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Adaptive variational quantum algorithms arguably offer the best prospects for quantum advantage in
the Noisy Intermediate-Scale Quantum era. Since the inception of the first such algorithm, the
Adaptive Derivative-Assembled Problem-Tailored Variational Quantum Eigensolver (ADAPT-VQE),
many improvements have appeared in the literature. We combine the key improvements along with a
novel operator pool—which we term Coupled Exchange Operator (CEO) pool—to assess the cost of
running state-of-the-art ADAPT-VQE on hardware in terms of measurement counts and circuit depth.
We show a dramatic reduction of these quantum computational resources compared to the early
versions of the algorithm: CNOT count, CNOT depth and measurement costs are reduced by up to
88%, 96% and 99.6%, respectively, for molecules represented by 12 to 14 qubits (LiH, H6 and BeH2).
We also find that our state-of-the-art CEO-ADAPT-VQE outperforms the Unitary Coupled Cluster
Singles and Doubles ansatz, themost widely used static VQE ansatz, in all relevantmetrics, and offers
a five order of magnitude decrease in measurement costs as compared to other static ansätze with
competitive CNOT counts.

Quantum computers are expected to be capable of efficiently simulating
quantum systems evenwhen this task is intractable for classical computers1.
In the era of noisy intermediate-scale quantum (NISQ) computers, many
research efforts have been dedicated to the development of algorithms
which are amenable to near-term hardware. One of the leading options for
molecular simulations is the variational quantum eigensolver (VQE) pro-
posed in ref. 2. In this hybrid algorithm, a classical computer is used to
minimize a cost function evaluated on a quantum computer. The hope is
that the iterative nature of VQE will allow it to employ shallow, NISQ-
friendly circuits, in contrast with the long sequences of gates required to
execute fully quantum algorithms such as Kitaev’s quantum phase
estimation3. VQE can be employed to find the ground state of many-body
systems by taking the energy as the cost function. The expectation value of a
Hamiltonian transformed by a many-body unitary is hard to evaluate
classically, which suggests that VQE is a good contender for the first
demonstration of practical quantum advantage.

In the context of VQE, the ansatz is a circuit that applies a para-
meterized unitary Uð~θÞ to a reference state ∣ψref

�
. Typically, ∣ψref

�
is a

simple unparameterized state, such as the all-zero state or a classical
approximation to the solution, and can be prepared with a constant-depth

circuit.Uð~θÞ determines, not only the circuit depth and gate count, but also
the optimization costs, since it impacts the optimization landscape. The
seminalwork of ref. 2 proposed the use of the unitary coupled cluster singles
and doubles (UCCSD) ansatz. The corresponding unitary is the exponential
of a linear combination of single and double fermionic excitations, with the
parameter vector~θ consisting of the weights of the excitation operators. In
contrast, ref. 4 proposed the hardware-efficient ansatz (HEA), which takes
inspiration fromdevice-specific (rather than problem-specific) information
to construct the state preparation circuit. The entangling structure of the
HEA is based on the connectivity of the device. This ansatz was later shown
to suffer from barren plateaus (BPs)5, phenomena characterized by the
exponential (in the system size) concentration of the cost landscape towards
the mean value, calling into question the trainability of such ansätze. This
problemhas since been extensively studied, with results evolving from case-
specific proofs of occurrence to a unified theory of BPs6–8. Several approa-
ches have been proposed to avoid BPs, namely using shallow circuits and
local cost functions9,10, initializing the ansatz to identity11, and leveraging
problem-specific symmetries in the circuit design12. However, ref. 13
showed that all these strategies collaterally open the door to classical
simulation algorithms: The same restrictions on the search space that make
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variational quantum algorithms provably BP-free can be leveraged to
‘dequantize’ them and dispense with the quantum-classical optimization
loop altogether.

Oneof the fewvariational quantumalgorithmswhich seemto combine
the enticing attributes of being BP-free and not classically simulable is
ADAPT-VQE14. While not rigorously proved, the absence of BPs is sug-
gested by both theoretical arguments and empirical evidence13,15,16. The
special feature of this algorithm is that the ansatz is constructeddynamically,
by iteratively appending to a reference circuit parameterized unitaries
generated by elements selected from an operator pool. The screening of
generators is based on their energy derivatives (usually referred to simply as
‘gradients’), such that at each step the choice of unitary depends on the
variational state aswell as on themolecularHamiltonian.This problem- and
system-tailored approach leads to remarkable improvements in circuit
efficiency, accuracy, and trainability with respect to fixed-structure
ansätze14,15. These advantages have instigated the community to further
understand and develop the algorithm. Active research topics include
reducing measurement costs17–22, seeking minimal complete pools (i.e.,
pools of minimal size that enable convergence)23, decreasing circuit
depth24–27, constructingmore circuit-efficient pools28,29, studying the effect of
noise30, bypassing theoptimizationprocess31, andgeneralizing the algorithm
to excited states32–34 or to other problems35–42. Recently, a variant ofADAPT-
VQE termed Scalable Circuits (SC)-ADAPT-VQE was used to prepare a
100-qubit vacuumstate of the Schwingermodel ona superconducting-qubit
quantum computer43.

Despite this intense research following up on ADAPT-VQE, and the
state of the art improving dramatically since the first paper14, it is still not
understood how close we are to a demonstration on near-term hardware
that can rival classical simulation. In fact, there is significant skepticism from
the community that pre-fault-tolerant quantum algorithms can ever
demonstrate quantum advantage. One of the often-cited concerns is the
large number of measurements associated with VQEs.

Here, we take a key step in addressing this question by introducing an
improved operator pool, which we term coupled exchange operator (CEO)
pool, andmerging this with recent progress in decreasing themeasurement
costs and improving the hardware efficiency of the adaptive ansatz con-
struction. We show that this novel variant of ADAPT-VQE, labeled CEO-
ADAPT-VQE*, combines frugal measurement costs with shallow ansätze.
We use this to gauge the evolution of ADAPT-VQE since its inception. Our
simulations for a range of molecules show that our present version out-
performs all previous ones, and the gate counts are reduced dramatically as
compared to the original ADAPT-VQE. Further, the measurement costs
incurred by our algorithm are five orders of magnitude lower than those
incurred by static ansätze with comparable CNOT counts. These
improvements bring us closer to the goal of demonstrating practical
quantum advantage.

Table 1 showcases the evolutionofADAPT-VQE todateby comparing
our novel algorithm with GSD-ADAPT-VQE for LiH (12 qubits), H6 (12
qubits) and BeH2 (14 qubits). As proposed in the original formulation of
ADAPT-VQE, the latter uses a fermionic pool, consisting of generalized

single and double (GSD) excitations. The table presents the CNOT count,
CNOT depth and measurement costs (estimated as the total number of
noiseless energy evaluations, which constitutes a lower bound) of the
algorithms at the first iteration where they reach chemical accuracy. We
observe that CEO-ADAPT-VQE* reduces these costs dramatically—to
12–27%, 4–8% and 0.4–2%, respectively, as compared to the original
ADAPT-VQE algorithm. These reductions bring us closer to the goal of
demonstrating practical quantum advantage.

The paper is structured as follows. We start the results section, Sec. II,
with Sec. II A, which reviews the VQE and ADAPT-VQE algorithms.
Section II B inspects the structure of qubit excitations (Sec. II B 1) to
motivate the definition of the coupled exchange operators (Secs. II B 2 and II
B 3), which is used to define theCEO-ADAPT-VQEalgorithm in Sec. II B 4.
Section II C contains the results of numerical simulations comparing the
newly proposed algorithmwith previous variants. In Sec. II C 1, we compare
the iteration, parameter, and CNOT counts of CEO-, QEB- and qubit-
ADAPT-VQE for various molecules at different geometries. Section II C 2
offers a comparison of CEO-ADAPT-VQEwithUCCSD-VQE throughout
the bond dissociation curves of the samemolecules. In Sec. II C 3, we discuss
enhancing CEO-ADAPT-VQE with other improvements proposed in the
literature. To showcase the reduction in the resource requirements of
ADAPT-VQE from the time it was first proposed, we compare this
enhanced version with a fermionic variant of the algorithm as proposed in
the original work of ref. 14. Finally, in Sec. II C 4 we compare our adaptive
algorithm with the leading fixed-structure ansätze. Section III contains
concluding remarks.

Results
Background
This section provides the theoretical background that is fundamental to
understand the paper. We discuss the variational quantum eigensolver in
Sec.II A 1 and its adaptive version, ADAPT-VQE, in Sec. II A 2. Readers
familiar with VQE and ADAPT-VQE could skip this section.

VQE. The variational quantum eigensolver2 is a hybrid quantum-classical
algorithm designed to find eigenstates and eigenvalues of physical sys-
tems. We are interested in its application to the electronic structure
problem. More precisely, we seek solutions of the time-independent
Schrödinger equation

Ĥ∣ψ
� ¼ E∣ψ

�
; ð1Þ

where Ĥ is the electronicHamiltonian arising from theBorn-Oppenheimer
approximation. The solutions to this equation are stationary states ∣ψ

�
with

corresponding energy E. We will focus on the task of finding the ground
state ∣ψ0

�
and the ground energy E0. We refer to refs. 32,44–46 for

approaches targeting excited states.
The variational principle of quantum mechanics states that

ψ
�

∣Ĥ∣ψ
�
≥ E0 ð2Þ

Table 1 | Minimal resource requirements of GSD-ADAPT-VQE and CEO-ADAPT-VQE* to reach chemical accuracy (defined as
an error below 1kcal/mol)

LiH at 3Å H6 at 1.5Å BeH2 at 2Å

GSD-ADAPT-VQE CNOT Count 392 6896 2192

CNOT Depth 384 6586 1909

Measurement Costs 50468 654899 520225

CEO-ADAPT-VQE* CNOT Count (reduced to) 107 (27%) 812 (12%) 288 (13%)

CNOT Depth (reduced to) 30 (8%) 282 (4%) 95 (5%)

Measurement Costs (reduced to) 560 (1%) 10857 (2%) 2197 (0.4%)

The algorithms and costs are defined in the main text (see, e.g., Fig. 14).
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for any normalized state ∣ψ
�
. Variational methods for the ground state

problem are based on the variational principle: They define a suitable
parameterized wave function ∣ψð~θÞi and minimize the energy by adjusting
the vector~θ. The variational form ∣ψð~θÞi, also called the ansatz, determines
the search space. Evidently, a variational method can only find the ground
state if it is contained within the ansatz.

