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Exciton generation by inelastic tunneling in heterostructureswith

two-dimensional semiconductors

Abstract

In this thesis, we study the emission of excitons via inelastic tunneling in mesoscopic devices with two

electrodes separated by a non-conductive material, subjected to a biased electrostatic potential. We study

this problem applying both a simplified toy model and a detailed model for a graphene/hexagonal boron

nitride/graphene (gr-hBN-gr) van der Waals (vdW) heterostructure. Specifically, we focus on the corrections

to the current arising from the interaction between the tunneling electrons and the two-dimensional excitons

hosted by a transition metal dichalcogenide (TMD) layer placed a few nanometers apart.

To this end, we start by applying the non-equilibrium Green’s function (NEGF) technique to a gener-

alized transport problem for a two-contact mesoscopic system with general electron-boson interactions,

thus obtaining analytic expressions for the non-interacting elastic current - the Landauer formula - written

as the energy integral of the contact’s occupied levels and the transmission function, which is related to

the probability of an electron with a given energy to tunnel through the device. Treating the electron-boson

interaction as a perturbation, we also obtain the second order corrections that these interactions introduce,

separating the cases of elastic and inelastic processes.

In order to gain insight about the general features that arise in the electron tunneling problem, we

apply these generic results to a one-dimensional toy-model at zero temperature and calculate both the

transmission functions and the I-V curves for this idealized system. Although simple in its nature, it is

sufficient to capture the phenomena of inelastic tunneling assisted by the emission of a bosonic excitation.

As such, it captures some of the essential features of the more complex vdW device. We are able to show

that, when accounting for interactions up to the second order, there is an increase in the total current for

bias voltages in resonance with the model sample, while for voltages exceeding this threshold there is a

suppression in the total current dominated by the elastic correction, even though its inelastic counterpart

contributes with a small increase. Additionally, we also show that these interactions open new tunneling

channels that depend on boson’s energy.

Finally, we tackle the problem of finding the exciton-assisted inelastic tunneling current flowing in the

vdW heterostructure, electromagnetically coupled to the excitonic layer (TMD). To do so, we calculate the

matrix element for the electron-exciton interaction, mediated by the emission and absorption of virtual
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photons, in a second order perturbation theory and use it to obtain the transition rate from Fermi’s golden

rule, from which we are able to find the inelastic current flowing through the system and the corresponding

rate of generation of excitons in the TMD layer.

Keywords: non-equilibrium Green’s functions, inelastic tunneling, excitons, van der Waals heterostruc-

tures, electroluminescence.
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Geração de excitões por tunelamento inelástico em heteroes-

truturas com semicondutores bi-dimensionais

Resumo

Nesta tese, estudamos a emissão de excitões por tunelamento inelástico em dispositivos mesoscópicos

com dois eletrodos separados por um material isolador, sujeito a um potencial eletrostático. Abordamos

este problema aplicando tanto um modelo simplificado e um modelo detalhado para uma heteroestrutura

de van der Waals de grafeno/nitreto de boro hexagonal/grafeno. Em especial, focamo-nos nas correções

à corrente que advém de interações entre os eletrões em tunelamento e os excitões bi-dimensionais

presentes numa camada de um dicalcogeneto de metais de transição colocada a uma distância de alguns

nanómetros.

Para tal, começamos por aplicar a técnica de funções de Green fora de equilíbrio a um problema de

transporte genérico num sistema mesoscópico de dois contactos com interações eletrão-bosão genéricas,

obtendo assim expressões analíticas para a corrente elástica não interatuante - a fórmula de Landauer -

escrita como o integral de energia dos níveis de ocupação dos contactos e a função de transmissão, que

está relacionada com a probabilidade de um eletrão com uma dada energia transitar através do dispositivo.

Tratando a interação eletrão-bosão como uma perturbação, também obtemos as correções de segunda

ordem que essas interações introduzem, separando os casos de processos elásticos e inelásticos.

De modo a ganhar experiência sobre as características gerais de problemas de tunelamento de ele-

trões, aplicamos estes resultados genéricos a ummodelo uni-dimensional simplificado a temperatura zero

e calculamos tanto as funções de transmissão como as curvas I-V para este sistema idealizado. Embora

de natureza simplista, é suficiente para capturar os fenómenos de tunelamento inelástico assistido pela

emissão de uma excitação bosónica. Como tal, este captura algumas das características essenciais de

dispositivos vdW mais complexos. Mostramos que, tendo em conta interações até segunda ordem, se

verifica um aumento da corrente total para voltagens em ressonância com a amostra do dispositivo, en-

quanto que para voltagens superiores a este limite há uma diminuição da corrente total dominada pela

correção elástica, apesar da correção inelástica contribuir para um ligeiro aumento. Além disso, tam-

bém mostramos que estas interações abrem novos canais de tunelamento que dependem da energia do

bosão.

Por último, abordamos o problema de obter a corrente que flui na heteroestrutura de vdW por tu-
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nelamento inelástico assistido por excitões, acoplada eletromagneticamente aos excitões da camada de

TMD. Para isso, calculamos o elemento de matriz para a interação eletrão-excitão, mediada pela emissão

e absorção de fotões virtuais, em teoria de perturbações de segunda ordem e usamos-o para obter a taxa

de transição a partir da regra de ouro de Fermi, através da qual se obtém a corrente inelástica que flui

no sistema e a correspondente taxa de geração de excitões na camada de TMD.

Palavras-chave: Funções de Green fora do equilíbrio, tunelamento inelástico, excitões. heteroestruturas

de van der Waals, eletroluminescência.
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Chapter 1

Introduction

1.1 Novel nearly 2D materials for optoelectronics and photo-

nics

In the past century, the human species have witnessed huge advancements in the creation and develop-

ment of electronic technologies. These technologies completely changed the way that humans commu-

nicate with each other, access information, work, travel and socially interact, having profound impacts

world-wide in virtually every aspect of human society.

In 1965, Gordon Moore [1] has predicted that every two years the number of components in each

integrated circuit would double. This prediction of exponential growth turned out to be true and since 1975

it has been regarded as a "law". However, nowadays there is some debate wether Moore’s law is still

valid or not [2, 3]. With the increase in shrinking of electronic components, modern day technology have

reached such a miniaturization scale that the laws of classical physics no longer suffice, being imperative to

take into account effects stemming from quantummechanics [4]. With technological research increasingly

turning to the quantum world, new forms of electronic devices were proposed where quantum effects are

harnessed. These devices include quantum dots [5, 6], quantum cascade lasers [7], single-electron

transistors [8], superconducting quantum interference devices [9], quantum computing devices [10],

spintronic devices [11], among others.

In more recent years, a new potential basis for the development of these devices has emerged in

the form of the so called van der Waals (vdW) heterostructures [12, 13, 14], which basically consist on

stacks of multiple nearly 2D materials of equal or different type, held together by van der Waals forces

(hence the name of these structures) in order to harness the properties of all constituent materials. Typical

materials used in vdW heterostructures are graphene, hexagonal Boron-Nitride (hBN) and transition metal

dichalcogenides (TMDs), among many others [15].
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Graphene was the first 2D atomic crystal to be experimentally obtained [16] and paved the way for

the world of 2D materials (with thickness of one atom) to be explored, which lead to the 2010 Nobel

Prize in Physics being awarded "for groundbreaking experiments regarding the two-dimensional material

graphene" [17]. Since this discovery, a huge amount of research was devoted to characterize graphene,

develop fabrication techniques and applications, both theoretic and experimentally [18]. Graphene is

composed of carbon atoms arranged in a hexagonal honeycomb lattice and is known for exhibiting uniquely

combined features [19] such as extreme mechanical strength, elasticity and flexibility [20, 21, 22], high

electronic [23, 24, 25, 26, 27] and thermal [28, 29, 30, 31, 32, 33] conductivities, chemical stability

[34, 21, 20] and unique optical properties such as transparency to radiation in the visible spectrum [35,

36, 37, 38], anomalous optical absorption [39, 40, 41, 42] and strong light-matter interactions [43, 44,

45, 46, 47]. These properties make graphene an excellent candidate to be used in vdW heterostructures

[48, 49, 50, 51, 52], typically playing the role of electric contact. However, the properties of graphene can

be negatively affected if the wrong substrate is used [53, 54]. This problem can be overcome by using

hBN since that, with this particular substrate, the properties of graphene were shown to be enhanced

[49, 26, 55, 50].

Hexagonal Boron-Nitride (hBN), also known as "white graphene" due to their structural similarity, is

an insulating isomorph of graphene that instead of carbon atoms is composed of boron and nitrogen

atoms also arranged in a honeycomb lattice, with a 1.8% lattice mismatch with respect to graphene [49].

While being an insulator with a large band-gap [56, 57], hBN is frequently combined with graphene in

vdW devices [58] due to its atomically planar surfaces, mechanical robustness, thermal stability and

being relatively inert, thus acting as a very good substrate [48, 38, 55, 59, 60] and also as a shield

from environmental degradation. It can also be used as a tunneling barrier since it can be fabricated as

thin as a single monolayer [61, 60, 55, 62, 26]; as a decoupling layer for graphene due to its reduced

substrate induced strain, thus preserving its electronic properties [63]; it can be used to enhance the

already formidable optical properties of graphene [64, 65, 66, 67, 68]; one can also engineer a moiré

superlattice formed between these two materials, thus introducing a periodic modulation in the electronic

density of states that can be used to form additional electronic states and electron correlation phenomena,

or even to create and tune a band gap in graphene [69, 49, 70, 71, 62].

Other 2D materials that are also the focus of much investigation are semiconducting transition metal

dichalcogenides [72]. These are semiconductors of the type MX2, where M stands for transition metal

(typically of 4-7 group of the periodic table) and X for chalcogenide (group 16 of the periodic table, although

the nomenclature typically does not include oxides). Some of the most commonly studied semiconducting
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TMDs are MoS2, MoSe2, WS2 and WSe2 [73, 74, 75]. TMDs can exist in either bulk or monolayer form

[76, 77] and their electronic, optical and mechanical properties differ considerably between the two forms.

Since bulk TMDs have strong covalent intralayer bounds and weak vdW interlayer bounds, it becomes

relatively easy to synthesize monolayer TMDs from their bulk counterparts by means of several exfoliation

or vapor deposition techniques [78, 79, 80]. One of the most striking differences when comparing bulk and

monolayer TMDs is the fact that, even though in bulk they feature indirect bandgaps, TMDs in monolayer

form have a direct electronic bandgap [81, 82, 83] that makes photo-induced electronic transitions feasible

[84, 85]. This leads to strong absorption and photoluminescence properties [86, 87, 88], some of them

in the visible spectrum, making monolayer TMDs excellent candidates for optoelectronic applications [89,

90, 91].

The enhancement of the photoluminescence properties in monolayer TMDs is mainly caused by ex-

citons [92, 93], a bosonic quasiparticle composed by an electron that is excited from the valence band

and the positively charged hole (vacancy) that it left in the valence band, bound together via Coulomb

interactions [94, 95]. Excitons are not exclusive of TMDs, they are common quasi-particles that are for-

med in gapped materials (insulators and semiconductors), both in bulk or monolayer form. However, the

fact that monolayer TMDs have reduced dielectric screening (due to the low dimensionality) means that

excitons in these materials have enhanced binding energies and small radius, leading to a lot of attention

being drawn to them [96, 97, 98]. The two body system that the bond state between the electron and the

hole forms can be regarded as an analog of the hydrogen atom with a smaller effective mass [99, 100].

The excitonic bound energy states are also analogous to the hydrogen atom and lie inside the bandgap of

the material, highly affecting the optical properties of the material [101, 102, 103]. For example, we can

promote a direct electronic transition by using photons (making use of the monolayer’s direct bandgap),

where the excited electron interacts with the hole left behind and decays to a bound state inside the gap,

thus forming an exciton that later recombines by emitting a photon with a different frequency than the

initial photon, thus creating a process that can be used in a range of different photonic and optoelectronic

applications [104, 105].

In addition to the direct bandgap and excitonic effects, an enhanced spin-orbit coupling arises in

monolayer TMDs [106, 107] due to the strong electron confinement in one direction and the presence of

heavy atoms (the M atoms), leading to spin-orbit splitting of hundreds of meV in the valence band [108].

This splitting can be harnessed in spintronic applications, along with the fact that monolayer TMDs have

no inversion center, which provides the electrons with an extra degree of freedom - the valley index - that

can be used in many applications falling under the new field of valleytronics [109, 110]. This spin-orbit
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splitting originates two series of excitons [111] - A and B - that differ in the position of the hole in the

two branches - up or down, respectively - of the valence band. Such discrepancy can be distinguished in

photoluminescence and reflectivity measurements using circularly polarized light [112, 113] because the

excitons of each series have different optical gaps (difference between the electronic gap and the exciton’s

binding energy) and spins.

1.2 Scope and objectives of this work

This thesis is devoted to some theoretical aspects of the usage of the novel nearly 2D materials in op-

toelectronic devices, in particular, those capable of generation of light by electric currents, based on the

phenomenon of electroluminescence.

Now that the individual components of the system to be considered in this thesis have been introduced,

we present in Fig. 1 the specific vdW heterostructure that we are interested in. This consists in two

Figure 1: Scheme of the device in study. It is composed by two graphene sheets (gray) acting as electric

contacts, separated by a dielectric spacer (blue) of thickness 2a (typically in the order of a few nanometers)

composed by N layers of hBN. The origin of the z axis is set at the geometric center of this hBN slab. At

z = a + b is placed a single layer of a 2D TMD (yellow), separated from the top graphene layer by an

additional hBN spacer (smaller blue rectangle) of thickness b. A bias voltage Vb is applied between the

graphene sheets so that the hBN slab in-between acts as a tunneling barrier for the flow of electrons from

one graphene to the other.
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graphene sheets separated from each other by a slab of hBN with N layers, with a bias voltage applied

across the structure. Additionally, on top of one of the graphene sheets is also a TMD monolayer. The

graphene/hexagonal Boron Nitride/graphene (gr-hBN-gr) heterostructure has been widely studied [114,

115, 116, 117, 118] due to the unique features that the combination of the two materials show, with the

reason for this being the lattice matching [49], mechanical stability [119], reduced dimensionality, weak

vdW bonding between layers, enhancement of graphene’s properties [120, 121], tunable graphene’s

gap [122] and spin-orbit coupling, to mention some, which in practice offers a wide range of potential

applications [123, 124, 125, 126, 127].

For our purposes, we regard this heterostructure as a tunneling device, where the graphene sheets

serve as electrical contacts (making use of its high carrier mobility) and the hBN as the tunneling barrier

(since it has a large gap around 6eV). It has been shown that the tunneling currents flowing through

this device highly depend on the thickness of the tunneling barrier [114, 128], which is relatively easy to

manipulate up to the atomic scale (few nanometers) by controlling the number of layersN of the hBN slab.

We are particularly interested in the introduction of a TMD into the system, specifically with the fact that it is

a host for excitons that are accessible with light and can be detected even at room temperature [96]. The

potential presence of these quasiparticles in the system, although not directly within the tunneling path

of the electron, can induce the opening of inelastic tunneling channels via electron-exciton interactions,

and even open possible new channels for the elastic current that already flows in the gr-hBN-gr system

without the TMD [128]. This effect is depicted in Fig. 2, reproduced from Ref. [129], where although one

of the contacts of the tunneling junction is made of gold instead of graphene, the change in the tunneling

current by the introduction of the a TMD layer is clearly seen by the presence of a peak in the I-V curve,

resonant with the exciton’s energy, that is otherwise absent in the I-V curve for the tunneling junction

alone. By harnessing the process of exciton recombination in the TMD, which are created by the tunneling

electrons, electrically pumped light sources and eventually single-photon emitters are possible applications

of this device. Additionally, we remark that the phonon assisted inelastic current in resonant tunneling

devices has been also widely studied [130, 131, 132] and even phonon assisted tunneling in gr-hBN-gr

has been observed [118], providing a solid foundation for the study of exciton assisted tunneling in the

gr-hBN-gr+TMD device. Additionally, the study of direct photon emission in related devices is addressed

in Ref. [133]. Therefore, we aim to theoretically describe the influence that electron-exciton interaction

has in the tunneling current, which was already experimentally measured by Wang et al. [129] in the I-V

characteristic curves and Pommier et al. [93] by means of electroluminescence measurements.

The phenomenon of electroluminescence consists in the emission of light by a system to which is being
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Figure 2: Reproduced from Ref. [129]. Device schematics, band diagrams, and I–V characte-

ristics. a) Illustration of a graphene/hBN/Au tunneling device. The device is protected by a top hBN

layer (not shown for better visibility). A bias voltage Vb applied between the graphene and gold electrodes

gives rise to a tunneling current through the hBN spacer. b) Band diagram of the device for positive Vb.

Electrons tunnel from graphene to Au both elastically (not shown) and inelastically (kinked arrow). c)

Recorded I–V (red) and dI/dV (blue) curves at room temperature from the device in a). No distinctive

features are observed besides an overall asymmetry due to the electronic DOS in Au. Inset: Zoom into the

low-bias region displaying phonon-assisted resonances. d) Illustration of a WS2/graphene/hBN/Au tunnel

device, including a protecting top hBN layer (not shown). e) Band diagram of the device at a positive bias.

Electron tunneling can be mediated by the creation of excitons (encircled electron-hole pair) in WS2, as

indicated by the red arrow. f) Recorded I–V (red) and dI/dV (blue) curves at room temperature from the

device in d. A new feature appears near Vb = 2.05V . Inset: Zoom into the low-bias region displaying

phonon-assisted resonances.
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applied a voltage, which has many optoelectronic applications such as light emitting devices [134, 135,

136]. This process can be enabled from several underlying mechanisms, but the one that we are interested

in is when it is mediated by excitons [137, 104]. The idea is that the electrons that participate in the flow of

current through the system (tunneling device) undergoes an inelastic transition (in the tunneling process)

and loses energy by emission of a resonant exciton (this can be achieved by direct impact excitation [138],

Joule heating [139], carrier injection [140], and others[141, 123]). In turn, the exciton has a finite lifetime

[142, 143] after which the electron and the hole recombine by emitting a photon [144, 145]. Thus, in

practice what is experimentally verified is that for voltages higher than a specific threshold the device emits

light with a narrow bandwidth and a specific wavelength [89, 90] (matching the exciton’s energy), that

can be controlled by, e.g., changing the excitonic host material (the TMD). The intensity of the emitted

radiation is correlated with the intensity of the current (the more electrons decay, the more excitons are

formed and thus more photons are emitted from their recombination).

In order to tackle this inherently complicated and inhomogeneous structure with an out-of-equilibrium

character, we employ the so called Non-Equilibrium Green’s Functions (NEGF) formalism (which is ex-

plained in more detail in Appendix A). Developed independently by Keldysh [146] and by Kadanoff and

Baym [147] in the 1960’s, it is a powerful technique that extends way outside of the limited applicability

of Matsubara’s formalism of imaginary time Green’s functions or even linear response theory. Based on

the idea of propagating the Green’s functions over a time contour, it offers a systematic way of describing

the dynamics of many-body systems far from equilibrium and to develop a perturbation approach to out-

of-equilibrium systems. With this technique, one needs only to provide the Hamiltonian as an input, with

which the Green’s functions and the self-energies can be calculated, and from the formalism itself one can

obtain all relevant quantities. This technique was already used in similar problems of inelastic tunneling

assisted by phonons [130], where it proved to be a robust tool to study this type of phenomena.

Ideally, the objective of this thesis would be to use the NEGF formalism to describe the tunneling

current flowing through the system depicted in Fig. 1 and the way that the excitons generated in the

TMD influence this phenomena. In order to gain intuition regarding the role of exciton emission in the

phenomena of tunneling currents, we considered first a one-dimensional toy model composed by two

semi-infinite tight-binding chain of atoms connected to a single-level (that can be seen as an impurity of

the otherwise infinite chain or a quantum dot) and subjected to a bias voltage. Additionally, in order to

model the presence of the excitons in the TMD, we set the central region to be connected to a thermal bath

of generic bosons. Such a toy-model is widely used in pedagogical introductions to the field of mesoscopic

physics [148], and although very simple in its nature, it still captures the essential physics behind many
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real systems. Even though we do not hope to obtain exact predictions with this model, we are interested

to see how far it goes in qualitatively capturing major features that real mesoscopic devices such as the

one in Fig. 1 display.

In the second part of the thesis, a more detailed model of the device of Fig. 1 is considered, with two

graphene electrodes treated explicitly (within the Dirac cone approximation), as well as the TMD exciton

considered within a 2D hydrogenic model. The interaction between the tunneling electron and exciton is

described by quantum electrodynamics taking into account emission and absorption of virtual photons.

We limit ourselves by calculating the probability of tunneling (assisted by the creation of an exciton) per

unit time by employing Fermi’s Golden Rule. This probability is directly related to the tunneling current

density and the generation rate of TMD excitons.

1.3 Structure of this thesis

The thesis is organized as follows:

• In Chapter 2 we develop the NEGF formalism with a generic two-contact system driven out of

equilibrium by a bias voltage. We start from the equation of motion for the current flowing in through

the central region, where we arrive to an expression containing Green’s functions for operators of

different regions. In order to obtain the current from the point of view of the central region, we

integrate out the contacts by expressing all contact related quantities as a contact induced self-

energy. This way, we end up with an expression containing the Green’s functions for the central

region and the self-energies that arise due to its coupling with the leads. By neglecting transient

dynamics, we focus in the stationary behavior, thus being able to express the current as an integral

over energy of the central region’s Green’s functions and the contact’s self-energies. Then we

proceed by deriving a formula for the case when the central region is non-interacting - the Landauer

formula - and we end the chapter by analyzing the case when we allow for interactions in the central

region, treating them as a perturbation and thus obtaining an elastic and an inelastic correction for

the current up to the second order in the electron-boson interaction.

• In Chapter 3 we use the results that we obtained in the previous chapter and apply them to the

1D toy-model. We start by introducing the model and the relevant quantities, such as the Green’s

functions for either the leads and the central region, and also the level-width function (related with

the coupling between the contacts and the central region). With these quantities we are then able to

calculate the transmission functions, which are related to the probability of an electron with a given
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energy to cross the device, having obtained expressions when we neglect interactions and also

for elastic and inelastic corrections up to second order in the interaction. We end the chapter by

calculating the corresponding currents and interpret the results in light of what would be expected in

real mesoscopic devices. We remark that in order to better compare our results with the literature,

we need to find a suitable expression for the interaction matrix element since it is responsible for

providing us with the magnitude of the effect of enabling interactions into the system. This is the

topic of Chapter 4.

