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ARTICLE INFO ABSTRACT
Keywords: Vorticity formulations of the incompressible Navier-Stokes equations circumvent the challenges
Incompressible fluid flows associated with the pressure-velocity numerical coupling. Furthermore, vorticity dynamics in

Streamfunction-vorticity formulation
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Very high-order convergence
Arbitrary curved boundaries
Immersed boundaries

challenging fluid flow problems can be analysed more effectively within a vorticity-based nu-
merical framework. However, deriving suitable vorticity boundary conditions for numerical sim-
ulations with high-order accuracy on curved domains remains a significant challenge for these
formulations, particularly in three dimensions. Consequently, most existing work considers only
rectangular domains with regular grids, limiting its application to geometries of practical interest.
This study presents suitable wall vorticity boundary conditions for incompressible vorticity equa-
tions on arbitrary curved domains, introducing a simple, effective, and highly accurate numerical
treatment based on a finite volume discretisation on unstructured meshes. Moreover, a novel
technique is employed to discretise the boundary conditions on a linear piecewise approximation
of the curved boundary, circumventing the challenges associated with curved meshes while pre-
serving very high-order accuracy. The two-dimensional streamfunction-vorticity formulation is
analysed both theoretically and numerically, but these advancements establish a foundation for
other vorticity-based formulations and the three-dimensional case, in which the treatment of vor-
ticity boundary conditions remains fundamentally unchanged. To demonstrate the accuracy and
effectiveness of the proposed methodology, several benchmark incompressible fluid flow prob-
lems in non-trivial two-dimensional curved domains are presented, including the semi-elliptical
lid-driven cavity problem, for which very high orders of convergence are achieved without any
regularisation.

1. Introduction

The incompressible Navier-Stokes system in primitive variables (pressure and velocity) is the classical formulation for two- and
three-dimensional flows of incompressible viscous fluids. However, this system poses significant numerical challenges due to its
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\begin {equation}\label {eq:mathematical_formulation_streamfunction_definition} u_{x}=\frac {\partial \psi }{\partial y} \qquad \text {and} \qquad u_{y}=-\frac {\partial \psi }{\partial x}, \qquad \text {in }\Omega ,\end {equation}
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$\bs {b}_{i\textrm {B}}\coloneqq \left (b_{i\textrm {B},x},b_{i\textrm {B},y}\right )$


$\bs {b}_{i\textrm {B}}\in \Gamma $


$\bs {n}_{i\textrm {B}}\coloneqq \left (n_{i\textrm {B},x},n_{i\textrm {B},y}\right )$


$\bs {n}_{i\textrm {B}}=\bs {n}\left (\bs {b}_{i\textrm {B}}\right )$


$G_{i\textrm {B}}\left (\bm {a}\right )$


$\mathbb {R}^{n}$


$\mathbb {R}$


\begin {equation}\label {eq:polynomial_reconstruction_constraint_functional_1} G_{i\textrm {B}}\left (\bm {a}\right )=\alpha \varphi \left (\bs {b}_{i\textrm {B}};\bm {a}\right )+\beta \nabla \varphi \left (\bs {b}_{i\textrm {B}};\bm {a}\right )\cdot \bm {n}_{i\textrm {B}}-g(\bs {b}_{i\textrm {B}}),\end {equation}


$\alpha $


$\beta $


$g\coloneqq g\left (\bm {x}\right )$


$\alpha $


$\beta $


$\phi \left (\bm {x}\right )=g^{\textrm {D}}\left (\bm {x}\right )$


$\alpha =1$


$\beta =0$


$g\left (\bm {x}\right )=g^{\textrm {D}}\left (\bs {b}_{i\textrm {B}}\right )$


$\nabla \phi \left (\bm {x}\right )\cdot \bm {n}\left (\bm {x}\right )=g^{\textrm {N}}\left (\bm {x}\right )$


$\alpha =0$


$\beta =1$


$g\left (\bm {x}\right )=g^{\textrm {N}}\left (\bs {b}_{i\textrm {B}}\right )$


$\alpha ^{\textrm {R}}\left (\bm {x}\right )\phi \left (\bm {x}\right )+\beta ^{\textrm {R}}\left (\bm {x}\right )\nabla \phi \left (\bm {x}\right )\cdot \bm {n}\left (\bm {x}\right )=g^{\textrm {R}}\left (\bm {x}\right )$


$\alpha =\alpha ^{\textrm {R}}\left (\bm {b}_{i\textrm {B}}\right )$


$\beta =\beta ^{\textrm {R}}\left (\bm {b}_{i\textrm {B}}\right )$


$g\left (\bm {x}\right )=\phi ^{\textrm {R}}\left (\bs {b}_{i\textrm {B}}\right )$


$G_{i\textrm {B}}\left (\bm {a}\right )$


$\bm {G}_{i\textrm {B}}\left (\bm {a}\right )$


\begin {equation}\label {eq:polynomial_reconstruction_constraint_functional_2} \bm {G}_{i\textrm {B}}\left (\bm {a}\right ) = \begin {bmatrix} \varphi \left (\bs {b}_{i\textrm {B}};\bm {a}\right )\\ \nabla \varphi \left (\bs {b}_{i\textrm {B}};\bm {a}\right )\cdot \bm {n}_{i\textrm {B}} \end {bmatrix} -\bm {g}(\bs {b}_{i\textrm {B}}),\end {equation}


$\bm {g}\coloneqq \bm {g}\left (\bm {x}\right )$


$e_{i\textrm {B}}$


$\bs {m}\coloneqq \bs {m}_{i\textrm {B}}$


$\mathcal {S}\coloneqq \mathcal {S}_{i\textrm {B}}$


$\bs {\omega }\coloneqq \bs {\omega }_{i\textrm {B}}$


$\widehat {\bm {a}}_{i\textrm {B}}\in \mathbb {R}^{n}$


$G_{i\textrm {B}}\left (\bm {a}\right )=0$


$\bm {G}_{i\textrm {B}}\left (\bm {a}\right )=\bm {0}$


$\widehat {\bm {a}}_{i\textrm {B}}=\argmin _{\bm {a}}F\left (\bm {a};\bs {m}_{i\textrm {B}},\mathcal {S}_{i\textrm {B}},\bs {\omega }_{i\textrm {B}}\right )$


$G_{i\textrm {B}}\left (\bm {a}\right )=0$


$\bm {G}_{i\textrm {B}}\left (\bm {a}\right )=\bm {0}$


$\widehat {\varphi }_{i\textrm {B}}\left (\bs {x}\right )\coloneqq \varphi (\bm {x};\widehat {\bm {a}}_{i\textrm {B}})=\widehat {\bm {a}}_{i\textrm {B}}\cdot \bs {p}_{d}\left (\bs {x}-\bs {m}_{i\textrm {B}}\right )$


$\Gamma _{\Delta }$


$\Omega _{\Delta }$


$c_{i}$


$i\in \mathcal {I}$


\begin {equation}\int _{c_{i}}\left (\nabla \cdot \left (\bm {v}\omega \right )-\nu \nabla ^{2}\omega \right )\diff \bm {x}=\int _{c_{i}}\bm {f}\diff \bm {x} \qquad \Rightarrow \qquad \int _{\partial c_{i}}\left (\bm {v}\omega -\nu \nabla \omega \right )\cdot \bm {s}_{i}\diff \bm {x}=\int _{c_{i}}\bm {f}\diff \bm {x}, \label {eq:finite_volume_discretisation_integral_1}\end {equation}


$\partial c_{i}$


$\bm {s}_{i}\coloneqq \bm {s}_{i}\left (\bm {x}\right )\coloneqq \left (s_{x,i}\left (\bm {x}\right ),s_{y,i}\left (\bm {x}\right )\right )$


$R$


$\zeta _{r}$


$r=1,\ldots ,R$


$Q$


$\xi _{q}$


$q=1,\ldots ,Q$


\begin {equation}\sum _{j\in \mathcal {N}_{i}}\left \vert e_{ij}\right \vert \left [\sum _{r=1}^{R}\zeta _{r}\left (C_{ij,r}+D_{ij,r}\right )\right ]-\left \vert c_{i}\right \vert f_{i}=\mathcal {O}\left (h_{i}^{\alpha }\right ), \label {eq:finite_volume_discretisation_discrete_1}\end {equation}


$h_{i}=\left \vert c_{i}\right \vert ^{1/2}$


$\alpha $


$C_{ij,r}$


$D_{ij,r}$


$\omega \left (\bm {x}\right )$


$e_{ij}$


$f_{i}$


$f\left (\bm {x}\right )$


$c_{i}$


\begin {equation}C_{ij,r}=\left (\bm {v}\left (\bm {q}_{ij,r}\right )\cdot \bm {s}_{ij}\right )\omega \left (\bm {q}_{ij,r}\right ), \qquad D_{ij,r}=-\nu \nabla \omega \left (\bm {q}_{ij,r}\right )\cdot \bm {s}_{ij}, \qquad \text {and} \qquad f_{i}=\sum _{q=1}^{Q}\xi _{q}f\left (\bm {q}_{i,q}\right ). \label {eq:finite_volume_discretisation_exact_fluxes_1}\end {equation}


$c_{i}$


$i\in \mathcal {I}$


\begin {equation}\int _{c_{i}}\left (\nabla ^{2}\psi +\omega \right )\diff \bm {x}=0 \qquad \Rightarrow \qquad \int _{\partial c_{i}}\nabla \psi \cdot \bm {s}_{i}\diff \bm {x}+\int _{c_{i}}\omega \diff \bm {x}=0, \label {eq:finite_volume_discretisation_integral_2}\end {equation}


\begin {equation}\sum _{j\in \mathcal {N}_{i}}\left \vert e_{ij}\right \vert \left [\sum _{r=1}^{R}\zeta _{r}F_{ij,r}\right ]-R_{i}=\mathcal {O}\left (h_{i}^{\alpha }\right ), \label {eq:finite_volume_discretisation_discrete_2}\end {equation}


$F_{ij,r}$


$\psi \left (\bm {x}\right )$


$e_{ij}$


$R_{i}$


$\omega \left (\bm {x}\right )$


$c_{i}$


\begin {equation}F_{ij,r}=\nabla \psi \left (\bm {q}_{ij,r}\right )\cdot \bm {s}_{ij} \qquad \text {and} \qquad R_{i}=\int _{c_{i}}\omega \diff \bm {x}. \label {eq:finite_volume_discretisation_exact_fluxes_2}\end {equation}


$\psi _{i}$


$\omega _{i}$


$i\in \mathcal {I}$


\begin {equation}\psi _{i}\approx \dfrac {1}{\left \vert c_{i}\right \vert }\int _{c_{i}}\psi \diff \bm {x} \qquad \textrm {and} \qquad \omega _{i}\approx \dfrac {1}{\left \vert c_{i}\right \vert }\int _{c_{i}}\omega \diff \bm {x}, \label {Xeqn42-49}\end {equation}


$\psi \left (\bm {x}\right )$


$\omega \left (\bm {x}\right )$


$\omega _{i\textrm {B}}$


$i\in \mathcal {I}^{\textrm {B}}$


$\omega ^{\textrm {B}}\left (\bm {x}\right )$


$\bm {b}_{i\textrm {B}}$


$\omega _{i\textrm {B}}\approx \omega ^{\textrm {B}}\left (\bm {b}_{i\textrm {B}}\right )$


$e_{ij}$


$\widetilde {\psi }_{ij}\left (\bm {x}\right )$


$\widetilde {\omega }_{ij}\left (\bm {x}\right )$


$\psi _{i}$


$\omega _{i}$


$c_{i}$


$\widehat {\omega }_{i}\left (\bm {x}\right )$


$\omega _{i}$


$e_{i\textrm {B}}$


$\widehat {\psi }_{i\textrm {B}}\left (\bm {x}\right )$


$\psi _{i}$


$\psi ^{\textrm {B}}\left (\bm {x}\right )$


$\nabla \psi ^{\textrm {B}}\left (\bm {x}\right )\cdot \bm {n}\left (\bm {x}\right )$


$\bm {b}_{i\textrm {B}}$


$\bm {n}_{i\textrm {B}}$


$\bm {g}\left (\bs {b}_{i\textrm {B}}\right )=\left (\psi ^{\textrm {B}}\left (\bs {b}_{i\textrm {B}}\right ),\nabla \psi ^{\textrm {B}}\left (\bs {b}_{i\textrm {B}}\right )\cdot \bm {n}_{i\textrm {B}}\right )$


\begin {equation}\bm {G}_{i\textrm {B}}\left (\bs {\eta }\right ) = \begin {bmatrix} \varphi \left (\bs {b}_{i\textrm {B}}\right )\\ \nabla \varphi \left (\bs {b}_{i\textrm {B}}\right )\cdot \bm {n}_{i\textrm {B}} \end {bmatrix} - \begin {bmatrix} \psi ^{\textrm {B}}\left (\bs {b}_{i\textrm {B}}\right )\\ \nabla \psi ^{\textrm {B}}\left (\bs {b}_{i\textrm {B}}\right )\cdot \bm {n}_{i\textrm {B}} \end {bmatrix}. \label {Xeqn43-50}\end {equation}


$e_{i\textrm {B}}$


$\widehat {\omega }_{i\textrm {B}}\left (\bm {x}\right )$


$\omega _{i}$


$\omega _{i\textrm {B}}$


$\bm {b}_{i\textrm {B}}$


$\alpha =1$


$\beta =0$


$g\left (\bs {b}_{i\textrm {B}}\right )=\omega _{i\textrm {B}}$


\begin {equation}G_{i\textrm {B}}\left (\bs {\eta }\right )=\varphi \left (\bs {b}_{i\textrm {B}}\right )-\omega _{i\textrm {B}}. \label {Xeqn44-51}\end {equation}


$e_{ij}$


$C_{ij,r}$


$D_{ij,r}$


$\mathcal {C}_{ij,r}$


$\mathcal {D}_{ij,r}$


$\bm {q}_{ij,r}$


$r=1,\ldots ,R$


\begin {align}&\mathcal {C}_{ij,r}=\left [\bm {v}_{ij,r}\cdot \bm {s}_{ij}\right ]^{+}\widehat {\omega }_{i}\left (\bm {q}_{ij,r}\right )+\left [\bm {v}_{ij,r}\cdot \bm {s}_{ij}\right ]^{-}\widehat {\omega }_{j}\left (\bm {q}_{ij,r}\right ), \label {eq:finite_volume_discretisation_vorticity_convective_flux_inner_edge1}\\ &\mathcal {D}_{ij,r}=-\nu \nabla \widetilde {\omega }_{ij}\left (\bm {q}_{ij,r}\right )\cdot \bm {s}_{ij}, \label {eq:finite_volume_discretisation_vorticity_diffusive_flux_inner_edge1}\end {align}


$\left [a\right ]^{+}=\max (a,0)$


$\left [a\right ]^{-}=\min (a,0)$


$\bm {v}_{ij,r}\coloneqq \left (v_{x,ij,r},v_{y,ij,r}\right )$


$\bm {v}\left (\bm {x}\right )$


$\bm {q}_{ij,r}$


$\bm {v}_{ij,r}\approx \bm {v}\left (\bm {q}_{ii,r}\right )$


$e_{i\textrm {B}}$


$C_{i\textrm {B},r}$


$D_{i\textrm {B},r}$


$\mathcal {C}_{i\textrm {B},r}$


$\mathcal {D}_{i\textrm {B},r}$


$\bm {q}_{i\textrm {B},r}$


$r=1,\ldots ,R$


\begin {align}&\mathcal {C}_{i\textrm {B},r}=\left [\bm {v}_{i\textrm {B},r}\cdot \bm {s}_{i\textrm {B}}\right ]^{+}\widehat {\omega }_{i}\left (\bm {q}_{i\textrm {B},r}\right )+\left [\bm {v}_{i\textrm {B},r}\cdot \bm {s}_{i\textrm {B}}\right ]^{-}\widehat {\omega }_{i\textrm {B}}\left (\bm {q}_{i\textrm {B},r}\right ), \label {eq:finite_volume_discretisation_vorticity_convective_flux_boundary_edge1}\\ &\mathcal {D}_{i\textrm {B},r}=-\nu \nabla \widehat {\omega }_{i\textrm {B}}\left (\bm {q}_{i\textrm {B},r}\right )\cdot \bm {s}_{i\textrm {B}}, \label {eq:finite_volume_discretisation_vorticity_diffusive_flux_boundary_edge1}\end {align}


$\bm {v}_{i\textrm {B},r}\coloneqq \left (v_{x,i\textrm {B},r},v_{y,i\textrm {B},r}\right )$


$\bm {v}\left (\bm {x}\right )$


$\bm {q}_{i\textrm {B},r}$


$\bm {v}_{i\textrm {B},r}\approx \bm {v}\left (\bm {q}_{i\textrm {B},r}\right )$


$\widehat {\omega }_{i}\left (\bm {x}\right )$


$\widehat {\omega }_{j}\left (\bm {x}\right )$


$e_{ij}$


$e_{i\textrm {B}}$


$\widehat {\omega }_{i\textrm {B}}\left (\bm {x}\right )$


$\widehat {\omega }_{i}\left (\bm {x}\right )$


$\widetilde {\omega }_{ij}\left (\bm {x}\right )$


$e_{ij}$


$\widehat {\omega }_{i\textrm {B}}\left (\bm {x}\right )$


$e_{i\textrm {B}}$


$e_{ij}$


$F_{ij,r}$


$\mathcal {F}_{ij,r}$


$\bm {q}_{ij,r}$


$r=1,\ldots ,R$


\begin {align}&\mathcal {F}_{ij,r}=\nabla \widetilde {\psi }_{ij}\left (\bm {q}_{ij,r}\right )\cdot \bm {s}_{ij}. \label {eq:finite_volume_discretisation_streamfunction_diffusive_flux_inner_edge1}\end {align}


$e_{i\textrm {B}}$


$F_{i\textrm {B},r}$


$\mathcal {F}_{i\textrm {B},r}$


$\bm {q}_{i\textrm {B},r}$


$r=1,\ldots ,R$


\begin {align}&\mathcal {F}_{i\textrm {B},r}=\nabla \widehat {\psi }_{i\textrm {B}}\left (\bm {q}_{i\textrm {B},r}\right )\cdot \bm {s}_{i\textrm {B}}. \label {eq:finite_volume_discretisation_streamfunction_diffusive_flux_boundary_edge1}\end {align}


$\widetilde {\omega }_{ij}\left (\bm {x}\right )$


$e_{ij}$


$\widehat {\omega }_{i\textrm {B}}\left (\bm {x}\right )$


$e_{i\textrm {B}}$


$R_{i}$


$c_{i}$


$c_{i}$


$R_{i}$


$\mathcal {R}_{i}$


\begin {equation}\mathcal {R}_{i}=\omega _{i}. \label {eq:finite_volume_discretisation_streamfunction_cell_mean_value}\end {equation}


$\omega ^{\textrm {B}}\left (\bm {x}\right )$


$\omega _{i\textrm {B}}$


$e_{i\textrm {B}}$


$\widehat {\psi }_{i\textrm {B}}\left (\bm {x}\right )$


$\omega ^{\textrm {B}}\left (\bm {x}\right )$


$\bm {b}_{i\textrm {B}}$


\begin {equation}\label {eq:finite_volume_discretisation_boundary_vorticity} \omega _{i\textrm {B}}=-\frac {\partial ^{2}\widehat {\psi }_{i\textrm {B}}}{\partial \eta ^{2}}\left (\bm {b}_{i\textrm {B}}\right )+\kappa _{t}\left (\bm {b}_{i\textrm {B}}\right )u^{\textrm {B}}_{\xi }\left (\bm {b}_{i\textrm {B}}\right )-\frac {\partial \bm {u}^{\textrm {B}}\cdot \bm {n}}{\partial \bm {t}}\left (\bm {b}_{i\textrm {B}}\right ).\end {equation}


$\bm {v}_{ij,r}$


$\bm {v}_{i\textrm {B},r}$


$\bm {v}\left (\bm {x}\right )=\nabla ^{\perp }\phi \left (\bm {x}\right )$


$\phi \left (\bm {x}\right )$


$\widetilde {\phi }_{ij}\left (\bm {x}\right )$


$\widetilde {\phi }_{i\textrm {B}}\left (\bm {x}\right )$


$e_{ij}$


$e_{i\textrm {B}}$


$\phi _{i}$


$\psi _{i}$


$e_{ij}$


$\bm {v}_{ij,r}$


$\bm {q}_{ij,r}$


$r=1,\ldots ,R$


$\bm {v}_{ij,r}=\nabla ^{\perp }\widetilde {\phi }_{ij}\left (\bm {q}_{ij,r}\right )$


\begin {align}v_{x,ij,r}=\frac {\partial \widetilde {\phi }_{ij}}{\partial y}\left (\bm {q}_{ij,r}\right ) \qquad \text {and} \qquad v_{y,ij,r}=-\frac {\partial \widetilde {\phi }_{ij}}{\partial x}\left (\bm {q}_{ij,r}\right ). \label {eq:finite_volume_discretisation_velocity_inner_edge1}\end {align}


$e_{i\textrm {B}}$


$\bm {v}_{i\textrm {B},r}$


$\bm {q}_{i\textrm {B},r}$


$r=1,\ldots ,R$


$\bm {v}_{i\textrm {B},r}=\nabla ^{\perp }\widetilde {\phi }_{i\textrm {B}}\left (\bm {q}_{i\textrm {B},r}\right )$


\begin {align}v_{x,i\textrm {B},r}=\frac {\partial \widetilde {\phi }_{i\textrm {B}}}{\partial y}\left (\bm {q}_{i\textrm {B},r}\right ) \qquad \text {and} \qquad v_{y,i\textrm {B},r}=-\frac {\partial \widetilde {\phi }_{i\textrm {B}}}{\partial x}\left (\bm {q}_{i\textrm {B},r}\right ). \label {eq:finite_volume_discretisation_velocity_boundary_edge1}\end {align}


$C_{k}$


$\Gamma ^{k}$


$k=1,\ldots ,K$


$\Gamma ^{k}$


$\Gamma ^{k}_{\Delta }$


\begin {equation}\sum _{e_{i\textrm {B}}\in \Gamma ^{k}_{\Delta }}\left [\int _{e_{i\textrm {B}}}\left (\bm {u}\,\omega -\nu \nabla \omega \right )\cdot \bm {s}_{i\textrm {B}}\diff {s}\right ]=\sum _{e_{i\textrm {B}}\in \Gamma ^{k}_{\Delta }}\left [\int _{e_{i\textrm {B}}}\bm {f}\cdot \bm {r}_{i\textrm {B}}\diff {s}\right ]. \label {Xeqn47-62}\end {equation}


$e_{i\textrm {B}}$


$\widehat {\omega }_{i\textrm {B}}\left (\bm {x}\right )$


$\omega _{i}$


$\omega _{i\textrm {B}}$


$R$


$\zeta _{r}$


$r=1,\ldots ,R$


\begin {equation}\label {eq:finite_volume_discretisation_compatibility_condition} \sum _{e_{i\textrm {B}}\in \Gamma ^{k}_{\Delta }}\left \vert e_{i\textrm {B}}\right \vert \left [\sum _{r=1}^{R}\zeta _{r}\left (\bm {v}_{i\textrm {B},r}\,\widehat {\omega }_{i\textrm {B}}\left (\bm {q}_{i\textrm {B},r}\right )-\nu \nabla \widehat {\omega }_{i\textrm {B}}\left (\bm {q}_{i\textrm {B},r}\right )\right )\cdot \bm {s}_{i\textrm {B}}\right ]=\sum _{e_{i\textrm {B}}\in \Gamma ^{k}_{\Delta }}\left \vert e_{i\textrm {B}}\right \vert \left [\sum _{r=1}^{R}\zeta _{r}\bm {f}\left (\bm {q}_{i\textrm {B},r}\right )\cdot \bm {r}_{i\textrm {B}}\right ].\end {equation}


$\widehat {\omega }_{i\textrm {B}}\left (\bm {x}\right )$


$\omega _{i\textrm {B}}$


$\widehat {\psi }_{i\textrm {B}}$


$\psi ^{\textrm {B}}\left (\bm {b}_{i\textrm {B}}\right )$


$\nabla \psi ^{\textrm {B}}\left (\bm {b}_{i\textrm {B}}\right )\cdot \bm {n}_{i\textrm {B}}$


$\psi ^{\textrm {B}}\left (\bm {b}_{i\textrm {B}}\right )$


$C_{k}$


$\Gamma ^{k}$


$C_{k}$


$\psi ^{\textrm {B}}\left (\bm {x}\right )$


$\omega \left (\bm {x}\right )$


$\psi \left (\bm {x}\right )$


\begin {equation}\overline {\omega }_{i}=\dfrac {1}{\left \vert c_{i}\right \vert }\int _{c_{i}}\omega \left (\bm {x}\right )\diff \bm {x} \qquad \textrm {and} \qquad \overline {\psi }_{i}=\dfrac {1}{\left \vert c_{i}\right \vert }\int _{c_{i}}\psi \left (\bm {x}\right )\diff \bm {x}, \qquad i\in \mathcal {I}, \label {Xeqn49-64}\end {equation}


$\bm {u}\left (\bm {x}\right )$


\begin {equation}\overline {\bm {u}}_{ij}=\dfrac {1}{\left \vert e_{ij}\right \vert }\int _{e_{ij}}\bm {u}\left (\bm {x}\right )\diff \bm {x}, \qquad i\in \mathcal {I},\qquad j\in \mathcal {N}_{i}, \label {Xeqn50-65}\end {equation}


$\overline {\bm {u}}_{ij}\coloneqq \left (\overline {u}_{x,ij},\overline {u}_{y,ij}\right )$


$x$


$y$


$\omega ^{\textrm {B}}\left (\bm {x}\right )$


\begin {equation}\overline {\omega }_{i\textrm {B}}=\omega \left (\bm {b}_{i\textrm {B}}\right ), \qquad i\in \mathcal {I}^{\textrm {B}}. \label {Xeqn51-66}\end {equation}


$\omega ^{\ast }_{i}$


$\psi ^{\ast }_{i}$


$\bm {u}^{\ast }_{ij}$


$\omega ^{\textrm {B},\ast }_{i\textrm {B}}$


$E_{1}$


$E_{\infty }$


$L^{1}$


$L^{\infty }$


\begin {equation}E_{1}=\dfrac {\displaystyle \sum _{i\in \mathcal {I}}\left \vert \xi ^{\ast }_{i}-\overline {\xi }_{i}\right \vert \left \vert c_{i}\right \vert }{\displaystyle \sum _{i\in \mathcal {I}}\left \vert c_{i}\right \vert } \qquad \text {and} \qquad E_{\infty }=\displaystyle \max _{i\in \mathcal {I}}\left \vert \xi ^{\ast }_{i}-\overline {\xi }_{i}\right \vert , \label {Xeqn52-67}\end {equation}