There are many classical ansätze for the electronic structure problem.
Because thememory required to store a generic electronic wave function on
a classical computer grows exponentially with the number of orbitals
included in the basis set, exact classical algorithms quickly become
intractable. On the other hand, approximate alternatives often yield insuf-
ficient accuracy. We refer to ref. 47 for an overview of this topic.

A natural alternative is to prepare the variational state on a quantum
computer, where the memory requirements scale only linearly with the
number of orbitals. This is the motivation behind VQE2. In this algorithm,
the role of the quantum computer is to prepare parameterized fermionic
states and measure their energy. A classical computer is employed to
minimize the energy by tuning the parameters. VQE ismeant to be aNISQ-
friendly alternative to fully quantum approaches, since the hybrid and
iterative procedure leads to shallower circuits.

A physically motivated choice of ansatz for VQE is the UCCSD
ansatz2,48, inspired by classical variational algorithms and their limitations.
The corresponding variational form is defined as

∣UCCSDi ¼ eðT1þT2Þ�ðTy1þTy2 Þ∣HFi; ð3Þ

where ∣HFi is the Hartree-Fock reference state (obtained from self-
consistent mean-field calculations on a classical computer), and T1 and T2
are operators which generate single and double excitations:

T1 ¼
P
i > a

tai a
y
aai;

T2 ¼
P

i > j;a > b
tabij a

y
aa
y
baiaj;

ð4Þ

where i, j (a, b) correspond to orbitals that are occupied (unoccupied) in the
reference state. The ai/a

y
i are fermionic ladder operators which respectively

remove/add a fermion from/to the ith spin-orbital. We can also use these
operators to write the fermionic Hamiltonian as

Ĥ ¼
XN
p;q

hp;qa
y
paq þ

XN
p;q;r;s

hp;q;r;sa
y
pa
y
qaras; ð5Þ

where hp,q (hp,q,r,s) are one- (two-) electron integrals, and p, q, r, s run over all
N spin-orbitals. In order to carry out the VQE algorithm, we need to be able
to prepare the variational state in Eq. (3) and measure the fermionic
Hamiltonian in Eq. (5). These two tasks require a mapping from fermionic
operators to qubit operators. The Jordan-Wigner mapping49,

ayi ! 1
2

Qi�1
k¼1

Zk � ðXi � iYiÞ;

ai ! 1
2

Qi�1
k¼1

Zk � ðXi þ iYiÞ;
ð6Þ

is a convenient choice.Zk,Xi and Yi are Pauli operators acting on the qubits
labeled by the respective indices.

After applying the transformation,we can implement theUCCSDstate
preparation circuit with standard tools from quantum simulation3 and
measure the Hamiltonian in the quantum computer via sampling50. The
resulting circuit is a system-agnostic composition of unitaries generated by
single and double excitations.

ADAPT-VQE.While theUCCSD ansatz is an interesting option for VQE,
it has a few shortcomings: (i) it fails to reach chemical accuracy (defined
as an error below 1kcal/mol) for some systems, (ii) it includes all single
and double excitations, despite it being expected that only a system-
dependent subset is relevant, and (iii) it is rendered ambiguous by
Trotterization51.

ADAPT-VQE14 was proposed to tackle these issues. In this algorithm,
the ansatz is constructed dynamically, in away dictated by the systemunder
study. This was shown to result in lower errors, shallower circuits and lower
parameter counts than UCCSD-VQE. One of the key elements of this
algorithm is an operator poolfÂkgK , a set of anti-Hermitian operators which
must be defined in advance. We summarize the ADAPT-VQE protocol in
five steps:
1. Initialize the variational state to a classically efficient reference state

(e.g., the Hartree-Fock ground state: ∣ψð0Þ
� ¼ ∣HFi) and the iteration

counter to 1 (n �1).
2. For each operator Âk in the pool, evaluate the derivative of the energy

with respect to the variational parameter θk when the unitary eθkÂk is
appended to the current ansatz with θk = 0. If the norm of the vector
formed by these gradients is under a pre-defined convergence
threshold ϵ, terminate.

3. Select the generator Ân associated with the highest magnitude energy
derivative and append the corresponding unitary to the ansatz:

∣ψðnÞ
� ¼ eθnÂn ∣ψðn�1Þ

�
, where θn is a new variational parameter.

4. Obtain the new parameter vector ~θ
ðnÞ

and energy E(n) from a VQE

optimization over all parameters, initialized at f θ!
ðn�1Þ

; 0g.
5. Increment the iteration counter (n ← n + 1) and go to step 2.

We note that some variants of the algorithm may not strictly abide by
this generic workflow. For example, alternative termination criteria can be
used in step2, suchas a thresholdon the energychangeormaximumgradient
magnitude. Step 3 can also employ alternative selection criteria. The criterion
in ref. 29 is based on the energy changes obtained from optimizing multiple
ansätze, each constructed by appending a unitary whose gradientmagnitude
ranks among the highest. This amounts to repeating step 3 for multiple
candidates in an attempt tomaximize the decrease in the energy per iteration.
However, this incurs a significant increase in measurement costs without
consistently improving the performance52. Tominimize costs and allow for a
fair comparison between variants, we will exclusively consider the criterion
proposed in the original work, ref. 14.

The derivatives in step 2 are often referred to as gradients for simplicity.
Similarly, we may relax the nomenclature and refer to the gradient of the
unitary generated by Âk as ‘the gradient of Âk’. This creates no ambiguity in
our context, as there is no circumstance in which we consider the gradients
of the generators.

The gradients can be measured in a quantum computer using the
commutator formula

∂ ψðn�1Þ
�

∣e�θkÂkĤeθkÂk ∣ψðn�1Þ
�

∂θk
∣
θk¼0

¼ ψðn�1Þ
�

∣½Ĥ; Âk�∣ψðn�1Þ
�
:

ð7Þ

Since the value of this commutatormust be obtained for each pool element,
the choice of pool impacts the measurement costs of the algorithm. It also
impacts the circuit efficiency and solution quality, since all constituents of
the final ansatz will be parameterized unitaries generated by the pool
operators. We will focus on the two leading pools (in terms of hardware-
efficiency): The qubit excitation (QE) pool29 and the qubit pool28.

The QE pool is comprised of Jordan-Wigner-transformed generalized
single and double fermionic excitations from which the anticommutation
string (

Qi�1
k¼1 Zk in Eq. (6)) is removed. These are essentially the summands

in Eq. (4), except here we consider generalized excitations instead of
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restricting the source/target orbitals to be occupied/unoccupied in the
reference state. The operators in this pool preserve particle number and Sz,
but they do not faithfully represent the fermionic anticommutation rela-
tions. QEs obtained from single excitations act on two qubits and consist of
linear combinations of two Pauli strings, while those obtained from double
excitations act on four qubits and consist of eight Pauli strings. The unitaries
generated by these operators (often called ‘QE evolutions’) can be imple-
mented using circuits with 2 and 13 CNOTs, respectively29,53,54.

Qubit pools28 consist of individual Pauli strings. In general, they do not
conserve particle number or Sz, nor do they respect anticommutation. The
corresponding evolutions are straightforwardly implemented using ladder-
of-CNOTs circuits3. We consider the qubit pool formed from all individual
Pauli strings appearing in the QE pool. Each one acts on two or four qubits,
depending on whether it originated from a single or double excitation. The
unitaries generated by them can be implemented using circuits with 2 or 6
CNOTs, respectively.

The two pools described above define the qubit Excitation Based
(QEB)-ADAPT-VQE28 and the qubit-ADAPT-VQE29 algorithms.

Coupled exchange operator (CEO) - ADAPT-VQE
The choice of operator pool dictates the structure of the unitaries that will
appear in the ansatz. Drawing inspiration from unitary coupled cluster
theory, the first version of ADAPT-VQE14 used a pool consisting of anti-
Hermitian sums of fermionic excitations mapped into qubit operators via
the Jordan-Wigner transform49. However, the corresponding evolutions
(exponentials generated by these operators) are not convenient to imple-
ment with a quantum circuit. In order to preserve particle number and total
Z spin projection (SZ), they must correspond to a linear combination of
several Pauli strings; and due to the nonlocality inherent to the anti-
symmetryof the fermionicmany-bodywave function, the stringsmust grow
linearly with the number of orbitals in the basis set. This means that the
number of entangling gates required to implement the unitary generated by
each pool operator will grow linearly (on average) with the number of
qubits. Thiswas improved in ref. 28,whichproposedqubit-ADAPT-VQE, a
variant of the algorithm where the pool consists of individual Pauli strings.
They showed that a pool of operators which do not respect fermionic
anticommutation nor preserve particle number and SZ can produce circuits
with a significantly lower CNOT count than the original fermionic pool, at
the expense of a higher number of variational parameters and measure-
ments. Circuit efficiency was further improved in ref. 29, which proposed a
pool of qubit excitations (QEs), operators which preserve particle number
and SZ symmetriesdespitenot respecting anticommutation.The symmetry-
preserving structure of QEs can be leveraged to create CNOT-efficient
circuits for the corresponding evolutions53, and the resulting qubit-
excitation-based (QEB)-ADAPT-VQE algorithm stands as the most
hardware-efficient variant as of today.

In this section, we propose CEO-ADAPT-VQE, an adaptive VQE
based on coupled exchange operators (CEOs). These operators consist of
linear combinations of QEs acting on the same set of spin-orbitals, which
may share one variational parameter (OVP-CEOs) or be independently
parameterized (MVP-CEOs). These operators are capable of simulta-
neously realizing exchanges between multiple pairs of Slater determinants,
in contrastwithQEs, which exchange exactly one pair of determinants each.
We show that evolutions ofMVP-CEOsconsistingof up to threeQEs canbe
implementedby circuitswith the sameCNOTcount as the evolutionof each
individual excitation, while OVP-CEO evolutions can be implemented by
circuits with roughly 30% fewerCNOTs. TheCNOT counts are the key cost
to consider when dealing with NISQ devices, as they are by far associated
with the highest error rates.Weprovide explicit constructions for all circuits
and numerically simulate CEO-ADAPT-VQE for multiple molecules. The
results show that this algorithm reduces the CNOT count with respect to
both QEB- and qubit-ADAPT-VQE, with a decrease of roughly 50% and
65% (respectively) for the most difficult systems. The difference is expected
to increase with the system size. This decrease does not entail any collateral
increase inmeasurement costs. In fact, with respect to the other variants, our

algorithmmaintains or decreases the total numberof gradientmeasurement
rounds as well as of variational parameters.