• In Chapter 4 we tackle the problem of finding an expression for the electron-exciton interaction

matrix element by resorting to second order perturbation theory, so that we treat this interaction

as a two step process (i) interaction between the electron with a virtual photon and (ii) between the

virtual photon and an exciton, or vice versa. We start by stating the Hamiltonians responsible for

these interactions, and then we use the standard expression for the interacting matrix element in

second order perturbation theory, so that we obtain an explicit expression for this quantity. With

this, we are able to calculate the probability of the electron to tunnel inelastically, assisted by the

exciton, by using Fermi’s Golden Rule.

• In Chapter 5 we conclude our study and mention our plans for future work.
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Chapter 2

NEGF formalism for mesoscopic transport

In this chapter, we aim to apply the formalism of non-equilibrium Green’s functions (NEGF) to mesoscopic

systems that are driven out of equilibrium by a potential bias.

This derivation was based on Refs. [148, 149, 150, 151].

A good review on NEGF can be found in Refs. [152, 153, 154].

A more formal and deep book about non-equilibrium Green’s functions is Ref. [155].

2.1 Description of the problem and setup

Consider a generic two-terminal device composed by a central region (C), which might support interactions

(we consider this case in the final section of this chapter), and two metallic terminals, left (L) and right

(R), which are assumed to be non-interacting.

As far as we are concerned, these terminals are disconnected from the central region for times t < t0,

where t0 is the instant when the terminals are connected to the system, as shown in Fig. 3.

The contacts are subjected to a voltage difference Vb, which creates a potential imbalance µL � µR

between them. Once the terminals are connected to the central region at t = t0, the potential imbalance

Figure 3: Scheme for a generic two-contact system. Two non-interacting contacts (L/R) are coupled to

a central region (C) via the coupling terms V `C/V C`. A potential bias Vb is placed across the device,

driving it out of equilibrium by altering the chemical potentials of the contacts such that µL = µR + Vb.
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Figure 4: Scheme for the a) partition setup and the b) partition-free setup.

For the partition setup case in a) the contacts (L/R) have different chemical potentials µL and µR, being

disconnected from the central region (C) for times t < t0. Both the contacts and the central region are

in local thermal equilibrium, that being, each individual component is in equilibrium within themselves.

At t = t0 the contacts are connected to the central region, driving the system out of equilibrium.

For the partition-free setup case in b) the contacts are connected to the central region at all times, so

that for t < t0 the whole system is in equilibrium, since there is no chemical potential imbalance (µL =

µR = µ). In contrast with the previous scenario where the terminals were put in contact with the central

region, at t = t0 the terminals are already coupled but what changes is that a potential bias is switched

on, altering the chemical potentials of the contacts, thus driving the system out of equilibrium.

originates a current flowing through the system. We also assume that before the contacts were coupled

to the central region, each part of this device was in a local thermodynamic equilibrium.

The assumption that the terminals were disconnected from the device and kept at different potentials

for t < t0 is called the partitioned setup, which is represented in Fig. 4a).

Another possibility would be the partion-free setup (see e.g. Ref. [150]) illustrated in Fig. 4b), in

which the terminals and the central system are coupled and in equilibrium in the beginning. Then, at

t = t0, a voltage is applied across the contacts driving the system out of equilibrium, resulting into the

flow of a current through the device. The difference between these two approaches lies in the transient

regime, but, in the asymptotic stationary state in which we are interested in, they agree with each other

[150].

With this being said, before we start with the application of the NEGF formalism for a generic two-
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contact system, it is essential that we make a few comments about the notation employed throughout the

text.

Although in Chapter 3 we reduce the complexity of the formalism by applying it to a 1D toy model,

in this chapter we derive all results generally by not taking into account the dimensionality of the device

(which is implicit in the quantities that we keep unspecified). In this way, we already have the formalism

in the right notation if we actually apply it to the physical 3D system, as it is our intention for future works.

The total Hamiltonian for this system is simply given by

H = HL +HC +HR +
X

`=L,R

(HC` +H`C) (2.1)

where Hx with x = L,C,R is the non-interacting Hamiltonian for the x region and HC`/H`C is the

interacting Hamiltonian between the lead ` and the central region C , with H`C = H†
C`

.

We write the generic Hamiltonian for any component of this system as

Hx =
X

↵�

H↵�

x
cx†
↵
cx
�

where the label x = L,C,R defines the region being described byH↵�

x
, where ↵, � are the state labels

of the subsystem x and cx
�
cx†
�
is the electronic annhilation (creation) operator for the region x, which

obey the following fermionic anti-commutations relations

n
cx†
↵
, cy†

�

o
= 0 (2.2)

�
cx
↵
, cy

�

 
= 0 (2.3)

�
cx†
↵
, cy

�

 
= �↵,��x,y (2.4)

The Hamiltonian describing the hopping of electrons from the central region to the contact ` = L,R,

which is switched on at the time t = t0, is given by

HC` =
X

↵�

V ↵�

C`
cC†
↵
c`
�

(2.5)

with V �↵

`C
=
h
V ↵�

C`

i†
.

We also remark that the Hamiltonian HC for the central region might include interactions, which will

be the topic of discussion in section 2.6.
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2.2 Equation of motion for the current operator

The current flowing from the ` contact to the central region is measured by the rate that the number of

electrons in the ` contact changes over time, which is formulated as

I`!C = �qe
dN `

dt
(2.6)

where N ` is the electron number operator for the ` contact, defined as

N ` =
X

�

c`†
�
c`
�

(2.7)

and qe is the electron’s charge.

The time derivative of N ` can be evaluated through the operator’s equation of motion method, so

that we start with Heisenberg’s equation

dN `

dt
=

i

} [H ,N `] (2.8)

where the total Hamiltonian H is given by Eq. 2.1.

Since [Hm, N`] = 0 with m 6= `, this last expression can be simplified by including only the

Hamiltonians present in Eq. 2.1 that are related to the ` region, so that we have

dN `

dt
=

i

} [H ,N `]

=
i

} ([H`,N `] + [HC`,N `] + [H`C ,N `]) (2.9)

Since [H`,N `] is also zero, Eq. 2.9 becomes

dN `

dt
=

i

} [(HC` +H`C) , N`]

=
i

}
X

↵��

⇣
V ↵�

C`

⇥
cC†
↵
c`
�
, c`†

�
c`
�

⇤
+ V �↵

`C

h
c`†
�
cC
↵
, c`†

�
c`
�

i⌘
(2.10)

where we still need to calculate
⇥
cC†
↵
c`
�
, c`†

�
c`
�

⇤
and

h
c`†
�
cC
↵
, c`†

�
c`
�

i
.

Using the properties

[AB,C] = A [B,C] + [A,C]B (2.11)

[AB,C] = A {B,C}� {A,C}B (2.12)
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and by replacing the anti-commutators with Eqs. 2.4 and simplifying, we obtain

dN `

dt
=

i

}
X

↵�

h
V ↵�

C`
cC†
↵
c`
�
� V �↵

`C
c`†
�
cC
↵

i
(2.13)

From this, the expectation value of the current given by equation 2.6 is

hI`!Ci (t) = �qe

⌧
dN `

dt

�
(t)

= �qe
i

}
X

↵�

h
V ↵�

C`

⌦
cC†
↵

(t) c`
�
(t)
↵
� V �↵

`C

D
c`†
�
(t) cC

↵
(t)
Ei

= �qe
X

↵�

h
V ↵�

C`
G<

`C;�↵ (t, t)� V �↵

`C
G<

C`;↵� (t, t)
i

(2.14)

where the G< is the so called lesser Green’s function (GF) (also called correlator or propagator) for the

electrons (fermions), which is defined as

G<

xy;�↵ (t, t
0) =

i

}
⌦
cx†
↵
(t) cy

�
(t0)
↵

(2.15)

where x, y are generic labels for the regions.

Since these will be needed later on, we also introduce the greater GF G> defined as

G>

xy;↵� (t, t
0) = � i

}

D
cx
↵
(t) cy†

�
(t0)
E
, (2.16)

the retarded GF GR as

GR

xy;↵� (t, t
0) = � i

}⇥ (t� t0)
Dn

cx
↵
(t) , cy†

�
(t0)
oE

(2.17)

and the advanced GF GA as

GA

xy;↵� (t, t
0) =

i

}⇥ (t0 � t)
Dn

cx
↵
(t) , cy†

�
(t0)
oE

(2.18)

where all these GF’s are related to each other via the following equation

GR

xy;↵� (t, t
0)�GA

xy;↵� (t, t
0) = G>

xy;↵� (t, t
0)�G<

xy;↵� (t, t
0) (2.19)

Using a matrix notation for the indices ↵, �, we can write it as

hI`!Ci (t) = �qe (Tr [V C` ·G<

`C
(t, t)]� Tr [V `C ·G<

C`
(t, t)]) (2.20)

where the bold quantities are matrices of the type

Mxy =

0

BBBBBB@

M11
xy

M12
xy

M13
xy

· · ·

M21
xy

M22
xy

M23
xy

· · ·

M31
xy

M32
xy

M33
xy

· · ·
...

...
...

. . .

1

CCCCCCA
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with each matrix element encoding the indices ↵, � , the symbol " · " corresponds to the standard matrix

multiplication, x, y are the region labels and the trace is applied over the ↵, � labels in order to obtain

the exact same summation as in Eq. 2.14.

Notice that the GFs in Eq. 2.20 are “mixed”, that being, these GFs contain electron operators for

both the ` contact and the central region. However, our goal is to obtain an expression for the current

from the “point of view” of the central region and treat the contacts as perturbations, which can be done

by assuming that the contacts are non-interacting (they only exist as electrons reservoirs and only weakly

interact with the central region). This separation can be performed by “integrating out” the leads, which

means that we basically isolate the contact operators from the central region operators, thus appearing

“pure” GFs (“pure” meaning that its operators are from only one of the regions). In order to do that, we

need to obtain the expressions for G<

`C
and G<

C`
, which is the scope of the next section.

2.3 Integrating out the contacts

In the previous section, we arrived at a expression for the current flowing from the contact ` to the central

region, present in Eq. 2.20. The GFs present in this equation contain electron operators for both regions,

namely G<

`C
(t, t) and G<

C`
(t, t), from which we want to integrate out the leads.

In order to achieve that, we can modify Eq. 2.20 by replacing those GFs by their corresponding Dyson

equation, which can be obtained by applying the Langreth’s rule for the convolution (present in Eq. A.46

of the Appendix A.3) to the contour ordered Dyson equation present in Eq. A.38 (only considering the

term with the single-particle potential V since there is no self-energy for the lead-central region coupling)

for G`C (s, s0), so that

G
<

`C
(t, t0) =

Z
dt1
⇥
g
<

``
(t, t1) · V `C ·GA

CC
(t1, t

0) + g
R

``
(t, t1) · V `C ·G<

CC
(t1, t

0)
⇤

(2.21)

and that

G
<

C`
(t, t0) =

Z
dt1
⇥
G

<

CC
(t, t1) · V C` · gA

``
(t1, t

0) +G
R

CC
(t, t1) · V C` · g<

``
(t1, t

0)
⇤

(2.22)

where the GF’s with lowercase g are the bare GFs, which do not take into account interactions, and the

GF’s with uppercase G are the dressed GF’s that do take into account interactions.
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Plugging Eqs. 2.21 and 2.22 into Eq. 2.20 leads to

hI`!Ci (t) = �qe

Z
t

t0

dt1Tr
⇥
V C` · g<

``
(t, t1) · V `C ·GA

CC
(t1, t) + V C` · gR

``
(t, t1) · V `C ·G<

CC
(t1, t)

⇤

+ qe

Z
t

t0

dt1Tr
⇥
V `C ·G<

CC
(t, t1) · V C` · gA

``
(t1, t) + V `C ·GR

CC
(t, t1) · V C` · g<

``
(t1, t)

⇤

(2.23)

We can rearrange the third and fourth terms of this expression using the cyclic property of the trace,

which gives

hI`!Ci (t) = �qe

Z
t

t0

dt1Tr
⇥
V C` · g<

``
(t, t1) · V `C ·GA

CC
(t1, t) + V C` · gR

``
(t, t1) · V `C ·G<

CC
(t1, t)

⇤

+ qe

Z
t

t0

dt1Tr
⇥
G

<

CC
(t, t1) · V C` · gA

``
(t1, t) · V `C +G

R

CC
(t, t1) · V C` · g<

``
(t1, t) · V `C

⇤

(2.24)

where we can identify the lesser/retarded/advanced self-energy for the central region due to the coupling

to the ` contact as

⌃</R/A
`

(t, t0) = V C` · g</R/A
``

(t, t0) · V `C (2.25)

allowing us to write hI`!Ci as

hI`!Ci (t) = �qe

Z
t

t0

dt1Tr
⇥
⌃<

`
(t, t1) ·GA

CC
(t1, t) +⌃R

`
(t, t1) ·G<

CC
(t1, t)

⇤
(2.26)

+ qe

Z
t

t0

dt1Tr
⇥
G

<

CC
(t, t1) ·⌃A

`
(t1, t) +G

R

CC
(t, t1) ·⌃<

`
(t1, t)

⇤
(2.27)

Now, we use the following relations

G
R (t, t0) = ⇥ (t� t0) [G> (t, t0)�G

< (t, t0)] (2.28)

G
A (t, t0) = �⇥ (t0 � t) [G> (t, t0)�G

< (t, t0)] (2.29)

to express ⌃R/A
`

as

⌃R

`
(t, t0) = V C` · {⇥ (t� t0) [g>

``
(t, t0)� g

<

``
(t, t0)]} · V `C

= ⇥ (t� t0) [V C` · g>

``
(t, t0) · V `C � V C` · g<

``
(t, t0) · V `C ]

= ⇥ (t� t0) [⌃>

`
(t, t0)�⌃<

`
(t, t0)] (2.30)
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⌃A

`
(t, t0) = �⇥ (t0 � t) [⌃>

`
(t, t0)�⌃<

`
(t, t0)] (2.31)

allowing us to write Eq. 2.26 as

hI`!Ci (t) = �qe

Z
t

t0

dt1 (Tr [G
<

CC
(t, t1) ·⌃>

`
(t1, t)]� Tr [⌃<

`
(t, t1) ·G>

CC
(t1, t)])

� qe

Z
t

t0

dt1 (Tr [⌃
>

`
(t, t1) ·G<

CC
(t1, t)]� Tr [G>

CC
(t, t1) ·⌃<

`
(t1, t)]) (2.32)

Note that in this expression there are only “pure” GFs/self-energies, so that the current is obtained

from the “perspective” of the central region (encoded by G7
CC

). The coupling to the contacts is encoded

in the self energies ⌃7
`
, which in the next sections are going to be treated as perturbations to the central

region. We remark that⌃7
`
correspond to the self-energy of the isolated lead, hence the term "integrating

out the leads".

2.4 Current in the stationary limit

In this section, we assume that given enough time, the system will stabilize to a stationary regime where

the current does not change with time, meaning that the system acquires time translation symmetry.

Therefore, we aim to obtain the expression for the current that flows in this stationary regime, that

being, at times much larger than the initial time t0 when the system has been taken out of equilibrium

(long after the contacts have been coupled to the central region). We remark that with this approach we

are in fact neglecting the transient phenomena that occur shortly after the perturbation being switched on.

Mathematically speaking, when this stationary behavior is achieved, all generic functions (here denoted

by F ) have their arguments changed as follows

F (t1, t2) ! F (t1 � t2) (2.33)

which is equivalent to taking the limit t� t0 ! 1 so that all two-time quantities become only dependent

on the difference between those two times.

Therefore, in the stationary limit Eq. 2.32 becomes

hI`!Ci (t) = �qe

Z
t

t0

dt1 (Tr [G
<

CC
(t� t1) ·⌃>

`
(t1 � t)]� Tr [⌃<

`
(t� t1) ·G>

CC
(t1 � t)])

� qe

Z
t

t0

dt1 (Tr [⌃
>

`
(t� t1) ·G<

CC
(t1 � t)]� Tr [G>

CC
(t� t1) ·⌃<

`
(t1 � t)])

(2.34)
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Going to the frequency domain, the stationary condition means that all two-time quantities can be

written as a Fourier transform in time

F (t1, t2) ! F (t1 � t2)

=

Z
d!

2⇡
F (!) e�i!(t1�t2) (2.35)

Thus, we can replace G?
CC

and ⌃?
`
in Eq. 2.32 by their corresponding Fourier transforms present

in the last couple of equations, and by using the cyclic property of the trace and manipulating a little we

obtain

hI`!Ci (t) = qe

Z
d!

2⇡

Z
d!0

2⇡

Z
t

t0

dt12 cos [(! � !0) (t1 � t)] Tr [G>

CC
(!) ·⌃<

`
(!0)]

� qe

Z
d!

2⇡

Z
d!0

2⇡

Z
t

t0

dt12 cos [(! � !0) (t1 � t)] Tr [⌃>

`
(!0) ·G<

CC
(!)] (2.36)

The time integral can be evaluated as follows

2

Z
t

t0

dt1 cos [(! � !0) (t1 � t)] =
2

(! � !0)
sin [(! � !0) (t� t0)] (2.37)

such that the current becomes

hI`!Ci (t) =qe

Z
d!

2⇡

Z
d!0

2⇡

2 sin [(! � !0) (t� t0)]

(! � !0)

Tr [G>

CC
(!) ·⌃<

`
(!0)]� Tr [⌃>

`
(!0) ·G<

CC
(!)] (2.38)

The mathematical assumption made for the the stationary limit is that t� t0 ! 1, meaning that in

this regime we can take the following limit

lim
t�t0!1

2 sin [(! � !0) (t� t0)]

(! � !0)
= 2⇡� (! � !0) (2.39)

and the expression for the current is then found to be

J`!C = lim
t�t0!1

hI`!Ci (t)

= qe

Z
d!

2⇡
(Tr [G>

CC
(!) ·⌃<

`
(!)]� Tr [⌃>

`
(!) ·G<

CC
(!)]) (2.40)

We have arrived to the key equation that will be used for the rest of our endeavor. In the next sections

we further develop it by making assumptions about G and ⌃. Firstly, we study the non-interacting

case, where we assume that the self-energy ⌃ of the central system arises solely from the coupling with

the leads, thus neglecting any interaction. Such interactions between the electrons and bosons are then

considered, where we will employ a perturbative scheme to obtain corrections to the current, up to second

order in the interaction. In both of these cases Eq. 2.40 is the start point.
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2.5 Non-interacting case: the Landauer formula

Before we consider the possible interactions that can occur in the central system, which will be the topic

of the next section, it is insightful to explore the case where we neglect any kind of interactions.

In order to apply the ballistic transport assumption, we take the Keldysh equation, derived in Eq. A.44

of Appendix A.2, which in frequency domain is given by

G
7
CC

(!) = G
R

CC
(!) ·⌃7

CC
(!) ·GA

CC
(!) (2.41)

and we assume that the self-energy ⌃7
CC

for the central region has only contributions from the coupling

with the leads (thus neglecting any other interactions in the central region) so that

⌃7
CC

(!) = ⌃7
L
(!) +⌃7

R
(!) (2.42)

Plugging these last two equations into Eq. 2.40 leads to

J`!C = qe

Z
d!

2⇡

�
Tr
⇥
⌃>

`
(!) ·GR

CC
(!) ·⌃<

`0 (!) ·GA

CC
(!)
⇤
�

�Tr
⇥
⌃<

`
(!) ·GR

CC
(!) ·⌃>

`0 (!) ·GA

CC
(!)
⇤�

(2.43)

We notice that in the definition for ⌃7
`
present in Eq. 2.25 we have g7

``
which is the lead’s “free” GF,

that being, the GF for the lead when it was disconnected from the rest of the system. Thus, we can write

g
7
``

in equilibrium [156] by using the fluctuation-dissipation theorem as

g
<

``
(!) = if` (!) i

⇥
g
R

``
(!)� g

A

``
(!)
⇤

(2.44)

g
>

``
(!) = �i (1� f` (!)) i

⇥
g
R

``
(!)� g

A

``
(!)
⇤

(2.45)

so that by plugging these expressions into Eq. 2.25 we end up with

⌃<

`
(!) = if` (!)�` (!) (2.46)

and

⌃>

`
(!) = �i (1� f` (!))�` (!) (2.47)

where we have introduced the so called level width function �` (!), which is defined as

�` (!) = i
⇥
⌃R

`
(!)�⌃A

`
(!)
⇤

= iV C` ·
⇥
g
R

``
(!)� g

A

``
(!)
⇤
· V `C (2.48)
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and also the Fermi-Dirac distribution f` (!), defined as

f` (!) =
1

e(}!�µ`)/kBT + 1
(2.49)

Therefore, choosing the L ! R direction for the current, we can rewrite Eq. 2.43 as

JL!C = qe

Z
d!

2⇡
[fR (!)� fL (!)] T (!) (2.50)

which is commonly known as the Landauer formula, where we have defined the elastic transmission

function T (!) as

T (!) = Tr
⇥
�L (!) ·GR

CC
(!) · �R (!) ·GA

CC
(!)
⇤

(2.51)

also known as the Caroli formula.

Historically, Landauer derived a formula [157] for the current at the expense of a transmission function,

where the last one was described via transmission/reflection coefficients (and not via GFs). On the other

hand, Caroli was the first to use NEGF in mesoscopic transport in a series of 4 papers [151, 158, 159,

160]. Usually, in the context of mesoscopic transport, a “Landauer-like” formula is any expression that

relates the current with the integral of the difference of two Fermi distributions and a quantity that can be

seen as a transmission function. However, since Caroli was pioneer in using NEGF in this context, some

authors also call these results a Caroli formula, specially when the transmission function is related to GFs.

Because of this, among other reasons, the nomenclature is still not well established in the field, meaning

that the same expression can sometimes be either called Caroli formula or Landauer formula, depending

on the source.

We also remark that this result was obtained by assuming that the system was non-interacting. In the

next section, we investigate the case where the central region supports interactions with a thermal bath

of bosons.

2.6 Elastic and inelastic current in the presence of interacti-

ons

Until now, we have only considered the Hamiltonian in Eq. 2.1 where the electrons in the central region

are taken to be non-interacting.

In this section we consider the case where there are interactions in the central region. In order to

account such interaction, we introduce the Hamiltonian H int (left unspecified for now) into the central
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region, so that the total Hamiltonian for that sub-system is now HC +Hb +H int, with Hb being the

independent particle Hamiltonian for the bosons.