$\xi $


$\mathcal {M}_{1}$


$\mathcal {M}_{2}$


$N_{\textrm {C},1}$


$N_{\textrm {C},2}$


$N_{\textrm {E},1}$


$N_{\textrm {E},2}$


$N_{\textrm {B},1}$


$N_{\textrm {B},2}$


$E_{1,1}$


$E_{1,2}$


$L^{1}$


$E_{\infty ,1}$


$E_{\infty ,2}$


$L^{\infty }$


$O_{1}$


$O_{\infty }$


$L^{1}$


$L^{\infty }$


\begin {equation}O_{1}=2\dfrac {\left \vert \ln \left (\dfrac {E_{1,1}}{E_{1,2}}\right )\right \vert }{\left \vert \ln \left (\dfrac {N_{\textrm {C},1}}{N_{\textrm {C},2}}\right )\right \vert } \qquad \text {and} \qquad O_{\infty }=2\dfrac {\left \vert \ln \left (\dfrac {E_{\infty ,1}}{E_{\infty ,2}}\right )\right \vert }{\left \vert \ln \left (\dfrac {N_{\textrm {C},1}}{N_{\textrm {C},2}}\right )\right \vert }, \label {Xeqn53-68}\end {equation}


$L^{1}$


$L^{\infty }$


$\left (1/3,2/3\right )$


$\left (2/3,1/3\right )$


$\mathbb {P}_{d}$


$\mathbb {P}_{d}$


$d$


$\mathbb {P}_{d}$


$\mathbb {P}_{d+1}$


$d$


$\left (d+1\right )$


$\mathbb {P}_{d}$


$\mathbb {P}_{d+2}$


$d$


$\left (d+2\right )$


$\left (d+1\right )$


$d$


$r_{\textrm {E}}>0$


$\omega \coloneqq \omega (r,\theta )$


$\psi \coloneqq \psi (r,\theta )$


\begin {equation}\omega =\dfrac {2u_{\textrm {E}}}{r_{\textrm {E}}}\left (r^{2}+1\right )\exp \left (r^{2}-r_{\textrm {E}}^{2}\right ) \qquad \text {and} \qquad \psi =\dfrac {u_{\textrm {E}}}{2r_{\textrm {E}}\exp \left (r_{\textrm {E}}^{2}\right )}\left (\exp \left (r_{\textrm {E}}^{2}\right )-\exp \left (r^{2}\right )\right ), \label {Xeqn54-69}\end {equation}


$u_{\textrm {E}}\in \mathbb {R}$


$u_{r}\coloneqq u_{r}\left (r,\theta \right )$


$u_{\theta }\coloneqq u_{\theta }\left (r,\theta \right )$


\begin {equation}u_{r}=0 \qquad \textrm {and} \qquad u_{\theta }=\dfrac {u_{\textrm {E}}}{r_{\textrm {E}}}r\exp \left (r^{2}-r_{\textrm {E}}^{2}\right ). \label {Xeqn55-70}\end {equation}


$f\coloneqq f\left (r,\theta \right )$


\begin {equation}f=-\dfrac {4\nu u_{\textrm {E}}}{r_{\textrm {E}}}r\left (r^{2}+2\right )\exp \left (r^{2}-r_{\textrm {E}}^{2}\right ). \label {Xeqn56-71}\end {equation}


$r_{\textrm {E}}=1$


$\kappa _{\textrm {E}}=1$


$\mu =1$


$\mathrm {kg}/(\mathrm {m}\,\mathrm {s})$


$\rho =1$


$\mathrm {kg}/\mathrm {m}^{3}$


$u_{\textrm {E}}=1$


$\mathrm {m}/\mathrm {s}$


$\mathbb {P}_{d}$


$\mathbb {P}_{d}$


$d=1,3,5$


$\mathbb {P}_{d}$


$\mathbb {P}_{d}$


$d=1,3,5$


$d=3,5$


$d=1,3,5$


$L^{\infty }$


$L^{1}$


$d=3,5$


$d=1$


$\mathbb {P}_{d}$


$\mathbb {P}_{d}$


$d=1$


$d=3,5$


$d=3,5$


$L^{1}$


$L^{\infty }$


$d=3,5$


$d=1$


$d=3,5$


$d=1$


$\mathbb {P}_{d}$


$\mathbb {P}_{d+1}$


$d=1,3,5$


$L^{1}$


$L^{\infty }$


$d=1,3,5$


$\mathbb {P}_{d}$


$\mathbb {P}_{d}$


$d=1$


$d=3,5$


$\mathbb {P}_{d}$


$\mathbb {P}_{d+2}$


$\mathbb {P}_{d}$


$\mathbb {P}_{d+1}$


$r_{\textrm {I}}>0$


$r_{\textrm {E}}>0$


$u_{\textrm {I}}$


$u_{\textrm {E}}$


$e=r_{\textrm {E}}-r_{\textrm {I}}$


\begin {align}&\omega =2B\dfrac {\left (-x+y+s\right )\left (x+y+s\right )}{c^{2}}+2C\dfrac {\left (x+y-s\right )\left (x-y+s\right )}{d^{2}}-4E-8Fs\dfrac {\left (x^{2}-y^{2}+s^{2}\right )}{cd},\text { and}\\ &\psi =A\log \left (\dfrac {a}{b}\right )+By\dfrac {s+y}{a}+Cy\dfrac {s-y}{b}+Dy+E\left (x^{2}+y^{2}+s^{2}\right )+Fy\log \left (\dfrac {a}{b}\right ),\end {align}


$a$


$b$


$c$


$d$


$a=x^{2}+\left (s+y\right )^{2}$


$b=x^{2}+\left (s-y\right )^{2}$


$c=x^{2}+y^{2}+s^{2}+2sy$


$d=x^{2}+y^{2}+s^{2}-2sy$


$A$


$B$


$C$


$D$


$E$


$F$


$G$


$H$


\begin {align}&A=-G\dfrac {d_{\textrm {I}}d_{\textrm {E}}-s^{2}}{2}, \qquad B=G\left (d_{\textrm {I}}+s\right )\left (d_{\textrm {E}}+s\right ), \qquad C=G\left (d_{\textrm {I}}-s\right )\left (d_{\textrm {E}}-s\right ),\\ &D=H\Biggl (d_{\textrm {I}}\log \left (\dfrac {d_{\textrm {E}}+s}{d_{\textrm {E}}-s}\right )-d_{\textrm {E}}\log \left (\dfrac {d_{\textrm {I}}+s}{d_{\textrm {I}}-s}\right )-2Hs\dfrac {r_{\textrm {E}}^{2}-r_{\textrm {I}}^{2}}{r_{\textrm {E}}^{2}+r_{\textrm {I}}^{2}}\Biggr )\left (r_{\textrm {I}}u_{\textrm {I}}+r_{\textrm {E}}u_{\textrm {E}}\right )-\dfrac {r_{\textrm {I}}^{2}r_{\textrm {E}}^{2}\left (r_{\textrm {I}}^{-1}u_{\textrm {I}}-r_{\textrm {E}}^{-1}u_{\textrm {E}}\right )}{\left (r_{\textrm {I}}^{2}+r_{\textrm {E}}^{2}\right )e},\\ &E=\dfrac {H}{2}\log \Biggl (\dfrac {\left (d_{\textrm {I}}+s\right )\left (d_{\textrm {E}}-s\right )}{\left (d_{\textrm {I}}-s\right )\left (d_{\textrm {E}}+s\right )}\Biggr )\left (r_{\textrm {I}}u_{\textrm {I}}+r_{\textrm {E}}u_{\textrm {E}}\right ), \qquad F=He\left (r_{\textrm {I}}u_{\textrm {I}}+r_{\textrm {E}}u_{\textrm {E}}\right ),\\ &G=2H\dfrac {d_{\textrm {E}}^{2}-d_{\textrm {I}}^{2}}{r_{\textrm {I}}^{2}+r_{\textrm {E}}^{2}}\left (r_{\textrm {I}}u_{\textrm {I}}+r_{\textrm {E}}u_{\textrm {E}}\right ), \qquad \text {and} \qquad H=\Biggl (\left (r_{\textrm {I}}^{2}+r_{\textrm {E}}^{2}\right )\log \Biggl (\dfrac {\left (d_{\textrm {I}}+s\right )\left (d_{\textrm {E}}-s\right )}{\left (d_{\textrm {I}}-s\right )\left (d_{\textrm {E}}+s\right )}\Biggr )-4se\Biggr )^{-1},\end {align}


$s$


$d_{\textrm {I}}$


$d_{\textrm {E}}$


\begin {align}&s=\Biggl (\dfrac {\left (r_{\textrm {E}}-r_{\textrm {I}}-e\right )\left (r_{\textrm {E}}-r_{\textrm {I}}+e\right )\left (r_{\textrm {E}}+r_{\textrm {I}}-e\right )\left (r_{\textrm {E}}+r_{\textrm {I}}+e\right )}{4e^{2}}\Biggr )^{1/2},\\ &d_{\textrm {I}}=\dfrac {r_{\textrm {E}}^{2}-r_{\textrm {I}}^{2}}{2e}-\dfrac {e}{2}, \qquad \text {and} \qquad d_{\textrm {E}}=\dfrac {r_{\textrm {E}}^{2}-r_{\textrm {I}}^{2}}{2e}+\dfrac {e}{2}.\end {align}


\begin {align}u_{x}&=4As\dfrac {x^{2}-y^{2}+s^{2}}{cd}+B\dfrac {sx^{2}+sy^{2}+2x^{2}y+2s^{2}y+s^{3}}{c^{2}}+C\dfrac {sx^{2}+sy^{2}-2x^{2}y-2s^{2}y+s^{3}}{d^{2}}\nonumber \\ & +D+2Ey+F\dfrac {2y\left (\left (s-y\right )a+\left (s+y\right )b\right )+ab\log \left (\dfrac {a}{b}\right )}{ab},\text { and} \\ &u_{y}=A\dfrac {8sxy}{cd}+B\dfrac {2xy\left (s+y\right )}{c^{2}}+C\dfrac {2xy\left (s-y\right )}{d^{2}}-2Ex+F\dfrac {8sxy^{2}}{cd}.\end {align}


$r_{\textrm {I}}=1/2$


$\mathrm {m}$


$\kappa _{\textrm {I}}=2$


$\left (0,-1/4\right )$


$\mathrm {m}$


$u_{\textrm {I}}=-1$


$\mathrm {m}/\mathrm {s}$


$r_{\textrm {E}}=1$


$\mathrm {m}$


$\kappa _{\textrm {E}}=1$


$u_{\textrm {E}}=1$


$\mathrm {m}/\mathrm {s}$


$\mu =1$


$\mathrm {kg}/(\mathrm {m}\,\mathrm {s})$


$\rho =1$


$\mathrm {kg}/\mathrm {m}^{3}$


$\mathbb {P}_{d}$


$\mathbb {P}_{d}$


$\mathbb {P}_{d}$


$\mathbb {P}_{d+1}$


$\mathbb {P}_{d}$


$\mathbb {P}_{d+2}$


$d=1,3,5$


$\mathbb {P}_{d}$


$\mathbb {P}_{d}$


$\mathbb {P}_{d}$


$\mathbb {P}_{d+1}$


$L^{\infty }$


$\mathbb {P}_{d}$


$\mathbb {P}_{d+2}$


$d=3,5$


$d=1$


$d=1$


$\mathbb {P}_{d}$


$\mathbb {P}_{d+1}$


$L^{\infty }$


$d=3,5$


$L^{1}$


$Re=1$


$Re=1$


$Re=100$


$Re=1$


$Re=100$


$r_{\textrm {I}}$


$r_{\textrm {E}}$


\begin {equation}\Gamma _{\textrm {I}}:\left (r,\theta \right )=\left (R_{\textrm {I}}\left (\theta \right ),\theta \right ) \qquad \text {and} \qquad \Gamma _{\textrm {E}}:\left (r,\theta \right )=\left (R_{\textrm {E}}\left (\theta \right ),\theta \right ), \label {Xeqn57-82}\end {equation}


$R_{\textrm {I}}\coloneqq R_{\textrm {I}}\left (\theta \right )$


$R_{\textrm {E}}\coloneqq R_{\textrm {E}}\left (\theta \right )$


$\alpha _{\textrm {I}},\alpha _{\textrm {E}}\in \mathbb {N}^{+}$


$\beta _{\textrm {I}},\beta _{\textrm {E}}\in \mathbb {R}$


\begin {equation}R_{\textrm {I}}=r_{\textrm {I}}-\beta _{\textrm {I}}+\beta _{\textrm {I}}\cos \left (\alpha _{\textrm {I}}\theta \right ) \qquad \text {and} \qquad R_{\textrm {E}}=r_{\textrm {E}}-\beta _{\textrm {E}}+\beta _{\textrm {E}}\cos \left (\alpha _{\textrm {E}}\theta \right ), \label {Xeqn58-83}\end {equation}


$\kappa _{\textrm {I}}\coloneqq \kappa _{\textrm {I}}\left (\theta \right )$


$\kappa _{\textrm {E}}\coloneqq \kappa _{\textrm {E}}\left (\theta \right )$


\begin {equation}\kappa _{\textrm {I}}=-\dfrac {R_{\textrm {I}}^{2}+2\left (R_{\textrm {I}}'\right )^{2}-R_{\textrm {I}}R_{\textrm {I}}''}{\left (R_{\textrm {I}}^{2}+\left (R_{\textrm {I}}'\right )^{2}\right )^{3/2}} \qquad \text {and} \qquad \kappa _{\textrm {E}}=\dfrac {R_{\textrm {E}}^{2}+2\left (R_{\textrm {E}}'\right )^{2}-R_{\textrm {E}}R_{\textrm {E}}''}{\left (R_{\textrm {E}}^{2}+\left (R_{\textrm {E}}'\right )^{2}\right )^{3/2}}, \label {Xeqn59-84}\end {equation}


$R_{\textrm {I}}'\coloneqq R_{\textrm {I}}'\left (\theta \right )$


$R_{\textrm {E}}'\coloneqq R_{\textrm {E}}'\left (\theta \right )$


$R_{\textrm {I}}''\coloneqq R_{\textrm {I}}''\left (\theta \right )$


$R_{\textrm {E}}''\coloneqq R_{\textrm {E}}''\left (\theta \right )$


$R_{\textrm {I}}\left (\theta \right )$


$R_{\textrm {E}}\left (\theta \right )$


$\theta $


\begin {align}&R_{\textrm {I}}'=\frac {\partial R_{\textrm {I}}}{\partial \theta }=-\alpha _{\textrm {I}}\beta _{\textrm {I}}\sin \left (\alpha _{\textrm {I}}\theta \right ), &&R_{\textrm {I}}''=\frac {\partial R^{2}_{\textrm {I}}}{\partial \theta ^{2}}=-\alpha _{\textrm {I}}^{2}\beta _{\textrm {I}}\cos \left (\alpha _{\textrm {I}}\theta \right ),\\ &R_{\textrm {E}}'=\frac {\partial R_{\textrm {E}}}{\partial \theta }=-\alpha _{\textrm {E}}\beta _{\textrm {E}}\sin \left (\alpha _{\textrm {E}}\theta \right ), \qquad \text {and} &&R_{\textrm {E}}''=\frac {\partial R^{2}_{\textrm {E}}}{\partial \theta ^{2}}=-\alpha _{\textrm {I}}^{2}\beta _{\textrm {E}}\cos \left (\alpha _{\textrm {E}}\theta \right ).\end {align}


$\omega \coloneqq \omega (r,\theta )$


$\psi \coloneqq \psi (r,\theta )$


\begin {align}&\omega =\dfrac {u}{ar^{2}}\left (R_{\textrm {I}}''\left (r-R_{\textrm {E}}\right )+R_{\textrm {E}}''\left (r-R_{\textrm {I}}\right )-2R_{\textrm {I}}'R_{\textrm {E}}'-r\left (4r-R_{\textrm {I}}-R_{\textrm {E}}\right )\right ),\text { and}\\\
&\psi =\dfrac {u}{a}\left (r-R_{\textrm {I}}\right )\left (r-R_{\textrm {E}}\right ),\end {align}


$u\in \mathbb {R}$


$a\in \mathbb {R}$


$u_{r}\coloneqq u_{r}\left (r,\theta \right )$


$u_{\theta }\coloneqq u_{\theta }\left (r,\theta \right )$


\begin {equation}u_{r}=\dfrac {u}{ar}\left (R_{\textrm {I}}'\left (R_{\textrm {E}}-r\right )+R_{\textrm {E}}'\left (R_{\textrm {I}}-r\right )\right ) \qquad \textrm {and} \qquad u_{\theta }=\dfrac {u}{a}\left (R_{\textrm {I}}+R_{\textrm {E}}-2r\right ). \label {Xeqn60-89}\end {equation}


$f\coloneqq f\left (r,\theta \right )$


$r_{\textrm {I}}=1/2$


$\mathrm {m}$


$\alpha _{\textrm {I}}=8$


$\beta _{\textrm {I}}=r_{\textrm {I}}/10$


$\mathrm {m}$


$r_{\textrm {E}}=1$


$\mathrm {m}$


$\alpha _{\textrm {E}}=8$


$\beta _{\textrm {E}}=r_{\textrm {E}}/10$


$\mathrm {m}$


$u=1$


$\mathrm {m}/\mathrm {s}$


$\mu =1$


$\mathrm {kg}/(\mathrm {m}\,\mathrm {s})$


$\rho =1$


$\mathrm {kg}/\mathrm {m}^{3}$


$a=0.6021$


$\mathbb {P}_{d}$


$\mathbb {P}_{d+1}$


$d=1,3,5$


$d=1,3,5$


$L^{1}$


$d=1,3,5$


$d=1,3,5$


$\mathbb {P}_{d}$


$\mathbb {P}_{d+1}$


\begin {equation}\dfrac {x^{2}}{a^{2}}+\dfrac {y^{2}}{b^{2}}=1, \label {Xeqn61-90}\end {equation}


$a,b>0$


$\left (r,\theta \right )=\left (R\left (\theta \right ),\theta \right )$


$R\left (\theta \right )$


\begin {equation}R\left (\theta \right )=\dfrac {ab}{\sqrt {\left (a\sin \left (\theta \right )\right )^{2}+\left (b\cos \left (\theta \right )\right )^{2}}}, \label {Xeqn62-91}\end {equation}


\begin {equation}\bm {n}=\dfrac {\left (\dfrac {2x}{a^{2}},\dfrac {2y}{b^{2}}\right )^{\textrm {T}}}{\sqrt {\left (\dfrac {2x}{a^{2}}\right )^{2}+\left (\dfrac {2y}{b^{2}}\right )^{2}}} \qquad \text {and} \qquad \bm {t}=\dfrac {\left (-\dfrac {2y}{b^{2}},\dfrac {2x}{a^{2}}\right )^{\textrm {T}}}{\sqrt {\left (\dfrac {2x}{a^{2}}\right )^{2}+\left (\dfrac {2y}{b^{2}}\right )^{2}}}, \label {Xeqn63-92}\end {equation}


$\Gamma ^{\textrm {T}}$


$\Gamma ^{\textrm {B}}$


$u$


\begin {equation}\bm {u}\left (x\right )=u\left (\left (x-a\right )^{4}\left (x+a\right )^{4}/a^{8},0\right )^{\textrm {T}},\qquad \text {on }\Gamma ^{\textrm {T}}. \label {Xeqn64-93}\end {equation}


$E_{x}$


$E_{y}$


$E_{\omega }$


$E_{\psi }$


$x$


$y$


$N_{\textrm {FP}}$


$N_{\textrm {GMRES}}$


$T_{\textrm {EXE}}$


$M_{\textrm {USE}}$


$\varepsilon _{\textrm {FP}}=10^{-8}$


$\varepsilon _{\textrm {GMRES}}=10^{-10}$


$\left (\psi ,\omega \right )$


$\left (\bm {u},p\right )$


$x$


$y$


$a=1/2$


$\mathrm {m}$


$b=1/4$


$\mathrm {m}$


$u=1$


$\mathrm {m}/\mathrm {s}$


$\mu =1$


$\mathrm {kg}/(\mathrm {m}\,\mathrm {s})$


$\mu =0.01$


$\mathrm {kg}/(\mathrm {m}\,\mathrm {s})$


$\rho =1$


$\mathrm {kg}/\mathrm {m}^{3}$


$Re=1$


$Re=100$


$\mathbb {P}_{d}$


$\mathbb {P}_{d+1}$


$\mathbb {P}_{d}$


$\mathbb {P}_{d+2}$


$d=1,3,5$


$Re=1$


$Re=1$


$Re=100$


$Re=100$


$Re=1$


$Re=1$


$Re=100$


$Re=100$


$Re=1$


$d=5$


$d=1$


$d=3$


$d=3$


$d=5$


$d=3$


$d=1$


$\mathbb {P}_{d}$


$\mathbb {P}_{d+1}$


$\mathbb {P}_{d}$


$\mathbb {P}_{d+2}$


$d=3,5$


$d=1$


$d=3$


$d=1$


$d=5$


$\mathbb {P}_{d}$


$\mathbb {P}_{d+2}$


$\mathbb {P}_{d}$


$\mathbb {P}_{d+1}$


$\left (\bm {u},p\right )$


$\left (\psi ,\omega \right )$


$\mathbb {P}_{d}$


$\mathbb {P}_{d+1}$


$\mathbb {P}_{d}$


$\mathbb {P}_{d+2}$


$\left (\psi ,\omega \right )$


$\left (\bm {u},p\right )$


$\mathbb {P}_{d}$


$\mathbb {P}_{d+2}$


$\mathbb {P}_{d}$


$\mathbb {P}_{d+1}$


$\mathbb {P}_{d}$


$\mathbb {P}_{d+2}$


$\mathbb {P}_{d}$


$\mathbb {P}_{d+1}$


$\left (\bm {u},p\right )$


$\left (\psi ,\omega \right )$


$\left (\bm {u},p\right )$


$\left (\psi ,\omega \right )$


$\left (\bm {u},p\right )$


$\left (\psi ,\omega \right )$


$d=1,3,5$


$\left (\psi ,\omega \right )$


$\mathbb {P}_{d}$


$\mathbb {P}_{d+1}$


$\left (\bm {u},p\right )$


$E_{x}=1$


$E_{y}=0.01$


$x$


$y$


$x$


$\left (\bm {u},p\right )$


$d=1$


$T_{\textrm {EXE}}\approx 1,000$


$T_{\textrm {EXE}}\approx 100$


$\left (\psi ,\omega \right )$


$y$


$\left (\bm {u},p\right )$


$d=1$


$T_{\textrm {EXE}}\approx 1,500$


$\left (\psi ,\omega \right )$


$T_{\textrm {EXE}}\approx 50$


$\left (\psi ,\omega \right )$


$d=3$


$\left (\bm {u},p\right )$


$d=1$


$Re=100$


$d=5$


$\mathbb {P}_{d}$


$\mathbb {P}_{d+1}$


$\mathbb {P}_{d}$


$\mathbb {P}_{d+2}$


$\left (\psi ,\omega \right )$


$Re=1$


$\left (\bm {u},p\right )$


$\left (\psi ,\omega \right )$


$20$


$10$


$\mathbb {P}_{d}$


$\mathbb {P}_{d+1}$


$\mathbb {P}_{d}$


$\mathbb {P}_{d+2}$


$\mathbb {P}_{d}$


$\mathbb {P}_{d+2}$


$\mathbb {P}_{d}$


$\mathbb {P}_{d+1}$


$Re=1$


$\left (\bm {u},p\right )$


$\left (\psi ,\omega \right )$


$\left (\psi ,\omega \right )$


$\mathbb {P}_{d}$


$\mathbb {P}_{d+1}$


$\left (\bm {u},p\right )$


$\left (\psi ,\omega \right )$


$d=3,5$


$y$


$\left (\bm {u},p\right )$


$\left (\psi ,\omega \right )$


$\left (\psi ,\omega \right )$


$\left (\bm {u},p\right )$


$d=1$


$Re=1$


$d=5$


$\mathbb {P}_{d}$


$\mathbb {P}_{d+1}$


$\left (\psi ,\omega \right )$


$d=5$


$d=3$


$d=3$


$\mathbb {P}_{d}$


$\mathbb {P}_{d+2}$


$d=5$


$d=1,3$


$\left (\bm {u},p\right )$


$d=3,5$


$d=1$


$x$


$y$


$\left (\bm {u},p\right )$


$d=1$


$d=3,5$


$\left (\psi ,\omega \right )$


$\left (\bm {u},p\right )$


$\left (\psi ,\omega \right )$


$\mathbb {P}_{d}$


$\mathbb {P}_{d+1}$


$\left (\bm {u},p\right )$


$\left (\bm {u},p\right )$


$d=1$


$d=3,5$


$\left (\psi ,\omega \right )$


$\left (\bm {u},p\right )$


$d=1$


$Re=100$


$d=5$


$\left (\psi ,\omega \right )$


$\mathbb {P}_{d}$


$\mathbb {P}_{d+1}$


$\left (\bm {u},p\right )$


$d=1$


$Re=1$


$\left (\bm {u},p\right )$


$d=1$


$\left (\psi ,\omega \right )$


$d=3$


$d=1$


$d=3$


$\left (\bm {u},p\right )$


$d=1,3,5$


$L ^{\infty }$


$d=1,3$


$\bm {x}\coloneqq \left (x,y,z\right )$


$\mu >0$


$\rho >0$


\begin {align}\left (\bm {u}\cdot \nabla \right )\bm {u}-\nu \nabla ^{2}\bm {u}+\frac {1}{\rho }\nabla p &= \bm {f},\label {eq:appendix_momentum_equation_1}\\ \nabla \cdot \bm {u} &= 0,\label {eq:appendix_continuity_equation_1}\end {align}


$\nu =\mu /\rho $


$\bm {u}\coloneqq \bm {u}\left (\bm {x}\right )\coloneqq \left (u_{x},u_{y},u_{z}\right )$


$u_{x}\coloneqq u_{x}\left (\bm {x}\right )$


$u_{y}\coloneqq u_{y}\left (\bm {x}\right )$


$u_{z}\coloneqq u_{z}\left (\bm {x}\right )$


$p\coloneqq p\left (\bm {x}\right )$


$\bm {f}\coloneqq \bm {f}\left (\bm {x}\right )\coloneqq \left (f_{x},f_{y},f_{z}\right )$


$f_{x}\coloneqq f_{x}\left (\bm {x}\right )$


$f_{y}\coloneqq f_{y}\left (\bm {x}\right )$


$f_{z}\coloneqq f_{z}\left (\bm {x}\right )$


\begin {equation}\nabla \times \left (\left (\bm {u}\cdot \nabla \right )\bm {u}\right )=\left (\bs {\omega }\cdot \nabla \right )\bm {u}-\left (\bm {u}\cdot \nabla \right )\bs {\omega }, \qquad \nabla \times \left (\nu \nabla ^{2}\bm {u}\right )=\nu \nabla ^{2}\left (\nabla \times \bm {u}\right )=\nu \nabla ^{2} \bs {\omega }, \qquad \text {and} \qquad \nabla \times \nabla p=\bm {0}, \label {Xeqn65-A.3}\end {equation}


$\bs {\omega }\left (\bm {x}\right )=\nabla \times \bm {u}\left (\bm {x}\right )$


\begin {equation}\left (\bm {u}\cdot \nabla \right )\bs {\omega }-\left (\bs {\omega }\cdot \nabla \right )\bm {u}-\nu \nabla ^{2}\bs {\omega }=\nabla \times \bm {f}, \label {Xeqn66-A.4}\end {equation}


$\left (\bs {\omega }\left (\bm {x}\right )\cdot \nabla \right )\bm {u}\left (\bm {x}\right )$