We will motivate the introduction of these operators with a detailed
analysis of QEs (Sec. II B 1). Secs. II B 2 and II B 3 introduce two different
classes of CEOs. Finally, the complete CEO-ADAPT-VQE algorithm is
proposed in Sec.II B 4.

Motivation. We begin by delving into the structure of double QEs29 and
the corresponding circuit implementation.

Suppose we have a set of four qubits, two of which correspond (under
the Jordan-Wigner mapping) to α-type spin-orbitals and two of which
correspond to β-type ones. Accordingly, we label them α1, α2, β1, β2,
where the numeric labels within the same spin-orbital type can be chosen
arbitrarily. There will be two unique double QEs acting on these spin-
orbitals:

T ðQEÞα1β1!α2β2
¼ Qyα2Q

y
β2
Qα1

Qβ1
� Qyβ1Q

y
α1
Qβ2

Qα2
; ð8Þ

T ðQEÞα2β1!α1β2
¼ Qyα1Q

y
β2
Qα2

Qβ1
� Qyβ1Q

y
α2
Qβ2

Qα1
; ð9Þ

where

Qyi ¼ 1
2 ðXi � iYiÞ;

Qi ¼ 1
2 ðXi þ iYiÞ;

ð10Þ

are the qubit creation and annihilation operators. They are equivalent to the
fermionic creation and annihilation operators after removal of the Jordan-
Wigner anticommutation string (see Eq. (6)).

Under the Jordan-Wigner transform, the state of each qubit represents
the occupation number of a spin-orbital. Slater determinants are repre-
sented by computational basis states whose particle number is given by the
Hamming weight of the corresponding bit string, and whose spin quantum
number is given by 1

2 ðNα � NβÞ, whereNα andNβ are the total occupation
numbers of all qubits representing α and β spin-orbitals, respectively. It is
easy to see that the operators in Eqs. (8) and (9) exchange two determinants
in such a way that these quantities are preserved.

Operators T ðQEÞα2β2!α1β1
, T ðQEÞα1β2!α2β1

are also valid QEs; however, they
differ from the operators in Eqs. (8), (9) (respectively) only by aminus sign.
The sign reflects which electronic transition we label as an excitation and
which we label as a de-excitation. As this labeling becomes irrelevant once
the operator is multiplied by a variational parameter, these operators are
redundant with the above, and we can freely choose either option
for each case. As for the two non-redundant QEs, the difference between
them is that the operator in Eq. (8) exchanges ∣0iα2 ∣1iα1 ∣0iβ2 ∣1iβ1 with

∣1iα2 ∣0iα1 ∣1iβ2 ∣0iβ1 , while the operator in Eq. (9) exchanges

∣1iα2 ∣0iα1 ∣0iβ2 ∣1iβ1 with ∣0iα2 ∣1iα1 ∣1iβ2 ∣0iβ1 . All other Slater determinants

are quenched.
Henceforth we ignore all qubits on which the operator action is trivial,

and assume that the four relevant qubits are ordered asα2,α1,β2,β1 from the
most to the least significant. We can thus omit the indices; e.g.,
∣0iα2 ∣1iα1 ∣0iβ2 ∣1iβ1 andXα2

Yα1
Xβ2

Xβ1
are represented simply as ∣0101i and

XYXX using little endian ordering. This choice is merely for the sake of
clarity and incurs no loss of generality.

In terms of Pauli strings, the operators can be written as

T ðQEÞα1β1!α2β2
¼ i

8
XXXY � XXYX þ XYXX þ XYYYð
�YXXX � YXYY þ YYXY � YYYXÞ

¼ i
8
XXXY 1� IIZZ þ IZIZ � IZZIð
�ZIIZ þ ZIZI � ZZII þ ZZZZÞ;

ð11Þ
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T ðQEÞα2β1!α1β2
¼ i

8
XXXY � XXYX � XYXX � XYYYð
þYXXX þ YXYY þ YYXY � YYYXÞ

¼ i
8
XXXY 1� IIZZ � IZIZ þ IZZIð
þZIIZ � ZIZI � ZZII þ ZZZZÞ:

ð12Þ

Wefactoredout theXXXYPauli string to emphasize the actionof eachof the
operators. We note that the choice of which Pauli string to factor out is
irrelevant, as any of the eightwould result in the same expression in brackets
(with a− 1multiplicative factor in half of the cases). It is easy to see that the
last bracketed expression in Eq. (11) acts on ∣0101i and ∣1010i as

∣0101i ! þ8∣0101i;
∣1010i ! þ8∣1010i; ð13Þ

while quenching all other computational basis states. Similarly, the last
bracketed expression in Eq. (12) quenches all computational basis states
except ∣1001i and ∣0110i, on which it acts as

∣1001i ! þ8∣1001i;
∣0110i ! þ8∣0110i: ð14Þ

On the other hand, iXXXY applies a bit flip (in the computational basis) to
each of the qubits it acts on, changing the occupation number of the cor-
responding spin-orbitals. Additionally, it imparts a phase ±1which depends
on the value of the 0th (rightmost) qubit. This phase is a reflection of our
choice in labeling excitations / de-excitations.

The operators that constitute the ansatz are parameterized and expo-
nentiated versions of qubit excitations:

U ðQEÞα1β1!α2β2
¼ eθT

ðQEÞ
α1β1!α2β2 ; ð15Þ

U ðQEÞα2β1!α1β2
¼ eθT

ðQEÞ
α2β1!α1β2 : ð16Þ

The unitary in Eq. (15) will rotate ∣0101i, ∣1010i as

∣0101i ! cos θ∣0101i þ sin θ∣1010i;
∣1010i ! cos θ∣1010i � sin θ∣0101i; ð17Þ

while the one in Eq. (16) will rotate ∣1001i, ∣0110i as

∣1001i ! cos θ∣1001i þ sin θ∣0110i;
∣0110i ! cos θ∣0110i � sin θ∣1001i: ð18Þ

All other Slater determinants are left unchanged.
An important question is how to implement the unitaries in Eqs. (15),

(16) as quantum circuits. Since all the Pauli strings in the exponent com-
mute, no Trotterization is required, andwe can implement the exponentials
of the eight strings in sequence using eight pairs of three-step CNOT

ladders3. Naively, this would require 48 CNOTs. However, if the CNOTs
between rotations are instead implemented such that they all share the same
target, and we organize the Pauli strings such that two consecutive ones
differ on two qubits, the CNOT count can be reduced to 1354,55.

Another alternative, proposed in ref. 53, is to leverage the fact that the
operators are simply conditional rotations.More precisely, the rotations are
applied to a computational basis state or not depending on the parities of the
states of some subsets of qubits. For example, the operator inEq. (15) applies
a rotation to a computational basis state ∣x3x2x1x0

�
if and only if

x0 � x2 ^ x1 � x3 ^ ðx0 � x1Þ. The first (second) term guarantees that the
occupation number of orbitals α1 and β1 (α2 and β2) is the same. The last
term guarantees that if the former are occupied, the latter are unoccupied or
vice-versa. SinceCNOTsact as reversibleXORgates, it becomesevident that
this operator can be implemented as in Fig. 1. Similarly, the operator in Eq.
(16) can be implemented by the circuit in Fig. 2.

We can then rewrite the circuits in Figs. 1 and 2 in terms of single-qubit
and CNOT gates. It was shown in ref. 53 that a wisely chosen imple-
mentation of the multi-controlled rotation requires eight CNOTs, one of
which cancels out with another one in the outer circuit. This results in
circuits whose CNOT count of 13 matches that of the optimized product
implementation of refs. 54,55, but whose CNOT depth is decreased to 11
(instead of 13). Figure 3 shows the result of using this strategy to decompose
the rotation in the circuit of Fig. 1. A similar strategy can be applied to the
circuit in Fig. 2, and more generally to any double QE evolution.

We recall that we are considering the special case of double QEs acting
on four spin-orbitals which are equally divided between α-type and β-type.
If all orbitals are of the same type, there are not two, but three unique double
QEs:T ðQEÞα1α3!α2α4

,T ðQEÞα1α4!α2α3
, andT ðQEÞα1α2!α3α4

for α-type, and similarly for β-
type. Their structure and circuit implementation can easily be found using
the samemethods.Assuming they are orderedasα4,α3,α2,α1 (little endian),
the unitary generated byT ðQEÞα1α3!α2α4

can be implementedas inFig. 1, and the
one generated by T ðQEÞα1α4!α2α3

as in Fig. 2. None of the circuits directly
implements T ðQEÞα1α2!α3α4

, but the corresponding circuit implementation is
easily derived from the others (e.g. we can simply exchange the roles of
qubits 2 and 3 in Fig. 1). It is then straightforward to again obtain explicit
circuits with a CNOT count of 13 and CNOT depth of 11.

Single and double QEs are the constituents of the pool used in QEB-
ADAPT-VQE29, the most circuit-efficient ADAPT-VQE protocol to date.
We have not discussed single QEs. Evidently, they only exist for pairs of
spin-orbitals of the same type, and each such pair admits exactly one unique
QE. The corresponding evolutions can be implemented using circuitswith 2
CNOTs29.

Multiple variational parameters (MVP)-CEOs. In the previous section
we saw that each QE exchanges exactly two Slater determinants. In this
section, we will define operators which are capable of doing all valid
exchanges simultaneously. By ‘valid exchanges’ we mean those that pre-
serve particle number and Sz. In the example of the previous subsection,
this would mean exchanging ∣0101i $ ∣1010iand∣1001i $ ∣0110i.

As before, we consider a set of four spin-orbitals which is equally
divided between α- and β-type. We do not enforce restrictions on the spin-
orbitals; they may or not be occupied in the reference state. We label them
α1, β1, α2, β2 and define the following family of parameterized operators,
consisting of linear combinations of the two unique QEs acting on these

Fig. 1 | Circuit implementation ofUα1β1!α2β2
.Circuit implementation of a unitary

generated by a qubit excitation. The circuit for Uα2β2!α1β1
is identical, but with the

rotation angle flipped. While the sign is necessary for the circuit to correspond
exactly to this operator, it becomes irrelevant when θ is optimized variationally.