Introducing H int to the problem means that the self-energy expressed in Eq. 2.42 gets an additional

term ⌃int, so that

⌃7
CC

(!) = ⌃7
L
(!) +⌃7

R
(!) +⌃7

int (!) (2.52)

which leads to the rise of an additional contribution to the current due to the scattering of the electrons

with the bosons in the central region. Throughout this work, we shall treat this interacting contribution

perturbatively, focusing on low order terms. As we will show later in this work, higher order terms are

small enough so that we can safely discard them.

Nonetheless, as we show below, the total current flowing through the device can be written as having

two contributions: the elastic and the inelastic currents. The elastic current arises solely from the fact that

the contacts have different chemical potentials, which naturally leads to the flow of a current where the

energy of the flowing electrons does not change. However, the introduction of the interacting Hamiltonian

H int also leads to the re-normalization of the elastic current, which we discuss further below on this

section. In order to split the current into its elastic/inelastic contributions, we start by replacing G7
CC

in

Eq. 2.40 by the Keldysh equation given by Eq. A.44 (in frequency domain and stationary limit) so that

the current becomes

JL!C = qe

Z
d!

2⇡
(Tr [⌃<

L
(!) ·G>

CC
(!)]� Tr [⌃>

L
(!) ·G<

CC
(!)])

= qe

Z
d!

2⇡

�
Tr
⇥
⌃<

L
·GR

CC
·⌃>

CC
·GA

CC

⇤
� Tr

⇥
⌃>

L
·GR

CC
·⌃<

CC
·GA

CC

⇤�
(2.53)

where we have hidden the frequency dependency of all quantities for simplicity.

We proceed by splitting ⌃7
CC

in Eq. 2.52 into a elastic contribution given by

⌃7
el = ⌃7

L
+⌃7

R
(2.54)

which was the self-energy that we used in the previous subsection for the non-interacting case, and an

inelastic contribution such as

⌃7
inel = ⌃7

int (2.55)

Therefore, we can write the current as having elastic and inelastic contributions as

JL!C = J el
L!C

+ J inel
L!C

(2.56)
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with

J el
L!C

= qe

Z
d!

2⇡

�
Tr
⇥
⌃<

L
·GR

CC
·⌃>

el ·GA

CC

⇤
� Tr

⇥
⌃>

L
·GR

CC
·⌃<

el ·GA

CC

⇤�
(2.57)

and

J inel
L!C

= qe

Z
d!

2⇡

�
Tr
⇥
⌃<

L
·GR

CC
·⌃>

int ·GA

CC

⇤
� Tr

⇥
⌃>

L
·GR

CC
·⌃<

int ·GA

CC

⇤�
(2.58)

Now, in order to further develop these expressions we need to find an explicit form for ⌃int. For that,

we start by describing the interaction between the electrons and bosons.

2.6.1 Electron-boson interaction

In order to tackle the problem of finding the expression for⌃int, we need to introduce either the Hamiltonian

Hb for the free bosons, which is given by

Hb =
X

�

}!�a
†
�
a� (2.59)

and the Hamiltonian H int for the electron-boson interaction that reads

H int =
X

↵��

M↵� (�) c
†
↵
c��� (2.60)

=
X

�

c
† ·M� · c��

where a�
⇣
a†
�

⌘
is the annihilation (creation) operator of a boson in the state � with energy }!�, �� =

⇣
a� + a†

�

⌘
/
p
2 is a bosonic field operator and M� (for now left unspecified) is the matrix that couples

the electrons to the state � boson.

We are interested in performing a perturbative expansion on the interaction up to second order in

M�. Up to this order, the relevant contributions are the Hartree and the Fock diagrams. However, we

can neglect the Hartree term since it originates a self-energy of the type

⌃H (t1, t2) / � (t1 � t2) (2.61)

that is diagonal in time, giving rise to a retarded/advanced contribution to the self-energy but not to a

greater/lesser contribution, which in turn are the ones directly linked into the kinetic properties (currents,

particle densities...) [148]. As a matter of fact, for the cases where the interacting Hamiltonian is of the

form
P

k,q Mqc
†
k+qck�q with Mq=0 = 0 (e.g. electron-phonon interaction), the Hartree diagram does

not appear at all.
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Therefore, we focus on the Fock contribution for ⌃int, which in the contour ordered time domain

(derived in Eq. A.66 of Appendix A.4) is given by

⌃int (s, s
0) = i

X

�1�2

M�1 ·GCC (s, s0) ·M�2D�1�2 (s, s
0) (2.62)

where D�1�2 (s, s
0) is the contour-ordered bosonic GF.

From the formalism that is derived in this section, we are able to tackle the interaction of the electrons

in the central system with any type of bosons, such as phonons, excitons, plasmons, etc..., being only a

matter of specifying the bosonic Hamiltonian Hb and the electron-boson interaction H int.

We now proceed to obtain the desired expressions for either J el
L!C

and J
inel
L!C

by performing a

perturbative expansion on ⌃int to retain terms up to |M�|2.

2.6.2 Elastic current up to second order inM�

In order to obtain an explicit expression for the elastic current, we take Eq. 2.57 and replace ⌃7
el by Eq.

2.54, which in turn we replace ⌃7
`
by Eqs. 2.46 and 2.47, so that we obtain

J el
L!C

= qe

Z
d!

2⇡
(fL � fR) Tel (2.63)

with the transmission function Tel given by

Tel = Tr
⇥
�L ·GR

CC
· �R ·GA

CC

⇤
(2.64)

where GR/A are the fully dressed electronic GFs for the central region. These obey the Dyson equation

G
R/A
CC

(!) = g
R/A
CC

(!) + g
R/A
CC

(!) ·⌃R/A
int (!) ·GR/A

CC
(!) (2.65)

where gR/A
CC

only takes into account the effect of the leads and not of the interactions.

In order to break the self-consistency of the Dyson equation, we iterate it once and keep only linear

terms in ⌃int (which in turn is quadratic in M↵) as follows

G
R/A
CC

(!) ' g
R/A
CC

(!) + g
R/A
CC

(!) ·⌃R/A;(2)
int (!) · gR/A

CC
(!) (2.66)

where⌃R/A;(2)
int (!) can be obtained from the contour-ordered self-energy⌃(2)

int up to second order, which

is given by

⌃(2)
int (s, s

0) = i
X

�1�2

M�1 · gCC
(s, s0) ·M�2D�1�2 (s, s

0)

by applying the Langreth rule in Eq. A.50 of Appendix A.3 and Fourier transforming (as is done below).
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Introducing this approximation into Eq. 2.64 we obtain

Tel = Tr
⇥
�L ·GR

CC
· �R ·GA

CC

⇤

' Tr
⇥
�L · gR

CC
· �R · gA

CC

⇤
+ Tr

h
�L · gR

CC
·⌃R;(2)

int · gR

CC
· �R · gA

CC

i

+ Tr
h
�L · gR

CC
· �R · gA

CC
·⌃A;(2)

int · gA

CC

i
+ Tr

h
�L · gR

CC
·⌃R;(2)

int · gR

CC
· �R · gA

CC
·⌃A;(2)

int · gA

CC

i

(2.67)

The first term does not account for the interactions in the central region and leads to the following contri-

bution to the elastic current

J el,(0)
L!C

= qe

Z
d!

2⇡
(fL � fR) Tr

⇥
�L · gR

CC
· �R · gA

CC

⇤
(2.68)

Also, since we are only keeping linear terms in ⌃R/A;(2)
int , we can discard the last term and only focus on

the remaining two terms

T (2)
el = Tr

h
�L · gR

CC
·⌃R;(2)

int · gR

CC
· �R · gA

CC

i

+ Tr
h
�L · gR

CC
· �R · gA

CC
·⌃A;(2)

int · gA

CC

i
(2.69)

Therefore, the first order correction to the elastic current that arises from the electron-boson interaction

is given by

J el,(2)
L!C

= qe

Z
d!

2⇡
(fL � fR) T (2)

el

= qe

Z
d!

2⇡
(fL � fR) Tr

h
�L · gR

CC
·⌃R;(2)

int · gR

CC
· �R · gA

CC

i

+ qe

Z
d!

2⇡
(fL � fR) Tr

h
�L · gR

CC
· �R · gA

CC
·⌃A;(2)

int · gA

CC

i
(2.70)

where we need to find the explicit expression for⌃R/A;(2)
int . In order to do that we apply the Langreth’s rule

for the retarded/advanced component of a parallel product (Eq. A.50 of Appendix A.3) into ⌃int (s, s0)

and Fourier transform while assuming the stationary limit so that

⌃R

int (!) = i
X

�1�2

Z
d⌫

2⇡

⇥
M�1 ·G<

CC
(! � ⌫) ·M�2D

R

�1�2
(⌫) +M�1 ·GR

CC
(! � ⌫) ·M�2D

>

�1�2
(⌫)
⇤

(2.71)

Furthermore, we assume that the system that hosts the bosons is in thermal equilibrium and that

the interaction with the electrons does not affect its equilibrium properties. It can be seen as the system

hosting the bosons being a thermal reservoir in which the central region is immersed in, so that we can
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safely neglect the small perturbation that the bosons feel from the interaction with the electrons. This

assumption allows us to take DR

�1�2
(⌫) to be the independent bosonic GF, which then can be written as

DR

�1�2
(⌫) = ��1,�2


1

⌫ � !� + i0+
� 1

⌫ + !� + i0+

�
(2.72)

so that ⌃R

int (!) becomes

⌃R

int (!) = i
X

�

Z
d⌫

2⇡
M�1 ·G<

CC
(! � ⌫) ·M�2


1

⌫ � !� + i0+
� 1

⌫ + !� + i0+

�

� i
X

�

Z
d⌫

2⇡
M�1 ·GR

CC
(! � ⌫) ·M�22⇡i [(1 + b (!�)) � (⌫ � !�) + b (!�) � (⌫ + !�)]

(2.73)

where we have used Eq. 2.82.

If we work at T = 0K, the Bose-Einstein distribution b (x) present in Eq. 2.84 behaves as

lim
T!0

b (x) = �⇥ (�x) (2.74)

and assuming !� > 0, we have that b (!↵)
T=0K
= 0, which simplifies the expression for ⌃R

int as

⌃R

int (!) = i
X

�

Z
d⌫

2⇡
M�1 ·G<

CC
(! � ⌫) ·M�2


1

⌫ � !� + i0+
� 1

⌫ + !� + i0+

�

+
X

�

M�1 ·GR

CC
(! � !�) ·M�2 (2.75)

Additionally, by using the Keldysh equation for G< we obtain

⌃R

int (!) =
X

�

M�1 ·GR

CC
(! � !�) ·M�2+

+ i
X

�

Z
d⌫

2⇡
M�1 ·GR

CC
(! � ⌫) ·⌃<

CC
(! � ⌫) ·GA

CC
(! � ⌫) ·

·M�2


1

⌫ � !� + i0+
� 1

⌫ + !� + i0+

�
(2.76)

Since that we only seek terms up to |M�|2, we can replace the full GFs GR/A
CC

present in the right

hand side by the bare GFs gR/A
CC

and also replace ⌃<

CC
= ⌃<

L
+⌃<

R
to obtain
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⌃R;(2)
int (!) =

X

�

M�1 · gR

CC
(! � !�) ·M�2+

+ i
X

�

Z
d⌫

2⇡
M�1 · gR

CC
(! � ⌫) · [⌃<

L
(! � ⌫) +⌃<

R
(! � ⌫)] ·

· gA (! � ⌫) ·M�2


1

⌫ � !� + i0+
� 1

⌫ + !� + i0+

�
(2.77)

Since we consider both leads to be identical we can assume that �L = �R = �, so that by using

Eq. 2.46 in this expression we obtain

⌃R;(2)
int (!) =

X

�

M�1 · gR

CC
(! � !�) ·M�2+

+ i
X

�

Z
d⌫

2⇡
M�1 · gR

CC
(! � ⌫) · 2� (! � ⌫) · gA

CC
(! � ⌫) · (2.78)

·M�2 [fL (! � ⌫) + fR (! � ⌫)]


1

⌫ � !� + i0+
� 1

⌫ + !� + i0+

�

To further elaborate this expression one needs to calculate the integral in the second term. For that,

it is necessary to specify the analytic expressions of the quantities (gR/A, �, M↵ and f`) present in this

equation, that being, one needs to provide a specific system to work on, so that these quantities can be

calculated for that specific system and then replaced in Eq. 2.78.

2.6.3 Inelastic current up to second order inM�

For the inelastic contribution, we use Eqs. 2.46 and 2.47 so that Eq. 2.58 becomes

J inel
L!C

= iqe

Z
d!

2⇡
fLTr

⇥
�L ·GR

CC
·⌃>

int ·GA

CC

⇤

+ iqe

Z
d!

2⇡
(1� fL) Tr

⇥
�L ·GR

CC
·⌃<

int ·GA

CC

⇤
(2.79)

where ⌃<

int is given by Eq. 2.87.

In the lowest order in M�, the last equation is given by

J inel;(2)
L!C

= iqe

Z
d!

2⇡
fLTr

h
�L · gR

CC
·⌃(2);>

int · gA

CC

i

+ iqe

Z
d!

2⇡
(1� fL) Tr

h
�L · gR

CC
·⌃(2);<

int · gA

CC

i
(2.80)

where we need to find the explicit expression for ⌃(2);7
int .

26



For that, we apply the Langreth’s rule (present in Eq. A.49 of Appendix A.3) for the parallel product

to Eq. 2.62 and Fourier transform it (once again using the stationary limit condition) so that

⌃7
int (!) = i

X

↵1↵2

Z
d⌫

2⇡
M↵1 ·G

7
CC

(! � ⌫) ·M↵2D
7
↵1↵2

(⌫) (2.81)

As we have already mentioned, if we assume that the bosons are in thermal equilibrium, D7
�1�2

(⌫)

can be written as

D7
�1�2

(⌫) = ⌥i2⇡b (±⌫) 2!�1sgn (⌫) ��1,�2�
�
⌫2 � !2

�1

�
(2.82)

and by plugging this in Eq. 2.81 we obtain

⌃7
int (!) = i

X

�1�2

Z
d⌫

2⇡
M�1 ·G

7
CC

(! � ⌫) ·M�2

⇥
⌥i2⇡b (±⌫) 2!�1sgn (⌫) ��1,�2�

�
⌫2 � !2

�1

�⇤

= ±
X

�,s=±1

[±sb (±s!�)]M� ·G7
CC

(! � s!�) ·M� (2.83)

where b (!) is the Bose-Einstein distribution, defined as

b (!) =
1

e}!/kBT � 1
(2.84)

Focusing on the lesser component, if we replace G< by its Keldysh Equation then ⌃<

int becomes

⌃<

int (!) =
X

�,s=±1

[sb (s!�)]M�·GR

CC
(! � s!�)·⌃<

CC
(! � s!�)·GA

CC
(! � s!�)·M� (2.85)

From Eq. 2.46, Eq. 2.52 can be written as

⌃<

CC
= ifL�L + ifR�R +⌃<

int (2.86)

and by inserting it in Eq.2.85 we obtain

⌃<

int (!) =
X

�,s=±1

ifL (! � s!�) [sb (s!�)]M� ·GR

CC
(! � s!�) · �L (! � s!�) ·GA

CC
(! � s!�) ·M�

+
X

�,s=±1

ifR (! � s!�) [sb (s!�)]M� ·GR

CC
(! � s!�) · �R (! � s!�) ·GA

CC
(! � s!�) ·M�

+
X

�,s=±1

[sb (s!�)]M� ·GR

CC
(! � s!�) ·⌃<

int (! � s!�) ·GA

CC
(! � s!�) ·M�

(2.87)

We remark that Eq. 2.87 is a self-consistent equation. Since all terms in Eq. 2.87 are already qua-

dratic in M�, iterating it once will generate terms with |M�|4 that can be already discarded. Therefore,
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in lowest order in the electron-boson interaction we can neglect the last term with⌃<

int and replaceGR/A
CC

by gR/A
CC

so that Eq. 2.87 becomes

⌃(2);<
int (!)

=
X

�,s=±1

ifL (! � s!�) [sb (s!�)]M� · gR

CC
(! � s!�) · �L (! � s!�) · gA

CC
(! � s!�) ·M�

+
X

�,s=±1

ifR (! � s!�) [sb (s!�)]M� · gR

CC
(! � s!�) · �R (! � s!�) · gA

CC
(! � s!�) ·M�

(2.88)

where the greater interacting self-energy ⌃>

int can be obtained by replacing f` ! 1� f` and b (s!↵) !

b (�s!↵) in the previous equation, so that

⌃(2);>
int (!)

=
X

�,s=±1

i [1� fL (! � s!�)] [sb (�s!�)]M� · gR

CC
(! � s!�) · �L (! � s!�) · gA

CC
(! � s!�) ·M�

+
X

�,s=±1

i [1� fR (! � s!�)] [sb (�s!�)]M� · gR

CC
(! � s!�) · �R (! � s!�) · gA

CC
(! � s!�) ·M�

(2.89)

Replacing ⌃(2);7
int present in Eq.2.79 by the expressions obtained in Eqs. 2.88 and 2.89 leads to

J inel,(2)
L!C

(!) = �
X

�,s=±1

qe

Z
d!

2⇡
fL (!) [1� fL (! � s!�)] [sb (�s!�)] T (�,s),(2)

L,L
(!)

�
X

�,s=±1

qe

Z
d!

2⇡
fL (!) [1� fR (! � s!�)] [sb (�s!�)] T (�,s),(2)

L,R
(!)

�
X

�,s=±1

qe

Z
d!

2⇡
[1� fL (!)] fL (! � s!�) [sb (s!�)] T (�,s),(2)

L,L
(!)

�
X

�,s=±1

qe

Z
d!

2⇡
[1� fL (!)] fR (! � s!�) [sb (s!�)] T (�,s),(2)

L,R
(!) (2.90)

with the one-boson transmission function given by

T (�,s),(2)
`,`0 (!)

= Tr
⇥
�` (!) · gR

CC
(!) ·M� · gR

CC
(! � s!�) · �`0 (! � s!�) · gA

CC
(! � s!�) ·M� · gA

CC
(!)
⇤

(2.91)

Since

�fL (!) [1� fL (! � s!�)] [sb (�s!�)] = [1� fL (!)] fL (! � s!�) [sb (s!�)] (2.92)
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the terms proportional to T (�,s),(1)
L,L

in Eq. 2.90 cancel with each other, leaving only the terms proportional

to T (�,s),(1)
L,R

so that

J inel,(2)
`!C

(!) =
X

�,s=±1

qe

Z
d!

2⇡
f` (!) [1� fm (! � s!�)] [�sb (�s!�)] T (�,s),(2)

`,m
(!)

�
X

�,s=±1

qe

Z
d!

2⇡
[1� f` (!)] fm (! � s!�) [sb (s!�)] T (�,s),(2)

`,m
(!) (2.93)

The cancellation of terms that involve only the occupation factor of one contact must occur in order to

be in agreement with the stationary regime. In this limit, the current that flows in one direction must be

equal to minus the current flowing in the opposite direction, that being IL!R = �IR!L, since that in

the steady state there cannot be any charge accumulation in the device.

We end here the general derivation of the NEGF formalism for mesoscopic transport. For one to

further proceed in the calculations, a specific system must be introduced so that the quantities that were

left unspecified gain form, allowing the development of the expressions. Therefore, in the next chapter

we apply the results shown here to a specific system consisting of two semi-infinite one-dimensional tight-

binding chain of atoms coupled to a single-level site.
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Chapter 3

Application to an one-dimensional toy-model

In this chapter we apply the methods introduced in the last chapter in lowest order perturbation theory to an

one-dimensional toy-model. This allow us to simplify the expressions in order to obtain the corresponding

I -V curves. These curves show interesting features such as the opening of additional tunneling channels

due to the interactions present in the central region, which in addition to introducing corrections to the

elastic current, also give rise to the flow of an inelastic current.

3.1 Introduction to the model

3.1.1 The 1D model Hamiltonian

Now that we have established the theoretical foundations to obtain the current that arises in two-contact

devices, we proceed to apply this formalism to a one dimensional toy-model. Although very simple in

its nature, this model still captures most of the relevant physical properties that we are looking for in

the 3D physical system. As a matter of fact, this model more directly corresponds to the double barrier

heterostructure (DBHS) made of GaAs and AlGaAs, studied almost 40 years ago (see Ref. [161]), where

resonant tunneling with and without emission of an optical phonon was observed. This structure and the

I-V curves with phonon-assisted tunneling are shown in Fig. 5 reproduced from that same article.

Our toy model consists of two leads connected to a central system whose Hamiltonian is

H = HC +
X

`=L,R

(H` +HC` +H`C) (3.1)

with H` being the Hamiltonian for a tight-binding chain of atoms

H` =
X

n

⇣
hc†

`,n
c`,n + tc†

`,n
c`,n+1 + tc†

`,n+1c`,n
⌘
, (3.2)

where n is the site label, h the on-site energy, t the nearest neighbor hopping potential and HC`/H`C
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Figure 5: Images reproduced from [161]. Left: The conduction-band energy diagram of a DBHS under

a bias voltage V . Shown schematically is a LO-phonon assisted tunneling event, where an electron in the

left contact (filled up to the Fermi energy EF ) tunnels to the central region level E0 by emitting a phonon

with energy }!0. Subsequently, the electron leaves the well by tunneling through the collector barrier.

Right: The I-V and dI/dV-V curves of the DBHS. The dashed vertical lines show the switching between

the high and low current states [162]. The dotted line (drawn by hand) indicates the background current

in the replica peak region.
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being the Hamiltonian for the coupling between the central region and the first site of each chain

HC` = VC`c
†
C
c`,1, (3.3)

H`C = V`Cc
†
`,1cC (3.4)

with VC` = [V`C ]
† being the hopping potential between the central site and the first site of the ` chain.

Also, the Hamiltonian HC for the central region is

HC = H0
C
+Hb +Hint

with the single-particle term given by

H0
C
= "0c

†c,

where "0 is the energy of the single-level, the free boson term given by

Hb =
X

�

}!�a
†
�
a�

where !� is the energy of a boson in the �-mode and the electron-boson interaction given by

Hint =
X

�

M (�) c†
C
cC��

where M↵� (�) is the interaction matrix that couples the electron operators with the bosonic field ��.

The leads are modeled as being two semi-infinite 1D tight-binding chain of atoms and the central

region is nothing more than a single-level quantum-dot, as depicted in Fig.6.

