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Abstract

Group VI elemental 2D materials have been predicted to possess promising properties in electronics,
optoelectronics, thermoelectricity, sensors, and detectors!'=*!. In this thesis, we present the electronic
and optical properties of square selenene (s-Se), a 2D allotrope of selenium. We start by calculating
the electronic properties using Density Functional Theory (DFT). These ab initio calculations show the
formation of an anisotropic cone with semi-Dirac dispersion in a non-symmetric point, denoted P, in the
Brillouin zone, which forms a narrow gap (~0.1 eV) due to spin-orbit coupling (SOC). Then, we uncover an
intricate reciprocal space spin texture along the Brillouin zone, with spin-momentum locking around P;.
To conclude the DFT calculations, we show the existence of edge states in two types of s-Se nanoribbons,
with one of them presenting topologically non-trivial features, which are confirmed in other works!"“!. We
then replicate a k-p Hamiltonian, for the band structure around P, from the literature™™ and add various
SOC terms to obtain an effective model that describes the band structure data from fully relativistic DFT
calculations and qualitatively reproduces the spin texture in reciprocal space. Using this effective model,
we describe the exciton formation in the Dirac-like cone gap using the variational method while considering
an anisotropic version of the Rytova-Keldysh potentiall’). This analysis provides a first characterisation of
the exciton ground-state in square selenene, describing its binding energy (£,=-24 meV) and wavefunction,

which, to the best of our knowledge, have not been previously reported.

Keywords 2D elemental materials, density functional theory calculations, semi-Dirac materials, edge

states, effective Hamiltonian, excitons, variational method, anisotropy effects



Resumo

Esta previsto que materiais elementares bidimensionais (2D) do Grupo VI possuam propriedades promis-
soras para aplicacbes em eletronica, optoeletronica, termoeletricidade, sensores e detetores!! =1, Nesta
dissertacdo, apresentamos as propriedades eletronicas e oticas do seleneno quadrado (s-Se), um alétropo
bidimensional de selénio. Iniciamos com o calculo das propriedades eletrdnicas através de Density Func-
tional Theory (DFT). Estes métodos ab initio revelam a formacao de um semi cone de Dirac anisottdpico
num ponto ndo simétrico, denotado P, da primeira zona de Brillouin, o qual abre num gap (~0.1 eV)
devido a efeitos de acoplamento spin-rbita. Posteriormente, obtivemos uma textura de spin complexa no
espaco reciproco, com spin-momentum locking a volta do ponto P;. Para concluir os calculos de DFT,
demonstramos a existéncia de estados de borda em dois tipos de nanofitas, sendo que uma delas apre-
senta caracteristicas toplogicas nao triviais, confirmadas em outros estudos!°l. De seguida, replicamos
um Hamiltoniano k-p a partir da literatural™ | ao qual adicionamos diversos termos de acoplamento spin-
oOrbita para descrever a estrutura de bandas relativista a volta de P;, assim como replicar a textura de
spin qualitativamente. Com base neste modelo efetivo, descrevemos a formacéo de excitdes no gap do
cone de Dirac, recorrendo ao método variacional e considerando uma versao anisotropica do potencial de
Rytova-Keldysh!/!. Esta analise permite a caracterizacdo do estado excitonico fundamental no seleneno
quadrado, com a determinacao da sua energia de ligacéo (E, = -24 meV) e da respetiva funcéo de onda.

At ao presente, ndo ha, segundo o nosso conhecimento, registo destes resultados na literatura cientifica.

Palavras-chave Materiais elementares bidimensionais, Density Functional Theory, estados de borda,

Hamiltoniano efetivo, excitdes, método variacional, efeitos de anisotropia
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Chapter 1

Introduction

In 2004, the Geim-Novoselov group, based at the University of Manchester, UK, launched what can be
called the graphene golden era when they published a paper on its mechanical exfoliation from graphite™,
which would later earn them the 2010 Physics Nobel Prize. This event would cause quite a stir in the
scientific community due to graphene’s promising properties, such as remarkably high carrier mobilities

L1211t would also

at room temperature™, Klein tunneling!'”!, and the highest ideal tensile strength!
stimulate the research on two-dimensional materials beyond graphene, allowing for the emergence of
multiple systems with equally interesting properties, such as transition metal dichalcogenides (TMDs) %!,

Xenes!'"! MXenes[™!, and hexagonal boron nitride (hBN)!'°.

1.1 Group VI bulk materials

Elements in the sixth group of the periodic table are known as chalcogens and among them two stand out
as semiconductor materials: tellurium (Te) and selenium (Se). In their bulk form, both consist of atomic
helical chains organised in a hexagonal pattern due to Van der Waals (VdW) forces!’). The helical structure
of the atomic chains makes them chiral crystals!'® ', They both possess interesting properties, such as
thermoelectricity!””!, piezoelectricity!”'=*! and photoconductivity”>??1. Tellurium’s primary technological
application is as one of the three major types of thin-film solar cells, which accounted for 60% of tellurium
utilisation worldwide in 2024, in the form of cadmium telluride (CdTe). This type accounted for 48% of all
thin-film solar cells as of 2018’1, Although the largest part of selenium usage is destined for agricultural
purposes (40%), one fifth of it is employed in electronic and photoelectronic applications, one of them
being in direct flat-panel X-ray detectors, where it is used as a photoconductor”’). Due to its historical

importance, we note that selenium was used as a photoabsorbing layer in the first solid-state solar cell,

It is interesting to note that tellurium was named from the latin word "tellus”, which means earth, ground or soil but also refers to Tellus, the goddess of the
Earth in Roman mythology. Selenium is named after the Greek goddess of the moon, "Selene”, in analogy to Tellurium due to their similarities, giving the pair

a poetic naming convention.



created in 1876 by William Grylls Adams and Richard Evans Day, with an efficiency of 0.5% %271,

1.2 2D selenium allotropes

Monolayer selenium can exist in different phases: c-Se, t-Se, and s-Se, which were predicted as stable
structures by Liu et al.*",

c-Se is formed by a plane of parallel atomic helical chains connected by VdW forces. This allotrope
has an indirect bandgap of 1.73 eV, which is hardly altered when considering spin-orbit coupling (SOC)
effects, making it a semiconductor. Calculations with the Heyd-Scuseria-Ernzerhof (HSE)! functional
increase this gap to 2.64 eV, and to 2.57 eV when using HSE+SOC. The carrier mobility of c-Se is strongly
anisotropic*”1, with values (in units of 103 cm?V-1s!) of 0.018 and 0.082 for electrons in the x and y
directions and values of 0.571 and 0.112 for holes in the x and y directions, at room temperature. This
gives factors” of approximately 4.55 and 5.1 for electrons and holes, respectively. For comparison, in
single-layer black phosphorus, the same anisotropy factors for carrier mobility can reach approximately
6.4 and 2 for electrons and holes at 300KE®! depending on the carrier density. In their work, Qin et
al.*l measured the intrinsic hole mobility to be 0.26 10° cm?V-'s! in 2D nanosheets of Se at 300K, with
a minimum thickness of 5 nm, which corresponds to approximately 28 layers. This experimental value is
consistent with the theoretical predictions. Their work also confirms the strong in-plane anisotropy of Se
nanosheets through angle-resolved Raman spectroscopy.

T-Se has a similar structure to 1T-MoS,, being seemingly formed by three layers'™"). Ab initio calcu-
lations performed using the Perdew—Burke—Ernzerhof (PBE) ! functional yield a bandgap of 0.71, which
decreases to 0.67 when considering spin-orbit coupling. Calculations with an HSE(+SOC) functional give
a larger bandgap of 1.11 (1.04) eV, T-Se does not exhibit anisotropy in its carrier mobilities, which were
predicted to be 6.97 (9.48) 102 cm?V!s? for electrons (holes)*?l. These values are reasonably large

when compared to various representative 2D materials ‘!

1.3 Square selenene

The last predicted stable allotrope is square selenene (s-Se), which will be the focus of this thesis. We
describe its spatial structure in Section 2.1. Square selenene was first predicted as a stable structure by

Xian et al.l'l in 2017, as well as square tellurene. For the electronic properties, they predicted a highly

max(fhy, Hy)

2 All factors between carrier mobilities are calculated as .
min( ey, ty)




anisotropic semi-Dirac dispersion, which consists of a Dirac cone with linear dispersion in one direction
and quadratic dispersion in the direction perpendicular to the first one, at a point along the 'M; direction
near the Fermi level. The complexity of this structure increases when considering that it is tilted in the T'M;
direction, which is highlighted by the different Fermi velocities: 0.68 x10®ms’! from the "Dirac” point to
I and 1.26 x10°ms™* from the "Dirac” point to M, %), These values are comparable to the Fermi velocity
in graphene, which is 10° ms™. When SOC is considered the cone-like structure opens near P, as shown
later in Fig.4, forming a gap of 0.13 eV, which is practically unaltered when using HSE functionals®".

Work done by Lin et al.!®! describes the calculation of the carrier mobility for T=300K. They found,
in units of 103 cm?V-1s, 93.2 (42.2) for electrons (holes) in the zigzag direction and 0.23 (0.69) for
electrons (holes) in the armchair direction. This gives an anisotropy factor of approximately 405 (61) for
electrons (holes), which is much larger than that for c-Se and t-Se, highlighting the highly anisotropic nature
of s-Se. These predicted carrier mobilities are comparable to those of Ti,CO, (a typical MXene)*’, which
also shares similar anisotropy factors of 121 (89) for electrons (holes), and are not that far from the carrier
mobility of graphene, which is superior to 10* cm?V-'s?,

Square selenene has non-trivial topological properties, making it a topological insulator. Both Xian et
al.l') and Chen et al.”! demonstrated this by calculating the Z, invariant through the evolution of Wannier
charge centres. Furthermore, Chen et al.!®! also showed that square selenene has the potential to be used
in novel tunable topological materials/devices due to the possibility of manipulating the topological phase

(topological insulator <> trivial insulator) via strain engineering.