Fig. 2 | Circuit implementation ofUα2β1!α1β2
.Circuit implementation of a unitary

generated by a qubit excitation. The circuit for Uα1β2!α2β1
is identical, but with the

rotation angle flipped.
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spin-orbitals:

T ðMVP�CEOÞ
α1β1α2β2

ðθ1; θ2Þ ¼ θ1T
ðQEÞ
α1β1!α2β2

þ θ2T
ðQEÞ
α2β1!α1β2

¼ θ1Q
y
α2
Qyβ2Qα1

Qβ1
þ θ2Q

y
α1
Qyβ2Qα2

Qβ1
� h:c:

ð19Þ

We note once again that the choice of whether to use, e.g., T ðQEÞα1β1!α2β2
or

T ðQEÞα2β2!α1β1
is irrelevant. A different choice might at most lead to a minus

sign, which is absorbed by the variational parameters. Up to this irrelevant
degree of freedom, the operator is unique. Thus, the unordered set of spin-
orbital indices is enough to identify it unambiguously.

We call the operators of the type of Eq. (19)coupled exchange operators
(CEOs), because they combine the exchanges corresponding to multiple
QEs in one operator. We use MVP (multiple variational parameters) to
indicate that the different exchanges are independently parameterized.

The operator

U ðMVP�CEOÞ
α1β1α2β2

ðθ1; θ2Þ ¼ eT
ðMVP�CEOÞ
α1β1α2β2

ðθ1 ;θ2Þ ð20Þ

will act as

∣0101i ! cos θ1∣0101i þ sin θ1∣1010i;
∣1010i ! cos θ1∣1010i � sin θ1∣0101i;
∣1001i ! cos θ2∣1001i þ sin θ2∣0110i;
∣0110i ! cos θ2∣0110i � sin θ2∣1001i;

ð21Þ

wherewe again assume thequbits to be labeledα2,α1,β2,β1 from themost to
the least significant.All other Slater determinants are left unchanged.Unlike
QEs, these operators act non-trivially on all Slater determinants where the
underlying rotation preserves Sz and particle number. In what concerns
single excitations, we see that CEOs and QEs are identical—in this case,
there is only one valid exchange.

The question that remains is how to create a quantum circuit which
implements the coupled exchange evolution inEq. (20). SinceQEs acting on
the same set of spin-orbitals commute, we can implement this unitary by
concatenating two circuits with a similar structure to the one in Fig. 3,
resulting in a circuit with a total of 26 CNOTs. However, this is not optimal.
Plugging the expressions in Eqs. (8) and (9) into the definition of the CEOs,

we see that they consist of a linear combination of eight Pauli strings:

T ðMVP�CEOÞ
α1β1α2β2

ðθ1; θ2Þ ¼
i
8
þðθ1 þ θ2ÞXXXY � ðθ1 þ θ2ÞXXYX
�

þ ðθ1 � θ2ÞXYXX þ ðθ1 � θ2ÞXYYY
� ðθ1 � θ2ÞYXXX � ðθ1 � θ2ÞYXYY
þ ðθ1 þ θ2ÞYYXY � ðθ1 þ θ2ÞYYYX

�
:

ð22Þ

This happens because all QEs acting on the same set of spin-orbitals
consist of uniformlyweighted linear combinations of the samePauli strings,
with the difference residing in the signs of the coefficients.

The circuit implementation specific toQEsproposed in ref. 53doesnot
apply to our CEOs, because it relies on the fact that all Pauli strings have the
same weight. However, we can implement the unitary generated by the
operator in Eq. (22) using the optimized circuits for exponentials of com-
mutingPauli stringsproposed in refs. 54,55. InFig. 4weprovide a 13-CNOT
circuit which implements the exponential of any linear combination of the
eightPauli stringsweare concernedwith, andwhich implements theunitary

eT
ðMVP�CEOÞ
α1β1α2β2

ðθ1 ;θ2Þ as a special case with only two independent parameters.
So far, we have focused on the case where we have four spin-orbitals

which are equally divided between α-type and β-type (often referred to as
“opposite-spin excitations”). If we insteadwe have a set of four spin-orbitals
of the same type (“same-spin excitations”), we have not two, but three
distinct QEs acting on this set. In this case, we have a CEO with three
variational parameters, which simultaneously exchanges three different
pairs of Slater determinants. Nevertheless, it still corresponds to a linear
combination of the same eight Pauli strings, so that the corresponding
unitary can be implemented by the 13-CNOT circuit of Fig. 4.

Since two-qubit QEs realize the one and only viable determinant
exchange for the corresponding set of spin-orbitals, they trivially belong to
the MVP-CEO set.

One variational parameter (OVP)-CEOs. In the preceding section we
proposed CNOT-efficient circuits for MVP-CEOs. We will now show
that it is possible to further decrease theCNOTcount for specific values of
the variational parameters θ1, θ2. Specifically, if the two variational
parameters have the same magnitude, we obtain the following two sub-
families of CEOs:

T ðOVP�CEO;þÞα1β1α2β2
ðθÞ ¼ θðT ðQEÞα1β1!α2β2

þ T ðQEÞα2β1!α1β2
Þ

¼ θðQyα2Q
y
β2
Qα1

Qβ1
þ Qyα1Q

y
β2
Qα2

Qβ1
Þ � h:c:

ð23Þ

Fig. 3 | Explicit Circuit implementation of Uα1β1!α2β2
. Decomposition of the circuit in Fig. 1 into standard gates.

Fig. 4 | Circuit implementation of e
i
8ðθ0XXXYþθ1XXYXþθ2YXYYþθ3YXXXþθ4YYXYþθ5YYYXþθ6XYYYþθ7XYXXÞ. Circuit implementation of a unitary generated by a linear combination

of the eight Pauli strings that appear in double qubit excitations.
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T ðOVP�CEO;�Þα1β1α2β2
ðθÞ ¼ θðT ðQEÞα1β1!α2β2

� T ðQEÞα2β1!α1β2
Þ

¼ θðQyα2Q
y
β2
Qα1

Qβ1
� Qyα1Q

y
β2
Qα2

Qβ1
Þ � h:c:

ð24Þ

We call these operators OVP-CEOs because they each have one
variational parameter. We additionally use the superscript (+/−) to
distinguish the two subfamilies. Note that the labeling is arbitrary—the

signs are exchanged if we use T ðQEÞα1β2!α2β1
instead of T ðQEÞα2β1!α1β2

. It can be

readily seen that these operators consist of linear combinations of only
four Pauli strings:

T ðOVP�CEO;þÞα1β1α2β2
ðθÞ ¼ iθ

4
XXXY � XXYX þ YYXY � YYYXð Þ

¼ iθ
4
XXXY 1� IIZZ � ZZII þ ZZZZð Þ;

ð25Þ

T ðOVP�CEO;�Þα1β1α2β2
ðθÞ ¼ iθ

4
XYXX þ XYYY � YXXX � YXYYð Þ

¼ iθ
4
XXXY IZIZ � IZZI � ZIIZ þ ZIZIð Þ:

ð26Þ

As before, we define the corresponding unitaries as

U ðOVP�CEO;± Þα1β1α2β2
ðθÞ ¼ eT

ðOVP�CEO; ± Þ
α1β1α2β2

ðθÞ
: ð27Þ

The terms in each operator commute and they can be organized such that
two adjacent termsdiffer on exactly twoqubits. Then, it is straightforward to
see that, using once again the methods of refs. 54,55, the corresponding
unitaries can be implemented with a total CNOT count and depth of 9.

We can further improve this if we understand why the CEOs corre-
spond to a sum of a lower number of Pauli strings. This happens because, as
compared to QEs, they are conditional on a simpler function of the parities

of subsets of qubit states. We saw that T ðQEÞα1β1!α2β2
will only not quench a

Slater determinant under three conditions: (i) α1 and β1must have the same
occupation number, (ii) equivalently for α2 and β2, and (iii) the occupation
numbers in (i) must be opposite to those in (ii). These three conditions give

rise to the three-control rotation inFig. 1. In contrast, theCEOT ðOVP�CEO;± Þα1β1α2β2

will not quench those Slater determinants if (i) the total occupation number
of the α orbitals is exactly one, and (ii) equivalently for the β orbitals. This
observation leads us to the circuit implementations in Figs. 5 and 6.

To decompose the multi-controlled rotations, we follow a similar
procedure to ref. 53. We implement them as in Fig. 7, convert the CZ gates
into CNOT gates where the control is the 0th qubit, and use the identity in

Fig. 8 to remove a CNOT. The final circuit for U ðOVP�CEO;þÞα1β1α2β2
is shown in

Fig. 9.A similar decomposition canbeobtained forU ðOVP�CEO;�Þα1β1α2β2
.With this,

we see that coupled exchange evolutions can be implementedwith a CNOT
count of 9 and a CNOT depth of 7. This should be contrasted with the
circuits for double QE evolutions, for which these values are 13 and 11,
respectively. As compared to the circuits for the 4-qubit generators in the
qubit pool28, with a CNOT count and depth of 6, the circuits we propose
barely increase the CNOT depth. Yet, unlike them, our circuits fully con-
serve Sz and particle number.

As before, we focused our analysis on the case where the spin-orbitals
are equally dividedbetweenα- andβ- type. If all orbitals are of the same type,
we consider all six unique OVP-CEOs that can be formed from sums and
differences of pairs of these excitations. It is straightforward to generalize the
circuit implementations. We additionally recall that all single QEs trivially
belong to the OVP-CEO set.

CEO-ADAPT-VQEalgorithm.We now propose the CEO-ADAPT-VQE
algorithm, whichmakes use of the CEO operators defined in the previous
subsections. This algorithm follows the usual ADAPT-VQE workflow
(see Sec. II A 2), with modifications in steps 2 and 3. The need for these
modifications stems from MVP-CEOs having multiple variational
parameters, unlike the operators of any previously proposed pool. A
consequence of this is that there is no unique gradient to use as the
selection criterion.

We begin by specifying the adopted notation. We use fT ðOVP�CEOÞk g to
denote the pool formed from the set of OVP-CEOs (Note that we have
defined the pool operators to include the variational parameters. This is
because our operator selection step might append to the ansatz an unitary
withmultiple variational parameters. As such, our protocol does not fit into
the usual frameworkwhere an unparameterized generator ismultiplied by a

single variational parameter. For each A 2 fT ðOVP�CEOÞk g, we define a set

MðQEÞðAÞ ¼ fB 2 fT ðQEÞk g : SuppðBÞ ¼ SuppðAÞg; ð28Þ

Fig. 5 | Circuit implementation of U ðOVP�CEO;þÞα1β1α2β2
ðθÞ. Circuit implementation of a

unitary generated by a coupled exchange operator consisting of the sum of two qubit
excitations.

Fig. 6 | Circuit implementation of U ðOVP�CEO;�Þα1β1α2β2
ðθÞ. Circuit implementation of a

unitary generated by a coupled exchange operator consisting of the difference of two
qubit excitations.

