition 6.3.1. (et
v — v,

o=y 2w yw, Y= PRk (6.3.1)

where o and w are unit vectors in the sphere S?* and v, v, denote the velocities of the
colliding pair of particles. The Jacobian of the transformation from w to o is given by

Joose =4 |w -y, Vy € R (6.3.2)

Proof. See [90], page 41. O
Remark 6.3.2.

(i) Using the o-parametrization given in equation (6.3.1), the post-collision velocities
given in equation (2.4.29) for a bi-species elastic collision between a particle of species i
with in-going parameters (v, ) and a particle of species j with parameters (v;, I;)
can be rewritten as

’ m;v + m;v; m; 2RE
’UZ - + O',
m; + mj m; -+ mj ,uij
(6.3.3)
’ m;v + m;v; m; 2RE
v, = — o.
7 m; -+ mj m; + mj /Ll'j
Therefore,
i ; 2RE
v —w= 9yt T o, (6.3.4)
m; + mj m; + mj [Lij
where
Vi =v,—v (6.3.5)

is the relative velocity.
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(i) As a consequence of Proposition 6.3.1, the bi-species elastic and the reactive collision
kernels can be written as follows (see [108]):

Bz’j ('U, vy, I, [ja R, w)dw =2 ’w ’ y‘ Bij (U7 Y, 1, [j’ R, O')dO', (6.3.6)
B™Nv,v;, I, 1;, R,r,w)dw = 2 |w - y| B"“*“(v,v;,1,1;,R,r,0)do, (6.3.7)

A~k

7
where y = — —. O

V|
From now on, for brevity the dependencies of distribution functions on velocity and internal energy, will be
skipped, that is, the following notations will be used:

ff = ff(v,]), f]s = f;(vﬁ]j)v ff, = ff(’v;’ Iz/)’ fgal = f;(vgal‘;)
Analogously for Maxwellian distributions, its dependence on n7, 0,7 will be omitted and the following
notation M; = Mg (n(t,x),0,T(t,x)), will be used.

Proposition 6.3.3. Using the Taylor expansion with respect to e of the distribution functions
given in equation (6.2.4), one can write

e re’ € fe ENfE 71'6 5
(a) fz fj — fZ fj = Mi Mj |:€<aij . (’U; _’U)> +€(/€BT2 - kB]TQ)

% (mi(;§)2 _ mi(z’v)

2
+ I — 1) + 0(52)} . (6.3.8)

3
m;m;
(mkml)
A mipTi(vy)? | Tl Ty qi(T)
ME M (ay - v s
S l(“”“ Uk TokeT? T kpT? T kpTan(T)
m Ty (v)? Tl T7 (1) 3T (6.3.9)
QkaTQ ]{?BTz T k’Bqu(T) 2T

3 3
mim; e re e re mm e qre’ e e
(b) < ]>fkfl _fifj:( J) M, M _MiMj+€

mEmy mgmy

| 3T%
2T

—|—al-v§—|—

mTEw): T T: @(T) 3T
— MEME . i i i i . i
M <“ U kT BT T hpTq(T) | 2T

mTE(wy)? Tl TE g (T) BT;)PO(EQ)

T o e T T T kel (T) | 2T

where
mi(uj — uj) mus mjus mius, miug
ii = —_—, i fry Z7 i — y = ) = 5 63].0
@ij kel YT T YT T YT T M T kT (6.3.10)
+oo T
¢ (T) :/ I oi(I) exp(——) dI, (6.3.11)
0 kBT
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: 2 m;(v)? I
M _ _ 6.3.12
S (QWkBT) exp( 2T k:BT) ’ (6.3.12)

and Ms, M;, M are similarly defined.

Proof. Observe that following the same procedures as those used to obtain equations (5.3.7) and (5.3.8),

we obtain:
m;(v — eus)? m;(v)? maus -v - miTE(v)? ,

_ T P ) —exp [ — 1 i d o) 6.3.13
exp< 2kB(T+sTf)) exp( 2t ) LT e e e TOE) ) 6313)
and

: : 3T,

m. m .
: = —— 1—e=+0(? ), 6.3.14
<2ka(T+5T;)> (27r/~cBT) ( 5r TOE )> (6.3.14

respectively. Taylor expanding the second exponential in equation (6.2.4) with respect to ¢ gives:

op (-t ) —exp (- +€Tﬂ exp (——— + O(e?)
P\ kT o)) =P Tkl ) T k2 ¥\ kT

1 TF1
= —— ) (1 : O(?) ). 6.3.15
exp ( kBT> ( te T (e )> ( )
Taylor expanding the first term on the right-hand side of equation (6.2.4) with respect to € gives:
n; n; ¢ (T) 17 n; 2
= —€ — +O0(e
G T o) ~ @M T T am O
n; q;(T) T7 2 )
_ —c —~ +0(%) ), (6.3.16)

where ¢/ (T') is as defined in equation (6.3.11).
Taking the product of equations (6.3.13), (6.3.14), (6.3.15) and (6.3.16) gives the following expanded form
of the distribution function:

ng o mi \? mi(v)? I
fi = exp | — —
¢(T) \2nkgT 2kgT  kpT

miv - us  my(v)?TF ITf @(T) Tr  31f )
1 (] 7 7 _ 7 _7/_ __Z O
X[ T T T 2k e Chprqm T 2T T OE)
mv-us  m(v)?TE  ITf ¢ (T) Tf 37Tf 9
— e |1 i : o U0 L 00 o)L (6317
Z{“ T TS kT Ry kT T ca1 TOE)|- 8317)

!

Similarly, expansion like equation (6.3.17) can be obtained for f%, /¢, j’, f£ and f7'.

To prove part (a), observe that using the expanded form of the distribution functions, we obtain:

m i | mi)PTE | TTE M-y +€mj(vj)2Tj
kgT 2kpT? kgT? kgT 2kpT?

fEfs =M M {1 +e
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VLT @ Tr o 3Tr (D) T 3T;
2T

— —f—— —f— — 2
kT2 hpTq(T) T 2T  kpTq;(T) T +0(e )} (6.3.18)

and

. b mv. - ué  m;(v)?TE I'T= m.v. - ut m.(v.)2TE
T ()T,

kT 2%kpT? | kpl? © kpT 2 T?
I'Ts “(T) T¢ 37T¢ (1) Tt 3T
+e L ¢ o) Tr 3% ¢ 1} 3 +0()|. (6.3.19)
ksT?  hpTq(T) T 2T  klq(T) T 2T

Furthermore, observe that

3 c %
MEME = nj mi N e, exp _ v b my (o) Lt .
J ql(T) 27T/{ZBT Qj<T) 27T]€BT 2]€BT I{JBT

Using the conservation of energy for elastic collisions given in equation (2.4.2), we obtain:

3 3
M.E/M.EI _ nf m; 2 n; m; 2 exp _mi(v)z + mj(’vj)2 . I + Ij
! J QZ(T> 27TkBT q; (T) 27T]€BT 2kBT k’BT

= M M.

Therefore,

= ff

miv) - us mg(v))?TE I'Te mv - us  omy (V)T
:M‘?M? 1 [ 7 1\ Mg 1 171 J J J J
i { R s T R R 2o T2
1Ts (T) T¢ 37T¢ “(T) Tt 37¢
+eLL —¢ (D) —’—g—i—aﬁi—s——]+0(£2)
kgT? kgTq;(T) T 2T kgTq;(T) T 2T
€ e e 9. £ . N2e
~ MEME 1+€miv Uy m;(v)°T, Le IT; EvaJ C U m;(v;) T;
J kgT 2kpT? kgT? kgT 2kpT?
;T “T) Tr 3T¢ “(T) Tt 375
+€]J—€ qz() i ———EM—— ——+O(€2).
kgT? " kgTq(T) T 2T kgTq;(T)T 2T

Putting together terms of the same order in ¢ gives:
N

S(us v S(us - e (v))?

kT kT 2kpgT?
min(v)Z I{T;g IT;E n mj(uj . ’U;) m](u§ . ’Uj) n ij}g(U3->2
2k 5 T2 kT2  kpT? kT kgT 2%k 5 T2

- omyTi(vy)?  LTF LTS (1) 17 q((T) T

%pT?  kgT? kgT? kgTq;(T) T ' kgTq(T) T
(1) T;  ¢(T) T; 31 3T¢ 3T; 31}

_ i i i j O/(&2
T T w1 2r Tor " or Tar| TOE)
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(us - v (us - Te (v)? Te (v)2 ITe

— SMEM? ml(uz Uz) _ ml(uz U) mljjz (vz) _ mlﬂ (’U) + Izirz

J kgT kgT 2kpT? 2kpT? kgT?

_ AT my(uj -v5)  omy(ug-vy)  omTE(0))? o mTs () LTE
kgT? kgT kgT 2kpT? 2kpT? kgT?
LT

_ O(&2
kBT2] +OE)

us - mi(fU’, — fu) us - TTLj(U,- — ’Uj) Ts mi(’U{)2 mi('v)z
— M§M§ 7 7 J J 7 i I/_]
S { kg T kpT kpT2\ 2 2
Ty (ma)’ (v,
J J J J J / 2
— I —I; O(e%).
+/<;BT2( 2 2 U ’)1+ (%)

Using the conservation laws of linear momentum given in equation (2.4.1) and kinetic energy given in
equation (2.4.2), for elastic collisions, but rewritten as given below

mi(v; —v) = —m;(v; — v;),
N\ 2 1 2 / 1 2 1 1\2 /
oMi(vy)” = gma(v)” + I = I = gmy(vy)” — omy(v3)" + I; = I,

we obtain:

= ff

us -m(v—v) uw-m(vi—v) T (m(v)? my(v)?
— eMEME| =2 U S . L I'—1
S { kT BT kpTZ\ 2 g
T (miv)?  mi(o)?
. J \Yq) Y I — T 2y
kBT2( 5 s i +0(£?)
mi(us — uf) T¢ T5 N\ (ma(v5)? my(v)?
—eMEME|—— 37 . (v — t o _J AN VA I'—7
eM; M [ T (v; —v) + (kBT2 kBTZ)( 5 5 Tl
+0(£?)

and part (a) is proven.
To prove part (b), we again use the expanded form of the distribution functions to obtain:

3 3
(mimj) f,i/ff/ _ (mimj) MZ,MZE, [1 N gmk% -uf, N gmk(’%)QTf s ILT¢

mgimy My kBT 2k3T2 /{,‘BT2
n 6mﬂ); ul N gml@E)QTf L. IT? . q(T) T 5%5 (6.3.20)
/{BT 2]€BT2 ]fBTQ kBqu(T) T 2T

~_gq(T) 17 3TF 2
“BlaD T a1 TOE)]

Using equations (6.3.18) and (6.3.20), we obtain:

3 3 / € 1\2e /e

mimy \" o ver pe e m;m; o mgvy - uy, m (V)Y TE LT
— fefe = M; M7 |1

(mkml) Tid Jil; (mkml) ko { te kgT te 2kpT? +€kBT2
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Lomwpug  om@)°TE ITE G(T) Ty 3T;
]CBT 2]€BT2 k?BT2 ]{?Bqu(T) T 27T
¢(T) Tr 3177 . miv - u;

et 7 et 0) — M:EME |1 -t

Tam T a1 TOE ) Mg E

kgT
mi(v)° Ty | ITF | mivs (0T} L BT
2kpT? kgT? kgT 2kpT? kgT?
e 7 3% 4@ 7 377

B A R 2
T T 2T hyrgm 1 27 TO€ )}

Putting together terms of the same order in ¢, we obtain:

3 3 / 5

m;m c re m;m; o 1 re! e re m;m mgv; - U

( J)fkfl fz.fj:( J) M M; —MiMjJre( )Mle {—’f k
mg mgmy

mmmy k‘BT

me(0p)*Tf | LTE iy -up | me()*TE | GTE
UpT? | kpl? kT 2UpT? | kpl?

@@ T 3T¢  ¢(T) Ty 3TF L MEME| Y
mi(oPT7 | ITE mgy s om0, T; LT
2kpgT? kgT? kgT 2kpgT? kpT?
) T 8T a) 1T
and part (b) is proven. Therefore, the proof is complete. O

Using equation (6.3.8) of Proposition 5.3.1 together with equations (6.3.4) and (6.3.6), we can write the
bi-species elastic collision operator given in (3.3.20) as follows:

+oo
e a _ ; MaMa
Z( ] mz‘i‘mj/]l@/ ///8201J

2
x Bij(v,v;,1,1;, R, J)Mdadrd}%dl dv,
V(I
+o0 9
+e / / / / / N ft o M; M (6.3.21)
ml—l—'mj R3 S2 ,u”
2cosf(1 —
X Bij(v,v;,1,1;,R,r,0) ————— d drdRdl; dv;
V*SDZ ])
+oo TTL ,0)2
- : il I — T ) MEME
“/Rs/ ///S2(kBT2 k:BT2> e > o
2 cos 6(1
% Bij(v,v;,1,1;, R, U)Mda’deRdedvj
V*@l(j)
+0(%),
where |w - y| = cosf, V* = |v —v;| = ||[V']|.

Similarly, using equation (6.3.9) of Proposition 5.3.1 together with equation (6.3.7), we can write the
reactive collision operator given in equation (3.3.21) as follows:
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+oo m;m I %
Qreact / / / / / < ]) M]i ]\flE — ]\4';:]\/[]E HZ 2 cos 0(1 — R)V*il
g | Uy (6.3.22)

% Bread(’v, v;, L Ij, R, r U)@i([)il(mim])iQ dadeRdede+O(5)a

where for the forward and backward reactive collision operators, the indices (i, j, k, ) are such that
(1,7,k,1) € {(1,2,3,4),(2,1,4,3)} and (4,5, k, 1) € {(3,4,1,2), (4,3,2,1)}, respectively.

In this chapter, general collision kernels are considered. Consequently, in what follows, both the bi-
species and reactive collision kernels will be split into the product of kinetic and angular collision kernels

(see [108]) as given below:

Bij (U7 vy, I, [j> R, 0') = "U - 'vj"y (I)ij([’ [J" R, T) bij(COS 9) ’ (6.3.23)
~ ~~ 7 WH
kinetic angular
BreaCt<’U7 vy, I? [jv R7 T U) = ”U —Vj |’Y (I)Tead([7 [ja R7 T) breaCt(COS 9) ) (6324)
kinetic angalar

where v is a parameter which is such that v > 1. This decomposition of the collision kernels is enough
to obtain appropriate expressions for the integral production terms.