1.4 Excitons

An exciton is a neutrally charged quasiparticle which consists of an electron and an electron hole, also
known simply as a hole, bound together by the electrostatic Coulomb force due to their opposite charge.
Quasiparticles, in condensed matter physics, are entities that simplify the treatment of the collective be-
haviour of multiple particles as if they were only one. The electron hole is itself a quasiparticle, formed
when an electron transitions to a higher energy band from a full band, leaving behind an empty state. A
good analogy, although quite crude, for the use of the electron hole to describe the collective behaviour
of the electrons inside an almost full band is the "empty seat in an auditorium”. Consider a long line
of seats, each with a person seated except for one. We then ask each person to the left of the empty
seat to move, one by one, to the right. Instead of looking at the movement of multiple people, we can

analyse the movement of the empty seat, which seems to be moving to the left, hence the simplification



of the collective behaviour of a group as the movement of one entity. This way, the exciton simplifies the
treatment of the interaction between one electron in the conduction band and the electrons in the almost
full valence band.

Excitons can be divided into two categories depending on the spatial localisation of their wavefunction
and their binding energy, those being Frenkel excitons and Wannier-Mott excitons. The first refers to
excitons with restricted spatial distribution, concentrating around one or, at most, some unit cells. This
type of exciton is more common inside insulators and organic semiconductors and tends to have smaller
binding energies, around a few meV. The latter refers to excitons with a large spatial distribution, covering
multiple unit cells. This category of excitons is much more prevalent in 2D materials. Due to their low
dimensionality, the screening felt by the electron and the hole is weaker than if they were inside a 3D
material; this, coupled with the geometrical confinement of the electrons in a plane, leads to a stronger
interaction and consequently a more strongly bound exciton.

Due to their large binding energies, excitons in 2D materials can be stable at room temperature and will
also dominate the optical response, thus justifying the study of their properties to determine the potential
of materials in optics and optoelectronics *“.

Although the excitonic properties of Se atomic chains have already been studied !, to the best of our

knowledge, there have been no theoretical studies made on excitons in square selenene.

1.5 Thesis layout

This thesis is outlined as follows:

In Chapter 2, we study the electronic properties of square selenene using Density Functional Theory.
We detail which software was used and its specificities. We then define the spatial structure of square
selenene as well as the associated reciprocal space. Next, we perform the convergence of relevant param-
eters, while the rest of the chapter is dedicated to analysing the resulting band structure, for non- and fully
relativistic calculations, spin texture in reciprocal space, as well as showing the existence of edge states in
two different types of nanoribbons.

Chapter 3 is dedicated to the derivation of an effective Hamiltonian that describes the bandgap of
square selenene when relativistic effects are considered. We first reproduce a k-p Hamiltonian from the
literature and fit it to our DFT data. Then, we introduce various spin-orbit terms to describe the relativistic
effects. Finally, we use this effective model to determine the effective masses of electrons and holes as

well as the effective screening lengths for the two main directions (zigzag and armchair).



Finally, in Chapter 4, we find the ground-state exciton binding energy and wave function while consid-
ering the anisotropic nature of square selenene. Starting with the first-order interaction energy between
a hole and an electron inside a 2D anisotropic semiconductor, which consists of the anisotropic case of
the Rytova-Keldysh potential, we further approximate it to reduce computational effort. Finally, we find
the energy functional associated with an anisotropic centre-of-mass Hamiltonian and the derived potential,
using a trial wavefunction that takes into account anisotropy, and numerically minimise it to obtain the
energy and wavefunction of the ground excitonic state.

As some final notes, all numeric and symbolic calculations, aside from DFT computations, were per-
formed using Python (via Jupyter notebook!*”! within the Anaconda distribution*")) and the symbolic-
calculation package Mathematica*”). We also would like to note that the colour palette used throughout
this thesis was chosen for its accessibility to colour blind people!*’. Finally, all figures are in .pdf format,

so that they can be zoomed in without loss of quality (digital format only).



Chapter 2

Density Functional Theory

We commenced this thesis by studying the electronic properties of square selenene (s-Se) using Density
Functional Theory (DFT). In particular, we used the open source software Quantum ESPRESSO (QF) [*41 14°]
to carry out the ab initio calculations. QE uses a plane-wave basis set together with pseudopotentials, which
describe the interaction between valence electrons and the core, i.e., non-valence electrons and the nu-
cleus. For our calculations, we used the Perdew-Burke-Ernzerhof (PBE) exchange-correlation functional ],
based on the Generalised Gradient Approximation (GGA). The PBE functional is considered by many as a
staple, offering reasonable accuracy over a broad range of systems while being non-empirical. To emulate
the core of selenium atoms, we used the norm-conserving, fully relativistic pseudopotential developed by A.
Dal Corso (Quantum ESPRESSO distribution). The kpoint mesh was generated using the Monkhorst-Pack
method (MP)[““! with a shift. This shift is done to reduce the number of non-equivalent kpoints, which
aids the convergence of calculations. Although not the case in our work, for certain Bravais lattices (FCC,

Hexagonal, and Orthorhombic F), this shift can be detrimental (*/].

2.1 Crystal Structure

Square selenene consists of a square lattice with a basis composed of two selenium atoms. One of the
atoms is located at the corner of the square unit cell, while the other is off-plane and slightly off-centred,
being closer to the corner adjacent to the first atom in the y-direction. These two atoms correspond to two
sublattices, labelled A and B. This spatial configuration leads to a buckled lattice, as shown in Fig.1(a),
where we also show the 1st Brillouin zone. The initial structural parameters that we used were derived by

Xian et al.l"l and are shown in Table.1 .



M,

Figure 1. Spatial configuration of square selenene. (a) Top and side view. (b) Perspective view. (c) 1st

Brillouin zone of s-Se with high symmetry points.

Table 1: Structural parameters of square selenene. We note that |a,| = |a,| = a. Data reproduced from

the work of Xian et al.!'!.

alh) d, (A) d, (A) h (A)
3.65 2.40 2.71 0.77

2.2 Convergence and structure optimisation

Before calculating properties of interest, we conducted convergence calculations to determine the optimal
cut-off energy for the Kohn-Sham orbitals, kpoint mesh size, and then performed lattice relaxation. The
first two quantities are optimised by minimizing the total energy that comes from a self-consistent field
(SCF) calculation while relaxation is performed using the "vc-relax” calculation of QE, where the lattice
vectors and atomic positions are altered to meet the force threshold of 1 x 10'5, in atomic units (a.u). The
optimal parameters and their convergence are shown in Table.? and Fig.2, respectively, and will be used
in all DFT calculations unless otherwise indicated. From the relaxation, we obtained a lattice constant of
3.672 A, which corresponds to an increase of approximately 0.6% compared to the work done by Xian
et al.l'! and Liu et al.B% and 0.05% when compared to the work done by Chen et al.!!. We also tested
the spatial configuration where the second Se atom sits above the centre of the unit cell. To do so, we
performed relaxation runs where the atom was put in a position between the centre and the position we

calculated. The atom always converged to its off-centre position unless it was put directly above the centre,



making it a metastable configuration.

Table 2: Converged parameters for DFT runs of the Kohn-Sham states energy cut-off and the size of the

Monkhorst-Pack grid (N x N x 1).

Energy cut-off (Ry) Monkhorst-Pack grid size
70 11

)

(b)

-5080f @ ' ' ' ' ' ] ~0.00525F ¢ ™
\ \\
\ -0.00550F
-50.85F  \ 1 .
\ -0.00575F "
—_ \ . \.
= \ =
& 5080 \ £ _0.00600f \
& \ &
\ -
2 -5095} \ & -0.00625 \
i) \\ i) \\
= \ S -0.00650F \
o (s \
= -51.00f \ L2 \
\ -0.00675}F \\
\
_ L \ ] 1%
5105 \ -0.00700F N
S s
--------------- Q-0 SN
-51.10 L L L ° L L L -0.00725E. L L L L L , L -? 1
20 40 60 80 100 120 5 6 7 8 9 10 11 12 13
Wavefunction kinetic energy cutoff (Ry) Monkhorst-Pack grid size (NxNx1)

Figure 2: Total energy convergence with respect to: (a) Kohn-Sham states energy cut-off, (b) Monkhorst-

Pack grid size (N x N x 1).

2.3 Band structure

In this section, we show the calculated band structure of square selenene, for non-relativistic (NR) and
fully relativistic (FR) calculations' , along different k-(paths/areas) inside the 1st BZ.

Figure.3 shows the band structure along a path of high symmetry points-I — M; — X — M, —T.
For the non-relativistic calculations, we have a Dirac-cone on the path between I' and M, at a k-point we
will denote as P1=kP1(1,1) with kP1=O.2O961 in crystal coordinates (c.c.), i.e units of 27“ We note that
at the corresponding point in the path 'M,, which will be denoted P,, a similar structure seems to be
emerging but falls short in forming a Dirac cone. This difference likely lies in the asymmetric nature of
the spatial configuration of square selenene. The fully relativistic calculation opens a gap at P;, with an
additional splitting of about 10 meV, which further separates the bands into four (2 conductions bands —

Cy, C, and 2 valence bands — vy, V,), as shown in Fig.4 . This fine split was not reported by previous

1 For the fully relativistic calculations, we switched to fixed occupations to suppress numerical noise that could close the small bandgap.



works!%2% "which is likely due to the lack of fully relativistic calculations. As a precaution, we repeated

the calculations with the lattice constants used in those works and found that the splitting still occurs.

—— DFT (FR)
/\_\, DFT (NR)

3 4

Energy (eV)
(@)

., Y S _ -

3
<

\/\
_3 ;
r P M, X M, P, T X

Figure 3: Band structure of square selenene obtained from DFT, for non- and fully relativistic calculations,
on a path between high symmetry points in the 1st Brillouin zone. The energy reference is set as the

energy of the Dirac cone-like structure at P;.