Fig. 7 | Decomposition of a two-control rotation.
Decomposition of a rotation with two controls into
standard gates. Any controlled gate can be used, as
long as it imposes on the target (qubit 0) a reflection
with respect to the Y axis, so that the sense of the
rotation is inverted if the control is in state ∣1i. We
further note that the roles of the control qubits can
be interchanged; this particular choice was made so
that one controlled gate will be eliminated via the
identity in Fig. 8.
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where ‘Supp’denotes the support of anoperator (the set of qubits onwhich it
acts non-trivially).M(QE)(A) is the set of QEs acting on the exact same spin-
orbitals (qubits) as A. We further defineMðQEÞ≠0 ðAÞ as the set obtained from
M(QE)(A) by removing all elements associated with zero energy derivatives.
We use # to denote the cardinality of a set, and define a function max g
which takes an operator pool and selects the element generating the unitary
with the highest gradient magnitude (at the point where the parameter
is zero).

Modified step 2:
• Evaluate the gradients of the unitaries generated by elements of the

operator pool fT ðOVP�CEOÞk g. If the norm of the vector formed by these
gradients is under a pre-defined convergence threshold ϵ, terminate.
(This is the original step 2, with the specification that the pool is the set
of OVP-CEOs).

Modified step 3:
• Define T ðOVP�CEOÞn � max gðfT ðOVP�CEOÞk gÞ.
• If#MðQEÞ≠0 ðT ðOVP�CEOÞn Þ ¼ 1, add eT

ðOVP�CEOÞ
n to the ansatz.

• Otherwise, add eT
ðMVP�CEOÞ
n to the ansatz, where

T ðMVP�CEOÞ
n ¼

X

T ðQEÞi 2M
ðQEÞ
≠0 ðT ðOVP�CEOÞn Þ

θiT
ðQEÞ
i : ð29Þ

Here θi is an independent variational parameter associated with the
generator T ðQEÞi . Note that the new unitary contains either two or
three variational parameters.

Note that step 2 implies the same number of measurements for CEO-,
QEB- and qubit-ADAPT-VQE,because these operators are all formed from
the same set of Pauli strings. The cost isOðN5Þ, where N is the number of
spin-orbitals17. However, the total measurement cost will depend on the
number of iterations. Modified step 3 requires knowing the gradients of
some QE evolutions, but such gradients are always linear combinations of
gradients ofOVP-CEOevolutions. Thus, all data required in step 3 of CEO-
ADAPT-VQE was already collected in step 2.

In formulating a variant of ADAPT-VQE with CEOs, the main
question is which operator to choose in each iteration. ADAPT-VQE
typically chooses operators based on the gradient selection criterion; how-
ever, since MVP-CEOs do not have a unique variational parameter, this
criterion does not straightforwardly apply to them. The criterion could be
generalized to the sum of the gradient magnitudes of each independently
parameterized constituent; for anMVP-CEO, this would correspond to the
sumof the gradientmagnitudes of all theQEs it contains, while for anOVP-
CEO this would be the gradient magnitude as usual.

However, note that the gradient magnitude associated with TOVP�CEO
n

is the sum of the gradient magnitudes of its constituent QEs. To see this,
consider twoOVP-CEOs acting on the same set of spin-orbitals,T(OVP−CEO,+)

and T(OVP−CEO, −). By the triangle inequality, the gradient magnitude asso-
ciated with each is bounded above by the sum of the magnitudes of the
gradients associatedwith the constituentQEs. If the latter gradients have the
same sign, T(OVP−CEO, +) saturates the bound; if the signs are opposite,
T(OVP−CEO,−) does. Since TOVP�CEO

n is by definition the OVP-CEO associated
with thehighest gradient, its type (sum/difference) is theonewhich saturates
the bound. Thus, the gradient associated with the selected OVP-CEO is the
same aswhatwewould obtain applying the generalized gradient criterion to
theMVP-CEOformed from the sameQEs. In summary, the threeoperators
1. OVP-CEOwith the highest gradientmagnitude among allOVP-CEOs

(labeled T ðOVP�CEOÞn in step 2)
2. MVP-CEO whose QEs have the highest total sum of gradient

magnitudes (‘generalized gradient’) among all MVP-CEOs
3. MVP-CEO acting on the same spin-orbitals as 1, minus the QEs with

zero gradients (labeled T ðMVP�CEOÞ
n in step 2)

usually have equivalent gradients, and operators 2 and 3 are usually the
same (this is not always the case due to the existence of MVP-CEOs with 3
QEs; however, the difference is, in general, not significant enough to impact
the results). In light of this, we choose to consider 3 as the leading candidate
among all MVP-CEOs.

The next step is to decide between T ðOVP�CEOÞn and T ðMVP�CEOÞ
n , since

wehave a tie in (generalized) gradients.OVP-CEOshave thebenefit of being
implemented with fewer CNOTs, while MVP-CEOs offer more variational
freedom; the question is how to balance these factors. We choose to allow a
QE tohave an individual variational parameter if and only if it has a nonzero
gradient. This is based on the expectation that, as a general rule, operators
with zero gradients have no impact on the energy regardless of the value of
the variational parameter, which we confirm in numerical simulations.

Thus, if we consider anOVP-CEOof the form θðT ðQEÞ1 ±T ðQEÞ2 ÞwhereT ðQEÞ2
has zero gradient in the current variational state, the corresponding evo-

lution eθðT
ðQEÞ
1 ±T ðQEÞ2 Þ is equivalent to eθT

ðQEÞ
1 when acting on this particular

state. Despite being equivalent in practice, the former unitary has a more
efficient implementation (Fig. 9) than the latter (Fig. 3), requiring 9 CNOTs
instead of 13.

Let us take as a simple example the case of theH2molecule, represented
by four qubits in a minimal basis set. We use little endian ordering and
assume the spin-orbitals to be ordered 1–4, where the first two are β-type
and theothers areα-type.At the beginningof thefirst iteration,we represent
the state by ∣0101i (the Hartree-Fock solution). For this system, we have
only two distinct double QEs, TQE

1;3!2;4 and TQE
1;4!2;3. The first one acts as

∣0101i ! þ∣1010i;
∣1010i ! �∣0101i; ð30Þ

while the second acts as

∣1001i ! þ∣0110i;
∣0110i ! �∣1001i: ð31Þ

Fig. 8 | Circuit equivalence. Equivalence used to reduce the CNOT count in the
circuits.

Fig. 9 | Explicit circuit implementation of
U ðOVP�CEO;þÞα1β1α2β2

ðθÞ. Implementation of the circuit in
Fig. 5 using only CNOTs and single-qubit gates.
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As before, all other determinants are quenched. It is then clear that the

unitary eθT
QE
1;4!2;3 leaves the Hartree-Fock reference state unchanged for any

value of θ (i.e., eθT
QE
1;4!2;3 ∣0101i ¼ ∣0101i). While eθðT

QE
1;3!2;4þTQE

1;4!2;3Þ and

eθT
QE
1;3!2;4 are distinct unitaries, they are equivalent when acting on any state

that is orthogonal to ∣1001i and ∣0110i. Therefore, we can choose the one
that has the most efficient circuit implementation. This choice will not
impact the variational state.

Thismotivates us to choose anOVP-CEOasopposed to anMVP-CEO
whenonly one of the constituent excitations has nonzero gradient; however,
the question ofwhichCEO is the best choicewhenmultiple constituentQEs
have nonzero gradients remains open. It could be beneficial to opt for
T ðOVP�CEOÞn instead of T ðMVP�CEOÞ

n even when the gradients of the under-
lying excitations are both nonzero. T ðOVP�CEOÞn contains the pair of same-
support QEs for which the sum of gradient magnitudes is the highest. If the
signs of the gradients are the same, the operator T ðOVP�CEOÞn is of the form
T ðOVP�CEO;þÞn ¼ θðTQE

1 þ TQE
2 Þ; otherwise, it is of the form

T ðOVP�CEO;�Þn ¼ θðTQE
1 � TQE

2 Þ. Note that the sign of the gradient dictates
the sign of the local minimizer found by optimizing the corresponding
parameter (they are opposite). Since both the sum and the difference are
included in the OVP-CEO pool, the gradient selection naturally favors
coupling pairs of same-support excitations in such away that the sign of the
parameter canbematchedwith the signof theminimizer for bothoperators.
Of course, the magnitude is constrained to be the same for both. We could
choose T ðOVP�CEOÞn instead of T ðMVP�CEOÞ

n hoping that the fact that the
former has amore efficient circuit implementation compensates for the fact
that the QEs are restricted to have the same parameter magnitude.

In Sec. I of the Supplementary Information, we consider a variant of
CEO-ADAPT-VQEwhere the choice between T ðOVP�CEOÞn and T ðMVP�CEOÞ

n
is based on the energy change the corresponding unitaries are capable of
producing, scaled by the CNOT count of the corresponding circuits. Sur-
prisingly, despitemaking a choice that optimizes the energy change per unit
CNOT in any given iteration, this energy-based decision criterion results in
a higher CNOT count than the gradient-based one for the same error. This
justifiesourdecision to alwaysopt forT ðMVP�CEOÞ

n as long as it containsmore
than oneQEwith nonzero gradient.We refer to Sec. I of the Supplementary
Information for a discussion concerning this seemingly unexpected result.
For the sake of completeness, this section additionally considers variants of
ADAPT-VQE which use either OVP- or MVP-CEOs exclusively.

Classical numerical simulations
In this section, we compare the proposed CEO-ADAPT-VQE algorithm
with the previous most hardware-efficient variants of ADAPT-VQE: QEB-
ADAPT-VQE29 and qubit-ADAPT-VQE28 (see Sec. II A 2). We first con-
sider three systems in the STO-3G basis set: LiH (12 qubits) and BeH2 (14
qubits) as examples of realistic molecules, and linear H6 (12 qubits) as a
proxy for strongly correlated systems whose classical simulation is not
viable.We additionally consider triangularH6, which is expected to bemore
difficult to simulate classically due to spin frustration. We use a higher
convergence threshold ϵ for the largest system due to the corresponding
pools being significantly larger.

Convergence plots: CEO- vs QEB- vs qubit-ADAPT-VQE. Figure 10
shows the evolution of the three algorithms for three different molecules
at bond distances close to equilibrium. In the upper panels, we can see
that CEO-ADAPT-VQE is the fastest in decreasing the error with respect
to the iteration number, which is equivalent to the number of optimi-
zations and the number of gradient measurement rounds.