6.3.2 Moment of order zero

From the scaled kinetic equations, let us derive the evolution equation for the number density of each
constituent. The result is given in the following lemma.

Lemma 6.3.4. The balance equation for the number density of each constituent in the
reactive mixture can be written in the form

(9711-

BN + Vs (nuw;) = —-NA, i=1,2,3,4, (6.3.25)
where
n; = lim ng, = lim u;
e—0 e—0
and
A=A\ =1, Az =M\ = —1 (6.3.26)

are stoichiometric coefficients. Moreover, A is the production term defining the chemical
rate of the reactants of the backward chemical reaction. More specifically, A is the formal
limit for e — 0 of

3/2 €., £
<m3m4) n§ng ( Qr ) N3Ny
exp | — —
mimy ) qi(T)g(T) keT ) q3(1)qa(T)

y 4 (QkBT)(’Y (fy+2>/+oo/+00/ / /ex ( [+[4) (6.3.27)
V(mama)? \ pss 52 P\ T

X &7 Iy, R, 7)o" (cosf)cos O (1 — R) dodrdRdI,dI + O(e

A=
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Proof. Multiplying the scaled kinetic equations given in equation (6.2.1) by ¢;([) and integrating the
resulting equations with respect to v € R® and I € R, we obtain:

—+00 8](-5 +oo
5/ / “;(1)dI dv +/ / v - Vafipi(I)dl dv
R3 JO 8t R3
+o0o

:—Z/Rg/m (5 [)pulT )dldv—l—e/ Q"™ ,(1)dI dv,

R3 JO

fore = 1,...,4. Applying the Leibniz integral rule to the two terms on the left-hand side of the previous
equation and splitting the elastic collision operator into the mono-species and the bi-species collision
operators, we obtain:

a oo €, 4. . oo €, 4.
€5 (/ fi cpz(I)dId'v) + Vs (/}R%/ vf; gpz(I)dId'U>

+00 +oo
// °(fe, f)pi(D)dIdv + = Z// S ) eiD)dldv
R3
J#Z

+oo
+e / / Qe (IdIdv. (6.3.28)
R3 JO

Using the definition of the distribution functions given in equation (6.2.4), we can write the first integral on
the left-hand side of equation (6.3.28) above as given below:

+oo € 3/2
Spi(1)dl dv = . :
/Rg 0 fouDdl dv qi(T+€Tf)<27rk:B(T+eTf)>

m;(v—eu; ) I
— | i(l)dl d
/R/ exp( 2hp(T+eTy) exp( k;B(T+gJ;6)>90< Jjal dv
3/2
ns m;
qi(T+€Tf) <27TkB(T—|—€Tf)>

m;(v—euf)? /+°° I
x [ exp| — ———+—2-1d J(exp| — ————|dI.

The second integral in the last equality of the previous equation is given by

+o0 T

Therefore,

400 m; i m (U 5“’8)2
c o (DI do — 1° i _ T T ER) g
/R3 . fioi(I)dl dv = n; (27rk3(T—|—51}5)) /Rs 0 ( %B(T‘i‘ng)) ?
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Introducing the peculiar velocity
E=v—cu; << v=E&+cu; and dv=d§, (6.3.30)

we obtain that

3/2
+o0 . . m; mZ(E)Q
/RS . fz (pz(])dld’v =n; <2W/€B(T+€7;E)) /]1@3 exp <_ 2]€B<T+€Z‘E)> d€

The integral on the right-hand side of the previous equation is similar to that whose value is given in

equation (5.4.7). Therefore,

my(£)? [ 2mkp(T +T?)\?

Thus

3/2
+oo m; 2rkp(T + €TF)
coi(1)dI dv = nf ‘ L =n;. 6.3.32
/]RB 0 fzga( ) v nl (QWkB(T—’—Z‘:]_;E)) < mi > nz ( )
The second integral on the left-hand side of equation (6.3.28) can be written as:
3/2
ng m;
Foi(l)dldv= a .
// elied Dl = o T (27rkB<T+eTf>)
m;(v—eus) I
—— | p;(I)dId
/Rg/ vexp( QkB(TJreTE)) eXp( k;B(TJreZ}E))(’D (I)dIdv

3/2
ns m;
qi(T+ eTy?) <2ka(T+ 5Tf)>

m;(v—euf)? /+°° I
_mAvTedi) Ny (Dexp| ———2—_)ar
x/Risvexp( 2kB(T+5Tf)) v i wi(I)exp T (T+eTT)

Using equation (6.3.29), we obtain:

3/2
m; m;(v—eus)?
“oi(IdIdv = n; ————|dv. (6.3.33
// vffedDdldy nz<2ﬂkB(T+€Tf)> /Rs"’exp< %B(T+6Tf)> v 16339

Using equation (6.3.30), we can rewrite the integral on the right-hand side of the previous equation as

(NI

given below:

~ mi(v —euf)? _ e o mi§)®
/Rsfvexp ( 2k:B(T+5Tf)> dv = /Rg(ﬁ—keui)exp < QkB(T+€Tf)> d§
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€ ml(€)2
+€’U/i /R3 exp <— m)dﬁ

The first integral on the right-hand side of the last equality in the previous equation is similar to the one
evaluated in equation (5.4.6). Therefore, upon evaluation, one obtains:

m;(§)° B
/Rs S ( - m) i =0 (6.3.34)

m;(v—eus)? m;(€)°
C O gy — 0+ eus LU YN V7S
/R{g”exp( 2kB(T+eT;)> v=0tew /R exp( e (T + 217) )

The value of integral on the right-hand side of the previous equation is given in equation (6.3.31). Therefore,

Thus

3

m;(v—cu;)’ 2rkp(T + €T7)\?
exp| —————+— | dv = cuf t ) 6.3.35
/Rs'v p( QkB(T+5T5)> v suz( - ( )

Substituting equation (6.3.35) into equation (6.3.33) gives:
+oo
[ [ vt = e 6.3.36
r3.J0

Now substituting equations (6.3.32) and (6.3.36) into equation (6.3.28), we obtain:

4

5an§+5v ( E'tf)—l/ : S(fe ) (I)dldv—l—l 5 / : c(ff )ei(Ddldv
z(n;uw)=-— T T i — T T )i
ot v € Jr3Jo e v 9 r3Jo J J 1t

J=1
JF

+o0
+e / / Qi (IdIdv. (6.3.37)
r3 Jo
Since the properties of the scaled collision operators are similar to their un-scaled version, the first and

second integrals on the right-hand side of equation (6.3.37) both vanish. To see this, set (v, I) = 1in
equations (2.4.67) and (2.4.68), respectively. Therefore, equation (6.3.37) reduces to:

8nf €p,€ e react
€ + Vg (enjui) =¢ Qi (1)dIdv. (6.3.38)
ot R3 J0

To evaluate the integral on the right-hand side of equation (6.3.38), we use the more convenient form
of the reactive collision operator Q7> given in equation (6.3.22), together with the decomposition of
the reactive collision kernel given in equation (6.3.24) and the conservation of total energy for reactive
collisions given in equation (2.4.5). More precisely, we will compute the production rate for : = 3. To do
this, we set ¢+ = 3 in equation (6.3.22). Therefore, the integral on the right-hand side of equation (6.3.38)
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becomes:

+o0o
/ 5 v, D) s (I)dIdv
R3 JO

+00 +00 1 1 3
“LLL L L L G ) s s
R3 JR3 Jo 0 o Jo Js2 mime

x By, vy, 1, 1y, R, 7, o) (mgmy) 2V "2cos 0(1—R) do dr dR d1, dI dv,dv+0(e),

where Hs(Iy, 7, R,v,) = 1 and V = |v — v,| have been used. Using (6.3.24), we obtain:

/ - Qreact (v, T)ps(I)dIdv

+oo +oo mazimy 3 ’ ’
LT L v e
R3 JR3 S2 mimes

X VI ereat (I [ R, )b (cos 0) (msmy) "2 (1—R)de dr dR dI, dIdv,dv+O(e).

Now, using equation (6.3.12), observe that

3
m3my ! ! < <
myma

_(mmﬁ3 ning (WmﬁemCﬁM%V+@W_H+%>
1Mo q1 (T)QZ(T) (QWkiBT)g 2]€BT ]’CBT

_ ngng (mgmy)? (_mg('v)2 +my(vg)? T+ 14)

63(T)qu(T) (2mkpT)? 2kpT kT
_ [(m3m4>3 oo (_ml(vgy + ma(vh)? — my(v)® — ma(v)® LI -1 14)

mime 2]€BT kBT
ning  (mims)? o ngng (mgmy)? } (_mg(v)2 +my(vg)® T+ 14)
ql(T)QQ(T) (27T]{?BT)3 Q3(T)Q4(T) (27T]€BT)3 2]{?BT ]{?BT .

Using equation (2.4.5), we can rewrite the previous equation as

3
(e Y o g~ aa5a

mims
_ (m3m4)3 n‘ing (mlmQ)% exp ( QR ) nini (m3m4)% :|
mimy ) qi(T)q(T) (2rkgT)? kT )  q3(T)qu(T) (2mkpT)?
ma(v)? +my(vy)?> T+1,
x exp| — —
2kgT kgT
. (m3m4

<m3m4 n1n2 exp (_ Qr ) _ ngng ]
© 2rkgT)3 | \mimy ) @ (T kgT q3(T)qua(T)

(’U) + m4('v4)2 I —+ ]4
X exp )
2kgT kT
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where Qr is as defined in (2.3.3). Therefore,

/RS/O+°° Qgeactfv,l)¢3(])d]jv
= ety (o) a0 *® (“Rat) ~ )

S LTI Lo )

" 2cosd
(mzmy)?

VI (T I R, 1) (cos 0)(1— R)do dr dR dI, dIdv,dv+O(e).

It will be convenient to transform the integrals in v, v,4 to the centre of mass velocity and relative velocity

~ msv_Lmyvy ~
X = (BT Vo= vy — v,
Ms,

respectively. Consequently, following the steps used to obtain equations (2.4.10), (2.4.11) and (2.4.12),

we obtain:

~ m4‘7

v=X-—- ——, (6.3.39)
ms + My
~ 1%4
v =X 4 B (6.3.40)
ms + My
m(v)? + ma(vs)? = M3aX? + pisaV?>, (6.3.41)
respectively, where X = =ms3 + my and pzq = M. Also the Jacobian
ms + my

of this transformation is unity which implies that dvdv, = dXdv. Therefore,

“+o00
/ / Qe (w0, T)ps(T)dIdv
R3J0

3

(m3m4)g (m3m4)2 n§ns ( QR) ngng }

_ exp [ — _ (6.3.42)
(QWICBT)?’ mima 611(T)C]2(T) kT Q3(T)CI4(T)

X/ / /+°°/+°°/1/1/ eXp(_M34)~(2+ug4X72) eXp(_I+I4>
r3Jr3Jo  Jo Jo Jo Js2 2kpT kgT
9 ~ —

x 20080 Gomrgrenct 1R Vet (cos 0)(1— R)der dr dR dly dIAX AV +O(),
(mgmy)?

Observe that

/ / 77 L exp ( - M34X2k+7f‘34v )dX %
R3 JR3 B

M34)~( 2\ ~ a1 M34‘N/2 -~
— - ix [ v - v,
/Rg P < kT > | OP\ T kT
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The integral in X above is similar to that given in equation (4.4.17). Therefore, following similar steps as
those used in the computation of equation (4.4.17), we obtain:

~ 3
M3, X%\ ~ 2rkpgT \ 2
— dX = . 6.3.44
/Rg P ( T ) ( M, (6.3.44
Writing integral in V above in spherical coordinates and integrating, we obtain:
. 72 72\ - _
/3 V”‘lexp(—gi‘BT)dV / / / V- 1exp(—gZ4BT)V2sin0d¢d«9dV
R

‘/ . ™ 21

— / Vit exp < Haa ) dV/ sin@d@/ do
2 2

0o i}Q N
— 4 aks A Five
- / - ( e
Using the integral representation of gamma function given in equation (4.3.8), we obtain:
o V2\ ~ 1 (v+1+1)\ [2ksT
4 Vi lexp ( — 2347 )V = 4n2T
i /0 P ( kT "3 2 Lo
LH
2
_ 27r1‘<7 + 2) (2kBT>

2 H34

ot VN o (12 (2T 6.3.45
/Rgv exp( 21€BT> VvV s 5 o . (6.3.45)

Substituting equations (6.3.44) and (6.3.45) into equation (6.3.43) gives:

~ ~ 42
. My X213 V? ~ o (2whsT 2\ (2T *
//V“exp<— ud taV )dXde( L >2 F(7+ )( z ) (6.3.46)
.- 2kpT M3y 2 34

Substituting equation (6.3.46) into equation (6.3.42) gives:

/ /+<>° Q5 (v, I)ps(I)dIdv
RS
(m3m4) nEns exp(_ Qr )_ nEng ] (MBT)S’
mima Q1(T)Q2(T> kT q3(T)qu(T) M3,
’y%-Q Qkagqﬂ oo pAoo I‘Fjﬁ
xam F( 2 >( M34> / / ///yexp( kBT)

2
cosf @], I, R, )l (cos ) (1— R)do dr dRdI, dI + Oe).

(mamy)

a1+l

Therefore,

_ (m3m4)
- (2mkpT)3

(6.3.47)

Observe that
n137n4 27Tku;jn %-2 2kﬂgjﬂ lgz 1 m3iny %7 %-2 2kﬂ31ﬂ lgz
oD (112 onl (L
/7T [
(2mkpT)? \ Maq 2 )\ sy (27rk:BT)% M3, 2 H34
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(7+2) <21<:BT)”2+2
34

(szT) (6.3.48)
134

_ 34 4

2% T \/7?
-+ ()

7T

Substituting equation (6.3.48) into equation (6.3.47) gives:

<m3m4)3/2 ning exp (_ Qr ) . n§ng
MMy @ (T)q2(T) kT q3(T)qa(T)

e () 1 C*?WV%//LW(””)

x @ ([ Iy, R, r)b"* (cos §)cos ) (1 — R) dodrdRdI,dI + O(s

Ar=

Substituting the previous equation into the right-hand side of equation (6.3.38), then divide both sides of
the resulting equation by e and finally, taking the limit as € — 0 gives the desired result. Il

6.3.3 Moment of order one

From the scaled kinetic equations, the evolution equation for the momentum of each species in the reactive
mixture, can be derived as stated in the following lemma.