We also remark that the left and right leads have different chemical potentials, differing by an amount

Vb = µL � µR. This can be understood as applying an external voltage difference Vb in our system,

giving rise to a current flowing through the system. Additionally, we have introduced a generalized bosonic

excitation in the central region, which can model excitations such as phonons, excitons, plasmons, etc...

The interplay between all the energy levels is illustrated in Fig. 7.

As we will readily see, we can extract interesting physical aspects from this idealized system, with the

advantage that this specific model allows us to simplify the previously derived expressions for both the

transmission function T (!) and the current JL,R. To evaluate these quantities, we start by obtaining

the analytic expressions for the lead’s independent GF gR
``
(!), the level width functions �` (!) and the

central region GF GR

CC
(!).
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Figure 6: Two semi-infinite 1D tight-binding chains of atoms (green circles) connected to a single-level

quantum-dot (red circle) that is in a thermal bath of bosons (blue region).

The atoms on the chains have on-site energies h and nearest neighbor hopping potential t. These chains

serve as electrical contacts for the system and have chemical potentials µL and µR, with µL > µR. The

leads are connected to the central region via the hopping potential VC`/V`C , with ` = L,R.

The central region’s quantum dot has a on-site energy given by "0, which is coupled to the bosonic bath

via the interaction matrix element Mint (in purple).

3.1.2 Green’s function for the leads

We start this analysis by obtaining an expression for gR
``
, which is the GF for the isolated lead. For that,

consider the Hamiltonian H` of a semi-infinite tight-binding chain

H` =

2

6666664

h t

t† h t

t†
. . . . . .

. . .

3

7777775
(3.5)

We remark that so far the lower index ` in a function states which of the leads the function corresponds

to. However, for this derivation the lower indexes correspond to the specific site of the semi-infinite chain,

so that we write the retarded GF for this region simply as gR. After this derivation is complete, we go back

to the older notation where the lower indexes are label the region, such as in gR
``
.
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Figure 7: Diagram of the relevant energy levels. The left gray bar corresponds to the Fermi level of the left

lead, µL, and the right bar to the Fermi level of the right lead, µR. These levels differ by an amount of Vb

that corresponds to the applied bias voltage. In the middle of the two Fermi levels there is the energy level

of central region "0 (purple). Additionally, due to the interactions that occur in the central region, which

are going to be treated up to second order in perturbation theory, both an inelastic current and a second

order correction to the elastic current arise. Thus, we have also included the levels "0 ± !� (in blue/red,

respectively) in the left/right contacts since they have an important role for those contributions to the total

current (up to second order). If we kept higher order terms more energy levels would become relevant.
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Figure 8: Scheme of a semi-infinite one-dimensional tight-binding chain of atoms (top) that we consider

to be the contacts of our 1D two-contact device. Such structure can be seen as a single atom (labeled as

0) coupled to a similar semi-infinite chain (bottom).

By definition, the Green’s function gR is the solution of
2

6666664

! � h �t

�t† ! � h �t

�t†
. . . . . .
. . .

3

7777775

2

6666664

g1,1 g1,2 g1,3 · · ·

g2,1 g2,2 g2,3 · · ·

g3,1 g3,2 g3,3 · · ·
...

...
...

. . .

3

7777775
=

2

6666664

1

1

1
. . .

. . . . . .

3

7777775
(3.6)

where we simplified the notation as gR/A
nm ! gnm, with n,m being the site labels.

In order to continue the derivation, we note that this semi-infinite chain can be seen from a quite

useful perspective. Lets imagine that we removed, say, the first site of the chain. Even so, we would still

end up with a semi-infinite chain just like the previous one, the difference being that this new semi-infinite

chain would have an extra site coupled to the first one, as depicted in Fig. 8.

Thus, if we treat the hopping between this spare site and the rest of the chain as a perturbation, we

can obtain the following equations

g = g0 + g0 · T · g (3.7)

g = g0 + g · T · g0 (3.8)
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where g0 is the Green’s functions of the system where the first site is disconnected from the rest of the

chain

g0 =

2

6666664

! � h 0

0 ! � h �t

�t†
. . . . . .
. . .

3

7777775

�1

(3.9)

and

T =

2

6666664

0 t

t† 0 0

0 0
. . .

. . . . . .

3

7777775
(3.10)

which connects the first site to the rest of the chain.

From these we obtain the following relations

g1,1 = g01,1 + g01,1 · T1,2 · g2,1 (3.11)

g2,1 = g02,2 · T2,1 · g1,1 (3.12)

that we can combine, yielding

g1,1 =
⇥
! � h� t · g02,2 · t†

⇤�1
(3.13)

We have arrived to an expression for g1,1 that depends on g02,2. We can change this dependency by

noticing that g02,2 is the GF for the first site of the new semi-infinite chain, which is exactly the same GF

as the one that we want to calculate, g1,1. Therefore, we have have that g2,2 = g1,1, such that we obtain

the relation

|t|2 [g1,1]2 � [! � h] g1,1 + 1 = 0 (3.14)

where we have used the fact that all variables are scalars. This is only a quadratic equation, so the

solutions are

g1,1 =
1

2t2


! ± i0+ � h±

q
[! ± i0+ � h]2 � 4t2

�
(3.15)

where we performed an analytic continuation on !. Since we are looking for gR, we choose the solution

that has a negative imaginary part so that we end up with

gR1,1 (!) =
1

t

2

4
✓
! + i0+ � h

2t

◆
� i

s

1�
✓
! + i0+ � h

2t

◆2
3

5 (3.16)

which is depicted in Fig. 9 (top). 1

1 Note: Throughout this work, all plotted quantities are calculated with respect to the lead’s hopping parameter t.
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Figure 9: On the top line, the real (blue) and imaginary (red) parts of gR
``

are plotted for t = 0.4 (left)

and t = 0.6 (right), with h = 0. Both real and imaginary parts change abruptly at ! = h ± 2t. For

|! � h| > 2t the real part smoothly decays to zero and the imaginary part goes abruptly to zero. On

the bottom line, �` is plotted, where in the left we vary t (with h = 0.1 and VC` = 0.5) and in the

right we vary h (with t = 0.5 and VC` = 0.5). For small enough t it can be seen that �` is truncated at

! = h±2t. As t increases, the curve gets smaller and broader, tending to a constant value (black curve).

Varying h leads to a horizontal shift of the whole plot. All these features are inherited from =
⇥
gR
``

⇤
.
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Thus the GF for the lead ` is

gR
``
(!) =

1

t

2

4
✓
! + i0+ � h

2t

◆
� i

s

1�
✓
! + i0+ � h

2t

◆2
3

5 (3.17)

where we are back with the old notation where ` is the label for the lead.

3.1.3 Level width functions

Now we focus on the level width functions �` that we have already mentioned in Chapter 2. From Eqs.

2.46 and 2.47 we have that

�` (!) = i [⌃>

`
(!)� ⌃<

`
(!)]

= i
⇥
⌃R

`
(!)� ⌃A

`
(!)
⇤

(3.18)

and since ⌃A

`
=
⇥
⌃R

`

⇤†
(inherited from the same property of GA) we have

�` = �2=
⇥
⌃R

`
(!)
⇤

(3.19)

Now, the lead induced self-energy ⌃R

`
is given by Eq. 2.25 as

⌃R

`
(!) = |VC`|2 gR`` (!) (3.20)

so that we have

�` = �2 |VC`|2 =
⇥
gR
``
(!)
⇤

(3.21)

Plugging Eq. 3.17 we obtain

�` = 2
|VC`|2

t
<

8
<

:

s

1�
✓
! + i0+ � h

2t

◆2
9
=

; (3.22)

which is shown in Fig. 9 (bottom).

3.1.4 Central region’s Green’s Function

In order to obtain the Green’s function for the central region GR

CC
(from which we can obtain GA

CC
since

GA

CC
=
⇥
GR

CC

⇤†
), we note that this GF obeys the Dyson equation, which states that
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GR

CC
(!) = gR

CC
(!) + gR

CC
(!) ·

⇥
⌃R

L
(!) + ⌃R

R
(!)
⇤
·GR

CC
(!) (3.23)

where gR
CC

is the the central region “bare” GF and ⌃R

`
takes into account the coupling with the leads.

We can rewrite this equation by left-multiplying with
⇥
gR
CC

⇤�1
so that we obtain

GR

CC
=

1

[gR
CC

]
�1 � ⌃R

L
� ⌃R

R

(3.24)

On the other hand, gR
CC

can be expressed as

gR
CC

(!) =
1

!I�HC

(3.25)

which for this particular system we can simply write as

gR
CC

=
1

! � "0
(3.26)

because the Hamiltonian of the central region for this particular system has the simple form

HC = "0c
†c

where c (c†) is the electronic creation (annihilation) operator and "0 is the energy for the central region.

Therefore, the Green’s function for the central region, plotted in Fig. 10 is

GR

CC
(!) =

1

! � "0 � ⌃R

L
(!)� ⌃R

R
(!)

(3.27)

where ⌃R

`
(` = L,R) is given by Eq.2.25 and accounts for the lead induced dissipation.

We are now equipped with the analytical background needed to further develop the expression for the

elastic / inelastic transmission function, and from that the elastic / inelastic current.

3.2 Lowest order elastic transport (without perturbation)

Now that we have obtained the specific expressions of the several quantities for this 1D model, we can

now proceed to simplify the perturbative results obtained in chapter 2 in order to get the final results for

the transmission function and then the current flowing through this system. We begin by dealing with the

elastic transmission in this section.
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Figure 10: Plot of the real (left) and imaginary (right) parts ofGR

CC
with h = 0, VC` = 0.5, "0 = 0.2 for

t = 1, 2, 3. These quantities display their relevant features around ! = "0. It can also be seen that as t

increases, both the real and imaginary parts are broadened and smoothed.

3.2.1 Elastic transmission function T (0)
el

We start by studying the lowest order elastic current, which was derived in Eq. 2.68, and the corresponding

transmission function was given by

T (0)
el = �L · gR

CC
· �R · gA

CC
(3.28)

where we have suppressed the dependence in ! of the several quantities.

With these considerations, by using Eqs. 3.27 and 3.19 the analytical expression for T (0)
el becomes

T (0)
el =

�2

(! � "0 � 2< [⌃R])2 + (2= [⌃R])2
(3.29)

which corresponds to a Lorentzian-like curve centered at "0 + 2<
⇥
⌃R
⇤
with width 2=

⇥
⌃R
⇤
, where we

have used the fact that both leads are equivalent
�
⌃R

L
= ⌃R

R

�
, thus removing the region notation in ⌃R

We can further simplify this expression by employing the so called Wide Band Limit (WBL). This

consists in neglecting the energy shift stemming from <
⇥
⌃R
⇤
and removing the dependence in ! of

=
⇥
⌃R
⇤
, so that the line width � (!) becomes a constant � [156]. This approximation is justified by

the fact that we are interested in an interval of energies small enough such that we can say that these

quantities are slow-varying throughout that same interval, as can be seen in the bottom-left panel of Fig.

9, where either the red and the black curves are close enough to a constant line. In addition to allowing

considerable simplifications in the analytical expressions, it also leads to features that are actually close

enough to those of real systems.

Therefore, employing the WBL allows us to simplify T (0)
el as
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Figure 11: Plot of the elastic transmission function in the WBL regime, expressed in Eq.3.30, for � =

0.005, 0.025 and 0.05. We remark that it displays a peak marked by a vertical line in blue at ! = "0 =

0.6. Notice that for small � it becomes very localized and it broadens with increasing �.

T (0)
el (!) = �

�

(! � "0)
2 + �2

(3.30)

with � = 2=
⇥
⌃R

L

⇤
⇡ const., consisting in a mere Lorentzian curve, now with a constant width (not

varying with !), which is plotted in Fig. 11.

3.2.2 Elastic current J (0)
el

Now that we have obtained the final expression for T (0)
el , we are able to tackle the problem of finding the

elastic current J (0)
el (neglecting interactions). The general expression for the current is given by Eq. 2.50

of the previous chapter as

Jel = qe

Z
d!

2⇡
{fL (!)� fR (!)} Tel (!) (3.31)

We can start by simplifying the Fermi-Dirac distributions fL and fR by assuming that we are at T = 0

so that these distributions take the form of a Heaviside step function ⇥ as in Eq. 3.40. Therefore, the

factor fL (!)� fR (!) present in Eq.3.31 becomes

fL (!)� fR (!)|
T=0K =

8
><

>:

1 for µR < ! < µL

0 otherwise
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which in practice only changes the limits of integration in Eq. 3.31 as follows

J (0)
el

���
T=0K

= qe

Z
µL

µR

d!

2⇡
T (0)
el (!) (3.32)

where T (0)
el is given by Eq. 3.30 (in the WBL). Therefore, we have

J (0)
el

���
WBL

T=0
=

qe
2⇡

Z
µL

µR

d!
�2

(! � "0)
2 + �2

(3.33)

and is plotted in Fig.12.

Figure 12: Plot of J (0)
el vs. Vb (left) and J (0)

el vs. "0 (right) at T = 0 in the WBL regime for � =

0.005, 0.025 and 0.05. Left: The vertical blue line is plotted at Vb = "0 with "0 = 0.6 and µR = 0.

Notice that the vertical line corresponds to the region where the current increases abruptly, which gets

broader with increasing �. This is occurs because we are integrating T (0)
el (Eq. 3.30) which displays

a peak that is broadened with increasing �. Right: For visual purposes we have set µR = 0.5. For

"0 < µR the current is zero, but, when "0 approaches µR it experiences an abrupt increase which is

maintained in the region µR < "0 < µR+Vb. Then, at "0 = µR+Vb it experiences a sudden decrease

and the current goes back to zero. The steepness of the increase/decrease is dictated by �, which also

sets the height of the curve.

In the left plot we have J (0)
el vs. Vb. It can be seen that for Vb < "0 the current is negligible, which

happens because the electrons in the left lead have a lower energy than the one required to cross to

the central region, as depicted in the left diagram of Fig. 13. Once Vb approaches "0 the transmission

function T (0)
el (Fig. 11) increases and the electrons now have the necessary energy to cross the junction,

which translates to a drastic increase of the current. Then, for Vb > "0 the transmission goes to zero

again, leading to a stabilization of the current into a plateau. If the central region had more energy levels

(for example if we include interactions, as we will see later), we would see more increases in the current,
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but since in this case "0 is the only relevant level, it stabilizes for Vb > "0. The right diagram of Fig. 13

illustrates the correct relative positions of µR, µL and "0 in order to have a current flowing through the

system. We also remark that the level width � plays a crucial role, both in magnitude and in the rate at

which the current changes. A lower � means that the central region is weakly coupled to the contacts,

which leads to a smaller current but a swifter increase when Vb reaches "0. This happens because the

weak coupling only allows a small interval around "0 to participate in the tunneling process. For higher

values of � the central system is more strongly coupled to the leads, leading to both a higher magnitude

and a broader curve, which is the result of a larger region around "0 contributing to the transmission of

electrons.

Figure 13: Schematic of the different energies that Eq.3.33 depends on. Here we have the Fermi level µL

of the left contact shifted from the right contact’s Fermi level µR (that was set to be the energy reference,

that being, µR = 0) by an amount Vb that is externally controlled. In the middle of the contact’s Fermi

levels is the energy level of the central system "0 (red) that opens a current channel responsible for the

elastic current J (0)
el arising in the system. Left: The energy level of the central region "0 is higher than

the Fermi levels of both leads, which does not allow for a current to arise. Right: The energy level of the

central region "0 is in between the Fermi level of the leads, that being, µR < "0 < µL, which enables

the flow of the elastic current. We remark that the electron that crosses the junction maintains its energy

and only changes the region where it is located. The black horizontal arrows represent the transmission

function T (0)
el for either L ! C and C ! R.

Therefore, we can infer that in order to obtain a elastic current through a single level without interac-

tions, one must set Vb > "0, otherwise the elastic current flowing through the junction is negligible.

In contrast with the left plot in Fig. 12, in the right plot we fix Vb and vary "0. For "0 < µR (illustrated

in the left diagram of Fig. 14), the electrons in the central region do not have enough energy to cross to

the right lead, so that the flow of a current cannot occur. Once "0 � µR, the electrons are able to cross

to the right lead, giving rise to the flow of a current as depicted in the right plot of Fig. 13. However, if we
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Figure 14: Fermi diagrams for the different cases encountered when varying "0 that do not allow the flow

of the current J (0)
el Left: In this case we have "0 < µR, meaning that the electrons are able to cross

from the left lead to the central region (because µL > "0) but once they arrive at the central region they

cannot cross to the right lead, which supresses the flow of a current. Right: Here we have "0 > µL,

which also does not allow the flow of the current. However, in contrast with the case on the left diagram,

in this situation the electrons in the left lead are the ones that do not have the required energy to cross to

the central region since it has a higher energy than the corresponding Fermi level µL.

increase "0 enough to overcome µL (as can be seen in the right diagram of Fig. 14) then the electrons in

the left lead cannot cross to the central region, thus blocking the flow of the current. Therefore, we must

set µR  "0  µL in order to allow the flow of a current through such junctions.

3.3 Second order correction to the elastic transport

In the previous section we have obtained both the elastic transmission function and the elastic current

by neglecting the interactions. In this section we provide the expressions and show the results when the

electron-boson interaction is accounted up to second order in perturbation theory.

3.3.1 Correction to the elastic transmission function T (2)
el

We further advance our analysis by noticing that in Eq.2.70, where we have arrived to the general expres-

sion for the second order correction to the transmission function T (2)
el , we only seek terms of ⌃R

int up to

|M�|2(meaning that we seek the lowest order term⌃R;(2)
int ). This means that we can replace the exact GFs

GR/A present in the right hand side by the approximate GFs gR/A and also replace ⌃< ⇡ ⌃<

L
+ ⌃<

R
so
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that

⌃R

int (!) =

=
X

�

|M�|2
"
gR (! � !�) + i

Z
d⌫

2⇡

��gR (! � ⌫)
��2 [⌃<

L
(! � ⌫) + ⌃<

R
(! � ⌫)]

2!�

(⌫ + i0+)2 � !2
�

#

(3.34)

Using the fact that in the WBL

⌃<

`
(!) = if` (!)�` (!)

WBL' if` (!) � (3.35)

we have

⌃R

int (!) =

=
X

�

|M�|2
"
gR (! � !�)� �

Z
d⌫

2⇡

��gR (! � ⌫)
��2 [fL (! � ⌫) + fR (! � ⌫)]

2!�

(⌫ + i0+)2 � !2
�

#

(3.36)

Replacing gR by Eq.3.27 (where ⌃ does not take into account ⌃int) in the WBL leads to

⌃R

int (!) =
X

�

|M�|2


1

(! + i0+)� !� � "0 + i�
� (3.37)

�
Z

d⌫

2⇡

�

(! + i0+ � ⌫ � "0)
2 + �2

[fL (! � ⌫) + fR (! � ⌫)]
2!�

(⌫ + i0+)2 � !2
�

#

We now need to handle the remaining integral, either by numerically calculation or by finding an analytical

trick to overcome it.

Analytical Approximation

Analytically, we make the assumption that � ⌧ !� such that we can argue that in this regime � ! 0.

This assumption is useful because in this limit we have

lim
�!0

�

(! � ⌫ � "0)
2 + �2

= ⇡� (! � ⌫ � "0) (3.38)

so that we can easily calculate the integral, giving

⌃R

int (!) =
X

�

|M�|2
"

1

! � !↵ � "0 + i�
� [fL ("0) + fR ("0)]

!�

(! � "0)
2 � !2

�

#
(3.39)
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Since we are at T = 0, then we can write f` (E) as

lim
T!0

f` (E) = ⇥ (� [E � µ`]) (3.40)

where⇥ is the Heaviside step function, so that fL ("0) = ⇥ (Vb � "0) and fR ("0) = 0 (assuming that

"0 > 0).

Therefore, we have

⌃R

int (!) =
X

�

|M�|2
"

1

! � !↵ � "0 + i�
� !�⇥ (Vb � "0)

(! � "0)
2 � !2

�

#
(3.41)

By plugging Eqs. 3.27 and 3.41 into Eq. 2.69 we obtain an approximated analytical expression for

T (2)
el , given by

T (2)
el (!) = 2

X

�

|M�|2
�2

(! � "0)
2 + �2

·

·
(

! � "0

(! � "0)
2 + �2

"
! � "0 � !↵

(! � !� � "0)
2 + �2

� !�⇥ (Vb � "0)

(! � "0)
2 � !2

�

#
� (3.42)

� �

(! � "0)
2 + �2

�

(! � !� � "0)
2 + �2

�

Numerical evaluation

We can also numerically calculate the integral in Eq. 3.37. The integral is given by

I =

Z
d⌫

2⇡
[fL (! � ⌫) + fR (! � ⌫)]

�

(! + i0+ � ⌫ � "0)
2 + �2

2!�

(⌫ + i0+)2 � !2
�

(3.43)

which has two poles on the real line, at ⌫± = ±!�. These two poles can be problematic when numerically

calculating this integral, so we need to find a workaround. In order to reduce the size of expressions, we

define the function h (⌫) as

h (⌫) = [fL (! � ⌫) + fR (! � ⌫)]
�

(! + i0+ � ⌫ � "0)
2 + �2

(3.44)

so that

I =

Z
d⌫

2⇡
h (⌫)

2!�

(⌫ + i0+)2 � !2
�

. (3.45)

and by employing the Sokhotski-Plemelj theorem we can write

2!�

(⌫ + i0+)2 � !2
�

= P
✓

2!�

⌫2 � !2
�

◆
� 2⇡i!�sgn (⌫) �

�
⌫2 � !2

�

�
(3.46)
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From the following property of the Dirac delta

�
�
x2 � a2

�
=

1

2a
[� (x� a) + � (x+ a)] (3.47)

we have that

2!�

(⌫ + i0+)2 � !2
�

= P
✓

2!�

⌫2 � !2
�

◆
� ⇡isgn (⌫) [� (⌫ � !�) + � (⌫ + !�)] (3.48)

and inserting this into Eq. 3.45 leads to

I =

Z
d⌫

2⇡
h (⌫)P

✓
2!�

⌫2 � !2
�

◆
+

i

2
[h (�!�)� h (!�)] (3.49)

We still need to calculate the first term with the principal part. It can be manipulated as

< (I) =

Z
d⌫

2⇡
h (⌫)P

✓
1

⌫ � !�

� 1

⌫ + !�

◆
(3.50)

and by changing the variable ⌫ to ⌫ 0 = ⌫ �!↵ on the first term and to ⌫ 00 = ⌫ +!� on the second one

we have

< (I) =

Z
d⌫ 0

2⇡
P
✓
1

⌫ 0

◆
[h (⌫ 0 + !�)� h (⌫ 0 � !�)] (3.51)

Now, by splitting the integral in two, one from �1 to 0 and the other from 0 to +1 and manipulating

the expression, Eq. 3.43 can be written as

I =
i

2
[h (�!�)� h (!�)] +

Z 1

0

d⌫

2⇡
P
✓
1

⌫

◆
·

· [h (⌫ + !�)� h (⌫ � !�)� h (�⌫ + !�) + h (�⌫ � !�)] (3.52)

With this procedure we have overcome the problem with the pole at ⌫ = 0 by manipulating the ex-

pression in a way that the factor in the square brackets tends to ⌫ as ⌫ goes to zero, thus canceling the

divergence in 1/⌫. Also, when numerically calculating the integral, the integration limits are not exactly

calculated (only tending to the limits but never reaching them), so that setting the divergent value as one

of the integration limits means that the pole is avoided.