Square selenene has an indirect bandgap of 0.101 eV and an optical transition at P; of 0.106 eV
(c; - v,), which indicates that s-Se is a narrow-gapped semiconductor, with a transition located in the
mid infrared region of the electromagnetic spectrum. Our values for the bandgap are consistent with the
literature %1, While standard DFT calculations are known to underestimate bandgap energies, previous

513 have demonstrated that, for square selenene, the bandgap is practically

works using HSE functional
unchanged.

Upon further inspection, we found that the Dirac-cone-like structure at P; is actually highly anisotropic,
as shown in Fig.5(a), and also displays what is called semi-Dirac dispersion: linear dispersion along one
direction and parabolic in the perpendicular direction. For square selenene, linear dispersion is present

along the 'M; direction, while parabolic behaviour is observed in the perpendicular direction at P;. We

represent these two main directions by considering the momentum displaced from P; - q = (qH, qL) =

(kxjiky — \/§kpl, ky\;;) - and plot the cone along them in Fig.4. We note that this Dirac-like cone is slightly

tilted in the || direction, as we will further explain in Chapter 3. For a better understanding of the band

structure, we calculated it along the entire 1st Brillouin zone. The perspective render of the innermost



bands (highest/lowest valence/conduction bands) and the respective contour plots are represented in
Fig.5. We immediately note that the band structure has reflection symmetry along the k=(-)k, directions.

This entails the existence of two gaps, the other one being located at P{.

T T 77T
=—— DFT (NR)
0.4} —— DFT (FR) {

=—— DFT (NR)
—— DFT (FR) A

0.2

Energy (eV)
|

-0.2f

-0.4}F

L 1

-0.02 0.00 0.0 -0.100 -0.075 ~0.050 ~0.025 0.000 0.025 0.050 0.075 0.100
qy (c.c) q, (c.c)

Figure 4: Band structure of square selenene obtained from DFT, for non- and fully relativistic calculations,
around P for the parallel (qH) and perpendicular directions (g, ). Both graphs use the same scale to allow

for direct comparison.

IO

ky (c.c)

(A8) A3a8u3

ky (c.c)

Figure 5: Valence and conduction band along the 1st Brillouin zone: (a) contour plots of the conduction

(top) and valence (bottom) bands, (b) perspective render.
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2.4 Spin texture

In this section, we present the expectation values of the spin components for each axis, i.e., (S,), (S,),
and (S,), associated with energy states across the entire Brillouin zone. These values were obtained using
the Quantum ESPRESSO module bands.x, which calculates the expectation values of the spin operator
on the spinor wavefunctions, which were computed using pw.x, along each band. When plotting the
expectation values along the first Brillouin zone, we uncover an intricate spin texture, shown in Fig.6 and

Fig.7. The most notable features are:

* A helical spin texture, called spin-momentum locking, around P; and P{ that also acts like a spin-
sink, i.e, as k—P; we have (S;) — 0. This implies an increase of variance AS; near the point,
since <SZ) = ZI.(S,>2 + (AS,)Z. We note that this spin pattern also has a clear separation of S,

components (positive and negative), divided along the g, direction.

¢ |n the ky = -k line, for the valence bands, we can see what looks like a source and sink of spin
(located near P, and P;). The source and sink are permuted when switching between valence

bands.

* The spin texture around I' seems to be mainly aligned with the k, = -k, direction, with the orientation

depending on the band.

11



VNt R A Lt TS
, 1’,;7 '//::/r LLLV

Figure 6: Spin texture of square selenene, constructed through the expected values of the spin operators
- (S;) - obtained from DFT along the entire 1st BZ. The arrows represent the x and y components, while

the z component is represented using a colour scale.
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2.5 Edge states

To probe the existence of edge states in square selenene, we modelled nanoribbons using two types of
cuts inspired by graphene: zigzag and armchair. To easily build these two types of nanoribbons, we rotated
and scaled the square unit cell so that its side became the length of the original unit cell's diagonal, as
shown in Fig.8 . The size of the new unit cell vectors is given by the old ones times V2. The new unit cell

contains 4 atoms.

(a) (b) lezag

Width

-

Armchair

Periodic direction

Periodic direction

Width z

Figure 8: (a) Rotated and scaled cell of square selenene. s-Se nanoribbon with a supercell, built from 3
new cells, to form : (b) a zigzag cut and (c) an armchair cut. The name of the cuts alludes to the shape

of the nanoribbon’s edge along the periodic direction, which is highlighted in blue.

We considered nanoribbons with a supercell built from 20 of these new unit cells, which gives a width
of approximately 10 nm. The edges were passivated with hydrogen atoms “, which were relaxed along the
width, to eliminate edge states associated with dangling bonds. We then obtained the band structure from
I to X, shown in Fig.9(a) and Fig.10(a), using a cut-off energy of 90 Ryand 13 x 1 x 1 (1 x 13 x 1) MP
grid size for the zigzag (armchair) cut.

To search for edge states, we employed the post-processing code pp.x from QE. This allowed us to
obtain the contribution of states, specified by the band number n and kpoint k, to the charge density -
pr(x,y, z). To illustrate the localization of this states along the x and y axes, we collapsed the zdirection

by summing over it, i.e., o7 (X, ¥) = Zng(x, ¥, Z), and show the result in Fig.9(b) and Fig.10(b).

2 Two and four hydrogen atoms per unit cell for the zigzag and armchair, respectively.
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Figure 9: (a) Electronic band structure of a square selenene zigzag nanoribbon with a width of ~10 nm.
(b) Collapsed contribution to the charge density of the states located at the vertical grey dashed line, for
different bands. The colour bar is in units of e/ag, while the bands and the collapsed contribution to the

charge density are colour coded to indicate correspondence.
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Figure 10: (a) Electronic band structure of a square selenene armchair nanoribbon with a width of ~10
nm. (b) Collapsed contribution to the charge density of the states located at the vertical grey dashed line,
for different bands. The colour bar is in units of e/a3, while the bands and the collapsed contribution to

the charge density are colour coded to indicate correspondence.
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We obtain edge-states in both cases; however, only the zigzag cut presents states that cross the gap,
which is a characteristic of topological states. The non-trivial topological nature of square selenene was
confirmed by Xian et al.!'! and Chen et al.”! using the evolution of Wannier charge centres in zigzag cut
nanoribbons to calculate the topological invariant Z,. We note that in our case, we have 4 states that cross

the gap, while the cited works only show 2. This is due to the further splitting we obtained.
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Chapter 3
Effective Model

In this chapter, we construct a 4-band effective Hamiltonian and fit it to the data obtained from fully
relativistic DFT computations. The base is the k-p Hamiltonian presented by Xian et al.l'l, that accurately
describes the dispersion around P; when SOC effects are not considered. We then add various SOC terms

until the fit is satisfactory. Finally, we add an extra term to replicate the spin texture around P, qualitatively.

3.1 k-p Hamiltonian

The cornerstone of our effective model is the semi-Dirac effective Hamiltonian, obtained through k-p per-

turbation theory“®!, with the form
Hip = €(a) (00 @ 50) + [h(a) - o] ® 5 (3.1)
where o = (ax, gy, az) is a vector whose components are the Pauli matrices associated with the sub-

lattice degree of freedom, s, is the identity matrix (dim=2) associated with the spin degree of freedom

and

e(a) = —Aq, — Bq, (3.2)
h(a) = (Cqy + D4, Fa, + Ggyq,,0). (33)
This implies that we are working in the basis {|A, 1); |A, 1); |B, 1T); |B, 1)}, where Aand B represent the

two sublattices, labelled in Fig.1. The diagonalisation of this Hamiltonian leads to two different eigenvalues

(equivalent to dispersion curves), each with multiplicity 2, given by

2 2 2 2
E.(q.q,) = —Aq + Bd, +1\/(Cq +Dd’) + (Fa, + Gayq,) - (3.4)
These curves highlight the tilted nature of the semi-Dirac cone. If we only consider the parallel direction,

Eq.(3.4) becomes:
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Ei(qH, 0) = —ACIH - |CQ|||> (3.9)

which implies that the cone is formed by two different slopes: —A + [C| when g < Oand —A — |C]|
when Q> 0.

We fitted Eq.(3.4) to our DFT data, considering k-points along the 1st Brillouin zone! with energy
lying in the [-0.2,0.2] eV range. We used the non-linear least-squares method, with a weight following a
three-parameter Lorentzian function (/ =1, £,=0 eV, v=0.1 eV) to prioritise points with energy closer to
zero. The fitted parameters are displayed in Table.3 . The parameters marked with an asterisk (*) have
an ambiguous sign. Altering the sign of any of them, one at a time, will not alter the fit result in the main
directions and only slightly alter the quality of the fit in the other regions. However, the sign change has an
impact on other quantities than the band structure, as we will show later when examining the spin texture
of the effective model. The fit follows very closely the DFT curves in the main directions, and displays

small deviations outside of them, as shown in Fig.11 .
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Figure 11: Contour plots of the valence (left) and conduction (right) bands that form the semi-Dirac cone
near P;, obtained from NR DFT calculations (solid black lines) and compared to the fitted kp model

(dashed coloured lines).

Uoitis important to consider points outside the main directions since there are terms oc a9,
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Table 3: Fitted parameters of the k-p Hamiltonian.

A (eV-A) B(eV-A%)  C*(eV-A)  D*(eV-A?)  Fr(eV-A)  G*(eV-A?)
-1.964 6.179 6.417 9.836 1.513 26.67

3.2 Spin-orbit model

To obtain an accurate effective model of the fully relativistic DFT data, we introduced two terms to describe
SOC effects. To do so, we considered the Hilbert space associated with the spin degree of freedom, which
is represented by the matrices s; that follow the structure of Pauli matrices. We first considered intrinsic

spin-orbit coupling, for which the Hamiltonian is given by

Hso(Agp) = Agp(0, ® 5,), (3.6)

where Ag, is the magnitude of the spin-orbit interaction energy. This term is responsible for the opening
of the main gap, as seen in Fig.13 .