Lemma 6.3.5. (/) The balance equation for the momentum of each constituent in the reac-
tive mixture can be written in the form

Vao(niksT) = mB;, i=1,2,3,4, (6.3.49)

where
T € T €
ni = lim n;, T_EITO<T+€T">’

B; is the production term associated to the momentum balance of the species, namely the
formal limit for ¢ — 0 of

+o00 +oo
=t WL e v
ml + m] R3 JR3 s2

X 2®;;(1,1;, R,7)b;j(cos ) cosO(1 — R) dodrdRdI;dIdv;dv

+oo +oo -
S LT L e 2R
+TTLJ R3 JR3 S2 Nij
75

X 2®;;(1,1;, R, 7)b;j(cosf) cos (1 — R) dodrdRdI;dIdv;dv

SN IYRESS
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mi(v)?  mi(v)? Vi laa
x( g~y L) MIMFVTTOG(TL 1, Ry )
X 2b;j(cosB) cos (1 — R) dodrdRdI;dIdv;dv + O(¢). (6.3.50)

(i) Moreover, if the angular collision kernel of the elastic bi-species collision kernel is an odd
function of cos 8, then the production term B; is the formal limit for ¢ — 0 of

B; = 24: my (e \F(my \TEnidE =i
i = \mi+my 2rkgT 2rkgT ¢(T)q;(T)

JFi

mi [ 2nkT \? 21 (v +4\ (2kT\ 7
F (6.3.51)
kBT m; +m; 2 Lij

S /w( o)

X ©;;(1,1;,R,r)2cos (1 — R)b;;(cos8) dodrdRdI;dI + O(e),

where J: denotes the molar diffusion flux of the species given by
J: =n;(u; —u’). (6.3.52)

Proof. (i) Multiplying the scaled kinetic equations given in equation (6.2.1) by vip;(I) and integrating
the resulting equations with respect to v € R3 and I € R, we obtain:

“+oo afg “+oo
5/ / —Z'vgol-(])dldv +/ / v - Vo fi vp;(I)dIdv
R3 JO R3 JO

+00 +00
/ / (1) Q% (2. 12) dldv+s/ / w1 QP dl
R3

Applying the Leibniz integral rule to the two terms on the left-hand side of the previous equation and splitting
the elastic collision operator into the mono-species and the bi-species collision operators, we obtain:

%( /R 3 /0 . fm(f)dzdv) + vm-< /R 3 /0 o) ffgpi(])dldv>

1 e e 15 € 1 - oo e € (3
e /R/o OGS e Ddldv + 2 ;/R/O v@y(f, f)eill)dldv

i
+0o0
te / / vQ,(I)dIdv, (6.3.53)
R3 JO

The fist integral on the left-hand side of equation (6.3.53) above has been previously evaluated and its
value is given in equation (6.3.36). The second integral on the left-hand side of the same equation can be
written as:
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3/2
oo né m;
co;(NdIdv = L -
/ /+°° m;(v — eus)?
v) exp —_ LS
o " 2hp(T + T7)

1
= No(DdI
. exD( k:B(T+5Tf)>%( atdy

3/2
B ns m;
qi(T + €T7) (QWkB(T—I—sﬂ-E))
m;(v — eus)?
_ e Yy
- /]1{3(1) Bv)exp ( QkB(T+€TZ'E)> ?
+o0 T
X (Dexp| —————— | dI
/0 el e | = o)

Using equation (6.3.29), the previous equation reduces to:

/R 3 / " 0@ v) fror(DdIdv

3/2
m; m;(v — eus)?
— e ————— |dv. (6.3.54
”Z<27rk3(T+eTf)> /Rg(v@w)exp< QkB(T+eTf)> v. )

Using equation (6.3.30) together with the fact that

(E+ceud) ® (E+eu;) =€ @&+ 2e(E@us) + 2 (uf ® us),

we can rewrite equation (6.3.54) as given below:

/}R3 /+OO v) fipi(l)dIdv

3/2
— m; € € € ml(€)2
= n; (27T/£B(T—|—€Tf)> /RS (£®E+2E(E®Ui)+52(ui ®ui))exp <— —QkB(T—l—STf)) d€.

Expanding, we obtain:

/ / v @ o) e Ddldv
R3 JO
ms V2 mi(£)?
=n <2ka(T " gTig)> /11{3(6 ® &) exp ( ~ Wen(T 1 T 5T5)>d§

v (£)?
m; m;
e ! 2¢us %) |4
K (27rkB(T+eTf)> U /R3£exp< 2kB(T+aT;)> ¢
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v (€)°
m; 2 m;
e € @ us _ ST ) ge
+"Z<2wk3(T+eTf)> s ®%)/RB exp( 2kB(T+gT;)> ¢

The second and third integrals on the right-hand side of the previous equation have been previously eval-
uated, see equations (6.3.34) and (6.3.31), respectively for their values. Therefore

A;AH7v®wﬁ%ummv

E

27TkB T+€T€

mi(£>2
[e@e)en (_ 2kB(T+ng))d€

2eu

T e T+5T€

)
)
) <27rkB(T + 5T5)>
)

/\/\/‘\/\

+n 27T]€B T—I—Z—:TS m;
m;(§)”
= nt _ TSy
2k ( T+5Ta L(E@8) exD( 2k;B(T+gT;)) ¢
+ &%nf (u ® ug)

The integral on the right-hand side of the last equality of the previous equation is similar to that whose
value is given in equation (5.4.9). Therefore, following similar procedures as those used to obtain equation
(5.4.9), we have that:

/]1{3@ ® &) exp (— %) d¢ = |(27TkB(T + 6Tz‘£)) 2kp(T + 5T¢a)’ (6.3.55)

B T+ 57}6 m; m;

where | is the identity tensor. Thus

+o0 sk, T Ta
/ / (0@ v) fipDdldw = 1T D) 4 2 g0
R3 JO

m;
nkp(T + <T7)

m;

+ &2nf (uf ® us). (6.3.56)

Substituting equations (6.3.36) and (6.3.56) into equation (6.3.53), we obtain:

a n?kB(T—i_gjjia) 2,€
875( )—l—V( oo +e7n; (u; ® u;)

1 oo 1 o oo
:—/”/ v@ﬁiﬁ%ﬂﬂﬂw+—§:/0/ 0 QS (12, )i D)l dv
€ JrsJo € o/ Jo
J#i

+oo
—i—a// vQ[““o;(I)dIdv, (6.3.57)
rs Jo
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Since the properties of the scaled collision operators are similar to their un-scaled version, the first integral
on the right-hand side of the previous equation vanishes, that is

+o00
/ / vQ5pi(I)dldv = 0.
R3

This can be seen if one set ¢)(v, I) = v in the weak form for the mono-species collision operator given
in equation (2.4.67) and then apply the conservation of momentum for mono-species collision given in
equation (2.2.6). Therefore, equation (6.3.57) reduces to:

0 k(T T
52§(n§uf) + Vm~<nZ B(mjg 2 + 2nf (us ®uf))

4
1 +o0o 400
== Z/ / vQ5;( f,f;)goi(l)dldv—i—s/ / v, (I)dIdv . (6.3.58)
€ /e Jo r3 Jo
JF#i

To evaluate the first integral on the righthand side of equation (6.3.58) above, we use the elastic bi-
species collision operator ij( s fj) in the form given in equation (6.3.21) and the decomposition of
the elastic bi-species kernel indicated in equation (6.3.23) to obtain equation (6.3.50). Upon specifying
®;;(1,1;, R,r), the integrals with respect to 1, I;, R, r, o can be evaluated explicitly. The six fold inte-
grals with respect to v, v; can be transformed to the centre of mass velocity and relative velocity, and the
resulting integrals can be evaluated using the integral representation of gamma function given in equation
(4.3.8).

To evaluate the second integral on the right-hand side of equation (6.3.58), we use the form of the reactive
collision operator Q7°*“* given in equation (6.3.22) and the decomposition of the reactive kernel given
equation (6.3.24) to obtain:

e [ LTI LGt v ]

x H;2cos 0 V77107 ([ I, R, r)b"** (cos 0) (mym;) 2
x (1 — R) dodrdRdI;dIdv;dv + O(g?).

(6.3.59)

Again, upon specifying &< ( [ I;, R, r), the integrals on the right hand side of equation (6.3.59) above
can be computed. Specifically, the integrals with respectto 7, I;, R, r, o can be evaluated explicitly, while
the six fold integrals with respect to v, v; can be transformed to the centre of mass velocity and relative
velocity, and the resulting integrals can either be evaluated using the integral representation of gamma
function given in equation (4.3.8) or be represented by the incomplete gamma function given in equation
(4.3.3).

Therefore, equation (6.3.58) reduces to:

B k(T + T
62§(n§U§)+Vm-<n’ B(mﬁ ) 4 ns (U @ u )) — B+ C-. (6.3.60)

Finally, multiplying both side of equation (6.3.60) by m; and taking the limit as ¢ — 0, we obtain the
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balance equation given in (6.3.49) for the momentum of each species, in which the production term B;
is the formal limit for ¢ — 0 of the term B given in equation (6.3.50). That the second term on the
right-hand side of equation (6.3.60) vanishes is because the two terms on the right-hand side of equation
(6.3.59) each contain ¢ coefficient.

(1) Using the assumption that the angular collision kernel is an odd function of cos 6, one obtains
that the second term on the right hand side of equation (6.3.50) vanishes. See Appendix C, section C.1
for details of the computation. Transforming the six fold integrals over v and v in the first and third terms
on the right-hand side of equation (6.3.50) to the centre of mass velocity

X m;v + m;v;

m; —f- mj ’
and relative velocity given as in equation (6.3.5), we have that following the steps used to obtain equations
(2.4.10), (2.4.11) and (2.4.12), we obtain:

A %

v=X — T (6.3.61)
m; + mj

v =X 4+ (6.3.62)
m; + mj

mi(v)? +mj(v;)? = MX*2 + p;V*2, (6.3.63)

where M = m; + m;, X* = ||/X\*|| = |/X\*| and V* = ||‘7*\| = |‘7*| Substituting equations
(6.3.61), (6.3.62) and (6.3.63) into the integral given in the third term on the right-hand side of equation
(6.3.50) and evaluating the resulting integrals in X and V' using the integral representation of gamma
function given in equation (4.3.8), we obtain that it vanishes. See Appendix C section C.2 for details of the
computation. Furthermore, substituting equations (6.3.61), (6.3.62) and (6.3.63) into the integral given
in the first term on the right-hand side of equation (6.3.50) and using the fact that the Jacobian of the
transformation (v, v;) — (/)Z*, 17*) is unity which implies that dvdv,; = dX dV", we obtain that

the integrals over v, v; can be rewritten as:
/ / a;; - Vv ’UMSMEV*'Y 1dvjd'u
R3 JR3
)3/2 A* (0.)2 (v:)2 T+

= j (mim;) / / ai; -V )vexp m;(v;)*+m;(v;) Lt

qzq] 27T]€BT R3 JR3 2]€BT k’BT

X V*”‘ldvjdv

- QzQJ (27’(‘]{?BT)3 kBT R3 R3 En mi+mj

MX*2 i“/}*2 . e
X exp <— 2]{;;] ) Vlav o dx

g (mamy)*? of Lt
n q:q; (2mkgT)3 kgT
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X — dX iV —Y Valav

8 [ /R &P ( 2kBT> /Rg(aj )exp< 2k:BT>

— — dX —— [ V*a,;; -V —___|VTldv |, (6.3.64
/Raexp( 2/{ZBT ) m; -+ mj R3 (a J ) exp( 2/{ZBT ) ] ( )

The first integral in 32* on the right-hand side of the last equality of the previous equation is similar to that

given in equation (4.4.20) and the second is similar to that given in equation (4.4.17). Therefore, we have
that

e MX*2\ MX*2\ —~« [27kgT\?
/R3 exp( 2kBT>d and /Rsexp< QkBT)d ( i > (6.3.65)

The first integral in Vv appearing in the last equality of equation (6.3.64) can be written in spherical

coordinates and then evaluated as given below:
iV ——— | V74V
/Rg(“’” ) exp ( 2k:BT>

R i"7*2 - o
_/ a; V* cos@exp( l;l]cBT> Varlqv
= aj / / / V* cos 0 exp _nV? VW2 sin 0 de df dV*

! 2kpT
; V*2
_aw/o V*””exp( [;IJCBT)dV*/O sm0cos@d9/
N AN s

0 27

where use have been made of the fact that a;; - V= @] ||‘7*|] cosf = aijf/* cos . Now using

the integral representation of gamma function given in equation (4.3.8), we obtain:

~ y+2+1
0 QkBT 2 2 Hij

LJ"B
2 2 i
Therefore,

B 43
EoiL ] ,uzjVQ Sev—1 77 * 1 Y +3 2]€BT 2
GV S | VITV =T 0x2
[ (s >exp< %BT> =50 (50) (320) T o

= 0. (6.3.66)

The second integral in 7 appearing in the last equality of equation (6.3.64) can be evaluated using the
fact that any vector V' can be written in terms of a unit vector as: V' = V*@, where V* :||‘7*|| and
U is a unit vector. Therefore,
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Hij v+

aij V*cos 0)V*@ exp (— ST > VIlave

i V2
R3

Qa;; ‘7* v*exp —
/R< J ) ( 2k_BT
Writing the previous equation in spherical coordinates and integrating gives:

) Vlgy”

)wwdv*: (

)
7% % = Mg
iV )% —_—
/Rg(aj cos ) vexp( ST
(%s) T 27 R R R
:/ / / (a;;V* cos&)V*(i*sichosqﬁJr@sin@sin¢+écose>v*7_1
o Jo Jo

Hij‘?*Q Tr*2 >
— 0 dodbd
xexp( 2ijT>V sin @ dpdfdV
oo ﬂ‘/}*Q R m 2
= az-j:i:/ V3 exp | —22— dV*/ sin2(9(:os€d0/ cos ¢ d¢
0 2kpT 0 Jo B
0 0
. ooA* 3 /Lij‘/}*z o~ i - 2 .
+ a;;y V7 exp | — av sin“ # cos 0d6 sin do
0 0
o [T Sas pi V2 o [T 2 o
+a;z Vi ™exp | ————= | dV sin @ cos” 0do do.
0 QkBT 0 0
2 27
3
Using the integral representation of gamma function given in equation (4.3.8), we obtain:
o U2\ 1 (341 (2T 2
/ Vrtexp | ) g = -1 2 b
0 Qk'BT 2 2 Hij
LH
B 11“ vy4+4\ [ 2kgT\ 2
2 2 i
Therefore,
i V)V ——— | VYTV
/Rs(a] ) exp( QkBT>
1 4\ (2k5T\ 7 2
v+ B A . .
:a@r( . )( o ) [w(0)+y(0)+z(§x2ﬂ)}
2 4\ [2k5T\*
2
L i 5 (6.3.67)
3 2 i
Substituting equations (6.3.65), (6.3.66) and (6.3.67) into (6.3.64), we obtain:
/ / (aij-‘A/*)'v MfM;IA/*W_ldvjd'v
R3 JR3
nens (mamy)®* (T4 LY\ (2nkT\*  m, or (744 (2ksT £l
kT M m;+m; 3 7 2 i

- QZQJ (QWICBT)S
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Using the definition of a;; given in equation (6.3.10) and setting niu; = J; + niu®, we obtain:

nfnja” _ ngns m;(u§ — 'u,j)
qiq; N qi4; kT
= (nEntud — nincu )
kgTqiq; > "7 B
mg e[ 7€ €,,€ e[ 7€ €,,€
= 5Tea (n5(J5 4+ nju’) — n; (J5 + nSu’))
idj
ml € (3 I3 (3
= T, "0 )
Therefore,
/]RS /Rg(aij Vo My MV~ o jdw
mym.; )32 I+ 1 2rkgT 2
= —% exp | ——— = (6.3.68)
(27T]€BT) l{?BT M
m; 2w (’y—|—4) (szT)W‘ m; (n5J% —nsJ?)
m; +m;j 3 2 ij kT qi4; .