Analytical vs. Numerical results

In Fig. 15 we compare the numerical results with the ones obtained analytically. We remark that the

analytical results are in closer agreement with the numerical ones for smaller values of �, which shows

that the approximation used in Eq. 3.41 is valid for sufficiently small �.

Additionally, we show in Fig. 16 the total transmission function T (0)+(2)
el up to |M�|2 .

We remark that including the effects of electron-boson interactions leads to an increase of the trans-

mission at ! = "0 ± !�, although it also leads to a small suppression at ! = "0.
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Figure 15: Plot of the lowest order correction to the elastic transmission function in the wide-band limit

for � = 0.005, 0.025 and 0.05, with "0 = 0.6, !� = 0.4, M� = 0.2, Vb = 3 and T = 0K. The solid

lines correspond to the analytical results, while the dashed lines correspond to the numerical ones. The

top left plot is along the whole energy range of interest. On the top right plot we zoom at ! = "0 (violet

region), where T (2)
el displays the biggest feature. On the bottom left and right plot we zoom at ! = "0�!�

(blue region) and ! = "0 + !� (red region), respectively, where the transmission also displays features

that stem from the presence of bosons. Notice that for smaller values of � the transmission T (2)
el becomes

more localized around "0, getting broader with increasing �.
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Figure 16: Plot of T (0)
el , T (2)

el (left) and T (0)
el + T (2)

el (right) versus ! with parameters "0 =

0.6, !� = 0.4, µR = 0, µL = Vb = 3, M� = 0.2 and T = 0K for � =

0.005 (yellow), 0.025 (orange), and 0.05 (red). There are three major features: a major one at ! = "0

(vertical light blue line) that arises from the non-interacting case, although it has a decreasing contribution

stemming from the interaction with the bosons; and two smaller ones at ! = "0 ±!� (vertical dark blue

lines) that arise solely from the electron-boson interactions.

3.3.2 Correction to the elastic current J (2)
el

From Eq. 3.31, the correction to the elastic current that arises from the electron-boson interactions, up

to |M�|2, is given by

J (2)
el

���
T=0K

= qe

Z
µL

µR

d!

2⇡
T (2)
el (!)

and is shown in Fig.17.

We remark that this second order correction to the elastic current contributes for the total elastic

current with a peak at Vb = "0 which, as before, is broadened for higher values of � as well as it is

diminished. We remark that the analytical approximation starts to deviate from the numerical results

for higher values of �, as could be expected from the fact that in this approximation we assumed that

� ⌧ !�, which starts to break as we increase �. It should also be noted that the numerical results show

an additional feature at Vb = "0 + !� that is not present in the analytical case. This deviation is justified

from the fact that the integrand in the numerical calculation has a logarithmic singularity at ! = µ`±!�,

which is not captured by the analytical approximation.

Now that we have obtained the final expressions for both J (0)
el and J (2)

el , we are in a position where

we can obtain the I � V curve for the total elastic current (up to second order in M�), which is shown in

Fig. 18.

This result shows that by taking into account interactions in the central region (up to the lowest order)
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Figure 17: Plot of J (2)
el vs. Vb at T = 0 for � = 0.001, 0.005, 0.025 and 0.05, either from the analytical

results (dashed orange line) or from numerical computation (solid blue line), with "0 = 0.6, !� = 0.4,

µR = 0, µL = Vb and M� = 0.1. We remark that both curves tend to overlap for smaller values

of � and that around 10-3 are practically similar, corroborating the approximation made in the analytical

calculation.
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Figure 18: Plot of the total elastic current J (0)
el + J (2)

el vs. Vb at T = 0 for � = 0.005 (yellow), 0.025

(orange) and 0.05 (red) with "0 = 0.6, !� = 0.4 and M� = 0.1. The lowest order correction J (2)
el

(numerically calculated) creates visible features both at Vb = "0 and Vb = "0 + !�

there is a small contribution followed by a suppression in the elastic current that flows in the system at

Vb = "0, whereas at Vb = "0+!� there is also a suppression in J (0)+(2)
el due to the previously mentioned

logarithmic divergence.

3.4 Inelastic transport up to second order inM�

In the last two sections we have dealt with the elastic contributions to both the transmission and the current.

In this section we develop the expressions and show the results for the case of inelastic transport, namely

the transmission function and the current, up to |M�|2.

3.4.1 Inelastic transmission function T (2)
inel

In the last chapter, we have already obtained an expression for the inelastic transmission for a generic

system, where the general expression for the inelastic transmission function is in Eq. 2.91 and it reads

T (�,s)
`,`0 (!) =

= Tr
⇥
�` (!) ·GR (!) ·M� ·GR (! � s!�) · �`0 (! � s!�) ·GA (! � s!�) ·M� ·GA (!)

⇤

(3.53)

where s = ±1. We now specify ` and `0 to follow the L ! R direction, and as before, due to the

reduced dimensionality of this modeling system, we can set all quantities as scalars and drop the trace.

Therefore, we have
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T (�,s)
inel (!) = |M�|2 GA (!)�L (!)G

R (!)GR (! � s!�)�R (! � s!�)G
A (! � s!�) (3.54)

where the direction L ! R is assumed and thus kept implicit.

From Eq.3.27 the product GA (!)�L (!)GR (!) can be rewritten as

GA (!)�L (!)G
R (!) =

�2=
⇥
⌃R (!)

⇤

(! � "0 � 2< [⌃R (!)])2 + (2= [⌃R (!)])2
(3.55)

where we have set ⌃R

L
= ⌃R

R
= ⌃R as before and used the fact that �` (!) = �2=

⇥
⌃R

`
(!)
⇤
.

The product GR (! � s!�)�R (! � s!�)GA (! � s!�) is analogously calculated yielding the same

expression with ! ! ! � s!�.

Therefore, we can infer that for the system that we are studying the second order inelastic transmission

function is given by

T (�,s)
inel (!) = 4 |M�|2 Tr

"
=
⇥
⌃R (!)

⇤

(! � "0 � 2< [⌃R (!)])2 + (2= [⌃R (!)])2
·

·
=
⇥
⌃R (! � s!�)

⇤

(! � s!� � "0 � 2< [⌃R (! � s!�)])
2 + (2= [⌃R (! � s!�)])

2

#
(3.56)

As for the elastic case, in order to simplify these expressions we employ the WBL, which in practice means

neglecting the contribution of <
⇥
⌃R
⇤
and setting =

⇥
⌃R
⇤
to be a constant �. Therefore, in this limit the

transmission function can be written as

T (�,s)
inel (!) = |M�|2

�

(! � "0)
2 + �2

�

(! � s!� � "0)
2 + �2

(3.57)

which is merely the product of two Lorentzians, now with a constant width (not varying with !). This last

expression in Eq.3.57 is plotted in Fig.19 for different values of �.

In contrast with the elastic transmission function Tel, now we have a total of three possible energy

levels in the central region, ! = "0 and ! = "0 ± !�, which arise from the electron-boson interactions

present in the central region. Therefore, there are two channels for the inelastic crossing of electrons

through the device, one via the decay "0 + !� ! "0 and the other via "0 ! "0 � !�, as discussed

below with the results for the inelastic current.
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Figure 19: Plot of the inelastic transmission function T (2)
inel in the WBL regime for s = +1 (left) and

s = �1 (right) given by Eq. 3.57, for � = 0.005, 0.025 and 0.05 with "0 = 0.6, !↵ = 0.4 and

M� = 0.1. We remark that all curves display two peaks marked by two vertical lines, a dark blue one

which is either at ! = "0+!� (left) or ! = "0�!� (right) and a light blue line at ! = "0 (both). Notice

that for small � the transmission function becomes very localized around the peaks, and gets broadened

with increasing �.

3.4.2 Lowest order inelastic current J (2)
inel

Now that we have arrived to an analytic expression for the inelastic transmission function, we are able to

obtain the inelastic current up to |M�|2, which was generically derived in Eq.2.93 and is given by

J (2)
inel =

X

�,s=±1

qe

Z
d!

2⇡
fL (!) [1� fR (! � s!�)] [�sb (�s!�)] T (�,s)

inel (!)

�
X

�,s=±1

qe

Z
d!

2⇡
[1� fL (!)] fR (! � s!�) [sb (s!�)] T (�,s)

inel (!) (3.58)

We remark that the variable s is responsible for changing the shape of the Bose-Einstein distribution b,

because it either yields b (!�) that corresponds to the absorption of a boson, or 1+b (!�) corresponding

to the emission.

Additionally, it is useful to analyze the occupation factors f and b present in the expression because

they can be simplified for T = 0.

First term

On the argument of the first integral, there appears the factor

fL (!) [1� fR (! � s!�)] [�sb (�s!�)] (3.59)
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Since we are at T = 0K, the distribution b (E, T ) can be simplified as

lim
T!0

b (E, T ) = �⇥ (�E) (3.60)

Therefore we can write the expression in Eq.3.59 as

lim
t!1

fL (!) [1� fR (! � s!�)] [�sb (�s!�)] =

= ⇥ (� [! � µL]) [1�⇥ (� [! � s!� � µR])] s⇥ (s!�) (3.61)

where we can note that⇥ (s!�) is only non-zero for s = 1 (since !� > 0) corresponding to the emission

of a boson, which is the only process that can happen at T = 0K since that at these temperatures there

is no bosons in the environment to be absorbed.

Additionally, if we write µL = µR + Vb and also if we set µR = 0 as being our energy reference,

then we obtain

lim
t!1

fL (!) [1� fR (! � !�)] [�b (�!�)] = ⇥ (Vb � !) [1�⇥ (!� � !)] (3.62)

which is plotted in Fig. 20. We can readily notice on the RHS that the term in square brackets is non-zero

only for ! > !� and that ⇥ (Vb � !) is non-zero only for ! < Vb. Since we are assuming that !� > 0,

in order for this expression to be non-zero we also need to have Vb > !�.

From Fig.20, we can see that the first term in Eq.2.93 can be rewritten as (assuming !↵ < Vb)

X

�,s=±1

qe

Z
d!

2⇡
fL (!) [1� fR (! � s!�)] [�sb (�s!�)] T (�,s)

inel (!) =
X

↵

qe

Z
Vb

!�

d!

2⇡
T (�,+1)
inel (!)

(3.63)

Second term

Proceeding to the argument of the second integral, the limit of its distributions factors when T ! 0

is

lim
T!0

[1� fL (!)] fR (! � s!�) [sb (s!�)] = [1�⇥ (µL � !)]⇥ (µR + s!� � !) [�s⇥ (�s!�)]

(3.64)

and once again noticing that ⇥ (�s!�) is only non-zero for s = �1 (assuming positive !�), the second

term in Eq.2.93 becomes (with µL = µR + Vb and µR = 0)

X

�,s=±1

qe

Z
d!

2⇡
[1� fL (!)] fR (! � s!�) [sb (s!�)] T (�,s)

L,R
(!) =

=
X

↵

qe

Z
d!

2⇡
[1�⇥ (Vb � !)] · ·⇥ (�!� � !) T (�,�1)

L,R
(!)
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Figure 20: Plot of the Fermi-Dirac distribution factors that arise in the first term of Eq.3.59 for T = 0K,

µR = 0 and s = +1, where we have restrained Vb to positive values. a) On the left, we have set Vb = 3

and Vb > !� = 1, so that there is a finite region (in gray) where both functions overlap. b) On the

right, we have set Vb = 1 and Vb < !� = 3, so that these two functions don’t overlap, which leads to

the integral’s argument being zero for all possible values of !. This means that the first term in Eq.3.59

vanishes for boson energies !� greater than the bias potential Vb.

Figure 21: Plot of the Fermi-Dirac distribution factors that arise in the second term of Eq. ?? for T = 0K,

µR = 0 and s = �1, where we have restrained Vb to negative values. a) On the left, we have set

Vb = �3 and |Vb| > !� = 1, so that there is a finite region (in gray) where both functions overlap. b)

On the right, we have Vb = �1 and |Vb| < !� = 3, so that these two functions don’t overlap, which

leads to the integrand being zero for all possible values of !. This means that the first term in Eq. ??

vanishes for boson energies !� greater than the magnitude of the bias potential |Vb|.
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The Heaviside step functions present in this equation modify the integration limits. In order to better

understand how, we plot these factor in Fig.21

From Fig.21, we can see that the second term in Eq.2.93 can be rewritten as (assuming !� < |Vb|)

X

�,s=±1

qe

Z
d!

2⇡
[1� fL (!)] fR (! � s!�) [sb (s!�)] T (�,s)

inel (!) =
X

�

qe

Z �!�

�|Vb|

d!

2⇡
T (�,�1)
inel (!)

(3.65)

Resulting inelastic current

From these past few considerations regarding the terms of the integral in Eq. 2.93, we are now in the

position to substantially simplify that expression for T = 0K as

J (2)
inel

���
T=0

=
X

�

qe

Z
Vb

!�

d!

2⇡
T (�,+1)
inel (!)

�
X

�

qe

Z �!�

�|Vb|

d!

2⇡
T (�,�1)
inel (!) (3.66)

The first term in Eq. 3.66 corresponds to the inelastic current at T = 0K arising when we apply

a positive bias voltage Vb > 0, whereas the second term corresponds to the current for a negative bias

voltage Vb < 0.

Thus, this equation states that the total current flowing from the left to the right contact is equal to

the current flowing in the L ! R direction (from applying a positive Vb) minus the current flowing in the

R ! L direction (from applying a negative Vb).

We can separate Eq. 3.66 in cases as follows

J (2)
inel

���
T=0

=

8
>>>>><

>>>>>:

P
�
qe
R

Vb

!�

d!

2⇡T
(�,+1)
inel (!) , for Vb > !↵ > 0

�
P

�
qe
R �!�

�|Vbias|
d!

2⇡T
(�,�1)
inel (!) , for Vb < 0 and !↵ < |Vb|

0 , for Vb = 0 or !↵ > |Vb|

(3.67)

which is plotted in Fig. 22, where the integral over ! was numerically calculated.

Starting with the left plot of Fig. 22 that shows the variation of J (2)
inel with Vb, we remark that as in

the previous sections, for Vb < "0 the inelastic current is also zero and it dramatically increases around

Vb = "0. However, contrarily to the the zeroth order coherent current J (0)
el which stabilizes for Vb > "0,

the inelastic current J (2)
inel has another rise at Vb = "0+!� and only then it stabilizes into a plateau. This

happens because, as can be seen in Fig. 19, the inelastic transmission function T (2)
inel has two peaks, one

at ! = "0 and the other at ! = "0 + s!�, which arises due to the electron-boson interaction that we
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Figure 22: Plot of J (2)
inel vs. Vb (left) and J (2)

inel vs. "0 (right) at T = 0 in the WBL regime for � =

0.005 (yellow), 0.025 (orange) and 0.05 (red). Left: We have set "0 = 0.6, !� = 0.4, M� = 0.1 and

µR = 0, and the vertical lines were plotted at Vb = "0 (blue) and Vb = "0 + !� (purple), respectively,

corresponding to the regions where the current increases abruptly. These regions where J (2)
inel suddenly

rises are broadened with increasing �. This is occurs since we are integrating T (�,s)
inel (Eq.3.57) which

displays two peaks that have width �. Right: For this plot we have set µR = 0.2 for visual purposes,

Vb = 0.5 and !� = 0.3. For "0 < µR the current is zero but when "0 reaches the same value as µR

it experiences an abrupt increase which is maintained in the region µR < "0 < µR + !�. Additionally,

at "0 = !� + µR it experiences another increase, which is then canceled at "0 = Vb � !� + µR by

a decrease of the same amount. As in the case of J (0)
el , the inelastic current J (2)

inel experiences another

sudden decrease at "0 = µR + Vb going back to zero.
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have included in the central region. The first inelastic transmission/current channel is depicted in the left

diagram of Fig. 23, corresponding to the transition of an electron with energy "0 + !� located in the left

lead to the central region, where it then decays to the "0 level by emitting a boson with energy !�, and

finally crosses to the right lead. The second channel is analogous to the first one, the difference being

that the decay occurring in the central region is from the level "0 to "0 � !�, which is illustrated in the

right diagram of Fig. 23. We also remark that since we are at T = 0, the number of bosons naturally

present in the system is zero, which means that there could be only the emission and not the absorption

of a boson in the central region. Therefore, transitions where the electron gains energy via the absorption

of a boson such as "0 ! "0+!� or "0�!� ! "0 cannot occur, and the only inelastic process possible

is the emission of bosons.

As for the right plot of Fig. 22, it shows the variation of J (2)
inel with "0 (with fixed Vb) and the reasoning

is the same as before. For "0 < µR there is no current, but once it approaches µR the decaying channel

"0 + !� ! "0 is enabled and now the electrons can undergo the path

µL ! "0 + !� !
emission

"0 ! µR (3.68)

as depicted in the top diagram of Fig. 23. The current stabilizes into a plateau until "0 reaches values

around µR + !�, where the inelastic current experiences a new rise due to the opening of the second

decaying channel "0 ! "0 � !�, where the electrons follow the path

µL ! "0 !
emission

"0 � !� ! µR,

which is illustrated in the bottom diagram of Fig. 23. The inelastic current has its maximum value in the

interval !� + µR < "0 < Vb + µR � !� and starts to decrease around "0 = Vb + µR � !�, since

for those values the energy level "0 + !� becomes larger than µL, disabling the flow of electrons from

the left lead to that same level, only remaining the decaying channel "0 ! "0 � !�. As we continue to

increase "0 we reach the point "0 = Vb + µR where the current goes to zero again because "0 is now

larger than the Fermi level of the left lead µL, also disabling the decaying channel "0 ! "0 � !�.

It is also worth of mentioning that, as in the previous sections, the level width � plays a significant

role in the processes here described by controlling the width of the regions where the current increases/-

decreases, and also contributing to the height of the curves. As explained before, these attributes come

from the fact that � controls the coupling between the leads and the central region.
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Figure 23: Fermi diagrams of the two decaying channels that come into play in the inelastic current J (2)
inel .

In both diagrams, the Fermi levels of the contacts are represented by the grey columns that are labeled

as µL for the left contact and µR for the right one, which are shifted from each other by an amount Vb

that is an externally controlled bias voltage. In between the Fermi levels of the contact is the energy level

"0 (purple). Top: An electron from the left lead with energy "0 (purple) elastically crosses to the central

region, where it tunnels inelastically to the level "0�!� (red) of the right lead by the emitting a boson with

energy !� (curly yellow arrow). Bottom: Same as the left diagram, the difference being that an electron

with energy "0 + !� (blue) goes from the left lead to the to the level "0 (purple) in the central region

by emitting a boson and then it elastically crosses to the right lead. The horizontal arrows represent the

peaks of the transmission function, which have a width � (not to scale).
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Figure 24: Plot of the total current Jtot (solid lines) up to |M�|2 that flow in the system at T = 0 in

the WBL regime for "0 = 0.6, µR = 0, !� = 0.4 and M� = 0.3, with � = 0.005 (yellow), 0.025

(orange) and 0.05 (red). For comparison we also show the correspondent zero-th order current J (0)
el

(dashed lines). The vertical dashed lines were plotted at Vb = "0 (purple) and Vb = "0 + !� (blue),

respectively, corresponding to the regions where the current displays important features.

3.5 Discussion

To conclude this chapter, we show the total current Jtot up to |M�|2 in Fig.24, where we compare it to

the zero-th order current J (0)
el that does not account for interactions.

We remark that accounting for interactions in the system leads to modifications in the current. It is

slightly increased around Vb = "0, which is followed by a considerable suppression for higher values of

Vb. The magnitude of this suppression highly depends on |M�|2, and the determination of this matrix

element is considered in the next chapter (in the context of the 3D system of Fig. 1).

In Fig. 25 we show the different contributions to the current. It should be noted that the contribution

from the interactions, present in the bottom-right panel, is dominated by the elastic correction although

the inelastic contribution also plays a role. Notice that, for Vb < "0, the interactions lead to an increase

in the total current, while for Vb > "0 their effect is the opposite.

We now proceed to contrast the presented results with the experimental results of Tsui et al. [161]. In

their work, a peak in the I-V curve was observed corresponding to elastic resonant tunneling and another

smaller peak that was shifted from the former by an amount that they attributed to the energy of LO-
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Figure 25: Top-left: Plot of the zeroth order elastic current J (0)
el vs. the bias voltage Vb in the WBL at

T = 0 for "0 = 0.6, µR = 0, !� = 0.4 and M� = 0.1, with � = 0.005, 0.025 and 0.05. The same

parameters were used in all the four images. Top-right: Plot of the second order elastic current J (2)
el vs.

the bias voltage Vb. Bottom-left: Plot of the second order inelastic current J (2)
inel vs. the bias voltage Vb.

Bottom-right: Plot of the second order contribution to the current J (2)
el + J (2)

inel vs. the bias voltage Vb.
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phonons. Additionally, they reported that the ratio between the inelastic and elastic peaks was about

0.04. However, in our model there are no peaks in the current due to the WBL approximation that we

used. Indeed, the drop of I (Vb) at Vb ⇡ �0.2 V in Fig. 5 arises from the matching of the resonant

energy level (E0) with the bottom of the conduction band in the left contact, which simply does not exist

in our model.

Nonetheless, we can compare the relative magnitudes of the elastic and inelastic currents calculated

within our model. In the limit of high voltages (where there are no more relevant features left unaccounted)

we have obtained a ratio J (2)
inel /J

(0)
el of 0.012. In order to get closer of the experimentally obtained value

of 0.04, we could increase the independent variable M� by a factor of 2 (which would yield an increase

in J (2)
inel by a factor of 4 since it quadratically depends on M�), from 0.1 to 0.2.

