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Exciton generation by inelastic tunneling in heterostructures with

two-dimensional semiconductors

Abstract

In this thesis, we study the emission of excitons via inelastic tunneling in mesoscopic devices with two
electrodes separated by a non-conductive material, subjected to a biased electrostatic potential. We study
this problem applying both a simplified toy model and a detailed model for a graphene/hexagonal boron
nitride/graphene (gr-hBN-gr) van der Waals (vdW) heterostructure. Specifically, we focus on the corrections
to the current arising from the interaction between the tunneling electrons and the two-dimensional excitons
hosted by a transition metal dichalcogenide (TMD) layer placed a few nanometers apart.

To this end, we start by applying the non-equilibrium Green's function (NEGF) technique to a gener-
alized transport problem for a two-contact mesoscopic system with general electron-boson interactions,
thus obtaining analytic expressions for the non-interacting elastic current - the Landauer formula - written
as the energy integral of the contact’s occupied levels and the transmission function, which is related to
the probability of an electron with a given energy to tunnel through the device. Treating the electron-boson
interaction as a perturbation, we also obtain the second order corrections that these interactions introduce,
separating the cases of elastic and inelastic processes.

In order to gain insight about the general features that arise in the electron tunneling problem, we
apply these generic results to a one-dimensional toy-model at zero temperature and calculate both the
transmission functions and the |-V curves for this idealized system. Although simple in its nature, it is
sufficient to capture the phenomena of inelastic tunneling assisted by the emission of a bosonic excitation.
As such, it captures some of the essential features of the more complex vdW device. We are able to show
that, when accounting for interactions up to the second order, there is an increase in the total current for
bias voltages in resonance with the model sample, while for voltages exceeding this threshold there is a
suppression in the total current dominated by the elastic correction, even though its inelastic counterpart
contributes with a small increase. Additionally, we also show that these interactions open new tunneling
channels that depend on boson’s energy.

Finally, we tackle the problem of finding the exciton-assisted inelastic tunneling current flowing in the
vdW heterostructure, electromagnetically coupled to the excitonic layer (TMD). To do so, we calculate the

matrix element for the electron-exciton interaction, mediated by the emission and absorption of virtual



photons, in a second order perturbation theory and use it to obtain the transition rate from Fermi’'s golden
rule, from which we are able to find the inelastic current flowing through the system and the corresponding

rate of generation of excitons in the TMD layer.

Keywords: non-equilibrium Green’s functions, inelastic tunneling, excitons, van der Waals heterostruc-

tures, electroluminescence.



Geracao de excitdoes por tunelamento inelastico em heteroes-

truturas com semicondutores bi-dimensionais

Resumo

Nesta tese, estudamos a emissao de excitdes por tunelamento inelastico em dispositivos mesoscopicos
com dois eletrodos separados por um material isolador, sujeito a um potencial eletrostatico. Abordamos
este problema aplicando tanto um modelo simplificado e um modelo detalhado para uma heteroestrutura
de van der Waals de grafeno/nitreto de boro hexagonal/grafeno. Em especial, focamo-nos nas correcoes
a corrente que advém de interacdes entre os eletrdes em tunelamento e os excitdes bi-dimensionais
presentes numa camada de um dicalcogeneto de metais de transicao colocada a uma distancia de alguns
nanometros.

Para tal, comecamos por aplicar a técnica de funcdes de Green fora de equilibrio a um problema de
transporte genérico num sistema mesoscopico de dois contactos com interacdes eletrdo-bosdo genéricas,
obtendo assim expressdes analiticas para a corrente elastica nao interatuante - a férmula de Landauer -
escrita como o integral de energia dos niveis de ocupacao dos contactos e a funcédo de transmissao, que
esta relacionada com a probabilidade de um eletrao com uma dada energia transitar através do dispositivo.
Tratando a interacéo eletrao-bosao como uma perturbacao, também obtemos as correcdes de segunda
ordem que essas interacdes introduzem, separando os casos de processos elasticos e inelasticos.

De modo a ganhar experiéncia sobre as caracteristicas gerais de problemas de tunelamento de ele-
trdes, aplicamos estes resultados genéricos a um modelo uni-dimensional simplificado a temperatura zero
e calculamos tanto as funcdes de transmissao como as curvas IV para este sistema idealizado. Embora
de natureza simplista, é suficiente para capturar os fenémenos de tunelamento inelastico assistido pela
emissao de uma excitacdo bosonica. Como tal, este captura algumas das caracteristicas essenciais de
dispositivos vdW mais complexos. Mostramos que, tendo em conta interacdes até segunda ordem, se
verifica um aumento da corrente total para voltagens em ressonancia com a amostra do dispositivo, en-
qguanto que para voltagens superiores a este limite ha uma diminuicao da corrente total dominada pela
correcao elastica, apesar da correcao inelastica contribuir para um ligeiro aumento. Além disso, tam-
bém mostramos que estas interacdes abrem novos canais de tunelamento que dependem da energia do
bosao.

Por ultimo, abordamos o problema de obter a corrente que flui na heteroestrutura de vdW por tu-

Vi



nelamento inelastico assistido por excitdes, acoplada eletromagneticamente aos excitdes da camada de
TMD. Para isso, calculamos o elemento de matriz para a interacao eletrao-excitdo, mediada pela emissao
e absorcao de fotdes virtuais, em teoria de perturbacdes de segunda ordem e usamos-o para obter a taxa
de transicdo a partir da regra de ouro de Fermi, através da qual se obtém a corrente inelastica que flui

no sistema e a correspondente taxa de geracao de excitdes na camada de TMD.

Palavras-chave: Funcoes de Green fora do equilibrio, tunelamento inelastico, excitdes. heteroestruturas

de van der Waals, eletroluminescéncia.
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Chapter 1

Introduction

1.1 Novel nearly 2D materials for optoelectronics and photo-
nics

In the past century, the human species have witnessed huge advancements in the creation and develop-
ment of electronic technologies. These technologies completely changed the way that humans commu-
nicate with each other, access information, work, travel and socially interact, having profound impacts
world-wide in virtually every aspect of human society.

In 1965, Gordon Moore [1] has predicted that every two years the number of components in each
integrated circuit would double. This prediction of exponential growth turned out to be true and since 1975
it has been regarded as a "law". However, nowadays there is some debate wether Moore's law is still
valid or not [2, 3]. With the increase in shrinking of electronic components, modern day technology have
reached such a miniaturization scale that the laws of classical physics no longer suffice, being imperative to
take into account effects stemming from quantum mechanics [4]. With technological research increasingly
turning to the quantum world, new forms of electronic devices were proposed where quantum effects are
harnessed. These devices include quantum dots [5, 6], quantum cascade lasers [/], single-electron
transistors [8], superconducting quantum interference devices [9], quantum computing devices [10],
spintronic devices [11], among others.

In more recent years, a new potential basis for the development of these devices has emerged in
the form of the so called van der Waals (vdW) heterostructures [12, 13, 14], which basically consist on
stacks of multiple nearly 2D materials of equal or different type, held together by van der Waals forces
(hence the name of these structures) in order to harness the properties of all constituent materials. Typical
materials used in vdW heterostructures are graphene, hexagonal Boron-Nitride (hBN) and transition metal

dichalcogenides (TMDs), among many others [15].



Graphene was the first 2D atomic crystal to be experimentally obtained [16] and paved the way for
the world of 2D materials (with thickness of one atom) to be explored, which lead to the 2010 Nobel
Prize in Physics being awarded "for groundbreaking experiments regarding the two-dimensional material
graphene" [17]. Since this discovery, a huge amount of research was devoted to characterize graphene,
develop fabrication techniques and applications, both theoretic and experimentally [18]. Graphene is
composed of carbon atoms arranged in a hexagonal honeycomb lattice and is known for exhibiting uniquely
combined features [19] such as extreme mechanical strength, elasticity and flexibility [20, 21, 22], high
electronic [23, 24, 25, 26, 27] and thermal [28, 29, 30, 31, 32, 33] conductivities, chemical stability
[34, 21, 20] and unique optical properties such as transparency to radiation in the visible spectrum [35,
36, 37, 38], anomalous optical absorption [39, 40, 41, 42] and strong light-matter interactions [43, 44,
45, 46, 47]. These properties make graphene an excellent candidate to be used in vdW heterostructures
[48, 49, 50, 51, 52], typically playing the role of electric contact. However, the properties of graphene can
be negatively affected if the wrong substrate is used [53, 54]. This problem can be overcome by using
hBN since that, with this particular substrate, the properties of graphene were shown to be enhanced
[49, 26, 55, 50].

Hexagonal Boron-Nitride (hBN), also known as "white graphene" due to their structural similarity, is
an insulating isomorph of graphene that instead of carbon atoms is composed of boron and nitrogen
atoms also arranged in a honeycomb lattice, with a 1.8% lattice mismatch with respect to graphene [49].
While being an insulator with a large band-gap [56, 57], hBN is frequently combined with graphene in
vdW devices [58] due to its atomically planar surfaces, mechanical robustness, thermal stability and
being relatively inert, thus acting as a very good substrate [48, 38, 55, 59, 60] and also as a shield
from environmental degradation. It can also be used as a tunneling barrier since it can be fabricated as
thin as a single monolayer [61, 60, 55, 62, 26]; as a decoupling layer for graphene due to its reduced
substrate induced strain, thus preserving its electronic properties [63]; it can be used to enhance the
already formidable optical properties of graphene [64, 65, 66, 67, 68]; one can also engineer a moiré
superlattice formed between these two materials, thus introducing a periodic modulation in the electronic
density of states that can be used to form additional electronic states and electron correlation phenomena,
or even to create and tune a band gap in graphene [69, 49, /0, 71, 62].

Other 2D materials that are also the focus of much investigation are semiconducting transition metal
dichalcogenides [/2]. These are semiconductors of the type MX,, where M stands for transition metal
(typically of 4-7 group of the periodic table) and X for chalcogenide (group 16 of the periodic table, although

the nomenclature typically does not include oxides). Some of the most commonly studied semiconducting



TMDs are MoS,, MoSe,, WS, and WSe, [73, 74, 75]. TMDs can exist in either bulk or monolayer form
[76, 77] and their electronic, optical and mechanical properties differ considerably between the two forms.
Since bulk TMDs have strong covalent intralayer bounds and weak vdW interlayer bounds, it becomes
relatively easy to synthesize monolayer TMDs from their bulk counterparts by means of several exfoliation
or vapor deposition techniques [78, 79, 80]. One of the most striking differences when comparing bulk and
monolayer TMDs is the fact that, even though in bulk they feature indirect bandgaps, TMDs in monolayer
form have a direct electronic bandgap [81, 82, 83] that makes photo-induced electronic transitions feasible
[84, 85]. This leads to strong absorption and photoluminescence properties [86, 87, 88], some of them
in the visible spectrum, making monolayer TMDs excellent candidates for optoelectronic applications [89,
90, 91].

The enhancement of the photoluminescence properties in monolayer TMDs is mainly caused by ex-
citons [92, 93], a bosonic quasiparticle composed by an electron that is excited from the valence band
and the positively charged hole (vacancy) that it left in the valence band, bound together via Coulomb
interactions [94, 95]. Excitons are not exclusive of TMDs, they are common quasi-particles that are for-
med in gapped materials (insulators and semiconductors), both in bulk or monolayer form. However, the
fact that monolayer TMDs have reduced dielectric screening (due to the low dimensionality) means that
excitons in these materials have enhanced binding energies and small radius, leading to a lot of attention
being drawn to them [96, 97/, 98]. The two body system that the bond state between the electron and the
hole forms can be regarded as an analog of the hydrogen atom with a smaller effective mass [99, 100].
The excitonic bound energy states are also analogous to the hydrogen atom and lie inside the bandgap of
the material, highly affecting the optical properties of the material [101, 102, 103]. For example, we can
promote a direct electronic transition by using photons (making use of the monolayer's direct bandgap),
where the excited electron interacts with the hole left behind and decays to a bound state inside the gap,
thus forming an exciton that later recombines by emitting a photon with a different frequency than the
initial photon, thus creating a process that can be used in a range of different photonic and optoelectronic
applications [104, 105].

In addition to the direct bandgap and excitonic effects, an enhanced spin-orbit coupling arises in
monolayer TMDs [106, 107] due to the strong electron confinement in one direction and the presence of
heavy atoms (the M atoms), leading to spin-orbit splitting of hundreds of meV in the valence band [108].
This splitting can be harnessed in spintronic applications, along with the fact that monolayer TMDs have
no inversion center, which provides the electrons with an extra degree of freedom - the valley index - that

can be used in many applications falling under the new field of valleytronics [109, 110]. This spin-orbit



splitting originates two series of excitons [111] - A and B - that differ in the position of the hole in the
two branches - up or down, respectively - of the valence band. Such discrepancy can be distinguished in
photoluminescence and reflectivity measurements using circularly polarized light [112, 113] because the
excitons of each series have different optical gaps (difference between the electronic gap and the exciton’s

binding energy) and spins.

1.2 Scope and objectives of this work

This thesis is devoted to some theoretical aspects of the usage of the novel nearly 2D materials in op-
toelectronic devices, in particular, those capable of generation of light by electric currents, based on the
phenomenon of electroluminescence.

Now that the individual components of the system to be considered in this thesis have been introduced,

we present in Fig. 1 the specific vdW heterostructure that we are interested in. This consists in two

Z
N
TMD
b hBN
a- Graphene
O—|------ - BBN —V,
—a-1 Graphene

Figure 1: Scheme of the device in study. It is composed by two graphene sheets (gray) acting as electric
contacts, separated by a dielectric spacer (blue) of thickness 2a (typically in the order of a few nanometers)
composed by A layers of hBN. The origin of the z axis is set at the geometric center of this hBN slab. At
z = a + bis placed a single layer of a 2D TMD (yellow), separated from the top graphene layer by an
additional hBN spacer (smaller blue rectangle) of thickness b. A bias voltage Vj, is applied between the
graphene sheets so that the hBN slab in-between acts as a tunneling barrier for the flow of electrons from

one graphene to the other.



graphene sheets separated from each other by a slab of hBN with A/ layers, with a bias voltage applied
across the structure. Additionally, on top of one of the graphene sheets is also a TMD monolayer. The
graphene/hexagonal Boron Nitride/graphene (gr-hBN-gr) heterostructure has been widely studied [114,
115, 116, 117, 118] due to the unique features that the combination of the two materials show, with the
reason for this being the lattice matching [49], mechanical stability [119], reduced dimensionality, weak
vdW bonding between layers, enhancement of graphene’s properties [120, 121], tunable graphene’s
gap [122] and spin-orbit coupling, to mention some, which in practice offers a wide range of potential
applications [123, 124, 125, 126, 127].

For our purposes, we regard this heterostructure as a tunneling device, where the graphene sheets
serve as electrical contacts (making use of its high carrier mobility) and the hBN as the tunneling barrier
(since it has a large gap around 6eV). It has been shown that the tunneling currents flowing through
this device highly depend on the thickness of the tunneling barrier [114, 128], which is relatively easy to
manipulate up to the atomic scale (few nanometers) by controlling the number of layers A/ of the hBN slab.
We are particularly interested in the introduction of a TMD into the system, specifically with the fact that it is
a host for excitons that are accessible with light and can be detected even at room temperature [96]. The
potential presence of these quasiparticles in the system, although not directly within the tunneling path
of the electron, can induce the opening of inelastic tunneling channels via electron-exciton interactions,
and even open possible new channels for the elastic current that already flows in the gr-hBN-gr system
without the TMD [128]. This effect is depicted in Fig. 2, reproduced from Ref. [129], where although one
of the contacts of the tunneling junction is made of gold instead of graphene, the change in the tunneling
current by the introduction of the a TMD layer is clearly seen by the presence of a peak in the |-V curve,
resonant with the exciton’s energy, that is otherwise absent in the |-V curve for the tunneling junction
alone. By harnessing the process of exciton recombination in the TMD, which are created by the tunneling
electrons, electrically pumped light sources and eventually single-photon emitters are possible applications
of this device. Additionally, we remark that the phonon assisted inelastic current in resonant tunneling
devices has been also widely studied [130, 131, 132] and even phonon assisted tunneling in gr-hBN-gr
has been observed [118], providing a solid foundation for the study of exciton assisted tunneling in the
gr-hBN-gr+TMD device. Additionally, the study of direct photon emission in related devices is addressed
in Ref. [133]. Therefore, we aim to theoretically describe the influence that electron-exciton interaction
has in the tunneling current, which was already experimentally measured by Wang et al. [129] in the |-V
characteristic curves and Pommier et al. [93] by means of electroluminescence measurements.

The phenomenon of electroluminescence consists in the emission of light by a system to which is being
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Figure 2: Reproduced from Ref. [129]. Device schematics, band diagrams, and I-V characte-
ristics. a) lllustration of a graphene/hBN/Au tunneling device. The device is protected by a top hBN
layer (not shown for better visibility). A bias voltage V}, applied between the graphene and gold electrodes
gives rise to a tunneling current through the hBN spacer. b) Band diagram of the device for positive V4.
Electrons tunnel from graphene to Au both elastically (not shown) and inelastically (kinked arrow). c)
Recorded |-V (red) and dl/dV (blue) curves at room temperature from the device in a). No distinctive
features are observed besides an overall asymmetry due to the electronic DOS in Au. Inset: Zoom into the
low-bias region displaying phonon-assisted resonances. d) lllustration of a WS, /graphene/hBN/Au tunnel
device, including a protecting top hBN layer (not shown). e) Band diagram of the device at a positive bias.
Electron tunneling can be mediated by the creation of excitons (encircled electron-hole pair) in WS, as
indicated by the red arrow. f) Recorded |-V (red) and dl/dV (blue) curves at room temperature from the
device in d. A new feature appears near V;, = 2.05V. Inset: Zoom into the low-bias region displaying

phonon-assisted resonances.



applied a voltage, which has many optoelectronic applications such as light emitting devices [134, 135,
136]. This process can be enabled from several underlying mechanisms, but the one that we are interested
in is when it is mediated by excitons [137, 104]. The idea is that the electrons that participate in the flow of
current through the system (tunneling device) undergoes an inelastic transition (in the tunneling process)
and loses energy by emission of a resonant exciton (this can be achieved by direct impact excitation [138],
Joule heating [139], carrier injection [140], and others[141, 123]). In turn, the exciton has a finite lifetime
[142, 143] after which the electron and the hole recombine by emitting a photon [144, 145]. Thus, in
practice what is experimentally verified is that for voltages higher than a specific threshold the device emits
light with a narrow bandwidth and a specific wavelength [89, 90] (matching the exciton’s energy), that
can be controlled by, e.g., changing the excitonic host material (the TMD). The intensity of the emitted
radiation is correlated with the intensity of the current (the more electrons decay, the more excitons are
formed and thus more photons are emitted from their recombination).

In order to tackle this inherently complicated and inhomogeneous structure with an out-of-equilibrium
character, we employ the so called Non-Equilibrium Green's Functions (NEGF) formalism (which is ex-
plained in more detail in Appendix A). Developed independently by Keldysh [146] and by Kadanoff and
Baym [147] in the 1960’s, it is a powerful technique that extends way outside of the limited applicability
of Matsubara’s formalism of imaginary time Green’s functions or even linear response theory. Based on
the idea of propagating the Green'’s functions over a time contour, it offers a systematic way of describing
the dynamics of many-body systems far from equilibrium and to develop a perturbation approach to out-
of-equilibrium systems. With this technique, one needs only to provide the Hamiltonian as an input, with
which the Green's functions and the self-energies can be calculated, and from the formalism itself one can
obtain all relevant quantities. This technique was already used in similar problems of inelastic tunneling
assisted by phonons [130], where it proved to be a robust tool to study this type of phenomena.