We then considered Rashba spin-orbit coupling due to the lack of inversion symmetry in square se-
lenene®!. However, if included in our effective model, it cannot produce 4 distinct eigenvalues at q=0.
We introduced anisotropy by splitting the Rashba constant - ag - into two —ag , ag -, which allows 4
distinct eigenvalues at P;, as shown in appendix B. This term is considered to replicate the further splitting

of the bands near Py, as shown in Fig.13, and has the form

B (@R, o) = of(0,@5) — %0, ©5)) 37)

which was also used by Geldiyev et al.>"! to describe a flat square lattice of Te atoms on a Au(100) surface.
Finally, to replicate qualitatively the expected values (S,) obtained from DFT, we introduce the term

given by

HSz(q”'Mz) = qu” (UO ® Sz) 9 (38)

which is not necessary for a good fit of the bands but is needed to obtain a qualitatively similar spin texture
near P;.

The final effective model is given by

H,

€

= Hip(@,4, B, C, D, F, G) + Hso(Ago) + He" (o o) + He,(q, M), (3.9)
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while the minimum effective model only removes Hg,. We fitted Eq.(3.9), with and without Hg,, to DFT
data along ef and g, within the energy range [-0.1,0.1] eV, using the non-linear least-squares method and
obtained the parameters shown in Table 4. We present the DFT data and the resulting fit in Fig.12, and
compare the spin texture around P, obtained from FR DFT calculations (Fig.14) with that derived from our
effective model (Fig.15). The effective model offers an accurate description of the bandgap, with small
discrepancies in the perpendicular direction. This implies the presence of Rashba SOC effects in square
selenene, which is common in systems that lack symmetry of inversion[*l. Upon further inspection,
the spin-momentum locking around P, is reminiscent of the spin texture due to Rashba effects®>%,
However, the usual band structure, with a double degeneracy of the bands at a point, is not present in
square selenene. As discussed by Lee et al.’! the conventional Rashba bands are doubly degenerate at
time-reversal invariant momenta (TRIM) in non-centrosymmetric materials. We believe that conventional
Rashba effects are present in square selenene and that the degeneracy is not enforced since P, is not a
TRIM?.

We also qualitatively reproduced the spin texture around P; of the valence bands, namely the chiral
pattern that behaves like a sink for the expected values of the spin operators. We note that the sign of M,,
which is not determined by the fit routine, decides which side of the spin pattern has a positive/negative
expected value of the S, operator. The spin texture of the conduction bands that come from our effective
model does not match the pattern from DFT, since we got a saddle-like configuration. This indicates that
other types of SOC might be present, whose effects are more noticeable in the spin-texture.

An accurate representation of the spin texture would probably require a different model as well as a
more complex fitting routine, in the sense that the bands and the mean values of the spin operators would
need to be fitted simultaneously. We also note that the chirality of the spin texture near P, depends on
the combined signs of the fit parameters C and F of the k-p hamiltonian: the chirality changes when both
parameters are negated. We note that changing the sign of C and F worsens the fit, except along the
main directions, which further emphasises the need for a better model if the goal is to reproduce the spin

texture.

Table 4: Fitted parameters of the effective model, with and without Hg,.

(M) (eV - A) Aso(eV) ag (eV) o (V)
6.5542x10? 5.7584x107 1.8803x10* 6.8225x10°
. 5.7588x 107 1.8321x10* 6.8658x10°

2 For a square Brillouin zone, the TRIM are T, X, Y, and M.
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Figure 12: Bandgap along the main directions obtained from FR DFT calculations (black lines) compared

to the fitted effective model (coloured dashed lines).
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Figure 13: Bandgap along the main directions obtained from FR DFT calculations (black lines) compared
to the fitted effective model, when Agy=0 (dash-dotted blue lines) and arg = g = 0 (dashed fuchsia

lines).
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3.3 Effective Masses

In this part, we extract the effective masses for holes and electrons along the ||- and _L- direction from our
effective model and from a real-space Hamiltonian generated by the software PAOFLOW“l(see Appendix
A), using the definition
2pn -1
O°E (q)

m} = h? (—6%2 ) : (3.10)

where n and i are the index for the bands and main directions (|| or L) respectively. The values we

calculated can be found in Table.5, alongside the values from Lin et al. .

Table 5: Effective masses for holes and electrons along the along the [|- and _L- direction, in terms of the
electron mass my, derived from the effective model and the Hamiltonian from PAOFLOW. The last row

contains the data reproduced from the work of Lin et al. .

mﬁ mﬁ’ mé. ml!
PAOFLOW 0.0108 0.0119 0.2464 0.1653
Effective model 0.0109 0.0109 0.2794 0.1458
Lin et al.[¥] 0.044 0.039 0.52 0.35

As expected from the dispersion, the effective masses are quite different depending on the main
direction, being ~10 smaller along the ||-direction. The hole and electrons have the same effective mass
in the ||-direction, while the electron effective mass is approximately two times larger than the hole effective
mass when considering the | -direction. The results between PAOFLOW and the effective model are quite
close while being consistent with the effective masses obtained by Lin et al.l®!. As expected, the effective
mass of holes in the _L-direction is smaller when extracted from our effective model, since the valence
band curvature is larger than the one in the DFT data, which is perfectly replicated by the PAOFLOW
Hamiltonian (see Fig.23). Lin et al.l’”! also obtained effective masses around 10‘2mO in the parallel
direction and 10‘1mO for the perpendicular direction, as well as a bigger effective mass for electrons.
Beyond the numerical value differences (a missing factor of ~4 for the ||-direction and ~2 for the _L-
direction), they found the effective masses in the parallel direction to be different from each other. The
values for the effective masses in the _L-direction are well within the norm of 2D semiconductors, while

being relatively small in the ||-direction!!.

24



3.4 Effective Screening Lengths

In 3D crystals, macroscopic screening can be characterised by a dielectric constant specific to each
material. However, for 2D crystals, this description is no longer valid due to g-dependence of the dielectric
function”, calling for a new way to describe screening effects°°!. Screening in two-dimensional materials

is dictated by the 2D layer polarizability, given by[*’!

o = (3.11)
2m

where r,, is the screening length. This polarizability can be derived using ab initio methods, considering a
stack of layers separated by a distance L. By calculating the in-plane dielectric constant for increasingly
larger values of L, one can extract a,p, as explained by Cudazzo et al. 1 and executed by Berkelbach
et al.’?l. For the anisotropic case, one must apply the method to the dielectric tensor and look at the
convergence of the xxand yy components. For simplicity, we chose an alternative to calculate the effective
screening lengths, which uses our effective model and the following formula™, also derived by Jian et

al. ")

2
_47rhca22/ dzq‘ "“9" el ‘u>‘, (3.12)

(@)~ E(@)’
where 7 indexes the valleys, ¢ and v the conduction and valence bands, ]u”} is the spinor at q for the

" band and E -(q) the energy at q of the n " band. We note that typical DFT methods consider several
band transitions, whereas the use of Eq.(3.12) on our effective model only considers four bands, yielding
an estimation of the screening lengths. One could also consider larger gapped structures for a more
accurate value, as done by Jian et al.l°?': however, the main contributions for square selenene come from
the narrow gap (ngO.l eV). For comparison, the structure at P, has a gap of ~1 eV.

A more detailed ab initio study of square selenene would be needed for more accurate values of the
screening lengths, which is beyond the scope of this thesis. Applying Eq.(3.12) to our effective model
returns the values given in Table.(6), which can be considered estimations for the lower bounds of the
screening lengths in square selenene.

Once again, the anisotropic nature of square selenene is highlighted here, with a factor of ~3 between
the two screening lengths. For comparison, this factor for phosphorene is approximately 1.057 (aiXD =

4.20A, a2 = 3.97A)"). Another point worth noting is that the values are quite large, especially in

3 In this case, q refers to a reciprocal space variable originating from a Fourier Transform.
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Table 6: Effective screening lengths of square selenene along the |- and _L- direction obtained from our

effective model.

”oH(A) ”oJ_(A)
1691 .08 455.25

the ||-direction. A similar gapped material, stanene (Eg~0.1 eV), has a screening length of 351.85 AL
which is consistent with the value in the _L-direction but much smaller when compared with the value we
obtained along the ||-direction. These large values are partially due to the small gap and the contribution
of both valleys, which leads to an additional factor of 2. However, especially due to the large value along
the ||-direction, a more detailed ab initio study should be conducted.

At first glance, it might seem strange that the screening length in the ||-direction is larger, since
the dispersion curves are flatter in the L -direction, as illustrated in Fig.4. This seems to imply that the
denominator in Eq.(3.12) should be smaller for the same |q,.| values. One difference might lie in the mean
value of the derivative of the Hamiltonian; however, there is another distinction - the semi-Dirac dispersion
of the cone. The dispersion curves in the 1 -direction are quadratic, so the denominator in Eq.(3.12) will
diverge to oo faster than in the ||-direction, leading to a smaller value of the screening length.

A possible next step, without using more advanced methods, would be to apply Eq.(3.12) to the
Hamiltonian obtained from PAOFLOW. It would allow for more accurate values of the screening lengths,
since one could consider more band transitions, as well as integrate over the entire 1st Brillouin zone.
This set of values could be compared with the ones obtained from the effective model and, eventually,

from ab initio calculations.
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Chapter 4

Excitons

In this chapter, we use the variational method to calculate the ground state energy and wavefunction of
excitons in square selenene (see Fig.16 for a stylised illustration). The effective Hamiltonian, which will be

used to describe excitons in square selenene, is given by

pz  p2
I 1
Ho = — 4 L v (r,0)
" ou T2u, °
h? 02 h2 02

=———————+Vg(r0), (4.1)
where the spacial coordinates q and r, correspond to the new cell coordinate system, x’ and y/, shown

mim]
e
m "t‘f'nf7

in Fig.8, and p; = are the reduced effective masses of the electron-hole system for each direction.
This Hamiltonian is composed of three terms: two kinetic terms (first and second) and a potential term

(third).