Finally, substituting equation (6.3.68) into the first addend in equation (6.3.50) and using the fact that the

second and third addends vanish, we obtain the desired result. L]

Remark 6.3.6. Observe that the production term B; given in equation (6.3.51) has the
Maxwell-Stefan structure [29, 68]. The remaining integrals involved in equation (6.3.51),
when evaluated, will only contribute to the definition of the diffusion coefficients. O

6.3.4 Conservation of energy

From the scaled equations given in equation (6.2.1), the evolution equation for the energy of the mixture

can be obtained as given in the following lemma.

Lemma 6.3.7. The balance equation for the energy of the reactive mixture can be written

in the form
0 < (3 ¢<T>) - (5 m))
ot [; 2 P «(T) ; 2 P (T) R
where
n; = lim ng, w; = lim ug, T = lim (T +¢Ty), (6.3.70)
e—0 e—0 e—0

q;(T) has been defined in equation (6.3.11), and A is the production term defined as in

subsection 6.3.2.

mi(v)2

Proof. Multiplying the scaled kinetic equations given in Eq. (6.2.1) by [ + ]} ©;(I) and integrate

the resulting equations with respect to v € R3, I € R, and then sum over the species i = 1,2, 3, 4, we
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obtain:

5;43A+maai€{ (2) }% dldv+2// vafa{ "<2)+1} () dIdv

4 4

:ézz;;/g/m < (f5 f2 [ mi(v)* +I} (D)dI dv
+€;/3/+00Q1mact [mz;) +[} (D)dI dv

Applying the Leibniz integral rule to the two terms on the left-hand side of the previous equation and splitting

the elastic collision operator into the mono-species and the bi-species collision operators, we obtain:

S5 o)

4 +o0 mi(v)Q
+ Ve > + I gi(Dvfidldv | =D + £ + F°, (6.3.71)
R3 JO 2

i=1

where
ZZ// [ +I}%<I) U )l do,

=1 j5=1
JFi

4 +00 2
m;v

.7:5282 // {l +
=1 /R JO 2

Using the definition of the distribution functions given in equation (6.2.4), the first integral on the left-hand

I] oi(DQT dIdv.

side of equation (6.3.71) can be written as:

+o0o . 2
/ / [MH} oi(1) fedIdv
R3 JO 2
. 3/2
_ ns m;
¢ (T + €T7) (27TkB(T + an))
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Using equation (6.3.29) and the fact that

—+00
(T +eTy) = I - | pi(I)dl, 6.3.72

we obtain:

—+00
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N\ 2mkp(@ e ] 2 Joo' ) P\ 7 2kp(T + e1y)
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P+ eT) \ 2k (T +eT8) | Jos TP\ 7 2kp(T + 1)
Using equation (6.3.30), we can rewrite the previous equation as follows:

/ /m {ml +]] (1) frdIdv
R3
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Observe that

+4%Uﬁﬂw

(€ +eu;)® = (£)* + 22 (€ uf) + % (uf)”, (6.3.74)

Substituting equation (6.3.74) above into the first integral on the right-hand side of equation (6.3.73) and
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equation (6.3.31) which is the value of the second integral on the right-hand side of the same equation,
we obtain:

/R3 /0+°° [%U)Q +1} i(1) fdIdv
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in (6.3.75)

The first integral in the last equality of the previous equation can be evaluated in spherical coordinates as

given below:

) m;(§)*
[© exp( - m)dﬁ
4 (6
= 47r/ £ exp ( (T+€Ts)> .

27
Using the integral representation of gamma function given in equation (4.3.8), we obtain:
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(6.3.76)

my;

172



The value of the second integral in the last equality of equation (6.3.75) is given in equation (6.3.34),
while the value of the last integral is given in equation (6.3.31). Therefore, substituting equations (6.3.31),
(6.3.34) and (6.3.76) into equation (6.3.75) we obtain:

/Rg /om {mi(zv)Q * f} pi(1) f7dIdv
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The second integral on the left-hand side of equation (6.3.71) can be written as:
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Using equations (6.3.29) and (6.3.72), we obtain:
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The value of the second integral on the right-hand side of the previous equation is given in equation (6.3.35).

Therefore,

/Rs /Ooo {mi(;)z * 1] pil)vfidldv

3/2
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Using equation (6.3.30) we can rewrite the integral on the right-hand side of the previous equation as given
below:

) m;(v — euf)?
_ Y = e g
/R3 v(v)” exp ( 2kB(T—|—5Tf)> v

- /Rs (& + euf) (€ + cus) exp ( m(€)?

Using (6.3.74), observe that

(E+eus)(E+eus)” = (& +euf) ((€) +2¢ (€ - uj) +&%(uf)?)
= £(8)"+2e€(€ - uf) + 7€ () +euf (§)" +2eu; (€ - uf) +e us (uf)”.

Substituting the previous equation into the integral of the right-hand side of equation (6.3.79) and expand-
ing the resulting equation gives:
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/RS v(v)?exp ( — %) dv = g (€)% exp < - %) dg
+2€u§./Rg(£®£)exp<— #%)di
+ 3 (uf)? /R3£exp ( — #%) dé¢
veut [ (©Fes (— %)

E(p,E mz<€)2
+ e3us (uf)? /R3 exp ( — m) dg.

The values of the second, third, fourth, fifth and sixth integrals on the right-hand side of the previous
equation are respectively given in equations (6.3.55), (6.3.34), (6.3.76), (6.3.34) and (6.3.31). Therefore,
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Using the fact that any vector can be written in terms of a unit vector, we have that & can be written as
& = &0, where € = ||&]| = |&] and ¥ is a unit vector. Therefore, the integral on the right-hand side of

the previous equation can be written as given below:

mi(£)2 B 2 mz<£)2
3 5(5)2 exp (_ m) d§ = - 5’0(5 )exp (— m) d§.

Writing the previous integral in spherical coordinates and integrating, we obtain:
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where &, 4, 2 are the Cartesian unit vectors in R3. The integral in £ can be evaluated using the integral
representation of gamma given in equation (4.3.8) as follows:
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(6.3.81)

Substituting equation (6.3.81) into equation (6.3.80), we obtain:
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Substituting equation (6.3.82) into equation (6.3.78), we obtain:

[ s
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Substituting equations (6.3.77) and (6.3.83) into equation (6.3.71), we obtain:
0 (3 m; qi (T + T¥)
i “nkp(T + €T¢ L e2nE (uf)? enN - TTud 6.3.84
5875;:( nikp(T + €T7) + < enf (us) T e ( )
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Since the properties of the scaled collision operators are similar to their un-scaled version, using the weak

forms of the mono-species, bi-species and reactive collision operators given in equations (2.4.67), (2.4.69)
and (2.4.70), respectively, with (v, I) = ml('v) + I} together with the conservation laws of total

energy for mono-species ( i.e., equation (2.4.2) with 7 replaced by z,), bi-species given in equation (2.4.2)
and reactive collisions given in equation (2.4.5), respectively, we obtain:

D =0, E =0 and F°=—cQpA‘, (6.3.85)

with A¢ defined as given in equation (6.3.27). Substituting equation (6.3.85) into (6.3.84) and dividing
both sides by &, we obtain:

4

a 3 € € mi o 5 sq;k<T+571€)
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Taking the limit as ¢ — 0 and using equation (6.3.70), we obtain the balance equation for the energy of
the mixture in the form of equation (6.3.69). L]
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6.4 Limit Equations

In this section a summary of the results obtained in section 6.3 will be given. Also, the limit equations when
the angular collision kernels of both the elastic bi-species and the reactive operators are odd functions of
cos & will be given. Furthermore, observe that from (6.3.52) one has that nfu$; = J; + u®. Due
to assumption (b) given in subsection 6.2.2, in the limit as € — 0, we have that J; = n;u;, for all
1 = 1,2, 3, 4. Putting together the balance equations (6.3.25) and (6.3.49) for the number densities and
momentum of the constituents as well as the balance equation (6.3.69) for the total energy of the mixture,
we obtain the following macroscopic system of non-isothermal reaction-diffusion equations,

0nz~ .
5 +Vaedi=—-NA, 1=1,2,3,4,
4
i — naJ s
vw nlkBT = - Ma i:17273a4a
( ) ; D, (6.4.1)
J#
0 (T y 4 (7)
il T | = —QRrA
Z [Z”( kot 5 )| 5 | 2 (e + i )9 =~

where A is the formal limit for ¢ — 0 of the production term given in equation (6.3.27). Moreover, D;;,
fori = 1,2,3,4, and ¢ # j, are diffusion coefficients that can be recovered from the production term
B; which is the formal limit for ¢ — 0 of B given in (6.3.51). The production term A is given by

4

(m3m4>3/2 mny (_ QR)_ n3ny
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A:

and the diffusion coefficients D;; are defined as

1 - G=1 1 v+4
2 2krT I
D, 3\/_“” (kT ><T>(2)

+oo +o00
/ / / / / exp< I+ 1, ) ®;;(1,1;,R,r)cosf(1 — R) (6.4.3)
S2

X bij(cosf)do drdRdl;dl .

The equations in the second row of (6.4.1) are the MS equations for the reactive mixture of polyatomic
gases considered in this chapter. Upon specifying the kinetic and the angular kernels, the integrals appear-
ing in equations (6.4.2) and (6.4.3) can be evaluated explicitly and detailed expressions for the reactive
production terms A, ()r A and the diffusion coefficients D;; can be obtained.
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6.5 Conclusion

In this chapter, a set of non-isothermal reaction-diffusion equations of MS type was derived from a Maxwell-
Boltzmann type kinetic model that describe a chemically reactive gaseous mixture composed of polyatomic
species, which takes into account both the presence of internal energy degrees as well as the chemical
mass transfer among the constituents.

The starting point has been the kinetic model for reactive polyatomic gases proposed by Desvillettes,
Monaco and Salvarani [45], which has been studied here under the standard diffusive scaling.

The form of the limiting equations obtained (see equation (6.4.1)) shows the influence of both the
chemical reaction and the polyatomic structure of the mixture on the evolution of the number densities of
the constituents, as well as on the evolution of the energy of the mixture. Moreover, the evolution equation
of the momentum of each constituent also show the influence of the polyatomic structure of the mixture,
through the diffusion coefficients D;;, but it is not affected by the chemical reaction. This is due to the
fact that the considered chemical regime corresponds to a slow reaction, in which the reactive process, in

comparison with diffusion, has a small effect in the evolution.

Furthermore, it is important to mention that the target equations obtained here take into account the
effect of chemical reactions, which impose to work in the non-isothermal setting. Notice that the sum
over the index ¢ of the right-hand sides of the four (vectorial) equations appearing in the second line of the
system of equations (6.4.1) vanishes. Therefore they do not constitute a set of independent equations for
the fluxes J ;.

The limit equations obtained are compatible with the internal energy law of polyatomic gases and the
law of mass action. At the equilibrium, from both equation (6.4.1) and the formulation of the source term
for the species given by equation (6.4.2), the law of mass action reads

ning _ (m1m2>3/2 ¢(T)g2(T) exp (&) 7

nang  \mamy q3(T)qa(T) kgT

which is exactly the same as in [45].

Of course, all the computations heavily depend on the choice of the functional forms of the weights ¢;
which can be - in principle — freely chosen, provided that they induce a macroscopic behaviour consistent
with the physical situation under investigation.

In the case of polytropic gases, the weights ¢; have the form ; (1) = I, where a; = (k—2) € N
and k is the number of atoms of the species 7. The special case «; = 0 corresponds to diatomic

molecules [45, 91]. Thanks to this choice of the weights ¢; one can compute
+oo
¢(T) = / T /s D AT = [kpT]H (0y)),
0
with the convention 0! = 1, and analogously

+oo
¢ (T) = / Jeitte= kDT — [kpT)**2(ay + 1))
0
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The model is thus consistent with the energy law of polytropic molecules, which provides a linear depen-

dence on temperature 1'. More precisely, the total energy at the equilibrium state becomes

S (Bt ) 3 ()

i=1 v i=1

Because of the total conservation of mass during the chemical reaction (i.e. o + s = a3 + ay), we
can conclude that ¢ (T)ga(T) _ (ar!)(an))

@(T)au(T)  (ash)(aa!)’
which is a constant and does not depend on the temperature. In particular, it is equal to one as soon as

() (aa!) = (ag!) ().

Of course, more complicated weights ¢, should be chosen to reproduce situations with non-polytropic

gases, for which total energy is made up also by exponential functions of the global temperature, as it
occurs for instance in the kinetic description involving a set of discrete internal energies for each gas [17].
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Chapter 7
Conclusion

In this thesis, the hydrodynamic limits of the Maxwell-Boltzmann type equations for reactive multi-species
mixtures of monatomic and polyatomic gases have been studied.