Ideally, the objective of this thesis would be to use the NEGF formalism to describe the tunneling
current flowing through the system depicted in Fig. 1 and the way that the excitons generated in the
TMD influence this phenomena. In order to gain intuition regarding the role of exciton emission in the
phenomena of tunneling currents, we considered first a one-dimensional toy model composed by two
semi-infinite tight-binding chain of atoms connected to a single-level (that can be seen as an impurity of
the otherwise infinite chain or a quantum dot) and subjected to a bias voltage. Additionally, in order to
model the presence of the excitons in the TMD, we set the central region to be connected to a thermal bath
of generic bosons. Such a toy-model is widely used in pedagogical introductions to the field of mesoscopic

physics [148], and although very simple in its nature, it still captures the essential physics behind many



real systems. Even though we do not hope to obtain exact predictions with this model, we are interested
to see how far it goes in qualitatively capturing major features that real mesoscopic devices such as the
one in Fig. 1 display.

In the second part of the thesis, a more detailed model of the device of Fig. 1 is considered, with two
graphene electrodes treated explicitly (within the Dirac cone approximation), as well as the TMD exciton
considered within a 2D hydrogenic model. The interaction between the tunneling electron and exciton is
described by quantum electrodynamics taking into account emission and absorption of virtual photons.
We limit ourselves by calculating the probability of tunneling (assisted by the creation of an exciton) per
unit time by employing Fermi’s Golden Rule. This probability is directly related to the tunneling current

density and the generation rate of TMD excitons.

1.3 Structure of this thesis

The thesis is organized as follows:

¢ In Chapter 2 we develop the NEGF formalism with a generic two-contact system driven out of
equilibrium by a bias voltage. We start from the equation of motion for the current flowing in through
the central region, where we arrive to an expression containing Green’s functions for operators of
different regions. In order to obtain the current from the point of view of the central region, we
integrate out the contacts by expressing all contact related quantities as a contact induced self-
energy. This way, we end up with an expression containing the Green'’s functions for the central
region and the self-energies that arise due to its coupling with the leads. By neglecting transient
dynamics, we focus in the stationary behavior, thus being able to express the current as an integral
over energy of the central region’s Green's functions and the contact’'s self-energies. Then we
proceed by deriving a formula for the case when the central region is non-interacting - the Landauer
formula - and we end the chapter by analyzing the case when we allow for interactions in the central
region, treating them as a perturbation and thus obtaining an elastic and an inelastic correction for

the current up to the second order in the electron-boson interaction.

¢ |n Chapter 3 we use the results that we obtained in the previous chapter and apply them to the
1D toy-model. We start by introducing the model and the relevant quantities, such as the Green's
functions for either the leads and the central region, and also the level-width function (related with
the coupling between the contacts and the central region). With these quantities we are then able to

calculate the transmission functions, which are related to the probability of an electron with a given
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energy to cross the device, having obtained expressions when we neglect interactions and also
for elastic and inelastic corrections up to second order in the interaction. We end the chapter by
calculating the corresponding currents and interpret the results in light of what would be expected in
real mesoscopic devices. We remark that in order to better compare our results with the literature,
we need to find a suitable expression for the interaction matrix element since it is responsible for
providing us with the magnitude of the effect of enabling interactions into the system. This is the

topic of Chapter 4.

¢ |n Chapter 4 we tackle the problem of finding an expression for the electron-exciton interaction
matrix element by resorting to second order perturbation theory, so that we treat this interaction
as a two step process (i) interaction between the electron with a virtual photon and (ii) between the
virtual photon and an exciton, or vice versa. We start by stating the Hamiltonians responsible for
these interactions, and then we use the standard expression for the interacting matrix element in
second order perturbation theory, so that we obtain an explicit expression for this quantity. With
this, we are able to calculate the probability of the electron to tunnel inelastically, assisted by the

exciton, by using Fermi's Golden Rule.

¢ In Chapter 5 we conclude our study and mention our plans for future work.



Chapter 2

NEGF formalism for mesoscopic transport

In this chapter, we aim to apply the formalism of non-equilibrium Green'’s functions (NEGF) to mesoscopic
systems that are driven out of equilibrium by a potential bias.

This derivation was based on Refs. [148, 149, 150, 151].

A good review on NEGF can be found in Refs. [152, 153, 154].

A more formal and deep book about non-equilibrium Green's functions is Ref. [155].

2.1 Description of the problem and setup

Consider a generic two-terminal device composed by a central region (C), which might support interactions
(we consider this case in the final section of this chapter), and two metallic terminals, left (L) and right
(R), which are assumed to be non-interacting.

As far as we are concerned, these terminals are disconnected from the central region for times ¢t < ¢,
where £ is the instant when the terminals are connected to the system, as shown in Fig. 3.

The contacts are subjected to a voltage difference V}, which creates a potential imbalance p1;, — g

between them. Once the terminals are connected to the central region at ¢ = ¢, the potential imbalance

p = i+ Vo Mg

Ver Vre
H; N\ . N\ Hp,
A A )

Vic Ver

Figure 3: Scheme for a generic two-contact system. Two non-interacting contacts (L/R) are coupled to
a central region (C) via the coupling terms V' 4/ V . A potential bias V}, is placed across the device,

driving it out of equilibrium by altering the chemical potentials of the contacts such that i1, = pug + V5.
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Figure 4: Scheme for the a) partition setup and the b) partition-free setup.

For the partition setup case in a) the contacts (L/ R) have different chemical potentials 1.7, and 1, being
disconnected from the central region (C) for times ¢ < ¢y. Both the contacts and the central region are
in local thermal equilibrium, that being, each individual component is in equilibrium within themselves.
At t = t, the contacts are connected to the central region, driving the system out of equilibrium.

For the partition-free setup case in b) the contacts are connected to the central region at all times, so
that for t < t, the whole system is in equilibrium, since there is no chemical potential imbalance (i1, =
ur = p). In contrast with the previous scenario where the terminals were put in contact with the central
region, at t = ¢, the terminals are already coupled but what changes is that a potential bias is switched

on, altering the chemical potentials of the contacts, thus driving the system out of equilibrium.

originates a current flowing through the system. We also assume that before the contacts were coupled
to the central region, each part of this device was in a local thermodynamic equilibrium.

The assumption that the terminals were disconnected from the device and kept at different potentials
for t < tq is called the partitioned setup, which is represented in Fig. 4a).

Another possibility would be the partion-free setup (see e.g. Ref. [150]) illustrated in Fig. 4b), in
which the terminals and the central system are coupled and in equilibrium in the beginning. Then, at
t = to, a voltage is applied across the contacts driving the system out of equilibrium, resulting into the
flow of a current through the device. The difference between these two approaches lies in the transient
regime, but, in the asymptotic stationary state in which we are interested in, they agree with each other
[150].

With this being said, before we start with the application of the NEGF formalism for a generic two-
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contact system, it is essential that we make a few comments about the notation employed throughout the
text.

Although in Chapter 3 we reduce the complexity of the formalism by applying it to a 1D toy model,
in this chapter we derive all results generally by not taking into account the dimensionality of the device
(which is implicit in the quantities that we keep unspecified). In this way, we already have the formalism
in the right notation if we actually apply it to the physical 3D system, as it is our intention for future works.

The total Hamiltonian for this system is simply given by
H=H,+Hc+Hp+ ) (Ho+He) 1)
¢=L,R
where H , with x = L, C, R is the non-interacting Hamiltonian for the x region and H ¢/ H s¢ is the

interacting Hamiltonian between the lead ¢ and the central region C, with Hyo = H(TM.

We write the generic Hamiltonian for any component of this system as

H, =) Hclc
af

where the label x = L, C, R defines the region being described by Hgﬁ, where «, [ are the state labels
of the subsystem x and ¢ (c“) is the electronic annhilation (creation) operator for the region x, which

obey the following fermionic anti-commutations relations

{ciT,C%T} — 0 (2.2)
{ct,ch} =0 (2.3)
{cf, b} = o800y (2.4)

The Hamiltonian describing the hopping of electrons from the central region to the contact ¢ = L, R,

which is switched on at the time ¢ = ¢, is given by

Heo =Y VESid, (2.5)
af

1.
with Vi = [V&7]
We also remark that the Hamiltonian H for the central region might include interactions, which will

be the topic of discussion in section 2.6.
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2.2 Equation of motion for the current operator

The current flowing from the £ contact to the central region is measured by the rate that the number of

electrons in the ¢ contact changes over time, which is formulated as

dNy

Iy o= e g (2.6)

where N, is the electron number operator for the ¢ contact, defined as

= Z ey (2.7)

and ¢, is the electron’s charge.
The time derivative of IN, can be evaluated through the operator’s equation of motion method, so

that we start with Heisenberg's equation

AN, 1
Atk

where the total Hamiltonian H is given by Eq. 2.1.

_[H,N|] 2.8)

Since [Hy,, No|] = 0 with m # ¢, this last expression can be simplified by including only the

Hamiltonians present in Eq. 2.1 that are related to the ¢ region, so that we have

AN, i
ik [H, N,
= 5 ((H,Ni + [Hoo NJJ + [Hie, NJ) 29

Since [H 4, IN | is also zero, Eq. 2.9 becomes

AN, i
dt’f =+ [(Hoo+ Hio) , N
= 30 (e [ ) 4 v [ ) 210
afy

where we still need to calculate [cTcf, ¢ffc! | and [cg S,cﬁcﬂ

Using the properties

[AB,C] = A[B,C] +[A,C] B (2.11)

[AB,C) = A{B,C} — {A,C} B (2.12)
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and by replacing the anti-commutators with Egs. 2.4 and simplifying, we obtain

AN, i . .
L= 3 vl — Vil | (2.13)
ap

From this, the expectation value of the current given by equation 2.6 is
dIN
(Iimc) () = —a <7> 0
= =0 2 [V 0 4 0) v (G 0 0)]
= Z [VCBGKC ;Ba (t t) W%aGéﬁ;aﬁ (tv t)} (2.14)

apf
where the G=< is the so called lesser Green'’s function (GF) (also called correlator or propagator) for the

electrons (fermions), which is defined as

ry B (t,t) = _ < o (t) c; Ca (t/)> (2.15)

;W

where x, y are generic labels for the regions.

Since these will be needed later on, we also introduce the greater GF G~ defined as

Sy (1) = =1 (ca (O e (). (2.16)
the retarded GF G% as
i / T /
G (68) = =20 (=) ({2 (). ¢ (1)} (2.17)
and the advanced GF G4 as
Gy (18) = 20 (¢ = 1) ({er (1), (#) }) (2.18)

where all these GF's are related to each other via the following equation

G:cy af ( ) Gry ;a8 ( ) ny ;a8 ( ) Gmy ;a8 ( /) (219)

Using a matrix notation for the indices «, 3, we can write it as
(Irse) (1) = —qe (Tr[Vee - G (6,1)] = Tr [V - G, (8,1)]) (2.20)
where the bold quantities are matrices of the type

11 12 13

M,, M., M,

21 22 23

Mo M, M, M,
W 31 32 33
M, Mg, M,
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with each matrix element encoding the indices o, 3, the symbol " - " corresponds to the standard matrix
multiplication, x, y are the region labels and the trace is applied over the «, 3 labels in order to obtain
the exact same summation as in Eq. 2.14.

Notice that the GFs in Eq. 2.20 are “mixed”, that being, these GFs contain electron operators for
both the ¢ contact and the central region. However, our goal is to obtain an expression for the current
from the “point of view” of the central region and treat the contacts as perturbations, which can be done
by assuming that the contacts are non-interacting (they only exist as electrons reservoirs and only weakly
interact with the central region). This separation can be performed by “integrating out” the leads, which
means that we basically isolate the contact operators from the central region operators, thus appearing
“pure” GFs (“pure” meaning that its operators are from only one of the regions). In order to do that, we

need to obtain the expressions for G, and G, which is the scope of the next section.

2.3 Integrating out the contacts

In the previous section, we arrived at a expression for the current flowing from the contact £ to the central
region, present in Eq. 2.20. The GFs present in this equation contain electron operators for both regions,
namely G- (t,t) and G, (¢, t), from which we want to integrate out the leads.

In order to achieve that, we can modify Eq. 2.20 by replacing those GFs by their corresponding Dyson
equation, which can be obtained by applying the Langreth’s rule for the convolution (present in Eq. A.46
of the Appendix A.3) to the contour ordered Dyson equation present in Eq. A.38 (only considering the
term with the single-particle potential V' since there is no self-energy for the lead-central region coupling)

for Gyc (s, s"), so that

G£<C (t, t/) = /dtl [g€<£ (t, t1> : Vgc : GéC (tl, t,) + gePz (t7 tl) . Vgc : GE'C’ (tl, t/):| (221)

and that
G, (t,t’):/dt1 [ch (t,t) - Veo-giy (b, 1) + GEq (4 t) - Vo gi (tl,t’)} (2.22)

where the GF’s with lowercase g are the bare GFs, which do not take into account interactions, and the

GF's with uppercase G are the dressed GF's that do take into account interactions.
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Plugging Egs. 2.21 and 2.22 into Eq. 2.20 leads to

t
(Iic) (t) = —Qe/ dtTr [Vee- g5 (1) - Ve - Gée (b, t) + Ve gl (1) - Vie - GSe (4, 1)]

to

t
+ qe/ Aty Tr [V - G5e (8 1) - Vi - g (t1,t) + Vie - Go (t 1) - Voo - gy (t, t)]

to

(2.23)

We can rearrange the third and fourth terms of this expression using the cyclic property of the trace,

which gives

t
(Irc) (t) = —Qe/ dtTr [Vee- g5 (1) - Ve - Gée (b, t) + Ve gl (8 41) - Vie - GSe (4, 1)]

to

t
+ qe/ dtTr [GEe (6 t) - Vier - gy (1) - Vie + GEc (6 1) - Ve - g5 (41, 1) - Ve

to

(2.24)

where we can identify the lesser/retarded/advanced self-energy for the central region due to the coupling

to the ¢ contact as

S (01) = Ver- g7 (10 - Vie 2.2

allowing us to write (1, ,¢) as

t
) (1) = —q. / d6TE [SF (61) - Ghe (0, 8) + SE(6,01) - Goe (0,8)] (2.2

to

t
+qe/ dtiTr [GEe (8 1) - 7 (t1,t) + GEc (8 t) - 27 (1, 1)] (2.27)

to

Now, we use the following relations

GE(t,t)=0@—-1t)[G” (t,t) - G=(t,1)] (2.28)

G (t,t)= -0t —t)[G” (t,t') — G= (t,1)] (2.29)

R/A
to express X, " as

() =V - {0 —t) g7t t") — g5 (t.1)]} - Ve
=0t —t) Ve g5 tt) Ve —Vee-gg (tt) - Vil
—O(t— )5 (1) — 25 (1) 2.30)
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S = -0 —t)[Z] (tt) — =5 ()] (2.31)

allowing us to write Eq. 2.26 as

(Iise) () = —qe /t dty (Tr[Gee (t 1) - 37 (1, )] = Tr[B7 (8 1) - Gee (B, 1)])

to

t
—qe/ dty (Tr[X7 (t,t1) - G5e (81, 1)] = Tr |GG (t, 1) - B (t,1)])  (2.32)

to
Note that in this expression there are only “pure” GFs/self-energies, so that the current is obtained
from the “perspective” of the central region (encoded by G%C). The coupling to the contacts is encoded
in the self energies 3>, which in the next sections are going to be treated as perturbations to the central
region. We remark that Ef correspond to the self-energy of the isolated lead, hence the term "integrating

out the leads".

2.4 Current in the stationary limit

In this section, we assume that given enough time, the system will stabilize to a stationary regime where
the current does not change with time, meaning that the system acquires time translation symmetry.
Therefore, we aim to obtain the expression for the current that flows in this stationary regime, that
being, at times much larger than the initial time t; when the system has been taken out of equilibrium
(long after the contacts have been coupled to the central region). We remark that with this approach we
are in fact neglecting the transient phenomena that occur shortly after the perturbation being switched on.
Mathematically speaking, when this stationary behavior is achieved, all generic functions (here denoted

by F') have their arguments changed as follows
F (tl,tg) — F (tl — tg) (233)

which is equivalent to taking the limit t — t; — oo so that all two-time quantities become only dependent
on the difference between those two times.
Therefore, in the stationary limit Eq. 2.32 becomes

(T (£) = —4. / by (T1[GEe (t— 1) - 57 (b — )] = TH[SF (t— 1) - G (b — 1))

to

—qe/ diy (T [E7 (t = 1) - Géo (= 1)] =T [Gep (t— 1) - (= 1)])

to

(2.34)
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Going to the frequency domain, the stationary condition means that all two-time quantities can be

written as a Fourier transform in time
F (tl,tz) — F(tl — t2)

d )
_ / %F (w) e~ ti—t2) (2.35)

Thus, we can replace G%C and Zf in Eq. 2.32 by their corresponding Fourier transforms present
in the last couple of equations, and by using the cyclic property of the trace and manipulating a little we

obtain

) () = a. / / / dty2c0s [(w — ') (ty — O] T GZe (w) - S5 ()]
/ / / dt12.c0s [(w — ') (b1 — D] Tr[S7 () - G ()] (2.36)

The time integral can be evaluated as follows

2 /t ity o8 [(w — o) (t — 1)) =

such that the current becomes

— = sin[(w — ) (t — to)] (2.37)

(L) (

/ dw 2sin[(w — w') (t — to)]

(w w')

Tr[Gee (w) - 2? (W] =T [E7 (W) - GEe (W) (2.38)

The mathematical assumption made for the the stationary limit is that ¢ — ¢, — oo, meaning that in

this regime we can take the following limit

(w—uw) (2.39)

and the expression for the current is then found to be

Joso = Im  (Iiyo) (1)

t—to—00
—q. / ;l“’ (T1GZe (@) - 37 ()] ~ Tr[37 (@) - Ge (@))) (2.40)
We have arrived to the key equation that will be used for the rest of our endeavor. In the next sections
we further develop it by making assumptions about G and X. Firstly, we study the non-interacting
case, where we assume that the self-energy X of the central system arises solely from the coupling with
the leads, thus neglecting any interaction. Such interactions between the electrons and bosons are then
considered, where we will employ a perturbative scheme to obtain corrections to the current, up to second

order in the interaction. In both of these cases Eq. 2.40 is the start point.
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2.5 Non-interacting case: the Landauer formula

Before we consider the possible interactions that can occur in the central system, which will be the topic
of the next section, it is insightful to explore the case where we neglect any kind of interactions.
In order to apply the ballistic transport assumption, we take the Keldysh equation, derived in Eq. A.44

of Appendix A.2, which in frequency domain is given by
GZe (W) = Gée (W) - T3¢ (W) - G (w) (2.41)

and we assume that the self-energy E%O for the central region has only contributions from the coupling

with the leads (thus neglecting any other interactions in the central region) so that
o0 W) =% (W) + T3 (w) (2.42)

Plugging these last two equations into Eq. 2.40 leads to

2m
ST [SF () Gl (@) - 57 ) - Ghe ()]) 2.43)

Joso = qe / d (Tr[27 (W) - Gfp (W) - 5 () - Gép ()] —

We notice that in the definition for E? present in Eq. 2.25 we have gﬁ which is the lead’s “free” GF,
that being, the GF for the lead when it was disconnected from the rest of the system. Thus, we can write

gfg in equilibrium [156] by using the fluctuation-dissipation theorem as

g (W) =ife (w)i[ghh (w) — gig (w)] (2.44)

g (W) =—i(1— fo(w)i[gy(w) —giy W)] (2.45)

so that by plugging these expressions into Eq. 2.25 we end up with
57 (w) = ife(w) Ty (w) (2.46)
and
¥, (w)=—i(1— fi(w) Ty (w) (2.47)
where we have introduced the so called level width function Iy (w), which is defined as
¢ (w) =i [ () = 5 (w)]

=iV [gi (W) — gy (W)] - Ve (2.48)
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and also the Fermi-Dirac distribution f; (w), defined as

1
fo (@) = (2.49)
Therefore, choosing the L — R direction for the current, we can rewrite Eq. 2.43 as
dw
JL—c = qe o fr(w) = fo(W)]T (w) (2.50)

which is commonly known as the Landauer formula, where we have defined the elastic transmission
function 7 (w) as

T (w) =Tr[[1 () Géc (w) - Tr (w) - Goe (W)] (2.51)

also known as the Caroli formula.