Exciton

Figure 16: Stylised illustration of an exciton in square selenene

27



As shown in Chapter 3, the effective masses of electrons and holes in square selenene differ by an
order of magnitude depending on the direction considered. To account for this strong anisotropy, the usual
kinetic term -%V2 was split into || and _L components, each with their respective reduced mass I and

1 . To simplify the problem, the anisotropy of the kinetic term can be passed to the potential energy by

_|_
A=/ (4.2)
U

although this simplification does not offer much value due to the anisotropy of square selenene. The usual

considering the change of variables!®"]

potential used to study excitons in 2D materials is the Rytova-Keldysh potential °%%°]

e 7l Kr K
V() = ——— == |Hy [ =) = ¥, [ = 43
) 47TE02ro{ O(%) O(ro)}7 3

where Kk = elzﬂ is the mean dielectric function of the media that surrounds the 2D material, r, is the
screening length, Hy(x) is the Struve function of the zeroth order and Y;(x) is the Bessel function of the
zeroth order of the second kind. This Rytova-Keldysh potential is the solution of the electrostatics problem
that consists of the electron-hole interaction inside a nano-sheet of permittivity e and thickness d, while
being surrounded by media of permittivities €; and e,.

However, as per our calculations, the screening length of square selenene depends on the direction
considered, with ry| ~3r; |, calling for a different potential. The treatment of this case is done by Kamban
et al.l, which we replicate (see Appendix C), to obtain the last term of Eq.(4.1) - Vey(r,6). We further
approximate this term and find the energy functional associated with the effective Hamiltonian, using a

simple normalised trial excitonic wavefunction that takes into account anisotropy®*, which has the form

2 () ()

7T)\||)\J_ ’

(b(rH,rJ_> = (44)

where A, A are variational parameters with dimension of length.
Finally, we simplify the energy functional until it only contains integrals in the polar coordinate 6 and

minimise it numerically to find the exciton ground state binding energy and wavefunction.

4.1 Interaction energy approximation

The first step in our journey to probe for excitonic states in square selenene is to find an approximate form

of the interaction energy given byl in Sl units
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k
e | JE[ — (/€
Ve(r8) = " bl dq—|—2 Zcos (2K0) / H = b(gndq| ,
471'60 fE€L — b /€€l \ Ve Ve

EVr(I’) EVQ(r70>

(4.5)
where || and L refer to the zigzag and armchair directions in real space’, respectively, €, = K+ ry;qg and
J, is the n" order Bessel function of the first kind. For simplicity, we considered a free-standing sheet of
square selenene, which implies k = 1. We also note that when ry =rq , we recover the Rytova-Keldysh
potential /1.

In the following subsections, we approximate Ve (r, @) to alleviate the computational workload when
using the variational method, as well as to avoid the numerical calculation of improper integrals with highly

oscillatory kernels.

4.1.1 Radial term

We start with the radial term, given by

Vf(,,) — /OO J0<qr) dq

‘/€||€J—
/ Jo(qr) dq
\/ (L+ra)(1+1r.9)
- / fq)y(ar)da. (4.6)
0

To find an approximate closed form for this integral, we approximate f(q) as

1+ qr
D~ T 1+ 1)

where ris the geometric mean of the screening lengths, given by

Q

(4.7)

= \/W (4.8)

This results in a good approximation, with a maximum relative error of 6% from the numerically calcu-

lated values, as seen in Fig.(17) .

1 Not to be confused with the parallel and perpendicular directions in reciprocal space.
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Figure 17:
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0.6
0.4
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Relative error (%)

100
q(1/A)

107 107

Exact (black line) vs approximation (coloured dashed line) of the function f(q) with relative

percentage error (grey line). The curves were calculated using fo|= 1691.08 A and ro = 455.25 A.

This approximation allows us to evaluate the radial term as

o= | " fa)h(an)da
0

1 — (1,0 —r2 - (1,0 —r2
N — =<2 —71) oF 1, — — FForill, ——
2(Fo) — roL )T [(fm ") of) 4r02|| + (=) ofy 4r2,
L =F(r) (Fterm)
4r? 2
_ o r _ Arg, r
— n| — || — —Nn| —=|J | —
b | rom ) : (|) 1= in (75 ) ()]
=7 (r)(Jterm)
_ r _ r
+7 |(r—r )H, | — | + (rOH —1H, (—) , (4.9)
o foL
= (r) (Hterm)

where OFI(I’O) (a,2) = 0,[oF;(a,2)/T(a)] is the derivative in respect to the parameter a of the regularised

generalised hypergeometric function with p = 0 and g = 1, J,(x) denotes the zeroth order Bessel function

of the first kind, and H,(x) the zeroth order Struve function. As shown in Fig.18, Eq.(4.9) yields a good

approximation of V,(r), with a maximum relative error of 5%.
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Figure 18: Numerical (black line) vs approximation (coloured dashed line) of V,(r) with relative percentage

error (grey line). The curves where calculated using fo|= 1691.08 A and ro, = 455.25 A.

4.1.2 Angular term

The angular term is given by

0) = ;cos (2k9)/0 e (\/_ n \/_) L (gr)dg

k
S 14+rg—+/14+1r,q
= cos (2k0) o = b (qrdg
2%k
P \/ 1—i—r0”q 1+1.0)

1+rOHq+ 1+1r,q

EZ (2k0) / F.(q) Ly, (grdq. (4.10)
0
=y, (n

We approximate this angular contribution to the potential by fitting v, (r) for different k values. To do
so0, we must truncate the infinite sum at some K value. We chose K=7, since the inclusion of higher order

terms in the sum will only alter the value by less than 0.02%. The fit function is given by

7r/,
Vn(r) = A+ ZBkn (/7" (4.11)
which substituted in Eq.(4.10) yields
Vo(r,0) =~ V,*"(r,6) (4.12)

7f,/

K
= cos(2k0) | A+ Z By (/) (4.13)
k=1
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Considering N = 20 and K = 7 yields the results shown in Fig.19. This method offers an accurate

description of the angular term, as it closely follows the numerical data. We note that the rising relative

error, around 10*A , is due to VQK’N decaying faster to zero than the numerically computed values.

The final form for the approximated interaction energy is given by’

2 K
e 1 KN
Veo(r,0) ~ — -2F (N + J(r)+7FH(r)] — 2 E cos(2kf)v, " (r, 8),
Arre, 2(r0|| — o )" drey 4=
(4.14)
where we compare it to the numerically calculated values for different angles, as shown in Fig.20.
le-4 le-4 100 Relative error (%)
2.0H6=0 1.2 0=n/8 — 8=0 \"'\\«\
. 1.0 —-- Decay for 6=0 R\ ,\
6=n/8 KU
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0.4 — =2 \l \‘
0.5} —-=- Decay for 8=n/2 El
0.2 60l \| \‘
o] S R S 0.0k=zmmmooomor oo Y =8 il
le-5 le-4 i
0.0 e=w4] T T o=r2] T a0t “l' l‘l
-0.5f i
-1.0} Ll
7| m—Numerical m— Numerical i
-1.5} Approximation === Approximation 20+ \ \
L
2.0 - )
-25} \.\ \_J
104 102 10° 102 104 102 10° 102 10% 010’5 103 1010 10! 103 10°
r(A)

r (A)

r (A)

Figure 19: Numerical (black lines) vs approximation (dashed coloured lines) of Vj(r,0) for different angles

(4 left panels), relative percentage error (large right panel: coloured lines) and decay lines of the square

modulus of the trial wavefunction renormalised to 100 (large right panel: dash-dotted coloured lines). The

curves were calculated using ry = 1691.08 A, ry, = 455.25 A, A =1587.5 A, and A | =653.13 A.

We obtained a satisfactory description of the angular potential with a maximum relative error of ~ 25%

in the & = 0 direction. We note that the potential term enters the excitonic energy functional as

Vg = / 16(r.0) Vo(r, 0)d%r,

(4.15)

where ¢ is the trial excitonic wavefunction. The decay of \¢]2 will mitigate the error. As a comparison,

we added the decay lines, for each angle, of the square modulus of the trial wavefunction, given by Eq.(4.4),

renormalised to 100 in Fig.19 and Fig.20. The variational parameters used are the ones that minimise the

2 See Eq.(4.9) for the definitions of F(r),d(r)and FH(r).
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excitonic energy functional when considering this approximation, which will be calculated later in Section

4.2. They show that the error of our approximation is diminished by the decay of the wavefunction

Relative error (%)
100 ‘ ‘ Sor iz
0.00 = s s ™
| —-- Decay for 8=0 '
0.05 ecay W
-0.10 Decay for 6=m/8 \ i
80 0=/4 5
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-0.20 — Q=12 i
: —-- Decay for 6=n/2 i \-\
-0.25 m— Numerical m— Numerical 1 60t l i
-0.30 ‘ ‘ ‘ —‘ Approx\r‘nation ‘ Approxir‘nation ] l‘ ‘
T T T T T Sl
000fgomgr- ] ey s I
-0.05 // il
-0.10 /
-0.15 e
-0.20 /
-0.25 m— Numerical m— Numerical
-0.30 \/ Approximation | === Approximation | 3
10% 102 100 10? 10% 104 102 10° 10? 10* 0 10% 102 10° 10? 10*
r(A) r(A) r(A)

Figure 20: Numerical (black lines) vs approximation (dashed coloured lines) of Vg (r,0) for different angles
(4 left panels), relative percentage error (large right panel: coloured lines) and decay lines of the square
modulus of the trial wavefunction renormalised to 100 (large right panel: dash-dotted coloured lines). The

curves were calculated using ry = 1691.08 A, ry, = 455.25 A, A =1587.5 A, and A =653.13 A.
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4.2 Energy functional

Having found an approximation to the potential Vey(r,6), we want to apply the variational method to the

following problem

Hao(r),ri) = Eqo(n, 1), (4.16)

where Hg and ¢(r, 6) are given by Eq.(4.1) and Eq.(4.4), respectively. The variational theorem states
that

Eple] > B2, (4.17)

where &€ [ ¢] is the energy functional and EOo is the actual exciton ground state energy. We must minimise

the energy functional, given by (taking into account that our trial wavefunction is normalised)

Eald] = (¢|Hal9) (4.18)

which, in the real space representation, is written as

Eqldl = [M /Gb s 1) ar 2¢(r\|7ﬂ )d r+—/¢ s L) ar gﬁb(’narﬁ

T+ T, (Kinetic terms)

/!¢! Ve(r,0)d (4.19)

V (Potential term)

In the following parts, we find a closed form for the kinetic terms and simplify the potential term until

we are only left with angular integrals.