In themiddle panels, we see that for any given accuracy, CEO-ADAPT-
VQE requires roughly the same number of parameters as QEB-ADAPT-
VQE and significantly fewer than qubit-ADAPT-VQE. Together with the
lowernumberof iterations, these results show that among the threeprotocols,
ours is the most frugal in terms of measurement costs.We recall that in each
iteration, CEO-ADAPT-VQE adds up to three new variational parameters
which, on average, will be associated with lower gradient magnitudes than

either QEB- or qubit-ADAPT-VQE. As such, it is a surprising result that it
does not require a higher number of variational parameters to achieve similar
accuracy. We expect this to be related to nonlocal effects, as it suggests that
operators with low gradient magnitudes added earlier may affect the energy
almost asmuch as operatorswith high gradientmagnitudes added later on. It
is plausible that an operator with a low gradient magnitude brings relevant
Slater determinants into the superposition state, and/or interacts favorably
with posteriorly added operators. As for the excess of variational parameters
in qubit-ADAPT-VQE as compared to CEO-/QEB-ADAPT-VQE, we
attribute it to symmetry breaking.

Finally, the bottom panels show the most important cost: the CNOT
count.Weobserve thatCEO-ADAPT-VQEachieves a significant reduction
with respect to either of the other two algorithms. For linear H6, Fig. 10b, it
requires at the moment of convergence roughly a third of the CNOTs of
qubit-ADAPT-VQE, and a half of QEB-ADAPT-VQE. Further, the error it
has achievedupon reaching the termination criterion is at least as lowas that
of the other two algorithms. It is notable that such a reduction in the CNOT
count canbe achievedwithout any setbacks in regards tomeasurement costs
or optimization difficulty (as gauged by the number of parameters).

In Fig. 11 we consider the samemolecules at stretched bond distances,
where correlation effects should play a bigger role. Once more, we observe
that CEO-ADAPT-VQE results in themost gate-efficient circuits among all
three algorithms, without any drawbacks in terms of the number of para-
meters, number of optimizations, or measurement costs—on the contrary,
these costs are reduced.

We note that for stretched linear H6 (Fig. 11), qubit-ADAPT-VQE is
the best-performing variant up to the boundary of the chemical accuracy
region. It may seem that, in this case, qubit-ADAPT-VQE is the best option
if the goal is reaching chemical accuracy faster; however, the state found by
this algorithm at that point is actually a low-lying excited state with an
energy roughly 10−3au higher than the ground state energy, which it has
trouble steering away from for hundreds of iterations. Further, qubit-
ADAPT-VQE will generally converge faster in early iterations, where the
state is likely less plagued by symmetry breaking (known to significantly
affect convergence56). Becausewe are dealingwith small, classically tractable
systems, relatively few iterations suffice to reach chemical accuracy. How-
ever, a higher number of iterations will be required for larger molecules in
general. Given that qubit-ADAPT-VQE is typically outperformed by both
CEO- andQEB-ADAPT-VQE after a few tens of iterations, we expect it not
to be the leading algorithm for systems that are not amenable to classical
simulation. In fact, the visible trend in which the difference in the CNOT
counts becomes more significant for more strongly correlated molecules
and larger iteration numbers indicates that CEO-ADAPT-VQE will be
particularly advantageous for systems that are larger and/or harder to
simulate classically.

Finally, Fig. 12 shows the convergenceof the error obtainedby the three
adaptive algorithms against the iterations, CNOT count/depth and number
of parameters for a triangular H6 molecule, which exhibits spin frustration.
Among all the systems consideredhere, this is themost challenging,which is
confirmed by the fact that a larger number of iterations, CNOTs and
parameters are required to reach the same convergence criterion. Yet, CEO-
ADAPT-VQE clearly remains the most efficient option, requiring less than
half of the CNOTs of the alternatives. As before, the parameter count is
roughly the same for theCEOandQEpools,while beinghigher for the qubit
pool. This confirms that our protocol can be successfully applied to strongly
correlated systems, the expected use cases of quantum algorithms.

ComparisonwithUCCSD-VQE throughbonddissociation curves. In
this section, we compare CEO-ADAPT-VQE with (untrotterized)
UCCSD-VQE for multiple values of the ϵ hyperparameter (the threshold
on the gradient norm which defines convergence) on the energy, error,
and parameter count.

Figure 13 shows these quantities as functions of the bond distance for
all three molecules under study. In addition to UCCSD-VQE and CEO-
ADAPT-VQE (with different values of ϵ), we include theHartree-Fock and
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FCI solutions for reference. We recall that the former is the starting point,
while the latter is the target.

In the upper and middle plots we observe that as expected, CEO-
ADAPT-VQE always improves upon the Hartree-Fock solution by a sig-
nificant margin. The middle plots show that as compared to UCCSD-VQE,
it roughly matches or decreases the final error for all molecules and bond
distances, and for all values of ϵ considered. Values of ϵ below 10−2 result in
significant improvementswith respect toUCCSDfor allmolecules andbond
distances, with the error being lowered by amultiplicative factor of up to 106.

In the bottom panels, we can see that our adaptive protocol produces
more compact parameter vectors than UCCSD-VQE. For LiH (Fig. 13a)
andBeH2 (Fig. 13c), the parameter count is brought downby a factor of over
50%on average, despite the increased accuracy. The trend is reversed for the
case ofH6 (Fig. 13b), whereCEO-ADAPT-VQE requires a larger parameter
count for most bond distances—but in the middle panels, we can see that
these are all cases where UCCSD-VQE fails to produce chemically accurate
results, such that its performance is not satisfactory.

One more important observation is that lowering ϵ systematically
results in a lower error. Thus, as compared to the other variants of ADAPT-

VQE, CEO-ADAPT-VQE maintains the desirable feature that the final
accuracy can be tuned by adjusting this hyperparameter.

ADAPT-VQE evolution and state of the art. The previous sections
focused on benchmarking the performance of our new CEO variant of
ADAPT-VQE. In order to showcase exclusively the improvements
brought forth by the CEO pool, we did not consider any other proposals
of improvements to ADAPT-VQE. However, several techniques to
improve the hardware efficiency and decrease the measurement costs of
the algorithm are compatible with our protocol and can be readily
incorporated into it. In this section, we consider an implementation of
CEO-ADAPT-VQE which leverages such techniques, namely:
• TETRIS: In this variant of ADAPT-VQE,multiple operators acting on

disjoint qubit sets (i.e. with disjoint supports) are added to the ansatz in
each iteration24. Among all operators satisfying the disjoint support
condition, priority is given to operators with higher gradient magni-
tudes. Once no operators with disjoint support and nonzero gradient
remain, all new parameters are optimized and the iteration terminates.
This protocol promotes the creation of shallower circuits. Note than

Fig. 10 | Comparison of CEO-ADAPT-VQE with QEB- and qubit-ADAPT-VQE
for LiH, linear H6 and BeH2 at Equilibrium Bond Distances. Convergence of the
CEO-, QEB-, and qubit-ADAPT-VQE algorithms for a LiH, b linear H6, c BeH2, at
bond distances close to equilibrium. The error is plotted against the iteration number

(top), parameter count (middle) andCNOT count (bottom). The region shaded blue
is the region of chemical accuracy (error below 1kcal/mol). All algorithms terminate
when the energy change falls below 10−10 Hartree.
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since we introduce a new dimension to the selection criterion, the
magnitudes of the gradients of selected operators are expected to be
lower on average.We could expect the average impact on the energy to
be lower as a result.However, the originalwork showed that theCNOT
count of the resulting circuits is not appreciably affected. TETRIS was
applied to qubit- and QEB-ADAPT-VQE by virtue of the fact that the
corresponding operators act on at most four qubits (in contrast with
fermionic operators, which act on a number of qubits which grows
linearly with the size of the system14). This desirable characteristic is
preserved by both types of CEOs, thus our proposed algorithm is
similarly suited for the TETRIS protocol.

• Optimized gradient measurements (OGM): Given that the total
number of distinct Pauli strings appearing in the QE/qubit pool and in
the Hamiltonian both grow with N4, we might naively expect the total
number of strings in the commutators of the form of Eq. (7) to grow
withN8 for QEB/qubit-ADAPT-VQE. However, it was shown that the
pool strings can be grouped into sets of linear cardinality, leading to a
grouping of all commutator strings into onlyOðN5Þ commuting sets17.
SinceCEOoperators are linear combinationsofQEs, theyconsist of the

same set of Pauli strings, and thus this measurement strategy can be
promptly generalized to our proposed pool.

• Hessian recycling (HR): In the canonical implementation of ADAPT-
VQE, each optimization collects from scratch information about the
second-order derivatives of the cost function (either implicitly or
explicitly). However, since the final state in a given iteration of the
algorithm is takenas the initial state for thenext, the local cost landscape
at the end of a given optimization and at the beginning of the following
one (restricted to shared parameters) is the same. In light of this, ref. 22
proposed to recycle between iterations the approximate inverseHessian
built iteratively by a quasi-Newton optimizer. An inverse Hessian of
adequate dimension is constructed from the previous one by adding a
new line and column which agree with the identity matrix. This inter-
iteration exchange of curvature information was shown to improve the
convergence rate of the optimization and reduce the totalmeasurement
costs of ADAPT-VQE for a variety of pools andmolecules. Since this is
a pool-agnostic method, it is straightforward to apply it to CEO-
ADAPT-VQE. Note that the TETRIS protocol and MVP-CEOs both
open the door to the possibility that the total number of cold-started

Fig. 11 | Comparison of CEO-ADAPT-VQE with QEB- and qubit-ADAPT-VQE
for LiH, linear H6 and BeH2 at Stretched Bond Distances. Convergence of the
CEO-, QEB-, and qubit-ADAPT-VQE algorithms for a LiH, b linear H6, c BeH2, at

stretched bond distances. The error is plotted against the iteration number (top),
parameter count (middle) and CNOT count (bottom). The termination criterion is
the same as in Fig. 10.
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variational parameters in a given optimization is greater than one.
When several operators are added between two optimizations, no
curvature information is known a priori about any of them. Thus, the
inter-iteration expansion of the inverse Hessian must in this case
augment the matrix with multiple lines and columns.

Orbital optimization, as proposed in ref. 27, is also compatiblewith our
proposed algorithm. However, while this technique may be advantageous
when considering larger molecules and/or basis sets, its impact is negligible
in the case of theminimal STO-3Gbasis set. Therefore,wedonot consider it
in this section. We refer to Sec. III of the Supplementary Information for
details about orbital optimization and its impact on CEO-ADAPT-VQE.