Historically, Landauer derived a formula [157] for the current at the expense of a transmission function,
where the last one was described via transmission/reflection coefficients (and not via GFs). On the other
hand, Caroli was the first to use NEGF in mesoscopic transport in a series of 4 papers [151, 158, 159,
160]. Usually, in the context of mesoscopic transport, a “Landauer-like” formula is any expression that
relates the current with the integral of the difference of two Fermi distributions and a quantity that can be
seen as a transmission function. However, since Caroli was pioneer in using NEGF in this context, some
authors also call these results a Caroli formula, specially when the transmission function is related to GFs.
Because of this, among other reasons, the nomenclature is still not well established in the field, meaning
that the same expression can sometimes be either called Caroli formula or Landauer formula, depending
on the source.

We also remark that this result was obtained by assuming that the system was non-interacting. In the
next section, we investigate the case where the central region supports interactions with a thermal bath

of bosons.

2.6 Elastic and inelastic current in the presence of interacti-

ons

Until now, we have only considered the Hamiltonian in Eq. 2.1 where the electrons in the central region
are taken to be non-interacting.
In this section we consider the case where there are interactions in the central region. In order to

account such interaction, we introduce the Hamiltonian H; (left unspecified for now) into the central
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region, so that the total Hamiltonian for that sub-system is now H~ + H, + H;, with H, being the
independent particle Hamiltonian for the bosons.

Introducing H ;; to the problem means that the self-energy expressed in Eq. 2.42 gets an additional
term X3, so that

Yoc (W) =37 () + 53 (w) + 5 (w) (2.52)

which leads to the rise of an additional contribution to the current due to the scattering of the electrons
with the bosons in the central region. Throughout this work, we shall treat this interacting contribution
perturbatively, focusing on low order terms. As we will show later in this work, higher order terms are
small enough so that we can safely discard them.

Nonetheless, as we show below, the total current flowing through the device can be written as having
two contributions: the elastic and the inelastic currents. The elastic current arises solely from the fact that
the contacts have different chemical potentials, which naturally leads to the flow of a current where the
energy of the flowing electrons does not change. However, the introduction of the interacting Hamiltonian
H . also leads to the re-normalization of the elastic current, which we discuss further below on this
section. In order to split the current into its elastic/inelastic contributions, we start by replacing G%C in
Eq. 2.40 by the Keldysh equation given by Eq. A.44 (in frequency domain and stationary limit) so that

the current becomes

Tie = [ 52 (T8F @)+ Gio )] - Tr[EF (@) Ge ()

d
= Qe / % (W[EL -Gl Tie-Goc] —T B -Gée B¢ - Géel])  (2.53)

where we have hidden the frequency dependency of all quantities for simplicity.

We proceed by splitting E%C in Eq. 2.52 into a elastic contribution given by

5 =3243% (2.54)

el T

which was the self-energy that we used in the previous subsection for the non-interacting case, and an

inelastic contribution such as

S = S (2.55)
Therefore, we can write the current as having elastic and inelastic contributions as
Jooo=J8 o+ (2.56)
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with

Ji e = e / ;l“ (W[EL -Gl 25 -Gle] —Tr[B7 - Gic -5 - Goel)  (257)

™

and

int

- d
T =a [ 5 (W[SF - Glo B Gl ~ T[S Gllo i GA]) @59

Now, in order to further develop these expressions we need to find an explicit form for XJ;,;. For that,

we start by describing the interaction between the electrons and bosons.

2.6.1 Electron-boson interaction

In order to tackle the problem of finding the expression for XJ;,;, we need to introduce either the Hamiltonian

H , for the free bosons, which is given by
H,=> hwala, (2.59)
A

and the Hamiltonian H ;; for the electron-boson interaction that reads

Hipy =Y Mg () cleson (2.60)
afB

ZZCT'ch%
A

where a <a§> is the annihilation (creation) operator of a boson in the state A with energy Aw,, ¢\ =
(aA + ai) /\/5 is a bosonic field operator and M , (for now left unspecified) is the matrix that couples
the electrons to the state A boson.

We are interested in performing a perturbative expansion on the interaction up to second order in
M . Up to this order, the relevant contributions are the Hartree and the Fock diagrams. However, we

can neglect the Hartree term since it originates a self-energy of the type
S (g, 1) o< 6 (1 — tg) (2.61)

that is diagonal in time, giving rise to a retarded/advanced contribution to the self-energy but not to a
greater/lesser contribution, which in turn are the ones directly linked into the kinetic properties (currents,
particle densities...) [148]. As a matter of fact, for the cases where the interacting Hamiltonian is of the
form Zk,q ch,quck(bq with M,—o = 0 (e.g. electron-phonon interaction), the Hartree diagram does

not appear at all.
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Therefore, we focus on the Fock contribution for 3, which in the contour ordered time domain

(derived in Eq. A.66 of Appendix A.4) is given by

St (s,8) =1Y My, - Gee (s, 8) - My,Dyy, (s, 8) (2.62)

Ao
where D, (s, ") is the contour-ordered bosonic GF.
From the formalism that is derived in this section, we are able to tackle the interaction of the electrons
in the central system with any type of bosons, such as phonons, excitons, plasmons, etc..., being only a
matter of specifying the bosonic Hamiltonian H, and the electron-boson interaction H ;.
inel

We now proceed to obtain the desired expressions for either JeL'_>C and J; - by performing a

perturbative expansion on X3;; to retain terms up to ]MA|2.

2.6.2 Elastic current up to second order in /)

In order to obtain an explicit expression for the elastic current, we take Eq. 2.57 and replace 25 by Eq.

2.54, which in turn we replace Ef by Egs. 2.46 and 2.47, so that we obtain
dw
Jisc = e / o (fr = fr) Ta (2.63)
m
with the transmission function 7 given by
Ta=Tr[T1 - Géc-Tr- Gic] (2.64)
where G4 are the fully dressed electronic GFs for the central region. These obey the Dyson equation

Got (W) = goit () + g (w) - 2 (W) - GEt (w) (2.65)

where gg/CA only takes into account the effect of the leads and not of the interactions.

In order to break the self-consistency of the Dyson equation, we iterate it once and keep only linear

terms in X (which in turn is quadratic in M ) as follows

GEM (W) ~ gilt (w) + g&ft (W) - ZEA () - g& (w) (2.66)

int

where Ei]:t/A;@) (w) can be obtained from the contour-ordered self-energy Ei(ft) up to second order, which
is given by
El(nZt) (57 3/) =1 Z M)q i Jele; (Sa 3,) ' M)\zD)\l)\z <S> S/)
A1 A2

by applying the Langreth rule in Eq. A.50 of Appendix A.3 and Fourier transforming (as is done below).
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Introducing this approximation into Eq. 2.64 we obtain

e

Tr[[1- Géc -Tr- G&c]

~

_|

R;(2
r[Tr-géc Tr-goc] +Tr [FL gic Zi? gl Tg- géc]
A; R; A;
+T0[T0 gl Ta-gle B0 gde| + 70 |To- gl B0 gl T gdo S0 gl
(2.67)

The first term does not account for the interactions in the central region and leads to the following contri-

bution to the elastic current

dw
T = 0. / o (= f0) T[T glc Tr-gic] (2.68)

(2)

. o . «R/A; .
Also, since we are only keeping linear terms in Emt/ "~ we can discard the last term and only focus on

the remaining two terms

R;
7;(2) =Tr [FL ’ ggc P @. Qgc I'g- QéC]

+7r[Ts g8 T gde - S0 - gl (2.69)

Therefore, the first order correction to the elastic current that arises from the electron-boson interaction

is given by

e dw
JL'E% = q€/2— (fr — fr) 7;|(2)
T
dw .
— / o L= /T [FL 9l =i - glc Tr- géC}
dw .
T e / o (fr = fr)Tr [FL-ggc Tr-goe -géc} (2.70)

where we need to find the explicit expression for Eft/A;@)

. In order to do that we apply the Langreth’s rule
for the retarded/advanced component of a parallel product (Eq. A.50 of Appendix A.3) into i (s, s")

and Fourier transform while assuming the stationary limit so that

SR (W) =i Z / Z—Z (M, - G&e (w—v) - M,,DY . (v) + My, - G&e (w—v) - M,,D5,,, (V)]
e (2.71)
Furthermore, we assume that the system that hosts the bosons is in thermal equilibrium and that
the interaction with the electrons does not affect its equilibrium properties. It can be seen as the system

hosting the bosons being a thermal reservoir in which the central region is immersed in, so that we can
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safely neglect the small perturbation that the bosons feel from the interaction with the electrons. This

assumption allows us to take Dfm (v) to be the independent bosonic GF, which then can be written as

1 1
R = J—
Dy, (V) = 00 L ST T W} (2.72)

so that 72

int

dv 1 1
i (W) = @ EA :/QW n- Goolw—v)- My, {u—w,\ﬂLiO* V+wx+i0+}

(w) becomes

—iY %M - Glo (W =v) - My2mi [(14D(wn)) 6 (v = wn) + b (w2) 8 (v + )]

A
(2.73)
where we have used Eq. 2.82.

If we work at 7" = OK, the Bose-Einstein distribution b () present in Eq. 2.84 behaves as
Yl’ITOb(x) = -0 (—x) (2.74)

and assuming w, > 0, we have that b (w,) =K 0, which simplifies the expression for Eift as

dv 1 1
SR (w) =1 —M,,-G5o (w—v)-M —
m () Z; o M co(w=v) M U — w0t vt wy 40t
+Y My, G (w—wy) - My, (2.75)
A
Additionally, by using the Keldysh equation for G we obtain
(W) =) My - GEo(w—w) - M+
A
, dv
i3 [ UM Gl - 0) B o= 1) - Glolo =)
A
1 1

-M — 2.76
A [u—wA—i—i()Jr VA4 wy +i07F (2.76)

Since that we only seek terms up to |M,\|2, we can replace the full GFs GgéA present in the right

hand side by the bare GFs ¢/ and also replace =5, = X5 + X xto obtain

25



S @ (W) =Y My, - gfic (w—w\) M+
A

“;/%Mm-ggcw—u)-[zzw—u)w;(w—un-

1 1
A
. —v)-M — 2.77
g w=v) A {y—wk+i0+ v+ wy + 10t 2.77)

Since we consider both leads to be identical we can assume that I';, = I' = I, so that by using

Eq. 2.46 in this expression we obtain

S @ (W) =Y My, - gfic (w—w) M+
A

d
+iY [ M gl M w—) glow-r): (278
A

1 1

My, [fr(w—=v)+ fr(w =) U —wy +i0F v+ wy +i0F

To further elaborate this expression one needs to calculate the integral in the second term. For that,
it is necessary to specify the analytic expressions of the quantities (gR/A, I', M, and f,) present in this
equation, that being, one needs to provide a specific system to work on, so that these quantities can be

calculated for that specific system and then replaced in Eq. 2.78.

2.6.3 Inelastic current up to second order in /)

For the inelastic contribution, we use Egs. 2.46 and 2.47 so that Eq. 2.58 becomes
J}jic “1@/ JLTr [FL GCC DV Gé*c]
, dw
+ g, / = (1= fr)Tr [T Gée - iy GAc] (2.79)

where 33 is given by Eq. 2.87.

In the lowest order in M y, the last equation is given by

Jgi(c —qu/ JrTr [PL gcc El(nt) ) éo}

[ dw |
+zqe/% (1—f)Tr [FL’QCC Sy -géc} (2.80)

where we need to find the explicit expression for EI(nt) .
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For that, we apply the Langreth’s rule (present in Eq. A.49 of Appendix A.3) for the parallel product

to Eg. 2.62 and Fourier transform it (once again using the stationary limit condition) so that

d
S () =13 [ §rMa Giow—1) Ma D, () 281)

109
As we have already mentioned, if we assume that the bosons are in thermal equilibrium, Dfm (v)

can be written as
D5\, (v) = Fi2mb (£v) 2wy, sgn (v) Oy, 2,0 (V¥ — w3 (2.82)
and by plugging this in Eq. 2.81 we obtain

< . dv < .
Yi(w)=1 Z —M,, - Gz (w—v) - M), [Fi2mb (£v) 2wy, 5gn (V) O, 2,0 (V7 — w3,)]

2T
A2
=+ > [Esb(£swy)] My - Gog (w — swy) - My (2.83)
A s==+1

where b (w) is the Bose-Einstein distribution, defined as

b(w) = MB;T_l (2.84)
Focusing on the lesser component, if we replace G'= by its Keldysh Equation then 3 becomes
35 (w) = Z [sb (swx)] Mx-GE (w — swy)-E50 (w — swy)-Gag (w — swy)-M, (2.85)
As=+1
From Eq. 2.46, Eq. 2.52 can be written as
5o =iftTr+ifrTr+ Xy (2.86)

and by inserting it in Eq.2.85 we obtain

35 (w) = Z ifr (w— swy) [sb (swa)] My - GEp (w — swy) - T (w — swy) - Gog (W — swy) - My

A,s==£1

+ Z ifr (W — swy) [sb(swa)] My - GEq (W — swy) - Tr(w—swy) - Go (W — swy) - My
A,s==+x1

+ Z [sb (swx)] My - GE (w — swy) - B (w — 5w)y) - G (w — swy) - My,
A,s==+x1

(2.87)

We remark that Eq. 2.87 is a self-consistent equation. Since all terms in Eq. 2.87 are already qua-

dratic in M ,, iterating it once will generate terms with |MA\4 that can be already discarded. Therefore,
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<

R/A
m and replace G

in lowest order in the electron-boson interaction we can neglect the last term with 3

by ggéA so that Eq. 2.87 becomes

2(2);< (w>

int

= Z ifr (w— swy) [sb (swx)] My - g8c (w — swy) - T (W — swy) - goe (w — swy) - My
A, s==%1

+ Z ifr (w— swy) [sb(swy)] My - ggc (w—swy) - Tgr(w—sw,y) -géo (w—swy) - M,
A,s==£1

(2.88)

>

where the greater interacting self-energy 3,

can be obtained by replacing f; — 1 — fyand b (sw,) —

b (—swg) in the previous equation, so that

227 ()

int

= > il = fo(w—swn)] [sb(—swn)] My - g (w = swi) - T (w = swy) - gée (w — swy) - My

+ i[1— fr(w—swy)[sb(—swy\)] M, - ggc (w—swy) - Tgr(w—swy) 'géc (w—swy) - M,
A,s==+1

H_

(2.89)

(2);

Replacing X, s present in Eq.2.79 by the expressions obtained in Egs. 2.88 and 2.89 leads to

== 3 X o @) L~ fo (0 — )] b (s )] T (o)
=1
B )\ijl Qe / g_:fL (@) [1 = fr(w = swn)] [sb (—swy)] T3 ()
B ,\72; Qe / 621_: [1 = fr ()] fr (W — swy) [sb (swy)] TL(,/\L78)7(2) (w)
s=41
_ Az; . / ;l_j 1= f1 (@) fr (w — swp) [sb (sw0n)] TP (@) (290)
s=+1

with the one-boson transmission function given by

A,8),(2
757 (w)

=Tr [T¢ () - g (W) - M- géc (w = swr) - Tor (w — swa) - gée (W — swa) - My - gee (w)]
(2.91)

Since
—fr (W) [1 = fr(w—swy)] [sb(—swr)] = [1 = fr (w)] [ (w — swy) [sb(swy)]  (2.92)
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the terms proportional to TL(’AL’S)’(I) in Eq. 2.90 cancel with each other, leaving only the terms proportional

to 72(%5)’(1) so that

TR @) = Y e [ S fe@) [~ fn o )] [sb ()] T ()

As==%1

= Y 0 [ G fi ) o = ) [ () T @) (299

As=+1

The cancellation of terms that involve only the occupation factor of one contact must occur in order to
be in agreement with the stationary regime. In this limit, the current that flows in one direction must be
equal to minus the current flowing in the opposite direction, that being I;, _,r = —Igr_, 1, since that in
the steady state there cannot be any charge accumulation in the device.

We end here the general derivation of the NEGF formalism for mesoscopic transport. For one to
further proceed in the calculations, a specific system must be introduced so that the quantities that were
left unspecified gain form, allowing the development of the expressions. Therefore, in the next chapter
we apply the results shown here to a specific system consisting of two semi-infinite one-dimensional tight-

binding chain of atoms coupled to a single-level site.
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Chapter 3

Application to an one-dimensional toy-model

In this chapter we apply the methods introduced in the last chapter in lowest order perturbation theory to an
one-dimensional toy-model. This allow us to simplify the expressions in order to obtain the corresponding
I-V curves. These curves show interesting features such as the opening of additional tunneling channels
due to the interactions present in the central region, which in addition to introducing corrections to the

elastic current, also give rise to the flow of an inelastic current.

3.1 Introduction to the model

3.1.1 The 1D model Hamiltonian

Now that we have established the theoretical foundations to obtain the current that arises in two-contact
devices, we proceed to apply this formalism to a one dimensional toy-model. Although very simple in
its nature, this model still captures most of the relevant physical properties that we are looking for in
the 3D physical system. As a matter of fact, this model more directly corresponds to the double barrier
heterostructure (DBHS) made of GaAs and AlGaAs, studied almost 40 years ago (see Ref. [161]), where
resonant tunneling with and without emission of an optical phonon was observed. This structure and the
I-V curves with phonon-assisted tunneling are shown in Fig. 5 reproduced from that same article.

Our toy model consists of two leads connected to a central system whose Hamiltonian is

H=Hc+ Y (Hy+ Hep + Hie) (3.1)
(=L,R
with H, being the Hamiltonian for a tight-binding chain of atoms

H=Y (hc}mcg,n +te) conin + tc},nﬂc&n> , (3.2)

n

where n is the site label, h the on-site energy, ¢ the nearest neighbor hopping potential and Hey/ Hoc
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Figure 5: Images reproduced from [161]. Left: The conduction-band energy diagram of a DBHS under
a bias voltage V. Shown schematically is a LO-phonon assisted tunneling event, where an electron in the
left contact (filled up to the Fermi energy E'r) tunnels to the central region level Ej by emitting a phonon
with energy fiwg. Subsequently, the electron leaves the well by tunneling through the collector barrier.
Right: The |-V and dI/dV-V curves of the DBHS. The dashed vertical lines show the switching between

the high and low current states [162]. The dotted line (drawn by hand) indicates the background current

in the replica peak region.
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being the Hamiltonian for the coupling between the central region and the first site of each chain
Hep = chCTcCe,l, (3.3)

Hye = VZCC;JCC (3.4)

with Voy = [WC]T being the hopping potential between the central site and the first site of the £ chain.

Also, the Hamiltonian H for the central region is
He = H(O; + Hy + Hint

with the single-particle term given by

HY, = eycle,

where g is the energy of the single-level, the free boson term given by
Hb = Z ﬁw,\a:r\a,\
A
where w, is the energy of a boson in the \-mode and the electron-boson interaction given by
Hy = M () checon
A

where M,z () is the interaction matrix that couples the electron operators with the bosonic field ¢.

The leads are modeled as being two semi-infinite 1D tight-binding chain of atoms and the central
region is nothing more than a single-level quantum-dot, as depicted in Fig.6.

We also remark that the left and right leads have different chemical potentials, differing by an amount
Vb = pur — pr. This can be understood as applying an external voltage difference V4 in our system,
giving rise to a current flowing through the system. Additionally, we have introduced a generalized bosonic
excitation in the central region, which can model excitations such as phonons, excitons, plasmons, etc...
The interplay between all the energy levels is illustrated in Fig. 7.

As we will readily see, we can extract interesting physical aspects from this idealized system, with the
advantage that this specific model allows us to simplify the previously derived expressions for both the
transmission function 7 (w) and the current .J, z. To evaluate these quantities, we start by obtaining
the analytic expressions for the lead’s independent GF g% (w), the level width functions I'y (w) and the

central region GF G&, (w).
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Figure 6: Two semi-infinite 1D tight-binding chains of atoms (green circles) connected to a single-level
quantum-dot (red circle) that is in a thermal bath of bosons (blue region).

The atoms on the chains have on-site energies h and nearest neighbor hopping potential ¢. These chains
serve as electrical contacts for the system and have chemical potentials 11, and pg, with pip, > pg. The
leads are connected to the central region via the hopping potential Vioy /Vie, with ¢ = L, R.