Another quantity that is relevant in this study is the differential conductivity dJ/dVb, which is shown

in Fig. 26. In order to have a better view at the feature that arises for Vb = !�, we also calculate the

second derivative of the current, which is present in Fig. 27.

To conclude this chapter, we notice that, when accounting for the interactions, a new tunneling channel

is opened at Vb = !�. This is a general feature that arises in many tunneling problems [129, 161] and it is

the concept for a type of spectroscopy that measures the energy of the bosons (or other resonant entities)

existing in the system, which is known as Inelastic Electron Tunneling Spectroscopy (IETS) [163, 164].
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Figure 26: Plot of the differential conductivity dJ/dVb vs. Vb for "0 = 0.6, µR = 0, !� = 0.4 and

M� = 0.3, with � = 0.005 (yellow), 0.025 (orange) and 0.05 (red). Top left: Plot over the whole

range of Vb. Most of the relevant features are around Vb = "0, although there is also a small detail at

Vb = "0 + !�. Top right: Zoom around Vb = "0. Bottom left: Zoom around Vb = !�. Although

barely visible, there are some small features in this region that are better captured by the second derivative.

Bottom right: Zoom around Vb = "0 + !�. Although smaller than the central features, there are also

some details in this region due to the electron-boson interactions.
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Figure 27: Plot of the second derivative of the current d2J/dV 2
b
vs. Vb for "0 = 0.6, µR = 0, !� = 0.4

andM� = 0.3, with � = 0.005 (yellow), 0.025 (orange) and 0.05 (red). Left: Plot over the whole range

of Vb. The relevant features are around Vb = "0, although there is also a small detail at Vb = "0 + !�.

Right: Zoom around Vb = !�. It is now visible the signature left by the bosons, given by the peak around

their energy.
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Chapter 4

Second-order perturbation theory for the 3D device

We now move forward from the toy-model perspective, which was the focus of the previous chapter, to

the study of the device based on the vdW structure schematically presented in Fig. 1.

Particularly, in this chapter we tackle the problem left open in the previous chapter of finding the

suitable interaction matrix element M�, specifically for the electron-exciton interaction, via second order

perturbation theory. The explicit expression for this quantity allows us to obtain more accurate results

when we employ the idealized 1D system previously studied as a model for the tunneling current flowing

through the gr-hBN-gr + TMD system. Additionally, by direct application of this quantity into Fermi’s Golden

Rule, we obtain transition rates and the probability for the exciton assisted electron tunneling to occur.

4.1 Microscopic processes and Hamiltonians

4.1.1 Preliminary remarks

In this chapter, our aim is to tackle the problem of finding an explicit expression for the probability (per unit

time) of tunneling between two graphene sheets, assisted by generation of excitons in the nearby TMD

layer, considering the structure of Fig. 1. The approach consists in using Fermi’s Golden Rule, which

is conceptually simpler than the NEGF formalism while still yielding a good description of the tunneling

process, including both the cases of elastic and inelastic tunneling [165, 133, 166, 167, 132]. In this

approach, the pivotal quantities to be calculated are the matrix elements of the elementary processes

involved, namely, (i) electron transition between two states that belong to the different graphene sheets,

accompanied by the emission of a virtual photon, and (ii) absorption of this photon by the TMD layer with its

transition between two excitonic states (one of them typically being the exciton vacuum). These constitute

a globally second-order process (with two interactions) and we are interested in this second-order matrix

element.
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We highlight the fact that we are dealing with different physical particles, these being the electrons

in the graphene sheets, the virtual photons that propagate from the gr-hBN-gr system to the TMD, and

the excitons in the TMD. Therefore, the quantities describing the “global” system (states, Hamiltonians,

etc...) must encode the Hilbert space of these three different entities. This is made possible by writing the

“global” states as outer products of the individual particle states, such as

|si = |K`i ⌦ |nq�i ⌦ |nex,ki (4.1)

where |K`i describes an electron with wave-vector K = k + z in the ` = L,R graphene (k is the

in-plane component and z the out-of-plane component), nq� is the number of photons with momentum q

and polarization � in the system and |nex,ki describes the n-th hydrogenoic state (with the corresponding

effective mass and Bohr’s radius [168, 169]) in which the exciton with k CM momentum is. Such state

can be written simply as

|si = |K`i |nqi |nex,ki (4.2)

where the outer products between the individual states is implied.

Also, we write the Hamiltonian governing this system as

H = H0 +Hint (4.3)

where the unperturbed Hamiltonian H0 is simply given by the sum of the independent particle Hamiltoni-

ans for the electrons He, the photons Hph and the excitons Hex such that

H0 = He ⌦ Iph ⌦ Iex + Ie ⌦Hph ⌦ Iex + Ie ⌦ Iph ⌦Hex (4.4)

which can simply be written as (where the outer products with the identity of the Hilbert subspace of each

particle is implied)

H0 = He +Hph +Hex (4.5)

and the interacting Hamiltonian is given by the electron-photon interactionHe-ph and by the exciton-photon

interaction Hph-ex such that

Hint = He-ph ⌦ Iex + Ie ⌦Hph-ex (4.6)

with He-ph and Hph-ex acting at z = 0 and z = a+ b, respectively.

To tackle the problem of obtaining an explicit expression for the matrix element for the electron-exciton

interaction occurring between the tunneling electron and the excitons in the TMD, which from now on we

denote asMi!f , we use the second order time-dependent perturbation approach. While being extensively

used throughout the literature and conceptually easy to understand, this approach captures the relevant
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physical processes that we are interested in, provided that the perturbation in question - this being the

interaction itself - is small enough in comparison to the other quantities that also come into play.

The following expression holds for the interaction matrix element [170]

Mi!f =
X

m

hf |V2 |mi hm|V1 |ii
Ei � Em

(4.7)

where |ii , |fi are the initial and final states for this process with energies Ei and Ef , respectively, |mi

are possible intermediate states of the system with energyEm and V1/2 is the interacting potential, which

correspond to the interaction Hamiltonians He-ph and Hph-ex, where the order in which they act depends

on the process labeled as m.

In order for this method to be applicable, it is assumed that the energy of the final state is equal (or

at least approximately) to the energy of the initial state. This implies energy conservation by discarding

possible losses due to other mechanisms, which we are not interested in.

Now, we need to elaborate on He-ph, Hph-ex and all these states that appear in Eq. 4.7.

4.1.2 Electron-photon interaction Hamiltonian He-ph

Focusing in He-ph, it describes the interaction between the electrons in the graphene sheets and the EM

field. The Hamiltonian that governs the electronic behavior close to the Dirac point of graphene, where

the electrons can be described as massless Dirac fermions, is given by

Hgr = vF� · p (4.8)

where vF is the Fermi velocity of the electron in the graphene and � = (�x, �y) is the 2D vector of Pauli

matrices, also known as pseudo-spin (coming from the sub-lattice degree of freedom). In the presence

of a vector potential A, the momentum operator changes as p ! p + eA/c [171], introducing in the

previous equation the following term

He-ph =
evF
c

[� ·A (R, t)] (4.9)

which is the expression for the electron-photon interaction Hamiltonian in graphene (near the Dirac cones).

In turn, the vector potential of the electromagnetic (EM) field in its second-quantized form is given by

[172]

A (R, t) =
X

q�

e
�

qBq

h
aq�e

i(q·R�!qt) + a†q�e
�i(q·R�!qt)

i
(4.10)
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Figure 28: Sketch of the two different cases for the projection of eq into the graphene’s plane, depending

on the polarization. The gray plane corresponds to the graphene sheet, perpendicular to the ẑ axis, and

in light blue is shown the incidence plane, perpendicular to the graphene, which includes the wave-vector

q and the ẑ axis. Left: For the s-polarization, eq is perpendicular to q and to the plane of incidence.

This means that eq is always parallel to the graphene sheet. Right: For the p-polarization, eq is also

perpendicular to q but is parallel to the plane of incidence. If we set ✓ to be the angle between q and ẑ,

then the projection of eq into the graphene’s plane is cos (✓) = qz/q.

where

Bq =

✓
2⇡}c2
V !q⌘2

◆1/2

(4.11)

with R being a 3D position vector, eq the polarization vector, !q = cq/⌘ the frequency (energy) of a

photon with wave-vector q, ⌘ the refraction index of the environment (in our case hBN), V is the volume

of the “box” where the EM field was quantized on (which will cancel later on), � is the polarization index,

and aq� (a†q�) is the annihilation (creation) operator for the photons with momentum q and polarization

�.

Therefore, the electron photon interacting Hamiltonian is given by

He-ph =
evF
c

X

q,�

Bq

⇥
aqe

i(q·R�!qt) + a†qe
�i(q·R�!qt)

⇤
e
�

q · � (4.12)

where we need to take into account the two possible polarizations of the electromagnetic field that are

represented by the index �, which are shown in Fig. 28.

4.1.3 Exciton-photon interaction Hamiltonian Hph-ex

We now proceed to Hph-ex, which in the dipole approximation can be written as [173]
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Hph-ex = �dcv ·E (4.13)

with dcv being the dipole moment matrix element between the conduction and valence bands of the TMD

that is given by

dcv =
dcvp
2
(ex ± iey) (4.14)

where the ± sign corresponds to the K and K 0 points of the TMD’s Brillouin zone and the magnitude

dcv is a characteristic parameter of the material (TMD). The in-plane electric fieldE can be obtained from

the vector potential A (Eq. 4.10) as

E = �1

c

@

@t
A

=
i

c

X

q�

!qe
�

qBq

h
aq�e

i(q·R�!qt) � a†q�e
�i(q·R�!qt)

i
(4.15)

which points in the same direction as A.

Therefore, in the dipole approximation we have

Hph-ex =
i

c

X

q�

!q

�
dcv · e�

q

�
Bq

h
aq�e

i(q·R�!qt) � a†q�e
�i(q·R�!qt)

i
(4.16)

where once again we need to account for the two possible polarizations depicted in Fig. 28.

4.1.4 Description of the states

Now, we focus on the states present in Eq. 4.7.

In light of the notation shown in Eq. 4.2, the initial state |ii is characterized by an electron with

momentum KL in the left graphene, no excitons in the TMD and also no photons in the system, which

can be written as

|ii = |KLi |0q�i |0exi (4.17)

where |0exi is the excitonic vacuum state.

Likewise, the final state |fi is characterized by an electron with momentumKR in the right graphene,

an exciton with CM momentum k being in the n state on the TMD and also no photons in the system,

which can be expressed as

|fi = |KRi |0q�i |1kexi (4.18)

As for the intermediate states encoded in the label m, in second order perturbation theory these

correspond to two different processes, depicted in Fig. 29.
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Figure 29: Feynman diagrams for the two possible interactions in the second-order perturbation theory.

The straight single lines represent the electron propagator, the wobbly line the photon propagator and the

straight double line the exciton propagator. The red dots correspond to the interaction vertices. Left:

An electron with momentum kL emits a photon with momentum q and polarization eq and decays to a

state with momentum kR. In turn, the emitted photon is responsible for exciting and exciton in the TMD

with momentum k and energy quantum number n. Right: This corresponds to the permutation of the

interactions present in the left diagram. Here, an exciton in the state |n,ki is spontaneously created in

the TMD along with a photon with momentum �q and polarization e�q. This photon is then responsible

for interacting with an electron with momentum kL in the left graphene, leading to its decay into the state

with momentum kR in the right graphene.

The first process (left diagram of Fig. 29), which we label asm = I1, corresponds to the decaying of

the tunneling electron from the state |kLi in the left graphene into the state |kRi in the right graphene,

with the emission of a virtual photon with momentum q1 that is responsible for the formation of an exciton

in the state |n,ki in the neighboring TMD. The intermediate state |I1i corresponding to this process is

characterized by the electron already being in the state |KRi in the right graphene, while the photon that

was emitted from that decay is still propagating and has not been absorbed yet by the exciton. Such a

state is given by

|I1i = |KRi
��1q1�1

↵
|0exi (4.19)

and can be interpreted as the state in which the system is after the electron transition but before the

absorption of the photon by the exciton

The second process, which we label as m = I2, corresponds to the same decay of the tunneling

electron, but now a pair composed by a virtual photon with momentum �q and an exciton in the state

|nex,kexi is formed in the TMD. The formation of such a pair, although with an expected low probability,

respects the conservation of momentum but momentarily breaks energy conservation, hence the low

probability. The intermediate state |I2i is then characterized by the exciton and the photon in the states

|nex,kexi and
��1q2

↵
, respectively. As before, the photon is the mediator of the electronic transition
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between the graphene sheets. However, at this point it has not yet reached the graphene sheet in order

for the electron to decay, meaning that the electron is in the state |KLi. Therefore, this state is given by

|I2i = |KLi
��1q2�2

↵
|1kexi (4.20)

4.2 Calculation of the second-order matrix elementMi!f

We proceed our analysis by pointing out that the label m in Eq. 4.7 corresponds to the two different

possible processes that can occur in the second-order perturbation scheme that we are developing here,

that is, it encodes the processes depicted in Fig. 29, which we label as m = 1 and m = 2, respectively.

Therefore, we have

Mi!f =
X

m

hf |V (m)
2 |mi hm|V (m)

1 |ii
Ei � Em

=
X

q�

"
hf |V (1)

2 |I1i hI1|V (1)
1 |ii

Ei � E1
+

hf |V (2)
2 |I2i hI2|V (2)

1 |ii
Ei � E2

#
(4.21)

=
X

q�

[M1 +M2]

where the lower label in V (m)
1/2 means that it is the first/second interaction occurring in the m-th process,

so that

M1 =
hf |V (1)

2 |I1i hI1|V (1)
1 |ii

Ei � E1
(4.22)

=
hf | Ie ⌦Hph-ex |I1i hI1|He-ph ⌦ Iex |ii

Ei � E1

and

M2 =
hf |V (2)

2 |I2i hI2|V (2)
1 |ii

Ei � E2
(4.23)

=
hf |He-ph ⌦ Iex |I2i hI2| Ie ⌦Hph-ex |ii

Ei � E2

4.2.1 Direct process,M1

Starting with the process M1, we have

M1 =
hf | Ie ⌦Hph-ex |I1i hI1|He-ph ⌦ Iex |ii

Ei � E1
(4.24)
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The terms in the denominator are

E1 = }vFkR + }!q (4.25)

and

Ei = }vFkL + eVb (4.26)

so that the denominator reads

Ei � E1 = }vF (kL � kR) + eVb � }!q (4.27)

As for the numerator, the matrix element for the electron-photon interaction is given by

hI1|He-ph ⌦ Iex |ii = h0ex|
⌦
1q1�1

�� hKR|He-ph ⌦ Iex |KLi |0q�i |0exi

=
evF
c

X

q�

Bq

⌦
1q1�1

�� hKR|

aqe

i

⇣
qk·r+qzz

⌘

+ a†
q
e
�i

⇣
qk·r+qzz

⌘�
e
�

q · � |KLi |0qi

(4.28)

=
evF
c

Bq hKR| e
�i

⇣
qk·r+qzz

⌘

e
�

q · � |KLi

The state |K`i for an electron in graphene is given by Eq. B.22 (see Appendix B) as

|K`i =
1p
Agr

|�k`
i eik`·r |�` (z)i (4.29)

with the in-plane component being

|�k`
i = 1p

2

2

4 1

ei✓(k`)

3

5 (4.30)

so that

hI1|He-ph ⌦ Iex |ii =
evF
c

✓
2⇡}c2
V !q⌘2

◆1/2 1

Agr
h�R| e�iqzz |�Li h�kR | e

i

⇣
kL�kR�qk

⌘
·r
e
�

q · � |�kLi

(4.31)

Focusing on the factor h�R| e�iqzz |�Li, we treat the electric field in between the graphene sheets as

a perturbation (only shifting the energies) so that, in a good approximation, we can consider the electron

confining wave-function |�`i in the z direction to be the wave-function of particle in a Dirac delta potential,

which is given by

� (z) =
p
e�|z| (4.32)

where we account for the environment difference (on one side of graphene is vacuum and on the other

side is a dielectric) in the wave-vector  such that

� (z) =

8
><

>:

p
1e�1|z±a| |z| > a

p
2e�2|z| |z| < a

(4.33)
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with

1 =

r
2mEw

}2 , 2 =

r
2m (Ew � V0)

}2 (4.34)

where Ew is the energy required to extract an electron from graphene (typically 4.3 eV [174]) and V0 ⇡

�0.5 eV is the bottom of the conduction band of hBN (see Appendix B.2).

Therefore, we have

h�R| e�iqzz |�Li = (4.35)

= 1

Z �a

�1
e�1|z+a|e�1|z�a|e�iqzzdz + 2

Z
a

�a

e�2|z+a|e�2|z�a|e�iqzzdz

+ 1

Z 1

a

e�1|z+a|e�1|z�a|e�iqzzdz

= 1
e�(21�iqz)a

21 � iqz
+ 2e

�22a
2 sin (qza)

qz
+ 1

e�(21+iqz)a

21 + iqz

Since 1 ⇡ 1010m�1 and q = 2⇡/� ⇡ 107m�1 (� = 600nm is the typical wavelength of excitonic

emission in TMDs), we have  � q so that the dominant contribution comes from the second term and

thus we can discard the other terms, so that we end up with

h�R| e�iqzz |�Li = 2e
�22a

2 sin (qza)
qz

(4.36)

Moreover, since a ⇡ 10nm we can approximate sin (qza) ⇡ qza so that

h�R| e�iqzz |�Li ' 2ae�2a (4.37)

where we have redefined 2 ! . Therefore, we have that

hI1|He-ph ⌦ Iex |ii = 2
evF
c
ae�2aBq

1

Agr
h�kR | e

i

⇣
kL�kR�qk

⌘
·r
e
�

q · � |�kLi (4.38)

Proceeding to the matrix element for the exciton-photon interaction, hf | Ie ⌦Hph-ex |I1i, it reads

hf | Ie ⌦Hph-ex |I1i = hnex,kex| h0q| hKR| Ie ⌦Hph-ex |KRi
��1q2

↵
|0exi

= hnex,kex| h0q|Hph-ex

��1q2

↵
|0exi (4.39)

and from Eq. 4.16 we obtain

hf | Ie ⌦Hph-ex |I1i =
i

c

X

q�

!q

�
dcv · e�

q

�
Bq hnex,kex| h0q�|

h
aq�e

iq·R � a†q�e
�iq·R

i ��1q2�2

↵
|0exi

=
i

c
!q

�
dcv · e�

q

�
Bq hnex,kex| eiq·R |0exi (4.40)
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The matrix element hnex,kex| eiq·R |0exi is a well-known quantity from the theory of excitons in semicon-

ductors [169, 175] in the hydrogenoic approximation, and is given by

hnex,kex| eiq·R |0exi = Fn (0)
eiqzdp
S
�
�
k � qk

�
(4.41)

where S is the area of the TMD, Fn (rex) is the two-dimensional hydrogenoic wave-function of an exciton

in the n-th state with its argument rex being the relative position vector for the electron-hole pair and

the factor eiqzd comes from the fact that the excitons are confined in the TMD’s plane at z = d (with

d = a+ b). Thus, we have

hf | Ie ⌦Hph-ex |I1i =
i

c

�
dcv · e�

q

�
!qBqFn (0) e

iqzd�
�
k � qk

�
(4.42)

so that, by plugging Eqs. 4.27, 4.38 and 4.42 into Eq. 4.24, we obtain

M1 =
ievFae�2a

}vF (kL � kR) + eVb � }!q

4⇡}
V
p
S⌘2

Fn (0) e
iqzd�

�
k � qk

�

�
dcv · e�

q

� 1

Agr
h�kR | e

i

⇣
kL�kR�qk

⌘
·r
e
�

q · � |�kLi (4.43)

In order to further simplify this expression, we need to consider the two possible polarizations, s and p.

From Fig. 28, we can infer that for the p-polarization, the vector e�

q is given by e�

q = (cos (✓) , 0, sin (✓)),

so that

�
dcv · e�

q

�
h�kR | e

i

⇣
kL�kR�qk

⌘
·r
e
�

q · � |�kLi =

= dcv
cos2 (✓)

2
p
2

1

Agr
h�kR | e

i

⇣
kL�kR�qk

⌘
·r
�x |�kLi

= dcv
cos2 (✓)

2
p
2

2

4 1

ei✓(kR)

3

5
†0

@ 0 1

1 0

1

A
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4 1
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5 1

Agr

Z
dre

i

⇣
kL�kR�qk

⌘
·r (4.44)

= dcv
cos2 (✓)

2
p
2

�
ei✓kL + e�i✓kR

�
�kL�kR�qk

For the case of s-polarization, e�

q = (0, 1, 0), so that

h�kR | e
i

⇣
kL�kR�qk

⌘
·r
e
�

q · � |�kLi

=
idcv

2
p
2

1
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i

⇣
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⌘
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=
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Z
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⌘
·r (4.45)

=
dcv

2
p
2

�
ei✓kL � e�i✓kR

�
�kL�kR�qk
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Therefore, the total matrix element for this process is

M1 = ievFa
p
2

⇡}p
SV ⌘2

Fn (0) dcve
�2a

eiqzd�
�
k � qk

�
�kL�kR�qk

}vF (kL � kR) + eVb � }!q

A(�) (kL,kR) (4.46)

where we have introduced A(�) (kL,kR) to account for the different factors that arise from each polari-

zation, which reads

A(�) (kL,kR) =

8
><

>:

cos2 (✓)
�
ei✓kL + e�i✓kR

�
, � = p

�
ei✓kL � e�i✓kR

�
, � = s

(4.47)

4.2.2 Inverse process,M2

The calculation ofM2 is made in the same fashion as it was done forM1, so we do not go into the details.