$\bm {x}\coloneqq \left (x,y\right )$


\begin {equation}\left (\bm {u}\cdot \nabla \right )\omega -\nu \nabla ^{2}\omega \;=\;f, \label {Xeqn67-A.5}\end {equation}


$\omega \left (\bm {x}\right )=\partial u_{y}\left (\bm {x}\right )/\partial x-\partial u_{x}\left (\bm {x}\right )/\partial y$


$f\coloneqq f\left (\bm {x}\right )=\partial f_{y}\left (\bm {x}\right )/\partial x-\partial f_{x}\left (\bm {x}\right )/\partial y$


$\left (\bm {u}\left (\bm {x}\right )\cdot \nabla \right )\omega \left (\bm {x}\right )=\nabla \cdot \left (\bm {u}\left (\bm {x}\right )\omega \left (\bm {x}\right )\right )-\omega \left (\bm {x}\right )\left (\nabla \cdot \bm {u}\left (\bm {x}\right )\right )$


$\nabla \cdot \bm {u}\left (\bm {x}\right )=0$


\begin {equation}\nabla \cdot \left (\bm {u}\omega \right )-\nu \nabla ^{2}\omega \;=\;f. \label {Xeqn68-A.6}\end {equation}


\begin {equation}\label {eq:appendix_tangential_momentum} \Biggl (u_{\eta }\frac {\partial }{\partial \eta }+u_{\xi }\frac {\partial }{\partial \xi }\Biggr )u_{\xi }-\nu \Biggl (\frac {\partial ^{2}}{\partial \eta ^{2}}+\frac {\partial ^{2}}{\partial \xi ^{2}}\Biggr )u_{\xi }+\frac {1}{\rho }\frac {\partial p}{\partial \xi }=f_{\xi },\qquad \text {on }\Gamma ^{k},\quad k=1,\ldots ,K,\end {equation}


$f_{\xi }\coloneqq f_{\xi }\left (\bs {\eta }\right )=\bm {f}\left (\bs {x}\right )\cdot \bm {t}\left (\bs {x}\right )$


$\partial u_{\xi }\left (\bm {x}\right )/\partial \eta \left (\bm {x}\right )=\omega \left (\bm {x}\right )+\partial u_{\eta }\left (\bm {x}\right )/\partial \xi $


\begin {equation}\Biggl (u_{\eta }\frac {\partial }{\partial \eta }+u_{\xi }\frac {\partial }{\partial \xi }\Biggr )u_{\xi } =u_{\eta }\omega +u_{\eta }\frac {\partial u_{\eta }}{\partial \xi }+u_{\xi }\frac {\partial u_{\xi }}{\partial \xi } =u_{\eta }\omega +\frac {\partial }{\partial \xi }\Biggl (\frac {1}{2}u_{\eta }^{2}\Biggr )+\frac {\partial }{\partial \xi }\Biggl (\frac {1}{2}u_{\xi }^{2}\Biggr ). \label {Xeqn70-B.2}\end {equation}


$\partial u_{\xi }\left (\bm {x}\right )/\partial \xi =-\partial u_{\eta }\left (\bm {x}\right )/\partial \eta $


$\partial u_{\eta }\left (\bm {x}\right )/\partial \eta +\partial u_{\xi }\left (\bm {x}\right )/\partial \xi =0$


\begin {equation}-\nu \Biggl (\frac {\partial ^{2}}{\partial \eta ^{2}}+\frac {\partial ^{2}}{\partial \xi ^{2}}\Biggr )u_{\xi } =-\nu \Biggl (\frac {\partial ^{2}u_{\xi }}{\partial \eta ^{2}}+\frac {\partial }{\partial \xi }\Biggl (-\frac {\partial u_{\eta }}{\partial \eta }\Biggr )\Biggr ) =-\nu \frac {\partial }{\partial \eta }\Biggl (\frac {\partial u_{\xi }}{\partial \eta }-\frac {\partial u_{\eta }}{\partial \xi }\Biggr ) =-\nu \frac {\partial \omega }{\partial \eta }. \label {Xeqn71-B.3}\end {equation}


\begin {equation}u_{\eta }\omega +\frac {\partial }{\partial \xi }\Biggl (\frac {1}{2}u_{\eta }^{2}\Biggr )+\frac {\partial }{\partial \xi }\Biggl (\frac {1}{2}u_{\xi }^{2}\Biggr )-\nu \frac {\partial \omega }{\partial \eta }+\frac {1}{\rho }\frac {\partial p}{\partial \xi }=f_{\xi },\qquad \text {on }\Gamma ^{k},\quad k=1,\ldots ,K, \label {Xeqn72-B.4}\end {equation}


\begin {equation}\left (\bm {u}\cdot \bm {n}\right )\omega +\nabla \Biggl (\frac {1}{2}\left (\bm {u}\cdot \bm {n}\right )^{2}\Biggr )\cdot \bm {t}+\nabla \Biggl (\frac {1}{2}\left (\bm {u}\cdot \bm {t}\right )^{2}\Biggr )\cdot \bm {t}-\nu \nabla \omega \cdot \bm {n}+\frac {1}{\rho }\nabla p\cdot \bm {n}=\bm {f}\cdot \bm {t},\qquad \text {on }\Gamma ^{k},\quad k=1,\ldots ,K. \label {Xeqn73-B.5}\end {equation}


\begin {equation}\oint _{\Gamma ^{k}}\left (\bm {u}\omega -\nu \nabla \omega \right )\cdot \bm {n}\diff {s}=\oint _{\Gamma ^{k}}\bm {f}\cdot \bm {t}\diff {s},\quad k=1,\ldots ,K. \label {Xeqn74-B.6}\end {equation}


$\gamma \coloneqq \gamma \left (t\right )=\left (X,Y\right )$


$X\coloneqq X\left (t\right )$


$Y\coloneqq Y\left (t\right )$


$\diff \gamma \left (t\right )/\diff t$


$\kappa \coloneqq \kappa \left (t\right )$


\begin {equation}\kappa =\frac {\left |X^{\prime }Y^{\prime \prime }-X^{\prime \prime }Y^{\prime }\right |}{\displaystyle \left (\left (X^{\prime }\right )^2+\left (Y^{\prime }\right )^2\right )^{3/2}}, \label {Xeqn75-C.1}\end {equation}


$X^{\prime }\coloneqq X^{\prime }\left (t\right )$


$Y^{\prime }\coloneqq Y^{\prime }\left (t\right )$


$X^{\prime \prime }\coloneqq X^{\prime \prime }\left (t\right )$


$Y^{\prime \prime }\coloneqq Y^{\prime \prime }\left (t\right )$


$\gamma \left (t\right )$


$t$


\begin {equation}X^{\prime }=\frac {\diff X}{\diff t}, \qquad Y^{\prime }=\frac {\diff Y}{\diff t}, \qquad X^{\prime \prime }=\frac {\diff ^{2}X}{\diff t^{2}}, \qquad \text {and} \qquad Y^{\prime \prime }=\frac {\diff ^{2}Y}{\diff t^{2}}. \label {Xeqn76-C.2}\end {equation}


$\gamma \coloneqq \gamma \left (\theta \right )=\left (R,\theta \right )$


$R\coloneqq R\left (\theta \right )$


$\gamma \left (\theta \right )=\left (X,Y\right )$


$X\coloneqq X\left (\theta \right )=R\left (\theta \right )\cos \left (\theta \right )$


$Y\coloneqq Y\left (\theta \right )=R\left (\theta \right )\sin \left (\theta \right )$


$X$


$Y$


$\kappa \coloneqq \kappa \left (\theta \right )$


\begin {equation}\kappa =\frac {\left |R^{2}+2\left (R^{\prime }\right )^{2}-RR^{\prime \prime }\right |}{\displaystyle \left (R^{2}+\left (R^{\prime }\right )^{2}\right )^{3/2}}, \label {Xeqn77-C.3}\end {equation}


$R^{\prime }\coloneqq R^{\prime }\left (\theta \right )$


$R^{\prime \prime }\coloneqq R^{\prime \prime }\left (\theta \right )$


$R\left (\theta \right )$


\begin {equation}R^{\prime }=\frac {\diff R}{\diff \theta } \qquad \text {and} \qquad R^{\prime \prime }=\frac {\diff ^{2}R}{\diff \theta ^{2}}. \label {Xeqn78-C.4}\end {equation}
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non-linear nature, pressure-velocity coupling through the continuity condition, and the absence of straightforward boundary condi-
tions for the pressure. For many decades, extensive literature on numerical techniques and computer algorithms has been developed
to address these issues regarding accuracy, stability, and efficiency. In addition to advanced numerical methods, alternative equiv-
alent formulations of the incompressible Navier-Stokes equations (equivalent in the continuum, but generally not equivalent when
discretised) have also received substantial attention.

Conventional non-primitive variables formulations of the incompressible Navier-Stokes equations are based on the vorticity trans-
port equation, derived from taking the curl of the momentum balance equation in primitive variables, and, in the absence of source
terms, is expressed as dw/dt + V - (uw) — vV2w = 0. The vorticity, w, is a pseudo-vector field defined as the curl of the velocity vector
that measures the local spinning motion of a continuum medium, and is useful for understanding fluid dynamics, particularly about
turbulence, circulation, and the formation and behaviour of vortices. In two-dimensional flows, this formulation is particularly con-
venient, as the vorticity vector has a unique non-zero component (perpendicular to the plane of motion), hence reducing the vorticity
transport equation to a scalar equation. Several formulations arise depending on the remaining physical quantities and associated
equations chosen to ensure the continuity condition and close the system of partial differential equations.

Although numerical solvers for primitive variables formulations of the Navier-Stokes equations have achieved remarkable ro-
bustness over the past decades, the development of non-primitive variables formulations remains an active research area. Recent
studies have focused on designing numerical frameworks based on non-primitive variables to address a wide range of applications,
including natural convection problems [1,2], generalised Newtonian fluid flows [3], fluid transport in porous media [4], binary
fluid flows [5], boundary-layer phenomena [6], shock-capturing problems [7], and three-dimensional flow configurations [8,9].
Particular attention has also been devoted to complex geometries [10,11], which are of central importance in many engineering
applications.

1.1. Streamfunction-vorticity formulation

The streamfunction-vorticity formulation in two dimensions is the most classical form of the incompressible Navier-Stokes equa-
tions in non-primitive variables, whose development and application became more prominent following foundational papers such
as those by Thom, 1933 [12], and Woods, 1954 [13]. The streamfunction, y, is a potential function whose derivatives are asso-
ciated with the velocity components. Thus, a standard Poisson equation, in the form V?y = —, ensures the continuity condition
and closes the system of partial differential equations. The streamfunction-vorticity formulation has several advantages over the
pressure-velocity formulation, such as:

o The pressure gradient, regarded as a source of numerical complexity, is implicitly handled and does not need to be computed sepa-
rately, avoiding the difficulties associated with the pressure-velocity coupling, such as staggered meshes, stabilisation procedures,
and pressure boundary conditions [14,15].

¢ For two-dimensional problems, the number of variables and equations is reduced, as the streamfunction-vorticity formulation uses
two scalar quantities instead of velocity and pressure, thus reducing the computational burden.

¢ The velocity components are obtained from the streamfunction derivatives, guaranteeing that the continuity condition is always
satisfied, both locally and globally, hence eliminating the need to enforce a solenoidal velocity field separately and ensuring that
the mass balance remains conserved.

* Neither a coupled solution procedure nor a projection method for a segregated solution procedure is necessary, since the vorticity
transport and streamfunction Poisson equations can be solved robustly using a simple iterative algorithm that updates the coupling
terms at each iteration.

¢ Even in the presence of solution singularities, such as in the classical lid-driven cavity problem, high orders of convergence can

still be achieved without the need for any regularisation techniques, since the streamfunction and vorticity preserve a higher

degree of regularity than the primitive variables.

The streamfunction-vorticity formulation and other vorticity-based formulations provide a more natural and direct framework for

analysing vorticity dynamics, which is crucial for many engineering applications.

Despite the above advantages, the introduction of a potential function into the vorticity formulation also introduces a gauge
freedom that must be fixed, since the potential functions y and y + C represent the same velocity field for any constant C. A
Dirichlet boundary condition for the streamfunction corresponds to the integral of the tangential velocity along the boundary, up
to a constant that must be specified. In simply connected domains (comprising a single closed boundary), randomly fixing this
constant suffices to resolve the streamfunction gauge freedom. However, in case of problems involving multiply connected domains,
prescribing a Dirichlet boundary condition on each closed boundary leads to an unknown constant that is not independent of the
others, since there is only one gauge freedom. A conventional approach to address this issue is to arbitrarily fix one of these constants
and subsequently determine the others as part of the solution. Consequently, the system of linear equations is also augmented with
an additional equation for each unknown constant, obtained from integrating the vorticity flux along the associated boundary.

1.2. Boundary conditions

Although the streamfunction introduces gauge freedom into the system, specifying the boundary conditions is straightforward and
does not pose any difficulties. Indeed, two boundary conditions (Dirichlet and Neumann) can be derived directly from the normal and
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tangential velocity components specified on the boundary, resulting in an over-constrained Poisson equation for the streamfunction.
For vorticity, the conventional practice is to prescribe homogeneous Dirichlet boundary conditions at inlets (assuming that the fluid
does not tend to rotate before entering the domain) and homogeneous Neumann boundary conditions at outlets (assuming that the
domain is long enough for the flow to develop). The most important and challenging scenario is to prescribe a physically meaningful
vorticity boundary condition on solid walls, as no reasonable physical principle seems to exist, which makes the vorticity transport
equation under-constrained. This particular configuration of boundary conditions does not imply that the continuum problem is
overdetermined for the streamfunction, but only that the vorticity must be compatible, in some sense, with the prescribed boundary
conditions for the streamfunction. Nevertheless, the absence of boundary conditions for the vorticity transport equation on solid walls,
combined with the over-specification of boundary conditions for the streamfunction Poisson equation, raises significant challenges
for the numerical solution of the streamfunction-vorticity formulation.

The classical approach to circumvent the absence of vorticity boundary conditions on solid walls involves exploiting the rela-
tionship between vorticity and streamfunction at the boundary to derive approximate formulas for determining the wall vorticity.
Artificial boundary conditions for vorticity are then imposed based on the implicit streamfunction (and, sometimes, also vorticity)
values on the inner grid points in the vicinity, as well as the known boundary conditions for the streamfunction. This procedure has
been widely investigated in the foundational works on the numerical solution of the streamfunction-vorticity formulation using the
finite difference method [12,13,16-20]. Several formulae were proposed, and studies were carried out, usually based on a trun-
cated Taylor series representing the discrete approximation of the streamfunction Poisson equation. These formulae incorporated
varying numbers of terms, considering either inner grid values of the streamfunction or the streamfunction and vorticity together,
with each formula providing a different level of accuracy and stability to the numerical procedure. These artificial vorticity boundary
conditions are local in nature, requiring only knowledge of the values of the inner grid points nearby and having no direct connec-
tion to other boundary points through the prescribed formula. Similar techniques based on local vorticity boundary conditions were
later proposed for the finite element method [21-25] and the control volume-based finite element method [26,27], where various
approximate formulae for the wall vorticity were employed, based either on finite differences or the element function basis.

Most works on the numerical solution of the streamfunction-vorticity formulation adopted segregated approaches with relaxation
solution procedures, as available computational capabilities at that time could not support a coupled solution procedure due to
memory and calculation requirements. Consequently, the vorticity transport equation and the streamfunction Poisson equation were
usually solved sequentially using iterative algorithms, with wall vorticity computed between iterations using the aforementioned
formulae. Either the Dirichlet or Neumann boundary condition is therefore prescribed when solving the streamfunction Poisson
equation, while the approximated wall vorticity is used to impose suitable Dirichlet boundary conditions on the vorticity trans-
port equation. Some authors have proposed computing wall vorticity alongside the streamfunction Poisson equation to stabilise the
calculation procedure. Indeed, solving the streamfunction and vorticity equations separately usually necessitates significant under-
relaxation, particularly at high Reynolds numbers, thereby slowing down convergence. This issue stems from the coupling between
the streamfunction and vorticity, as well as from the artificial boundary conditions used for the vorticity. In contrast, a directly cou-
pled approach, which requires an implicit treatment of wall vorticity for boundary conditions on solid walls, can alleviate this issue,
yielding a much more stable and robust procedure with faster convergence, although this was not the conventional practice at the
time.

In the traditional coupled approach, the resulting algebraic equations from the discretisation of the vorticity transport and stream-
function Poisson equations are solved alongside the artificial vorticity boundary conditions. Several authors have, however, proposed
coupled solution procedures that eliminate the need for such conditions. Examples include the finite difference method [28], which
uses an implicit method to solve the boundary-layer equations, and the finite element method [29-32], which uses a mixed varia-
tional formulation for the Navier-Stokes equations in streamfunction-vorticity formulation. While the absence of artificial vorticity
boundary conditions seems more natural in the finite element method, finite difference methods can also be implemented in a way
that avoids the need for such conditions at solid walls. According to some authors, the key to avoiding this specification lies not
in the use of finite element methods, but in solving the discrete system as a coupled set of equations rather than iterating between
the vorticity transport and streamfunction Poisson equations [31]. Thus, in a finite difference method, the streamfunction Poisson
equation can be discretised by imposing both Dirichlet and Neumann boundary conditions, yielding more equations than unknowns
needed to determine the streamfunction. Conversely, the vorticity transport equation can be discretised without imposing any bound-
ary conditions, resulting in fewer equations than unknowns to determine the vorticity. This results in an over-constrained system of
linear equations for the streamfunction that cannot be solved, whereas the system of linear equations for the vorticity has no unique
solution. However, the system of coupled linear equations can be solved to determine both the streamfunction and the vorticity
simultaneously and uniquely, without the need to prescribe artificial vorticity boundary conditions.

1.3. High-order accuracy

Developments in the streamfunction-vorticity formulation have predominantly focused on the numerical treatment of vortic-
ity boundary conditions, which are widely recognised as the principal challenge in this approach. The development of compact
finite difference schemes [33-38] has also received considerable attention for achieving high-order of convergence without in-
creasing the stencil size, which is typically required when implementing high-order accurate finite difference formulas. Although
compact schemes are capable of delivering high-order accuracy, their application has been largely restricted to regular grids on sim-
ple rectangular domains. For general and complex geometries, more sophisticated techniques must be employed, such as immersed
boundary methods [39-41] adapted to the high-order case [42-44], or formulations in general curvilinear coordinates [10,11].
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(a) Cell with curved boundary edge. (b) Cell with curved boundary and inner edges.

(c) Cell with only straight edges.

Fig. 1. Curved and polygonal mesh elements with illustrative quadrature points on the edges (solid circles) and in the cells (empty diamonds).

Nevertheless, research on the numerical solution of the streamfunction-vorticity formulation in complex geometries remains scarce,
and no high-order accurate discretisation schemes on unstructured meshes for complex geometries have been reported.

1.4. Novelties of the article

Although some recent papers address the discretisation of the streamfunction-vorticity formulation using finite cell methods
on unstructured meshes and immersed boundary methods on regular grids, the treatment of complex geometries with practical
application remains underdeveloped. Apart from compact finite difference schemes, which are essentially limited to regular grids, no
high-order accurate discretisation schemes have yet been developed for the streamfunction-vorticity formulation on general meshes
and geometries. Such a limitation is primarily due to the wall vorticity treatment, since the vorticity transport and streamfunction
Poisson equations can be discretised using any preferred method for parabolic partial differential equations, provided the suitable
boundary conditions. Indeed, the key factor is to prescribe a simple and efficient numerical technique to determine the wall vorticity
with high-order accuracy on arbitrary curved boundaries using unstructured meshes. This is the primary objective of the present
work, which entails two main challenges, described below.

The approximation of wall vorticity for prescribing suitable vorticity boundary conditions is an extremely delicate issue, as an
inaccurate evaluation can result in a significant loss of convergence order. In particular, on unstructured meshes, the adopted strategy
cannot rely on classical Taylor expansion techniques and must consider the boundary curvature to achieve high-order convergence.
Indeed, the inclusion of the boundary curvature in the determination of the wall vorticity is not mentioned in the literature, yet it is
a fundamental factor for a consistent formulation.

Developing high-order accurate discretisation schemes for curved domains requires a specific boundary condition treatment to
avoid second-order convergence limitations due to the geometrical mismatch between the physical and computational boundaries
when using linear piecewise meshes. The classical approach to treating boundary conditions on arbitrary curved boundaries involves
using curved mesh elements to eliminate this geometrical mismatch and recover optimal convergence orders.

Curved mesh approaches, such as the standard isoparametric elements method, utilise curved elements that fit the physical curved
domain to a certain degree to prevent deterioration in accuracy. Sophisticated and computationally intensive algorithms are employed
for this purpose, and, in addition to the boundary edges, curved inner edges may also be necessary to better accommodate the mesh
elements (see Fig. 1(a) and(b)). Quadrature points on curved edges and cells may also be necessary, which is challenging, particularly
in three-dimensional meshes, along with complex non-linear transformations for mapping the elements. Conversely, polygonal mesh
approaches avoid these issues by using standard mesh generation algorithms and, consequently, standard quadrature rules (see
Fig. 1(c)). However, accuracy deterioration can be avoided only if specific numerical techniques are employed to recover the optimal
convergence order. The interested reader is referred to Costa et al., 2023 [45], for a comprehensive discussion and literature review.

The reconstruction for off-site data (ROD) method is a novel technique that was initially proposed for convection-diffusion equa-
tions [45-50], and recently extended to the incompressible Stokes and Navier-Stokes equations in primitive variables [51,52]. This

97



R. Costa, S. Clain, G.J. Machado et al. Computers and Mathematics with Applications 214 (2026) 94-134

method handles arbitrary curved domains with a linear piecewise approximation of the physical boundary and employs polynomial
reconstructions with specific linear constraints to convert the boundary conditions prescribed on the physical boundary into equiv-
alent conditions on the computational boundary. Building on the ROD technique, this study proposes a high-order accurate wall
vorticity treatment for a finite volume scheme on unstructured meshes to numerically solve the streamfunction-vorticity formulation,
using linear piecewise meshes on arbitrary curved domains.

The proposed treatment is designed for seamless integration into the preferred space discretisation technique, including finite
difference, finite volume, and discontinuous Galerkin methods. In this study, a high-order accurate finite volume scheme, com-
bined with the ROD technique for the boundary treatment, is employed to discretise the vorticity transport and streamfunction
Poisson equations, since the authors have previously developed this technique for solving the incompressible Navier-Stokes equa-
tions in primitive variables [51,52]. This approach allows for a direct comparison of the numerical properties and computational
performance of both formulations using the same base discretisation scheme, as demonstrated in the semi-elliptical lid-driven cav-
ity test case. Nevertheless, the novel concepts presented in this study are general enough to be applied to different numerical
frameworks.

1.5. Organisation of the article

The remaining sections of the article are organised as follows. The problem statement for the two-dimensional incompressible
Navier-Stokes equations and the mathematical derivation of the streamfunction-vorticity formulation are presented in Section 2,
whereas the derivation of suitable boundary conditions for the non-primitive variables is discussed in Section 3. The numerical
techniques related to the polynomial reconstruction method and the reconstruction for off-site data method are recalled in Section 4,
and employed in Section 5 for the finite volume discretisation of the streamfunction-vorticity formulation. Section 6 is dedicated
to the verification of the proposed method in terms of accuracy, convergence order, and computational efficiency, featuring several
benchmark test cases with analytical or reference solutions. The article ends with the conclusions in Section 7.

2. Mathematical formulation

The steady-state flow of an incompressible Newtonian fluid is studied in a two-dimensional simply or multiply connected physical
domain £ with an arbitrary smooth curved physical boundary I'. Using the Cartesian coordinate system x := (x, y), the associated
outward unit normal vector is n :=n(x) := (nx, ny) with n, :=n.(x) and n, := n,(x), and the unit tangential vector is t := t(x) :=
(tx, y) with 7, 1=1,(x) and 7, :=1,(x), where £(x) and n(x) are positively oriented (see Fig. 2). For multiply connected domains
(basically, any domain with holes) each closed path representing a physical boundary is denoted as I'*, such that I' = uf T*, where
K is the number of holes. For convenience, I'’ corresponds to the external physical boundary, such that for K = 0 (without holes),
I = I'° corresponds to a simply connected domain.

2.1. Primitive variables formulation

The primitive variables formulation of the steady-state two-dimensional incompressible Navier-Stokes equations for a Newtonian
fluid with constant dynamic viscosity x > 0 and constant density p > 0 consists of the momentum and mass balance equations, given
as

- Vyu—wWlu+ %v;;:f, inQ, a

V-u=0, in 2, (2)

respectively, where v = y/p is the constant kinematic viscosity, u := u(x) := (ux, uy) withu, :=u,(x) and u, := u,(x) is the unknown
velocity function, p := p(x) is the unknown pressure function, while f := f(x) := ( fo f, y) with f, 1= f,(0) and f, := f,(x) is a given
body force function per unit area acting on the continuum, for instance, the gravitational force. The system of equations (1) and (2) is
often referred to as the primitive steady-state formulation of the incompressible Navier-Stokes equations, which relates the pressure
and velocity unknowns.

Remark 1. In the present work, the differential operator V - A for a matrix A follows the usual convention of a column-wise divergence
operator, whereas Va and V2a for a vector a follow the standard conventions for component-wise gradient and Laplace operators,
respectively.

2.2. Streamfunction-vorticity formulation

In three-dimensional fluid flows, vorticity is a physical pseudovector field that describes the local rotational motion of the fluid
and is defined as the curl of the velocity function. For planar fluid flows, it follows that the vorticity vector always points perpendic-
ularly to the plane of motion, such that it can be represented with a scalar function o := w(x) in two-dimensional problems, given
as

Jdu 6u

_ Y
C=%x "oy )
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@)

(a) Simply connected. (b) Multiply connected.

Fig. 2. Curved physical domain.

The vorticity transport equation can be derived from taking the curl of the momentum balance equation in three dimensions
(see Appendix A). For planar fluid flows, the components parallel to the plane of motion vanish and, therefore, in two-dimensional
problems, the vorticity transport equation reduces to a scalar equation (the perpendicular component) for the scalar vorticity, given
as

V-@uo)-vwWo = f, ingQ, 4
where f := f(x) is the perpendicular component of the curl of the body force function per unit volume, given as

_afy 0fx

T ox  dy

)

Remark 2. In two-dimensional fluid flows, the vorticity transport equation can also be obtained by subtracting the derivatives of
the first and second components of Eq. (1) with respect to y and x, respectively, in that order.