Figures 14 and 15 compare the current state of the art of ADAPT-VQE
against the original protocol. For an analysis of the individual impact of each
of these strategies on CEO-ADAPT-VQE, we refer to Sec. II of the Sup-
plementary Information. In the following, we consider an algorithm
implementing all strategies simultaneously: TETRIS-CEO-ADAPT-VQE
enhanced with OGM and HR (which we label CEO-ADAPT-VQE* for
simplicity). This hardware-efficient and cost-frugal variant of ADAPT-
VQE, reflecting the improvements of recent years, is compared against
GSD-ADAPT-VQE andUCCSD-VQE (implementedwith lexical ordering
and a single Trotter step). In the spirit of the original algorithmof ref. 14, the
latter algorithm uses a pool of generalized single and double fermionic
excitations. In this case, we employ a vanilla approach where the gradient
observables are not subject to grouping, such that the cost of step 2 scales
with OðN8Þ. Further, we implement the circuits generated by GSD opera-
tors using ladders of CNOTs. In the case of doubles (which dominate costs),
each circuit contains 16(n(df) − 1) entangling gates (where n(df) denotes the
number of qubits the operator acts on nontrivially). Note that as of today,
schemes exist for measuring the GSD gradients at OðN6Þ cost18 and for
implementing double fermionic excitation evolutions with 2n(df) + 5
CNOTs53. However, our implementation aims to reflect the knowledge at
the time of the proposal of ADAPT-VQE.

Itwas shown in ref. 17 that the cost ofmeasuring the constituent strings
of QEs at step 2 of ADAPT-VQE is upper bounded by 8N times the cost of
one naive energy evaluation (for the same error). This is our estimate for the

cost of this step in CEO-ADAPT-VQE with OGM. By similar arguments,
the cost of this step when the measurements are done naively is 4Ns, where
Ns is thenumber of distinct Pauli strings to bemeasured. This is our estimate
for the cost of estimating the GSD gradients.

In what concerns the energy, a naive protocol (i.e., independently
measuring each Pauli string in the Hamiltonian) would lead to an OðN4Þ
evaluation cost.However,multiple strategies exist for grouping these strings
into up to linear-sized commuting collections57–60. It is important to note
that such groupings were shown in ref. 50 to lead to additional covariance,
such that the ratio of the number of commuting groups to the total number
of strings is not straightforwardly related to the decrease in measurement
costs. Therefore, it is not trivial to decide which is the best strategy, or how
the costs relate to those of a naive Hamiltonian measurement for a given
desired error. In both cases, the answer will be state- and Hamiltonian-
dependent. A complete study is outside of the scope of our work. We
consider the grouping based on k-commutativity proposed in ref. 61. This
grouping has the advantage of allowing one to tune the depth of the mea-
surement circuits: A lower value of k leads to shallower circuits, while a
higher value of k leads to lower measurement costs. Given that the depth of
the ansatz is expected to dominate over the (linear) depth of the measure-
ment circuits62,63, we take the maximum value k = n, where n is the number
of qubits (general commutativity).We include an analysis of the impact of k
on the number of collections andmeasurement costs for the systems under
study in Sec. IV of the Supplementary Information.

Finally, based on the parameter-shift rules proposed in refs. 64–66, we
consider the cost of onegradient evaluation tobe twice the cost of one energy
evaluation.

To estimate themeasurement cost reduction achieved by grouping the
Hamiltonian relative to a no-grouping scenario, we consider the metric

R̂ :¼
PN

i¼1
Pmi

j¼1∣cij∣PN
i¼1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiPmi
j¼1 ∣cij∣

2
q

2
64

3
75
2

ð32Þ

proposed in67. This metric gauges the savings achieved by grouping a
Hamiltonian into N collections, where collection i has mi Pauli strings. cij

Fig. 12 | Comparison of CEO-ADAPT-VQE with
QEB- and qubit-ADAPT-VQE for a triangular H6

molecule. Convergence of the CEO-, QEB-, and
qubit-ADAPT-VQE algorithms for the triangular
H6molecule at interatomic distance 2Å. This system
is particularly challenging to simulate due to corre-
sponding to a spin-frustrated lattice. The error is
plotted against the iteration number (top left),
parameter count (top right), CNOT count (bottom
left), and CNOT depth (bottom right). The termi-
nation criterion is the same as in Fig. 10.
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designates the coefficient of the jth string in the ith set. R̂ approximates the
expected value of the measurement cost ratio Mu/Mg, where Mu and Mg

represent the shot count required to achieve a given accuracy with and
without grouping, respectively, over the uniform spherical measure. This
metric assumes that the distribution of measurements among collections is
chosen so as to minimize the sampling error.

The uppermost panels in Fig. 14 reveal a significantly faster con-
vergence of CEO-ADAPT-VQE* compared to GSD-ADAPT-VQE when
we consider the number of iterations. While the iteration count is not a
straightforward indicator of relevant costs, a lower number implies fewer
measurement rounds and optimizations in total. The error against the
CNOT count, plotted in the second row of panels, is particularly interesting
to benchmark NISQ algorithms. We observe a remarkable reduction in the
CNOT count required to reach a given error for all molecules. This
reduction is the greatest for the most strongly correlated molecule (H6). In
this case, the improvement of CEO-ADAPT-VQE* with respect to GSD-
ADAPT-VQE is even more significant than the improvement of the latter

with respect to UCCSD-VQE. The third row of panels shows the error
against the CNOT depth, which, given the short coherence times of NISQ
devices, is often viewed as the go-to figure of merit to assess near-term
viability. Owing to the TETRIS compactification, the reduction in CNOT
depth achieved by CEO-ADAPT-VQE* is even greater than the reduction
in CNOT count, with respect to the original algorithm.

Figure 15 compares the parameter count (top) andmeasurement costs
(bottom) of CEO-ADAPT-VQE* and GSD-ADAPT-VQE. We note that
the former favors circuit-efficiency over parameter-efficiency; namely,
MVP-CEOs and the TETRIS protocol are aimed at improving the energy
reduction achieved by low-depth circuitswithout concern for the numberof
variational parameters. Yet, the number of additional parameters used in
CEO-ADAPT-VQE* is very modest. Further, while a larger parameter
vector is expected to cause the optimization to require more function and
gradient evaluations due to being higher dimensional, the total measure-
ment costs of CEO-ADAPT-VQE* are reduced with respect to GSD-
ADAPT-VQE. We attribute this to the use of the OGM and HR strategies,

Fig. 13 | Bond dissociation curves. Energy, error and parameter count of CEO-
ADAPT-VQE against the bond distance for a LiH,b linearH6, cBeH2. Four different
values of the gradient convergence threshold ϵ are considered: 10−k for k∈ {2, 3, 4, 5}.
The Hartree-Fock, (untrotterized) UCCSD and FCI solutions are also included for

comparison. The UCCSD ansatz includes all occupied-to-virtual single and double
excitations. The corresponding parameter count is fixed at 92, 117, and 204 for the
three molecules in the order that they appear.
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which significantly alleviate the overhead from the gradient measurement
rounds and from the successive optimizations, respectively.

One more remarkable result we can observe in Fig. 15 is that for the
same error, the total measurement requirements of UCCSD-VQE are only
significantly lower than those of CEO-ADAPT-VQE* for H6, which we
attribute to the phenomenon of gradient troughs known to plague this
system15. In this case, we observe a 29-fold increase in measurement costs
(for the same accuracy), which nevertheless seems modest considering the
widespread expectation of a prohibitive overhead and the fact that UCCSD-
VQE is not a viable option for this system (given that it is not able to reach
chemical accuracy). For the other systems, the measurement costs of CEO-
ADAPT-VQE* arewithin an order ofmagnitude of those ofUCCSD-VQE:
They are increased only 4-fold for LiH, and are roughly matched for BeH2.
We note that the latter is the largest molecule, suggesting that CEO-
ADAPT-VQE*may reduce measurement costs as we increase system size
and approach classically intractable molecules, for which UCCSD has even
more unnecessary parameters. This is a surprising result, considering that
the measurement cost overhead incurred by the adaptive ansatz

construction has been pointed out as a possible shortcoming of ADAPT-
VQE, and a potential barrier to its practical viability. The reason for this
expectation is two-fold: (i) the asymptotic cost of measuring the pool gra-
dients required to adaptively build the ansatz is higher than the cost of
measuring the energy, and (ii) ADAPT-VQE performs several optimiza-
tions per run,while static ansätze performa single one.However, in practice,
weobserve that the total number of energy evaluations requiredbyADAPT-
VQE throughout all optimizations until the UCCSD error is reached is
actually lower than the total required by the UCCSD-VQE optimization.
This can be explained by the fact that growing the ansatz from scratch leads
earlier optimizations to be lower dimensional, which in turn implies a faster
convergence and cheaper gradient evaluations. Additionally, it allows us to
warm-start the parameters and inverse Hessian in each optimization. We
can even view the sequence of ADAPT-VQE optimizations as a single
adaptive optimization; such an optimization is particularly resource-effi-
cient, because parameters are only included if or when they are actually
relevant. Finally, we note that due to the lower parameter count and warm-
starting of ADAPT-VQE optimizations, sampling noise is likely to be less

Fig. 14 | Comparison of CEO-ADAPT-VQE* with GSD-ADAPT-VQE in terms
of circuit costs. Convergence of the CEO- and GSD-ADAPT-VQE algorithms for
a LiH, b linear H6, c BeH2, at various bond distances. The symbol * signals that the
CEO-ADAPT-VQE algorithm represents the state of the art, being implemented in
tandem with other recent proposals: TETRIS24, optimized gradient measurements17

and Hessian recycling22. In contrast, GSD-ADAPT-VQE follows the original pro-
tocol with a vanillameasurement strategy, representing the state of the art at the time

ADAPT-VQE was first proposed14. The UCCSD ansatz is also included as a refer-
ence point. The corresponding circuit was implemented with one Trotter step and
lexical ordering (with the excitations' source/target orbital indices as primary/sec-
ondary ordering criteria, respectively). The error is plotted against the iteration
number, CNOT count, and CNOT depth. The region shaded blue is the region of
chemical accuracy (error below 1kcal/mol). The convergence criterion is a gradient
threshold of 10−6 and 10−5 on the 12-qubit and 14-qubit molecules, respectively.
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detrimental for this algorithm than for UCCSD-VQE, which will further
benefit the measurement costs of the former in a practical setting. This was
demonstrated in ref. 68, where even the simplest implementation of the
qubit-ADAPT-VQE algorithm (without TETRIS, OGM or HR) required
only 5% of the total shot count of UCCSD-VQE to reach chemical accuracy
in the majority of the runs, when determining the ground state energy of
molecular hydrogen (H2) in the presence of finite sampling noise.