Starting with the denominator, it reads

Ei � E2 = �}!q � Eex (n,k) (4.48)

and for the numerator, we can follow a shortcut and reuse the one obtained forM1 by replacing q ! �q,

which leads to

M2 = ievFa
p
2

⇡}p
SV ⌘2

Fn (0) dcve
�2a

e�iqzd�
�
k + qk

�
�kL�kR+qk

�}!q � Eex (n,k)
A(�) (kL,kR) (4.49)

4.2.3 Total matrix elementMif

Now that we have found the explicit expression for both M1 and M2, we plug the two together in order to

obtain Mi!f . Therefore, we have

Mif =
X

q�

[M1 +M2]

= ievFa
p
2

⇡}p
SV ⌘2

Fn (0) dcve
�2a

X

q�

A(�) (kL,kR) ·

·
"

eiqzd�
�
k � qk

�
�kL�kR�qk

}vF (kL � kR) + eVb � }!q

+
e�iqzd�

�
k + qk

�
�kL�kR+qk

�}!q � Eex (n,k)

#
(4.50)

We can promote the sum over q into a integral such that
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Mif =
V

(2⇡)3
ievFa

p
2

⇡}p
SV ⌘2

Fn (0) dcve
�2a·

·
X

�

Z
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"
eiqzd�

�
k � qk

�
�kL�kR�qk

}vF (kL � kR) + eVb � }!q
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k + qk
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�kL�kR+qk
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(4.51)

where the integration over qk of �
�
k ± qk

�
yields qk = ±k, leading to

Mif = i
p
2
evFa

(2⇡)3
⇡}p
S⌘2

Fn (0) dcve
�2a�kL�kR�k·

·
X

�

Z
dqzA

(�) (kL,kR)


eiqzd

}vFk + eVb � }!q

+
e�iqzd

�}!q � Eex (n,k)

�
(4.52)

where we have set kL � kR ! k due to the presence of �kL�kR�k.

We anticipate the conservation of global energy by setting

Eex (n,k) = }vFk + eVb (4.53)

so that

Mif = i
p
2
evFa

(2⇡)3
⇡}p
S⌘2

Fn (0) dcve
�2a�kL�kR�k·

·
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(�) (kL,kR)


eiqzd

Eex (n,k)� }!q

� e�iqzd

Eex (n,k) + }!q

�
(4.54)

and by changing qz ! �qz in the second term, we can write Mif as

Mif = i
p
2
evFa

(2⇡)3
⇡}p
S⌘2

Fn (0) dcve
�2a�kL�kR�k·

· 2⌘}c
X

�

Z
dqzA

(�) (kL,kR)
qeiqzd

Q2 � q2
(4.55)

with Q = Eex (n,k) ⌘/}c. Since the excitons in the TMD have a finite lifetime, we introduce a small

imaginary part to their energy as Eex ! Eex � i�, so that Q ' Q0 � i�, with � = �⌘/}c, where we

have neglected the kinetic energy }2k2/2mex of the exciton due to its effective mass mex being relatively

large. Therefore, we have

Mif =
p
2

ievFa

4⇡2⌘c
p
S
Fn (0) dcve

�2a�kL�kR�k

X

�

J (�) (kL,kR) (4.56)

with

J (�) (kL,kR) =

Z
dqzA

(�) (kL,kR)
eiqzd

p
k2 + q2

z

Q2
0 � 2iQ0�� k2 � q2

z

(4.57)

where we are left with the integration in qz.
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Figure 30: Complex contour (half-circumference in blue) with infinite radius used for the evaluation of J (�)

for the case when k < Q0. The red dots are the poles at qz = ±
p

Q2
0 � 2iQ0�� k2. The choosing

of our contour leads to only the pole q�
z
= �

p
Q2

0 � 2iQ0�� k2 being accounted.

4.2.4 Integration in qz

We now focus on solving the integral

J (�) (kL,kR) =

Z
dqzA

(�) (kL,kR)
eiqzd

p
k2 + q2

z

Q2
0 � 2iQ0�� k2 � q2

z

(4.58)

where we need to be careful when dealing with the different polarizations.

Starting with the s-polarization, in this case we have

J (s) (kL,kR) = A(s) (kL,kR)

Z
dqz

eiqzd
p
k2 + q2

z

Q2
0 � 2iQ0�� k2 � q2

z

(4.59)

where we have removedA(s) out of the integral since it does not depend on qz. We remark that this integral

has poles at q±
z
= ±

p
Q2

0 � 2iQ0�� k2, where we need to separate the cases when k 7 Q0.

For k < Q0, the poles lie close to the real axis with a small imaginary shift due to �, as shown in Fig.

30, but only the pole q�
z

lies inside the complex contour.

Therefore, resorting to the residue theorem we have that

J (s) (kL,kR) = ⇡iA(s) (kL,kR)

s
Q2

0 � 2iQ0�

Q2
0 � 2iQ0�� k2

e�i

q
Q

2
0�2iQ0��k2d, for k < Q0 (4.60)

For k > Q0, the poles lie close to the imaginary axis with a small real shift due to �, as shown in Fig.

31, but only the pole q+
z

lies inside the complex contour. Once again, the residue theorem yields

J (s) (kL,kR) = ⇡A(s) (kL,kR)

s
Q2

0 � 2iQ0�

k2 �Q2
0 + 2iQ0�

e�
p

k2�Q2+2iQ0�d, for k > Q0 (4.61)
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Figure 31: Complex contour (half-circumference in blue) with infinite radius used for the evaluation of J (�)

for the case when k > Q0. The red dots are the poles at qz = ±i
p

k2 �Q2 + 2iQ0�. The choosing

of our contour leads to only the pole q+
z
= +i

p
k2 �Q2

0 + 2iQ0� being accounted.

Therefore, for the s-polarization we have

J (s) (kL,kR) = ⇡A(s) (kL,kR)
q
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0 � 2iQ0�
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>>:

i e
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(4.62)

Proceeding to the case of p-polarization, we have

J (p) (kL,kR) = Cp (kL,kR)

Z
dqz

q2
z

q2
z
+ k2

eiqzd
p
k2 + q2

z

Q2
0 � 2iQ0�� k2 � q2

z

(4.63)

with Cp (kL,kR) =
�
ei✓kL + e�i✓kR

�
. In this case, we have the same poles as J (s), with the addition

of the poles at qz = ±ik. However, we remark that when calculating the residue corresponding to

this pole it yields 0 due to the factor
p

k2 + q2
z
. Therefore, we shall only be concerned with the poles

q±
z
= ±

p
Q2

0 � 2iQ0�� k2 where, as before, we separate the cases when k 7 Q0. For the case of

k < Q0, by using the contour depicted in Fig. 30 and using the residue theorem we obtain

J (p) (kL,kR) = ⇡iCp (kL,kR)
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0 � 2iQ0�� k2

Q2
0 � 2iQ0�

e�i
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78



The case of k > Q0 yields

J (p) (kL,kR) = �⇡iCp (kL,kR)
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2
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Therefore, for the s-polarization we have

J (p) (kL,kR) = ⇡C(p) (kL,kR)

8
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2
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2
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Q

2
0�2iQ0��k2d, for k < Q0

(4.66)

4.3 Fermi’s Golden Rule and inelastic current

Now that we have obtained an expression forMi!f , we are able to obtain the probability for this transition

to occur (which is related to the rate of generation of excitons) via Fermi’s Golden Rule, which states that

Wi!f (kL) =

=
2⇡

} gsg⌫
X

k,kR,n

|Mi!f (kL,kR,k)|2 f (kL, µL) [1� f (kR, µR)] � {eVb + }vF (kL � kR)� Eex (n)}

(4.67)

where gs/⌫ are the spin and valley degeneracies, respectively (both equal to 2 in graphene), µL/R is the

Fermi level for the electrons in the left/right graphene relative to its Dirac point with µL = µR + eVb, f

is the Fermi-Dirac distribution for the occupation of electrons in graphene. To simplify this analysis, we

assume that µR = 0, we set the temperature T = 0K and we take n = 0, that being, we consider

only the exciton’s ground state. We point out that the expression for Mi!f in Eq. 4.56 has a factor

�kL�kR�k that is responsible for removing the sum over kR in the last equation, so that we are left with

only the sum over k. This integration in k can be rather cumbersome do, with one of the main source

of complexity being the divergence that occurs in Mi!f when k = Q0. Therefore, we leave it to be

numerically calculated in future works.

Instead, we devote the rest of this chapter to showing the link between this model and the one studied

in Chapter 2. For that, we starting by remarking that this probability (per unit of time) Wi!f is related
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with the current density as

J =
e

S

X

kL

Wi!f (kL)

=
e

S

8⇡

}
X

kLkR

X

k

|Mi!f (kL,kR,k)|2 f (kL, µL) [1� f (kR, µR)] � {eVb + }vF (kL � kR)� Eex (0)}

(4.68)

Promoting the sum over the momenta of the electrons in the two graphene sheets as a energy integral

(where we need to account with their respective density of states), we can rewrite this expression as

J /
Z

d"L

Z
d"R

"
X

kLkR

� ("R � "kR) � ("L � "kL) f ("L, µL) [1� f ("R, µR)] ·

·
X

k

|Mi!f (kL,kR,k)|2 � {"L � "R � Eex (0)}
#

(4.69)

where we have set "L = }vFkL + eVb, "R = }vFkR and "kL/kR
is the dispersion relation of the

left/right graphene sheets. The delta factor that comes from the Fermi Golden Rule allows us to calculate

one of the integrals such that

J /
Z

d"Lf ("L, µL) [1� f ("L � Eex (0) , µR)]Tx ("L) (4.70)

where we have defined Tx ("L) as

Tx ("L) =
X

kLkR

� ("L � Eex (0)� "kR) � ("L � "kL)
X

k

|Mi!f (kL,kR,k)|2 (4.71)

which we relate to the formalism of the previous chapter by calling it the transmission function, in analogy

with Eqs. 2.93 and 3.58.

Thus, we can see that from this conceptually simpler formalism we can still obtain results for the

current that are analogous to those derived using the NEGF formalism, namely, an expression for the

current that is given by the energy integral of the contact’s occupation factors and a quantity that is

related to the probability for the transition to occur - the transmission function.
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Chapter 5

Conclusion and Outlook

As a conclusion, we summarize below the work presented in this thesis.

In Chapter 2, we have delved into the formalism of non-equilibrium Green’s functions, where we

have acquired the necessary expertise to be able to employ this technique in Chapter 3. In particular,

we addressed a generalized transport problem for a two-contact mesoscopic system, also accounting

for generic electron-boson interactions. We derived the Landauer formula for the case of non-interacting

elastic current, which expresses it as the energy integral of a quantity that is often referred to as the

transmission function, this being related with the probability of an electron with a given energy to cross

the device. Additionally, by treating the electron-boson interactions as perturbations, we have obtained

analytic expressions up to the second order for the corrections that these interactions introduce to the

current, where we have considered both elastic and inelastic processes.

Moreover, in order to become acquainted with the phenomenon of tunneling currents and the effects

that interactions introduce to these problems, in Chapter 3 we have applied the rather generic results of

the previous chapter to a one-dimensional toy-model composed by two semi-infinite tight-binding chains

of atoms coupled to a single-level central site. Thus, we have calculated the transmission function and

the I-V characteristic curve at zero temperature, for both the non-interacting and interacting cases. The

results show a dominant elastic feature for voltages in resonance with the single level. However, additional

channels open when we account for the interactions, with their energetic position depending on the energy

of the bosons. For voltages lower than the energy of the single level, these corrections contribute to an

increase of the total current, although for higher voltages the opposite effect was verified. Therefore, we

have concluded that, even though being intrinsically simple, this toy-model allowed us to understand some

of the general features that are characteristic in electron tunneling problems arising in more complicated

vdW devices.

Finally, in Chapter 4 we have addressed the problem of finding the exciton-assisted inelastic tunneling

current flowing in the vdW heterostructure, electromagnetically coupled to the excitonic layer (TMD). To
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do so, we resorted to second order perturbation theory to calculate the matrix element for the electron-

exciton interaction, mediated by the emission and absorption of virtual photons. Then, we have plugged

this result into Fermi’s Golden Rule so that the inelastic current density can be expressed in the closed

form of a double integral over the momenta of the graphene electron and the TMD exciton, which has to be

evaluated numerically. This expression can be cast in the form of Eq. 4.70, which reveals the structural

link between two models studied in this thesis, being the differences “hidden” in the matrix element and

the densities of states (that depend on the dimensionality).

As for future work, two main things are planned:

• Complete the calculation of the inelastic current density, presented in this thesis, with realistic

material parameters by numerical evaluation of the double integral in momenta;

• Extend the application of the NEGF technique to the 3D device, with the interaction matrix element

calculated in the thesis and the necessary integration over the 2D electron momenta. Our hope is

that it will enable a qualitative comparison with the existing experimental data and stimulate new

experiments directed in the development of single-photon sources based on the effects considered

in this thesis.
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Appendix A
Brief introduction to non-equilibrium Green’s functi-
ons

This appendix was based on Refs. [149, 176, 148, 177, 155, 152, 153, 150, 178].

A.1 Time dependent perturbation theory and contour ordering

The aim of this section is to express the time-dependent quantum average of an operator Ô (t) for a system

that at the time t = t0 is placed out equilibrium. For that, we start by assuming that the Hamiltonian of

such system can be written as

H (t) = H0 +Hint + V (t) (A.1)

where H0 is the "easy" Hamiltonian of non-interacting particles, Hint is a many-body Hamiltonian that

takes into account the interactions between particles and V (t) is a time-dependent single-particle term

that is switched on at the time t = t0.

For t < t0 the system is described by the density matrix ⇢0 for the grand-canonical ensemble, which

is given by

⇢ (t0) = ⇢0 =
1

Z0
e��(H0�µN) (A.2)

where µ is the chemical potential, N is the number of particles and Z0 = Tr
⇥
e��(H0�µN)

⇤
is the

partition function. Since this is a density matrix for non-interacting particles, Wick’s theorem applies. We

have ignored the role of interactions in the initial state (although the formalism presented in this section

can be adapted to if this assumption is relaxed). Therefore, for t < t0 the expectation value hOi is simply

given by

hOi (t) = Tr
h
⇢0Ô (t)

i
(A.3)

However, the problem resides in calculating hOi for t > t0 because in that case it is given by

hOi (t) = Tr
h
⇢ (t) Ô

i
(A.4)
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where ⇢ (t) is the density matrix accounting the whole Hamiltonian, which obeys

i} d

dt
⇢ (t) = [H (t) , ⇢ (t)] (A.5)

In order to tackle this problem, we are going to develop a perturbation scheme in order to evaluate hOi

for t > t0. To do so, we treat Hint + V (t) as a perturbation to the independent particle Hamiltonian H0

and we write the density matrix as

⇢ (t) = U (t, t0) ⇢ (t0)U (t0, t) (A.6)

where U is the time evolution operator, which satisfies U (t, t1)U (t1, t0) = U (t, t0) and U�1 (t, t0) =

U † (t, t0) = U (t0, t).

Now, it is useful to switch to the interaction picture. In this picture, the operator’s time evolution

is governed by H0 and the wave-functions are governed by the so-called S-matrix, which encodes the

"difficult" perturbative part of the total Hamiltonian, such that we have

U (t, t0) = U0 (t, t0)S (t, t0)U0 (t0, t
0) (A.7)

with U0 (t, t0) = e�iH0(t�t
0)/} being the time evolution operator with respect to H0. The matrix S (t, t0)

also obeys the following equations

i} d

dt
S (t, t0) = W (t)U (t, t0) (A.8)

�i} d

dt0
S (t, t0) = U (t, t0)W (t0) (A.9)

with S (t, t) = 1, where

W (t) = U0 (t0, t) [V (t) +Hint]U (t, t0) (A.10)

corresponds to the perturbation in the interaction picture. The solution of these equations can formally be

written as

S =

8
><

>:

Te�i/}
R t
t0 dt1W (t1), t > t0

T̄ ei/}
R t0
t dt1W (t1), t < t0

(A.11)

where T is the time-ordering operator given by

T [A (t1)B (t2)] =

8
><

>:

A (t1)B (t2) , t1 > t2

⇣B (t2)A (t1) t1 < t2

(A.12)
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and T̄ is the anti-time-ordering operator given by

T̄ [A (t1)B (t2)] =

8
><

>:

⇣B (t2)A (t1) , t1 > t2

A (t1)B (t2) t1 < t2

(A.13)

with ⇣ = ±1 for fermions/bosons, respectively.

Thus, in the interaction picture we can write the operator asO (t) = U0 (t0, t)O (t)U0 (t, t0) such

that the expectation value becomes

hOi (t) = Tr [⇢ (t0)S (t0, t)O (t)S (t, t0)] (A.14)

= hS (t0, t)O (t)S (t, t0)i0

where h· · · i0 is the expectation value regarding ⇢0, that being, with respect to the "easy" Hamiltonian

H0. We remark that by expanding the S-operator in Taylor-series, it would lead to integrals over time of

quantities like
⌦
T̄ [W (t1) · · ·W (tn)]O (t)T [W (t01) · · ·W (t0

n
)]
↵
0

(A.15)

(with ti and t0i between t0 and t) which means that we have reduced the problem to the evaluation of a

series of expectation values with respect to the "simple" density matrix ⇢0, which can be calculating using

Wick’s theorem. However, notice that we still have two Taylor expansions instead of a single one. We can

achieve the single Taylor expansion by introducing the contour C ⌘ (t0, tmax) � (tmax, t0) (where tmax

is greater than any other relevant time variable) that goes from t0 to tmax and then back to t0, which is

shown in Fig. 32.

We remark that formally an operatorO (t+) with t+ lying in the forward going branch can be different

from the operatorO (t�) with t� lying in the backward going branch. However, physical operatorsO (t+)

and O (t�) lying in the different branches are the same, so that we define the operator Ô with contour

arguments as

Ô (s = t±) ⌘ Ô (t) (A.16)

such that Ô (t+) = Ô (t�) = Ô (t). This contour can be parametrized by its arc length s as

tC (s) =

8
><

>:

t0 + s, s 2 [0, t� t0]

t� (s� t+ t0) s 2 [t� t0, 2 (t� t0)]
(A.17)

so that we can rewrite Eq. A.14 as

hOi (t) = hS (t0, t)O (t)S (t, t0)i0

= hS (t0, t)S (t, tmax)S (tmax, t)O (t)S (t, t0)i0

= hTCSC (t0, t0)O (t)i0 (A.18)
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Figure 32: Scheme of the time contour C . The coloured arrows are shifted from the t axis only for visual
purposes and the contour follows the real time axis (black). The contour consists in evolving t from an
initial time t0 to a time tmax that is larger than any other relevant time variable. This path is represented
by the red arrow and is denoted by t+. Then, we evolve t from tmax to t0 again, forming a closed contour.
This second path is represented by the blue arrow and is denoted by t�. Often the variables t0 and tmax

are relaxed to t0 ! �1 and tmax ! +1, which is known as the Schwinger-Keldysh contour. Such
choice is made when one is not interested in transient phenomena.

where we have introduced

SC (t0, t0) = TCe
�i/}

R
C dsW (s) (A.19)

with W (s) ⌘ W (tC (s)) and TC being the time-ordering operator in the contour tC present in Eq.

A.17. It is relevant to say that the operator TC was introduced to book-keeping the operators that appear

either time-ordered or anti-time-ordered. We only demand that tmax is greater than any time t for which we

want to evalaute hO (t)i. Formally, we can extend t ! +1. Also, if we are not interested in transient

dynamics, one can take the limit t0 ! �1 ending up with the so called Schwinger-Keldysh contour

(developed independently by Schwinger [179] in 1961 and by Keldysh [146] in 1964). Since we are

interested in steady-state quantities, we will use the Schwinger-Keldysh contour.

With the introduction of such contour ordering we obtain a single perturbative series expansion hOi (t)

as follows

hOi (t) =
X

n

1

n!

✓
� i

}

◆n Z

C

ds1 · · ·
Z

C

dsn hTCW (s1) · · ·W (sn)O (t)i0 (A.20)

A.2 Contour ordered Green’s functions

From Eq. A.18, we can introduce a natural generalization of the real-time single-particle GFs for non-

equilibrium theory, which is the contour ordered Green’s function, defined as

Gab (s, s
0) = � i

}

D
TCca (s) c

†
b
(s0)
E

(A.21)
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where the time evolution of the operators is now over the contour, satisfying the Heisenberg equation with

the contour argument given by

d

ds
Ô (s) =

i

}

h
H (s) , Ô (s)

i
, (A.22)

the contour time evolution operator given by

Ô (s) = UC (s0, s)OUC (s, s0) (A.23)

with UC (s, s0) obeying the contour Schrödinger equation

i} d

ds
UC (s, s0) = H (s)U (s, s0) (A.24)

�i} d

ds0
UC (s, s0) = U (s, s0)H (s0) (A.25)

where H (s) = H (tC (s)). Such GF with contour ordered arguments can also be perturbatively expan-

ded as in Eq. A.20.