In two-dimensional fluid flows, the incompressibility condition can be satisfied exactly if the velocity field is expressed in terms
of a scalar potential y := w(x), the streamfunction, whose derivatives correspond to the velocity components, given as

a ]
=¥ and v

u, = % u, = in 2, (6)

or, in compact form, given as u(x) = V' (x). From the above definition, it follows that the streamfunction is well-defined only up to
an additive constant and always satisfies the continuity equation intrinsically since

Jdu ou 0 oy J dy
Vou= 24+ 222X 2(_ZE) oo 7
“ dx+6y 0x<dy>+dy< 0x> @)

The streamfunction-vorticity formulation currently has four variables (w(x), y(x), u,(x), and u,(x)) but only three equations (the
vorticity transport equation and the relationship between streamfunction and velocity components). To close the system for the
incompressible Navier-Stokes equations, a fourth equation is obtained after substituting the definition of streamfunction (6) into the
definition of vorticity (3), yielding

Vy =-w, inQ ®)

The complete system for the streamfunction-vorticity formulation, apart from boundary conditions, is given as

V- (uw) - vWo = f, inQ, 9)
u=Vty, inQ, (10)
Vy = -, inQ, an

which is non-linear due to the convective term in the vorticity transport equation. In that regard, the so-called Picard method (also
known as fixed-point iteration) is employed to linearise the vorticity transport equation by considering an additional velocity function
Vi i=v(x) = (ux, vy) with v, :=v,(x) and v, := v,(x), and removing the second equation from the system, yielding the linearised
streamfunction-vorticity formulation, given as

V.-(vo)—wWeo=f, ingQ, (12)
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Vi +w =0, inQ, (13)

with the unknown terms arranged on the left-hand side.

An iterative procedure is applied such that, at each fixed-point iteration, function v(x) corresponds to the previously computed

velocity function, u(x), obtained from the streamfunction. Therefore, the solution of the above system of equations converges to
the solution of the steady-state streamfunction-vorticity formulation, provided that function v(x) converges to u(x). Notice that both
functions u(x) and v(x) stand for a velocity field, where the latter is known and, therefore, becomes a physical coefficient in the
linearised problem. Introducing function ¢ := ¢(x) corresponding to the streamfunction at the previous fixed-point iteration, then
v(x) = Vig(x).
Remark 3. Although the elimination of pressure is widely regarded as the most significant advantage of vorticity-based formulations,
pressure distribution analysis is often still necessary for practical fluid flow applications. The conventional procedure involves taking
the divergence of the momentum balance equation to produce a Poisson equation for the pressure, which can be simplified using the
continuity equation in the case of incompressible fluid flows. Further simplifications take place if constant density and viscosity are
also assumed. Once the velocity has been determined, the pressure Poisson equation can be solved using any discretisation scheme
for elliptic equations to calculate the approximate pressure distribution. In the case of the streamfunction-vorticity formulation, the
velocity components are obtained from the streamfunction derivatives, as discussed above. In discrete terms, explicitly deriving the
approximate piecewise velocities in the right-hand side of the pressure Poisson equation generally results in some loss of accuracy
and convergence order for the pressure. Therefore, obtaining an accurate streamfunction approximation is essential for determining
the pressure distribution in industrial flows.

3. Boundary conditions

Deriving the appropriate boundary conditions for the streamfunction-vorticity formulation is a fundamental concern, especially
in arbitrary curved domains. In this work, only Dirichlet boundary conditions are prescribed for the velocity, given as

u = ub, onT, a4

B._ 1By -— (1B 1,B) with /B -— ;B B ._ By i : ; ; ;
where u® (= u°(x) := ("x’ “y> with 3 1= u’(x) and uy i=ug (x) is a given velocity function on the physical boundary.
3.1. Local coordinate system

It is convenient to define the problem variables in terms of a local coordinate system to deal with arbitrary smooth curved physical
boundaries. For each point p on the physical boundary, a negatively oriented vector basis E*(p) = {tp.n,} with t, = t(p) and n, = n(p)
is introduced for a local Cartesian coordinate system defined as

X = 1y 1= 1p0) 1= (p(0), (X)) = ((x—p) - tp, (X —p) - 1y). (15)
Note that this coordinate system does not involve curvilinear coordinates that follow the boundary. Moreover, the transformation
from the global coordinate system to the local coordinate system (and vice versa) is a linear orthogonal transformation. As such,
for general curved boundaries, the local coordinate system associated with a reference point p (local coordinate system origin) is
aligned only with the boundary normal and tangential vectors at the reference point location. That is, for a point q in the vicinity of
the reference point, the associated normal and tangential vectors, n(q) and t(q), are not generally aligned with the local coordinate
system associated to p as it does not follow the boundary curvature.

From the definition of the local coordinate system, it follows that, for a fixed boundary point p and the associated local coordinate
system, the problem variables and boundary conditions are defined as follows:

¢ The velocity field in the local coordinate system, u* :=u"(n,) := (u,,uz), with u, :=u,(n,) and u; := u;(np), is defined as

u, =u-m, and us=u-t, (16)
* The vorticity field in the local coordinate system, o" := " (1), is defined as
du du
o= — -1 a7
011p 6§p
¢ The streamfunction field in the local coordinate system, y" := y*(n,), is defined as
oyl oyl
u =2 and ug = v (18)
TG np

¢ The boundary velocity in the local coordinate system, u® :=u"®(y,) := (”5’ u?), with u® :=u?(n,) and u? = u? (np), is defined
as

us =ub -, and u? =u®. ty. (19)

For general curved boundaries, note that for any point 7, € I' in the local coordinate system associated with a reference point p,
the components u}(,) and u?(np) correspond to the normal and tangential velocity only at the local coordinate system origin, p.
Finally, the vorticity definition in the local coordinate system should yield the same signal as Eq. (3), hence the orientation of the
tangent vector on the boundary is not arbitrary and t(p) = (—ny(p), n,(p)) must be chosen.
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3.2. Boundary streamfunction

From the streamfunction definition (18), it follows that the normal velocity on the physical boundary corresponds to its tangential
derivative. Since the streamfunction is only defined up to an additive constant, assume an arbitrary point x; on the physical boundary
subset I'*, k =0, ..., K, which corresponds to an arbitrary streamfunction value C,. Therefore, it follows that the boundary integration
of uB(x) - n(x) between x, and another point x on the same physical boundary subset, gives the boundary streamfunction, y® := yB(x),
that is

B = / ud -nds+C,, on I'*, (20)
XX

where XX is the boundary path between x, and x and each physical boundary subset is assumed to admit a parametrisation in the

form x := (x(s), y(s)). Note that, as a necessary condition for the streamfunction to exist, the total mass flux on each closed physical

boundary must vanish [53], that is

}z{ u? - nds=0, k=0,..., K. (21)
rk

For multiply connected domains, the presence of K + 1 arbitrary constants C, indicates that the problem has multiple solutions,
as different choices of these constants generally lead to different velocity fields, all of which are valid solutions. However, since
the streamfunction is only defined up to an additive constant, only one constant can be fixed arbitrarily, leaving the remaining K
constants undetermined. For convenience, assume that C, is fixed arbitrarily and that C;, k =1, ..., K, are to be determined. An
effective practice is to determine these constants as part of the overall solution, meaning that the problem has K additional unknown
scalar constants. Then, to close the system, an integral condition on the vorticity flux along the associated physical boundary subsets
is prescribed (see Appendix B), given as

}{ (ua)—vVa))~nds:}£. f-nds, k=1,....K. (22)
rk rk

This approach provides K scalar constraints (compatibility conditions) on the vorticity flux, which fixes the K unknown constants
for the boundary streamfunction.

From the streamfunction definition (18), it also follows that the tangential velocity on the physical boundary corresponds to the
boundary streamfunction normal derivative, that is

VyB . n=-uP.t onl. (23)

Remark 4. In the special case of confined flows with the no-slip condition, uB(x) - t(x) = 0, and impermeable walls, uB(x) - n(x) = 0, on
the physical boundary, the streamfunction boundary value and normal derivative are simply given as w®(x) = C, and VyB(x) - n(x) =
0, respectively.

3.3. Boundary vorticity

Obtaining the boundary vorticity function is more challenging since, in general, the given boundary velocity function is not
sufficient to completely derive the associated boundary vorticity from the definition (17). In this regard, the conventional practice
involves substituting the known derivative term in the vorticity definition from the given boundary velocity function and providing an
implicit approximation for the unknown derivative term. Despite this hurdle, boundary vorticity is treated similarly for both simply
and multiply connected physical domains.

3.3.1. Polygonal domains
Consider a rectangular physical domain with physical boundaries aligned with the global coordinate system axes. For instance,
on the top horizontal physical boundary, du,(x)/dx can be derived from the prescribed vertical boundary velocity function, given as

oy _ 2y r 24
il (24

Conversely, although the horizontal velocity on the same boundary is known since the function u8(x) is given, its derivative in the
y-direction cannot typically be determined and remains unknown. In this case, from the definition of vorticity (3), the boundary
vorticity, ®® := wP(x), can be written as

B,
P = a—xy - di; on I, (25)

where the unknown derivative term is to be determined implicitly using an appropriate numerical approximation. Most of the
published studies employ regular grids only and, therefore, a simple finite difference formula is used to approximate du,(x)/dy =
0%y (x)/0y* at the boundary using the unknown streamfunction values at the inner grid points together with the boundary stream-
function value. For unstructured meshes, more elaborate interpolation techniques are required.

For general polygonal domains, where the physical boundary sides are not necessarily aligned with the coordinate system axes,
a similar approach is adopted, considering a local coordinate system for convenience. In this case, for a reference point p on the
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physical boundary and associated local coordinate system, du, (r,p) /9y is determined from the prescribed normal velocity function
as

oy _ Oty r (26)
_—=—, atpel,
oz, = 08, p

while aué(r]p)/ dn, remains undetermined at that stage. Then, from the definition of vorticity (17), the boundary vorticity can be
written as

=— - —, atper, @7
where the unknown derivative term is to be determined implicitly using an appropriate numerical approximation.

3.3.2. Curved domains

Consider a domain with arbitrary curved physical boundaries. In this scenario, the approach introduced for general polygonal
domains becomes inappropriate since du, (np) /0&, cannot be determined by simply deriving the prescribed normal velocity function
in the §,-direction. Indeed, the local coordinate system axes are not a parametrisation of the boundary, and, apart from its origin, p,
they do not generally match with the boundary. As such, 0/dn, and 9/0&, do not correspond to the normal and tangential derivatives
on the boundary, apart from d/dnj, at the reference point p, as the local coordinate system axes do not follow the boundary curvature
anywhere.

Going back to the global coordinates with u(x), n(x), and t(x) as functions of x, the following identity can be derived

0(u-n)=0_u.n+u.a_n’ on /. (28)
Jat Jat Jat
In particular, on(x)/dt(x) = k(x)t(x), where k := k(x) is the normal curvature, positive if the centre of curvature lies on the same side
as the physical domain. Moreover, (du(x)/dt(x)) - n(x) = [(Vu(x))t(x)] - n(x) and, therefore, the above identity can be rewritten as
o(u-n)
Jat
Since the transformation from the global to the local coordinate system is a linear orthogonal transformation, the above identity can
be rewritten in the local coordinate system associated with a reference point p on the physical boundary as
L. oL
% = [(Viub)et] - nt + xu - on I, (30)
where V' is the gradient operator and n" :=n"(n,) and t" := t"(n,) are the boundary normal and tangential vectors, respectively,
with respect to the local coordinates. In particular, n“(0) = ( 1,0)T and tL(0) = (0, 1)" at the local coordinate system origin, p. Thus,
by further simplifying the above identity after expanding the normal and tangential vectors in the local coordinate system at the
reference point p, yields

=[(Vwt] -n+«xu-t, onT. (29)

ol -nt) Ou, ou ou® - nb)
= L tkuy > — = —kKupt —2, atper. (31
ot og 1 o8, ~ M T P )
Using the above identity, the boundary vorticity in the local coordinate system, »™® := "2 (n,), can be obtained as
du OB . nL
LB ¢ p_ ou-"-n)
P = — KU, - ——, atper, (32)
anp (4 0tL p

substituting u; (1) by uZ(n,) and u"(n,) by uB(n,) since the boundary velocity function is given and its derivative with respect
to tL(np) can be computed analytically. As for rectangular domains, the obtained boundary vorticity formula comprises one implicit
derivative in the #,-direction to be determined. Moreover, since u; (1,) = —0w"(n,) /01, then the boundary vorticity can be rewritten
as

=- + Ku
oy ¢ ott

2 L LB L
B Iy LB _ M atper. (33)

Remark 5. In the special case of confined flows with impermeable walls, u®(x) - n(x) = 0, on the physical boundary, the boundary
vorticity simply writes »™®(x) = —0%y" () / anf, + (1) uB (mp)-

3.4. Boundary conditions for the streamfunction-vorticity formulation
Finally, after deriving the necessary formulas for the boundary streamfunction and vorticity from the prescribed boundary velocity,
the system of linear equations (12) and (13) is supplemented with appropriate boundary conditions as follows:

e For the streamfunction, a Cauchy boundary condition (Dirichlet and Neumann boundary conditions imposed simultaneously) is
prescribed on the physical boundary, given as

v =yb, on I, (34
Vy-n=Vy®.-n, onr, (35)

where function w® := y®(x) and its normal derivative are given in Egs. (20) and (23).
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Table 1
Notation and geometric properties for the cells and edges.
Mesh elements Notation Properties Definition Choice
ac; Boundary
le;l Area
Cells ciel m; = (mj,. m . m) Reference point (can be any point in c;) Mass centre
4, °= (44> Gigy> 9iq:) ~ Quadrature points, g =1,...,0 Gauss-Legendre
i Indices of the adjacent cells and boundary subset
le;;! Length
my; = (my.my; ) Reference point (can be any point on e;;) Midpoint
Inner edges ey i €T @y, i= (G, dijry) Quadrature points, r = 1,..., R Gauss-Legendre

s Unit normal vector from cell ¢; to cell ¢;

0= (S Siiy)

= (ryaryy Unit tangential vector

lesl Length

my = (mzs,x»mz&y) Reference point (can be any point on e;3) Midpoint
Boundary edges e i € IB i, = (4B DiBry) Quadrature points, r = 1,..., R Gauss-Legendre

s 0= (SipaoSiny) Unit normal vector from cell ¢;

rp o= (rporiny) Unit tangential vector

qiB2

m;g )
m;

qiB,1

()

Fig. 3. Notation and geometric properties for the cells and edges.

o For the vorticity, the Dirichlet boundary condition is prescribed on the physical boundary, given as

® = b, on T, (36)

where the function wB

Eq. (33).

:= wP(x) in global coordinates corresponds to the boundary vorticity in local coordinates, as given in

For multiply connected domains, the system of linear equations is also supplemented with the compatibility conditions (22) to fix
the unknown constants for the boundary streamfunction on inner physical boundary subsets.

4. Polynomial reconstruction

The polynomial reconstruction method is a powerful technique for computing local high-accurate approximations of the underlying
solution and its derivatives on the mesh cell interfaces. In this regard, the reconstruction for off-site data (ROD) method [45-52] is a
further development of the polynomial reconstruction method to enable treating general boundary conditions prescribed on arbitrary
curved boundaries, while the problem is solved on polygonal meshes.

4.1. Polygonal meshes

The physical domain 2 is represented by a polygonal domain 2, = |J,c; ¢; consisting of N non-overlapping convex polygonal
cells, with Ny edges, of which Ny are boundary edges. Cells are denoted as ¢;, withi € T = {1,..., N¢}, and an inner edge ¢;; = ¢; N ¢;
is the common interface between two adjacent cells ¢; and ¢;, j # i. On the other hand, boundary edges e;g, i € 1B, belong to the
computational (surrogate) boundary I'y = Uf=0 r A‘ = Uiez ;g with IB C T being the index set of the boundary cells and I K the linear
piecewise approximation of the physical boundary subset I'*. For simplicity, each cell has at most one boundary edge.

The geometric properties for the cells are provided in Table 1, whereas Fig. 3 provides a schematic representation of the relevant
data. Note that the inner edge ¢;; is also denoted as ¢;; and, therefore, reference and quadrature points are the same, that is, m;; = m;;
and q;; , = q;;,, whereas outward unit normal vectors satisfy s;; = —s;;.

Following the motivation presented in Section 1, the mesh consists solely of polygonal elements, therefore avoiding the difficulties
of generating and employing curved meshes for curved domains. In this case, the computational domain, where the problem is
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numerically solved, does not completely match the physical domain, where the governing equations are defined. More specifically,
a geometrical mismatch exists between the computational boundary and the physical boundary, where the boundary conditions are
prescribed. For uniform regular meshes of characteristic size 4, the geometrical mismatch typically has an order of magnitude of
O(h?) between the physical and computational boundaries, potentially leading to a deterioration in accuracy without appropriate
treatment.

4.2. Polynomial reconstruction method

Given a bounded scalar function ¢ := ¢(x), local polynomial approximations ¢ := ¢(x) := @(x; a) of degree d are sought, written
in compact form as

d d-a

p(x;a)=a-py(x—m) = 2 2 [%ﬁ(x —my)*(y- my)ﬁ], (37)
=0 =0

where p, (x) is a basis vector including all two-dimensional monomials up to degree d, m := (m,,m,) is a reference point, and vector
a € R" gathers the polynomial coefficients, with n = (d + 1)(d + 2)/2.
For each cell, ¢;, i € T, is a local piecewise mean-value approximation to function ¢(x), defined as

b ~ ﬁ / bdx. (38)

Moreover, S denotes a stencil of the neighbouring cell indices in the vicinity of the polynomial reference, an edge or a cell. Each
stencil must comprise a minimum of s = n cells, but in practice, s is chosen higher than » to increase robustness and stability. The
indices in S are selected from geometrically close cells, for which a neighbours-of-neighbours algorithm is implemented to ensure
the contiguity of the stencil, that is, without gaps.

The linear least-squares method is then employed to minimise the squared errors between each approximate cell mean-value ¢;
associated with the cells in the stencil and the polynomial function ¢(x;a), introducing the weighted cost functional

Fla;m, S, o) = Z w, [ﬁ /
Cn c

a€ES a

2
(x; a)dx — ¢a] , (39)

where the integrals are evaluated numerically using quadrature rules of the same order as the polynomial degree plus one. In the
cost functional, w, = w(d, ), « € S, are positive weights determined from function (d,) given as

1

TN L (40)
(udk) +1

w(da) =

where d, = ||m, — m|| is the distance from the reference point to the cell centre, and vector » € R* gathers all the weights. Moreover,
5,0 € R are given parameters that control the sensitivity of the weights to the data distance, with optimal values obtained through
numerical assessment.

4.2.1. Unconstrained polynomial reconstruction

Unconstrained polynomial reconstructions are computed for the cases where the numerical approximation requires only to min-
imise the cost functional F(a;m, S, ). In that case, the normal equations method [54] is employed in the present work to solve
the linear least-squares problem and, for the sake of compactness, the reader is referred to Costa et al., 2019 [46], for a com-
prehensive and detailed description of the procedure. Unconstrained polynomial reconstructions are computed for each inner edge
e;; as the polynomial reference, assigning m :=m;;, S :=S,;, and @ := o,;. The optimal polynomial reconstruction is written as
&%) 1= @(x;@;;) = @;; - pg(x —my;), with @;; = arg min, F(a;m;;, S}, @;;).
4.2.2. Mean-value preservation polynomial reconstruction

In case the polynomial reference is a cell, preserving the conservation property is desired since it improves the robustness and sta-
bility of the numerical scheme while promoting the approximate solution to be physically meaningful. Thus, in addition to minimising
the cost functional F(a;m, S, ®), the linear least-squares procedure is subject to the linear constraint G(a) = 0 that must be exactly
fulfilled, and the procedure is referred to as constrained polynomial reconstruction. In that case, the so-called linearly constrained
Lagrange multipliers method [55] is employed in the present work to solve the constrained linear least-squares problem, and the
reader is referred to Costa et al., 2019 [46], for a comprehensive and detailed description of the procedure.

Constrained polynomial reconstructions are computed for each cell ¢; as the polynomial reference, assigning m :=m;, S := S,,
and o := ;. For the conservation of the cell mean-value, the linear constraint functional G;(a) from R” to R is given as
1
Gi(a) = el / px;a)dx — ¢;. (41)
C; ¢

The optimal polynomial reconstruction is written as §;(x) := @(x; @) = @, - p;(x — m;), with @ = arg min, F(a;m;, S;, ;) subject to
Gi(a) =0.
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m'iB

® b (o)

(a) Concave physical boundary. (b) Convex physical boundary.

Fig. 4. Polygonal mesh with collocation point and associated outward unit normal vector on the curved physical boundary.

4.3. Reconstruction for off-site data method

Since arbitrary curved physical boundaries are discretised with linear piecewise edges, the associated boundary data is discon-
nected from the mesh structure. In this context, the ROD method has emerged as a sophisticated evolution of the polynomial recon-
struction method, enabling the imposition of boundary data in the reconstruction procedure, while preserving high-order accuracy
for arbitrary curved physical boundaries.

For each edge e;3 on the surrogate boundary, consider a collocation point b := (b;p .. b;p,, ), which is selected to coincide with
the physical boundary in the vicinity of the boundary edge, that is, bz € I' (see Fig. 4). Since the physical boundary is described
analytically, a simple projection of the edge midpoint onto the physical boundary can be employed to determine a suitable collocation
point, and the associated outward unit normal vector n;g := (n;p . n;p,) is also determined and can be obtained from the normal vector
function as n;z = n(b;). Then, the linear constraint functional G;z(a) from R" to R is defined at the collocation point as

Gp(@ = ag(bp:a) + Vo (bp:a) - ng - gbp), (42)

where « and p are coefficients, and g : = g(x) is a scalar function that stands for the boundary condition value at the collocation point.
This linear constraint represents a Robin boundary condition that imposes any prescribed scalar boundary condition by choosing the
appropriate coefficients, « and f. For the Dirichlet boundary condition ¢(x) = gP(x), coefficients « = 1 and § = 0 are chosen and the
boundary condition value is g(x) = gP (b,-B). For the Neumann boundary condition V¢ (x) - n(x) = gN(x), coefficientsa = 0 and g = 1 are
chosen and the boundary condition value is g(x) = gN(b;3). For the Robin boundary condition a®(x)p(x) + fR(x)Ve(x) - n(x) = gR(x),
coefficients « = a® (b;z) and g = pR(b;p) are chosen and the boundary condition value is g(x) = % (b;3). For the Cauchy boundary
condition, two distinct conditions are imposed at each boundary point, and the scalar linear constraint G,z(a) is substituted with the
vectorial linear constraint G;(a), given as

a5, |-
where g := g(x) is a vector function that stands for the Dirichlet and Neumann boundary condition values at the collocation point.

Constrained polynomial reconstructions are computed for each boundary edge e as the polynomial reference, assigning m := m;g,
S :=Sp, and ® := ;. The minimisation procedure in this case involves seeking the unique vector @;; € R" that minimises the
cost functional under the linear constraint G,z(a) = 0 or Gz(a) = 0, that is, d;3 = arg min, F(a;m;p, S;p,®;3) subject to G;z(a) = 0 or
G;p(a) = 0. The optimal polynomial reconstruction is written as @;(x) := @(x; @) = @ - p; (x — m;3). Similar to the conservation of
the cell mean-value, the so-called linearly constrained Lagrange multipliers method [55] is employed to solve the constrained linear
least-squares problem.

5. Numerical scheme
Polynomial reconstructions are employed for determining a highly accurate approximation to the boundary vorticity on the com-

putational boundary I', and for the discretisation of the vorticity transport and streamfunction Poisson equations in the computational
domain €,.

5.1. Generic finite volume scheme
Integrating the vorticity transport equation (12) over each cell ¢;, i € 7, and applying the divergence theorem yields

/(V~(vw)—vV2w)dx=/fdx = / (vw—va)~sidx=/fdx, 44
c ¢ dc; Ci

i
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where d¢; stands for the cell boundary with s; :=5;(x) := (s,,;(X), s, ;(x)) the outward unit normal vector. An R-point Gauss-Legendre
quadrature rule with weights ¢, r = 1, ..., R, is used to approximate the integrals on the straight edges while a O-point Gauss-Legendre

quadrature rule with weights &, g =1, ..., O, is used to approximate the integrals in the polygonal cells. Then, Eq. (44) is rewritten
in the discrete residual form using the quadrature rules as
R
> e [ GGy + D,-j,,)] = |eil fi = O(Af), (45)
JEN; r=1
where h; = |c,-|1/ % is the characteristic cell size and « is the convergence order of the quadrature rules. Moreover, C;;, and D;;,
represent the physical convective and diffusive fluxes of function w(x), respectively, at the quadrature points of edge e;;, and f;
denotes the approximate mean-value of the source term function f(x) in cell ¢;, given as
Qo
Cjr = (V(@iys) -8)0(@y,)s  Dyjr=-Volgy,) sy and  fi= Y51 (q,) (46)
=1

Similarly, integrating the streamfunction Poisson equation (13) over each cell ¢;, i € I, and applying the divergence theorem
yields

/(sz/+w)dx:0 = / Vy/~s,-dx+/wdx:0, 47)
dc; c

C, i

which is rewritten in the discrete residual form using the quadrature rules as

)y ‘eij‘ [ 3 CrFij,r] - R; = O(hY), (48)
i

JEN; r=
where F;; . represents the physical diffusive flux of function y/(x) at the quadrature points of edge e

of function w(x) in cell ¢;, given as

;j» and R, stands for the mean-value

F,;,=Vv(q;,)-s; ad R,= / wdx. (49)
o

i

5.2. Polynomial reconstructions

The discrete problem unknowns comprise cell mean-values y; and w;, i € I, defined as
w,zL/wdx and wizL/a)dx, (50)
lei] Je, lei| Je,

for the piecewise approximations of functions w(x) and w(x), respectively. In addition, the unknown boundary point-values w;s,
i € IB, represent an approximation of the boundary vorticity function w®(x) at collocation points b, that is w;z ~ w®(bg).

To obtain highly accurate approximations of the physical fluxes for the finite volume scheme, polynomial reconstructions are
computed based on the discrete problem cell mean-values and boundary point-values unknowns. Each polynomial reconstruction is
specifically designed for its purpose (see the complete list in Table 2), as follows:

* For each inner edge e¢;;, unconstrained polynomial reconstructions ¥;;(x) for the streamfunction and @;;(x) for the vorticity are
computed using cell mean-values y; and w;, respectively.

For each cell ¢;, constrained polynomial reconstructions @;(x) for the vorticity are computed using cell mean-values w; to preserve
the conservation of the cell mean-value in the same cell.

For each boundary edge ¢z, constrained polynomial reconstructions i;z(x) for the streamfunction are computed using cell mean-
values y, and associated boundary values and derivatives with functions w®(x) and VyB(x) - n(x) to impose the prescribed
Cauchy boundary conditions (34) and (35). Following the ROD method, a collocation point b,z is chosen on the curved phys-
ical boundary with n;z as the associated outward unit normal vector. Then, the linear constraint (43) with the boundary data
g(bis) = (wP(bp), Vy®(bg) - np ) reads

| elw) _[ v(be) ]
Gig(n) = [V(p(b,—B) . niB] [V‘I/B(biB) g . (51)
For each boundary edge e;3, polynomial reconstructions @,z(x) for the vorticity are computed using cell mean-values »; and
associated boundary values with point-values ;3 to impose the prescribed Dirichlet boundary condition (36). Following the ROD
method, a collocation point b, is chosen on the curved physical boundary. Then, the linear constraint (42) with coefficients « = 1
and § = 0 and the boundary data g(b;3) = w;p reads

Gip() = ¢(bip) — w;p. (52)
Remark 6. Note that the boundary data for the streamfunction polynomial reconstructions associated with the boundary edges is
evaluated directly from the prescribed boundary velocity using Eqs. (20) and (23). In multiply connected domains, however, the

evaluated streamfunction boundary value contains an unknown constant associated with each inner boundary subset, which is part
of the discrete problem unknowns.