In chapter one, the subject of hydrodynamic limits was introduced. In chapter two, a non-reactive
multicomponent mixture was considered and the MBEs which describe how the mixture is influenced
as a result of free streaming and collisions was obtained. Also the properties of the collision operators
for the non-reactive MBEs were given and the macroscopic equations associated with the MBEs were
presented. Furthermore, the MBEs for reactive multi-species systems was presented. More precisely,
the SRS kinetic model which describe a reactive mixture of monatomic-like gases and a kinetic model
which describe a reactive mixture of polyatomic gases with a continuous structure of internal energy were
presented together with the properties of their collision operators. In chapter three, the continuum physics
description of diffusion in multicomponent mixtures was presented. In particular, diffusion models where
the diffusion processes are modelled by the MS equations and the Fick’s law, respectively, were presented.
This was followed by the description of the kinetic theory approach for deriving hydrodynamic models
and the problems studied in this thesis. Although there were no new contributions to the subject of
hydrodynamic limits in these chapters, however, some of the properties presented in chapter two were
used in chapters four, five and six to obtain the results presented there in.

In chapter four, a reaction-diffusion system of MS type was derived as a hydrodynamic limit of the
SRS kinetic model. This result was achieved by studying a scaling of the kinetic model which correspond
to a situation where the dominant role in the evolution of the species is played by mechanical interac-
tion (non-reactive interactions) and chemical reactions are assumed to be very slow. The scaled kinetic
equations were studied under isothermal condition. The isothermal condition assumption was met by the
fact that the chemical reactions are assumed to be slow enough to allow the surroundings to continually
compensate for the difference in reaction heat between the reactants and products of the chemical reac-
tion. As a consequence of the isothermal assumption, the macroscopic equations are obtained from the
concentration and momentum balance equations for the species only. By applying the moment method
to the scaled kinetic equations and using distribution functions that are local maxwellians centred at the
average velocity of the species together with the assumption that the bulk velocity of the mixture is small
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and vanishes in the limit as the scaling parameter goes to zero, the reaction-diffusion system where the dif-
fusion process is modelled by the MS equations was derived as a hydrodynamic limit of the concentration
and momentum balance equations.

In chapter five, an extension to the MS diffusion theory was derived. More precisely, the isothermal
and non-isothermal reactive MS equations were derived form the SRS kinetic model. The reactive MS
equations derived contain additional terms when compared with the original version derived by Maxwell
and Stefan. This is because the original MS equations were derived from a non-reactive multicomponent
mixture where only mechanical interactions occur. Therefore, the MS equations in this case describe the
diffusion of the non-reactive species in the mixture. However, in a reactive mixture, both mechanical and
chemical interactions occur. Therefore, the additional terms in the reactive MS equations describe the
diffusion of the reactive species. The derivation of the reactive MS equations was achieved by considering
a scaling of the kinetic equations which corresponds to a physical situation in which both mechanical
collisions and chemical reactions have comparable relaxation times, which are much smaller than the
characteristic times of the flow. Then using distribution functions which are local Maxwellians centred at
the average velocity of the species together with the assumption that the average velocity of the mixture
vanishes in the limit as the scaling parameter goes to zero, the reactive MS equations were derived as a

hydrodynamic limit of the momentum balance equations for the species.

In chapter six, a set of non-isothermal reaction-diffusion system was derived from a kinetic model
that describe a reactive mixture of polyatomic gases with a continuous structure of internal energy, under
non-isothermal condition. The starting point for the derivation was a scaling of the kinetic model in which
mechanical interactions are dominant with respect to chemical interactions. As a consequence of the non-
isothermal condition, the required macroscopic equations are obtained from the species number density
balance equations, the species momentum balance equations and the energy balance equation of the mix-
ture. The moment method was applied to the scaled kinetic equations together with the assumptions that
the distribution functions are local Maxwellians centred at the average velocity of the species and that the
the bulk velocity of the mixture is small and vanishes in the limit as the scaling parameter goes to zero. The
non-isothermal reaction-diffusion system where the diffusion process is modelled by the MS equations was
obtained as a hydrodynamic limit of the scaled kinetic equations. This non-isothermal reaction-diffusion
system is composed of the number density balance equations for the species, the MS equations obtained
from the momentum balance equations for the species and the energy balance equation for the mixture.

It is important to highlight that the results mentioned above were obtained at the formal level. To the
best of my knowledge, these results are the first results in these directions, in terms of the kinetic theory

of chemically reactive gaseous mixtures.

Finally, in the diffusion models derived in this thesis from the kinetic theory of chemically reactive
gaseous mixtures, the driving force of the MS equations is either a function of the species concentration
as in the case of isothermal setting or a function of the species concentrations and the temperature of
the mixture as in the case of non-isothermal setting. It will be interesting to study the case in which the

driving force is defined in terms of the species chemical potential. The chemical potential is a function
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of concentration, temperature and pressure. In addition, convective effects were neglected by assuming
that the bulk velocity of the mixture is small and vanishes in the limit equations. It will be interesting to
study the case with convective effects together with the driving force of the MS equations defined in terms
of the chemical potential of the species. This of course will lead to a better macroscopic description of
the fluid. In this case, the unknowns for this macroscopic system of equations are the concentration or
number density of the species, the molar diffusion flux of the species, the average velocity of the mixture,

the temperature of the mixture and pressure.
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Appendix A
(1)

(

Evaluation of the Integrals: £, F and O
Given in Chapter 4

Here, the integrals £, F and le) given in the proof of Lemma 4.3.1 for the concentration balance

equations of the species in the reactive mixture, will be evaluated.

A.1 Evaluation of the Integral £

Expanding the integral £ given in equation (4.3.18) gives:

2
g—afj/Rg/Rg/SQ <@> Mg Mpe (ak . UZ)@(<6, Cov; — covj> — Eij)<e, v; — v;) dedv;dv;
i

Mkl

2
—|—Ji2j/ / / <&> Mg Mpe (al . v?)@(<e, Cov; — covj> — Eij)<e, v; — v;) dedv;dv;.
R3 JR3 Js2 \ Mkl

To evaluate the integrals given in £ above, it will be convenient to transform them from (v;, v;) to (v§, v5).
This is achieved by using equation (2.3.20) together with the Jacobian of this transformation given in
equation (4.4.42) which imply equation (4.4.43), to obtain:

2
E = afj/ / / <@> M M (ay - v3) © ((€, couy — o)) — Zpr)
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2
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R3 JR3 JS% Mokl

3
ey

1
§ _ [e]
X (-“’“) wt (—“’“) kS0 v) de dvS dv’.
Hij Hij w

Njw

Therefore, the integral & above reduces to:
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_—03/ / M M7 (ay, - v7)O((€, covy, — cov]) —Ex) (€, v} — v]) dedvydv]
R3JR3Js2
(A.1.1)

—i—af-/ / 2M,?°Ml“°(al -0])O((€, oy — cov]) —Zg) (€, vy — v}) dedvdv;.
r3JR3Js

Using the definition of the distribution function given in equation (4.2.3), the above integrals can be written

as follows:
3
= 5 —I—ml('vo)Q
G o (mgmy)2 / / / my(v)? l
% kT Y [ L Sf’fexp 2T

(€, covy — o)) — Zgy) (€, 05 — v]) de dv}, dv;

(mymy)? my(v3)? + my(vy)?
2 k10 04 k k l l
T amkg T KT W /R/R /SQ’”I eXp( 2henT )

(A.1.2)

X O ({€, vy — cpv]) — Zp) (€, v} — v}) de dvy, dv;.

Observe that the integral over Si is similar to that evaluated in (4.3.20). Therefore,

- \2
/ O ({€, cyvy, — cov)) — Zp) (€, V5 — v)) de = TV O (V — “_kl) [1 _ (“_’f_l)
S2 CO COV

+

where
— [y —v7l| = [|vg —v7]]

V=[VIl=ll; -l = | = (vp =)l =

Therefore,

3 o 2—|—ml(’00)2
& g2 mm)? . / / o o [ T (VF) z
T kg T FTW oy Jos HEP kT
—_ 2
vo(v—=)j1— (=) | dvsd
X ( Co) (C()V Ul

3
2 (mkml)§ o _Q o mk<v2)2+ml(1}?)2
e — a . v eX J—
O kTR R /RS/RS l p< 2T

2
volv_=2) 1 () | g °d
. ( ) (COV vl

Co
Next, we transform the above integrals from v and v¢ to the centre of mass velocity X and relative

e

velocity V' defined respectively as given below:

mEvs + mvs _
g=-—t " Ul V=0l (A1.3)
mg -+ my

Following the steps used to obtain equations (2.4.10), (2.4.11) and (2.4.12), one obtains that:
\4
iy (A.1.4)
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_x sV (A.15)
my + My

me(v3)? +my(v))? = MX? + V2, (A.1.6)

(mg + my). Using equations (A.1.4), (A.1.5) and (A.1.6) together with the fact that the

where M =
(X, V) is unity which implies that

Jacobian of the transformation (v, vy) —

dv} dv; = dX dV,

we can rewrite the the integral £ as follows:

g = 7]'0'2 <mkml %C C a / / exp _M
U rkgT)? * 1 Jas Jps M 2kpT
o (v 1 (B axav
Co C()V

3 (/ 2 72
+ WJ?.—(mka) ’ crela - / / X + mpV exp [ — MX= + ppV
J R3 JR3 2kgT

M
=kl Kl ?
VeolV-—=)1-(=
e (v-2) |- ()
mf

3
2 (mkml)§ a o v MX2+,ule2
— o2 Y . X —
"% (amkp Ty kT /R /R( )exp(

dX dV

o)
x VO ( ﬂ) dX
_ Wag.—(mkml)% cicta / / le exp MX2 + ,uleZ
R - R3 JR3 ZkBT

2
x VO (V — “—’“) (_kl> dX dV

Co

3 _
9 (mkml)i o o — mk‘/ MX2+;LMV2
e N R . X +

)
xV@( kl) IX 4V
)

[I]

s _
2 (mkml)§ a o v mkV MX2 + ,ukl‘/2
g2 MR . X
TG kg Ty FU /R3 /Rg < LY ) P ( kT
x VO (v - “—’“) (“_’f_l> dX dV
Co C()V
(mymy)2 MX2 + /~Lklv2
o? SR ay - L X exp T

= i QrkpT)?
X VO (V— ﬂ) dX AV

Co
3
o (mpmy)? e MX?+ ,uleQ
_ \%

"G kT T /R3 /Rs exp( T2kl
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% VO (V— —> dX dV
Co
i , ,
2 (mkml)§ o o v MX2+IU4€IV2
o2 R T . X _ A THRY
"0 kg Ty U /Rs /Rg exp( kyT
—_ —_ 2
< VO <v _ i“) (“_’“> IX AV
Co C()V
2 (muma)? o ot o [ MXE A+ V2
T ey T ™ /Rg /Rg Vexp( 2kyT
= = 2
x VO (v — “_’“) (“_’fl) dX dV
Co C()V
3
o (mymy)2 MX? +/~Lklv2
3 X
en et [ [ Xow (<
X VO (V— ﬂ) dX dV
Co
+ ol (mgmi) = e “*a / / V ex MX2+Mle2
T (2nkpT)? M U e e D SPNT T o
x VO (V— ;-’“’) dX dV
0
3
g MX? 2
e (m k i ay - / / X exp MX? + i V?
7 (2m ) R3 JR3  2kgT
— 2
< VO (v - “—“) (ﬂ) X AV
Co C()V
. A g
o (mgmy)? o amk > CMXP+ V2
"0 kT I M /R /Rsvexp( 2T

—_ 2
% Ve <v _ “—“) (“—“) dX dV
Co C()V

3
o (mpmy)2 my

T 2rkg T+ M

MX®N s v 1V oo (o k) o
) _ X _ _ =
X ay /}R3 exp ( QkBT) d g V exp ( QkBT) Ve (V @ ) dV

&2
3
o, )
I 2rkyT)?
_ MX? WiV = —  Zp =kl ?
X dX _ _ M d
Xk /R &P < szT) P ( QkBT) VG( ) (cov)
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3
2 (mkml)§ (e a@
T oy TP UM
MX?\ - _ V3 - SAWAC AL
— dX Vv — Velv - — — | dV
el /Rsexp ( 2]€BT) /R“ P ( Qk’BT Co CQV
&1
3
2 (mk’ml)i a o
T STy
< X? < V2 - —  Zu
X — dX — Ve —— | dV
o a /R exp( 2k3T> /R exp( 2k;BT> ( %
&
—|—7I'02 (mkml)g aca%
U(2rkgT)® ¥ M
MXZN < % V2N o S
— dX \ % — Ve —— | dV
A L eXp( %BT) /R exp( 2kBT) ( Co)
&
3
2 (mk’ml)i o o
— 705 (27T/<:BT)3C q
_ MX?2 _ ,U/leQ — = Ehl = .
- X — dX — VeV - —|—| dV
ar exp( 2k:BT> /fop< 2UepT AN
&
—7TO'2 (mkml)% aca%
9 QrkgT)3 T M

MX? < - V2 - — 2w 2\
. — dX | 'V — Velv — —= — | dV .
o /fop ( 2kBT) R3 o ( 2kBT) ( Co ) (COV)

&4

The integrals in X above are similar to those whose values are given in equations (4.4.17) and (4.4.20).
Therefore,

Mx2\ . [2mksT _ MX?
_ X — X _ -
/Rs &P ( QkBT> d ( M ) and /RS &P ( 2k3T> de

Now let us evaluate the integrals £;, &2, €5 and £,. Writing the integral £; in spherical coordinates and

Njw

0. (A.1.7)

integrating, we obtain:
00 T 21 {72 = _ _
& :/ / / V exp (—“’“V ) o (v — “—“) V2sin6 dé do dV
0 0 0 ZkBT CO

B . ,uklvz B T . 27
= Viexp | — dv sinf df do .
f/>% QkBT 0 0
>k : SO

2 2

Using a change of variable similar to that given in equation (4.3.23), one obtains equations similar to
equations (4.3.24) and (4.3.25). Therefore, the integral in V' above can be rewritten as follows:
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3 1
2ksT\ 2 1 2ksT\ 2
( B ) exp(—z*)—l( B ) dz,
Fokl 222 \ Hrl
1 (2kgT\? [
< B > / Ze eXp(—2z4)d 2,

’LLkl Zix

3
2

where z;, is obtained by replacing the subscripts 4, j by &, [ in equation (4.3.25). Using the incomplete
= 1li.en = 2, we obtain:
(A.1.8)

Euler gamma function given in equation (4.3.3) with n —
V2\ 1 [(2kgT\’

. dV:—( B ) r<22>

2\ fw

Therefore
Mle = = Skl —
& = - VolV — — | dV =47-
! /]R3 e ( QkBT) ( Co ) T Mkl
2T\ >
:27r( B ) F<2,zi*). (A.1.9)
223

Next let us evaluate the integral £. Using the fact that any vector V' can be written in terms of a unit

vector as V' = V@, with V = || V|| and & a unit vector, we can rewrite the integral £, as given below:
- V3 - ~ i — = V3 5 Y —
\ %4 — Vo[V —— ] dV = \%4 — VeV - — ) dV.