The central region’s quantum dot has a on-site energy given by €, which is coupled to the bosonic bath

via the interaction matrix element M, (in purple).

3.1.2 Green’s function for the leads

We start this analysis by obtaining an expression for gﬁ, which is the GF for the isolated lead. For that,

consider the Hamiltonian H, of a semi-infinite tight-binding chain

h t
tt h ot
H, = (3.5)
AN

We remark that so far the lower index ¢ in a function states which of the leads the function corresponds
to. However, for this derivation the lower indexes correspond to the specific site of the semi-infinite chain,
so that we write the retarded GF for this region simply as ¢g*. After this derivation is complete, we go back

to the older notation where the lower indexes are label the region, such as in gﬁ.
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Figure 7: Diagram of the relevant energy levels. The left gray bar corresponds to the Fermi level of the left
lead, 11z, and the right bar to the Fermi level of the right lead, 11r. These levels differ by an amount of V4,
that corresponds to the applied bias voltage. In the middle of the two Fermi levels there is the energy level
of central region ¢y (purple). Additionally, due to the interactions that occur in the central region, which
are going to be treated up to second order in perturbation theory, both an inelastic current and a second
order correction to the elastic current arise. Thus, we have also included the levels g 4= w) (in blue/red,
respectively) in the left/right contacts since they have an important role for those contributions to the total

current (up to second order). If we kept higher order terms more energy levels would become relevant.
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Figure 8: Scheme of a semi-infinite one-dimensional tight-binding chain of atoms (top) that we consider
to be the contacts of our 1D two-contact device. Such structure can be seen as a single atom (labeled as

0) coupled to a similar semi-infinite chain (bottom).

By definition, the Green’s function g% is the solution of

w—h -t g1 G912 g13 - 1
—tt w—h —t 921 922 G23 | 1 (3.6)
—t T 931 932 g3z - 1 i
R/A

where we simplified the notation as gnm — gnm, With n, m being the site labels.

In order to continue the derivation, we note that this semi-infinite chain can be seen from a quite
useful perspective. Lets imagine that we removed, say, the first site of the chain. Even so, we would still
end up with a semi-infinite chain just like the previous one, the difference being that this new semi-infinite
chain would have an extra site coupled to the first one, as depicted in Fig. 8.

Thus, if we treat the hopping between this spare site and the rest of the chain as a perturbation, we

can obtain the following equations

g=¢"+¢"T-g (3.7)

g=¢"+g-T-¢° (3.8)
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where ¢° is the Green’s functions of the system where the first site is disconnected from the rest of the

chain ) .
w—nh 0
0 0 w—h —t
g = (3.9)
¢t
and ~ ~
0 t
t 0 0
T = (3.10)
o 0 -

which connects the first site to the rest of the chain.

From these we obtain the following relations

ga=g1+ 901 Ti2 g2n (3.11)
92,1 = 9(2),2 “T21- 011 (3.12)
that we can combine, yielding
—1
gri=[w—h—t-g3, t] (3.13)

We have arrived to an expression for g; ; that depends on g872. We can change this dependency by
noticing that ¢ , is the GF for the first site of the new semi-infinite chain, which is exactly the same GF
as the one that we want to calculate, g; ;. Therefore, we have have that g » = ¢1,1, such that we obtain
the relation

1t [g1)> = [w —hlgra +1=0 (3.14)

where we have used the fact that all variables are scalars. This is only a quadratic equation, so the

solutions are

1
N1 =55 [wiiO*—h:l: \/[w:lzi0+—h]2—4t2} (3.15)

where we performed an analytic continuation on w. Since we are looking for g*¥, we choose the solution

that has a negative imaginary part so that we end up with

1| /w+i0t—h w40t —h\?
R _ — _ -
911 (W) = / <—2t ) Z\/l ( o ) (3.16)

which is depicted in Fig. 9 (top).

1 Note: Throughout this work, all plotted quantities are calculated with respect to the lead’s hopping parameter ¢.
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Figure 9: On the top line, the real (blue) and imaginary (red) parts of gﬁ are plotted for ¢ = 0.4 (left)
and t = 0.6 (right), with h = 0. Both real and imaginary parts change abruptly at w = h 4 2t. For
|w — h| > 2t the real part smoothly decays to zero and the imaginary part goes abruptly to zero. On
the bottom line, I', is plotted, where in the left we vary ¢ (with A = 0.1 and V5, = 0.5) and in the
right we vary h (with ¢ = 0.5 and Vo, = 0.5). For small enough # it can be seen that I'; is truncated at
w = h+£2t. Ast increases, the curve gets smaller and broader, tending to a constant value (black curve).

Varying h leads to a horizontal shift of the whole plot. All these features are inherited from <& [gﬁ] .
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Thus the GF for the lead ¢ is

1|/ /w+i0t —h w40+ — h\?
R _ - Y _ -
9o (W) = ; (—Qt ) Z\/l ( 5 ) (3.17)

where we are back with the old notation where ¢ is the label for the lead.

3.1.3 Level width functions

Now we focus on the level width functions I', that we have already mentioned in Chapter 2. From Egs.

2.46 and 2.47 we have that

Lo (w) =i[57 (w) = 57 (W)]

=i [Sf (w) — 57 (w)] (3.18)

and since X7! = [EﬂT (inherited from the same property of G*) we have

Iy =-29 [F (w)] (3.19)

Now, the lead induced self-energy Zf is given by Eq. 2.25 as

5S¢ (w) = Vel gif (w) (3.20)
so that we have
T =2 Vel S [g8 (w)] (3.21)
Plugging Eq. 3.1/ we obtain
2 T h 2
T, = 2@% \/1 _ (%) (3.22)

which is shown in Fig. 9 (bottom).

3.1.4 Central region’s Green’s Function

In order to obtain the Green’s function for the central region GZ, (from which we can obtain G4, since

Ge = [GE.]"), we note that this GF obeys the Dyson equation, which states that
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Gic (W) = gcc (W) + géc (W) - [BF (W) + 35 ()] - Gée (w) (3.23)

where gl is the the central region “bare” GF and X7 takes into account the coupling with the leads.

We can rewrite this equation by left-multiplying with [ggo} 50 that we obtain

1

Glo=—= (3.24)

[ggc] - Zf - Eg

On the other hand, g can be expressed as
g () = —— (3.25)
wl — HC
which for this particular system we can simply write as
R 1 (3.26)
Jec = w— o :

because the Hamiltonian of the central region for this particular system has the simple form
He = eocle

where ¢ (¢f) is the electronic creation (annihilation) operator and ¢, is the energy for the central region.
Therefore, the Green’s function for the central region, plotted in Fig. 10 is
1

R —
Gee (W) = —— P (3.27)

where Ef (¢ = L, R) is given by Eq.2.25 and accounts for the lead induced dissipation.

We are now equipped with the analytical background needed to further develop the expression for the

elastic / inelastic transmission function, and from that the elastic / inelastic current.

3.2 Lowest order elastic transport (without perturbation)

Now that we have obtained the specific expressions of the several quantities for this 1D model, we can
now proceed to simplify the perturbative results obtained in chapter 2 in order to get the final results for
the transmission function and then the current flowing through this system. We begin by dealing with the

elastic transmission in this section.
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Figure 10: Plot of the real (left) and imaginary (right) parts of ch with h =0, Vgp = 0.5, 69 = 0.2 for
t = 1, 2, 3. These quantities display their relevant features around w = &¢. It can also be seen that as ¢

increases, both the real and imaginary parts are broadened and smoothed.

3.2.1 Elastic transmission function 7;20)

We start by studying the lowest order elastic current, which was derived in Eq. 2.68, and the corresponding

transmission function was given by
T =Tr g8 Tr géc (3.28)

where we have suppressed the dependence in w of the several quantities.
With these considerations, by using Egs. 3.27 and 3.19 the analytical expression for 7;(0) becomes

FQ
(w— &g — 2R [2R])” + (23 [2F])?

T = (3.29)

which corresponds to a Lorentzian-like curve centered at e 4 2% [SF] with width 23 [S7], where we
have used the fact that both leads are equivalent (X% = %), thus removing the region notation in -7

We can further simplify this expression by employing the so called Wide Band Limit (WBL). This
consists in neglecting the energy shift stemming from ¥ [ZR} and removing the dependence in w of
& [ER}, so that the line width T" (w) becomes a constant v [156]. This approximation is justified by
the fact that we are interested in an interval of energies small enough such that we can say that these
quantities are slow-varying throughout that same interval, as can be seen in the bottom-left panel of Fig.
9, where either the red and the black curves are close enough to a constant line. In addition to allowing
considerable simplifications in the analytical expressions, it also leads to features that are actually close
enough to those of real systems.

Therefore, employing the WBL allows us to simplify 7;(0) as
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Figure 11: Plot of the elastic transmission function in the WBL regime, expressed in Eq.3.30, for v =
0.005, 0.025 and 0.05. We remark that it displays a peak marked by a vertical line inblue atw = ¢y =

0.6. Notice that for small v it becomes very localized and it broadens with increasing .

7O () = i 3.30
el (w) 7(&] _ 60)2 + 72 ( )

with v = 28 [E’Lﬂ ~ const., consisting in a mere Lorentzian curve, now with a constant width (not

varying with w), which is plotted in Fig. 11.

3.2.2 Elastic current Jé,o )

Now that we have obtained the final expression for 7;(0), we are able to tackle the problem of finding the
elastic current Je(lo) (neglecting interactions). The general expression for the current is given by Eq. 2.50

of the previous chapter as

Ja=a [ A (0) = fa @)} Ta (@) 331)

We can start by simplifying the Fermi-Dirac distributions f7, and fz by assuming that we are at’T" = 0
so that these distributions take the form of a Heaviside step function © as in Eq. 3.40. Therefore, the

factor f1, (w) — fr (w) presentin Eq.3.31 becomes

1 forpup <w < pup
fr (W) = fr(W)lp_o =

0 otherwise
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which in practice only changes the limits of integration in Eq. 3.31 as follows

1299 dw
g ‘T_OK _ / 7O () (3.32)
= 2

R27T

where 7;,(0) is given by Eqg. 3.30 (in the WBL). Therefore, we have

el

WBL 1239 2
JOIT _ e / dw v (3.33)

T=0 27

KR (w - 50)2 + 72
and is plotted in Fig.12.
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Figure 12: Plot of Je(lo) vs. V; (left) and Je(lo) vs. g (right) at 7" = 0 in the WBL regime for v =
0.005, 0.025 and 0.05. Left: The vertical blue line is plotted at V;, = ¢¢ with ¢g = 0.6 and ur = 0.
Notice that the vertical line corresponds to the region where the current increases abruptly, which gets
broader with increasing ~y. This is occurs because we are integrating 7;|(0) (Eg. 3.30) which displays
a peak that is broadened with increasing . Right: For visual purposes we have set ur = 0.5. For
g0 < g the current is zero, but, when €y approaches iy it experiences an abrupt increase which is
maintained in the region ur < €9 < pr+ Vh. Then, atey = ugr + Vj it experiences a sudden decrease
and the current goes back to zero. The steepness of the increase/decrease is dictated by ~, which also

sets the height of the curve.

In the left plot we have Je(lo) vs. V4. It can be seen that for Vi, < g the current is negligible, which
happens because the electrons in the left lead have a lower energy than the one required to cross to
the central region, as depicted in the left diagram of Fig. 13. Once V4, approaches &g the transmission
function 7;(0) (Fig. 11) increases and the electrons now have the necessary energy to cross the junction,
which translates to a drastic increase of the current. Then, for V, > ¢¢ the transmission goes to zero
again, leading to a stabilization of the current into a plateau. If the central region had more energy levels

(for example if we include interactions, as we will see later), we would see more increases in the current,
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but since in this case ¢ is the only relevant level, it stabilizes for Vi, > . The right diagram of Fig. 13
illustrates the correct relative positions of jug, pr and €q in order to have a current flowing through the
system. We also remark that the level width v plays a crucial role, both in magnitude and in the rate at
which the current changes. A lower v means that the central region is weakly coupled to the contacts,
which leads to a smaller current but a swifter increase when V4, reaches ¢y. This happens because the
weak coupling only allows a small interval around & to participate in the tunneling process. For higher
values of « the central system is more strongly coupled to the leads, leading to both a higher magnitude

and a broader curve, which is the result of a larger region around £, contributing to the transmission of

electrons.

E E

-~ 'y
> -

— el > > el )
€0 Tie = gy — Tén
—> —_—
> e
Vb]- 120 Hr
1293 Hr

Figure 13: Schematic of the different energies that Eq.3.33 depends on. Here we have the Fermi level i,
of the left contact shifted from the right contact’s Fermi level p i (that was set to be the energy reference,
that being, g = 0) by an amount V}, that is externally controlled. In the middle of the contact's Fermi
levels is the energy level of the central system ¢ (red) that opens a current channel responsible for the
elastic current Je(lo) arising in the system. Left: The energy level of the central region &g is higher than
the Fermi levels of both leads, which does not allow for a current to arise. Right: The energy level of the
central region € is in between the Fermi level of the leads, that being, ur < ¢ < pr, which enables
the flow of the elastic current. We remark that the electron that crosses the junction maintains its energy
and only changes the region where it is located. The black horizontal arrows represent the transmission

function 7;(0) for either L — C'and C' — R.

Therefore, we can infer that in order to obtain a elastic current through a single level without interac-
tions, one must set Vj, > ¢, otherwise the elastic current flowing through the junction is negligible.

In contrast with the left plot in Fig. 12, in the right plot we fix V4, and vary €q. For g < pp (illustrated
in the left diagram of Fig. 14), the electrons in the central region do not have enough energy to cross to
the right lead, so that the flow of a current cannot occur. Once €y > g, the electrons are able to cross

to the right lead, giving rise to the flow of a current as depicted in the right plot of Fig. 13. However, if we
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Vi Vi

Figure 14: Fermi diagrams for the different cases encountered when varying ¢, that do not allow the flow
of the current Je(lo) Left: In this case we have ¢y < p g, meaning that the electrons are able to cross
from the left lead to the central region (because 1;, > ¢¢) but once they arrive at the central region they
cannot cross to the right lead, which supresses the flow of a current. Right: Here we have ¢y > uy,
which also does not allow the flow of the current. However, in contrast with the case on the left diagram,
in this situation the electrons in the left lead are the ones that do not have the required energy to cross to

the central region since it has a higher energy than the corresponding Fermi level 1.

increase €y enough to overcome iz, (as can be seen in the right diagram of Fig. 14) then the electrons in
the left lead cannot cross to the central region, thus blocking the flow of the current. Therefore, we must

set up < g9 < g inorder to allow the flow of a current through such junctions.

3.3 Second order correction to the elastic transport

In the previous section we have obtained both the elastic transmission function and the elastic current
by neglecting the interactions. In this section we provide the expressions and show the results when the

electron-boson interaction is accounted up to second order in perturbation theory.

3.3.1 Correction to the elastic transmission function 7;(,2)

We further advance our analysis by noticing that in Eq.2.70, where we have arrived to the general expres-

R
int

sion for the second order correction to the transmission function 7;(2), we only seek terms of 33 up to

|MA|2(meaningthat we seek the lowest order term Eﬁ;@)). This means that we can replace the exact GFs

G/4 present in the right hand side by the approximate GFs gR/A and also replace ¥< ~ X7 + Zﬁso
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that

S (W) =
= S g )+ [ 519" =0 PIEF - ) + SR - )]
A 2m (v 41i0%)" — w}
(3.34)
Using the fact that in the WBL
57 (w) =ife (w) Lo (w)
WBL .,
~ ify(w)y (3.35)
we have
T (W) =
= S g ) = [ 5E " @ = ) e =)+ el = )]
A 2 (v +1i0+)" — w?
(3.36)
Replacing g% by Eq.3.27 (where ¥ does not take into account 3;,;) in the WBL leads to
1
nR = M, |? — 3.37
m () Z\n A {(w%—iO*)—w,\—eo—{—w (3.37)
dv vy 2wy
- | — w—v)+ w—v
/2W(w+i0+—y—50)2+72 el =v) e (o =) (y+¢o+)2—w§]

We now need to handle the remaining integral, either by numerically calculation or by finding an analytical

trick to overcome it.

Analytical Approximation

Analytically, we make the assumption that v << wy such that we can argue that in this regime v — 0.

This assumption is useful because in this limit we have

, 2l
lim =70 (w—v—c¢ 3.38
=0 (W — v — g)° + 72 ( o) 939
so that we can easily calculate the integral, giving
1 Wi
YR — M, |? - 3.39
n @) =3I | S e+ e | 6
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Since we are at 7' = 0, then we can write f, (E) as

lim fe(E) = © (= [E — ) (3.40)

T—0

where O is the Heaviside step function, so that f1, (9) = © (V, — &¢) and fr (g9) = 0 (assuming that
go > 0).

Therefore, we have

1 eV, —
Sh(w) = IM,[? — 2 <"2 £0) (3.41)
)\ W—Wa =€ +17 (w—gp) —w}

By plugging Egs. 3.27 and 3.41 into Eq. 2.69 we obtain an approximated analytical expression for
7;(2), given by

2

72 () =2Z|MAF( !
A

w — 50)2 + 72
_ w — & w—eo—wa  wOW—e) | (3.42)
(w—g0)+72 |[(w—wr—g)*+72 (w—e0)* —w?
B v v }
(w—e0)” +72 (W —wy — g9) + 72
Numerical evaluation
We can also numerically calculate the integral in Eq. 3.37. The integral is given by
dv v 2w,
I:/— w—V)+ w—v (3.43)
27 e )+ Jr( ) (W+i0F — v —g0)* + 72 (v +1i0+)* —w?

which has two poles on the real line, at v = +w,. These two poles can be problematic when numerically
calculating this integral, so we need to find a workaround. In order to reduce the size of expressions, we

define the function h () as

= W —v R\W —V 7 .
hv)=[fo(w—=v)+ fr( >](w—|—i0+—l/—60)2~|—fy? (3.44)

so that

d 2
J:/_”h(y) S (3.45)
27T (I/ + Z0+> - W/\

and by employing the Sokhotski-Plemelj theorem we can write

20J)\ P ( 20))\

- 2 2
o z'0+)2 ~ 2) — 2miwysgn (v) 6 (V - w/\) (3.46)

2 _
14 wy

46



From the following property of the Dirac delta
§ (2 —a®) = —[06(z—a)+ 6 (z+a) (3.47)

we have that

2 2 '
(v+ iof;Z —3 7 < — 2) mmisn (VP -w) How ) 348)

and inserting this into Eq. 3.45 leads to

1= [5in)P (25 ) + 5w~ ) 3.49)

2 __ 2
1% wy 2

We still need to calculate the first term with the principal part. It can be manipulated as

%(1):/3—;h(y)7>( Lo ) (3.50)

UV — Wy V+ wy

and by changing the variable v to / = v — w,, on the first term and to " = v + w, on the second one

we have

R(1) = [ 5P () 00 +n) =0 =) 3.51)

27 v

Now, by splitting the integral in two, one from —oo to 0 and the other from 0 to +o00 and manipulating

the expression, Eq. 3.43 can be written as

I g —n+ [ op (1)
h(v+wy) —h(v—wy) —h(—v+w)) +h(—v—w)) (3.52)

With this procedure we have overcome the problem with the pole at v = 0 by manipulating the ex-
pression in a way that the factor in the square brackets tends to v as v goes to zero, thus canceling the
divergence in 1/v. Also, when numerically calculating the integral, the integration limits are not exactly
calculated (only tending to the limits but never reaching them), so that setting the divergent value as one

of the integration limits means that the pole is avoided.
Analytical vs. Numerical results

In Fig. 15 we compare the numerical results with the ones obtained analytically. We remark that the
analytical results are in closer agreement with the numerical ones for smaller values of -y, which shows
that the approximation used in Eq. 3.41 is valid for sufficiently small ~.

Additionally, we show in Fig. 16 the total transmission function 7;(0)+(2) up to |M,\|2 .