106



R. Costa, S. Clain, G.J. Machado et al. Computers and Mathematics with Applications 214 (2026) 94-134

Table 2
Polynomial reconstructions based on the streamfunction and vorticity cell mean-values.
Underlyi Pol ial Ref
" e'r ving oynomia . elerence Condition type Linear constraint
function reconstruction element
b, I i,jET,j N —
Streamfunction, ¢(x) es) nner edge ¢, i,j € 1, j € N, one
i) Boundary edge ey, i € I None —
() Inner edge ¢, i,j €1, j € N, None —
Streamfunction, y(x) N #(b) wP (bp)
i (2) Boundary edge e, i € I8 Cauch; Gy(n) = B - B
® RS v » Vo(biy) -mp VP (bp) -
@;;(x) Inner edge ¢;;,i,j €1, j € N, None —
B(%) Boundary edge e, i € I8 Dirichlet Gy = p(bg) —wp
Vorticity, w(x) |
@;(x) Cellc,iel Mean-value G,(n) = A / @dx —
G ¢

5.3. Physical fluxes approximation

For the vorticity transport equation, numerical approximations to the physical fluxes (46) are computed based on the previous

polynomial reconstructions, as follows:

For each inner edge ¢;
approximations C,

;» the physical convective and diffusive fluxes C;; . and D;; ,, respectively, are replaced with the numerical
and D;; ., respectively, at quadrature points q;; ., r = 1, ..., R, given as

ijr
Cijr = [Vijr -si,-]%f(qu.r) + Vi syl 35 () (53)
Dy, = _Vvaij(qij,r) *Sij» (54)

with the notation [a]* = max(a, 0), [a]” = min(a, 0), and v,
edge quadrature points g;;,, thatis v;; . ~ v(qii,)-

For each boundary edge e, the physical convective and diffusive fluxes Cz, and D;p,, respectively, are replaced with the nu-
merical approximations C;5 . and Dy ,, respectively, at quadrature points q;p,, = 1, ..., R, given as

i o= (vy s Oy J-W,) representing an approximation of function v(x) at the

+ A~ - A
C, = [Vis, sis] @i (@) + [Vin, - i) @5 (i) (55)
D, =-vVap(qs,) - Sips (56)
with v, := (vyp,-0,p,) representing an approximation of function v(x) at the boundary edge quadrature points g3, that is

ViB,r ~ v(qu,r ) .

For the convective fluxes, an upwind strategy is employed to approximate the vorticity values based on the constrained polynomial

reconstructions @;(x) and @;(x) that preserve the vorticity cell mean-values on each side of the inner edge ¢;;. For the boundary edge
e;3, the polynomial reconstruction @;(x), fulfilling the prescribed boundary condition, together with the polynomial reconstruction
@;(x), preserving the vorticity cell mean-value preserving, are used. For the diffusive fluxes, either the unconstrained polynomial

reconstruction @; (%), on the inner edge e

;j» or the constrained polynomial reconstruction @;p(x), on the boundary edge e, are

employed to evaluate an approximation of the vorticity gradient.

For the streamfunction equation, approximations to the physical fluxes (49) are computed based on the previous polynomial

reconstructions, as follows:

For each inner edge ¢;;,
q;;,»7=1,...,R, given as

the physical diffusive fluxes F;; . are replaced with the numerical approximations F;; . at quadrature points

Fijr= V'IN/U (qui,r) - Sij- 57)
For each boundary edge e;5, the physical diffusive fluxes F;p . are replaced with the numerical approximations Fp . at quadrature
points g, r = 1,..., R, given as

Fin, = Viip(m,) - Sim- (58)

Similar to the diffusive fluxes in the vorticity transport equation, either the unconstrained polynomial reconstruction @;;(x), on

the inner edge e;;, or the constrained polynomial reconstruction @;(x), on the boundary edge e, are employed to evaluate an
approximation of the streamfunction gradient.

Providing an approximation to R; in Eq. (49) is straightforward since it corresponds to the vorticity cell mean-value in cell c;.

Thus, for each cell ¢;, R; is approximated with R;, given as

R, =, (59)
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Remark 7. Note that the prescribed boundary conditions for the vorticity and streamfunction are imposed through constrained
polynomial reconstructions associated with the boundary edges. Therefore, there is no explicit reference to either the boundary
condition or the physical boundary in the numerical scheme, which only addresses two situations: inner or boundary edges. Moreover,
the numerical fluxes are determined solely at quadrature points belonging to the straight edges, without knowledge of the curved
physical boundary at this stage.

5.4. Boundary vorticity approximation

The boundary vorticity function »®(x) is unknown since, in general, the prescribed boundary velocity function alone is insufficient
to compute all terms in Eq. (33). In that regard, polynomial reconstructions are used to approximate the unknown point-value w;s,
evaluating the second derivative of the streamfunction numerically, while the remaining terms can be determined analytically. More
specifically, for each boundary edge e, the constrained polynomial reconstruction {J;5(x) is employed approximate w®(x) at the
collocation point b;3, given as

B .
(bip) + (b (bis) — 22 (byg). (60)

0*Pp
g = — on?

5.5. Velocity approximation

Polynomial reconstructions are employed to compute the approximate velocity point-values v;; . and v, in the approximate
convective fluxes (53) and (55). Sincical v(x) = VL ¢(x), where function ¢(x) corresponds to the streamfunction from the previous
fixed-point iteration, the unconstrained polynomial reconstructions qb, () and ¢,B(x) for the inner edges e;; and boundary edges

e;s, respectively, are computed based on the cell mean-values ¢;, which correspond to the cell mean- values y; from the previous
fixed-point iteration. Then, the approximate velocity point-values are determined as follows:

* For each inner edge ¢;;, velocity point-values v;; . at quadrature points g;; ., r = 1,..., R, are given as v;; . = vig, ;(q;,), that is
6(]5” 0¢ij
Usijr = oy (a:.) and Uyijr =T 5 (i) (61)

e For each boundary edge e, velocity point-values v, at quadrature points q;5,, ¥ = 1,..., R, are given as v;p, = Vlc;,-B(qu’,),
that is

Uy iBr = a_y quA,r) and Uy,iB,r = _W (qu,r)' (62)
5.6. Compatibility conditions
Unknown constants C, associated with physical boundary subsets I'*, k = 1, ..., K, are determined as part of the overall solution.

The compatibility conditions (22) for the boundary integral of the vorticity flux must be imposed to close the system, which can be
cumbersome for arbitrary curved physical boundaries. Fortunately, these compatibility conditions can be transferred from the physical
boundary I'* to the computational boundary I‘K, thus avoiding integration on curved boundaries, provided that the boundary data
is taken into account, yielding

[ uw-vVw) - s;p ds] = [ f-rs ds] (63)
egerk L7¢B eperk LB

Then, the integrals on the boundary edges e;5 are approximated with constrained polynomial reconstructions @;z(x) computed from
the vorticity cell mean-values »; and the boundary vorticity point-values w;5. These are evaluated at an R-point Gauss-Legendre
quadrature rule with weights ¢, r =1, ..., R, yielding

R
z le] [Z & (vin, @8(qm,) — vV (ais,)) ‘sz] Z le:s] [2 ¢f(as,) :B:| (64)
eiBefﬁ r=1 eBEFk r=

Remark 8. Note that the computation of constrained polynomial reconstructions @,5(x) takes into account the boundary vorticity
point-values w3, which are determined from Eq. (60). In turn, the constrained polynomial reconstructions ;5 are computed based
on the associated boundary streamfunction values w®(b;z) and derivatives Vy®(b;3) - n;g. Since the boundary streamfunction value
wB(b;p) depends on the constant C; on the associated physical boundary subset I'*, then the compatibility conditions (64) effectively
close the system. This demonstrates the rationale for using these specific compatibility conditions to fix the constants C;, provided
that the boundary streamfunction yB(x) is taken into account.

6. Verification benchmark

This section outlines the verification process for the numerical framework implemented using the highly accurate wall vorticity
treatment and finite volume discretisation methods presented in previous sections. The verification process is based on simulations
of specific benchmark test cases with known or manufactured analytical solutions, following the methodology described in the next
section.
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6.1. Verification methodology

The evaluation of the computed approximate solution is based on accuracy, convergence order, stability, and robustness. Each
benchmark test case is solved numerically using progressively finer polygonal meshes for the associated physical domain, allowing
the convergence order of the method to be determined under mesh refinement.

6.1.1. Errors and convergence orders
From the given analytical functions w(x) and y(x), the exact mean-values of the vorticity and streamfunction in the cells are
evaluated as

w; = 1 / w(x)dx and W, = 1 / w(x)dx, iel, (65)
|Ci | Ci |C,- | ¢
respectively. Similarly, from the given analytical function u(x), the exact mean-values of the velocity on the edges are evaluated as

ﬁ,,:L/ udx, el jeN, (66)
e

where vector u;; := (u,,;.4,,;) stands for the exact mean-value of the velocity components in the x- and y-directions. Finally, from
the given analytical function »®(x), the exact point-values of boundary vorticity at the collocation points are evaluated as

Bp=wlby), i€T® ©7)

The corresponding approximate variables are o}, y', u, and w?B'* respectively, which are obtained from successively solving the

system of linear equations until the fixed point convergence reaches a given tolerance.
With the exact and approximate values in hand, the associated errors E, and E, in the L!- and L®-norms, respectively, are
determined as

2

ﬁf,-* _Ei||ci|
E = er and E,, = max ‘ff - Ei S (68)
i€l

Z lei

i€l

where ¢ is taken as either the vorticity or streamfunction. For the velocity and boundary vorticity, the associated errors are computed
similarly, adapting the above expressions for the edges and collocation points accordingly.

To determine the convergence orders, two meshes M, and M, are considered for the same physical domain having different
characteristic sizes, with N¢; and N, cells, Ng; and N, edges, and Ny | and N, boundary edges, respectively. With the associated
relative errors E; | and E, , in the L'-norm and E,, and E, , in the L®-norm, respectively, the convergence orders O, and O,, for
the relative errors in the L'- and L®-norms, respectively, are determined as

Ey, Ewa
In o In V.
12 2
0,=2—""1  and O L =7
(%) (%)
In{ — In| ——
Nep Nep
for the vorticity and streamfunction. For the velocity and boundary vorticity, the associated convergence orders are computed simi-
larly, adapting the above expressions for the edges and collocation points accordingly.
For compactness, the L!-norm relative errors for the velocity presented thereafter correspond to the sum of the individual com-

ponents errors, while the L®-norm relative errors correspond to the maximum of the individual components errors. The associated
convergence orders are then determined accordingly.

=2 , (69)

S}

6.1.2. Methods and boundary treatment

Seeking to investigate and improve the numerical accuracy and convergence order of the proposed techniques, various methods
are explored regarding the boundary treatment. More specifically, for the location of the collocation points in Egs. (42) and (43) and
the associated boundary condition values, the following methods are considered:

¢ Naive method - collocation points correspond to the edge midpoints (computational boundary). For constant boundary conditions,
the boundary condition values to be fulfilled correspond to the prescribed constant; otherwise, some extrapolation of the boundary
condition function from the physical boundary to the computational boundary is necessary. For simplicity, for each edge, the
projection of the edge midpoint onto the physical boundary is computed, and the associated value is obtained from the prescribed
boundary condition function to be considered at the edge midpoint.

Exact method - collocation points correspond to the edge midpoints (computational boundary). In contrast to the naive method,
the exact or manufactured solution is used to obtain the boundary condition values to be fulfilled; hence, the computational
boundary acts as a physical boundary with the appropriate values to be satisfied. In practice, such an approach cannot be applied
since the analytical solution is not known, but it allows for a comparison of the ROD method with that of an ideal situation, that
is, without a geometrical gap between the physical and computational boundaries.
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¢ ROD method - collocation points are derived from the analytical boundary description (physical boundary), where either one or
two collocation points for each polynomial reconstruction associated with the boundary edges are used. For one collocation point,
a projection of the edge midpoint onto the physical boundary is computed, whereas for two collocation points, two points with
barycentric coordinates (1/3,2/3) and (2/3, 1/3) relative to the vertices of the edge are projected onto the physical boundary. The
boundary condition values to be fulfilled are straightforwardly obtained from the prescribed boundary condition function.

Regarding the polynomial reconstructions for the vorticity and streamfunction, the following methods are considered:

¢ P,—P, method - d-degree polynomials are employed for both the vorticity and streamfunction polynomial reconstructions.

¢ P,—P,,; method — d-degree polynomials are employed for the vorticity reconstructions and (d + 1)-degree polynomials are em-
ployed for the streamfunction polynomial reconstructions.

e P,-P,,, method — d-degree polynomials are employed for the vorticity reconstructions and (d + 2)-degree polynomials are em-
ployed for the streamfunction polynomial reconstructions.

Remark 9. Following previous works, for the ROD method to achieve optimal accuracy and convergence order, (d + 1)-degree
polynomials are employed for the polynomial reconstructions associated with the boundary edges imposing a Cauchy boundary
condition, whenever d-degree polynomials are employed for those associated with the cells and inner edges.

6.2. Circular domain

This test case addresses an internal creeping flow (Stokes equations) in a circular domain with radius rg > 0 centred at the origin.
The manufactured solutions for the vorticity and streamfunction in polar coordinates, @ := w(r,0) and y := y(r, ), respectively, are
given as

2
= ﬂ( 2+1)exp (rz—ré) and w = M—E(exp (r%)—exp (rz)), (70)
Ig 2rgexp (r2)
where ug € R is the linear velocity magnitude on the physical boundary. The velocity components in polar coordinates, u, := u,(r,6)

and u, 1= uy(r,0), respectively, are obtained from the streamfunction as
u
u,=0 and o uy= r—Erexp (P =rd). 71)
E

The source term function in polar coordinates, f := f(r, ), derives from the vorticity transport equation with the above-manufactured
solution and is given as

f= —‘l:‘/ﬁr(r2 +2)exp (r* - ré) (72)
E
Note that although the exact solution is given in polar coordinates, the problem is solved in Cartesian coordinates.
For the domain, the physical boundary has a radius of r; = 1 m (normal curvature of ki = 1). For the fluid, a dynamic viscosity of
u = 1kg/(ms), a density of p = 1 kg/m?, and a velocity magnitude of uz = 1 m/s are considered. Successively finer uniform Delaunay
triangular meshes are used to discretise the physical domain, and the simulations are carried out for the P,—P, method withd = 1,3,5,
while the boundary is treated with the naive, exact or ROD methods. Fig. 5 illustrates the physical domain with a coarse mesh and
the analytical solutions for the velocity, vorticity, and streamfunction fields.

6.2.1. Boundary treatment assessment

To assess the different boundary treatment methods without the influence of the boundary vorticity approximation, the exact
values derived from the corresponding analytical solution are imposed instead at this stage. In all the simulations, the P,—P; method
is employed, meaning that the same polynomial degree is considered for both the vorticity and streamfunction reconstructions.

The errors and convergence orders for the approximate vorticity and streamfunction are reported in Tables 3 and 4, respectively. In
both cases, the naive method provides a second-order convergence limitation regardless of the employed polynomial degree for both
norms, since the prescribed boundary conditions are fulfilled on the computational boundary rather than on the physical boundary.
Conversely, the ROD method effectively achieves optimal convergence, obtaining the second-, fourth-, and sixth-orders convergence
with d = 1, 3,5, respectively, in both norms. Moreover, the ROD method provides comparable accuracy and convergence orders to
the exact method, supporting its effectiveness relative to the ideal scenario.

The errors and convergence orders for the approximate velocity are reported in Table 5. Apart from the naive method, which fails
to achieve the optimal convergence orders with d = 3,5, the first-, third-, and fifth-orders convergence are obtained with d = 1,3, 5,
respectively, in the L®-norm, while slightly higher convergence orders are obtained in the L!-norm. In this case, there is a reduction
in the convergence orders compared to those obtained for the streamfunction, which is expected since the velocity is obtained from
the streamfunction’s first derivatives.

From the approximate streamfunction cell mean-values and associated boundary data, the approximate boundary vorticity is com-
puted a posteriori using Eq. (60) (while the exact boundary vorticity was used for the previous simulations) and the associated errors
and convergence orders are reported in Table 6. As observed, the ROD method achieves the second- and fourth-orders convergence
with d = 3,5, respectively, for both norms, whereas it fails to converge with d = 1 since the approximate boundary vorticity is ob-
tained from the streamfunction second derivatives and, therefore, a reduction of two orders is expected compared to those obtained
for the streamfunction.
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Fig. 5. Coarse mesh and analytical solution for the flow in a circular domain test case (for proper interpretation of the colour scale, the reader is
referred to the electronic version of this article).

6.2.2. Polynomial reconstructions assessment

To assess the different combinations of polynomial degrees for the vorticity and streamfunction reconstructions, the exact boundary

vorticity is substituted with the prescribed approximation (60) and the ROD method is employed for the boundary treatment in all
simulations. The errors and convergence orders for the approximate vorticity and streamfunction are reported in Tables 7 and 8,
respectively, while the results for the approximate boundary vorticity and velocity are reported in Tables 9 and 10, respectively. The
discussion follows:

The P,—P, method does not converge with d = 1, either for the vorticity and streamfunction, whereas the obtained convergence
orders are suboptimal with d = 3,5. The convergence deterioration is more pronounced for the vorticity, where it achieves only
the third- and fifth-orders convergence with d = 3,5 in the L'-norm, and the second- and fourth-orders convergence in the L®-
norm, respectively. Such a deterioration in convergence order is expected since the boundary vorticity is approximated with
second- and fourth-orders convergence with d = 3,5, respectively, in both norms, while with d = 1 it does not converge at all.
Consequently, there is substantial accuracy deterioration, especially in the vicinity of the boundary, which is reflected in the
vorticity and, ultimately, also in the streamfunction. For the velocity, the third- and fifth-orders convergence are achieved with
d = 3,5, respectively, in both norms, while with d =1 it does not converge, following the expected behaviour considering the
obtained convergence orders for the streamfunction.

Increasing the polynomial degree for the streamfunction reconstructions in the P,-P,,; method improves the accuracy and
increases the convergence orders for the boundary vorticity, with first-, third-, and fifth-orders convergence obtained with d =
1,3,5, respectively, in both norms. Consequently, accuracy and convergence orders for the vorticity are substantially improved,
achieving second-, fourth-, and sixth-orders convergence in the L'-norm and above first-, third-, and fifth-orders convergence
in the L®-norm with d = 1, 3,5, respectively. For the streamfunction, optimal convergence orders are achieved in both norms,
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Table 3
Vorticity errors and convergence orders obtained in the flow in a circular domain test case with exact boundary vorticity.
d=1 d=3 d=5

Ne¢ E, 0, Ey O E, 0, Eg O E, 0, Ey O«
Naive
1,096 6.25E-03 — 2.12E-02 — 1.14E-02 — 1.16E-02 — 1.14E-02 — 1.14E-02 —
2,478 3.04E-03 1.76 1.33E-02 1.15 5.07E-03 1.99 5.12E-03 2.01 5.07E-03 198 5.07E-03 1.98
5,366 1.61E-03 1.64 7.04E-03 1.65 2.31E-03 2.03 2.33E-03 2.04 2.31E-03 2.03 2.31E-03 2.03
11,624 6.95E-04 218 3.53E-03 1.78 1.06E-03 2.01 1.07E-03 2.02 1.06E-03 2.01 1.06E-03 2.01
26,890 3.23E-04 1.83 1.49E-03 2.07 4.67E-04 196 4.68E-04 1.96 4.67E-04 196 4.67E-04 1.96
Exact
1,096 1.76E-02 — 3.26E-02 — 7.87E-05 — 3.93E-04 — 1.52E-05 — 2.54E-05 —
2,478 8.11E-03 1.91 1.84E-02 1.41 1.54E-05 4.00 1.04E-04 3.25 1.89E-06 5.10 3.15E-06 5.12
5,366 3.92E-03 1.88 9.35E-03 1.75 3.20E-06 4.07 2.34E-05 3.88 2.19E-07 5.58 3.78E-07 5.48
11,624 1.76E-03 2.08 4.60E-03 1.84 6.47E-07 4.13 6.33E-06 3.38 2.52E-08 5.60 3.89E-08 5.89
26,890 7.90E-04 1.91 1.95E-03 2.04 1.18E—-07 4.06 1.21E-06 3.93 2.04E-09 599 3.43E-09 5.79
ROD
1,096 1.75E-02 — 3.25E-02 — 7.85E-05 — 3.93E-04 — 1.51E-05 — 2.53E-05 —
2,478 8.08E-03 1.90 1.83E-02 1.40 1.54E-05 3.99 1.04E-04 3.25 1.89E-06 5.10 3.14E-06 5.12
5,366 3.91E-03 1.88 9.33E-03 1.75 3.19E-06 4.07 2.33E-05 3.88 2.19E-07 5.58 3.78E-07 5.48
11,624 1.75E-03 2.08 4.59E-03 1.83 6.47E-07 4.13 6.32E-06 3.38 2.52E-08 5.60 3.88E-08 5.89
26,890 7.89E-04 1.91 1.95E-03 2.04 1.18E-07 4.06 1.21E-06 3.93 2.05E-09 5.99 3.43E-09 5.79

Table 4

Streamfunction errors and convergence orders obtained in the flow in a circular domain test case with exact boundary vorticity.

d=1 d=3 d=5

NC El 01 Eec Oec El 01 Eoo Ooo E] 01 Eec Oeo
Naive
1,096 3.29E-04 — 1.32E-03 — 7.87E-04 — 1.89E-03 — 7.86E-04 — 1.88E-03 —
2,478 1.60E-04 1.77 8.63E-04 1.05 3.51E-04 198 8.43E-04 1.98 3.51E-04 1.98 8.43E-04 1.97
5,366 8.59E-05 1.61 4.57E-04 1.64 1.60E-04 2.03 3.85E-04 2.03 1.60E-04 2.03 3.85E-04 2.03
11,624 3.68E-05 2.19 231E-04 1.77 7.38E-05 2.01 1.77E-04 2.01 7.38E-05 2.01 1.77E-04 2.01
26,890 1.70E-05 1.84 9.65E-05 2.08 3.24E-05 196 7.78E-05 1.96 3.24E-05 196 7.78E-05 1.96
Exact
1,096 1.04E-03 — 2.24E-03 — 4.32E-06 — 2.07E-05 — 1.45E-06 — 3.50E-06 —
2,478 4.86E-04 1.86 1.21E-03 1.52 8.82E-07 3.89 5.32E-06 3.33 1.73E-07 5.21 4.17E-07 5.21
5,366 2.37E-04 186 6.22E-04 1.71 1.73E-07 4.22 1.22E-06 3.82 1.94E-08 5.66 4.65E-08 5.68
11,624 1.05E-04 2.10 3.13E-04 1.77 4.88E-08 3.27 3.22E-07 3.44 2.22E-09 5.61 5.24E-09 5.65
26,890 4.74E-05 1.89 1.34E-04 2.03 7.98E-09 4.32 6.16E-08 3.94 2.09E-10 5.64 4.94E-10 5.63
ROD
1,096 1.03E-03 — 2.23E-03 — 4.29E-06 — 2.07E-05 — 1.46E-06 — 3.49E-06 —
2,478 4.84E-04 1.86 1.20E-03 1.51 8.87E-07 3.86 5.32E-06 3.33 1.73E-07 5.22 4.16E-07 5.21
5,366 2.36E-04 1.86 6.21E-04 1.71 1.72E-07 4.25 1.22E-06 3.82 1.94E-08 5.67 4.65E-08 5.68
11,624 1.05E-04 2.10 3.13E-04 1.77 4.89E-08 3.25 3.21E-07 3.44 2.22E-09 5.61 5.24E-09 5.64
26,890 4.74E-05 1.89 1.34E-04 2.03 8.00E-09 4.32 6.16E-08 3.94 2.10E-10 5.63 4.97E-10 5.62

resulting in improved accuracy and convergence orders for the velocity compared to the P,—P, method, which achieves second-
order convergence with d = 1 and almost fourth- and sixth-orders convergence with d = 3,5, respectively, in both norms.

e Further increasing the polynomial degree for the streamfunction reconstructions in the P,—P,,, method slightly improves bound-
ary vorticity accuracy in comparison with the P,—P,,; method, in general. Thus, slightly more accurate vorticity and streamfunc-
tion cell mean-values are also computed, although such small improvements can often be limited in more practical domains due to
the higher condition numbers of the resulting system of linear equations. There is, however, a substantial accuracy improvement
in the velocity.