/ exp ( 2]{]BT) ( Co ) /R3 vexp ( ZkBT Co

Writing the above integral in spherical coordinates and integrating gives:

00 ™ 2w
82:/ // V(2 sinfcos¢ + gsinfsing + 2 cosh)
o Jo Jo
I LA TN T -
xexp( 2]<;BT>V@<V CO)V sinfdo df dV
00 Y 72 s 2m
/ V4exp<—gZ;/T>dV<50/0 sin26d0/0 cos do

0

[SER

V>Zkt
>k

™ 2 s 2
+@/ sin? OdG/ sin ¢d¢5+2/ sin&cos@d&/ d(b)
0 Jo Jo Jo

0 27

0

m\>4<

where @, 9, 2 are the Cartesian unit vectors in R3. The integral in V' above is similar to that given in

equation (4.4.29). Therefore, the integral £, reduces to:
5
= _ 1 [(2kgT\? 5 . . N
) av =3 (220) 1 (3. ) @)+ 50) + 200)
2\ pw 2
(A.1.10)

(/2
(J““V ) Ve (v =
k Co
=0.
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Next let us evaluate the integral £;. Writing it in spherical coordinates and integrating gives:

& = ///%Vexp mVPN o (g Ew) (Ew v2sm9d¢>dedv
5 2]€BT Co Cov
Exl Mle2> —/7T . /27r
=(— V ex av 0 do do .
<o ————— ——

2 2w

The integral in 1 above is similar to that given in equation (4.4.31). Therefore, the integral £; reduces to:

% — Zu e\ Za ) 2kpT
— velv -= dV = 2 I'(1, z). Al.11
/Rsexp ( 2k3T> ( Co ) (COV) ( Co ) " SR )

Finally, using the fact that any vector V' can be written in terms of a unit vector as V' = V@, with
V = ||V|| and @ a unit vector, we can rewrite the integral £, as given below:

54:/ VU exp —MMVQ 1%C) V—% E—k_l 2dV.
R3 QkBT Co COV

Writing the above integral in spherical coordinates and integrating gives:

72
54—/ // V(& sinfcos ¢ + ysinfsing + zcosb) exp _ pl
2kgT

—_ —_ 2_ B
X f/@(\‘/— “—“) (“—’;l/) V2sin0 do df dV

Co Co

- 2 proo B V2 B ™ 2m
_ (“_’fl) / V2 exp <— il )dV(i/ sin29d9/ cos ¢ do
Co VZEM 2/€BT 0 Jo
0
™ 2 T 2
+,@/ sin29d9/ singbdgb+2/ sinecosédQ/ dgb),
0 0 0 0

v~ v~
0 0 27

ISERY

w\=l<

where &, 9, 2 are the Cartesian unit vectors in R3. The integral in V' above is similar to that given in
equation (4.4.35). Therefore, the integral £, reduces to:

2hpT\? (3 Nz Nz .
< o ) F<§,zi*) [m<§ X 0> +y<§ X O) + 2(0 x 27T):|
(A.1.12)

Substituting equations (A.1.7), (A.1.9), (A.1.10), (A.1.11) and (A.1.12) into the integral £, we obtain:
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E=0. (A.1.13)

A.2 Evaluation of the Integral F

Expanding the integral F given in equation (4.3.18), we obtain:
F=— O'ZQJ/ / M;"M]‘?‘ ((1,7; : Uz)@ (<€, CoV; — C()’Uj> — EU) <€, V; — ’Uj> de d’Uj d’Ui
R3 JR3 J§%
— 01-2]. /]R3 /Rg . MM (a,j . vj)@ (<e, Cov; — covj> — Eij) (e,v;, — v;) de dv; dv;.
+

The above integrals are similar to the integrals £ given in equation (A.1.1) whose value is given in equa-
tion (A.1.13). Therefore, following the steps used in the computation of the integral £, one obtains that

F =0. (A.2.1)

A.3 Evaluation of the Integral le)

Substituting equation (4.3.19) into the integral le) given in equation (4.4.40), we obtain:

(1 _ 2 (mzmj)% Wii\Z o o Qr o o
Qi o Oéﬁz]O'U— T CC exp\ — —¢ Cj

(27T]€BT)3 Mkl k)BT
NSAY (29-)2
X/ / /fviexp<— mZ(vz) +mj(v]) )@(<€,Co’UZ'—C()’Uj>—Eij)<€,’UZ‘—’Uj> ded'vjd'vi.
R3JR3 Si Qk?BT

The above integral is similar to the integrals on the right-hand side of € given in equation (A.1.2) which
both vanish upon evaluation. Therefore, following the same steps as those used in the computation of the
integrals on the right-hand side of equation (A.1.2), we obtain:

oM — .
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Appendix B

Evaluation of the Integrals: 6<2>, ﬁ(2>, é(-l),

(

Q,g?)) and é<4) Given in Chapter 5

1

Here the integrals: (’39, 751-(2), é(l) Q(S) and @4), given in the proof of Lemma 5.4.1 for the momentum

i 1=

balance equations of the species in the reactive mixture, will be evaluated.

(2)

1

B.1 Evaluation of the Integral O

In this section, the integral (552) given in equation (5.4.13), will be evaluated. To do this observe that from
equation (2.3.8), we have that

2 18 2
(v))?* = ('ui _ B (€,v; — v) e)
2 is 2 18
= (’ui _ (€,v; — vg) e) (vi _ (e,v; — vy) e)
m m

) %

2 18 2 1S 2 1S
:vi(vi— a (e,vi—vs>e>— K <e,v,——vs)e(v,——L(e,vi—vs>e>

m; m;

= ( )2—2'ui8 (€,v; — v >e-v<—%(e v — V) €-v; + 24t (€,v; — v,) 2
(2 ml J 7 S (2 mz J 7 S (2 m(L ? (2 S
A 2014 2
P . 2_ L8 ¢ — . . L ¢ —
- (vz) m; <€7’Uz vs> €-V; + ( m; <€7'Uz vs>) )

where the fact that € - € = 1 have been used. Therefore,

4 is 2 18 2
(0)? — ()2 = -2 <e,vi—vs>e.vi+(“ <e,vi_vs>)

my m;
4 1S i — Ug 4 2

=M eos o T M cos)?
m |vi — vs| m;

cos B(vy — v;) - v; + —2(||v; — v, cos 6). (B.1.1)

m; m;
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Substituting equation (B.1.1) into the integral (51(2) given in equation (5.4.13) gives

m; (Al
— T o Mol (
k;BT2 Z% i /R /R 2 2
s;éz

42
+/’LZS

cos f(v

s_vi)'vi

(||v; — vg|| cos 0) ) (€,v; — v,) dedvg dv;
Ta iMis MaMa - Y V;
- Sk - T /Ra/Rg/gz’" ) )
s;éz

x cos f ||v; — v cos b de dv dv;
—T) v MM (||v; — vs|| cos
kBTQZaw et [ ], (lo: — v.] cos 0)”
syfz

X ||v; — vg|| cos O de dv dv;
2c a o
:kBT2Zaw( - T mluzs/ﬂgB/Rg/ / v; M M vs — ;) - 'vl)
s;éz
2c

|v; — vs|| cos? @ sin @ do df) dv, dv;
T kpT? Z - I /Rs /]Rs / / 0 MM (||v; = vs[| cos 0)°
et

H’Uz — ’USH COS@ Si 9d¢d9 d’Us d’Ui
E (7 T 1“ V; M M
kBT2 ZS Z ml * /RS /]RS '

v;) - v;) [|[v; — v dv,dv;

[\

5 27
X / cos? 6 sin9d9/ do
0 0

J/

= 4

N——

2

3 2

Tso‘)pfs/ / viMf‘Mvai—vsH?’dvsdvi/ Cos39$in9d0/
3 JR3 Jo 0

d¢

s;éz

——
4
47

2
2 o o m’lms
3kBT2 Z U (1—; _TS ) iH”LS

3 2 2
) f‘cfj/ / v, exp ()" +ms(vs)
2 kB )3 R3JR3
s;éz

NI

2kgT
X ((vs — v;) - v;) ||V — ;| dv,do;
2 mzms ml<v1) +m5<v8)2
k:BT2 Z% L G /Rg /Rs vi exp( Ui T
s;éz

X ||v; — v, ||° dvydv;.
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Next we transform the above six fold integrals from v; and v, to the centre of mass velocity X, and
relative velocity V', defined as given in equations (4.4.11) and (4.4.12), respectively. More precisely,
using equations (4.4.12), (4.4.13), (4.4.15) with m; + my; = M,, and (4.4.16), one can rewrite the

integral (552) as follows:

3
adm (myms)2
« s a
E o2 (T — TYmyptis ————t e
T
(3

o; REYE (2rkgT)3 "
et
msV* MisX*2+ﬂist2 msv
X.— — V. | X.— V.dX.dV
. /Rg /R3< M, ) eXp( 2T M,
) M
(mim.)?
2 iMls )? oo
kBT2 Z O"LS 7 8 ZS (QWkBT)ch CS
s;éz
msV* MisX*2 + ,Uis‘/*2
X X, - exp | — V3dX,dV ., (B.1.2)
/]R?’ /]R3 < M;s ) ( 2kgT
W
where the fact that
vi—v, ==V, and |-V =|-1[[|[V.][=1[V.]=V
have been used to obtain the above equation. Observe that
msV msV
X* _ S * V*' X* _ S *
( Mis )[ ( Mis )]
msV mgV2
— X* o S * -‘/->‘< . X* _ SV x
( Mis ) [ Mis
msV2  m,V meVa\ 2
:X* *X* _X* s x . *X* e V*

Therefore, the integral V above becomes:

mV?2 m,V R
= V.- X,) — i X, — 5 *V*«X* s V.

< MisX*2 + Mis‘/*Q
X exp —

Vid X, dV .
2kpT )

MisX*2 1S *2
:/ X (V. X.)e | 1Y)y ax L av
o s kT

J/
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S MisX*2 is‘/*Q
m / X, exp ( - e ) VX, dV,
18 R3 R?’

M, 2kgT
;); J
mg MisX*2 + ﬂis‘/*2
— V.(V. X. — V. dX,.dV,
M, /Rg oV )exp< T
?/; )
2 2 2
mg Mst* + ,U/ls‘/:k 3
V. — VedX,.dV,.
* (MZ- ) /Rg A ( 2T ) ‘
V4

Now let us evaluate the integrals Vs, Vs, V5 and V4. The integral V; can be rewritten as:

MisX*Q /’LZ'S‘/;Q
Wi . exp( ST ) ( R3V exp( ZkBT)VdV )d

Using the fact that any vector V', can be written in terms of a unit vector as V', = V, 4, with V, = ||V ||

and v a unit vector, we can write the integral in V', above as follows:

,uis‘/:k2 o — ,uis‘/;Q
. V.exp ( 2k3T>V*dV* = . V.U exp ( kT V. dV ..

Writing the right-hand side of the previous equation in spherical coordinates and integrating gives:

/]R3 U exp ( Sk, T ) Vi

oo pm p2om ) 2
:/ / / V(@ sin 0 cos ¢+ sin 0 sin g+ 2 cos 0) exp | — His Vs V3sinfdopdddV,
o Jo Jo 2kpT

o) ) 2 ™ 2 ™ 2
_/ Viexp | — His Vs dv, (a:/ sin? 0d0/ cos pd¢ +y/ sin? GdG/ singdd
0 2I{:Bjﬂv 0 LY 0 , R 0 LY 0

0
s 2
+2/ sin0cos€)d0/ dgzﬁ),
Jo g 0
0 27

N~

0

w\%<
NERY

where &, 4, 2 are the Cartesian unit vectors in R3. The value of the integral in V, above is given in

() o) (5 s

equation (4.4.18). Therefore,

: 3T

b P ( 2k;BT> 8
3T

8

=0. (B.1.3)
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Substituting equation (B.1.3) into the integral V; gives:

MisX*2 18 *2
/ X(V*.X*)exp(— sV >V*dX* v,
R3 JR3

2%kpT

2kgT
M; X2
— X 18 * .
/ { exp( 2k3T> O}dX
21
/ / / 0XZ%sinfdodhdX,
27
:/ OdX*/ sinedé/ do
0 0 0
~ 7 ' N——

g g
0 2

MisX*2
X*exp<— )(X*-O)dX
R3

2

—0. (B.1.4)

The integral V), can be rewritten as

M; X, pis V>
X, X, | V3 -2 |av,. B.1.
Ve = / P < 2T > / * exp( ZkBT) (B.1.5

R3

The value of the integral in X ,. above is given in equation (4.4.20). The integral in V', can be written in

spherical coordinates and integrated as follows:

/v3exp HisVe" ) oy ///%v?’exp _ pasVe V2sin6 de do dV.,
* 2T 2T |

R3
[e) ,uis‘/:k2 T ' 27

= Viexp | — dV*/ sin 0d9/ do .