4.2.1 Kinetic terms

In this subsection, we derive the form of the kinetic term associated with f|- For r; we just need to

interchange By > f and )\” <> A, inthe final result. The first kinetic term is given by
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Ty = i /e () () Ll () (%) d?r (4.20)

2
: ATALITE = X[ALr \/i— +<%) + A1 ||>
—c/ ) ( (%) d%r (4.21)

2
2,2 3,2
</\II>‘irH +AR?)

[y 2
)\”AL [/ / e? 2“’ —————dxdy — / / fzmy X242 —dxdy
2+y?)

)\3)\2 _|_y >

4
/ / 2+y X dxdy] (4.22)
X2+ y2)°

A 21 2w 00
==t / dipcos? () sin (gp)/ dpe” 2pp—/ dpsin® (cp)/ dpe=2°
Al L 0 0 0

21 e’}
+ / dpcos* (i) / dpezﬁp] (4.23)
0 0
_ "2 [ AL

2
1 { n
() (4.24)
1 (”)

where we performed the following actions between steps

. C= M2

e (4.21)—(4.22): Variable substitution rH/)\H =xandr /A =y.

o (4.22)—(4.23): Switch to polar coordinates (p, ¢).

So, the sum of the kinetic terms is given by

el 1
T +T :<—> —+—> (4.25)
| + 2 Ll”)\2 Hﬁ‘i]

which reduces to in the isotropic case.

2)\2

4.2.2 Potential term

The potential part of the functional is broken down into 4 integrals, 3 named by the terms in Eq.(4.9) and

one angular contribution
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V=/\¢2\ Ve(r,0)d’r

) 2 21 00 2w oo
~——t 2/ d0/ drezrp(e)r?(r)—i—/ d9/ dre=2®O0)rg (r)
0 0 0 0

_471'60 TAIAL
F-integral J-integral
27 [ee) 27 o)
+ / db / dre=20) rH (1) +2 / db / drre=2@) v, (1, 9) | . (4.26)
0 0 0 0
H-integral Angular term integral

We rewrote the trial wavefunction in polar coordinates - rj, r; — r, 6 - and defined

cos? (f)  sin® (6)

O, N, A ) =
P(>\|7 1) J )‘ﬁ + /\i,

where we note that, to alleviate the notation, we wrote p(6, A, A, ) as p(6). In the following subsections,

(4.27)

we simplify these integrals by evaluating the radial parts to ease numerical implementation and reduce

computational cost.

F-integral

The F-integral is given by

2 0o 2
Ir=(ry, —7) / db / rdre-2v® F M0 (1, -1
0 0 ar)

27 o) 2
+(F—ry)) / do / rare 2@ M0 (1) (4.28)
0 0 451

We focus on the radial integral with ry, 1o, — ry;, which yields®

oo 2
/ rdre=2v(0) FH0) ( ,——r 2) = : 7
o 4rg; 4 ()\ﬁ ()\i + 4r02,.sin29) + 4Air02.c0529)

!
(AA L 1) SRS I S S PR cos (20) (A2 — M) + A2 + A2
[ *L70i p(g)zrozl_ p(g)zrozl_ 0i 1 [ 1 I
(0,0,1,0) 1 1 > (0,0,1,0 (1 1
F Ll | — (AN A S [ P

H2AA L) + 818 (AﬁsinQG + Aicosw)] } =F/(0), (4.29)

3 The trick to evaluate this integral in Mathematica is to pull out the derivative with respect to the parameter a, integrate, and then derivate.
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where , ") — B4 00 D% O [ F (a,b, ¢, 2)], ,Fy(a,b,c.2) is the ordinary hypergeometric func-

tion, and v ~ 0.5772 is the Euler-Mascheroni constant. With this, the F-integral becomes

Ir=(ry, —7) /027T dg/:f”(e) + (r— rOH) /027r dOFrL(Q)

= (oL __r)/F“(/\”a A+ (r= rOH)’FL</\||7 AL)s (4.30)

where we remind the dependence on the variational parameters, which were hidden inside p(é) to simplify

the notation.

J-integral

The J-integral is given by

o —2rp(0 4r0“ r
l,=(r—r,) d0 rdre J Kn
om 4r? r
(rog — 1) d0 rdre 20n | —%= ) J (4.31)
of r2 o\,
0L

As before, we focus on the generallsed radial mtegral (rOH, o, — Iy), obtaining

o Ar? r 1 3 1
d —2(p(0)| OI J - F(O,I,O,O) 1.2.1.—
/o rare "\ ) I 42 | 21 277 Ap(6)%rd

(1,0,0,0) 3 1 16 [In(4p(9)r0,) Y — ].] i
F 13 _ = 4.32
201 ( ) 2> 9 4p(9)2f02,> ; gr(‘9>7 ( )

which allows us to rewrite Eq.(4.31) as

21 2m
=) [ @50 + g —7) [ 07} 6)
0 0
= (F— 1o ) A A L) + (o — )L A ). (4.33)
H-integral

The last term of the radial part of the potential is the H-integral, given by

2T 00 2T
In= 7T<_r_roﬁ/ d&/ rdre?"Hy +7T(ro||—r)/ d@/ rdre=?"P% H, <L> :
0 0 f0|| oL

(4.34)
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Once again, we evaluate the integral in r for the general case (ry;)

/oo rdre2m(0) 1, (_r) _ 1 foi . n 4p(0)°rs, csch™ [2p(03)r0,-] = 71(0),
0 o/ PO {RepOF +1 0 fgpe +1)

from which we get

ly=m(F—ry,) [ " b} (0) + m(ry —T) /0 " dOTCL(0)

m(r— roﬁ’;—‘;'()\u, AL+ m(ry _7)/HL()\\|7 AL). (4.36)

Angular term integral

Considering our approximation of the angular part of the potential, given by Eq.(4.13), we have

K 27 00
Z/ d0cos(2k0)/ dr re—2mw(0) ngn (1/7) }
k=10 0
K 2 00
= Z/ d000$(2k9)/ dr{re—er( A, + el2e0 ZBkn n+1}
0 0

k=1

27 N
Bkn Ak
db cos(2k0) 5 — + =1, (A, A (4.37)
/ {; +1 (9> + %] +2 4p(9)2} ( I L)

_f,

where we evaluated the radial integral.

4.2.3 Final energy functional

The final energy functional is obtained by considering Eq.(4.25), substituting Eq.(4.30), Eq.(4.33), Eq.(4.36),
and adding Eq.(4.26), after substituting Eq.(4.37), which yields

5(()K’N)()\|\a A)=T+T +E+E

2 <ﬁ>2 AL Al
= e - - +
TNAL LN LA A
e 1

_ 47T€O 2(/’0" — rol)_f l(T— roi) (IJH</\||7 )‘L) + WIF‘I‘()\H’ )\L) —_ 2//__”()\", Ai))
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2
_ € KN
+(rop — 1) (IJL(A”; AL+ W/Hi()‘nv)‘J_) - ZIFL()‘Hv)‘J_))] T 4re, /V<9 )<)\|7)‘J_>}>
(4.38)

where we separated the potential energy into radial and angular contributions, £, and E, respectively.

The only instances of the variational parameters are )\H/\L,Aﬁ and )\i , hence the functional respects

EaAsAL) =ECal=A;L=AL) A Eal=ApAL) =EalA), A1), (4.39)

which allows us to limit our search to the first and fourth quadrant of the variational parameter space
{)\H, A, }. We minimised the functional, given by Eq.(4.38), considering three sets of effective masses
(see Table.5). The minimised energy, decomposed into contributions, as well as the corresponding varia-

tional parameters, are shown in Table.7.

Table 7: Variational parameters ()\H, A | ) of the trial excitonic wavefunction that minimise the energy func-
tional for three different sets of effective masses. The resulting energies (E ) are decomposed into kinetic

(T), radial (E,) and angular contributions (Eg).

Egq (meV)
Effective masses A (A) AL (A)
T E, E,
-23.89
Effective model 1587.5 653.13
7.31 -31.2 -1.63x103
2417
PAOFLOW 1562.5 643.87
7.25 -31.4 -1.62x103
-31.78
Lin et al.[] 9375 468.75
5.758 -37.54 -1.29x10°3

The values obtained using the two sets of effective masses from PAOFLOW and our effective model
are quite similar, while the ones obtained using the effective masses from the work of Lin et al.*! show a
more strongly bound exciton. We note that in all cases the angular contribution to the binding energy is
negligible (~1peV).

Next, we point out that the ratios between the excitonic binding energy (E,=E ¢), in square selenene,

and the energy bandgap (E,) are between 0.23 and 0.3, depending on the effective masses. These values
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seem to respect the robust linear scaling law, studied by Jiang et al.®’l, in two-dimensional semiconduc-

tors, which states that

E, ~ 0.27L,. (4.40)

This relation was also reported in earlier works!®”l; however, they implied a non-zero exciton binding
energy when no gap existed, which goes against the fundamental physics that describes excitons, as

.11, We compiled the raw data from seven works!®%%°="% that deal with

commented on by Zhang et a
this linear relation and represented it in Fig.21, adding the point” for square selenene. However, there is a
caveat: the scaling rule proposed by Jiang et al.[®"! is based on GW calculations, which typically corrects
the bandgap from DFT to larger values. It is not possible to quantitatively predict how this would affect
the ratio for square selenene, since E,, the effective masses, and the effective screening lengths would all
be altered when considering GW calculations. It is relevant to note that Jian et al.[°”! arrived at a slightly
different linear relation, considering conventional k-p perturbation theory and the hydrogen-like model of

excitons, so it is possible that our treatment captures the physics behind this scaling law.
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Figure 21: Compilation of exciton binding energies and band gaps of various 2D semiconductors, from

different works.