6.3. Annular domain

This test case addresses an internal creeping flow (Stokes equations) confined between two infinitely long cylinders rotating at
specific constant angular velocities. The interior and exterior cylinders have radii r; > 0 and rg > 0, respectively, and rotate with linear
velocity magnitudes u; and ug, respectively. The exterior cylinder is assumed to be centred at the origin, while the two cylinders are not
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Table 5
Velocity errors and convergence orders obtained in the flow in a circular domain test case with exact boundary vorticity.
d=1 d=3 d=5
Ng E, 0, E, O, E, 0, E, O, E, 0, E, O,
Naive
1,680 1.65E-02 — 1.68E-01 — 3.79E-03 — 5.65E-03 — 3.83E-03 — 5.67E-03 —
3,771 9.08E-03 1.48 1.27E-01 0.68 1.69E-03 2.00 2.55E-03 1.97 1.70E-03 2.01 2.53E-03 1.99
8,129 5.12E-03 1.49 8.56E-02 1.04 7.72E-04 2.04 1.19E-03 1.98 7.74E-04 2.05 1.16E-03 2.04
17,554 3.00E-03 1.39 6.12E-02 0.87 3.55E-04 2.02 5.40E-04 2.05 3.56E-04 2.02 5.32E-04 2.02
40,513 1.75E-03 1.28 4.26E-02 0.87 1.56E-04 1.97 2.39E-04 1.95 1.56E-04 1.97 2.34E-04 1.97
Exact
1,680 1.83E-02 — 1.73E-01 — 1.41E-04 — 1.84E-03 — 1.00E-05 — 1.19E-04 —
3,771 9.70E-03 1.57 1.30E-01 0.71 3.69E-05 3.31 6.99E-04 2.40 1.10E-06 5.47 1.57E-05 5.01
8,129 5.33E-03 1.56 8.67E-02 1.05 1.04E-05 3.29 3.38E-04 1.89 1.28E-07 5.59 2.45E-06 4.85
17,554 3.07E-03 1.43 6.17E-02 0.88 2.97E-06 3.26 8.16E-05 3.69 1.60E-08 5.42 4.03E-07 4.68
40,513 1.78E-03 1.31 4.28E-02 0.88 7.786E-07  3.21 2.38E-05 2.94 1.74E-09 5.30 6.02E-08 4.55
ROD
1,680 1.83E-02 — 1.73E-01 — 1.41E-04 — 1.84E-03 — 1.00E-05 — 1.19E-04 —
3,771 9.70E-03 1.57 1.30E-01 0.71 3.69E-05 3.31 6.98E-04 2.40 1.10E-06 5.46 1.57E-05 5.01
8,129 5.32E-03 1.56 8.67E-02 1.05 1.04E-05 3.29 3.38E-04 1.89 1.28E-07 5.59 2.44E-06 4.85
17,554 3.07E-03 143 6.17E-02 0.88 2.97E-06 3.26 8.15E-05 3.69 1.60E-08 5.42 4.03E-07 4.68
40,513 1.78E-03 1.31 4.28E-02 0.88 7.786-07  3.21 2.38E-05 2.94 1.74E-09 5.30 6.02E-08 4.55
Table 6
Boundary vorticity errors and convergence orders obtained in the flow in a circular domain test case with exact boundary vorticity.
d=1 d=3 d=5
Ng E, 0, E, (& E, 0, E, (& E, 0, E, O,
Naive
72 3.00E+00 —  3.00E+00 — 6.55E-02 — 7.23E-02 — 5.62E-03 — 6.43E-03 —
108 3.00E+00 —  3.00E+00 — 3.21E-02 1.76 3.94E-02 1.50 2.07E-03 2.47 2.30E-03 2.54
160 3.00E+00 — 3.00E+00 — 1.52E-02 1.91 1.91E-02 1.85 8.56E-04 224 9.23E-04 2.32
236 3.00E+00 —  3.00E+00 — 7.51E-03 1.81 9.67E-03 1.75 3.73E-04 2.14 3.90E-04 2.21
356 3.00E+00 —  3.00E+00 — 3.20E-03 2.07 4.39E-03 1.92 1.59E-04 2.07 1.64E-04 2.10
Exact
72 2.99E+00 —  2.99E+00 — 6.17E-02 — 6.85E-02 — 1.82E-03 — 2.63E-03 —
108 3.00E+00 —  3.00E+00 — 3.04E-02 1.74 3.77E-02 1.47 3.74E-04 3.89 6.05E-04 3.63
160 3.00E+00 — 3.00E+00 — 1.44E-02 190 1.83E-02 1.84 8.54E-05 3.76 1.52E-04 3.52
236 3.00E+00 —  3.00E+00 — 7.15E-03 1.80 9.31E-03 1.73 1.83E-05 3.96 3.60E-05 3.71
356 3.00E+00 —  3.00E+00 — 3.05E-03 2.07 4.24E-03 1.92 3.41E-06 4.09 8.64E-06 3.47
ROD
72 3.00E+00 —  3.00E+00 — 6.41E-02 — 7.09E-02 — 1.89E-03 — 2.72E-03 —
108 3.00E+00 —  3.00E+00 — 3.12E-02 1.78 3.85E-02 1.51 3.86E-04 392 6.18E-04 3.66
160 3.00E+00 —  3.00E+00 — 1.46E-02 1.92 1.85E-02 1.86 8.73E-05 3.78 1.54E-04 3.53
236 3.00E+00 —  3.00E+00 — 7.23E-03 1.81 9.40E-03 1.75 1.86E-05 3.98 3.64E-05 3.72
356 3.00E+00 —  3.00E+00 — 3.07E-03 2.08 4.26E-03 1.92 3.45E-06 4.10 8.70E-06 3.48

necessarily coaxial, resulting in a non-null eccentricity (the distance between the centres of the two cylinders) defined as e = rg — r}.
Since the cylinder lengths are assumed to be infinite, the flow occurs only along the azimuthal axis, and, under these conditions, the
flow has a known analytical solution for the vorticity and streamfunction [56], given as

_ e X2yt
w=28 ererS;("erJrs)+2c(x+y s;(zx Y+s)—4E—8Fs¥,and 73)
C C
+ —
w:Alog<g)+By¥+Cys—by+Dy+E(x2+y2+s2)+Fy10g(%), (74)

where the parameters g, b, ¢, and d are expressed as a =x2 + (s + )%, b=x2+(s—y)}, c= x> +y* + s+ 2sy,and d = x2 + )? + s2 —
2sy, and the coefficients A, B, C, D, E, F, G, and H are expressed as

dydg — 52

A=-G ,
2

B=G(di+s)(dg+s), C=G(d—s)(dg—s), (75)
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Table 7
Vorticity errors and convergence orders obtained in the flow in a circular domain test case with approximate boundary vorticity.
d=1 d=3 d=5
N¢ E, 0, E, O E, 0, Ey O E, 0, Eq, O
Pd_Pd
1,096 3.45E-01 — 1.73E+01 — 1.87E-04 — 2.96E-03 — 3.78E-06 — 3.95E-05 —
2,478 3.45E+01 — 1.00E+04 — 5.21E-05 3.14 2.04E-03 0.91 4.85E-07 5.04 8.33E-06 3.82
5,366 1.44E-01 — 1.23E+01 — 1.48E-05 3.26 7.73E-04 2.51 7.47E-08 4.84 1.86E-06 3.88
11,624 3.38E-01 — 1.54E+02 — 4.84E-06 2.89 3.43E-04 211 1.19E-08 4.74 5.81E-07 3.02
26,890 6.01E-02 — 2.87E+01 — 1.36E-06 3.03 1.99E-04 1.30 1.58E—09 4.83 9.73E-08 4.26
PP
1,096 4.46E-03 — 2.73E-02 — 9.09E-05 — 5.04E-04 — 3.75E-06 — 2.57E-05 —
2,478 2.17E-03 1.77 1.72E-02 1.14 1.62E-05 4.23 1.38E-04 3.17 3.75E-07 5.65 3.16E-06 5.13
5,366 9.77E-04 2.06 8.80E-03 1.73 3.08E-06 4.29 3.17E-05 3.82 3.49E-08 6.14 5.49E-07 4.53
11,624 4.62E-04 194 8.40E-03 0.12 6.30E-07 4.11 1.04E-05 2.87 3.66E-09 5.84 5.98E-08 5.73
26,890 1.96E-04 2.05 5.99E-03 0.81 1.17E-07 4.01 2.27E-06 3.64 3.08E-10 590 7.48E-09 4.96
Ipd_":pd+2
1,096 3.92E-03 — 1.35E-02 — 8.75E-05 — 3.75E-04 — 3.88E-06 — 1.23E-05 —
2,478 1.97E-03 1.69 9.24E-03 0.93 1.56E-05 4.22 9.83E-05 3.28 3.80E-07 5.69 1.72E-06 4.83
5,366 8.94E-04 2.04 4.60E-03 1.80 3.05E-06 4.23 2.10E-05 3.99 3.51E-08 6.17 2.21E-07 5.31
11,624 4.18E-04 197 2.75E-03 1.33 6.05E-07 4.19 4.76E-06 3.84 3.60E-09 5.89 2.86E-08 5.29
26,890 1.76E-04 2.06 1.26E-03 1.87 1.14E-07 3.97 1.15E-06 3.38 3.61E-10 548 1.65E-08 1.31
Table 8
Streamfunction errors and convergence orders obtained in the flow in a circular domain test case with approximate boundary vorticity.
d=1 d=3 d=5
Ne E, 0, E, O E, 0, E, O E, 0, E, O
Pd_Pd
1,096 6.10E-03 — 9.07E-02 — 1.40E-05 — 2.69E-05 — 3.46E-07 — 7.57E-07 —
2,478 3.03E-01 — 7.31E+00 — 3.80E-06 3.21 6.82E-06 3.36 6.39E-08 4.14 1.07E-07 4.80
5,366 9.56E-04 — 1.90E-02 — 1.05E-06 3.32 1.65E-06 3.67 8.61E-09 5.19 1.43E-08 5.20
11,624 3.51E-03 — 7.91E-02 — 2.09E-07 4.19 3.76E-07 3.83 1.19E-09 5.12 1.71E-09 5.49
26,890 1.55E-04 — 4.22E-03 — 4.40E-08 3.72 7.55E-08 3.83 1.13E-10 5.61 1.71E-10 5.49
Pdierl
1,096 2.70E-04 — 6.80E-04 — 1.02E-05 — 2.04E-05 — 3.33E-07 — 7.39E-07 —
2,478 1.41E-04 1.58 3.78E-04 1.44 2.14E-06 3.83 3.80E-06 4.12 3.45E-08 5.55 6.80E-08 5.85
5,366 6.07E-05 2.19 1.97E-04 1.69 4.52E-07 4.02 7.14E-07 4.33 3.93E-09 5.63 6.71E-09 5.99
11,624 2.88E-05 193 9.74E-05 1.82 9.62E-08 4.00 1.42E-07 4.18 3.77E-10 6.06 5.78E-10 6.35
26,890 1.15E-05 2.20 4.05E-05 2.10 1.74E-08 4.08 2.45E-08 4.19 2.56E-11 6.41 4.11E-11 6.30
Pi—Pair
1,096 5.37E-04 — 8.86E-04 — 4.76E-06 — 7.72E-06 — 2.09E-07 — 3.77E-07 —
2,478 2.78E-04 1.62 4.52E-04 1.65 5.70E-07 5.20 9.13E-07 5.23 1.51E-08 6.44 2.63E-08 6.52
5,366 1.28E-04 2.01 2.10E-04 1.99 4.69E-08 6.47 1.01E-07 5.69 7.70E-10 7.71 1.60E-09 7.25
11,624 6.03E-05 1.94 9.89E-05 1.94 1.14E-08 3.65 3.93E-08 245 4.78E-11 7.19 1.27E-10 6.55
26,890 2.56E-05 2.05 4.30E-05 1.98 2.98E-09 3.21 1.02E-08 3.22 4.14E-12 5.83 1.14E-11 5.76
2 _ 2 2,2 (—1 -1
+s di+s e —r rr(r up — ;. ug
D=H dllog<dE > —dElog<dI > —2Hs g 12 (rpup + rgug) — LE 12 5 E ) (76)
E—S 1—5 gt (rI+rE)e
H di+s)(dg —s
E= ?1 g % (rrur + rgug), F = He(ruy + rgug), (77)
(dl - s) (dE + s)
2_ g2 dy +5) (dg — -
1+58)(dg —s
G=2ALt 1 ("1’41 + rEuE), and H = (r2 + rz) log M —4se ) , (78)
P2 4 2 ! E (d—s)(d +s)
1 E I E
and the distances s, d, and dy are given as
1/2
(re—ri—e)(rg—ri+e)(rg+ri—e)(rg+ri+e)
s = , (79)

4e2

114



R. Costa, S. Clain, G.J. Machado et al. Computers and Mathematics with Applications 214 (2026) 94-134

Table 9
Boundary vorticity errors and convergence orders obtained in the flow in a circular domain test case with approximate boundary vorticity.
d=1 d=3 d=5
Ny E, 0, Ey O E, 0, Ey O« E, 0, Eg O
Pd_[pd
72 2.35E+00 — 2.38E+01 — 2.48E-03 — 4.86E-03 — 2.07E-05 — 6.08E-05 —
108 5.20E+02 — 1.70E+04 — 9.46E-04 238 299E-03 1.20 4.26E-06 3.90 1.25E-05 3.90
160 2.18E+00 — 1.72E+01 — 3.19E-04 277 1.07E-03 2.62 1.00E-06 3.68 2.79E-06 3.82
236 5.86E+00 — 2.01E+02 — 1.94E-04 1.27 5.63E-04 1.65 2.33E-07 3.75 8.65E-07 3.01
356 2.43E+00 — 4.08E+01 — 7.15E-05 243 2.82E-04 1.68 4.39E-08 4.06 1.54E-07 4.19
Pd_pdﬂ
72 1.73E-02 — 4.83E-02 — 1.15E-04 — 3.85E-04 — 1.54E-05 — 3.71E-05 —
108 9.37E-03 1.52 2.71E-02 1.43 3.82E-05 2.71 1.06E-04 3.19 1.98E-06 5.06 4.18E-06 5.38
160 5.19E-03 1.50 1.59E-02 1.36 8.51E-06 3.82 2.70E-05 3.47 2.35E-07 5.42 8.00E-07 4.20
236 3.88E-03 0.75 1.31E-02 0.49 4.37E-06 1.71 1.53E-05 1.46 3.19E-08 5.14 8.46E—-08 5.78
356 2.46E-03 1.11 8.44E-03 1.07 1.07E-06 3.41 3.01E-06 3.95 3.24E-09 556 1.15E-08 4.87
Pd_Pd+2
72 1.61E-02 — 2.81E-02 — 3.24E-05 — 1.06E-04 — 1.51E-05 — 1.88E-05 —
108 7.58E-03 1.86 1.92E-02 0.94 1.67E-05 1.64 4.52E-05 2.11 1.89E-06 5.13 2.54E-06 4.94
160 3.87E-03 1.71 1.08E-02 1.46 3.21E-06 4.19 1.16E-05 3.46 2.19E-07 5.48 2.98E-07 5.45
236 2.12E-03 1.55 6.25E-03 1.42 9.51E-07 3.13 4.19E-06 2.62 2.49E-08 5.59 4.22E-08 5.03
356 1.09E-03 1.62 3.25E-03 1.59 1.94E-07 3.87 5.96E-07 4.74 6.00E-09 3.46 2.70E-08 1.08
Table 10
Velocity errors and convergence orders obtained in the flow in a circular domain test case with approximate boundary vorticity.
d=1 d=3 d=5
Ng E, 0, E, O E, 0, E, O, E, 0, Ey O
Pd_Pd
1,680 5.46E-02 — 8.85E-01 — 1.41E-04 — 1.99E-03 — 6.08E-06 — 1.08E-04 —
3,771 2.66E+00 — 1.90E+02 — 3.68E-05 3.32 6.48E-04 2.78 6.88E-07 5.39 1.41E-05 5.04
8,129 1.29E-02 — 3.19E-01 — 1.09E-05 3.16 3.35E-04 1.72 9.33E-08 5.20 2.30E-06 4.72
17,554 2.71E-02 — 1.69E+00 — 2.97E-06 3.39 8.06E-05 3.70 1.29E-08 5.14 3.84E-07 4.64
40,513 3.08E-03 — 1.58E-01 — 7.80E-07 3.20 2.28E-05 3.02 1.54E-09 5.09 5.79E-08 4.53
Pdierl
1,680 2.83E-03 — 1.95E-02 — 2.75E-05 — 2.97E-04 — 1.24E-06 — 2.04E-05 —
3,771 1.25E-03 2.03 9.41E-03 1.80 6.32E-06 3.64 6.86E-05 3.62 1.27E-07 5.63 2.26E-06 5.44
8,129 5.59E-04 2.09 5.03E-03 1.63 1.62E-06 3.55 1.98E-05 3.23 1.47E-08 5.62 2.21E-07 6.05
17,554 2.53E-04 2.06 2.27E-03 2.07 3.84E-07 3.74 4.34E-06 3.94 1.71E-09 5.58 2.83E-08 5.34
40,513 1.06E-04 2.08 1.11E-03 1.70 8.16E-08 3.70 7.84E-07 4.09 1.83E-10 5.35 3.32E-09 5.12
PPy
1,680 7.30E-04 — 3.49E-03 — 1.33E-05 — 1.26E-04 — 5.53E-07 — 3.93E-06 —
3,771 3.32E-04 195 1.31E-03 243 1.44E-06 5.49 1.69E-05 4.96 4.18E-08 6.39 4.91E-07 5.14
8,129 1.55E-04 1.99 8.41E-04 1.15 2.52E-07 4.54 2.80E-06 4.68 2.82E-09 7.02 3.14E-08 7.16
17,554 7.14E-05 2.01 4.32E-04 1.73 5.90E-08 3.77 4.25E-07 4.90 3.06E-10 5.77 4.12E-09 5.27
40,513 3.08E-05 2.01 1.76E-04 2.15 1.28E-08 3.65 7.21E-08 4.24 2.39E-11 6.10 1.86E-09 1.90
2 _ 2 2 _ 2
rz —r. ro —r
E_'T e E-'1 e
dy = - =, and dp = + = (80)
™72 2 EZ 72 T2
The velocity components are obtained from the streamfunction as
x2 =2 + 5% sx2 4+ 52 +2x2y + 252y + 83 sx2 4 52 = 2x2y =252y + 3
u, =4As +B +C
cd c2 d?
a
2y((s — y)a+ (s + y)b) + ablog (Z)
+D+2Ey+F 5 , and (81)
a
8sx 2xy(s + 2xy(s — 8sxy?
uy =AY pZOCAN | 2OC N pp, pSSO (82)
cd c? d? cd

For the domain, the interior physical boundary has a radius of r; = 1/2 m (normal curvature of x; = 2), centre at (0, —1/4) m, and
rotates with u; = —1 m/s (counter-clockwise). The exterior physical boundary has a radius of r; = 1 m (normal curvature of «xp = 1),
centre at the origin, and rotates with uz = 1 m/s (clockwise). For the fluid, a dynamic viscosity of y = 1 kg/(ms) and a density of
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(a) Coarse mesh. (b) Velocity magnitude.
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(c) Vorticity contours. (d) Streamlines.

Fig. 6. Coarse mesh and analytical solution for the flow in an annular domain test case (for proper interpretation of the colour scale, the reader is
referred to the electronic version of this article).

p=1kg/m? are used. Successively finer uniform Delaunay triangular meshes are used to discretise the physical domain, and the
simulations are carried out for the P,-P,, P,—P,,, and P,—P,,, methods with 4 = 1, 3, 5. Fig. 6 illustrates the physical domain with
a coarse mesh and the analytical solutions for the velocity, vorticity, and streamfunction fields.

The errors and convergence orders for the approximate vorticity, streamfunction, boundary vorticity, and velocity are reported
in Tables 11, 12, 13, and 14, respectively. The results exhibit the same behaviour as the previous test case, and, in general, the
P,—P, method does not achieve optimal convergence orders in both norms for the vorticity and streamfunction. Again, in accordance
with the previous test case, the P,—P,,; method substantially improves the boundary vorticity accuracy and convergence order,
which turns out to be effective in recovering the optimal convergence orders for the vorticity and streamfunction, except for the
L*®-norm for the streamfunction. Moreover, the same convergence orders as for the streamfunction are achieved for the velocity,
indicating that the accuracy deterioration in the streamfunction polynomial reconstruction derivatives is not significant. In turn, the
P,~P,,, method further improves the boundary vorticity accuracy, achieving fourth- and sixth-orders convergence with d = 3,5,
respectively, in both norms. On the contrary, the strategy is not effective with d = 1, which maintains a first-order convergence in
both norms. Consequently, there is also no improvement in the convergence order for the vorticity, streamfunction, and velocity with
d =1 compared to the P,-P,,; method. However, it is effective in recovering the optimal order for the vorticity in the L®-norm
with d = 3,5, while super-optimal convergence orders are obtained in the L'-norm and for the streamfunction and velocity in both
norms.

6.4. Rose-shaped domain

This test case addresses an internal flow (Navier-Stokes equations) confined between two rose-shaped boundaries, which corre-
spond to a diffeomorphic transformation of an annular domain with interior and exterior physical boundaries with radii r; and rg,
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Table 11
Vorticity errors and convergence orders obtained in the flow in an annular domain test case.
d=1 d=3 d=5

Ne¢ E, 0, Ey O E, 0, Eg O E, 0, Ey O«
Pd_Pd
1,178 4.65E-01 — 3.65E+01 — 5.15E-04 — 9.62E-03 — 3.38E-04 — 9.78E-03 —
2,374 7.04E-01 — 4.88E+01 — 1.74E-04 3.10 7.24E-03 0.81 5.75E-05 5.05 1.45E-03 5.44
5,236 1.43E+00 — 4.56E+02 — 5.22E-05 3.04 3.43E-03 1.89 6.40E-06 5.55 3.12E-04 3.89
10,378 1.15E+00 — 3.47E+02 — 1.53E-05 3.59 1.43E-03 2.56 8.74E-07 5.82 9.65E-05 3.43
22,072 2.71E-01 — 1.81E+02 — 5.39E-06 2.76 1.01E-03 0.92 1.26E-07 5.14 1.81E-05 4.44
pd_lpdﬂ
1,178 2.05E-03 — 3.62E-02 — 3.19E-04 — 5.32E-03 — 3.75E-04 — 1.40E-02 —
2,374 1.19E-03 1.55 2.55E-02 1.00 7.03E-05 4.31 1.71E-03  3.24 3.07E-05 7.14 1.11E-03 7.23
5,236 5.60E-04 190 1.76E-02 0.93 1.28E-05 4.31 8.25E-04 1.84 2.30E-06 6.56 1.03E-04 6.02
10,378 2.80E-04 2.03 1.19E-02 1.16 2.67E-06 4.58 2.88E-04 3.08 2.12E-07 6.96 2.46E-05 4.17
22,072 1.41E-04 1.81 9.11E-03 0.70 5.81E-07 4.04 8.75E-05 3.15 2.44E-08 5.73 2.94E-06 5.64
|pd_":pd+2
1,178 1.84E-03 — 2.62E-02 — 4.64E-04 — 1.25E-02 — 2.97E-04 — 6.67E-03 —
2,374 9.94E-04 1.76 1.74E-02 1.16 4.52E-05 6.65 1.41E-03 6.22 2.68E-05 6.86 1.04E-03 5.32
5,236 5.11E-04 1.68 1.49E-02 0.39 5.06E-06 5.54 3.66E-04 3.42 1.70E-06 6.98 9.38E-05 6.07
10,378 2.46E-04 214 1.38E-02 0.22 7.92E-07 5.42 7.24E-05 4.73 1.14E-07 7.88 7.59E-06 7.35
22,072 1.24E-04 1.81 1.12E-02 0.55 1.34E-07 4.72 1.18E-05 4.82 7.49E-09 7.22 1.38E-06 4.51

Table 12

Streamfunction errors and convergence orders obtained in the flow in an annular domain test case.

d=1 d=3 d=5

N E, 0, E o, E, 0, E, o, E, 0, E, o,
Pd_lpd
1,178 4.88E-03 — 7.60E-02 — 3.85E-05 — 1.42E-04 — 4.52E-06 — 2.59E-05 —
2,374 8.28E-03 — 8.87E-02 — 1.04E-05 3.74 3.26E-05 4.21 1.91E-06 245 6.52E-06 3.93
5,236 1.49E-02 — 4.02E-01 — 2.47E-06 3.63 7.29E-06 3.79 2.32E-07 5.33 6.28E-07 5.91
10,378 6.85E-03 — 2.80E-01 — 6.89E-07 3.73 1.85E-06 4.01 3.14E-08 5.85 8.29E-08 5.92
22,072 6.67E-04 — 3.58E-02 — 1.89E-07 3.43 4.88E-07 3.53 3.82E-09 5.59 1.04E-08 5.50
PJ_PM+1
1,178 7.95E-04 — 2.11E-03 — 1.84E-05 — 4.19E-05 — 1.53E-05 — 4.34E-05 —
2,374 3.81E-04 210 1.19E-03 1.63 2.66E-06 5.53 6.38E-06 5.37 5.65E-07 9.42 2.15E-06 8.57
5,236 1.75E-04 1.96 5.28E-04 2.07 4.17E-07 4.68 8.36E-07 5.14 5.08E-08 6.09 1.49E-07 6.75
10,378 8.99E-05 1.95 292E-04 1.73 8.77E-08 4.56 1.75E-07 4.57 4.71E-09 6.95 1.43E-08 6.86
22,072 4.13E-05 2.06 1.41E-04 1.93 1.94E-08 3.99 3.85E-08 4.02 4.34E-10 6.32 1.30E-09 6.35
Pd_Pd+2
1,178 8.46E-04 — 2.22E-03 — 7.30E-06 — 3.39E-05 — 5.34E-06 — 3.06E-05 —
2,374 4.14E-04 2.04 1.30E-03 1.53 1.32E-06 4.89 4.36E-06 5.85 5.11E-07 6.70 1.71E-06 8.23
5,236 1.92E-04 1.95 5.50E-04 2.17 1.46E-07 5.55 4.29E-07 5.86 3.34E-08 6.90 1.23E-07 6.65
10,378 9.69E-05 1.99 3.04E-04 1.74 1.89E-08 5.99 5.33E-08 6.09 2.53E-09 7.55 6.62E-09 8.54
22,072 4.56E-05 2.00 1.48E-04 191 2.66E-09 5.19 7.71E-09 5.13 1.31E-10 7.85 4.67E-10 7.03

respectively. The resulting interior and exterior rose-shaped boundaries are parametrised in polar coordinates as
Iyt (r,0) = (Ry(6),0) and I @ (r,0) = (Rg(0).6), (83)

respectively, where functions R; := R;(9) and Ry := Rg(0) correspond to a periodic radius perturbation of frequency ay, ay € N* and
magnitude f;, f; € R, given as

Ry=r;—p+pcos (af) and  Rg =rg— g+ fg cos (agh), (84)

respectively. The normal curvatures of the interior and exterior physical boundaries, «; := xy(0) and «g := ky(6), respectively, can be
determined analytically (see Appendix C) as

R +2(R))’ - RiRY _ RZ+2(Rp)" - RgRY

- d = R (85)
mewr)” T ()"
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Table 13
Boundary vorticity errors and convergence orders obtained in the flow in an annular domain test case.
d=1 d=3 d=5
Ny E, 0, Eq O E, 0, Ey O« E, 0, Eg O
Pd_[pd
128 2.44E+00 — 4.95E+01 — 2.83E-03 — 1.38E-02 — 1.65E-03 — 1.34E-02 —
184 3.92E+00 — 7.34E+01 — 1.38E-03 1.97 1.03E-02 0.81 3.24E-04 449 2.03E-03 5.20
272 9.36E+00 — 6.03E+02 — 6.98E-04 1.75 5.19E-03 1.75 4.94E-05 4.81 4.76E-04 3.71
384 1.20E+01 — 4.75E+02 — 3.23E-04 224 210E-03 2.62 1.30E-05 3.87 1.51E-04 3.33
560 5.41E+00 — 2.34E+02 — 1.56E—04 1.92 1.52E-03 0.86 2.35E-06 4.53 2.66E-05 4.61
Pd_pdﬂ
128 7.26E-03 — 5.58E-02 — 1.27E-03 — 8.19E-03 — 1.67E-03 — 1.96E-02 —
184 5.72E-03 0.65 4.06E-02 0.88 3.93E-04 3.23 248E-03 3.29 1.72E-04 6.26 1.44E-03 7.20
272 3.33E-03 1.38 2.30E-02 1.45 1.18E-04 3.09 1.18E-03 1.90 2.00E-05 5.51 1.80E-04 5.31
384 2.89E-03 0.41 1.80E-02 0.71 4.09E-05 3.06 4.23E-04 2.98 2.99E-06 5.51 3.68E-05 4.61
560 1.36E-03 1.99 1.26E-02 0.95 1.22E-05 3.20 1.33E-04 3.06 4.70E-07 491 4.25E-06 5.72
Pi—Pyia
128 1.07E-02 — 5.46E-02 — 2.01E-03 — 1.99E-02 — 1.46E-03 — 1.10E-02 —
184 6.17E-03 1.53 5.01E-02 0.24 2.98E-04 5.25 2.12E-03 6.17 1.39E-04 6.48 1.55E-03 5.40
272 4.59E-03 0.76 2.75E-02 1.53 4.57E-05 4.80 5.06E-04 3.67 1.14E-05 6.40 1.66E-04 5.72
384 2.98E-03 1.25 243E-02 0.35 1.09E-05 4.16 1.21E-04 4.15 1.12E-06 6.73 1.19E-05 7.64
560 2.09E-03 095 1.93E-02 0.61 1.87E-06 4.68 1.74E-05 5.14 1.07E-07 6.21 2.05E-06 4.67
Table 14
Velocity errors and convergence orders obtained in the flow in an annular domain test case.
d=1 d=3 d=5
NE El 01 Ew Oec El 01 Eoo Ooo El 01 Ew Oec
PPy
1,831 7.14E-02 — 1.11E+00 — 5.00E-04 — 1.13E-02 — 2.58E-04 — 1.45E-02 —
3,653 7.16E-02 — 9.00E-01 — 1.19E-04 4.15 4.99E-03 2.36 3.62E-05 5.69 2.71E-03 4.86
7,990 1.10E-01 — 5.02E+00 — 2.88E-05 3.63 1.32E-03 3.40 3.83E-06 5.74 3.86E-04 4.98
15,759 7.09E-02 — 3.89E+00 — 8.45E-06 3.61 4.49E-04 3.18 5.56E-07 5.68 6.28E-05 5.34
33,388 1.23E-02 — 1.16E+00 — 2.46E-06 3.28 1.75E-04 2.51 6.84E-08 5.58 1.24E-05 4.32
Ipd_lpd+]
1,831 2.41E-03 — 5.57E-02 — 2.73E-04 — 8.48E-03 — 2.47E-04 — 1.60E-02 —
3,653 1.09E-03 2.30 3.36E-02 1.46 4.81E-05 5.03 2.60E-03 3.42 1.68E-05 7.78 1.41E-03 7.03
7,990 4.55E-04 223 1.33E-02 2.36 7.49E-06 4.75 4.80E-04 4.32 1.19E-06 6.76 1.47E-04 5.77
15,759 1.86E—-04 2.63 5.01E-03 2.88 1.49E-06 4.76 1.43E-04 3.56 1.21E-07 6.73 1.71E-05 6.35
33,388 9.98E-05 1.66 3.84E-03 0.71 2.82E-07 4.43 3.87E-05 3.49 1.03E-08 6.57 3.42E-06 4.28
P:l_Pd+2
1,831 2.16E-03 — 3.35E-02 — 3.25E-04 — 1.71E-02 — 2.21E-04 — 1.70E-02 —
3,653 9.48E-04 2.39 9.45E-03 3.67 3.71E-05 6.28 2.96E-03 5.07 1.06E-05 8.79 1.00E-03 8.21
7,990 4.04E-04 218 6.72E-03 0.87 3.91E-06 5.75 4.09E-04 5.06 5.17E-07 7.72 8.73E-05 6.23
15,759 1.94E-04 216 2.69E-03 2.70 5.74E-07 5.65 7.09E-05 5.16 3.80E-08 7.69 8.05E-06 7.02
33,388 8.87E-05 2.08 1.43E-03 1.69 7.11E-08 557 1.37E-05 4.38 2.21E-09 7.58 6.36E-07 6.76

where R{ := R{(0) and R}, :

and Rg(#) with respect to 6, that is

oR
R ==1
I 90

oR
R. = E
E™ 96

= —afy sin (aIH),

= —agfg sin (agh),

and

RN - a1{12
L 962

2

R// — 0RE
E 562

= —alzﬂl cos (aIH),

= —afﬂE cos (aEQ).