We remark that the improvements applied to CEO-ADAPT-VQE in
this section could also be applied to QEB- and qubit-ADAPT-VQE to
obtain similar relative improvements in theCNOTdepth andmeasurement
costs. The relative performance of the three algorithms would remain
similar to what we observed in Sec. II C 1, where none of the algorithms
include the improvements.

Comparisonwith fixed-structure Ansätze. In this section, we compare
our adaptive algorithm (CEO-ADAPT-VQE*) against five leading non-
adaptive ansätze for the electronic structure problem, namely:
• Tiled Unitary Product State (tUPS)69

• Orbital-Optimized (oo)-tUPS69

• Perfect-Pairing (pp)-tUPS69

• Quantum Number Preserving (QNP) gate fabric70

• Unitary Paired Coupled Cluster Generalized Singles and Doubles
(k-UpCCGSD, where k indicates the number of layers)71

The optimization for the first four ansätze is done using a parallel-
tempering basin-hopping approach69. In this method, local optimizations
are followed by random perturbations of the parameters, such that multiple
regions of the optimization landscape are searched for a good minimum.
This optimization technique requires a significantly larger number of
function evaluations than local optimizationmethods, and is aimed at local-
trap-riddled cost landscapes. We note that the original QNP proposal in
ref. 70 suggested two fixed-parameter initialization strategies followed by a
local optimization; however, in our simulations, theQNPgate fabric did not
result in satisfactory accuracywhenwe applied such strategies. In the case of

the k-UpCCGSD ansatz, as suggested in the original work of ref. 71, we
employed 30 optimizations with parameters randomly initialized between
-π and π. For the CNOT count, we assumed this ansatz to be implemented
using the fermionic swap networks proposed in ref. 72.

The error from the basin-hopping optimizations is as provided in
ref. 69. The function evaluations were taken as the average over 10 opti-
mizations, multiplied by the 8000 optimizations employed in the basin-
hopping approach. This is due to the fact that ref. 69 did notmake available
the numberof function/gradient evaluations, and the runtimeof ourPython
implementation of the ansatz does not allow us to run thousands of opti-
mizations in a reasonable time. As before, measurement costs include both
energy and gradient evaluations, and all these evaluations are noiseless. We
use the same optimizer (BFGS) and gradient convergence threshold (10−8)
in all cases.

Figure 16 compares the cost of the algorithms for linear H6 at intera-
tomic distance 1.5Å in terms of CNOTs, parameters, and measurement
costs until chemical accuracy is reached. We observe that all algorithms
succeed in reaching this threshold except for k-UpCCGSD, whose error
stagnates after a few layers. While this could likely be improved by
increasing the number of optimizations, the number of parameters and
CNOTs suggest that this ansatz is not a competitive option, as they are
higher than those of the other ansätze for a given error. The different
variants of the tUPS ansatz and the QNP gate fabric succeed in reaching
chemical accuracy, and do so with a lower CNOT count than CEO-
ADAPT-VQE*. However, while the improvement in the CNOT count is of
less than an order of magnitude, the measurement costs are increased by
roughly 5 orders ofmagnitude. This is due to the difficulty of optimizing the
rough parameter landscapes created by these tiled circuit structures. While
ADAPT-VQE succeeds using parameters initialized at zero and local
optimizations, these fixed-structure ansätze do not produce good results
under such conditions. Hence, finding a good minimum requires per-
forming many local optimizations, which increases the measurement costs
to an impracticable extent. In addition to the number of energy evaluations
being so high, no heuristics have been developed so far to determine how

Fig. 15 | Comparison of CEO-ADAPT-VQE* with GSD-ADAPT-VQE in terms
of measurement costs. Convergence of the CEO- and GSD-ADAPT-VQE algo-
rithms against the parameter count of the ansatz and measurement costs, which are

given as multipliers for the cost of one energy measurement. The conditions are the
same as in Fig. 14.
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many optimizations are required to reach a good accuracy, and it is not
knownhow thenumber scaleswith the size of the system. Therefore, despite
the low CNOT counts, we do not expect these ansätze to constitute a viable
option for realistic implementations.

Discussion
In this work, we proposed a newvariant ofADAPT-VQEbased on a pool of
coupled exchange operators (CEOs) and showed that its performance is
superior to any previously proposed variants of the algorithm. We further
combined this protocol with other techniques aimed at decreasing the cir-
cuit depth andmeasurement costs of adaptively built ansätze. By uniting the
CEO pool with optimized gradient measurement strategies17, Hessian
recycling22 and the TETRIS protocol24, we showed a total reduction of up to
88%, 96% and 99.6% in the CNOT count, CNOT depth and measurement
costs relative to the original ADAPT-VQE algorithm, for 12- to 14-qubit
molecules.We additionally observed that in spite of the common belief that
the adaptive ansatz construction incurs a significant measurement over-
head, the total measurement costs of CEO-ADAPT-VQE* are actually
comparable to those of UCCSD-VQE, a widely used static ansatz for the
same problem. Further, we found numerical evidence of a decrease in the
measurement costs of the former relative to the latter for larger molecules
(Fig. 15), suggesting that our algorithm may actually offer a shot count
reduction for classically intractable systems as compared to non-adaptive
strategies. This conjecture was strengthened by a comparison with five
leading fixed-structure ansätze, which were shown to either be unable to
reach chemical accuracy or do so at the expense of a dramatic overhead in
function evaluations as compared to our algorithm.

The new class of operators we introduced (CEOs) consists of linear
combinations of qubit excitations (QEs) in which the QEs can be inde-
pendently parameterized (MVP-CEOs) or share a single variational para-
meter (OVP-CEOs).We leveraged the structure of CEOs to implement the
unitaries generated by them with similar or shallower circuits than those
generated by QEs.We showed that such unitaries preserve particle number
and spin symmetries, and that they can be implemented by circuits whose
CNOT count is the same or lower as compared to any other circuits known
to have these desirable symmetry preservation properties. Explicit CNOT-

efficient circuit constructions were provided for all possible types of CEOs.
We constructed circuits forMVP-CEOevolutions byoptimizing a sequence
of circuit implementations of exponentials of individual (commuting) Pauli
strings, with a resulting CNOT count of 13—the same that is required to
implement the evolution of a single one of its constituentQEs (which can be
as many as three). In the case of OVP-CEO evolutions, we leveraged their
structure as multi-controlled rotations to achieve an even lower CNOT
count of 9.

The algorithm we propose, CEO-ADAPT-VQE*, is a variant of the
quantum simulation algorithm ADAPT-VQE that makes use of the CEO
operators to build a symmetry-adapted ansatz.We compared this algorithm
with QEB- and qubit-ADAPT-VQE, which to the best of our knowledge
were the previous most hardware-efficient variants of ADAPT-VQE.
Numerical simulations for various molecules show that CEO-ADAPT-
VQE* significantly and systematically reduces the CNOT count of the
ansatz as compared to these other variants. We found reductions by up to
65%, with greater reductions for more strongly correlatedmolecules, which
are also the most interesting systems—stronger correlations are harder to
capture classically, thus making such systems possible candidates for
quantumadvantage experiments.We further observed that the reduction in
the CNOT count increased with the number of algorithmic iterations,
suggesting that larger molecules will favor CEO-ADAPT-VQE even more
than our small, classically simulatable test cases.

The improved hardware-efficiency of the proposed adaptive VQE
comes at no added cost. In fact, our algorithm requires fewer iterations for the
same accuracy than QEB- or qubit-ADAPT-VQE. As such, it implies fewer
optimizations and fewer gradient measurement rounds, effectively lowering
the measurement costs.What is more, the number of variational parameters
it requires is either maintained or decreased with respect to other variants.

Considering all the advantages it offers, we expect CEO-ADAPT-
VQE* to be a leading candidate for molecular simulations on near-term
quantum computers. In combination with other recent improvements to
adaptive ansätze proposed in the literature, this algorithm is able to achieve a
remarkable reduction in CNOT count/depth and measurement costs as
compared to ADAPT-VQE at the time of its inception, showing great
progress in the path towards quantum advantage with NISQ devices.

Fig. 16 | Comparison of CEO-ADAPT-VQE with
the leading fixed-structure ansätze. Convergence
of CEO-ADAPT-VQE for linear H6 at interatomic
distance 1.5Å, as compared to a variety of state-of-
the-art fixed-structure ans¨atze: tUPS, oo-tUPs, pp-
tUPS, QNP, and k-UpCCGSD-VQE. UCCSD-VQE
(implemented with one Trotter step and lexical
ordering) is also included for reference. The error is
plotted against the number of layers (or iterations, in
the case of ADAPT-VQE), CNOT count, parameter
count, and measurement costs (given as multipliers
for the cost of one energymeasurement). The region
shaded blue is the region of chemical accuracy (error
below 1kcal/mol). All algorithms terminate when
chemical accuracy is reached for the first time,
except for k-UpCCGSD, the error of which stagnates
before reaching this threshold.
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Methods
Following themethods of refs. 14,28,29, we compute the expectation values
via matrix algebra, without including shot noise or hardware noise. This
prevents confounding factors in the comparison of the performance of the
algorithms and allows for viable classical simulation runtimes. Since CNOT
gates have the greatest physical error rates and error correction is out of
bounds in theNISQparadigm,we use theCNOTcount of the circuits as the
key figure to predict the impact of hardware noise in the algorithms30.
Statistical noise is likely to significantly increase the measurement costs—
hence, we expect our estimates to constitute a loose lower bound to the
actual measurement costs in a realistic setting. The purpose of these esti-
mates is not to provide an accurate estimation of these costs, but to get a
sense of how they compare for the different algorithms.

We use the Openfermion73 and PySCF74 packages to create and
manipulate fermionic operators. All errors are calculated with respect to the
FCI energy. The classical optimizer employed on the VQE subroutine is
BFGS as implemented in Scipy75, which we locally modified to recycle the
Hessian in order to decrease the simulation time22.

Data availability
All data were generated with the code publicly available at https://github.
com/mafaldaramoa/ceo-adapt-vqe and is available upon request.

Code availability
The code used for the numerical simulations has been made publicly
available at https://github.com/mafaldaramoa/ceo-adapt-vqe.
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