We remark that including the effects of electron-boson interactions leads to an increase of the trans-

mission at w = €y £ w,, although it also leads to a small suppression at w = &y,.
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Figure 15: Plot of the lowest order correction to the elastic transmission function in the wide-band limit
for v = 0.005, 0.025 and 0.05, with g = 0.6, wy = 0.4, M, = 0.2, V, = 3and T" = OK. The solid
lines correspond to the analytical results, while the dashed lines correspond to the numerical ones. The
top left plot is along the whole energy range of interest. On the top right plot we zoom at w = ¢ (violet
region), where 7;|(2) displays the biggest feature. On the bottom left and right plot we zoom atw = g —w),
(blue region) and w = ¢ 4+ w), (red region), respectively, where the transmission also displays features
that stem from the presence of bosons. Notice that for smaller values of + the transmission 7;(2) becomes

more localized around €, getting broader with increasing .
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Figure 16: Plot of 7;|I0), 7;(2) (left) and 7;|(0) + 7;52) (right) versus w with parameters ¢y =
06, wy = 04, ugp = 0, up = V, = 3, My = 02and T = OK for v =
0.005 (yellow), 0.025 (orange), and 0.05 (red). There are three major features: a major one at w = ¢
(vertical light blue line) that arises from the non-interacting case, although it has a decreasing contribution
stemming from the interaction with the bosons; and two smaller ones at w = ¢ &= w, (vertical dark blue

lines) that arise solely from the electron-boson interactions.

3.3.2 Correction to the elastic current Jé,Z )

From Eq. 3.31, the correction to the elastic current that arises from the electron-boson interactions, up
to | M, [, is given by

2
‘](I )

1299 d
= Qe/ w7;l(2) (w)
T=0K u

o
and is shown in Fig.17.

We remark that this second order correction to the elastic current contributes for the total elastic
current with a peak at V, = &y which, as before, is broadened for higher values of + as well as it is
diminished. We remark that the analytical approximation starts to deviate from the numerical results
for higher values of v, as could be expected from the fact that in this approximation we assumed that
v < wy, Which starts to break as we increase ~y. It should also be noted that the numerical results show
an additional feature at V;, = ¢¢ + w), that is not present in the analytical case. This deviation is justified
from the fact that the integrand in the numerical calculation has a logarithmic singularity at w = iy £ wj,
which is not captured by the analytical approximation.

Now that we have obtained the final expressions for both Je(lo) and Je(|2), we are in a position where
we can obtain the 7 — V' curve for the total elastic current (up to second order in M), which is shown in
Fig. 18.

This result shows that by taking into account interactions in the central region (up to the lowest order)
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Figure 17: Plot of Je(|2) vs. VyatT = 0for v = 0.001, 0.005, 0.025 and 0.05, either from the analytical
results (dashed orange line) or from numerical computation (solid blue line), with g = 0.6, wy = 0.4,
wr = 0, up, = Vp and M, = 0.1. We remark that both curves tend to overlap for smaller values
of v and that around 10 are practically similar, corroborating the approximation made in the analytical

calculation.
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Figure 18: Plot of the total elastic current Je(lo) + Je(|2) vs. Vy atT' = 0 for v = 0.005 (yellow), 0.025
(orange) and 0.05 (red) with eg = 0.6, wy = 0.4 and M, = 0.1. The lowest order correction Je(|2)

(numerically calculated) creates visible features both at Vi, = g and V, = g9 + w,

there is a small contribution followed by a suppression in the elastic current that flows in the system at

0)+(2
JOHE)

Vi = g9, Whereas at V}, = ¢¢+w,, there is also a suppression in due to the previously mentioned

logarithmic divergence.

3.4 Inelastic transport up to second order in /),

In the last two sections we have dealt with the elastic contributions to both the transmission and the current.
In this section we develop the expressions and show the results for the case of inelastic transport, namely

the transmission function and the current, up to |MAI2.

3.4.1 Inelastic transmission function 7:,232

In the last chapter, we have already obtained an expression for the inelastic transmission for a generic

system, where the general expression for the inelastic transmission function is in Eq. 2.91 and it reads

T (W) =
=Tr[[y(w) - G*(w) - M- G" (w—swy) - Ty (w—sw,\)-GA(w—swA)-M,\-GA(w)]
(3.53)
where s = £1. We now specify £ and ¢’ to follow the L — R direction, and as before, due to the

reduced dimensionality of this modeling system, we can set all quantities as scalars and drop the trace.

Therefore, we have
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TON (W) = | M2 G (W) Ty () GF (w) GF (w — swy) Tr (w — swy) GA (w — swy)  (3.54)

where the direction L — R is assumed and thus kept implicit.

From Eq.3.27 the product G4 (w) T'f, (w) G (w) can be rewritten as

23 [2F (w)]
(w = g0 = 2[R (W)])° + (23 [BF ()))°

where we have set 5 = X% = 7 as before and used the fact that I'; (w) = —23 [XF (w)].

G (W) Ty (w) G (w) =

(3.55)

The product G (w — swy) T (w — swy) G4 (w — swy ) is analogously calculated yielding the same
expression with w — w — swy.
Therefore, we can infer that for the system that we are studying the second order inelastic transmission

function is given by

S [2F (w)] '
(w— 0 — 2R [ZF ()])” + (23 [ZF ()
S [2F (w — sw))]

' (w—swy —egg — 2R [XE (w — sw,\)])2 + (28 2R (w — sw,\)])2

T (w) = 4| M Tr

nel

(3.56)

As for the elastic case, in order to simplify these expressions we employ the WBL, which in practice means
neglecting the contribution of ) [£] and setting & [£%] to be a constant . Therefore, in this limit the

transmission function can be written as

TOD) () = | My il il (3.57)
I ( ) | A’ (w—€0)2+’72(w—8w,\—50)2+’72

which is merely the product of two Lorentzians, now with a constant width (not varying with w). This last
expression in Eq.3.57 is plotted in Fig.19 for different values of .

In contrast with the elastic transmission function 7, now we have a total of three possible energy
levels in the central region, w = g¢ and w = g & wy, which arise from the electron-boson interactions
present in the central region. Therefore, there are two channels for the inelastic crossing of electrons
through the device, one via the decay €g + wy — &g and the other via ¢ — €9 — wy, as discussed

below with the results for the inelastic current.
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Figure 19: Plot of the inelastic transmission function 7-'(2) in the WBL regime for s = +1 (left) and

inel
s = —1 (right) given by Eq. 3.57, for v = 0.005, 0.025 and 0.05 with g = 0.6, w, = 0.4 and
M, = 0.1. We remark that all curves display two peaks marked by two vertical lines, a dark blue one
which is either at w = e+ w, (left) or w = ¢ — w, (right) and a light blue line at w = ¢ (both). Notice
that for small v the transmission function becomes very localized around the peaks, and gets broadened

with increasing .

(2)

3.4.2 Lowest order inelastic current J;

Now that we have arrived to an analytic expression for the inelastic transmission function, we are able to

obtain the inelastic current up to | M, 2, which was generically derived in Eq.2.93 and is given by

J'E‘i') - Z e ;Z_:fL (W) [1 = fr(w— swy)] [—sb(—sw))] 7i'n(e)l\’8) (w)

A,s==%1

IKC / SN @)l — sn) 3D (52)] T (1) (3.58)

As=+1
We remark that the variable s is responsible for changing the shape of the Bose-Einstein distribution b,
because it either yields b (w) ) that corresponds to the absorption of a boson, or 1+ b (w),) corresponding
to the emission.

Additionally, it is useful to analyze the occupation factors f and b present in the expression because

they can be simplified for T = 0.

First term

On the argument of the first integral, there appears the factor

fr (W) [1— fr(w— swy)] [—sb(—swy)] (3.59)
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Since we are at 7" = 0K, the distribution b (£, T") can be simplified as

im b(E,T) = -0 (—E) (3.60)

T—0

Therefore we can write the expression in Eq.3.59 as

tlngo IL (w) [1 — fr (w — sw/\)] [—Sb (—Sw)\)] _

=0 (—[w—pr) [l —O(—[w—swr— pr])] sO (swy) (3.61)

where we can note that © (sw, ) is only non-zero for s = 1 (since wy > 0) corresponding to the emission
of a boson, which is the only process that can happen at T' = 0K since that at these temperatures there
is no bosons in the environment to be absorbed.

Additionally, if we write u, = g + Vi and also if we set ur = 0 as being our energy reference,

then we obtain
Jm fr (@)1= fro—@)][-b(-)] =0 G- -0w-w)]  @6)

which is plotted in Fig. 20. We can readily notice on the RHS that the term in square brackets is non-zero
only for w > w, and that © (1}, — w) is non-zero only for w < V}. Since we are assuming that wy > 0,
in order for this expression to be non-zero we also need to have V, > w,.

From Fig.20, we can see that the first term in Eq.2.93 can be rewritten as (assuming w,, < V)

Z Qe/dwa 1_fR(w_8w>\)}[ Sb( ka |ne| qu/ |nej\+1 )

A, s==%1
(3.63)

Second term

Proceeding to the argument of the second integral, the limit of its distributions factors when 7" — 0

Jim [1 = fi ()] fr (W = swx) [sb (swa)] = [L = © (r = w)] O (g + swy = w) [=50 (—swi)]

(3.64)
and once again noticing that © (—sw, ) is only non-zero for s = —1 (assuming positive w,), the second
term in Eq.2.93 becomes (with 17, = ug + V4 and ug = 0)

S [ S @) o = ) b o) TR () =

As==+1

=Y [ G- 00— 0] 0 (e~ ) T )
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Figure 20: Plot of the Fermi-Dirac distribution factors that arise in the first term of Eq.3.59 for T" = 0K,
1r = 0and s = +1, where we have restrained V}, to positive values. a) On the left, we have set 1, = 3
and V, > wy = 1, so that there is a finite region (in gray) where both functions overlap. b) On the
right, we have set 1, = 1 and V}, < wy = 3, so that these two functions don’t overlap, which leads to
the integral’s argument being zero for all possible values of w. This means that the first term in Eq.3.59

vanishes for boson energies w, greater than the bias potential V4,.
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Figure 21: Plot of the Fermi-Dirac distribution factors that arise in the second term of Eq. 2?2 for T" = 0K,

uwr = 0 and s = —1, where we have restrained 1} to negative values. a) On the left, we have set
Vo = —3and |V,| > wy = 1, so that there is a finite region (in gray) where both functions overlap. b)
On the right, we have V, = —1 and |V;]| < wy = 3, so that these two functions don’t overlap, which

leads to the integrand being zero for all possible values of w. This means that the first term in Eq. 2??

vanishes for boson energies w, greater than the magnitude of the bias potential |V;|.
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The Heaviside step functions present in this equation modify the integration limits. In order to better
understand how, we plot these factor in Fig.”21

From Fig.21, we can see that the second term in Eq.2.93 can be rewritten as (assuming wy < |V}])

Z fe / o 1 B fL ( )] fR (w B Sw}‘) [Sb <Sw)‘) mel qu/ B d_w n(e)l\ = (W)

As—+1 e 2T

(3.65)

Resulting inelastic current
From these past few considerations regarding the terms of the integral in Eq. 2.93, we are now in the

position to substantially simplify that expression for T' = 0K as

|neI

ZQe/ _ﬂ' |n(e>l\’+1) (w)
A dw
_qu/lvbl o mel (w) (3.66)

The first term in Eq. 3.66 corresponds to the inelastic current at T' = 0K arising when we apply
a positive bias voltage V, > 0, whereas the second term corresponds to the current for a negative bias
voltage V;, < O.

Thus, this equation states that the total current flowing from the left to the right contact is equal to
the current flowing in the L — R direction (from applying a positive V;,) minus the current flowing in the
R — L direction (from applying a negative V}).

We can separate Eq. 3.66 in cases as follows

(
quefwvf Lo () for Vo > wy > 0
Jﬁ? = N fT‘;:as‘ o ,n(?' “D(w) L for Vp < 0and wy < [Vp] (3.67)
0 ,for Vi = 0 or wy > V3

\
which is plotted in Fig. 22, where the integral over w was numerically calculated.

Starting with the left plot of Fig. 22 that shows the variation of J@

Ine

, with V4, we remark that as in
the previous sections, for V, < g the inelastic current is also zero and it dramatically increases around

(0)

Vb = €o. However, contrarily to the the zeroth order coherent current .J;” which stabilizes for V;, > &,

the inelastic current J

inel

has another rise at V, = £¢ + w, and only then it stabilizes into a plateau. This
happens because, as can be seen in Fig. 19, the inelastic transmission function 7|-n(e2l) has two peaks, one

at w = g( and the other at w = ¢y + sw,, which arises due to the electron-boson interaction that we
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Figure 22: Plot of J2 s, V4 (left) and Jlle) VS. &g (right) at 7' = 0 in the WBL regime for v =

inel
0.005 (yellow), 0.025 (orange) and 0.05 (red). Left: We have seteq = 0.6, wy = 0.4, M, = 0.1 and
ur = 0, and the vertical lines were plotted at V,, = ¢ (blue) and V;, = ¢¢ + wy (purple), respectively,
corresponding to the regions where the current increases abruptly. These regions where J,f]i,) suddenly
rises are broadened with increasing . This is occurs since we are integrating 7;1(3"8) (Eq.3.57) which
displays two peaks that have width . Right: For this plot we have set ©ur = 0.2 for visual purposes,
Vb = 0.5 and wy = 0.3. For g9 < g the current is zero but when ¢, reaches the same value as ug
it experiences an abrupt increase which is maintained in the region ugr < ¢ < ugr + wy. Additionally,
at eg = w) + ug it experiences another increase, which is then canceled at ¢ = Vp, — wy + pgr by

a decrease of the same amount. As in the case of J”, the inelastic current Jﬁl) experiences another

el 1 i

sudden decrease at ¢ = ugr + V} going back to zero.
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have included in the central region. The first inelastic transmission/current channel is depicted in the left
diagram of Fig. 23, corresponding to the transition of an electron with energy €5 + w,, located in the left
lead to the central region, where it then decays to the ¢, level by emitting a boson with energy w,, and
finally crosses to the right lead. The second channel is analogous to the first one, the difference being
that the decay occurring in the central region is from the level ¢ to €9 — wy, which is illustrated in the
right diagram of Fig. 23. We also remark that since we are at 7' = 0, the number of bosons naturally
present in the system is zero, which means that there could be only the emission and not the absorption
of a boson in the central region. Therefore, transitions where the electron gains energy via the absorption
of a boson such as e — £¢ +w), Or €9 —wy — € cannot occur, and the only inelastic process possible
is the emission of bosons.

As for the right plot of Fig. 22, it shows the variation of J,f?el) with gq (with fixed 14) and the reasoning
is the same as before. For €y < g there is no current, but once it approaches 1y the decaying channel

€9 + wy — &g is enabled and now the electrons can undergo the path

UL — g+ wWx — €9 — UR (3.68)

emission

as depicted in the top diagram of Fig. 23. The current stabilizes into a plateau until ¢ reaches values
around p g + wy, where the inelastic current experiences a new rise due to the opening of the second

decaying channel e — ¢ — w), where the electrons follow the path

UL — €0 — Ep — Wx —7 UR,

emission

which is illustrated in the bottom diagram of Fig. 23. The inelastic current has its maximum value in the
interval wy + pur < €9 < Vp + pr — wy and starts to decrease around €9 = Vp + g — wy, since
for those values the energy level g + w) becomes larger than 1, disabling the flow of electrons from
the left lead to that same level, only remaining the decaying channel e — €9 — wy. As we continue to
increase ¢ we reach the point ¢g = V3, + g where the current goes to zero again because £ is now
larger than the Fermi level of the left lead 111, also disabling the decaying channel g — €9 — wj.

It is also worth of mentioning that, as in the previous sections, the level width ~ plays a significant
role in the processes here described by controlling the width of the regions where the current increases/-
decreases, and also contributing to the height of the curves. As explained before, these attributes come

from the fact that y controls the coupling between the leads and the central region.

58



E
A

Left Contact Central Region Right Contact

1 1

1 1
fh ; : _

1 1

T

1 LC |
£( =, &0 :

= : Y

[ a» N €y — Wa

[ ? o

: Tor ! Mg

! ] |7

A |Left Contact : Central Region Right Contact

1y, :

v Tre
E) T Wo ['Z=,
N L

l

Vi

€0 2, €0
— ]
Ter o

-/

Figure 23: Fermi diagrams of the two decaying channels that come into play in the inelastic current J,ffel)
In both diagrams, the Fermi levels of the contacts are represented by the grey columns that are labeled
as uy, for the left contact and pui for the right one, which are shifted from each other by an amount V},
that is an externally controlled bias voltage. In between the Fermi levels of the contact is the energy level
£o (purple). Top: An electron from the left lead with energy ¢ (purple) elastically crosses to the central
region, where it tunnels inelastically to the level £g — w), (red) of the right lead by the emitting a boson with
energy w) (curly yellow arrow). Bottom: Same as the left diagram, the difference being that an electron
with energy €9 + w,, (blue) goes from the left lead to the to the level ¢ (purple) in the central region

by emitting a boson and then it elastically crosses to the right lead. The horizontal arrows represent the

peaks of the transmission function, which have a width ~ (not to scale).

59



| ]l ——-
|
0.04 | I
| |
| |
0.03 l |
~ = 0.005 | |
N =0.025 | |
—_— =005
4 = 0.005 I
J | v = 0.025
0.02 Y00 | I
| |
| |
| |
0.01 | | |
| |
| |
[ |
0.00 | 1 | I 1 I
0.00 0.25 0.50 0.75 1.00

Figure 24: Plot of the total current Ji, (solid lines) up to |MA|2 that flow in the system at 7" = 0 in
the WBL regime for eg = 0.6, ug = 0, wy = 0.4 and M, = 0.3, with v = 0.005 (yellow), 0.025
(orange) and 0.05 (red). For comparison we also show the correspondent zero-th order current Je(,o)
(dashed lines). The vertical dashed lines were plotted at Vi, = ¢q (purple) and Vi, = ¢ + w, (blue),

respectively, corresponding to the regions where the current displays important features.

3.5 Discussion

To conclude this chapter, we show the total current Jy: up to |Mk|2 in Fig.24, where we compare it to
the zero-th order current Je(lo) that does not account for interactions.

We remark that accounting for interactions in the system leads to modifications in the current. It is
slightly increased around V}, = &g, which is followed by a considerable suppression for higher values of
V. The magnitude of this suppression highly depends on |MA|2, and the determination of this matrix
element is considered in the next chapter (in the context of the 3D system of Fig. 1).

In Fig. 25 we show the different contributions to the current. It should be noted that the contribution
from the interactions, present in the bottom-right panel, is dominated by the elastic correction although
the inelastic contribution also plays a role. Notice that, for V}, < &g, the interactions lead to an increase
in the total current, while for V;, > ¢ their effect is the opposite.

We now proceed to contrast the presented results with the experimental results of Tsui etal. [161]. In
their work, a peak in the |-V curve was observed corresponding to elastic resonant tunneling and another

smaller peak that was shifted from the former by an amount that they attributed to the energy of LO-
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Figure 25: Top-left: Plot of the zeroth order elastic current Je(lo) vs. the bias voltage V}, in the WBL at
T =0foreg = 0.6, ug = 0, wy = 0.4 and M, = 0.1, with v = 0.005, 0.025 and 0.05. The same
parameters were used in all the four images. Top-right: Plot of the second order elastic current Je(|2) VS.
the bias voltage V;,. Bottom-left: Plot of the second order inelastic current J,fil) vs. the bias voltage V4.

Bottom-right: Plot of the second order contribution to the current Je(|2) + J,%) vs. the bias voltage V4.
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phonons. Additionally, they reported that the ratio between the inelastic and elastic peaks was about
0.04. However, in our model there are no peaks in the current due to the WBL approximation that we
used. Indeed, the drop of I (14) at Vi, & —0.2 Vin Fig. 5 arises from the matching of the resonant
energy level (Ey) with the bottom of the conduction band in the left contact, which simply does not exist
in our model.

Nonetheless, we can compare the relative magnitudes of the elastic and inelastic currents calculated
within our model. In the limit of high voltages (where there are no more relevant features left unaccounted)
we have obtained a ratio Jﬁi?/Jélo) of 0.012. In order to get closer of the experimentally obtained value
of 0.04, we could increase the independent variable M by a factor of 2 (which would yield an increase
in J,(ni,) by a factor of 4 since it quadratically depends on M), from 0.1 to 0.2.