= Ry(0) are the first derivatives and R’ := R'(9) and R} := R}/(9) are the second derivatives of R;(§)

(86)

(87)

Notice that such non-trivial parametrisation poses significant difficulties in curved mesh approaches to determining quadrature rules
and implementing non-linear transformations.
The manufactured solutions for the vorticity and streamfunction in polar coordinates, @ := w(r,0) and y := w(r, ), respectively,

read as

o=
ar?

118

(R{(r—Rg) + Ry (r— Ry) —2R{R, — r(4r — Ry — Rg)), and

(88)
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Table 15
Vorticity errors and convergence orders obtained in the flow in a rose-shaped domain test case.
d=1 d=3 d=5
Ne¢ E, 0, Eq O E, 0, Ey O E, 0, E O
1 collocation point
2,216 8.84E-02 — 8.31E-01 — 1.17E-02 — 1.68E-01 — 9.38E-03 — 1.14E-01 —
5,784 3.12E-02 217 3.69E-01 1.69 1.65E-03 4.08 4.07E-02 2.95 4.39E-04 6.39 1.41E-02 4.37
15,522 1.19E-02 1.96 1.10E-01 245 2.35E-04 395 6.61E-03 3.68 3.28E-05 5.25 1.28E-03 4.85
41,996 4.32E-03 2.04 4.54E-02 1.78 3.35E-05 391 1.27E-03 3.31 1.14E-06 6.75 1.06E-04 5.02
113,256 1.61E-03 1.98 2.73E-02 1.03 481E-06 391 2.27E-04 3.48 6.07E-08 591 6.29E-06 5.69
2 collocation points
2,216 8.32E-02 — 5.70E-01 — 1.78E-02 — 2.87E-01 — 1.36E-02 — 2.19E-01 —
5,784 3.10E-02 2.06 1.88E-01 2.31 2.02E-03 4.54 4.70E-02 3.78 5.68E-04 6.62 2.02E-02 4.98
15,522 1.19E-02 1.94 1.03E-01 1.23 2.36E-04 4.34 6.79E-03 3.92 3.60E-05 5.59 1.64E-03 5.08
41,996 4.32E-03 2.03 4.95E-02 1.46 3.37E-05 391 1.32E-03 3.29 1.14E-06 6.93 1.02E-04 5.59
113,256 1.61E-03 1.98 2.87E-02 1.10 4.82E-06 3.92 2.64E-04 3.24 6.06E-08 592 5.90E-06 5.74
Table 16
Streamfunction errors and convergence orders obtained in the flow in a rose-shaped domain test case.
d=1 d=3 d=5
Ne¢ E, 0, Eg O E, 0, Ey O E, 0, E O
1 collocation point
2,216 9.98E-04 — 2.07E-03 — 1.72E-04 — 3.12E-04 — 8.24E-05 — 2.06E-04 —
5,784 4.87E-04 1.50 9.85E-04 1.55 1.12E-05 5.71 3.03E-05 4.86 4.35E-06 6.14 8.22E-06 6.72
15,522 2.07E-04 1.73 3.76E-04 1.95 9.54E-07 4.98 3.31E-06 4.49 1.06E-07 7.53 3.35E-07 6.48
41,996 5.98E-05 250 1.20E-04 2.30 1.23E-07 4.12 4.55E-07 3.99 5.01E-09 6.13 1.62E-08 6.09
113,256 2.32E-05 190 4.57E-05 1.94 2.28E-08 3.40 5.43E-08 4.28 1.36E-10 7.26 4.76E-10 7.11
2 collocation points
2,216 1.18E-03 — 2.26E-03 — 2.55E-04 — 4.26E-04 — 8.61E-05 — 2.06E-04 —
5,784 4.56E-04 1.99 9.45E-04 1.81 1.58E-05 5.79 3.83E-05 5.02 4.97E-06 595 9.23E-06 6.48
15,522 2.03E-04 1.64 3.71E-04 1.89 8.66E-07 5.88 3.12E-06 5.08 1.20E-07 7.54 3.63E-07 6.56
41,996 5.88E-05 249 1.18E-04 2.30 1.11E-07 4.13 4.24E-07 4.01 4.74E-09 6.50 1.58E-08 6.29
113,256 2.30E-05 1.89 4.54E-05 1.93 2.63E-08 290 6.14E-08 3.90 1.27E-10 7.30 5.20E-10 6.89
Table 17
Boundary vorticity errors and convergence orders obtained in the flow in a rose-shaped domain test case.
d=1 d=3 d=5
Ny E, 0, Ey O E, 0, Ey O« E, 0, Eq O
1 collocation point
200 2.04E-01 — 9.22E-01 — 4.03E-02 — 2.51E-01 — 5.25E-02 — 1.98E-01 —
330 8.00E-02 1.86 5.12E-01 1.17 6.50E-03 3.64 5.61E-02 2.99 3.57E-03 5.37 1.78E-02 4.81
546 3.09E-02 1.89 1.89E-01 1.98 1.47E-03 295 8.07E-03 3.85 3.19E-04 4.80 2.03E-03 4.32
900 1.37E-02 1.62 8.36E-02 1.63 2.82E-04 3.31 1.50E-03 3.37 1.78E-05 5.77 1.44E-04 5.30
1,484 6.58E-03 1.47 4.69E-02 1.15 4.84E-05 3.52 3.13E-04 3.13 1.27E-06 5.28 1.00E-05 5.32
2 collocation points
400 1.97E-01 — 1.03E+00 — 9.60E-02 — 496E-01 — 1.13E-01 — 5.42E-01 —
660 7.57E-02 1.91 4.26E—-01 1.75 1.24E-02 4.08 7.57E-02 3.76 6.77E-03 5.62 3.75E-02 5.33
1,092 3.12E-02 1.76 2.14E-01 1.37 1.56E-03 4.13 9.01E-03 4.23 5.95E-04 4.83 2.68E-03 5.24
1,800 1.37E-02 1.65 1.06E-01 1.40 291E-04 3.35 1.77E-03 3.26 2.57E-05 6.29 2.07E-04 5.13
2,968 6.57E-03 1.47 5.43E-02 1.34 5.02E-05 3.52 3.75E-04 3.10 1.52E-06 5.65 1.12E-05 5.83
u
W= ;(r—RI)(r—RE), (89)

where u € R is a reference linear velocity magnitude on the physical boundary and a € R is a normalisation factor. The velocity
components in polar coordinates, u, := u,.(r,0) and u,y := uy(r,0), are obtained from the streamfunction as

u, = %(R;(RE—r) +R, (R -r)) and (R + Rg — 2r). (90)

Uy =

QI
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Table 18
Velocity errors and convergence orders obtained in the flow in a rose-shaped domain test case.
d=1 d=3 d=5
Ng E, 0, Eq O E, 0, Ey O E, 0, E O

1 collocation point

3,424 1.13E-02 — 1.13E-01 — 2.16E-03 — 4.61E-02 — 2.00E-03 — 6.55E-02 —

8,841 3.28E-03 2.61 3.49E-02 248 2.72E-04 437 7.57E-03 3.81 9.62E-05 6.39 4.21E-03 5.79
23,556 1.24E-03 1.99 1.76E-02 1.40 3.57E-05 4.15 1.84E-03 2.89 6.60E-06 5.47 5.33E-04 4.22
63,444 4.25E-04 2.16 5.12E-03 2.49 4.67E-06 4.11 2.26E-04 4.23 1.89E-07 7.18 2.03E-05 6.60
170,626 1.56E-04 2.03 2.07E-03 1.83 1.01E-06 3.09 3.84E-05 3.59 8.27E-09 6.32 1.43E-06 5.36

2 collocation points

3,424 9.16E-03 — 7.89E-02 — 3.42E-03 — 6.18E-02 — 2.07E-03 — 6.39E-02 —
8,841 3.26E-03 2.18 3.50E-02 1.71 3.56E-04 477 1.05E-02 3.73 9.40E-05 6.52 4.26E-03 5.71
23,556 1.24E-03 1.98 1.76E-02 1.40 3.57E-05 4.69 1.84E-03 3.57 6.57E-06 5.43 5.35E-04 4.24
63,444 4.25E-04 2.16 5.13E-03 2.49 4.66E-06 4.11 2.26E-04 4.23 1.88E-07 7.17 2.03E-05 6.61
170,626 1.56E-04 2.03 2.07E-03 1.84 1.01E-06 3.09 3.83E-05 3.59 8.23E-09 6.32 1.43E-06 5.36

Table 19

Errors obtained with the naive method in the regularised semi-elliptical lid-driven cavity test case

with Re = 1.

d N E, [%] E, [%] E, [%] E, [%]

W, 0)/Py—Pyy

1,044 1.20E+02 5.56E—01 1.08E+00 1.65E-01
1 4,070 8.39E+01 1.65E-01 3.25E-01 6.39E-02
16,398 1.31E+01 6.32E-02 1.00E-01 2.47E-02
65,786 3.01E+00 1.32E-02 2.41E-02 7.13E-03
1,044 1.95E+00 2.18E-02 2.18E-02 2.18E-02
3 4,070 5.85E-02 5.70E-03 5.67E-03 5.60E-03
16,398 4.04E-03 1.51E-03 1.49E-03 1.41E-03
65,786 8.40E—04 3.78E-04 3.73E-04 3.52E-04
1,044 2.47E-02 2.32E-02 2.30E-02 2.14E-02
5 4,070 1.17E-02 6.05E-03 5.98E-03 5.63E—-03
16,398 2.47E-03 1.51E-03 1.49E-03 1.41E-03
65,786 6.24E—-04 3.78E-04 3.74E-04 3.52E-04

W, 0)/P;—Pypn

1,044 2.33E+02 2.88E-01 3.34E-01 3.30E-01
1 4,070 1.27E+02 6.59E-02 6.40E—-02 1.02E-01
16,398 4.46E+01 4.69E—-02 3.35E-02 2.44E-02
65,786 3.17E+01 1.78E-02 1.57E-02 6.13E-03
1,044 2.37E+00 2.31E-02 2.29E-02 2.14E-02
3 4,070 1.04E-02 5.58E-03 5.52E-03 5.60E—-03
16,398 1.81E-03 1.51E-03 1.49E-03 1.41E-03
65,786 5.25E-04 3.78E-04 3.73E-04 3.52E-04
1,044 3.27E-02 2.31E-02 2.29E-02 2.15E-02
5 4,070 1.20E-02 6.05E-03 5.98E-03 5.63E-03
16,398 2.48E-03 1.51E-03 1.49E-03 1.41E-03
65,786 6.24E—04 3.78E-04 3.74E-04 3.52E-04

The source term function in polar coordinates, f/ := f(r, 0), derives from the vorticity transport equation with the above-manufactured
solution, the expression of which is omitted for compactness. Notice that although the exact solution is given in polar coordinates,
the problem is solved in Cartesian coordinates.

For the domain, the interior physical boundary has parameters r; = 1/2 m, a; = 8, and f; = r;/10 m, and centre at the origin. The
exterior physical boundary has parameters ry =1 m, oy = 8, and fg = rg/10 m, and centre at the origin. The fluid has a reference
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Table 20
Errors obtained with the ROD method in the regularised semi-elliptical lid-driven cavity test case with Re = 1.

d N¢ E, [%] E, [%] E, [%] E, [%] Nep Nowres  Tixe [s1 - Muygg [GD]

W, 0)/P;=Pyy

1,044 1.20E+02 5.77E-01 1.10E+00 1.43E-01 7 240 0.07 0.02
1 4,070 8.40E+01 1.71E-01 3.31E-01 5.83E-02 7 490 0.31 0.06
16,398 1.31E+01  6.47E-02 1.02E-01  2.33E-02 8 1,110 3.29 0.22
65,786 3.01E+00 1.35E-02 2.45E-02 6.78E-03 9 2,850 38.40 0.85
1,044 2.00E+00 1.34E-03 1.03E-03  3.09E-04 7 380 0.19 0.03
3 4,070 6.86E—02 3.49E-04 3.11E-04 3.28E-05 8 860 0.94 0.10
16,398 1.25E-02 1.00E-05 9.04E-06 2.03E—06 9 1,630 8.04 0.42
65,786 2.15E-04 4.98E-07 2.52E-07 1.46E—-07 9 6,400 115.35 1.35
1,044 6.28E—02 2.98E-05 1.22E-04 7.26E—-05 8 590 0.54 0.05
5 4,070 1.92E-03 7.79E-07 1.87E-06 1.59E—-06 8 1,050 2.97 0.20
16,398 2.50E-05 1.40E-08 2.91E-08 1.46E—08 9 3,040 19.28 0.60
65,786 — — — — 9 9,860 240.24 2.27
(, @)/Py=P s
1,044 3.46E+01 4.26E-01 4.01E-01 4.95E-02 7 330 0.10 0.02
1 4,070 7.44E+00 2.10E-01 1.95E-01 4.65E-03 7 630 0.51 0.07
16,398 5.38E+00 6.63E-02 6.13E-02 8.73E-04 8 1,610 4.87 0.24
65,786 4.80E+00 1.30E-02 1.30E-02 1.63E—04 9 4,410 64.86 0.94
1,044 1.46E+00 6.13E-03 6.89E-03 3.69E—-04 7 490 0.28 0.04
3 4,070 1.50E-02 4.74E-04 4.87E-04 3.08E—-05 8 1,110 1.36 0.11
16,398 6.84E—04 2.18E-06 1.43E-06 1.12E-06 9 2,520 11.46 0.40
65,786 9.91E-05 4.18E-07 3.18E-07 3.75E-08 9 7,960 155.00 1.51
1,044 7.07E-02 1.61E-05 3.65E—05 5.44E—-06 8 1,120 0.87 0.05
5 4,070 1.97E-03 3.36E-07 1.13E-07 2.96E—07 8 1,550 3.31 0.18
16,398 1.72E-05 1.62E-08 1.78E-08 1.34E—09 9 3,700 25.63 0.68
65,786 — — — — 9 27,790  677.04 2.59
(u,p)
1,044 1.05E+02 1.22E+00 — — 7 940 0.20 0.04
1 4,070 1.92E+01 3.70E-01 — — 7 2,080 1.94 0.13
16,398 8.49E+00 7.36E-02 — — 8 5,780 60.11 0.65
65,786 6.83E-01 2.20E-02 — — 8 21,440  2,121.02 3.59
1,044 6.40E-01 2.08E-03 — — 7 810 0.32 0.05
3 4,070 2.58E-02 1.58E-04 — — 7 2,360 3.21 0.18
16,398 1.83E-03 9.74E-06 — — 7 6,870 86.42 0.85
65,786 1.20E-04 6.50E-07 — — 8 23,030 2,434.13 4.28
1,044 8.27E-03 7.96E-05 — — 7 920 0.70 0.07
5 4,070 4.01E-04 1.25E-06 — — 7 2,550 5.96 0.27
16,398 1.51E-05 4.11E-08 — — 8 8,020 119.03 1.08
65,786 — — — — 8 24,710  2,877.39 5.53

linear velocity magnitude of u = 1 m/s, which corresponds to a counter-clockwise and clockwise rotation on the interior and exterior
physical boundaries, respectively, a dynamic viscosity of u = 1 kg/(ms), and a density of p = 1 kg/m>. The normalisation parameter
is chosen as a = 0.6021. Successively finer uniform Delaunay triangular meshes are used to discretise the physical domain, and the
simulations are carried out for the P,—-P,,; method with d = 1,3,5. Either one or two collocation points per boundary edge are
considered to fulfil the prescribed boundary conditions on the vorticity and streamfunction polynomial reconstructions. For more
than one collocation point, the ROD method follows the same least-squares procedure, considering more linear restrictions on the
constraint functional. Fig. 7 illustrates the physical domain with a coarse mesh and the analytical solutions for the velocity, vorticity,
and streamfunction fields.

The errors and convergence orders for the approximate vorticity, streamfunction, boundary vorticity, and velocity are reported in
Tables 15, 16, 17, and 18, respectively. Regardless of the number of collocation points, the optimal second-, fourth-, and sixth-orders
convergence are achieved with d = 1,3, 5, respectively, in both norms for the streamfunction and in the L!-norm for the vorticity.
Moreover, more than the first-, third-, and fifth-orders convergence are obtained with d = 1,3, 5, respectively, in both norms for
the boundary vorticity, whereas the second-, fourth-, and sixth-orders convergence are obtained with d = 1,3,5, respectively, in
both norms for the velocity. The results are in accordance with the previous test cases for the P,-P,,; method, demonstrating
the capability of the ROD method to preserve its effectiveness in recovering the optimal convergence orders in non-trivial curved
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Table 21
Errors obtained with the ROD method in the regularised semi-elliptical lid-driven cavity test case with Re = 100.

d N¢ E, [%] E, [%] E, [%] E, [%] Nep Nowres  Tixe [s1 - Muygg [GD]

(v, 0)/P—Py,

1,044 4.02E+00 9.88E-01 1.73E+00  2.34E-01 21 960 0.15 0.02
1 4,070 1.17E+00 2.63E-01 5.07E-01  1.19E-01 22 1,880 0.83 0.06
16,398 4.44E-01 6.11E-02 1.25E-01  3.73E-02 23 3,700 9.69 0.22
65,786 6.25E-02 1.54E-02 3.18E-02 9.99E-03 23 8,360 108.67 0.85
1,044 3.56E-01 7.65E-03 1.01E-01  3.37E-02 22 1,450 0.42 0.04
3 4,070 1.78E-02 1.19E-03 2.66E-03 1.04E—03 22 2,890 2.05 0.10
16,398 1.40E-03 1.02E-04 1.38E-04 6.34E—-05 23 6,330 22.19 0.36
65,786 7.07E-05 9.00E-06 7.12E-06  3.02E—-06 25 15,500  266.50 1.35
1,044 1.72E-02  2.44E-03 8.74E-03  2.80E-03 22 2,040 0.85 0.05
5 4,070 6.80E-04 3.89E-05 1.45E-04 7.81E-05 22 4,400 4.67 0.16
16,398 9.80E-06 9.69E-07 1.20E-06 1.13E-06 24 10,420  51.22 0.60
65,786 — — — — 24 19,940  456.98 2.27

(, @)/Py=P s

1,044 2.64E+00 8.31E—01 1.14E+00  3.98E-02 23 1,190 0.24 0.02
1 4070 7.93E-02  2.20E—01 2.66E—01  1.29E—02 22 2,620 1.31 0.06
16,398 1.91E-02 2.89E-02 4.43E-02 5.06E—03 23 5210 13.84 0.24
65,786 1.39E-02 8.82E-03 1.17E-02 9.14E—04 24 12,440 175.91 0.94
1,044 2.31E-01  2.77E-03 2.31E-02 1.54E-02 22 1,680 0.48 0.04
3 4070 8.75E-03 4.69E—04 1.88E-03 7.62E—04 23 3,520 2.86 0.11
16,398 8.15E-04 2.89E—05 8.46E-05 1.90E—05 23 8,260 31.14 0.40
65,786 2.15E-05 3.24E—06 1.43E-06 1.77E—06 24 19,141  356.02 1.51
1,044 2.60E-02 1.38E—03 8.33E-03 3.83E-03 22 2,350 1.36 0.07
5 4070 4.87E-04 4.10E-05 1.19E-04 5.04E-05 23 5210 6.01 0.18
16,398 3.22E-06 8.00E—07 1.07E-06 4.17E—07 24 11,540 61.76 0.68
65,786 — — — — 24 24,100 591.23 2.59
(u, p)
1,044 5.68E+00 9.85E—01 — — 12 1,560 0.30 0.04
1 4070 9.57E-01  2.48E-01 — — 12 3,180 2.95 0.13
16,398 1.84E—01 6.65E-02 — — 13 10,020  108.43 0.66
65,786 1.60E—02 1.77E-02 — — 13 28,990 2,840.35 3.59
1,044 7.08E-02  2.39E-03 — — 11 1,430 0.31 0.05
5 4070 7.07E-03  5.44E-05 — — 12 3,340 4.45 0.18
16,398 3.40E-04 6.19E-06 — — 12 10,420 130.03 0.85
65,786 2.74E-05 1.18E-06 — — 13 34,340 3,557.23 4.28
1,044 7.66E-03  3.70E—04 — — 11 1,520 0.88 0.07
5 4070 2.98E-04 5.64E—06 — — 12 3,991 8.37 0.27
16,398 4.44E-06 1.61E-07 — — 13 11,710 176.37 1.15
65,786 — — — — 13 35060 4,006.00 5.53

physical domains. Furthermore, comparable accuracy and convergence orders are obtained with one and two collocation points per
boundary edge, providing strong evidence of the simplicity and efficiency of the proposed method. Indeed, these results distinctly
emphasise the versatility of the ROD method in handling arbitrary curved physical boundaries prescribed with general boundary
conditions.

6.5. Semi-elliptical lid-driven cavity

To finalise the numerical verification of the proposed method, the classical lid-driven cavity benchmark test case is addressed by
replacing the rectangular cavity with a semi-ellipse centred at the origin, given implicitly as

x_2+_=1, o1

where a, b > 0 are the semi-axis lengths, or parametrically in polar coordinates as (r, 8) = (R(0), 0) with R(9) given as

R®) = ab , 92)

(asin (0))* + (bcos (9))
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Table 22
Errors obtained with the ROD method in the conventional semi-elliptical lid-driven cavity test case with Re = 1.

d Ng E, [%] E, [%] E, [%] E, [%] Nep Nowres  Tixe [5] Mygg [Gb]

W, ®)/P;~P 4y

1,044 8.72E+02  8.63E-01 1.26E+00 1.55E-01 7 230 0.07 0.02
1 4,070 3.16E+02 2.05E-01 3.12E-01 5.80E-02 7 480 0.31 0.06
16,398 2.57E+01 6.03E-02 8.78E-02 1.50E-02 8 1,070 3.17 0.22
65,786 7.87E+00 1.94E-02 2.64E-02 3.73E-03 9 2,580 35.21 0.85
1,044 3.91E+00 6.78E-04 6.42E-04 7.13E-05 7 400 0.22 0.03
3 4,070 6.37E-02 8.41E-05 8.79E-05 9.83E-06 8 810 0.90 0.10
16,398 1.93E-03 3.22E-06 2.39E-06 4.43E-07 8 1,820 7.57 0.36
65,786 1.53E-04 9.29E-08 1.44E-07 4.51E-09 9 5,870 106.31 1.35
1,044 1.13E-01 8.88E-05 2.31E-04 5.46E-05 7 440 0.69 0.06
5 4,070 2.85E-02 9.75E-07 3.52E-06 1.28E-06 8 990 2.94 0.20
16,398 1.69E-03 1.50E-07 6.64E—07 1.54E-07 9 2,280 19.84 0.72
65,786 — — — — 9 7,320 183.97 2.27
(u, p)
1,044 2.02E+02 1.16E+00 — — 7 840 0.19 0.04
1 4,070 9.18E+01 3.77E-01 — — 7 2,090 2.09 0.13
16,398 3.41E+01 7.74E-02 — — 7 5,980 65.33 0.66
65,786 6.85E+00 1.44E-02 — — 8 18,160 1,763.87  3.59
1,044 2.90E+00 2.23E+00 — — 6 730 0.30 0.05
3 4,070 3.87E-01 1.12E+00 — — 7 2,310 3.20 0.18
16,398 1.75E-01 5.75E-01 — — 7 6,910 88.17 0.85
65,786 3.45E-02 2.68E-01 — — 8 20,420 2,181.51 4.41
1,044 2.36E+01 1.96E+00 — — 7 2,030 0.82 0.06
5 4,070 6.09E+00 1.22E+00 — — 7 2,430 6.38 0.30
16,398 2.42E+00 6.38E-01 — — 7 7,970 126.64 1.15
65,786 4.73E-01 3.13E-01 — — 8 25,130 2,987.98 5.90
Table 23

Errors obtained with the ROD method in the conventional semi-elliptical lid-driven cavity test case with Re = 100.

d Ng E, [%] E, [%] E, [%] E, [%] Nep Nowres  Toxe [s1 Muygg [GD]

(v, 0)/P—Py

1,044 5.62E+00 8.74E—01 1.45E+00  7.09E—02 24 1,130 0.18 0.02
;4070 1.27E+00 2.20E-01 3.35E-01 5.83E-02 24 2,030 0.88 0.06
16,398 6.22E-01  4.15E—02 7.93E-02  1.49E—02 24 3,560 9.55 0.22
65,786 8.94E-02 1.32E-02 2.04E-02  4.39E—03 26 8,770 114.51 0.85
1,044 6.79E-02 1.10E-04 1.57E-03  1.22E—03 24 1,570 0.38 0.03
3 4070 1.356-02 2.44E-05 1.17E—04  4.54E-05 24 2,720 1.98 0.11
16,398 5.03E-04 4.12E-06 3.62E-06 5.81E—06 25 6,730 22.93 0.36
65,786 5.45E-05 5.64E—07 2.57E-08 7.92E—07 26 15980  275.02 1.35
1,044 8.02E-03  4.76E—05 1.48E-03  4.96E—04 23 1,971 0.81 0.05
5 4070 2.90E-03 5.25E—06 6.60E-05  2.44E—05 26 3,030 4.38 0.19
16,398 8.81E-05 3.38E—07 1.13E-07 8.82E—07 26 10,101  49.43 0.60
65,786 - - — - 26 22,020 503.91 2.26
(u, p)
1,044 2.51E+00 1.13E+00 — — 12 1,650 0.32 0.04
;4070 1.23E+00 3.39E-01 — — 12 3,980 3.79 0.14
16,398 9.49E-01 1.43E-01 — — 14 11,940 126.39 0.68
65,786 3.45E-01 7.27E—-02 — — 14 31,701  3,029.64 3.58
1,044 1.82E+00 2.20E+00 — — 12 1,670 0.51 0.05
5 4070 9.10E-01 1.11E+00 — — 13 4,190 5.41 0.18
16,398 4.69E-01 5.69E—01 — — 14 12,700 156.03 0.85
65,786 2.18E-01 2.70E—01 — — 14 36,320 3,779.81 4.28
1,044 1.74E+00 2.31E+00 — — 13 1,620 0.91 0.07
5 4070 9.37E-01  1.25E+00 — — 13 4,570 9.29 0.27
16,398 5.31E-01 6.32E—01 — — 14 13,700 207.78 1.15
65,786 2.62E-01 3.17E-01 — — 14 40,610 4,633.66 5.53
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Fig. 7. Coarse mesh and analytical solution for the flow in a rose-shaped domain test case (for proper interpretation of the colour scale, the reader
is referred to the electronic version of this article).

which is more practical for projecting the edge midpoints onto the physical boundary after finding the corresponding angular coor-
dinate. The outward unit normal and tangential vectors on the semi-elliptical boundary are given as

2x 2\’ w2
a2’ p? b2 a?

n=—————Z- and t= — — ———————, (93)
2 2 2 2
ERCHNRE CRE
a? b2 a? b2

respectively. The straight top and semi-elliptical bottom physical boundaries are I'" and I'B, respectively.