—

2 2w

The value of the integral in V, above is given in equation (4.4.21). Therefore,

2 3
3 :uzs‘/* 2kBI-'
— dv, = ) 1.
/V* exp ( 2/€BT> \% 477( Lis (B.1.6)

R3

Substituting equations (B.1.6) and (4.4.20) into equation (B.1.5) gives:

MisX*2 iS‘/:k2 2]{7 T s
/ X.ep| — e V3dX.dV,=0x4r( =2~ ) =0. (817
R3 JR3 QkBT His

The integral V3 can be rewritten as
ILLiSVk2 MZSX 2
= V. — Vil V- X, — dX, |dV,
V3 R3 exp ( 2kBT> ( R3 exp < kBT
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The value of the integral in X, above is given in equation (4.4.20). Therefore,

MisX*2 is‘/*2
/ V.(V. X)eo| - i V.dX,dV,
R3 JR3 2kgT

:uis‘/;Q
= V. — Vi(V,-0)dV,
o P ( 2%kpT ) ( )

) 2
:/ KV&Xp(—Z}iZ})X/*) xO}dV*

R3
00 T 21
= / / 0V2sin0dedd dV.,
0 0 0

:/ OdV;/ sin9d9/
0 Jo )
0 bS

2
d¢
0
N——
2

= 0. (B.1.8)
The integral V, can be rewritten as

M; X2 Lhis Va2
_ . 154\ % dX* ‘/v>'< _ FHas Vs ngV*
Vi /R exp( 2T ) o exp( 2kBT> *

The value of integral in X, above is given in equation (4.4.17). Therefore,

3
271-]‘{3Bjﬁ 2 ,U/is‘/*z 3
= V. — Vedv,. B.1.9
Vi <Mz~ ) . exp( 2kBT) : (B.19)

Using the fact that any vector V', can be written in terms of a unit vector as V', = V.4, with V, = || V||

and v a unit vector, one can write the previous integral as follows:

Mis‘/:k2 3 — ,uis‘/;Q 3
RSV exp( 2k3T>V* \4 RSVvexp< T V2dv

Writing the right-hand side of the previous equation in spherical coordinates and integrating gives:

— /Lis‘/ZkQ 3
* - d *
/RSVvexp< 2k;BT>V* \4

oo pm p2mw is‘/:k2
:/ / / Vi(@sinfcos p+ysinfsinp+2zcosd)exp | — a V3 sin 0d¢dfdV,
o Jo Jo 2kgT

00 L V. 2 T 2T ™ 2T
:/ Viexp | — === |dV. (:i; / sin? §d / cos ¢pd +1 / sin? §d / sin ¢d¢g
0 2kpT J0 Jo J J0 Jo B

~-
0

w\:i<
ISERY

~
0

197



T 2w
+2/ sin9cos€d9/ d¢),
0 0

~ S ——
0 2

where &, 9, z are the Cartesian unit vectors in R3. The integral in V, above can be evaluated using the
integral representation of gamma function given in equation (4.3.8) as given below:

6 ,uzs‘/* 1 6 + 1 2kBT 2
_ =T
/0 V*exp< 2k3T>dV 2 ( 2 i
7
X .
- _P<Z) (%BT> ’
2 \2 His

1 15\/_ (2k3T>

/'I’ZS

_ 15\/_ (2@7’)

16 His

Therefore,

V.ew ( His Vs >V3dV 15ﬁ(2kBT) (2(0) + g(0) + 2(0))

2]€BT 16 Mis
_ T (kTN
= 0. (B.1.10)

Substituting equation (B.1.10) into (B.1.9) gives:

MisX*2 1S *2 2 k T %
/ V*exp<— T His Vs )Vde*dV*:(WB > x0=0. (811l
R3 JR3

2]€BT Mis

Substituting equations (B.1.4), (B.1.7), (B.1.8) and (B.1.11) into the integral V gives:

_/ / X N msV* ex . MiSX*2+MiS‘/>k2
0 R G VN A Ui T
mgV
X [V ( M )

Next let us evaluate the integral YV given in equation (B.1.2). Expanding it, we obtain:

V.dX.dV,=0. (B.112)

M X2 + s ?
W= X, enp [ = MiXe TrsV A sy gy,
R3 JR3 2kpT

S

v~

Vs
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m Mo X2 + pisVa?
_ s V. _ D T HisVe V\ysgx . av, .
M, /Rg o eXp( 2T *

V4

Substituting equations (B.1.7) and (B.1.11) into the previous equation, we obtain:

msV Mo X2 + pisVi?
= P, Qe — e U VX .dV, = 0. B.1.13
W /R /R ( M, ) P ( 2k T ’ #113

18

Finally, substituting equations (B.1.12) and (B.1.13) into the integral (B.1.2), we obtain:

0P — .

(2

B.2 Evaluation of the Integral 7

In this section, the integral 731'(2) given in equation (5.4.19) will be evaluated. To do this, we substitute
equation (B.1.1) with s replaced by j into fi@) and obtain:

_ -1 m; Ay
Pi(Q):Oéﬁzj o k Qi m; /RS/R3 A mzleaMa< “Jcose( P — ;) -,

4
+ M” 5 (||vi — v;]| cos 0)2>@< (€, cov; — ;) — Eij> (€,v; — v;) dedv;dv;
m?2

, T —
= aﬁij T T2 2,uzj /R3 /R3 . miv; M M COSH(( —v;) - vi)
X @( (€, cov; — cov;) — Eij> (€,v; — v;) dedvdv;

Bi; QHQ 2 MM (||v; || cos 6)?

+ « Z]O_ij k'BT2 :uz_] s Js Si v; i 7 ’,Uz - ’U]‘ COS )
X @( <6, CoU; — C()’Uj) - E’U) <€, V; — 'Uj> dEd’Ujd’Ui.
Observe that

/ cos? 0O ((€, cov; — cov;) — Zij) (€, v; — v;) de
SQ

_ / c0s2 00 (co ||vs — v;]| cos 6 — i) [|v: — v;]] cos b de
=t

5 27
:/ / cos? 0 O (co ||v; — v cos O — =) ||vi — v;]| cos @ sin 6 dp do
0

[NE e}

=21 [ O(c|lvi — v, cosd — Zy5) ||v; — vy cos® 6 sin 6 db
0

=ij .

arccos() = .
_ 27r/ ol [ill ) g (||’UZ» ) - “U) lv; — ;]| cos® 0 sin Bdf
0 Co
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— arccos #
— 270 (||'U,~ — ) - “”) v: — vj||/ <°0“”i‘”f||> cos? 0 sin 00
Co
=210 (”’Ui—UjH_:ij)H’Uz’—’U]”|: cos } C " ]“>
Co
T =i =
=——0 | [|v;, —v; —i) v; — v, (#> -1
SRRl Ju[ e
- = = 4
= -0 | ||lv; — v, —H”> v; — VU, 1—(¢) . (B.2.1)
20 (v~ vyl - =2 | ]H[ e

Substituting equation (4.4.26) into the first integral on the right-hand side of the last equality of ﬁi@) above

and equation (B.2.1) into the second integral gives:

T — T drp,
i j iJ o
kgT? 3 /Rs R3 miviM; Mj ((Uj — i) vi)

o —_ 3
x O | ||v; — v, —H”> vV, — U, 1—<H—ij) dv ;dv;
CRIE=ID Jn[ ) |
To _ To =
271 J 2 2 —iJ
radyoy it [ [ wareaeg o= oo (o - o - 22)

—_ 4
- (~—) v,
co |lvi — vj|

o o 3
:aﬂijgz?‘Ti — TJ 47T'uij (mimj)2‘ C?Ca'/ m;v; exp | — mi(vi)Z + mj(vj)Q
! kBTQ 3 (27T/€BT)5 J R3 JR3 2]€BT

= = 3
x ((v; —vi) - v;)© (H'Uz vl — ;l]) [vi — v, [1 - (M) ] dv;dv;
i j
TETE ) u(wn)? + 1 (0, :
+O‘5U AN T2 ”w (2rkgsT) 3 € /Rg/RgvleXp< UepT |vi—vj]|

— — 4
X O | ||v;, —v; —ﬁ) 1-— (L) dv;dv;.
(H ]H o [ o Hvi_vj” J

It will be convenient to transform the above six fold integrals from v; and v to the centre of mass velocity
X ™ and relative velocity V'* defined as given in equations (2.4.6) and (2.4.7), respectively. More precisely,
using equations (2.4.7), (2.4.10) and (2.4.12) with (m;+m;) = M together with equation (4.3.21) gives:

ﬁl@) — aﬂijagj

X Jlvi = vyl

o « 3
R N Kl RULLC YR

kBT2 3 (27kaBT)3 v

m;V* MX*2 4 11, V2
X - _ J
8 /Rg /Rg m’( M > &P ( 2T
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dX*dv”*

S ofv—Zua\y|_ (Eu
[ (el (3
o I =17} (mim; MX 4 pi V™
; 2 _(mim;) X - - 3
—i—Ozﬁ] . T2 T 27T/€BT 3¢ /RB/R3( ) < 2kl
e} (&3 3
) Tz _Tj 47ruij (mimj)2 a o

—_ —_ 4
vee(vi—=2) |1-( =L
g ( CO> [ <00V*>
=% T T T3 (2nkp TR

m;V* MX*2 + p;; V*2
; X* _ J . i
- /R /Ram ( M )exp< 2T

x {V*~ (X* _mV )}@(v* “’J)v*dx av*
M Co

dX*dV™

~ P s (kg

m,V* MX*2 4 11,V
; X* _ J . ©j
- /]R /R3m ( M >exp< 2hepT

m.V* = = \°
V* . X* . ] * l * 1] dX*dV*
d i) el ()

L T0=T7 (mam,)}

+ O‘ﬁlﬂ i k T2J 7rlu1] (27TkBT)3cféca
X/ * MX*2 Y *2 Ez .
x / / <X* LGN VY 1V g (v*— J)dX*dV*
R3 JR3 M 2kBT Co
« @ %

o, I3 — o (mimy) o

— OBy (2rkpT)3"

N * MX*Q Y *2
R3JR3 M 2]{?BT

=.. 4
x V*3@(V* _ “”) <i> AX*dV*,
Co coV*

where equation (4.4.27) have been used to obtain the previous equation. Observe that

(e (-2

BT 740 W U e e
_ _ VXt -

m; V2 m,V* m;:V*\?
vexn - xe s v x + (M)

Therefore,
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[} o 3
7’5;2) _ aﬁijgf?jTi — T3 Ay (mymy)2 L

kT?> 3 (2rkgT)? '

m;V**  m;V* m;V*\°
i * X* _X* ] _ J *X* ] *
o for x5

MX*Q R Ve E
X exp ( - piV )@(V* _ i) VXAV

QkaT Co

« o' 3
o 1" = 15 dmpyy (maimy)2 o

TP T g (kg T

m; V2 m;V* m;V*\?
X* *X* _X* ] - J *X* J *
X/R/Rm[ (V=-X%) M T H( M )V}

MX*2 4 11, V2 = =0\
xexp(— +M1]V )@(V* z])v*< 1% ) d.X dV*

QkaT Co C()V*
[o e} 3
g 2 (mimj)2 o o
+ B0 M (T

* MX*2 Y x2 :
/ / X+ — m]V exp | — V) g (e S gxqv
R3 JR3 ZkBT Co

o I 17 (mimj)%
— OBy T i e T

v* MX*2 4 iy V*2
x*_ Y . ij
[ Lo (s

X V30 (v* . 3) (iyczx*dv*.

(02Ne

Co Co Vi

Expanding gives:

o I = T3 Arpy; (mzm]) oo
c*c¥m;
kpT? 3 (2rkpl)p i C

MX*z Y2 =,
X / XV X e | — TRV o (ve — S0\ yraxav
R3 JR3 2k’BT Co

7)(2) _ a/sz z

_045..0,2,Tia_TJq S (mlmj) a
WOTEST 8 (2ekp T

MX*2 1 *2 E
» / X*V*2exp<— + gV )@(v*— ”)V*dX*dV*
R3 JR3

2]{JBT Co

[ o 3
_@@..022’ — I3 dmpuy (mim; )2
R kBT2 3 (27T]€BT)

MX*2 4 11, V*2 Eij
x/ V*(v*.X*)exp<— A )@(V*— ”)v*dX*dV*
R3 JR3

o
3Ci Cj Hij

QkBT Co

T T 471',“1] (mzmj) a all’l]m]

+ Oéﬁzg ij k‘ T2 3 (27T]{,‘BT)BCZ C] M
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*2 /%2
MX* + p;,; V olv:—
2kpT

x/ / V*2V*exp<—
R3 JR3

T

)

— T} darpuyy (mamy )2
kgT? 3 (2rkpT)3

x/ X*(V*-X*)exp(—
R3JR3

, T

(2

kpT?

2
— apijoy;

2kgT

3 (27Tk T)3 et

+ aﬁm Uz]

MX*2 i'V*2
X/ X*V*Qexp o +/’LJ e V*_
.y 2%pT

, T = T dapy; (mymy)?2
ksT? 3 (2nkgT)?" €3t

x/ V*(V*-X*)exp<—
R3JR3
T»CY—T‘JQ 471'/1/2‘]' (mzmj)%

+ 05/67,‘] ,L]

2kgT

a oMy

— aB.o -t ; C
Oéﬁz]a'w kT2 3 (27T]€BT>301 M
X*Q + MV*2
v*QV* Y @ v* —
/]Rd /]R3 exp ( 2kgT (

(mmj) o a

+aﬁl] i k‘ T2 ’U“J( WkBT)SC Cj
C MXE Ve
x/ X" exp i V*3@(v*
o s 2kpT
2 ,Tia B ’T]{l 2 (mzm])g chq@

o o 2
T =15, (mymy)?

keT? i (2rkgT)?

x / X" exp
R3JR3

MX*2 + py V>
[ e -0
(

2
— O‘Bijo-@'j

2kpT
I =Ty ()i, my
J 2 L e B 'A

MX*2 4 i, V*2
X Viexp| — = Ve (V*
/Rs P ( k5T
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MX*2+,LLz‘jV*2> o) (V*— Eij) Vv* ( =ij

MX*2+MZ-J-V*2) o (V* = ) v ( =iy

_ :ij> =ij
Co coV*

Zij ) V*dX*dV*
Co

3
) dX*dV™*

—_

iy (2 gxave
o ) (COV*)

3
> dX*dvr

=.. = 3
ZU\yr () axrav
Co ) <COV*>

—_

_ ﬂ) AX*dV*

Co

—_

- ) dX*dV*
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—_ —_ 4
— T (=) dxrdve
Co > (Cov*>

4
) dX*dv™.