Another quantity that is relevant in this study is the differential conductivity d.J /d V5, which is shown
in Fig. 26. In order to have a better view at the feature that arises for ¥, = w,, we also calculate the
second derivative of the current, which is present in Fig. 27.

To conclude this chapter, we notice that, when accounting for the interactions, a new tunneling channel
is opened at V|, = w,. This is a general feature that arises in many tunneling problems [129, 161] and itis

the concept for a type of spectroscopy that measures the energy of the bosons (or other resonant entities)

existing in the system, which is known as Inelastic Electron Tunneling Spectroscopy (IETS) [163, 164].
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Figure 26: Plot of the differential conductivity d.J /dV}, vs. V}, for eg = 0.6, ug = 0, wy = 0.4 and
M, = 0.3, with v = 0.005 (yellow), 0.025 (orange) and 0.05 (red). Top left: Plot over the whole
range of V},. Most of the relevant features are around V}, = ¢, although there is also a small detail at
Vi, = €0 + wy. Top right: Zoom around V,, = ¢,. Bottom left: Zoom around V}, = w,. Although
barely visible, there are some small features in this region that are better captured by the second derivative.
Bottom right: Zoom around V}, = ¢¢ + w,. Although smaller than the central features, there are also

some details in this region due to the electron-boson interactions.
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Figure 27: Plot of the second derivative of the current d2.J /dV;2 vs. Vj, foreg = 0.6, ugr = 0, wy = 0.4

and My = 0.3, with v = 0.005 (yellow), 0.025 (orange) and 0.05 (red). Left: Plot over the whole range

of V,. The relevant features are around V}, = &, although there is also a small detail at V}, = g + wy.

Right: Zoom around V}, = w,. Itis now visible the signature left by the bosons, given by the peak around

their energy.
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Chapter 4

Second-order perturbation theory for the 3D device

We now move forward from the toy-model perspective, which was the focus of the previous chapter, to
the study of the device based on the vdW structure schematically presented in Fig. 1.

Particularly, in this chapter we tackle the problem left open in the previous chapter of finding the
suitable interaction matrix element M, specifically for the electron-exciton interaction, via second order
perturbation theory. The explicit expression for this quantity allows us to obtain more accurate results
when we employ the idealized 1D system previously studied as a model for the tunneling current flowing
through the gr-hBN-gr + TMD system. Additionally, by direct application of this quantity into Fermi’s Golden

Rule, we obtain transition rates and the probability for the exciton assisted electron tunneling to occur.

4.1 Microscopic processes and Hamiltonians

4.1.1 Preliminary remarks

In this chapter, our aim is to tackle the problem of finding an explicit expression for the probability (per unit
time) of tunneling between two graphene sheets, assisted by generation of excitons in the nearby TMD
layer, considering the structure of Fig. 1. The approach consists in using Fermi’'s Golden Rule, which
is conceptually simpler than the NEGF formalism while still yielding a good description of the tunneling
process, including both the cases of elastic and inelastic tunneling [165, 133, 166, 167, 132]. In this
approach, the pivotal quantities to be calculated are the matrix elements of the elementary processes
involved, namely, (i) electron transition between two states that belong to the different graphene sheets,
accompanied by the emission of a virtual photon, and (ii) absorption of this photon by the TMD layer with its
transition between two excitonic states (one of them typically being the exciton vacuum). These constitute
a globally second-order process (with two interactions) and we are interested in this second-order matrix

element.
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We highlight the fact that we are dealing with different physical particles, these being the electrons
in the graphene sheets, the virtual photons that propagate from the gr-hBN-gr system to the TMD, and
the excitons in the TMD. Therefore, the quantities describing the “global” system (states, Hamiltonians,
etc...) must encode the Hilbert space of these three different entities. This is made possible by writing the

“global” states as outer products of the individual particle states, such as
|s) = |K¢) ® |ngr) @ |nex, k) (4.1)

where | K ;) describes an electron with wave-vector K = k + «, in the £ = L, R graphene (k is the
in-plane component and « ., the out-of-plane component), n4 is the number of photons with momentum g
and polarization \ in the system and |n, k) describes the n-th hydrogenoic state (with the corresponding
effective mass and Bohr’s radius [168, 169]) in which the exciton with kK CM momentum is. Such state
can be written simply as

|5> = |K€> |nq> |nex>k> (4.2)

where the outer products between the individual states is implied.

Also, we write the Hamiltonian governing this system as
H = Hy + Hiy (4.3)

where the unperturbed Hamiltonian Hy is simply given by the sum of the independent particle Hamiltoni-

ans for the electrons H., the photons H,, and the excitons He such that
HO = He®ﬂph®]1ex+]1e®th®Hex+ﬂe®ﬂph®Hex (44)

which can simply be written as (where the outer products with the identity of the Hilbert subspace of each
particle is implied)

Hy = He + Hpn + Hey (4.5)

and the interacting Hamiltonian is given by the electron-photon interaction He, and by the exciton-photon
interaction Hpynex such that

Hint - He—ph ® Hex + ]Ie & th—ex (46)

with Hepn and Hpnex acting at z = 0 and z = a + b, respectively.

To tackle the problem of obtaining an explicit expression for the matrix element for the electron-exciton
interaction occurring between the tunneling electron and the excitons in the TMD, which from now on we
denote as M;_, ;, we use the second order time-dependent perturbation approach. While being extensively

used throughout the literature and conceptually easy to understand, this approach captures the relevant
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physical processes that we are interested in, provided that the perturbation in question - this being the
interaction itself - is small enough in comparison to the other quantities that also come into play.

The following expression holds for the interaction matrix element [170]

V. Vi i
My =Y 2E|mz<g:|l 1u (4.7)

m

where |i),

f) are the initial and final states for this process with energies E; and Ey, respectively, |m)
are possible intermediate states of the system with energy F,,, and V1 /, is the interacting potential, which
correspond to the interaction Hamiltonians Hep, and Hyhey, Where the order in which they act depends
on the process labeled as m.

In order for this method to be applicable, it is assumed that the energy of the final state is equal (or
at least approximately) to the energy of the initial state. This implies energy conservation by discarding
possible losses due to other mechanisms, which we are not interested in.

Now, we need to elaborate on Hepn, Hpnex and all these states that appear in Eq. 4.7.

4.1.2 Electron-photon interaction Hamiltonian

Focusing in Hepp, it describes the interaction between the electrons in the graphene sheets and the EM
field. The Hamiltonian that governs the electronic behavior close to the Dirac point of graphene, where

the electrons can be described as massless Dirac fermions, is given by
Hy =vpo-p (4.8)

where v is the Fermi velocity of the electron in the graphene and o = (o, 0,,) is the 2D vector of Pauli
matrices, also known as pseudo-spin (coming from the sub-lattice degree of freedom). In the presence
of a vector potential A, the momentum operator changes as p — p + eA/c [171], introducing in the
previous equation the following term

EVF

Hep =~ [0 A(R.1)] (4.9)

which is the expression for the electron-photon interaction Hamiltonian in graphene (near the Dirac cones).
In turn, the vector potential of the electromagnetic (EM) field in its second-quantized form is given by

[172]

A(Rt)=) e)B, [ane“q'R%” +al e Rrd) (4.10)
qA
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Figure 28: Sketch of the two different cases for the projection of e, into the graphene’s plane, depending
on the polarization. The gray plane corresponds to the graphene sheet, perpendicular to the Z axis, and
in light blue is shown the incidence plane, perpendicular to the graphene, which includes the wave-vector
q and the 2 axis. Left: For the s-polarization, e, is perpendicular to g and to the plane of incidence.
This means that e, is always parallel to the graphene sheet. Right: For the p-polarization, e, is also
perpendicular to g but is parallel to the plane of incidence. If we set 6 to be the angle between q and Z,

then the projection of e, into the graphene’s plane is cos (6) = ¢./q.

where

2rhe? 1/2
B, = 411
? <qu772) ( )

with R being a 3D position vector, e, the polarization vector, w, = cgq/n the frequency (energy) of a
photon with wave-vector q, 7 the refraction index of the environment (in our case hBN), V" is the volume
of the “box” where the EM field was quantized on (which will cancel later on), X is the polarization index,
and ag (ajﬂ) is the annihilation (creation) operator for the photons with momentum q and polarization
A

Therefore, the electron photon interacting Hamiltonian is given by

Hepn = GUTF Z By [age" TR wl) 4 gl el @ Rwil)] g2 o (4.12)

q,\
where we need to take into account the two possible polarizations of the electromagnetic field that are

represented by the index A, which are shown in Fig. 28.

4.1.3 Exciton-photon interaction Hamiltonian [,y ex

We now proceed to Hpex, Which in the dipole approximation can be written as [173]
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th—ex = _dcv -E (413)

with d,, being the dipole moment matrix element between the conduction and valence bands of the TMD
that is given by
d,
d., = —= (e, +ie,) (4.14)

V2

where the = sign corresponds to the K and K’ points of the TMD’s Brillouin zone and the magnitude
d., is a characteristic parameter of the material (TMD). The in-plane electric field E can be obtained from

the vector potential A (Eq. 4.10) as

10
E=———A
c Ot

= - Z we€o By [aq,\ei(q'R’“’qt) - aT/\e’i(q'R’w‘?t) (4.15)

which points in the same direction as A.

Therefore, in the dipole approximation we have
i i(q-R—w, —i(q-R—w
oo = = 3 g (dor - €}) By [aq,\el(q Rewal) _ g} omia R qﬂ] (4.16)
gA

where once again we need to account for the two possible polarizations depicted in Fig. 28.

4.1.4 Description of the states

Now, we focus on the states present in Eq. 4.7.

In light of the notation shown in Eq. 4.2, the initial state |¢) is characterized by an electron with
momentum K ;, in the left graphene, no excitons in the TMD and also no photons in the system, which
can be written as

1) = | K1) [0gx) [Oe) (4.17)

where |0, is the excitonic vacuum state.
Likewise, the final state | f) is characterized by an electron with momentum K  in the right graphene,
an exciton with CM momentum k being in the n state on the TMD and also no photons in the system,

which can be expressed as

1f) = |KR) |0g2) [ 1k, (4.18)

As for the intermediate states encoded in the label m, in second order perturbation theory these

correspond to two different processes, depicted in Fig. 29.

69



Figure 29: Feynman diagrams for the two possible interactions in the second-order perturbation theory.
The straight single lines represent the electron propagator, the wobbly line the photon propagator and the
straight double line the exciton propagator. The red dots correspond to the interaction vertices. Left:
An electron with momentum k;, emits a photon with momentum g and polarization e, and decays to a
state with momentum k. In turn, the emitted photon is responsible for exciting and exciton in the TMD
with momentum k and energy quantum number n. Right: This corresponds to the permutation of the
interactions present in the left diagram. Here, an exciton in the state |n, k) is spontaneously created in
the TMD along with a photon with momentum —gq and polarization e_4. This photon is then responsible
for interacting with an electron with momentum k;, in the left graphene, leading to its decay into the state

with momentum kr in the right graphene.

The first process (left diagram of Fig. 29), which we label as m = I, corresponds to the decaying of
the tunneling electron from the state |k ) in the left graphene into the state |kg) in the right graphene,
with the emission of a virtual photon with momentum g, that is responsible for the formation of an exciton
in the state |n, k) in the neighboring TMD. The intermediate state |/;) corresponding to this process is
characterized by the electron already being in the state | K ) in the right graphene, while the photon that
was emitted from that decay is still propagating and has not been absorbed yet by the exciton. Such a
state is given by

’Il> = ’KR> |1q1/\1> |Oex> (419)

and can be interpreted as the state in which the system is after the electron transition but before the
absorption of the photon by the exciton

The second process, which we label as . = I, corresponds to the same decay of the tunneling
electron, but now a pair composed by a virtual photon with momentum —gq and an exciton in the state
|Nex, Kex) is formed in the TMD. The formation of such a pair, although with an expected low probability,
respects the conservation of momentum but momentarily breaks energy conservation, hence the low
probability. The intermediate state |/5) is then characterized by the exciton and the photon in the states

|Nex, Kex) and ‘1q2>, respectively. As before, the photon is the mediator of the electronic transition
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between the graphene sheets. However, at this point it has not yet reached the graphene sheet in order

for the electron to decay, meaning that the electron is in the state | K 1,). Therefore, this state is given by

1) = |K L) [1g,50) [1ke) (4.20)

4.2 Calculation of the second-order matrix element 1/, .,

We proceed our analysis by pointing out that the label m in Eq. 4.7 corresponds to the two different
possible processes that can occur in the second-order perturbation scheme that we are developing here,
that is, it encodes the processes depicted in Fig. 29, which we label as m = 1 and m = 2, respectively.

Therefore, we have

‘/2(m)m mvl(m)i
Moy = 3 ML ) (m Vi

- E, - L,
_y |V Ve 10 (LI Ji) | (F1Va” 1) (Bl Vi) 1) w21)
” E; - E E; — Ej |
=DM + M)
qA

where the lower label in V") means that it is the first/second interaction occurring in the m-th process,

1/2
so that
(1) IN (I V(l) .
vy = VI AT w2
i 1
_ <f| ]Ie & th-ex |Il> <]1| He-ph X Hex |Z>
E;,— E;
and
Va2 | ) (L V) i
vy = VIR (V) 23
i — Lo
_ <f| He—ph ® ]Iex |[2> <[2| He ® th—ex ’Z>
E; — Ey
4.2.1 Direct process, ),
Starting with the process M7, we have
]\41 — <f| ]Ie ® th-ex |Il> <]1| He-ph ® ]Iex |Z> (424)

E; — Ey
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The terms in the denominator are

E, = hvpkg + hw, (4.25)
and
E; = hvpkp + eV, (4.26)
so that the denominator reads
E; — By = hop (kr, — kg) + eV, — hw, (4.27)

As for the numerator, the matrix element for the electron-photon interaction is given by

<[1’ Hepn ® e |Z> = <OeX‘ <1q1>\1} <KR| Hepn ® e ‘KL> |Oq/\> ‘OeX>

_ e'U_F Z Bq <1q1/\1‘ <KR’ aqei(Q\\"I‘-l-qu) + aze—i(Q\\"I‘-‘f-sz) 62 o ’KL> |0q>
¢ X
(4.28)
- BUTFBQ (Kg| ei(armres) ey o |Kr)
The state | K ;) for an electron in graphene is given by Eq. B.22 (see Appendix B) as
1 )
K)=—— e*eT | d (2 4.29
| ﬁ) \/A_gr |Xk[> ‘QS@( )) ( )
with the in-plane component being
1 1
= 4.30
’Xke> 5 61'9(@) ( )
so that
/2
. (A 27rﬁ02 ! 1 . z(k: —kp— ).»,.
1| He. I, 7)) = — — iqz% L—kr—q A
(1 Hoan @ Tel) = 25 () (0l 161 (vl e} -0 i)
(4.31)

Focusing on the factor (¢r| e~%=% |1 ), we treat the electric field in between the graphene sheets as

a perturbation (only shifting the energies) so that, in a good approximation, we can consider the electron

confining wave-function |¢,) in the z direction to be the wave-function of particle in a Dirac delta potential,
which is given by

¢ (2) = /re " (4.32)

where we account for the environment difference (on one side of graphene is vacuum and on the other

side is a dielectric) in the wave-vector « such that

—k1|ztal >
¢(2) = e = (4.33)

/Rge k2l |z| < a
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with

[2mE,, 2m (E, — V.
K1 = ﬁQ , Ko = % (434)

where E), is the energy required to extract an electron from graphene (typically 4.3 eV [174]) and V) =~
—0.5 €V is the bottom of the conduction band of hBN (see Appendix B.?).

Therefore, we have

(Prle™ % |or) = (4.35)
—a a

. / erleralg—ml—al g=igzz g, | o / o—aletal g~ ralz—al —ig-z g,
—0oQ —a

+ Ky / 6—:41\z+a\e—nl|z—a|6—iqzzdz
—(2nl—iqz)a 2 S|n —(251+iQZ)a
= Kule—. + HQG_QHQGM /‘fle—.
2K1 — 1g; qz 2K1 +1q;
Since k1 ~ 10%m~tand ¢ = 27/X =~ 10"m~! (A = 600nm is the typical wavelength of excitonic
emission in TMDs), we have xk > ¢ so that the dominant contribution comes from the second term and

thus we can discard the other terms, so that we end up with

, 2sin(q.
(frl €% |pr) = me—%a—q(q %) (4.36)
Moreover, since a /&= 10nm we can approximate sin (¢,a) ~ g.a so that
(pr| e |pr) ~ 2rae™ 2" (4.37)
where we have redefined ko — k. Therefore, we have that
: CvF —2kKa 1 Z'(kL—k’R—QH)"" A
(I]| Hoph ® Ik 7)) = 27/1(16 BqA— (Xknle €, 0 |Xky) (4.38)
gr

Proceeding to the matrix element for the exciton-photon interaction, ( f|Ie ® Hpnex |11), it reads

<f| He ® th-ex |Il> = <neX7 kex, <Oq| <KR‘ I[e ® th-ex |KR> ‘1q2> ‘OeX>
= <ne><7 kex| <Oq| th—ex ‘1q2> |0ex> (4.39)

and from Eqg. 4.16 we obtain

(fITe @ Hppex | 1) = Ezwq (dcv . 62) By (nex, kex| (0ga| [anelq-R — agAeﬁq-R} ‘1q2>\2> | Oex)
qA

— 20g (e - €)) B (e, | €97 0,) (4.40)

C
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The matrix element (ney, Key| 'R |0ex) is @ well-known quantity from the theory of excitons in semicon-
ductors [169, 175] in the hydrogenoic approximation, and is given by

iqsd
V'S

where S is the area of the TMD, F}, (r¢) is the two-dimensional hydrogenoic wave-function of an exciton

Ny, kex| €17 [06) = F, (0) 5 (k—q) (4.41)

in the n-th state with its argument r being the relative position vector for the electron-hole pair and
the factor %= comes from the fact that the excitons are confined in the TMD’s plane at z = d (with

d = a + b). Thus, we have

(f|Te ® Hopex |I1) = = (doy - €3) wqBqFy (0) €496 (k — q)) (4.42)

o | =

so that, by plugging Egs. 4.27, 4.38 and 4.42 into Eq. 4.24, we obtain

M,

1 —2Kka

tevpKae 4rh o

- F, (0) €% (k —
hop (kr — kg) + eVi — hiw, V/Sp2 (0) (k—q)

1 i(kp—kr—a)-
(dov - €)) (el e (ki hn-a)) "ed o |Xks) (4.43)
gr
In order to further simplify this expression, we need to consider the two possible polarizations, s and p.
From Fig. 28, we can infer that for the p-polarization, the vector e is given by ej; = (cos (6) , 0, sin (9)),

so that

(dcv . 82) <XkR‘ ei(kL—kR_qll)"r‘eg o |Xk;L> _

cos? (0) 1

i(kL—k:R—q”)v'r

= dg — e Oz
T
29 1 0 1 1 1 et Vo
:dcvcos ) —/dre (kL kR q“) (4.44)
2V2 | oit(kR) 10 pitk) | Ag
cos® (6) , 4 —if)
= G 22 (€ + 7R ) Ok g

For the case of s-polarization, eg = (0,1,0), so that

(al 527 o [, )

id., 1 ilkr —kr—a )
= gl

gr
.i.

idy |1 0 —i S / dre(krkaa)r 4 45)

2v/2 | (ib(kr) i 0 cif(kr) | Ag

dCV

i0 —if
(e"%e = e7n) Oy kg

T 2V2



Therefore, the total matrix element for this process is

€ind5 (k — qH) 5kakaq” A
fM}F (kL — l{R) + 6% — ﬁwq

7h
VSVn?

where we have introduced A (ky, k) to account for the different factors that arise from each polari-

M, = ievpkaV2——=——F, (0) dye” N (kp, kp)  (4.46)

zation, which reads

cos? (0) (¢ 2 + e Pr) A=p
AN (k. kg) = ®)( ) (4.47)
(@iekL o e*ka) ’)\ — 3

4.2.2 Inverse process, M,

The calculation of M5 is made in the same fashion as it was done for M7, so we do not go into the details.