As in the classical lid-driven cavity test case in a rectangular domain, the top physical boundary is prescribed with a horizontal
velocity, u, whereas the no-slip condition is imposed on the semi-elliptical physical boundary. Thus, both the boundary streamfunction
and its normal derivative are homogeneous on the whole physical boundary, apart from the top physical boundary, where its normal
derivative corresponds to the imposed horizontal velocity. For the vorticity boundary condition, it is noted that the normal curvature
of the semi-ellipse does not need to be determined since the no-slip boundary condition is imposed on the semi-elliptical physical
boundary.

As is well-known, when prescribing a constant horizontal velocity on the lid, pressure and velocity singularities arise at each corner
due to the incompatible boundary velocity prescribed on both sides, negatively affecting the accuracy and convergence order of any
approximate solution [57]. This phenomenon naturally arises in non-primitive variables, as both the vorticity and streamfunction are
derived from the velocity. Thus, a regularised semi-elliptical lid-driven test case is firstly addressed, replacing the constant horizontal
velocity with a polynomial function, given as

u(x) = u((x - a*(x +a)*/a%,0)",  on T, (94)
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Fig. 9. Reference solutions for the regularised semi-elliptical lid-driven cavity test case with Re = 1 (For proper interpretation of the colour scale,
the reader is referred to the electronic version of this article).

In both the regularised and conventional lid-driven cavity test cases, a primary vortex arises, and its centre coordinates, along with
the corresponding vorticity and streamfunction values, are used for assessing the accuracy and efficiency of the proposed method. A
reference solution is computed on a fine mesh to evaluate the errors E,, E,, E,, and E,, for the x-coordinate, y-coordinate, vorticity,
and streamfunction, respectively, at the primary vortex centre. A gradient descent method, supplied with polynomial reconstructions
for the streamfunction, is employed to determine the primary vortex centre up to an appropriate tolerance. Vorticity and streamfunc-
tion values at the vortex centre are also determined based on polynomial reconstructions.

Besides the numerical verification, a computational assessment is performed with the number of fixed point and GMRES iter-
ations, Npp and Ngyrgs, respectively, to reach the corresponding stopping criteria reported. Moreover, the execution time (total
time of the simulation) and the memory usage, Ty and Mg, respectively, are also reported. The GMRES method is supplemented
with a preconditioning technique following previous works [14,15] and restarts every 200 iterations. Relative residual tolerances of
epp = 1078 and egyrps = 107!0 are imposed for the fixed point and GMRES algorithms, respectively. For simplicity, the same residual
tolerances are considered, regardless of the mesh characteristic size or the nominal convergence order of the numerical scheme. It is
also important to note that incomplete convergence of the fixed point and GMRES algorithms, that is, admitting approximate solu-
tions with a residual exceeding machine precision, undermines the strict conservativity property inherent in finite volume methods.
However, upon inspection, the specified relative residual tolerances ensure that the calculated approximate solutions sufficiently
minimise deviations from the conservation property, rendering any detrimental impact on the measured primary vortex centre, along
with the corresponding vorticity and streamfunction values, negligible.

To assess the premises drawn in the introduction section that motivate the formulation of the incompressible Navier-Stokes
equations based on vorticity and streamfunction, thereafter referred to as (v, w) formulation, a comparison with the primitive variables
formulation, thereafter referred to as (u, p) formulation, is carried out. A very high-order accurate finite volume scheme on staggered
meshes [51] discretises the momentum and mass balance equations, and the ROD method is employed to preserve accuracy on
the semi-elliptical physical boundary. Then, the same simulations are run to compute velocity and pressure, and a gradient descent
method is employed to determine the primary vortex centre, where polynomial reconstructions for the velocity provide the search
direction (perpendicular to the velocity vectors). Only the errors for the primary vortex x- and y-coordinates are evaluated in this
comparison.

For the domain, the semi-axes have lengths of a = 1/2 m and b = 1/4 m. The fluid has a reference linear velocity magnitude of
u =1m/s, a dynamic viscosity of either u = 1 kg/(ms) or u = 0.01 kg/(ms), and a density of p = 1 kg/m3, corresponding to Reynolds
numbers of Re =1 and Re = 100, respectively. Successively finer uniform Delaunay triangular meshes are used to discretise the
physical domain, and the simulations are carried out for the P,-P,,, and P,—P,,, methods with d =1,3,5. A zero initial guess
solution is set in all simulations. Fig. 8 illustrates the physical domain with a coarse mesh.

6.5.1. Regularised semi-elliptical lid-driven cavity with Re = 1

Fig. 9 illustrates the associated reference solutions for the vorticity and streamfunction computed on the finest mesh with d = 5.
The errors for the primary vortex centre coordinates, vorticity, and streamfunction are provided in Table 19 when the naive method
is employed for imposing the prescribed boundary conditions. Although there is a substantial accuracy improvement from d =1 to
d =3, the error convergence rates under mesh refinement do not improve further from d = 3 to d = 5. Moreover, the coarser mesh
with d = 3 achieves comparable accuracy to the finest mesh with d = 1. Additionally, both the P,-P,,, and P,—P,,, methods provide
similar accuracy regardless of the polynomial degree.

Table 20 reports the errors for the same parameters when the ROD method is employed instead. As observed, the error convergence
rates under mesh refinement significantly improve with d = 3,5 compared to the Naive method, whereas comparable accuracy and
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Fig. 10. Errors evolution as a function of execution time in the regularised semi-elliptical lid-driven cavity test case with Re =1 (for proper
interpretation of the colour scale, the reader is referred to the electronic version of this article).
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Fig. 11. Reference solutions for the regularised semi-elliptical lid-driven cavity test case with Re = 100 (for proper interpretation of the colour scale,
the reader is referred to the electronic version of this article).

convergence are obtained with d = 1. In this case, the coarser mesh with d = 3 achieves even smaller errors than the finest mesh
with d = 1, whereas d = 5 further improves accuracy. In general, the P,-P,,, method provides better accuracy than the P,—P,,,
method, although improvement ratios are inconsistent and vary significantly under mesh refinement and for each polynomial degree.
For the (u, p) formulation, comparable accuracy to the (v, w) formulation is achieved for the primary vortex centre coordinates, with
improvement ratios below one order of magnitude relative to both methods.

In terms of computational efficiency, both the P,~P,,, and P,—P,,, methods in the (y, ) and (u, p) formulations require roughly
the same number of fixed point iterations, which remains constant under mesh refinement and for higher polynomial degrees. How-
ever, the number of GMRES iterations increases with mesh refinement and higher polynomial degrees due to larger systems of linear
equations and higher coefficients matrix condition numbers, respectively. For the same mesh, the P,—P,,, method requires more
GMRES iterations than the P,-P,,; method since higher polynomial degrees are employed for streamfunction reconstructions in
the former. Consequently, the P,—P,,, method also requires more execution time and leaves a slightly higher memory footprint,
hence it is less efficient than the P,~P,,, method, since both provide comparable accuracy. For the (u, p) formulation, considerably
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Fig. 12. Errors evolution as a function of execution time in the regularised semi-elliptical lid-driven cavity test case with Re = 100 (for proper
interpretation of the colour scale, the reader is referred to the electronic version of this article).
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Fig. 13. Reference solutions for the conventional semi-elliptical lid-driven cavity test case with Re = 1 (for proper interpretation of the colour scale,
the reader is referred to the electronic version of this article).

more GMRES iterations are necessary than for the (v, ®) formulation with the same mesh, and the difference between polynomial
degrees is less significant. Consequently, the (u, p) formulation requires considerably more execution time, hence it is less efficient
than the (v, w) formulation since both formulations provide comparable accuracy. It is also worth noting that the (u, p) formulation
uses up to around four, three, and two times more memory than the (y,w) formulation with d = 1,3, 5, respectively, with the same
mesh.

To provide better insight into the efficiency comparison, the error evolution as a function of execution time for the (y, ®) for-
mulation with the P,-P,,; method and the (u, p) formulation is illustrated in Fig. 10. Consider a target accuracy of E, =1 % and
E, =0.01 % for the x- and y-coordinates of the primary vortex centre. In that case, for the x-coordinate, the (u, p) formulation with
d = 1 requires Tgxg ~ 1,000 s in comparison to Tgxg ~ 100 s for the (v, w) formulation with the same polynomial degree. Similarly, for
the y-coordinate, the (u, p) formulation with d = 1 requires Tgxg ~ 1,500 s, whereas the (y, w) formulation with the same polynomial
degree requires Tgxg ~ 50 s. Thus, the (y, ) formulation offers improvement ratios of one order of magnitude in the execution time.
Moreover, higher polynomial degrees further enhance this efficiency, as the same target accuracy is achieved in less than one second
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(d) Streamfunction value.

Fig. 14. Errors evolution as a function of execution time in the conventional semi-elliptical lid-driven cavity test case with Re =1 (for proper
interpretation of the colour scale, the reader is referred to the electronic version of this article).
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Fig. 15. Reference solutions for the conventional semi-elliptical lid-driven cavity test case with Re = 100 (for proper interpretation of the colour
scale, the reader is referred to the electronic version of this article).

with d = 3 in both formulations (comparable accuracy is obtained on coarser meshes), representing improvement ratios of three to
four orders of magnitude in execution time compared to the (u, p) formulation with d = 1.

6.5.2. Regularised semi-elliptical lid-driven cavity with Re = 100

Fig. 11 illustrates the reference solutions for the vorticity and streamfunction computed on the finest mesh with d = 5. The errors
for the primary vortex centre coordinates, vorticity, and streamfunction are provided in Table 21 when the ROD method is used to
impose the prescribed boundary conditions. In terms of accuracy and convergence, the P,—P,,,; and P,—P,,, methods in the (v, )
formulation follow the same behaviour as for the previous test case with Re = 1, with the latter generally providing better accuracy.
Conversely, while the (u, p) formulation in the previous test case provided accuracy improvement ratios always below an order of
magnitude compared to the (y,®) formulation, it appears that increasing the Reynolds numbers favours the former formulation.
Indeed, improvement ratios up to around 20 and 10 are observed for the P,—P,,, and P,-P,,, methods, respectively, especially
for high polynomial degrees. In terms of computational efficiency, the P,—P,,, method requires more GMRES iterations than the
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Fig. 16. Errors evolution as a function of execution time in the conventional semi-elliptical lid-driven cavity test case with Re = 100 (for proper
interpretation of the colour scale, the reader is referred to the electronic version of this article).

P,~P,,, method with the same mesh, but the same number of fixed point iterations, following the same behaviour as previously with
Re = 1. The main difference arises in the comparison with the (u, p) formulation, which requires fewer fixed point iterations than the
(v, ) formulation, favouring its efficiency.

To provide better insight into the efficiency comparison, the evolution of the error as a function of execution time for the (v, ®)
formulation with the P,—P,,; method and the (u, p) formulation is illustrated in Fig. 12. As observed, although the errors for the
primary vortex centre coordinates decrease faster as a function of execution time in the (y,w) formulation, the crossover point
only occurs at significantly lower error levels with d = 3,5, especially for the y-coordinate. Indeed, both the improved accuracy and
the faster fixed point convergence of the (u, p) formulation compared to the (y,w) formulation contribute to better computational
performance with high polynomial degrees. In conclusion, the (y, ) formulation can still enhance computational efficiency over the
(u, p) formulation, but only when a very high accuracy for the primary vortex centre is required or with d = 1.

6.5.3. Conventional semi-elliptical lid-driven cavity with Re = 1

Fig. 13 illustrates the reference solutions for the vorticity and streamfunction computed on the finest mesh with d = 5. The errors
for the primary vortex centre coordinates, vorticity, and streamfunction are provided in Table 22 when the ROD method is employed
to impose the prescribed boundary conditions. In terms of accuracy and convergence, the P,—P,,; method in the (y, ) formulation
follows essentially the same behaviour as for the regularised test case, except d = 5 that converges at almost the same rate as d =3
and, therefore, offers little to no accuracy improvement. This behaviour is linked to the singularity points at the cavity corners,
producing non-physical oscillations in the approximate solution, which exacerbate as the polynomial degree increases. Nevertheless,
polynomial reconstructions with ¢ = 3 do not appear to be affected, hence the same convergence behaviour as for the regularised
test case is observed. For the P,-P,,, method, omitted for compactness, the same consequence is observed with d =5, whereas
with d = 1,3 the same observations as for the regularised test case apply. Conversely, the singularity issue has a more pronounced
impact in the (u, p) formulation, with d = 3, 5 exhibiting the same convergence rates as d = 1 for the error in the primary vortex centre
x-coordinate, and even lower convergence rates and higher errors for the primary vortex centre y-coordinate. As such, the numerical
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accuracy benefit of using higher polynomial degrees is diminished, making the (u, p) formulation more computationally efficient with
d =1 than with d = 3, 5. Indeed, it appears that the (y, w) formulation is more robust and proficient in withstanding the non-physical
oscillations produced at the cavity corners than the (u, p) formulation.

To provide better insight into the efficiency comparison, the evolution of the error as a function of execution time for the (v, ®)
formulation with the P,-P,,; method and the (u, p) formulation is shown in Fig. 14. For the (u, p) formulation, only d = 1 is reported.
As observed, both d = 3,5 offer the same computational efficiency for the (y,w) formulation, and are significantly superior to the
(u, p) formulation with d = 1.

6.5.4. Conventional semi-elliptical lid-driven cavity with Re = 100

Fig. 15 illustrates the associated reference solutions for the vorticity and streamfunction computed on the finest mesh with d = 5.
The errors for the primary vortex centre coordinates, vorticity, and streamfunction are provided in Table 23 when the ROD method
is used to impose the prescribed boundary conditions. Fig. 16 provides a better insight into the efficiency comparison, showing
errors evolution as a function of execution time for the (y,®) formulation with the P,-P,,; method and the (u,p) formulation
with d = 1. This final test case supports the conclusions drawn from the previous test case with Re = 1, indicating that the (u, p)
formulation is only effective with d = 1, whereas the (y, w) formulation continues to provide the expected accuracy and convergence
rates improvement with d = 3. Hence, it also becomes more computationally efficient, either with d = 1 and d = 3, when compared
to the (u, p) formulation.

7. Conclusions

In the present work, a high-order accurate wall vorticity treatment is proposed to solve the steady-state incompressible Navier-
Stokes equations in vorticity-based formulations in domains with arbitrary smooth curved boundaries. Firstly, the appropriate bound-
ary conditions for the vorticity and streamfunction are derived from the prescribed boundary velocity. Multiply connected domains
are also discussed since prescribing the appropriate streamfunction boundary conditions requires a more careful derivation. For the
numerical scheme, the physical fluxes are approximated from polynomial reconstructions computed in the least-squares sense based
on the approximate piecewise cell mean-values. Polygonal meshes are generated with conventional meshing algorithms to discre-
tise the curved domain, leading to a geometrical mismatch between the curved physical boundaries and the associated piecewise
linear representation. In this regard, the ROD method is employed to overcome the accuracy deterioration and achieve very high
orders of convergence for the approximate solution. The method requires only a set of points on the physical boundary and avoids
the difficulties of generating curved meshes and discretising on curved elements. The resulting system of linear equations is solved
using a coupled approach, and a fixed point algorithm iteratively computes an approximate solution for the non-linear Navier-Stokes
problem.

The accuracy, convergence order, robustness, and stability of the proposed method were assessed with a comprehensive numerical
benchmark of test cases with known or manufactured solutions, with the main conclusions summarised below:

¢ The proposed method achieves the second-, fourth-, and sixth-orders convergence for the approximate vorticity and streamfunction
with d = 1,3, 5, respectively, except for the vorticity in the L*-norm, which generally achieves the first-, third-, and fifth-orders
convergence for the same degrees.

¢ Employing a higher polynomial degree for the streamfunction reconstructions that impose the prescribed boundary conditions
can further improve the accuracy and the convergence order of the method.

e The proposed method recovers the optimal convergence orders in domains with arbitrary smooth curved boundaries, while em-
ploying only piecewise linear approximations of the physical boundary.

The numerical and computational performance of the method in a more practical scenario without a known solution is also
assessed with the semi-elliptical lid-driven cavity benchmark and compared to the same simulations performed with a primitive
variables formulation, with the main conclusions summarised below:

o In the regularised configuration, the streamfunction-vorticity formulation provides comparable accuracy to the velocity-pressure
formulation for low Reynolds numbers, but the latter is generally an order of magnitude more accurate with higher polynomial
degrees for higher Reynolds numbers.

« In the conventional configuration, the velocity-pressure formulation fails to recover the optimal convergence rates for higher
polynomial degrees, whereas the streamfunction-vorticity formulation withstands the non-physical oscillations produced at the
cavity corners for d = 1,3 without significant accuracy deterioration.

¢ The performance of the fixed point algorithm depends solely on the Reynolds number and, therefore, obtaining a very high-order

of convergence requires roughly the same number of fixed point iterations as the low-order of convergence methods.

The streamfunction-vorticity formulation typically requires more fixed point iterations than the velocity-pressure formulation for

high Reynolds numbers, although it requires fewer GMRES iterations in total.

In conclusion, the streamfunction-vorticity formulation demonstrates a significant potential to solve the incompressible Navier-
Stokes equations more efficiently than the velocity-pressure formulation for fluid flow problems at low Reynolds numbers and,
particularly, problems with singularity points in the solution at any Reynolds number. This potential is further enhanced by the
proposed method to achieve very high orders of convergence, even in domains with arbitrary curved boundaries, providing the same
results as the low-order of convergence, with improvement ratios of several orders of magnitude in execution time.
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Further developments of the proposed method include extensions to three-dimensional fluid flow problems. Deriving a
streamfunction-vorticity formulation for three-dimensional incompressible Navier-Stokes equations requires both vorticity and
streamfunction to have three-dimensional analogues. While the vorticity vector naturally arises from applying the curl operator
to the momentum balance equation in three dimensions, the three-dimensional streamfunction, referred to as the vector potential,
has caused considerable confusion regarding its physical meaning and numerical solution. Unlike its two-dimensional counterpart,
determining suitable boundary conditions for the vector potential from those prescribed for the velocity is far from trivial. Addition-
ally, there is a gauge freedom associated with the three-dimensional streamfunction-vorticity formulation that must be resolved by
imposing a divergence-free condition on the vector potential. This issue can be alleviated by considering a scalar potential, together
with the vector potential; however, a more convenient form of the three-dimensional incompressible Navier-Stokes equations in non-
primitive variables is the vorticity-velocity formulation. This latter formulation is simpler and more practical than the vorticity-vector
potential formulation concerning boundary conditions. Furthermore, integral conditions to ensure a single-valued vector potential are
unnecessary when solving multiply connected problems, since there is no potential in the formulation. Vorticity-velocity formulations
are also employed in two dimensions and consist of a scalar vorticity and two velocity components.

Regardless of the vorticity-based formulation applied for the three-dimensional case, the wall vorticity issue remains fundamentally
unchanged. Therefore, the techniques and concepts presented in this work for the wall vorticity treatment, concerning its mathemat-
ical derivation on curved boundaries and numerical solution on polygonal meshes, can be readily extended, remaining agnostic to
the spatial discretisation scheme employed.

Data availability
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Appendix A. Derivation of the vorticity transport equation

Using the Cartesian coordinate system x := (x, y, z), the steady-state three-dimensional Navier-Stokes equations for a Newtonian
fluid with constant dynamic viscosity x > 0 and constant density p > 0 consists of the momentum and mass balance equations, given
as

u-Vyu—vWu+ %v;;:f, (A1)
V-u=0, (A.2)

respectively, where v = u/p is the constant kinematic viscosity, u := u(x) := (ux, uy, uz) withu, 1= u, (), u, 1= u,(x), and u, 1= u,(x)
is the unknown velocity function, p := p(x) is the unknown pressure function, while f := f(x) := ( fosfy f Z) with f, 1= f,(%),f, :=
fy(x), and f, := f,(x) is a given body force function per unit volume acting on the continuum, for instance, the gravitational force.
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Taking the curl of the momentum balance equation (A.1), where each term can be rewritten as
Vx(-Vw=(e - Vu-u-Vio, Vx(wWwu)=vwW Vxw=vw?e, and VxVp=0, (A.3)

using the definition of the vorticity vector in three-dimensions, w(x) = V X u(x), yields the vorticity vector transport equation, given
as

Uu-Vo— (- Vu—ve=Vxf, (A.4)

where (@(x) - V)u(x) represents the vortex stretching, an important phenomenon in three-dimensional fluid flows, which vanishes for
planar fluid flows since the vorticity vector is perpendicular to the plane of motion. Thus, in two-dimensional fluid flows using the
Cartesian coordinate system x := (x, y), the vorticity vector transport equation reduces to the scalar equation

u-Vio-—vwWo = f, (A.5)

for the scalar vorticity defined as w(x) = du,(x)/dx — du,(x)/dy, where f := f(x) = df,(x)/dx — df,(x)/dy, which can be rewritten in
conservative form, using the identity (u(x) - V)w(x) = V - (u(x)w(x)) — o(x)(V - u(x)) and the incompressibility constraint V - u(x) =
as

V- uw)-vWeo = f. (A.6)

Appendix B. Derivation of the compatibility conditions

Following the notations and definitions for the local coordinate system introduced in Section 3.1, the equation for the tangential
balance momentum along each physical boundary subset in terms of normal and tangential velocities is given as

) 0 02 92 10p k
LA Y A = f., rc, k=1,... K, B.1
(u,7 an T ag)"‘f V<0712 Yz )u' o =f: on (B.1)

where f; := fi(n) =f(x) - t(x) is the tangential body force function per unit area acting on the continuum. Using the identity
Oug(x)/0n(x) = o(x) + du,(x)/0¢ from the vorticity definition in the local coordinate system, the convective term in Eq. (B.1) can
be rewritten as

9 0 Ouy du a1, ) 12
<M,7% +u§%>u€=unw+u,’d—§ +M§¥ =unw+% zuﬂ + — 6 . (B2)

Similarly, using the identity du;(x)/0& = —du,(x)/0n from the mass conservation equation for an incompressible fluid in local coordi-
nates, that is Ou, (x)/0n + dug(x)/0& =0, the viscous term in Eq. (B.1) can be rewritten as

2 2 0%u ou, ous ou
Y Uy =—v 5 9 =y o (T ) __ 0o (B.3)
on? 02 65 “on on\ on  0& on’

Combining the convective and viscous terms, the equation for the tangential balance momentum along each physical boundary subset
can be rewritten as

0 1 2 0 1 2 0w k
ua)+— —u + - —f, onl, k=1,...,K, (B.4)

and transformed back into global coordinates as

(u~n)w+V<%(u-n)2>vt+V<%(u~t)2>-t—vV(o~n+ lVp~n=f~t, onrk k=1,... K. (B.5)
p

Then, integrating the previous equation along the associated physical boundary subset and using the gradient theorem for the line
integral of the tangential derivative along a closed path, yields

(uw—va)-nds:%f‘tds, k=1,...,K. (B.6)
rk rk

Appendix C. Calculation of line curvature

Consider a twice-differentiable plane curve represented parametrically in Cartesian coordinates as y := y(r) = (X,Y) with X :=
X(t) and Y :=Y(¢). Assuming that the derivative dy(r)/ dr is defined, differentiable, and nowhere equal to the zero vector on the
domain, then the normal curvature « := x(f) as a function of the curve parameter can be determined as

|X/Y// _ X//y/l
K= ————— (C.1)

((x)+ (Y,)2)3/2’
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where X’ := X'(¢) and Y’ :=Y'(¢) are the first derivatives and X" := X" (t) and Y" := Y"(¢) are the second derivatives of y(¢) with
respect to the parameter ¢, that is
2 2
X' = d—X, Y = d—Y, X" = d—X, and v’ =97
dr dr dr? dr?
Consider a twice-differentiable plane curve represented parametrically in polar coordinates as y := y() = (R, §) with R := R(9),
that is, the polar angle is the curve parameter and the radius of the curve is a function of the polar angle. This particular curve
can be easily parametrised in Cartesian coordinates as y(0) = (X,Y) with X := X(0) = R(f)cos () and Y := Y (0) = R(0)sin (). Thus,
substituting X and Y in the normal curvature formula for a general parametrisation and making the necessary simplifications, the
normal curvature x := k(6) as a function of the polar angle is given as

(C.2)

|R2+2(R')* ~ RR"
K=

(C.3)
3/2
(R2 + (R’)z)
where R’ := R'(0) and R” := R"(0) are the first and second derivatives of R(#) with respect to the polar angle, that is
’_ Q " o_ (12_R
R = o and R'= R (C.9)
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