Depending on the position of its arguments (if they lie in the C+ or the C� contour), the contour

ordered GF reduces to the following real-time GFs : the time ordered GF if both arguments lie in the C+

contour

Gab

�
t+, t

0
+

�
= � i

}

D
TCca (t+) c

†
b

�
t0+
�E

= � i

}

D
Tca (t) c

†
b
(t0)
E
⌘ GT

ab
(t, t0) , (A.26)

the lesser GF if t is in the C+ contour and t0 in the C� contour

Gab

�
t+, t

0
�
�
= � i

}

D
TCca (t+) c

†
b

�
t0�
�E

= �⇣ i}

D
c†
b

�
t0�
�
ca (t+)

E
⌘ G<

ab
(t, t0) , (A.27)

the greater GF if t is in the C� contour and t0 in the C+ contour

Gab

�
t�, t

0
+

�
= � i

}

D
TCca (t�) c

†
b

�
t0+
�E

= � i

}

D
ca (t�) c

†
b

�
t0+
�E

⌘ G>

ab
(t, t0) (A.28)

and the anti-time ordered GF if both arguments lie in the C� contour

Gab

�
t�, t

0
�
�
= � i

}

D
TCca (t�) c

†
b

�
t0�
�E

= � i

}

D
T̄ ca (t) c

†
b
(t0)
E
⌘ GT̄

ab
(t, t0) . (A.29)

We can cast all these GF’s in matrix form where the matrix indices indicate the branch of the contour

the time variables are, such as
2

4 Gab

�
t+, t0+

�
Gab

�
t+, t0�

�

Gab

�
t�, t0+

�
Gab

�
t�, t0�

�

3

5 =

2

4 GT

ab
(t, t0) G<

ab
(t, t0)

G>

ab
(t, t0) GT̄

ab
(t, t0)

3

5 (A.30)
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Additionally, all these quantities are also related with each other by the following equation

G>

ab
(t, t0) +G<

ab
(t, t0) = GT

ab
(t, t0) +GT̄

ab
(t, t0) (A.31)

meaning that there are only three linearly independent GFs, allowing one to choose the most adequate

ones for each case. This leads to the use of different conventions throughout the literature. Other two

commonly used GFs that we are interested in are the retarded and advanced GFs, defined as

GR

ab
(t, t0) ⌘ � i

}⇥ (t� t0)

⌧h
ca (t) , c

†
b
(t0)
i

⇣

�
(A.32)

GA

ab
(t, t0) ⌘ i

}⇥ (t0 � t)

⌧h
ca (t) , c

†
b
(t0)
i

⇣

�
(A.33)

For our purposes, we focus on G>, G<, GR and GA, which are also related by the following equation

GR

ab
(t, t0)�GA

ab
(t, t0) = G>

ab
(t, t0)�G<

ab
(t, t0) (A.34)

Since the real-time GF’s are not all linearly independent, we can eliminate one of them by applying a

linear transformation such as
2

4 GT

ab
(t, t0) G<

ab
(t, t0)

G>

ab
(t, t0) GT̄

ab
(t, t0)

3

5! L�1 ·

2

4 GT

ab
(t, t0) G<

ab
(t, t0)

G>

ab
(t, t0) GT̄

ab
(t, t0)

3

5 ·Q�1 (A.35)

where one of those GFs is eliminated by choosing the appropriateL andQmatrix. Since we are interested

in working with GR, GA and G<, also known as the RAL representation, we choose L and Q to be

L =

2

4 1 0

1 �1

3

5 , Q =

2

4 1 0

1 1

3

5 (A.36)

such that

L�1 ·

2

4 GT

ab
(t, t0) G<

ab
(t, t0)

G>

ab
(t, t0) GT̄

ab
(t, t0)

3

5 ·Q�1 =

2

4 GR

ab
(t, t0) G<

ab
(t, t0)

0 GA

ab
(t, t0)

3

5 (A.37)

The contour-ordered GF also obey the Dyson equation, which for a system with interactions and

subjected to an external potential reads

Gab (s, s
0) = gab (s, s

0) +
X

cd

Z

C

ds1gac (s, s1)Vcd (s1)Gdb (s1, s
0) (A.38)

+
X

cd

Z

C

ds1

Z

C

ds2gac (s, s1)⌃cd (s1, s2)Gdb (s2, s
0)
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We can transform this equation back into the real-time domain by using the matrix representation shown

above, which leads to
2

4 GT

ab
(t, t0) G<

ab
(t, t0)

G>

ab
(t, t0) GT̄

ab
(t, t0)

3

5 =

2

4 gT
ab
(t, t0) g<

ab
(t, t0)

g>
ab
(t, t0) gT̄

ab
(t, t0)

3

5+

+
X

cd

Z
dt1

2

4 gT
ac
(t, t1) g<

ac
(t, t1)

g>
ac
(t, t1) gT̄

ac
(t, t1)

3

5Vcd (t1) �z

2

4 GT

db
(t1, t0) G<

db
(t1, t0)

G>

db
(t1, t0) GT̄

db
(t1, t0)

3

5+

+
X

cd

Z
dt1

Z

C

dt2

2

4 gT
ac
(t, t1) g<

ac
(t, t1)

g>
ac
(t, t1) gT̄

ac
(t, t1)

3

5 �z

2

4 ⌃T

cd
(t1, t2) ⌃<

cd
(t1, t2)

⌃>

cd
(t1, t2) ⌃T̄

cd
(t1, t2)

3

5 �z

2

4 GT

db
(t2, t0) G<

db
(t2, t0)

G>

db
(t2, t0) GT̄

db
(t2, t0)

3

5

(A.39)

and by changing to the RAL representation we obtain
2

4 GR

ab
(t, t0) G<

ab
(t, t0)

0 GA

ab
(t, t0)

3

5 =

2

4 gR
ab
(t, t0) g<

ab
(t, t0)

0 gA
ab
(t, t0)

3

5+

+
X

cd

Z
dt1

2

4 gR
ac
(t, t1) g<

ac
(t, t1)

0 gA
ac
(t, t1)

3

5Vcd (t1)

2

4 GR

db
(t1, t0) G<

db
(t1, t0)

0 GA

db
(t1, t0)

3

5+

+
X

cd

Z
dt1

Z
dt2

2

4 gR
ac
(t, t1) g<

ac
(t, t1)

0 gA
ac
(t, t1)

3

5

2

4 ⌃R

cd
(t1, t2) ⌃<

cd
(t1, t2)

0 ⌃A

cd
(t1, t2)

3

5

2

4 GR

db
(t2, t0) G<

db
(t2, t0)

0 GA

db
(t2, t0)

3

5

(A.40)

From this last equation we can extract the Dyson equation for the retarded/advanced GFs

GR/A = gR/A + gR/A · V ·GR/A + gR/A · ⌃R/A ·GR/A (A.41)

with the " · " encoding the integration over time and the summation over the indices. As for the lesser GF,

we have

G< = g< + gR · V ·G< + g< · V ·GA+

+ gR · ⌃R ·G< + gR · ⌃< ·GA + g< · ⌃A ·GA (A.42)

and by acting with the operator i}@t �H0 on this equation and manipulating we obtain

G< (t, t0) = GR (t, t0) ·G< (t0, t0) ·GA (t0, t
0)

+

Z
dt1

Z
dt2G

R (t, t1) · ⌃< (t1, t2) ·GA (t2, t
0) (A.43)
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Assuming that the system losesmemory of its initial state, that being, limt!1 GR (t, t0) = limt!1 GA (t0, t) =

0, we obtain

G< (t, t0) =

Z
dt1

Z
dt2G

R (t, t1) · ⌃< (t1, t2) ·GA (t2, t
0) (A.44)

which is known as the Keldysh equation.

A.3 Langreth’s rules

As seen in the previous section, it is straightforward to obtain the real-time counter-parts of a single

contour-ordered GF, being only a question of determining in which branch of the contour are its argu-

ments. However, for more complicated expressions involving contour-ordered GF’s, such as products or

convolutions of many contour-ordered GFs, one needs to employ the so-called Langreth’s rules in order

to obtain its real-time correspondents. We state below, without derivation, some of the more useful ones.

For a derivation, an interested reader can check Refs. [180, 148].

For the case of finding a convolution of the type

C (s, s0) =

Z

C

ds1A (s, s1)B (s1, s
0) (A.45)

which is found in the Dyson equation, the lesser/greater components are then given by

C7 (t, t0) =

Z

C

dt1
⇥
AR (t, t1)B

7 (t1, t
0) + A7 (t, t1)B

A (t1, t
0)
⇤

(A.46)

and for the retarded/advanced components we have

CR/A (t, t0) =

Z

C

dt1A
R/A (t, t1)B

R/A (t1, t
0) (A.47)

For a parallel product of the type

C (s, s0) = A (s, s0)B (s, s0) (A.48)

we have

C7 (t, t0) = A7 (t, t0)B7 (t, t0) (A.49)

and

CR/A (t, t0) = A< (t, t0)BR/A (t, t0) + AR/A (t, t0)B> (t, t0) (A.50)

Finally, it is also common to find the anti-parallel product of the form

C (s, s0) = A (s, s0)B (s0, s) (A.51)
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that leads to

C7 (t, t0) = A7 (t, t0)B? (t0, t) (A.52)

and to

CR/A (t, t0) = A< (t, t0)BR/A (t0, t) + AR/A (t, t0)B< (t0, t) (A.53)

A.4 Fock diagram for the electron-boson interaction

In this section we focus on obtaining the Fock diagram for the electron-boson interaction. When interactions

are introduced, the electrons feel the presence of the bosons and this leads to a renormalization of their

energy or other properties, which alters the potential created by the electrons. On the other hand, the

bosons feel this change in the electronic potential, which leads to a change of their properties and the

potential created by them, which in turn is felt by the electrons and so forth. We can notice that such

interaction creates a loop of renormalizations between the electrons and bosons. In order to arrive to a

feasible solution, one needs to truncate this loop up to some degree. For our particular case, we choose

to approximate it up to second order. This means that the electrons feel the presence of the bosons, but,

because the bosons are in great number or the influence that the electrons have on them is sufficiently

small, the bosons do not feel the presence of the electrons, ending here the cause-effect relation between

these two entities.

With this being said, we start with the contour ordered electronic GF G (s, s0) given by

Gab (s, s
0) = �i

D
TCca (s) c

†
b
(s0)
E

(A.54)

= �i
D
TCca (s) c

†
b
(s0) e�i

R
C ds1Hint(s1)

E

0

where the unperturbed or "easy" Hamiltonian for the free electrons/bosons is given by

H0 =
X

n

"nc
†
n
cn +

X

�

}!�a
†
�
a� (A.55)

and the perturbative interaction Hamiltonian reads

Hint =
X

↵��

M↵� (�) c
†
↵
c��� (A.56)

where all those appearing quantities were previously defined in the main text and the operators are in the

interaction picture.

Now, we expand the factor e�i
R
C ds1Hint(s1) in the expression for Gab (s, s0), up to second order in
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M (�), so that

Gab (s, s
0) = �i

*
TCca (s) c

†
b
(s0)

 
1� i

Z

C

ds1Hint (s1) +
1

2

✓
�i

Z

C

ds1Hint (s1)

◆2
!+

0

= �i

⌧
TCca (s) c

†
b
(s0)

✓
1� i

Z

C

ds1Hint (s1)�
1

2

Z

C

ds1

Z

C

ds2Hint (s1)Hint (s2)

◆�

0

(A.57)

and by substituting Hint by its expression we have

Gab (s, s
0) = �i

D
TCca (s) c

†
b
(s0)
E

0
�
X

↵��

Z

C

ds1M↵� (�)
D
TCca (s) c

†
b
(s0) c†

↵
(s1) c� (s1)�� (s1)

E

0

+
i

2

X

↵1�1�1

X

↵2�2�2

M↵1�1 (�1)M↵2�2 (�2) ·

·
Z

C

ds1

Z

C

ds2
D
TCca (s) c

†
b
(s0) c†

↵1
(s1) c�1 (s1)��1 (s1) c

†
↵2

(s2) c�2 (s2)��2 (s2)
E

0
(A.58)

We arrived at a point where we need to employ Wick’s theorem to write the average of the product as

a product of averages of pairs of operators. Notice that in the first order term there is only one bosonic

operator, leading to the cancelation of this term. Additionally, we can write the first term as a free-electron

GF gab (s, s0) so that we arrive to

Gab (s, s
0) = gab (s, s

0)

+
i

2

X

↵1�1�1

X

↵2�2�2

M↵1�1 (�1)M↵2�2 (�2) ·

·
Z

C

ds1

Z

C

ds2
D
TCca (s) c

†
b
(s0) c†

↵1
(s1) c�1 (s1)��1 (s1) c

†
↵2

(s2) c�2 (s2)��2 (s2)
E

0
(A.59)

Wick’s theorem allows us to write this average as
D
TCca (s) c

†
b
(s0) c†

↵1
(s1) c�1 (s1)��1 (s1) c

†
↵2

(s2) c�2 (s2)��2 (s2)
E

0

=
D
TCca (s) c

†
b
(s0)
E

0

⌦
TCc

†
↵1

(s1) c�1 (s1)
↵
0
hTC��1 (s1)��2 (s2)i0

⌦
TCc

†
↵2

(s2) c�2 (s2)
↵
0

+ 2
⌦
TCca (s) c

†
↵1

(s1)
↵
0

D
TCc�1 (s1) c

†
b
(s0)
E

0

⌦
TCc�2 (s2) c

†
↵2

(s2)
↵
0
hTC��1 (s1)��2 (s2)i0

� 2
⌦
TCca (s) c

†
↵1

(s1)
↵
0

D
TCc�2 (s2) c

†
b
(s0)
E

0

⌦
TCc�1 (s1) c

†
↵2

(s2)
↵
0
hTC��1 (s1)��2 (s2)i0

(A.60)

where the first term corresponds to a disconnected diagram that cancel out. Writing the averages of pairs

of operators as GFs we have
D
TCca (s) c

†
b
(s0) c†

↵1
(s1) c�1 (s1)��1 (s1) c

†
↵2

(s2) c�2 (s2)��2 (s2)
E

0

= 2ga↵1 (s, s1) g�1b (s1, s
0) g�2↵2 (s2, s2) d�1�2 (s1, s2)

� 2ga↵1 (s, s1) g�2b (s2, s
0) g�1↵2 (s1, s2) d�1�2 (s1, s2) (A.61)
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Plugging this expression into Eq. A.59 we obtain

Gab (s, s
0) = gab (s, s

0)

+ i
X

↵1�1�1

X

↵2�2�2

M↵1�1 (�1)M↵2�2 (�2)

Z

C

ds1

Z

C

ds2ga↵1 (s, s1) g�1b (s1, s
0) g�2↵2 (s2, s2) d�1�2 (s1, s2)

� i
X

↵1�1�1

X

↵2�2�2

M↵1�1 (�1)M↵2�2 (�2)

Z

C

ds1

Z

C

ds2ga↵1 (s, s1) g�2b (s2, s
0) g�1↵2 (s1, s2) d�1�2 (s1, s2)

(A.62)

where we can ascribe to the second term the so-called Hartree self-energy

⌃H (s1, s2) = i
X

↵1�1�1

X

↵2�2�2

M↵1�1 (�1)M↵2�2 (�2) g�2↵2 (s2, s2) d�1�2 (s1, s2) (A.63)

and to the third term the Fock self-energy that is given by

⌃F (s1, s2) = �i
X

↵1�1�1

X

↵2�2�2

M↵1�1 (�1)M↵2�2 (�2) g�1↵2 (s1, s2) d�1�2 (s1, s2) (A.64)

where the diagrams for both contributions are depicted in Fig. 33.

Figure 33: Hartree (left) and Fock (right) diagrams that arise in second order perturbation theory. The
curly lines represent the bosonic GF d�1�2 (s1, s2) and the straight lines the electron bare GF g�↵. Notice
that in the Hartree contribution, the boson line touches the electron line in just one point, meaning that
this interaction is local in time. It can be seen just as a external potential that modifies the electronic
energies. As for the Fock contribution, the bosonic line touches the electron line in two points, meaning
that the interaction that occurred in one instant will affect the particle in another instant. This diagram
has implications in time-dependent observables such as currents, which is the relevant observable in our
main discussion.

Notice that the Hartree contribution is local in time (the arguments of the GF in ⌃H are the same),

which means that it gives no contribution to time dependent quantities such as currents. This term can

rather be understood as a contribution to the external potential of the electron.

⌃int (s1, s2) = �i
X

�1�2

M (�1) · g (s1, s2) ·M (�2) d�1�2 (s1, s2) (A.65)
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Therefore, we neglect the Hartree term and we work with the Fock contribution as our main interacting

self-energy, which can be written as Additionally, it is customary to adopt the non-crossing approximation,

which consists in a summation over all possible diagrams where the bosonic lines do not cross with each

other. In practice, it yields a similar expression as the Fock contribution, where we replace g ! G,

⌃int (s1, s2) = �i
X

�1�2

M (�1) ·G (s1, s2) ·M (�2) d�1�2 (s1, s2) (A.66)

which is the expression that we adopt in the main text.
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Appendix B
Electronic wave-function in graphene

We aim to obtain the electronic wave-function in graphene, both the in-plane and out-of-plane components.

As discussed in the introduction, graphene is a 2D material simply composed by carbon atoms cova-

lently bound in a honeycomb structure (shown in Fig. 34 a)) with the nearest neighbor vectors being

⌧ 1 =
agp
3

 p
3

2
,�1

2

!
, (B.1)

⌧ 2 =
agp
3
(0, 1) , (B.2)

⌧ 3 =
agp
3

 
�
p
3

2
,�1

2

!
. (B.3)

Graphene’s Bravais lattice is characterized by having a triangular shape and its basis vectors are

a1 = ag

 
1

2
,

p
3

2

!
(B.4)

and

a2 = ag

 
�1

2
,

p
3

2

!
, (B.5)

where graphene’s lattice parameter is ag ' 2.46̊A. Each unit cell has two atoms, labeled as the A and B

sites, and an area ofAcell =
p
3a2

g
/2 ' 5.2̊A

2
. Its first Brillouin zone (1BZ) has the shape of an hexagon

(Fig. 34 b)) and the reciprocal lattice basis vectors are

b1 =
4⇡p
3ag

 p
3

2
,
1

2

!
, (B.6)

b1 =
4⇡p
3ag

 p
3

2
,
1

2

!
. (B.7)
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Figure 34: Graphene’s crystalline structure and reciprocal lattice. (a) Graphene’s crystalline structure.
The unit cell is represented by the pink shaded rhombus and the A and B carbon sites are represented by
the blue and red disks, respectively. The Bravais lattice basis vectors {a1,a2} are represented by blue
arrows and the nearest neighbours vectors ⌧ a (with a = 1, 2, 3) are represented by green arrows. (b)
Graphene’s reciprocal lattice. The 1BZ is represented by the pink shaded hexagon. The reciprocal lattice
basis vectors {b1, b2} are represented by the blue arrows and the blue dots represent reciprocal lattice
sites. The positions of the high symmetry points �, K, K 0 = �K and M are also shown. (Reproduced
with permission from the PhD thesis of Bruno Amorim [181])

B.1 In-plane wave-function

In order to obtain the wave-function of electrons in graphene, we employ a tight-binding (TB) model with

nearest-neighbor (NN) interactions, which is proved to be an excellent approach since its electronic pro-

perties are dominated by the gapless linear dispersion relation around the corners of the 1BZ, with its low

energy states (energetically closer to the Fermi level of neutral graphene) being located close to the K

and K 0 = �K points, with

K =
b1 � b2

3
=

4⇡

3ag
(1, 0) . (B.8)

Using the TB approach, the second quantized Hamiltonian of graphene (which has very weak spin-orbit

effects, thus neglecting spin) is then

HTB
gr = �t

X

n,a

h
 †
Rn,A

 Rn+⌧a,B +  †
Rn+⌧a,B

 Rn,A

i
(B.9)

with t ' 2.8eV[23] being the nearest-neighbor hopping,  †
Rn,A/B

�
 Rn,A/B

�
the creation (annihilation)

operator for an electron located in the atom in the position Rn of the A/B sub-lattice.

The creation (annihilation) operators written as a Fourier expansion are

 †
Rn,A

=
1p
N

X

k

e�ik·Rn †
k,A, (B.10)
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 Rn,A =
1p
N

X

k

eik·Rn k,A, (B.11)

 †
Rn+⌧2,B

=
1p
N

X

k

e�ik·(Rn+⌧2) †
k,B, (B.12)

 Rn+⌧2,B =
1p
N

X

k

eik·(Rn+⌧2) k,B, (B.13)

with N being the number of unit cells in the crystal.

Thus, Eq.B.9 can be rewritten as

HTB
gr = �t

X

k,a

h
eik

0·⌧a †
k,A k,B + e�ik·⌧a †

k,B k,A

i
, (B.14)

By introducing the following vector

 
†
k =

h
 †
k,A, 

†
k,B

i
, (B.15)

with the positions encoding the sub-lattice, and introducing

�k =
X

a

eik·⌧a

= |�k| ei✓(k) (B.16)

with ✓ (k) = arg (�k), we can simplify the Hamiltonian in Eq.B.14 as

HTB
gr =

X

k

 
†
k ·Hk · k (B.17)

where

Hk =

2

4 0 �t�k

�t�⇤k 0

3

5 (B.18)

Notice that the dimension of this Hamiltonian comes from the fact that each unit cell has two carbon

atoms, hence being a 2⇥ 2 matrix. Its spectrum, which is given by

✏k,� = �t |�k|

= �t

vuut3 + 2 cos (kxag) + 4 cos
✓
kxag
2

◆
cos

 p
3kyag
2

!
(B.19)

has two bands, conduction and valence, corresponding to � = ±1, and is plotted in Fig. 35.

If the graphene is not doped, only the valence band (� = �1) is occupied.
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Figure 35: Electronic band structure of graphene. (a) 3D visualization of graphene dispersion relation.
(b) Dispersion relation of graphene along the �KM� path represented in Fig. 34 (b). The dashed
line represents the linearized dispersion relation around the K point. The shaded region represents the
states that are occupied in neutral graphene. (Reproduced with permission from the PhD thesis of Bruno
Amorim [181])

Finally, the eigenstates of the tight binding Hamiltonian in Eq.B.18 are then

����

k

↵
=

1p
2

2

4 1

��⇤k/ |�k|

3

5

=
1p
2

2

4 1

�ei✓(k)

3

5 (B.20)

so that the full 2D wave-function for the electron’s in graphene around the K points in a tight-binding

approach is then

|k,�i = 1p
Agr

X

n

����

k

↵
eik·Rn (B.21)

with Agr the area of the graphene sample.

B.2 Out-of-plane wave-function

Notice that the wave-vector k in Eq. B.21 is a 2D in-plane vector. In order to obtain the 3D eigenstates,

we need to include a modulation factor � (z) in the z direction, so that the 3D electronic eigenstates in

graphene become

|Ki = |ki |� (z)i (B.22)

=
1p
Agr

X

n

|�ki eik·Rn |� (z)i
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Figure 36: Electrostatic potential landscape in the z direction felt by the electrons in the gr-hBN-gr struc-
ture. The graphene sheets, located at z = ±a confine the electrons into the x � y plane. Such confi-
nement potential can be modeled as a Dirac delta function. In between the graphene sheets is placed a
slab of hBN, which electrostatic potential is accounted by the introduction of V0 in this region.

where we have dropped the notation � for the bands, because in practice we will always assume that the

valence band is completely filled, which means that the hopping electrons will be always in the conduction

band (� = +1).

The electrons in graphene are confined to a very narrow region in the out-of-plane direction, about

the size of a single atom, which for graphene is around 3Å [182]. With such a small length, we can

approximate the potential that confines the electrons in the z direction as a Dirac delta. Such potential

landscape is depicted in Fig. 36.

The solution of the Schrödinger equation for such potential landscape in the region between the

graphene sheets would be expressed as a hyperbolic cosine, which takes into account the overlap between

the evanescent wave functions of each sheet. However, since the distance between the two graphene

sheets is of the order of a few nanometers (much larger than the extension of the wavefunction), we can

say that this overlap is week enough so that we can write the wave-function for each graphene as just the

solution for a single Dirac delta, which is given as

|� (z)i =
p
e�|z|

with  =
p

2mE/}2.
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Therefore, we have

|�L (z)i =

8
><

>:

p
1e1(z+a), z < �a

p
2e�2(z+a), z > �a

and

|�R (z)i =

8
><

>:

p
2e2(z�a), z < a

p
1e�1(z�a), z > a

with 1 =
p

2mEw/}2 where Ew is the extraction energy of graphene, which in the order of 4.3 eV

[174], and 2 =
p

2m (Ew � V0) /}2, where V0 is taken to be the bottom of the conduction band of

hBN. It can be experimentally measured (relative to vacuum) as the electron affinity, which was reported

to be �0.5eV [183].
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