Starting with the denominator, it reads
E; — By = —hwg — Ee (n, k) (4.48)

and for the numerator, we can follow a shortcut and reuse the one obtained for M by replacing g — —gq,

which leads to

F, (0)d 6_2me4qzd5 (k+q)) Ok —knta, A
CV

My = ievprav2 "
2 F VSV —hwg — B, (n, k)

(kzL, kr) (4.49)

4.2.3 Total matrix element \/;,

Now that we have found the explicit expression for both AM; and M5, we plug the two together in order to

obtain M;_, ¢. Therefore, we have

Mip = [My + M)
qA

zevp,«;a\/_ F, c\,e’%a AR kL, kg)-
\f = Z

€10 (k — q)) ko —hray |, © ’qzdfg (K +qy) O~k
ﬁ’UF (]{ZL —kR) +6VE,— ﬁwq —ﬁwq _Eex (n, ki)

(4.50)

We can promote the sum over q into a integral such that
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7h

Vv
M,y = 5 )3zevF/<;a\/_ F (0) doye ™2

(2m VSV Vn?
z d . —ig.d
. Z/qu(A) (kL, kR) qzay (k q||) 5kL—kR—qH . e 124 (k + q”) 5kL—kR+qH
3 hvp (kp, — kr) + €V, — Tw, —hwy — Fe (n, k)
(4.51)

where the integration over g of § (k & q;) vields ¢ = £k, leading to

evpka Th
My = 2 E F) \/—77 F, (0) doe™ " 0h, ppp i
iqzd efiqzd

| o AD (&, K e 4,52
;/ q ( L, R) hUFk—f—e%—hwq—i__m}q_Eex(n’k) ( )

where we have set k;, — kr — k due to the presence of Ok, —kp,—k.

We anticipate the conservation of global energy by setting
Ee (n, k) = hopk + eV, (4.53)
so that

. evpka Th 9
Mif = Zﬁ——Fn (O) d ve ““5k —knp—k*
( )3 \/_7]2 C L—RR
eiqzd e—iqzd

Z/dqz (k. k) {E (n, k) — hw, Ee (n, k) + hwg (4.54)

and by changing ¢, — —q. in the second term, we can write M, as

h
M;y = \/§6UFIW il F, (0) dove ™ty —gopy—-

()\/_77

2 gl=d
- Z / A A (s, k) (4.55)

with Q@ = E (n, k) n/hc. Since the excitons in the TMD have a finite lifetime, we introduce a small
imaginary part to their energy as Fe, — Eex — 1A, so that Q ~ Qo — il', with T' = An/hc, where we
have neglected the kinetic energy /12k? /2me, of the exciton due to its effective mass m., being relatively

large. Therefore, we have

o 1eVFKGQ —9ka o)
sz_\/iwnc\/_F (0) due 5kL_kR_k;J (kL. kr) (4.56)
with
qu k2+q
N (kr, kg) = AW (kp, K : 4.57
I o) = [ da. A% (k) 4.5

where we are left with the integration in ¢..
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(q=)

N

\/ Q3 — 2iQel — k2

A4
N

i mar 5% R (q)

Figure 30: Complex contour (half-circumference in blue) with infinite radius used for the evaluation of JM)

for the case when k < (Qg. The red dots are the poles at g, = i\/Qg — 2iQol" — k2. The choosing

of our contour leads to only the pole ¢, = —\/Qg — 2iQoI" — k2 being accounted.

4.2.4 Integrationin g,

We now focus on solving the integral

ela-d /k2—|—q§
TN (K, kg) = / dq. AN (kp, kg) TN T (4.58)
0 o+ — — 4z

where we need to be careful when dealing with the different polarizations.

Starting with the s-polarization, in this case we have

-l [T 5 P
©) (ky kp) = A® (k. k) | dg—r : 459
J ( L, R) ( L, R) q Q3_21Q0F_k2_qg ( )

where we have removed A®) out of the integral since it does not depend on ¢. We remark that this integral

has poles at ¢= = i\/Qg — 2iQol" — k2, where we need to separate the cases when k < Q.
For &k < (o, the poles lie close to the real axis with a small imaginary shift due to I", as shown in Fig.
30, but only the pole g lies inside the complex contour.

Therefore, resorting to the residue theorem we have that

2 _2iQ, 029 2
J (kp, k) = miA®) (kg kg) \/ Qo = 20Ql_ —iy/Qf-2iqur—ia g0 ) Qo (4.60)

@ — 20Qol — k2
For k£ > (), the poles lie close to the imaginary axis with a small real shift due to I", as shown in Fig.

31, but only the pole ¢ lies inside the complex contour. Once again, the residue theorem yields

2 _ 2iQ," o
J) (k; kr) = 7AY (k. k @ 0 —VkI=QE42iQoTd for I 461
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i/k? — Q2 + 2iQ,T
°

AN
7

[ §R (qZ)
—iy/k2 — Q3 + 2iQoT

Figure 31: Complex contour (half-circumference in blue) with infinite radius used for the evaluation of J*)

for the case when k& > (). The red dots are the poles at g, = ii\/k2 — Q2 4 2iQoI". The choosing

of our contour leads to only the pole ¢;” = +i\/k2 — Q2% + 2iQ,I" being accounted.

Therefore, for the s-polarization we have

. —/k2-Q2+2iQqld
€ for k > Qo

l—F—,
s s . \/k2—Q2+2iQoI"
JO (ki kr) = AW (ki kr) \/QF — 2iQeT " W k-0 (4.62)
€ , or kK < o

\/Qg—ziQOF—k2

Proceeding to the case of p-polarization, we have

2 iqzd\/m
JO (kr ko) = CP (kr. k /d . q; e z 4.63
(kr,kgr) (kL. kr) q @+ k? Q% — 2iQl — k2 — ¢2 63

with C? (k. kr) = ("% + e *r). In this case, we have the same poles as J(), with the addition
of the poles at ¢, = =+ik. However, we remark that when calculating the residue corresponding to

this pole it yields O due to the factor /k? + ¢2. Therefore, we shall only be concerned with the poles

= i\/Qg — 2iQoI" — k2 where, as before, we separate the cases when k < Q. For the case of

k < Qo, by using the contour depicted in Fig. 30 and using the residue theorem we obtain

Q3 — 20QuT — k2 e VAT SO T0iQT

JP) (kp, kg) = miC? (k1 kR)

Qf — 21QoT V@2 = 2iQy — k2
2 —2iQ — k2 _, 90—
= 7iC” (ky, kp) \/ QOQz Z%‘?Q e WA for < (464)
0 — 4o
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The case of k& > (g yields
Q3 — 20Q,T — k? e VF 020 /O3 9iQ,T
Qf — 2iQol i/E2 — Q2 + 2iQ,T

k2 — Q2+ 2iQol _ /e orian
=7C? (kL,kR)\/ Qﬁ);@zgo e VI mQEH2QI fo p O (4.65)
0

JP) (kp, kg) = —miC? (k1 kR)

Therefore, for the s-polarization we have

k2—Q2+2iQol"  —y/k2—Q3+2iQold
\V T @Z-2igor © , fork > Qo
2_9g 2 2_o 12
Q3 —2iQol'—k o~/ Q8 2iQol'—k d7 for k < Qq

Q3—2iQol’

JP (kp kp) =7C% (ki kg) (4.66)

4.3 Fermi’s Golden Rule and inelastic current

Now that we have obtained an expression for M;_, ¢, we are able to obtain the probability for this transition

to occur (which is related to the rate of generation of excitons) via Fermi's Golden Rule, which states that

Wi—>f (kL) -

2m
= 5 9s0v Z | Misg (kp, kg, k)* f (ke pr) [1 = f (kg pr)] 0 {eVe + fivp (kp — kg) — Fo(n)}
k,kr,n

(4.67)

where g/, are the spin and valley degeneracies, respectively (both equal to 2 in graphene), i/ is the
Fermi level for the electrons in the left/right graphene relative to its Dirac point with 11, = ugr + eVs, f
is the Fermi-Dirac distribution for the occupation of electrons in graphene. To simplify this analysis, we
assume that ur = 0, we set the temperature 7' = OK and we take n = 0, that being, we consider
only the exciton’s ground state. We point out that the expression for M,_,; in Eq. 4.56 has a factor
Ok, —k,—k that is responsible for removing the sum over k in the last equation, so that we are left with
only the sum over k. This integration in k can be rather cumbersome do, with one of the main source
of complexity being the divergence that occurs in M;_,; when k = (Qy. Therefore, we leave it to be
numerically calculated in future works.

Instead, we devote the rest of this chapter to showing the link between this model and the one studied

in Chapter 2. For that, we starting by remarking that this probability (per unit of time) W;_, s is related
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with the current density as
e
J = § kz ‘/Vi%f (kL)
L

DD My (ki kg, B) f (kp, i) (1= f (kr, )] 6 {eVs + vp (ki — ki) — Eo (0)}

krkr k

T Sh
(4.68)

Promoting the sum over the momenta of the electrons in the two graphene sheets as a energy integral

(where we need to account with their respective density of states), we can rewrite this expression as

J /dﬁL/de [Z 6 (er —€kp) 0 (er —eky) f (Lo pr) [1 = [ (R, pr)] -

krkr

Y My (kp kr k) 0{cr — er — Ee (0)} (4.69)
k

where we have set ¢, = hvpkp + eVh, er = hwpkg and e, /i, is the dispersion relation of the
left/right graphene sheets. The delta factor that comes from the Fermi Golden Rule allows us to calculate

one of the integrals such that

J x /dELf (EL, ,uL) [1 — f (EL — Eex (0) ,,uR)] T;( (€L) (470)

where we have defined 7 () as

To(er) = > 0(cr — B (0) = ehp) 0 (e — £hy) Y [ Micss (i, K k)| (4.71)

kikp k
which we relate to the formalism of the previous chapter by calling it the transmission function, in analogy
with Egs. 2.93 and 3.58.

Thus, we can see that from this conceptually simpler formalism we can still obtain results for the
current that are analogous to those derived using the NEGF formalism, namely, an expression for the
current that is given by the energy integral of the contact’'s occupation factors and a quantity that is

related to the probability for the transition to occur - the transmission function.
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Chapter 5

Conclusion and Outlook

As a conclusion, we summarize below the work presented in this thesis.

In Chapter 2, we have delved into the formalism of non-equilibrium Green’s functions, where we
have acquired the necessary expertise to be able to employ this technique in Chapter 3. In particular,
we addressed a generalized transport problem for a two-contact mesoscopic system, also accounting
for generic electron-boson interactions. We derived the Landauer formula for the case of non-interacting
elastic current, which expresses it as the energy integral of a quantity that is often referred to as the
transmission function, this being related with the probability of an electron with a given energy to cross
the device. Additionally, by treating the electron-boson interactions as perturbations, we have obtained
analytic expressions up to the second order for the corrections that these interactions introduce to the
current, where we have considered both elastic and inelastic processes.

Moreover, in order to become acquainted with the phenomenon of tunneling currents and the effects
that interactions introduce to these problems, in Chapter 3 we have applied the rather generic results of
the previous chapter to a one-dimensional toy-model composed by two semi-infinite tight-binding chains
of atoms coupled to a single-level central site. Thus, we have calculated the transmission function and
the IV characteristic curve at zero temperature, for both the non-interacting and interacting cases. The
results show a dominant elastic feature for voltages in resonance with the single level. However, additional
channels open when we account for the interactions, with their energetic position depending on the energy
of the bosons. For voltages lower than the energy of the single level, these corrections contribute to an
increase of the total current, although for higher voltages the opposite effect was verified. Therefore, we
have concluded that, even though being intrinsically simple, this toy-model allowed us to understand some
of the general features that are characteristic in electron tunneling problems arising in more complicated
vdW devices.

Finally, in Chapter 4 we have addressed the problem of finding the exciton-assisted inelastic tunneling

current flowing in the vdW heterostructure, electromagnetically coupled to the excitonic layer (TMD). To
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do so, we resorted to second order perturbation theory to calculate the matrix element for the electron-
exciton interaction, mediated by the emission and absorption of virtual photons. Then, we have plugged
this result into Fermi's Golden Rule so that the inelastic current density can be expressed in the closed
form of a double integral over the momenta of the graphene electron and the TMD exciton, which has to be
evaluated numerically. This expression can be cast in the form of Eq. 4.70, which reveals the structural
link between two models studied in this thesis, being the differences “hidden” in the matrix element and
the densities of states (that depend on the dimensionality).

As for future work, two main things are planned:

¢ Complete the calculation of the inelastic current density, presented in this thesis, with realistic

material parameters by numerical evaluation of the double integral in momenta;

¢ Extend the application of the NEGF technique to the 3D device, with the interaction matrix element
calculated in the thesis and the necessary integration over the 2D electron momenta. Our hope is
that it will enable a qualitative comparison with the existing experimental data and stimulate new
experiments directed in the development of single-photon sources based on the effects considered

in this thesis.
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Appendix A
Brief introduction to non-equilibrium Green’s functi-
ons

This appendix was based on Refs. [149, 176, 148, 177, 155, 152, 153, 150, 178].

A.1 Time dependent perturbation theory and contour ordering

The aim of this section is to express the time-dependent quantum average of an operator O (t) for a system
that at the time ¢t = ¢, is placed out equilibrium. For that, we start by assuming that the Hamiltonian of
such system can be written as

H (t) = Ho + Hy + V (2) (A1)

where Hj is the "easy" Hamiltonian of non-interacting particles, Hi, is a many-body Hamiltonian that
takes into account the interactions between particles and V' (¢) is a time-dependent single-particle term
that is switched on at the time ¢ = ¢,.
For t < t, the system is described by the density matrix p for the grand-canonical ensemble, which
is given by
1

p(to) = po = e~ P07 (A.2)
0

where 4 is the chemical potential, V is the number of particles and Z, = Tr [e=#(Ho=1N)] s the
partition function. Since this is a density matrix for non-interacting particles, Wick's theorem applies. We
have ignored the role of interactions in the initial state (although the formalism presented in this section
can be adapted to if this assumption is relaxed). Therefore, for ¢ < ¢, the expectation value (O) is simply
given by

(O) (1) =Tr [poé (t)} (A3)

However, the problem resides in calculating (O) for t > ¢ because in that case it is given by

(0) (1) =Tr [p(1) O] A4
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where p () is the density matrix accounting the whole Hamiltonian, which obeys

i (1) = [H (1), p (1) A5)

In order to tackle this problem, we are going to develop a perturbation scheme in order to evaluate (O)
for t > to. To do so, we treat Hi + V' (¢) as a perturbation to the independent particle Hamiltonian H

and we write the density matrix as
p(t) = U (t,10) p (to) U (to, 1) (A6)

where U is the time evolution operator, which satisfies U (¢,¢,) U (t1,t') = U (t, ') and U~ (¢, ') =
Ut (t,t') = U (t,t).

Now, it is useful to switch to the interaction picture. In this picture, the operator’s time evolution
is governed by H, and the wave-functions are governed by the so-called S-matrix, which encodes the

"difficult" perturbative part of the total Hamiltonian, such that we have
U (t, t/) - UO (t, to) S (t, tl) UO (to, t/) (A7)

with Uy (t, 1) = e~ "#10(t=*)/ being the time evolution operator with respect to H,. The matrix S (¢, )

also obeys the following equations

ih%S (t, ¢y =W (t) U (¢,t) (A.8)
—m%s ) =U @t t)W (1) (A.9)

with S (¢,t) = 1, where
W (t) = Uy (to, ) [V (t) + Hnl U (¢, o) (A.10)

corresponds to the perturbation in the interaction picture. The solution of these equations can formally be

written as

Te /M daW(t) ¢ ¢/
5 , (A.11)
Teillf} daaW(t) <y

where T' is the time-ordering operator given by

T[A(t) B (t)] = Al Ble), 6>t (A12)

QB (tg) A (tl) 11 <ty
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and T is the anti-time-ordering operator given by

Tl () B = {0 A0 = (A.13)

A (tl) B (tg) tl < tg
with ¢ = +1 for fermions/bosons, respectively.
Thus, in the interaction picture we can write the operator as O (t) = Uy (to,t) O (t) Uy (t, to) such

that the expectation value becomes
(0) (t) =Trp(to) S (to, 1) O (t) S (t,%0)] (A.14)
= (5 (to,t) O (t) S (1, t0))g

where (- - )O is the expectation value regarding po, that being, with respect to the "easy" Hamiltonian
H,. We remark that by expanding the S-operator in Taylor-series, it would lead to integrals over time of
quantities like

(TW (1) W (E)]O ()T W () -+ W (£,)]), (A15)
(with ¢; and t. between ¢, and ¢) which means that we have reduced the problem to the evaluation of a
series of expectation values with respect to the "simple" density matrix po, which can be calculating using
Wick's theorem. However, notice that we still have two Taylor expansions instead of a single one. We can
achieve the single Taylor expansion by introducing the contour C' = (g, tmax) © (fmax, to) (Where tyqy
is greater than any other relevant time variable) that goes from ¢, to ¢..« and then back to ¢, which is
shown in Fig. 32.

We remark that formally an operator O (¢,.) with ¢, lying in the forward going branch can be different
from the operator O (¢_) with ¢_ lying in the backward going branch. However, physical operators O (¢ )
and O (¢7) lying in the different branches are the same, so that we define the operator O with contour
arguments as

O(s=t)=0(t) (A.16)
such that O (t,.) = O (t_) = O (t). This contour can be parametrized by its arc length s as

to + s, s € [0,t — to]
to(s) = (A.17)
t—(s—t+ty) se€[t—r1to,2(t—1o)]
so that we can rewrite Eq. A.14 as
(0) (t) = (S (to, 1) O (t) S (t,0))g
= (S (t0,t) S (t, tmax) S (tmaxs 1) O () S (£, 0)),

= (TeSe (to, to) O (1)), (A.18)
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to./ \'t ;

t_

Figure 32: Scheme of the time contour C'. The coloured arrows are shifted from the ¢ axis only for visual
purposes and the contour follows the real time axis (black). The contour consists in evolving ¢ from an
initial time ¢, to a time £, that is larger than any other relevant time variable. This path is represented
by the red arrow and is denoted by . Then, we evolve ¢ from ¢, to o again, forming a closed contour.
This second path is represented by the blue arrow and is denoted by ¢_. Often the variables ¢ and %y
are relaxed to tg — —oo and ¢ — +00, which is known as the Schwinger-Keldysh contour. Such
choice is made when one is not interested in transient phenomena.

where we have introduced

S (to, to) = Toe /Mo dsW () (A.19)

with W (s) = W (t¢ (s)) and T being the time-ordering operator in the contour ¢ present in Eq.
A.17. ltis relevant to say that the operator 1> was introduced to book-keeping the operators that appear
either time-ordered or anti-time-ordered. We only demand that ¢, is greater than any time ¢ for which we
want to evalaute (O (t)). Formally, we can extend ¢ — +o00. Also, if we are not interested in transient
dynamics, one can take the limit £, — —oo ending up with the so called Schwinger-Keldysh contour
(developed independently by Schwinger [179] in 1961 and by Keldysh [146] in 1964). Since we are
interested in steady-state quantities, we will use the Schwinger-Keldysh contour.

With the introduction of such contour ordering we obtain a single perturbative series expansion (O) (t)

as follows

(0) (1) :Zn:% (—%)n/cdslm/cdsn (ToW (s1) - W () O (1)) (A20)

A.2 Contour ordered Green’s functions

From Eq. A.18, we can introduce a natural generalization of the real-time single-particle GFs for non-

equilibrium theory, which is the contour ordered Green’s function, defined as

Gy (8,5) = —% <cha (s)cl (8’)> (A.21)
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where the time evolution of the operators is now over the contour, satisfying the Heisenberg equation with

the contour argument given by

d A ) .
0(s) =1 [H(5),0(s)]. (A.22)
the contour time evolution operator given by
O (s) = Uc (s0, s) OU¢ (s, So) (A.23)

with U¢ (s, s”) obeying the contour Schrddinger equation

iﬁ%UC (s,8)=H(s)U (s,5) (A.24)
. d / / /
—zﬁ@UC (s,8")=U (s,s)H(s) (A.25)

where H (s) = H (t¢ (s)). Such GF with contour ordered arguments can also be perturbatively expan-
ded as in Eq. A.20.