A property of excitons inside a narrow-gapped material is the large spatial extension of the exciton

4 Due to the scale considered in Fig.21 the different points for square selenene are undistinguishable, so we decided to only plot the point calculated using the

effective masses from PAOFLOW.
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wavefunction. The larger the gap is, the weaker the screening, as Eq.(3.12) shows, which results in a
smaller exciton radius and higher binding energy. For square selenene, we have the opposite: a small gap
leads to strong screening, which creates a large exciton radius with a small binding energy. To quantify

the "size” of the exciton, we compute the root-mean-square (rms) distances, given by

L= (r?), (4.41)

)

where the index j represents the directions (|| or L). For our trial wavefunction, they take the simple form

V3
L= "5 (4.42)

where )\j are the variational parameters defined in Eq.(4.4). In Table.8, we list these lengths for our
minimised wavefunction parameters as well as other materials for comparison. The values for the effective
masses from the work of Lin et al.l’! are appreciably smaller, especially in the ||-direction, but remain
consistent with the values obtained using the effective masses from PAOFLOW. For comparison, the same
lengths are shown for phosphorene, which possesses a much bigger gap. As a consequence, the excitonic
wavefunction is much more localised, having values for L, two orders of magnitude smaller than the ones
we derived for square selenene.

The root-mean-square we obtained for the ground excitonic state is not typical for 2D semiconductors,

which tend to have a root-mean-square radius of ~1-10 nmU"/?. We note that the exciton Bohr radius,
defined by
Areh?
a = 4.43
y e (4.43)

where € is the dielectric constant and u = % is the electron-hole reduced mass, takes a value for
InSb“1- a 3D material with similar gap E,~0.17 eV - of the same order of magnitude as the rms distances
for square selenene. Although the excitonic Bohr radius is not the same quantity as L; and InSb is a 3D
crystal, the comparison serves to illustrate that excitons with large spatial extensions can exist for narrow
gaps (~0.1 eV).

Finally, to illustrate the anisotropic nature of excitons in square selenene, we show the wavefunctions

of the excitons, obtained using the effective masses from PAOFLOW and the work of Lin et al.[%! in Fig.22.
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Table 8: Characteristic lengths of excitons in square selenene (source of the effective masses in parenthe-

ses), phosphorene, and InSb (3D). a, is the excitonic Bohr radius.

E, (V) L” (nm) L, (hm) ay (nm)

S-Se (PAOFLOW) 0.106 135 55.8 -
SSe (Lin et al1¥) 0112 812 406 :
Phosphorene [’ 1.88 0.78 0.39 -
InSb’*] 0.17 - - 65.6

1600

800

406nm

81.2 nm /’

-1600

-1600 -800 0 800 1600 -1600 -800 0

r, (A) r, (A)

800 1600

Figure 22: Square modulus of the ground state excitonic wavefunction in square selenene, obtained using
the effective masses from: (a) PAOFLOW, (b) Lin et al.[®l. The white dashed lines represent ellipses whose
semi-major and semi-minor axes are the characteristic lengths L;, which are the root-mean-square radius

of the excitonic wavefunction.
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Chapter 5

Conclusion, Limitations and Further Work

In this thesis, we investigated the electronic and excitonic properties of square selenene (s-Se), a two-
dimensional allotrope of selenium characterised by its strong anisotropic features, such as carrier mobili-
ties, dispersion, and effective masses.

In Chapter 2, we explored the electronic properties of s-Se using Density Functional Theory. We
obtained the band structure across the full Brillouin zone, for non- and fully relativistic calculations, which
is in accordance with previous works, except for an additional splitting of the bands at the bandgap.
Additionally, we computed the reciprocal space spin texture, i.e, the mean value of the spin operators
across the Brillouin zone, and uncovered interesting spin patterns, such as spin-momentum locking, further
adding to the characterisation of the electronic properties of square selenene. Finally, we demonstrated
the presence of edge states in two types of s-Se nanoribbons (/=10 nm wide), by analysing the contribution
of states to the charge density.

In Chapter 3, we constructed an effective Hamiltonian that accurately describes the bandgap obtained
from fully relativistic data. The cornerstone was a k-p Hamiltonian from the literature, to which we added
two spin-orbit coupling (SOC) terms: an intrinsic SOC term and a modified version of the Rashba Hamil-
tonian. This suggests the presence of Rashba-like spin-orbit effects in s-Se, which is reinforced by the
similarities in the spin-texture™!. We then extracted the effective masses of electrons and holes along dif-
ferent directions, both from our effective model and from PAOFLOW's real-space tight-binding Hamiltonian,
finding agreement with the literature. Finally, it also allowed us to easily estimate the effective screening
lengths of s-Se without resorting to more advanced ab initio calculations.

Finally, in Chapter 4, we studied the formation of excitons in square selenene using an effective Hamil-
tonian that took into account its highly anisotropic features. The usual kinetic centre-of-mass term was
divided into two to take into account the anisotropy between effective masses, and added to an anisotropic
version of the Rytova-Keldysh potential, for which we found an approximated form. With the aid of this ef-

fective Hamiltonian, we calculated the ground state excitonic energy (Eq ~ —24 meV) and wavefunction
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in a free-standing sheet of s-Se, using variational methods. We also obtained an unconventional spatial
extension of the wavefunction, which covers hundreds of unit cells. To our knowledge, these calcula-
tions represent the first study of excitonic properties in square selenene, providing an initial step in the
determination of its potential for optical and optoelectronic applications.

In the rest of this chapter, we comment on the limitations of our work, possible improvements, and
future directions.

First, the use of hybrid functionals, such as HSEQ6 or PBEO, is expected to yield more accurate
electronic dispersions, at the expense of a higher computational cost. The use of ab initio methods to
calculate the 2D polarizabilities, and subsequently the screening lengths, would allow for cross-checking
with the values from the effective formula. This is particularly relevant, as the screening length in the
||-direction was found to significantly exceed typical values for 2D semiconductors.

Second, the role of PAOFLOW could be expanded. The logical step would be to use Eqg.(3.12) on
the Hamiltonian from PAOFLOW to calculate the screening lengths. This would give another point of
comparison for the effective lengths obtained from our effective method, and eventually from ab initio
calculations. Furthermore, the spin-texture in reciprocal space can also be obtained using PAOFLOW,
allowing comparison with the spin patterns we obtained from Quantum ESPRESSO.

The third category of improvement is focused on our treatment of excitons. A first step would be to
include Eq.(4.5), or at least its angular part, numerically in the minimisation process of the variational
method. While this would significantly increase the computational cost, it would also allow for a direct
comparison with the values obtained under the use of the approximated potential. We note that the form
of the integrals in Eqg.(4.5) can be written as Hankel transforms, which could allow the use of specialised
software to compute them. It would also be interesting to remove anisotropy from different parts of our
treatment, i.e, from the centre-of-mass Hamiltonian or the modified Rytova-Keldysh potential, and analyse
how it would affect the excitonic properties. Additionally, the inclusion of surrounding media is easily
implementable, and the effects could also be studied. Moreover, the calculation of higher energy excitonic
states is feasible by considering more complex trial wavefunctions.

As a possible direction, employing more sophisticated treatments of excitonic properties, such as
Wannier-based approaches (WanTiBEXOS[]) and the use of the Bethe-Salpeter equation on top of GW

calculations, would provide rigorous benchmarks against which our variational results could be compared.
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Appendix A
PAOFLOW

PAOFLOWDE# is a software tool developed to efficiently post-process the output from conventional first-
principles electronic structure plane-wave pseudopotential calculations, such as those obtained from Quan-
tum ESPRESSO. It allows for the calculation of various quantities, such as optical conductivities, Berry
curvature, and anomalous and spin Hall conductivities, from interpolated band structures and density of
states. The starting point consists of generating finite-basis real-space Hamiltonians - H(R) - from the
projection of the first principles plane-wave pseudopotential wavefunctions onto pseudo-atomic orbitals,
hence the name PAOFLOW.

In this thesis, we employed PAOFLOW to generate a real-space tight-binding Hamiltonian for square
selenene from the data obtained from Quantum ESPRESSO. Firstly, we performed a self-consistent field
calculation (SCF), followed by a non-consistent field calculation (NSCF) with a Monkhorst-Pack grid of
13x13x1 and a cutoff energy for the Kohn-Sham orbitals of 90 Ry. The final computation in QE consists of
using projwfc.x to project the calculated wavefunctions onto orthogonalised atomic wavefunctions. The
input provided to PAOFLOW is stored in two files: "atomic_proj.xml” and "data-file-schema.xml”. From
here, we use PAOFLOW to obtain the real-space Hamiltonian.

Some quantities are crucial for understanding the format in which the real-space Hamiltonian is stored.
First is the basis size, which corresponds to the number of states per unit cell, labelled M, as well as the
size MxM of the Hamiltonian in matrix representation. The number of states per unit cell is dictated by the
pseudopotential. Secondly, the number of k-points used in the NSCF calculation: n;xn,xn;=N,. These
points translate to unit cells in real space, one central and ”T_l cells in each direction. The hopping
parameters, between states, are calculated between the central unit cell and the N,-1 surrounding cells,
as well as intra-cell hoppings. This gives a total of N,<><N2 terms. For a more detailed explanation on the

computation of the hoppings, see the work done by Buongiorno et al.[>*,
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The file that PAOFLOW outputs is structured in the following way:

M N,

P i i
a a az I | Re(talaza3) |m(ta1aza3) ,

where t:aliaza3 is the hopping parameter between state jin the central unit cell - (0,0,0) - and state jin
the cell (a;,a,,a;). For square selenene, there are 2 atoms per unit cell, with 4 orbitals each (4s, 4p,, 4py,
and 4p,) and two spin states, giving M=16 states per unit cell. Our performed NSCF run used a 13x13x1
MP grid, which gives a total of 169 unit cells in real space. The resulting Hamiltonian, which consists of
169(16)2=43264 hoppings, gives the band structure, after a Fourier transform and diagonalization, shown

in Fig.23. For comparison, we also plot the corresponding DFT band structure.