The above equation can be rewritten as:

Te — T drpy; (mym;)?
52) _ j AT i)? o ‘
P = afyoi— kgT? 3 (27rk:BT)3c Gjm

%2 /JJ']'V*Q ’:‘.j
X exp [ x* [ Ve [-H o (v —ZE\vrav*|ax
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T — T dmps; (mgm;)2
_ L2t J Y L) TP
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g
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)
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n aﬁw Z]T Ta 47T'uw (m,mj) ?Cq[ﬁijmj
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—_

B

M X *2 113V %2 = =\
- x* [ Ve - B2 Jo(v—=2 v+ (=) gV |ax
< ) |: v exp( QkBT ) ( Co ) <C()V ) :|

T = T9 dmps; (mam,)}

FOBIO T s (kT O
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= M X *2 M“V*Z =

w (2 X exp | — aX* / Y e A @(v*— ”)dv*
( ) R3 P ( 2]€BT> R3 P ( 2]€BT ) Co

Co
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o I = T} dmpuyy (mzmj)
L e (k)3 1
* :uijV*Z * Eij * * * M X+ * :Z] *
\4 — oV —— |V IV | X — dX dV
x R3 exp( 2k53T> < Co) |: R3 exp( QkaT C()V*
U
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—ozﬁ,»jaf.Ti — 17 dmpyy (mamy)? oo i ™
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o TP =Ty (mamy):
:uz G C
kpT? M kT3

MX*? i V2 Z
X X*exp | — dX* | V3exp| — 22 C) (V* 2 ) A%
R3 P ( 2]{/’BT > /]R3 P ( QkBT ) Co

+ aﬁm

3

T =T (mm)E m
27 7 2 i 11ly
— O‘Bijo-@'j I > 7 Mij (2 2 )302- Cj —_—

MX*2 I 'V*2 =
x [ exp| — dX* | Vi%exp| — -2 — V*3@(V* - ”)dv*
/RB ( QkBT ) R3 < 2]€BT> Co

N J/

T — T« (mym;)2
2 71 J 2 (] (oo
~ P i (kT

MX*2 113V *2 =N\ 25\
X*exp( — dx* [ viep | —E o (v —Z2) (=L ) gy
* Jas exp( QkBT) /R eXp( 2k;BT> ( c0> (COV*>

g

Uy

o I =T (m;m; ) oM
J 2 ) o o)
OB T M (o T A

MX*? 11V *2 =2\ 25\
- dX* | Viexp -2~ |v2e (Vv —=4 ) v,
X /R3em ( 2]<;BT> s exp ( 2kBT> < co> <COV*)

g

Uo

The values of the last and second to the last integrals in X ™ in the previous equation are given in equations
(4.4.28). Now let us evaluate the integrals in V'*. The value of integral in V'™ given in the integral Uf; is
given in equation (4.4.30). Therefore, the integral U4, reduces to:

MX*2
= X — X" X
U, g exp( 2kBT>( 0)d

MX*Q
:/ |:X* exp< k‘BT) X 0:| dXxX*
/ / / 0X*?sin 6 dpdh dX*
2
:/ OdX*/ sm&d@/ do
Jo Jo

0 2 27

—0. (B.2.2)
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The integral U5 can be written in spherical coordinates and evaluated as given below:

27 ,U, V*Q =
Uy = / / / V3 exp ol A @(V* — i) V*2sindep df dV*
2kBT Co
00 C*2 s 2w
= /  V¥exp | — PV dV*/ sin QdQ/ do .
V> Tid 2kgT 0 0
) \q{_/\q,_/

2

The value of the integral in V* in the last equality of the previous equation is given in equation (4.4.33).
Therefore,

V2 = 2%kpT\*
ngz/V*3exp V) o (e - B gy = o (2RE r(g,z;>. (B.2.3)
R3 2kgT Co Iij
Next let us evaluate the integral U/5. To do this, we use equation (4.4.28), to obtain:
e [ Ve [ =V o (v — Zi v [ve [ xren [ = X0 ) axe]ave
- R3 P 2kpT Co R3 P 2kpT
) iV A T .
= \ %4 —— ||V = — V") (V".0)|dV
L(ven(-557 Jo(v=Z2)r ) o)
) iV A .
= \ %4 eV —— |V 0|dV
L(ven (-7 Jo (v -Z2)r) 0
/ / / 0V *2 sin @dpdfdV*
2
:/ OdV*/ sm@d@/ do
\0 J\O

0 2 27

—0. (B.2.4)

Next let us evaluate the integral I4,. To do this, we use the fact that any vector V'* can be written in terms
of a unit vector as V* = V*4, with V* = || V™|, ¥ a unit vector, and obtain:

* Hij [ *2 *3 =g * * = Hig | *2 %3 % *—*1] *
T DYV = d
IRBV exp ( % ) V @(V Co) V /Rgv v exp ( ok VeV % V

Writing the integral on the right-hand side of the previous equation in spherical coordinates and integrating

gives:
N']'V*2 3 Eij
* =3 o ? * * =i d *
/RSV U exp —QkBT \% @(V o ) Vv

1 *2
/ / / *(2 sin 6 cos ¢ + ¢ sin O'sin ¢ + 2 cos 0) exp _ iV 13
2kgT
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X @(v* . ﬂ) V*2sin0 de do dV*

Co

oo 6 M‘jv*z ™ ) 2
= _ V®exp | - 22— |dV* m/ sin Gdﬁ/ cos pd

v~

0

™ 2 s 2
+:l)/ sin26d9/ sin¢d¢+2/ sin@cos@d&/ dgzﬁ),
Jo Jo Jo Jo

0 ‘0, 2

[SER

[SER

where &, 4, 2 are the Cartesian unit vectors in R3. Using the change of variable given in equation (4.3.23)
together with equations (4.3.24) and (4.3.25), the integral in V* above can be rewritten as:

/  Vexp | — Hig” dV* = / 23 ( b ) exp(—z) — ( = ) dz
e Sig 2kgT 2t Hij 222 \ Hij

>
7
1 (2kgT\2 [~
= - ( & ) / % exp(—=z)dz.
2\ 2

K3

Using the incomplete Euler gamma function defined in equation (4.3.3), withn — 1 = g ien = % we

obtain: .
o V2 1 (2kgT\ 2
/ _ Vexp | — MgV e = L (2R F(Z,zf).
V*>:ij QkBT 2 ,ulj 2
>
Therefore,
7
* luijv*Z *3 * Eij * 1 2kBT‘ 2 (7 *> ~ A( N
\% _Pur _ dV*=Z (= 2
g exp( 2k3T>V @(V CO) \%4 > 5 % 2(0)+y(0)+2(0)

—0. (B.2.5)

Next let us evaluate the integral Uf5. Observe that the value of the integral in V' given in the integral Us
is given in equation (4.4.32). Therefore, the integral (/5 reduces to:

MX*Q
= [ X* — X" 0ldX"
Us » exp( 2kBT)[ O]d
MX*Q
= X" — X"
/RS{< exp( 2k3T>>XO}d
o) T 27
/ / 0X*%sinfdpdf dX*
o Jo Jo

2
:/ OdX*/ sinede/ d
0 0 0
N 2N N ,

g g
0 2

2w

= 0. (B.2.6)

207



The integral U can be written in spherical coordinates and evaluated as follows:

Us = / / / S N L Py = V*2sin 0 dp df dV*
QkBT Co
“Z]V i 7r. 2m
= _ V*2exp dv / stdQ/ do.
€0 \—,—/
2

——
2w

The value of the integral in V* in the last equality of the previous equation is given in equation (4.4.35).

Therefore,

3
uijV“ % Eij % Zk'BT 2 3 «
_ _Hu? _ DUyt =2 (2. 2. B.2.7
Us /RSexp< 2kBT>@<V CO) 1% W( i 5 % (B.2.7)

Now let us evaluate the integral ;. To do this, observe that the value of the integral in X ™ in the integral

U~ is given in equation (4.4.28),. Therefore, the integral U4, reduces to:
- — \3
* ,UijV*2 g w [ g * *
U; = \%4 — oV V V*.0)dV
=/ exp( Qk:BT) ( 00) (cOV*) ( )
- — \3
. i V*? e AT .
= \% OV —— |V 0|dV
Lo (-7 )o(m-2)v (5) )
/ / / 0V*?sinfdpdf dV*
27
:/ OdV/ sinﬁd(‘)/ do

= 0. (B.2.8)

Next let us evaluate integral Ug. Using the fact that any vector V'* can be written in terms of a unit vector
as V* = V*4, with V* = ||[V*|| and ¥ a unit vector, we obtain:

* NUV*2 * E’ij * / * = ;uijv*Q * Eij *
\ %4 - OV —— |dV™* = V ——=—— 0|V = —)dV
R3 &P < 2]€BT > ( Co ) R3 ver 2]€BT Co

Writing the integral on the right-hand side of the previous equation in spherical coordinates and integrating

gives:

00 ™ 21
L{g:/ / / V*(&sinfcos ¢ + ysinhsing + zcosh)
o Jo Jo

wep | - MV \gye _Zu V2 sin 0 de df dV*
2]€BT Co

0o ; ,u'jV*Q T ) 27
- _ V¥exp| — 22— |aV” (:I;/ sin 9d9/ cos ¢ d
/Vz“ﬂ 2kpT 0 L0 ’ (%

-~

0

w\:!<
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T 2 g 2
+3}/ sin29d9/ sinq§d¢+2/ sin@cosede/ dd)),
Jo Jo . 0 Jo

?J' ‘Or 2

[SER

where &, 4, z are the Cartesian unit vectors in R3. Using the change of variable given in equation (4.3.23)
together with equations (4.3.24) and (4.3.25), we have that the integral in V* in the last equality of the

previous equation can be rewritten as:

3 1
o0 V2 o0 2kpT 2 1 [(2kgT\?
e vree (G )= - ( » ) exp(—2) ( . ) dz
V*Z%OJ B zf i 272 M
1 (2kgT\*> [~
:§< = )/ zexp(—z)dz.
Hij 2

Using the incomplete Euler gamma function given in equation (4.3.3) withnp — 1 = lien = 2, we

Njw

obtain: 9
ee %3 ,uijV*2 % 1 QkBT %
— dV* = — I'(2z27). B.2.9
/* Eij V exp < 2I€BT) V 2 ( /,Ll] ( ’ZZ> ( )
22
Therefore,
— 2
% uijV*Q - « 1 Qk’BT % R " "
VvV — oV - dV™* = = I'( 2,z 0 0 0
[ exp( %BT) (V== )ave = 5 (225 r(20) [o0) +500) + 200
=0. (B.2.10)

The integral Uy can be written in spherical coordinates and integrated as follows:

/ V"3 exp (— a “V*Q>@<v* :”> ( =i )4dV*
R3 2kgT Co coV'*
o *3 NzJV*2 . i Eij ! £2 *
/ / / V exp( 2kBT>@<V CO) <007) V*sinOdodf dV
= LV T 2
— <c0]) /VZ:OJV exp( l;]iBT)dV /0 sm&d@U.
2

2

The value of the integral in V* in the last equality of the previous equation is given in equation (4.4.31).

Therefore,

3 pi V" Zij i\
v Ry ofv:—=2)(=2) av*
/R3 exp QkBT ( Co ) (Cov*)

—_ 4
=i 2kgT

zzﬁ( ”> ( b )F(l,z;). (B.2.11)
Co Hij

Finally, using the fact that any vector V'* can be written in terms of a unit vector as V* = V*4, with

V*=||V*|| and ¥ a unit vector, one can write the integral U, as follows:
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= — 4
* /“LZJV *3 _'ij =ij *
Vv Vel Vv — — dV
/]R?’ o ( 2k3T> < ) ( )

Co coV'*

iV s SAVEETAY
= V*o — 2 |\vee|lvr—- = = dV'*.
/Rg COP T T ( ) ( >

Co coV'*
Writing the integral on the right-hand side of the previous equation in spherical coordinates and integrating
gives:
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The value of the integral in V* in the last equality of the previous equation is given in equation (4.4.35)
Therefore,
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(B.2.12)
Substituting equations (4.4.28), (B.2.2), (B.2.3), (B.2.4), (B.2.5), (B.2.6), (B.2.7), (B.2.8), (B.2.10), (B.2.11)
and (B.2.12) into ﬁ(g), we obtain

PP =0,

2

B.3 Evaluation of the Integral @

To evaluate the integral Q( ) given in equation (5.4.28), we substitute equation (4.3.19) into Q
obtain:

5 (mim ) Hi Q o
0 = o | () verom (Gf) 1]
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The above integral is similar to the two integrals on the right-hand side of £ given in equation (A.1.2). There-
fore, following the same steps as those used in the computation of the integrals given in equation (A.1.2),
one obtains:

oM —o.

B.4 Evaluation of the Integral ég?’)

In this section, the integral @53) given in equation (5.4.28) will be evaluated. To do this, we expand to
obtain:
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Using the conservation of total energy given in equation (2.3.12), one has that
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Using equation (B.4.1) in the first integral in the last equality of QVES) above, we obtain:
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+

The above integrals are similar to the integrals on the right-hand side of £ given in equation (A.1.2) which
vanish upon evaluation. Therefore, following the same steps as those used in the computation of the
integrals given in equation (A.1.2), one has that

0¥ —

B.5 Evaluation of the Integral O "

In this section, the integral éz@) given in equation (5.4.28) will be evaluated. Expanding the integral ég‘g
gives:
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Using equation (B.4.1) in the first integral of last equality of @54) above, we obtain:
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The above integrals are similar to the integrals of £ given in equation (A.1.2) which vanish upon evalu-
ation. Therefore, following the same steps as those used in the computation of the integrals given in
equation (A.1.2), one obtains that @54) vanishes, that is,

oW — .
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Appendix C

Evaluation of the Second and Third Terms
of Equation (6.3.50)

C.1 Evaluation of the Second Term of Eq. (6.3.50)

In this section, we show that the second term on the right-hand side of equation (6.3.50) vanishes, that is

400 400 1 1
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‘o Ty Jrs Jrs Jo 0 0o Jo Js2 Hij
J#

X 2 (I)Z'j(f, [ja R, T') bm’(COS 6) Cos 9(1 — R) dO’d?"de[]d[d’Ujd’U =0.
To do this, it is enough to show that

/ ob;j(cosf)cosfdo = 0. (C.11)
S2

Observe that
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The integral n
/ bij(cos 0) sin 6 cos® 6 df) = 0
0
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since by our assumption b;;(cos#) is an odd function of cos . Therefore, substituting the previous

equation into equation (C.1.2) gives equation (C.1.1)

C.2 Evaluation of the Third Term of Eq. (6.3.50)

In this section, we show that the third term on the right-hand side of (6.3.50) vanishes, that is

S L LG
v p—
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Using equation (6.3.3), observe that:
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where the fact that o - & = 1 have been used.
Therefore,

2 2
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Substituting the last equality of the previous equation into equation (C.2.1) and then expand the resulting

equation to obtain:
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Transforming the integrals in (v, v;) above to the centre of mass velocity and relative velocity, and then
evaluate the resulting integrals using the same strategy as those used in the computation of the integral
given in equation (6.3.64), one obtains that the six fold integrals in v and v; vanish in the first, second,
third, sixth, seventh and eight terms of the previous equation. Furthermore, using equation (C.1.1), the
fourth and fifth terms of the previous equation also vanish.
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