Depending on the position of its arguments (if they lie in the C or the C'~ contour), the contour
ordered GF reduces to the following realtime GFs : the time ordered GF if both arguments lie in the C*

contour

Gy (t4. ) = —% <cha () el (t;)> - —% <Tca (t)cl (t’)> = GT (),  (A26)

the lesser GF if ¢ is in the Ct contour and ¢ in the C'~ contour

G (t4,1.) = —% <TCca (ty)c (t’_)> = —C% <cg (1) cq (t+)> =G5 (tt),  (A27)

the greater GF if ¢ is in the C'~ contour and ¢’ in the C'" contour

Gy (t-, 1)) = —% <cha (t_)c (t’+)> = —% <ca (t)c (t;)> =G>, (t,1) (A.28)

and the anti-time ordered GF if both arguments lie in the C'~ contour

i

G (1) = —% <cha (t)dl (¢ )> . <Tca (t)cl (t’)> = GT (). (A29)

We can cast all these GF's in matrix form where the matrix indices indicate the branch of the contour

the time variables are, such as

Gap (t4,t}) Gap (t4,t1) | | GL(HT) Gy (t,t) A30)
Cur (1-14) G (o) | | Go0e) G (01) |
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Additionally, all these quantities are also related with each other by the following equation
G2, (4. 1) + G5, (8, 1) = G, (1,8) + GT, (¢, 1) (A.31)

meaning that there are only three linearly independent GFs, allowing one to choose the most adequate
ones for each case. This leads to the use of different conventions throughout the literature. Other two

commonly used GFs that we are interested in are the retarded and advanced GFs, defined as
GE (1) = —%@ (t—#) < ca (1) . (t’)L> (A.32)
GA (1) = %@ # — 1) < [ea (1) . (t')L> (A.33)
For our purposes, we focus on G, G<, G and G4, which are also related by the following equation
Gy (1) = Gy (1. 1) = G, (1) = G5, (£, 1) (A34)

Since the realtime GF’s are not all linearly independent, we can eliminate one of them by applying a

linear transformation such as

GL (t,t) G5 (t.t GL (t,t) G5 (t.t
B GRME) | o | Caltt) GR) |
G;b (t’ t/) G:{b (t’ t,) Gib (tv t,) GZb (t’ t,)

where one of those GFs is eliminated by choosing the appropriate L and () matrix. Since we are interested

in working with G, G and G'<, also known as the RAL representation, we choose L and () to be

1 0 1 0
I 0= (A.36)
1 -1 11
such that
GT (t,t) G< (t.t GE (t,t S (¢t
g | G0 R o | CGa(tt) Gt (A37)
G2, (t,t) GI, (t,) 0 Ga, (t,1)

The contour-ordered GF also obey the Dyson equation, which for a system with interactions and

subjected to an external potential reads
Gap (8,5) = gap (s,8") + Z/ ds1Gac (8, 81) Vea (51) Gap (51, 8') (A.38)
cd ¢

+ Z dsy | dsagac (8,51) Xed (51,52) Gap (82, 8")
— Jc c

107



We can transform this equation back into the real-time domain by using the matrix representation shown

above, which leads to

T (t,t < (t,t GL (t1,t) G5 (t,t
—f-Z/dtl gac( 1) ga_c 1) V;;d (tl)o_z db( 1 ) cib( 1 )
cd gjc(t,tl) g;{c(t?tl) G;b@lvt/) ng<t17t/)
T (tt < (t,t YT (t,ts) X5 (t,t GL (to, 1) G5, (ta, '
+Z/dt1/dt2 Gae (£, 1) Qaf( 1) o cd (T, 2) id(l 2) o a (2, 1) c{b(2 )
od ¢ 9aw (L, t1)  gae (1) S (tt) ST () G, (ta,t') Gy (t2, 1)
(A.39)
and by changing to the RAL representation we obtain
Gap (1,1) G (81) || gap (88) g3 (8,1) N
0 Gay (8.1 0 gu(tt)
t,t < (t,t GE (t,t) G5 (4,1
+Z/dt1 Gae (t,t1) g (8 11) Vi (1) @ (L, t) G, (8, 1)
od 0 Joe (t,11) 0 Gay (1, 1)
+Z/dt1/dt2 ae (L 11)  gow (L 10) N5 (i ta) X5 (4 t2) G (t2,1') Gy, (ta, )
o 0 gl (t,t1) 0 YA (t,ts) 0 G4 (ta, 1)
(A.40)

From this last equation we can extract the Dyson equation for the retarded/advanced GFs
GR/A _ gR/A + gR/A V. GR/A + gR/A . ER/A . GR/A (A41)

with the " - "' encoding the integration over time and the summation over the indices. As for the lesser GF,

we have

G =g+ g% V.-G 4+¢g° V.-G
+gft- 2R G+ GA g2 G (A.42)

and by acting with the operator :h0; — H on this equation and manipulating we obtain

G=(t,t') = G (t, 1) - G= (Lo, to) - G (to, 1)
/ dt, / dt,GR (t, 1) - % (t1, ty) - G (ta, 1) (A.43)
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Assuming that the system loses memory of its initial state, that being, lim; o, GT (¢, t0) = lim;_0o G4 (to, 1) =

0, we obtain

G=< (t,1) = /dtl/dtzGR (t,t1) - B (£, ts) - G () (A.44)

which is known as the Keldysh equation.

A.3 Langreth’s rules

As seen in the previous section, it is straightforward to obtain the realtime counter-parts of a single
contour-ordered GF, being only a question of determining in which branch of the contour are its argu-
ments. However, for more complicated expressions involving contour-ordered GF's, such as products or
convolutions of many contour-ordered GFs, one needs to employ the so-called Langreth’s rules in order
to obtain its real-time correspondents. We state below, without derivation, some of the more useful ones.
For a derivation, an interested reader can check Refs. [180, 148].

For the case of finding a convolution of the type
Cs,) = /C dsiA (s, 1) B (s1,5) (A.45)
which is found in the Dyson equation, the lesser/greater components are then given by
C=(t,t) = /Cdt1 [A% (t,t1) BZ (t1,t') + A= (t,t1) B* (t1,1)] (A.46)
and for the retarded/advanced components we have
CRIA(t,1) = / dt, AR (¢, t) BRA (1, 1) (A.47)

C

For a parallel product of the type

C(s,s')=A(s,s')B(s,s) (A.48)
we have
C= (t,t') = A= (t,t') B> (t,1) (A.49)
and
CRIA (1) = A< (t,t') BR/A (t,¢') + AR/A (t,¢') B> (t,1) (A.50)

Finally, it is also common to find the anti-parallel product of the form
C(s,s)=A(s,s)B(s,3) (A.51)
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that leads to
C= (t,t') = A> (,t') B= (t',t) (A.52)

and to

CRIA(t, 1) = A< (t,t') BRA (' t) + ARA (t,¢) B< (¢, 1) (A.53)

A.4 Fock diagram for the electron-boson interaction

In this section we focus on obtaining the Fock diagram for the electron-boson interaction. When interactions
are introduced, the electrons feel the presence of the bosons and this leads to a renormalization of their
energy or other properties, which alters the potential created by the electrons. On the other hand, the
bosons feel this change in the electronic potential, which leads to a change of their properties and the
potential created by them, which in turn is felt by the electrons and so forth. We can notice that such
interaction creates a loop of renormalizations between the electrons and bosons. In order to arrive to a
feasible solution, one needs to truncate this loop up to some degree. For our particular case, we choose
to approximate it up to second order. This means that the electrons feel the presence of the bosons, but,
because the bosons are in great number or the influence that the electrons have on them is sufficiently
small, the bosons do not feel the presence of the electrons, ending here the cause-effect relation between
these two entities.

With this being said, we start with the contour ordered electronic GF G (s, s) given by

Gup (5,8") = —i <cha (s) cZ (s’)> (A.54)

= — <TCCa (S) CIT; (8/> e*ifc dSlHint(Sl)>0

where the unperturbed or "easy" Hamiltonian for the free electrons/bosons is given by
Hy =Y enchen+ Y hwyalan (A.55)
n A
and the perturbative interaction Hamiltonian reads

Hy =Y Mag (N cleadn (A.56)
afB
where all those appearing quantities were previously defined in the main text and the operators are in the

interaction picture.

Now, we expand the factor e~* Je dsiHim(s1) in the expression for Gy (s, s'), up to second order in
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M ()), so that

Gap (5,5") = —i <TCCa (5) e} (5)) (1 —i/cdslet (51) +1 (_Z/ ds1 Hing (31>>2)>
— <cha (s) b (s) (1—z /C ds) Hy (s1) —% / ds, / dszHin (s1) Hin (82))>

(A.57)

\)

and by substituting H, by its expression we have

Gap (8,8") = —i <cha Z/ dsi Mg (A T(;ca (s)cl (s') el (s1) es (51) D (31)>0
+ Z Z M01151 012,32 (>‘2)

a151>\1 azB2A2
/ d51/ d52 Teca (s) ¢ (s) cf (s1) ca, (51) B, (51) €l (82) ca, (52) B (82)>0 (A.58)
We arrived at a point where we need to employ Wick's theorem to write the average of the product as
a product of averages of pairs of operators. Notice that in the first order term there is only one bosonic

operator, leading to the cancelation of this term. Additionally, we can write the first term as a free-electron

GF gab (s, 8") so that we arrive to
Gaw (5 s = gap (5,8)

+_ Z Z Malﬂl /\1 azf2 (/\2>

a1,31/\1 azfaXe
st [ dsa (Teea (96 () el 1) e (50) 0, (s0) el (s2) 5 s2) 1 (50), - R59
Wick's theorem allows us to write this average as
(Toca (s) el () ch, (s1) s (51) é, (51) ch, (52) € (52) da (52))
= (Teea () () (Toch, (s1) e, (1)), (Tedn, (51) 6, (52)), (Tech, (2) e (52)
+2(Toea (s) ch, (51)), (Toes, (1) () (Tecs, (s2)ch, (52)), (Tedn, (51) 6aa (s2)),

—2(Teca (s) el (51)), <TC% (s2)cf (3')>0 (Toes, (s1) cl, (52)) (Toa, (1) da, (52))g
(A.60)
where the first term corresponds to a disconnected diagram that cancel out. Writing the averages of pairs

of operators as GFs we have

(Toca (s) € (), (s1) ey (1) dn, (51) ch, (52) € (52) 2o (52) )
= 29ao¢1 (87 81) gﬂﬂ) (817 S/) 962042 (827 82) d/\l)\g (817 82)

- 2gaa1 (Sv 51) 9B2b (527 5/> 9Bra (‘917 32) d/\l)\z (517 52) (A.61)
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Plugging this expression into Eq. A.59 we obtain

Gap (37 S/) = Jab (57 S/)

+1 Z Z Ma151 )‘1 az B2 ()‘2)

a1B1A1 a2

—i Z Z My, (M) Mayp, (A2)

a1B1A1 azf2)e

dsy dngaocl (57 81) 9pib (817 5/) 9820z (327 52) d>\1>\2 (317 52)

dsi | dsagaa, (S,51) Gpab (52, 8") Ggras (S1552) dasx, (S1,52)

e
T

(A.62)

where we can ascribe to the second term the so-called Hartree self-energy
S (s1,80) =i Z Z Mo, g, (M) Masp, (A2) Gpaas (82, 82) diix, (515 82) (A.63)
o111 222
and to the third term the Fock self-energy that is given by
ZF 517 32 = —1 Z Z MQIBI )‘1 azfl2 ()‘2) 9B1as (317 S2> d>\1>\2 (817 52) (A.64)
a1B1A1 azf2)2

where the diagrams for both contributions are depicted in Fig. 33.

N
7

Figure 33: Hartree (left) and Fock (right) diagrams that arise in second order perturbation theory. The
curly lines represent the bosonic GF d, 5, (s1, s2) and the straight lines the electron bare GF g5,. Notice
that in the Hartree contribution, the boson line touches the electron line in just one point, meaning that
this interaction is local in time. It can be seen just as a external potential that modifies the electronic
energies. As for the Fock contribution, the bosonic line touches the electron line in two points, meaning
that the interaction that occurred in one instant will affect the particle in another instant. This diagram
has implications in time-dependent observables such as currents, which is the relevant observable in our
main discussion.

Notice that the Hartree contribution is local in time (the arguments of the GF in % are the same),
which means that it gives no contribution to time dependent quantities such as currents. This term can

rather be understood as a contribution to the external potential of the electron.

St (51,82) = =i Y M (1) - g (s1,52) - M (Ag) da,, (51, 52) (A.65)
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Therefore, we neglect the Hartree term and we work with the Fock contribution as our main interacting
self-energy, which can be written as Additionally, it is customary to adopt the non-crossing approximation,
which consists in a summation over all possible diagrams where the bosonic lines do not cross with each

other. In practice, it yields a similar expression as the Fock contribution, where we replace g — G,

St (51,52) = =1 > M (A1) - G (s1,52) - M (Ag) dy», (51, 2) (A.66)
A1z

which is the expression that we adopt in the main text.
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Appendix B
Electronic wave-function in graphene

We aim to obtain the electronic wave-function in graphene, both the in-plane and out-of-plane components.
As discussed in the introduction, graphene is a 2D material simply composed by carbon atoms cova-

lently bound in a honeycomb structure (shown in Fig. 34 a)) with the nearest neighbor vectors being

3 1
= ﬁ,__ , (B.1)
V3 \ 2 2
a
Ty = 7‘% (0,1), (B.2)
3 1
pa o (VB L) (B.3)
V3 2 2
Graphene’s Bravais lattice is characterized by having a triangular shape and its basis vectors are
1 V3
a; = Qg (5, 7) (84)
and
1 V3
ax = ag <—§7 7) ; (B.5)

where graphene’s lattice parameter is a, ~ 2.46A. Each unit cell has two atoms, labeled as the A and B
sites, and an area of A = \/§a§/2 ~ 5.2,&2. Its first Brillouin zone (1BZ) has the shape of an hexagon

(Fig. 34 b)) and the reciprocal lattice basis vectors are

A (V3 1
b, = — = B.6
1 \/gag ( 9 ) 2) ) ( )
47 V31
bl \/gag ( 2 ) 2> ( )
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® @ Py (b) :

Figure 34: Graphene’s crystalline structure and reciprocal lattice. (a) Graphene's crystalline structure.
The unit cell is represented by the pink shaded rhombus and the A and B carbon sites are represented by
the blue and red disks, respectively. The Bravais lattice basis vectors {a1, as} are represented by blue
arrows and the nearest neighbours vectors 7, (with a = 1,2, 3) are represented by green arrows. (b)
Graphene’s reciprocal lattice. The 1BZ is represented by the pink shaded hexagon. The reciprocal lattice
basis vectors {b;, bo} are represented by the blue arrows and the blue dots represent reciprocal lattice
sites. The positions of the high symmetry points I", K, K’ = —K and M are also shown. (Reproduced
with permission from the PhD thesis of Bruno Amorim [181])

B.1 In-plane wave-function

In order to obtain the wave-function of electrons in graphene, we employ a tight-binding (TB) model with
nearest-neighbor (NN) interactions, which is proved to be an excellent approach since its electronic pro-
perties are dominated by the gapless linear dispersion relation around the corners of the 1BZ, with its low
energy states (energetically closer to the Fermi level of neutral graphene) being located close to the K

and K’ = — K points, with

bl — b2 . 47
3 3a,

Using the TB approach, the second quantized Hamiltonian of graphene (which has very weak spin-orbit

K =

(1,0). (B.8)

effects, thus neglecting spin) is then

HE=—t) [wLmAwRﬁmB + w2n+7a7Ban,A] (B.9)
with ¢ ~ 2.8eV[23] being the nearest-neighbor hopping, wkn A/B (¢Rn,A/B) the creation (annihilation)

operator for an electron located in the atom in the position R,, of the A/B sub-lattice.

The creation (annihilation) operators written as a Fourier expansion are
1 .
] —ik-Ry, )t
= e ™ , (B.10)
¢Rn,A N zk: %,A
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1 .
VRia = > e By a, (B.11)
k

1

Y tran = —\/— > etk Batrayl (B.12)
k
YR, 7B = Z Bty g, (B.13)
k
with NV being the number of unit cells in the crystal.
Thus, Eq.B.9 can be rewritten as
HP = —t 3 [ 7] thn + €0, pna] (B.14)
By introducing the following vector
Yl = M,A,%B] , (B.15)

with the positions encoding the sub-lattice, and introducing
v = Z eik-‘ra
= || ?®) (B.16)

with 6 (k) = arg (%), we can simplify the Hamiltonian in Eq.B.14 as

Hy = 4l Hy - 1y (B.17)
k
where
0 —t
H, — R (B.18)
—ty, 0

Notice that the dimension of this Hamiltonian comes from the fact that each unit cell has two carbon

atoms, hence being a 2 x 2 matrix. Its spectrum, which is given by

€ = MYk

M) (B.19)

ka
= M, |3+ 2cos (kya,) + 4cos (%) cos < 2y

has two bands, conduction and valence, corresponding to A = =1, and is plotted in Fig. 35.

If the graphene is not doped, only the valence band (A = —1) is occupied.
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Figure 35: Electronic band structure of graphene. (a) 3D visualization of graphene dispersion relation.
(b) Dispersion relation of graphene along the I' K M T' path represented in Fig. 34 (b). The dashed
line represents the linearized dispersion relation around the K point. The shaded region represents the
states that are occupied in neutral graphene. (Reproduced with permission from the PhD thesis of Bruno
Amorim [181])

Finally, the eigenstates of the tight binding Hamiltonian in Eq.B.18 are then

1 1
A
X&) = =
V2| i/ bl
1 1
= B.20
V2 | \eit(k) (B.20)

so that the full 2D wave-function for the electron’s in graphene around the K points in a tight-binding

approach is then

1

v/ Ag

Ik, \) = > xa) e (B.21)

with A, the area of the graphene sample.

B.2 Out-of-plane wave-function

Notice that the wave-vector k in Eq. B.21 is a 2D in-plane vector. In order to obtain the 3D eigenstates,
we need to include a modulation factor ¢ (z) in the z direction, so that the 3D electronic eigenstates in

graphene become

|K) = k) [0 (2)) (8.22)

T 2 el 1o )
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Figure 36: Electrostatic potential landscape in the z direction felt by the electrons in the gr-hBN-gr struc-
ture. The graphene sheets, located at = = =a confine the electrons into the  — y plane. Such confi-
nement potential can be modeled as a Dirac delta function. In between the graphene sheets is placed a
slab of hBN, which electrostatic potential is accounted by the introduction of Vj in this region.

where we have dropped the notation X for the bands, because in practice we will always assume that the
valence band is completely filled, which means that the hopping electrons will be always in the conduction
band (A = +1).

The electrons in graphene are confined to a very narrow region in the out-of-plane direction, about
the size of a single atom, which for graphene is around 3A [182]. With such a small length, we can
approximate the potential that confines the electrons in the z direction as a Dirac delta. Such potential
landscape is depicted in Fig. 36.

The solution of the Schrddinger equation for such potential landscape in the region between the
graphene sheets would be expressed as a hyperbolic cosine, which takes into account the overlap between
the evanescent wave functions of each sheet. However, since the distance between the two graphene
sheets is of the order of a few nanometers (much larger than the extension of the wavefunction), we can
say that this overlap is week enough so that we can write the wave-function for each graphene as just the

solution for a single Dirac delta, which is given as
16 (2)) = Ve "
with k = \/2mE /h?.
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Therefore, we have

JVREemEta s < g

91 (2)) =
JRae e s g
and
\//ige’”(z_“), z<a
0r (2)) =

JriemEma) s g
with k1 = \/2mE, /h? where E, is the extraction energy of graphene, which in the order of 4.3 eV
[174], and ke = +/2m (E\, — Vp) /12, where Vj, is taken to be the bottom of the conduction band of

hBN. It can be experimentally measured (relative to vacuum) as the electron affinity, which was reported

to be —0.5eV [183].
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