3 , 7=
1 ‘\;’\ --- PAOFLOW
] : me DFT (FR)

Energy (eV)
Q

—

Y
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Figure 23: Comparison of the band structures obtained from DFT (fully-relativistic), and PAOFLOW's real
space Hamiltonian.

We obtain an almost exact description of the bands, even the fine details like the additional splitting
near P;. Apart from the hopping parameters, PAOFLOW also outputs a projectability vector, which gives
the projectability value for each band. This quantity measures how well a Kohn-Sham Bloch state is
represented by the chosen PAO basis set!”l. The projectability goes from 0 to 1, with 1 indicating that the
KS Bloch state can be perfectly represented. This quantity tends to be very small for the highest bands

included in the DFT calculations, so it is good practice to include extra bands above the relevant ones.
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Appendix B
Effective Model: Anisotropic Rashba spin-orbit cou-
pling term

We started with the model Hamiltonian, where the Rashba term is isotropic
Het = Hy.p + Hso + Hg, (B.1)

with

Hp = ag (UX ®s,—0,® SX) , (B.2)

where o is the Rashba constant,s; are the Pauli matrices associated with the spin degree of freedom,

and o; are the Pauli matrices associated with the sub-lattice degree of freedom.

(a) (b)
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Figure 24: (a) Eigenvalues of the Rashba Hamiltonian in function of the Rashba parameter cvz.(b) Number

of distinct eigenvalues of the anisotropic Rashba Hamiltonian in terms of the Rashba parameters aXRy and

X
aR-

We then considered the eigenvalues as q—0, which can be compactly represented as

Ess, = S10r + S [Ago — gl s, 8, € {+1,—1} (B.3)
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There are four regions depending if || S |Agpl, @s shown in Fig.24(a), however, there is no value
of aig where we get four distinct eigenvalues. This led us to consider an anisotropic version of the Rashba

term, given by

HM (o, o) = o (0,®'s,) — 0 (0, ® s,). (B.4)

We calculated the number of distinct eigenvalues produced by the total Hamiltonian at q=0 in function
of the parameters oy, ogy and show the result in Fig.24(b). It is clear that H" can produce 4 distinct

eigenvalues at P;.
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Appendix C
Anisotropic Poisson equation

In this appendix, we replicate the derivation of the interaction energy between two charged particles inside
an anisotropic 2D semiconductor done by Kamban et al.!’l. The derivation follows closely theirs and adds
some in-between steps for more clarity. We start with the Poisson equation for the potential between two

charges, Qand Q’, located at (x,y,2) and (0,0,z") respectively

V-[e-VVxyz2)]=—008x0()d(z—2), (C.1)

where € is the dielectric tensor, which we considered to be anisotropic, diagonal, and only varies along the

z direction

6,-]<X,y, Z) — 6//(2)5 (C2)

which allows us to write the Poisson equation as

0z

The inverse Fourier transform of the potential is given by

0%V 0%V 0 oV , ,
gt + wgs + g (2D ) = 00BNz 7). c3)

1 [e%e] e%¢] . .
xy,2,7) = ——— / / V(z, 2 q,, q,)€"%*" %) dg,dq,, (C.4)
(27)2 ) Jooo
Substituting this expression in Eq. (C.3) yields

8 8 ~
—€,02 — eyyqu - g (ezz(z)a—z>] V(z,2%q,,q,) = QQ6(z— 2'). (C.5)

We now assume that the dielectric tensor is piecewise constant

d
o, z>4
€(2)=9e¢, —-S<z<{, (C.6)
e z< -8



where a and b stand for "above” and "below”, respectively, and search for solutions of the form

S

il

y

—q,Z d
Ale qa,Z>§

2mQQ’ ,
—— A+ Be ¥4 Lol Loz g, (C.7)

Z? ZI; q)(? qy) —

z d
Byeh?, z < —3

where s stands for "sheet” and g, has the form

(0

6ZZ

(0 2 () 2
€20, + €249
qi _ \l /4 zzHy . (C8)

The derivative along zis given by

[SR7X

3\7(

_ —G,2 d
q,A e %2> 7

0z

) 2mQQ’ : :
= . —q (Azeqz_ B,e % + Sg”(j—*z)eﬂﬂzfﬂ) ,_g < z< g . (C.9)

qyZ _d
qu3eb ,Z< —3

The Fourier components satisfy the boundary conditions for the electric potential

7 (£2,75q,0) =V (+£,7:0,) ((:i))

. (C.10)
ay e (5) ) o ) (iii)
egb)g—\; (Z,Z; Ay qy) ‘z:id = eiz%—vz (z,z; a,, qy> =24

These four boundary conditions lead to a system of four equations for the parameters A;,A,,B,, and B;

’

A efqag _A efq(% _ B ng _ ief‘ﬂg*ﬂ e O
1 2 2 €,

d d ) _ g9y
Bie %2 — Aye% — Bye 92 — LedlitZl =0

< €2 , ) (Clll)
—q,d —qd 4 sgn(9—2) _glda
_Egzqule %2 + EZZq (Aze 97 — BZeq2 — —g (GZZZ )e q|2+z|> e O
d_
_D —q, 7 ¢ _q¢  sen(—=9-2) g9\ _
| —€%,0,B;6 %2 +€,,q <A2e P —Bye U — e 15-71) =0

Considering these boundary conditions, placing both charges inside the sheet (z = 2z’ = 0) and

switching to polar coordinates, Kamban et al.”! found

- v
V(0,0;q,¢) = < (ad) ﬁ?;qzb)’ (C.12)

were they retrieved the bare interaction - \70(q) = 27QQ’/q - and obtained an effective dielectric function

given by
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g2(g, + g,)cosh (Lg) + g(g? + g,8,)sinh (L)
g% — g,4,(8% + g,g,)cosh (£g) + g(g, + g,)sinh (Lg)’

€ett(a, @) = (C.13)

with

8(6) = \/el, [ehcose + el sin%]. (C.14)
Next, we consider the surrounding media to be isotropic in the xand y directions, i.e, €&/® = ¢&/5 =

€'%/9) and expand the effective dielectric function until first order in g

Oe,
il (0:6) = er(0,0) + 45| +0(q?)
q=0

_ £%(8 +g)cosh (0) + g(g” + g,g,)sinh (0)
g2 —gg (g2 +gg)cosh (0) + glg, + g )sinh (0)

2
2d(g” +g8)—d(g +5)

0 2
+q i +0(q%)
2 2 _ 42 o2
+ d(2g°—g° —
_ g°(g, fb) i (2g° —g; gb)+0<q2)
g°—g8 +8°+85 4e,
g+g d [2622 (exxcosng + enpinng) — el — e(b)egg)] )
= +q +0(q°)
2 4e,,
=K =r(9)
=k +1o(¢) g+ 0(q?)
de d d
=K+ = 2 X cos?p g+ —2Z 2 Y sin’p g — I, (82+g%)q
=lox =My =a
= K + 15,c08°pq + 1y, (1 — cos’p) g+ ag
= K+ (a+ ro,)G— (1o, — roy) Geos®e
N —— —
=a(q)
(rOy rOx)q 2
=a(g) |l — cos“g
(q)
=7?(q)
= a(q) [1 —~*(q)cos’d] . (C.15)

It is useful to express 1/e « as a Fourier series since it allows us, further down the line, to express the
interaction energy as integrals with integration kernels proportional to Bessel functions of the first kind.

The equation obtained by Kamban et al.”}, using the methods from the book by Mikhlin’?! is

2k
1+2Z<1+\/7) cos 2k¢)} (C.16)
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which allows us to express the first-order approximation of the interaction energy as

HO,0:%9) = 5.5 / / 7(0,0; g, g,)€%**%%) dg dg,

27
_ ﬁ/ / \7(07 0:q, ¢)e/q(xcos¢+ysin¢)qdqd¢ N
7'('

2 oo /qrcos
< 0,0;r,0) / / dqd¢
eff

27 /qrcos (6— d) f: v 2k
1+2 —— | cos(2ko) | dqdb.
i \l+ 172

(C.17)
We now express the following integral using Bessel functions of the first kind
27
I, = / er<os(9=0)cos (2ke) dep
0
27
:/ g9sUcos [2k (u+ 0)] du
0
T 27 0
= 2c0s (2k6) / g cos(t)cos (2ku) du+sin (2k6) g9 s lWsin (2ku) du (C.18)
0
= (i) Sy (ar)
= 2mcos (2k0) (—1)*4,,(qr), (C.19)
where we used Bessel's integrals
J(2) = I—/ 7% cos (nf) db, (C.20)
™ Jo

and evaluated the second integral in Eq.(C.18) to be zero by expanding the complex exponential using the

Jacobi-Anger identity, then rewriting sin(2ku) using Euler’s formula, which yields

27 0 .n—1 21 2
/ s (Wsin (2ku) du = Z ITJn(qr) [ / glmt2kugy — / e’(”z")“du]
0 o 0 0

= Z in_lJn(qf)(Csn,fzk — 0n.21)

n=—0oo

= (I e — 1% )
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= ) (172 e 1)

0

=0.
With this we rewrite Eq.(C.17) as

v (r

7

2k
Jo(qr) + 2 o (gr)cos (2k0) | dq,
e { Z (Hﬁ) (ar)cos >]

(C.21)
where the first term inside the square brackets was trivially evaluated using Bessel’s integrals. Typically

a << fp,, which implies that o ~  + r,,g. We define the following dielectric functions

Ey=FK + rqu7 (C23)

which entails that e, = o and 72 = 5%2( Using these quantities, we rewrite the prefactors containing

a and y

= , (C.24)
ay/1 —~? €ExEy

and

Cy—€x
€y

i _
1+/1—72 14 ,/1— (ot

€y

i
()’

The final first order interaction energy is then given by '

v (s g / — [JO ar) +22 <\/\C+ \/\/::) yu(qr)cos (2k9)] dg.  (C.26)

U The (—1)* factor that came from the integrals in @ switches the order of €y and ¢ inside the prefactor of J,,(qr).
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